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Abstract—Visible Light Positioning Systems (VLPS) are a 

feasible alternative to local positioning systems thanks to the 
technology improvement and massive use of Light Emitting Diodes 
(LED). Compared to other technologies, VLPSs can provide 
significant advantages, such as the achieved accuracy, although 
they still present some issues, mainly related to the reduced 
coverage area or the high computational load. This work proposes 
the design of a VLPS based on four LED lamps as transmitters 
and a Quadrant Photodiode Angular Diversity Aperture (QADA) 
as a receiver. As the shape of the QADA is circular and the 
aperture to be installed over it is square, we derive the 
corresponding general equations to obtain the currents through 
the different pads of the QADA, regarding the angle of incidence 
of the light (and, inversely, how to estimate the angle of incidence 
from the measured currents). An encoding scheme based on 1023-
bit Kasami sequences is proposed for every transmission from the 
LED lamps, thus providing multiple access capability and 
robustness against low signal-noise ratios and harsh conditions, 
such as multipath and near-far effect. A triangulation technique 
has been applied to estimate the receiver’s position, by means of 
the Least Squares Estimator (LSE), together with some geometrical 
considerations. The proposal has been validated by simulation and 
by experimental tests, obtaining 3D positioning average errors 
below 13 cm and 5.5 cm for separations between the transmitters’ 
plane and the receiver of 2 m and 1 m, respectively. 
 

Index Terms— Angle-of-Arrival (AOA), Quadrant Photodiode, 
LED lamps, Visible Light Positioning (VLP). 
 

I. INTRODUCTION 

he need for affordable and accurate positioning systems 
is highly increasing due to the development of a variety of 
applications and services based on positioning. Although 

the Global Navigation Satellite Systems (GNSS) are the most 
used nowadays, their use is mainly limited to outdoor 
environments, obtaining good results in not densely populated 
areas. Other positioning systems, such as WiFi [1] [2], 
Bluetooth [3] or radar [4], overcome weaknesses from GNSS in 
areas where its precision decreases. Related to Local 

 
 
 

Positioning Systems (LPS), it can be distinguished those based 
on optical, mechanical, acoustic and radiofrequency 
technologies, among others [5]. Mechanical positioning 
systems are those mainly based on Inertial Measurement Unit 
(IMU) and they are usually combined with other positioning 
systems [6]. Their main advantages are their small size and low 
cost, but affected by stability and drifts [7]. On the other hand, 
acoustic positioning systems use sound or ultrasounds to 
estimate position, often with an accuracy in the range of 
centimetres [8]. Radiofrequency systems allow the user to 
obtain the position by using any radio signal (WiFi; RFID, 
Radio Frequency Identification; UWB, Ultrawide Band; LTE, 
Long-Term Evolution;…) [9], with accuracies that go from 
several meters to centimetres in particular situations and 
applications [5]. Their indoor use is highly spread due to its 
implementation on the already installed infrastructure. Lately, 
positioning systems based on optical systems are those working 
within the visible light or infrared spectrum [10]. There is an 
interest in this technology due to its low cost, long lifetime and 
easy manipulation and integration on the workplace [11], in 
addition to its harmless [12]. Several previous works have 
already used hybrid techniques, thus combining Visible Light 
Positioning Systems (VLPS) with ultrasounds [13] or WiFi 
[14], among others, to bring robustness and accuracy to the link. 

VLPS are used both in indoor and outdoor areas. In general, 
the vast majority of previous works are focused on indoor 
positioning due to the high influence from the ambient light on 
this type of systems [12]. In the case of indoor positioning, 
whereas the transmitter is usually a lamp or a LED (Light 
Emitting Diode) array, it can be distinguished positioning 
systems based on imaging sensors and on photodetectors at the 
receiver. Positioning systems based on imaging sensors 
typically use the camera of conventional smartphones [15] or 
CMOS cameras [16] [17] [18]. Nonetheless, they require 
complex image processing algorithms that slow down the 
positioning computation [19]. On the other hand, positioning 
systems, whose receptor is a photodetector, use photodiodes 
[20] [21] or an array of photodiodes [22] [23], to generate a 
current corresponding to a light impact, from which it is 
possible to estimate the receiver’s position. Position-sensitive 
detectors (PSD) in combination with lens and Quadrant 
Photodiode Angular Diversity Aperture (QADA) with an 
aperture are the main receiving systems employed in visible and 
infrared light detection. The use of a QADA [22] is highlighted 
due to its better angle diversity. In [22] a square aperture whose 
projection equals a square circumscribed in the photoreceiver is 
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chosen in order to simplify the mathematical problem 
approached in this work. PSD systems have the drawback that 
the PSD width must be increased as the desired working 
distance increases, therefore their working area is typically 
below 1 metre [24]. It is worth mentioning that in [25] [26] a 
receiver system combining a camera with a QADA receiver was 
proposed, achieving errors around 20 cm in simulation in a 
similar scenario as the one proposed hereinafter. The work 
presented here also involves an experimental verification of the 
proposal, as well as its improvement by applying encoding 
techniques that allow average errors below 7 cm to be achieved 
with a single receiver at a distance of 2 m from transmitters.  

On the other hand, the most used positioning techniques are 
triangulation or trilateration/multilateration with Time-of-Flight 
(TOF) measures (or with TOA, Times-of-Arrival; TDOA, Time-
Difference-of-Arrival) [21], Received Signal Strength (RSS) 
[27] [28], or Angle-of-Arrival (AOA) [11]. Sometimes, other 
methods such as proximity ones are also involved [29]. Main 
drawbacks regarding TOF measures are the required 
synchronization and the high value of the light velocity, which 
implies that  1 ns time estimation error becomes a 30 cm 
positioning error [17]. That is the reason why TOFs are mainly 
used in optics for long distances (> 50 m) [24]. Positioning 
using RSS must consider light reflections in all surfaces and the 
multipath effect, thus increasing the difficulty of the algorithms 
[28]. Actually, RSS is used for short distances in optics (from a 
few millimetres up to about 50 mm) [19]. Finally, the 
positioning algorithms based on AOA estimate the angle of 
arrival coming from the LEDs. Their main advantage is that 
they only require three measures to obtain a position in a three-
dimension (3D) space, as well as no synchronization is needed 
between transmitters [28].  

Another key aspect is the medium access technique, often 
related to the modulation scheme implemented in 
transmissions. Several works rely on On-Off Keying (OOK) 
modulations [30] [31], due to its simplicity [32]; whereas others 
use Pulse Position Modulation (PPM) [33] [34], since Pulse 
Width Modulation (PWM) and PPM are the most robust 
modulation against Inter-Symbol Interference (ISI). On the 
other hand, in [35] a BPSK (Binary Phase Shift Keying) is 
compared with an OOK modulation, resulting in the BPSK to 
have the best performance for visible light communications. 
Furthermore, the encoding of visible light signals involves 
different types of binary sequences [36]: Gold [37] and Walsh-
Hadamard [38] [39] sequences, among others. Reed-Solomon 
codes [40] dedicated to decrease the influence from the 
multipath effect and the ISI; Double Binary Turbo codes [41] 
implemented to reduce information losses caused by optical 
noise in fluorescent lamps; Reed-Muller codes [42] used for 
accurate dimming control in OOK; or Polar codes [43] are some 
examples. 

This work presents an Indoor Visible Positioning System, 
which is based on four LED lamps as transmitters and a QADA 
as a receiver. A triangulation technique has been proposed to 
estimate the receiver’s position inside the corresponding 
coverage area. As the shape of the receiver is circular and the 
aperture used over it is square, general equations have been 
derived to obtain the currents through the different pads, 
regarding the angle of incidence of the light (and, inversely, to 
estimate the angle of incidence from the measured currents). 

Additionally, one of the main novelties of the proposal is the 
use of an encoding scheme based on 1023-bit Kasami 
sequences. This has been proposed for every transmission 
coming from the LED lamps, in order to provide multiple 
access capability (simultaneous transmissions from the LED 
lamps), as well as the improvement of the system to deal with 
very low signal to noise ratios, with different types of noise, and 
with adverse conditions, such as multipath and near-far effect. 
The proposal has been evaluated and successfully verified by 
means of simulations and experimental implementation. 
Therefore, the main contribution of the proposal is the design 
and implementation of a robust VLPS, when encoding 
techniques have been applied to improve the positioning 
performance, achieving experimental results consistent with the 
previous theoretical analysis. 

The rest of the manuscript is organized as follows: Section II 
provides a description of the LED emitters and the proposed 
photodiodes matrix; Section III details the designed encoding 
technique and the propagation model; Section IV deals with the 
proposed positioning algorithm; Section V shows some 
experimental results; and, finally, conclusions are discussed in 
Section VI.  

II. GLOBAL OVERVIEW OF THE PROPOSED VLPS 

The proposed VLPS is based on a set of four emitters/LED 
lamps, which are placed at certain points, so that they cover a 
common area where a receiver can detect all their emissions and 
estimate its own position. A general scheme of the VLPS is 
shown in Fig. 1, whereas the details of the receiver are zoomed 
in Fig. 2.a). 

   
Fig. 1.  Proposed positioning system with LED emitters and a photodiode array 
(note that elements are not to scale). 

The four LED emitters involved hereinafter are composed of 
five modules OVM12F3W7 (white, typical illumination 4 lx at 
1 m and 1 lx at 2 m, 5000-7000 K) [44] connected in parallel; 
each module has three LEDs in series. With a beam angle of 
β=120º, they emit 7.5 W whether a typical voltage of 12 V is 
applied. Those LED modules are excited individually with a 
particular 1023-bit Kasami code, which is BPSK (Binary Phase 
Shift Keying) modulated with a square carrier signal. This code 
ci is transmitted to the LED lamps i by using a Blueboard 
LPC1768-H platform. On the other hand, the receiver uses a 
QP50-6-18u-SD2 board [45]. It has a QADA receiver QP50-6-
18u-TO8 with a radius r = 3.9 mm, where each photodiode has 
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an effective area of 11.78 mm2. It provides bottom minus top (Y 
axis), left minus right (X axis) difference signals, and the sum 
of all four quadrant diode signals. Its responsivity at a 
wavelength λ = 625 nm is 0.4 A/W and the theoretical noise is 
15 nV/√Hz with a 15 V input signal. A square aperture made 
by 3-D printing has been added to the photodiode array, with a 
side equal to the diameter of the photoreceiver circle 
(2·r=7.8mm) and installed at a height hap = 2.6 mm above it, as 
can be observed in Fig. 2.a). The shape of the aperture has been 
chosen to simplify the equations to estimate the angle of 
incidence (compared to a circular aperture, for instance), and 
the length has been established so that all the photoreceiver area 
is covered. 

In addition, there is a tradeoff between maximizing the 
useable area in the QADA receiver while maximizing the whole 
coverage volume. The positions of the LED lamps i are set to 
cover the largest possible area for a certain space. As a study 
case, the proposed system has been particularized hereinafter 
for a volume of 2 x 2 x 2 m3, where the LED lamps, i={1,2,3,4}, 
have been placed at the coordinates (xt,i, yt,i, zt,i) defined in Table 
I. Note that two reference systems are considered in this 
proposal: one to refer the impact point of the light onto the 
surface of the quadrant receiver (xr, yr); and the other regarding 
the position of the receiver in the whole volume (x, y, z).  

Concerning the system characterization, for the analysis and 
measurements conducted in this work, it is considered that the 
receiver and the transmitter i are accurately aligned from an 
angular point of view, so there is no angle of rotation or 
inclination (neither in the transmitting LEDs nor in the QADA). 
Furthermore, it is assumed that the X and Y axes of the LED i 
and the QADA receiver are aligned. In addition, in order to 
position the receiver, at least three impact points must be 
available in the QADA receiver.  

Note that in practical applications, some or even all these 
constraints must be released. For instance, the system can be 
used in its current configuration as a 3D positioning system that 
can be applied to obtain the “pose” (position and orientation in 
the X-Y plane) of a mobile robot, with the only constraint that it 
must move on a horizontal floor. The estimation of the polar 
angle can be done mathematically by the calculation of the 
angle that the receiver (still horizontal) should be rotated to put 
the four incident points in a rectangular shape aligned with the 
own axis of the receiver. Once the polar angle has been 
estimated and the rotation compensated, all the algorithm 
proposed here can be applied to obtain the coordinates (x, y, and 
z). A brief introduction about this point has been included in 
Appendix B and derived in [46]. Further improvements 
regarding rotations in more axes can be also derived, but at the 
cost of using more receivers.   
 

 

III. PROPOSED CENTRAL IMPACT POINT ESTIMATION AT THE 

RECEIVER 

The operation principle of the proposal is based on the fact 
that the light coming from the emitters goes through the centre 
of the square aperture placed on the receiver and lights the array 
of photodiodes (see Fig. 2.a). The coordinates (xr, yr) of the 
impact point of the incident ray at the surface of the QADA 
receiver allows the angle of incidence ψ of the beam to be 
geometrically estimated (see Fig. 2.b), by taking into account 
the corresponding geometrical considerations about the 
aperture height hap, as denoted in (1) and (2). 

  
Fig. 2.  a) Incident light in the photoreceiver QADA; b) Geometrical analysis 
of the aperture and the impact point. 

𝛼 = 𝑡𝑎𝑛
ℎ

𝑥 + 𝑦
 

(1) 
 

𝜓 = 90ᵒ − 𝛼 (2) 
Where α is the angle at which the beam reaches the receiver; 

ψ is the angle at which the light beam passing through the centre 
of the aperture impacts on the array of photodiodes (see Fig. 
2.b); xr and yr are the coordinates of the impact point at the 
receiver; and hap is the height at which the square aperture is 
installed. 

In order to achieve a higher resolution, a full usage of the area 
of the photodiodes is required, thus, the side of the square 
aperture is set equal to the diameter of the photoreceptor (see 
Fig. 2.a and Fig. 3). In this way, when the center of the light 
beam impacts at the coordinates (xr = 0, yr = 0), QADA’s center, 
all the area from the four quadrants is lighted on. 

According to the incidence angle ψ, different areas are 
illuminated in the four photodiodes that constitute the receiver. 
Fig. 3 shows the four quadrants and the area covered by the 
beam of light that passes through the aperture for the case of an 
incident ray at the impact point (xr, yr) [22]. The incident light 
generates four different currents ij(t) for every quadrant 
j={1,2,3,4}.  

 
Fig. 3.  Incident light in a QADA receiver through an aperture for both 
coordinates: X axis (left) and Y axis (right). 

With no noise, the currents ij(t) generated by each quadrant j 
can be considered proportional to the lighted areas Aj(t) from 

TABLE I 
LED LAMPS COORDINATES IN THE STUDY CASE 

CONSIDERED HERE 

LED Coordinates (xt,i, yt,i, zt,i) 

LED 1 
LED 2 
LED 3 

(4/3 m, 2/3 m, 2 m) 
(4/3 m, 4/3 m, 2 m) 
(2/3 m, 4/3 m, 2 m) 

LED 4 (2/3 m, 2/3 m, 2 m) 
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the different quadrants. In this way, the ratios px(t) and py(t) can 
be defined as a function of the areas Aj(t) from every quadrant 
j, as denoted in (3) and (4).  

 𝑝 (𝑡) =
𝐴 (𝑡) + 𝐴 (𝑡) − 𝐴 (𝑡) − 𝐴 (𝑡)

𝐴 (𝑡) + 𝐴 (𝑡) + 𝐴 (𝑡) + 𝐴 (𝑡)
=

𝑉 (𝑡)

𝑉 (𝑡)
 , ∀𝑥 (3) 

 

 𝑝 (𝑡) =
𝐴 (𝑡) + 𝐴 (𝑡) − 𝐴 (𝑡) − 𝐴 (𝑡)

𝐴 (𝑡) + 𝐴 (𝑡) + 𝐴 (𝑡) + 𝐴 (𝑡)
=

𝑉 (𝑡)

𝑉 (𝑡)
, ∀𝑦 (4) 

 

Where 𝑉 (𝑡) = ∑ 𝑣 (𝑡); 𝑉 (𝑡) = 𝑣 (𝑡) + 𝑣 (𝑡) −

𝑣 (𝑡) + 𝑣 (𝑡) ; and 𝑉 (𝑡) = 𝑣 (𝑡) + 𝑣 (𝑡) − 𝑣 (𝑡) +

𝑣 (𝑡)  [45]. Note that these output voltages provided by the 
QADA receiver are the combination of the currents ij(t) 
obtained by the different photodiodes, transformed into the 
voltages vj(t) by means of a transimpedance amplifier, as 
detailed in the Appendix A. 

Hereinafter it is assumed that the transmitter follows a 
Lambertian radiation pattern [47], typical of LEDs. It is worth 
nothing that the orientation of the LEDs and the receiver has 
also been considered. In our case, LEDs are oriented so that 
their maximum emitted intensity is perpendicular to the plane 
where they are placed and in the direction of the receiver plane. 
The general expression for the DC channel gain of each 
quadrant j is given by (5) [47]. 

 𝐻 =
𝐴 · (𝑚 + 1)

𝑑 · 2 · 𝜋
· cos (𝜙) · T (𝜓) · g(𝜓) · cos(𝜓) (5) 

Where m is the Lambertian order of the LED i; Aj is the area 
of the jth quadrant; d is the distance between the transmitter and 
the receiver; ψ and ϕ are the incident and emergence angles, 
respectively; Ts(ψ) is the signal transmission of the filter; and 
g(ψ) is the concentrator gain. The channel gain can be restricted 
to the particular case considered here, where there is neither 
concentrator nor filter, and neither the transmitter nor the 
receivers are tilted (ϕ = ψ) (6).  

 𝐻 =
𝐴 · (𝑚 + 1)

𝑑 · 2 · 𝜋
· cos (𝜙)  (6) 

The coverage volume particularized for a beam angle β=120º 
in the transmitters is plotted in Fig. 4. The condition for a 
position to be considered in the coverage map is that at least 
three LED lamps are available/visible in that position. This 
condition is met for all the positions below the surface depicted 
in Fig. 4.a). Black lines in Fig. 4 remarks the coverage area at 
planes z = 0.5 m, 1 m, 1.5 m in XY and black crosses represent 
the projection of the transmitters’ positions. 

Since the proposal is based on the ratios between the four 
quadrants of the QADA, it is expected that external factors, 
such as temperature or aging, affect similarly all of them, 
therefore discarding them. With regard to possible obstacles 
avoiding desirable LOS (Line-of-Sight) situations, note that, 
either the obstacle should cover at least two LEDs (if only one 
LED is hidden, there are still three points of incidence available, 
and an estimation of the receiver’s position can be done), or it 
should imply a specular reflection, thus deviating the path of 
the light onto a false point of incidence (xr, yr) in the QADA. 

 
Fig. 4.  Coverage volume particularized for a beam angle β = 120º in the four 
transmitters: a) General overview of the volume; b) Coverage area at planes 
z=0.5 m, 1 m, 1.5 m in XY. 

A. Coding and signal processing 

The channel gain is influenced by the modulation involved, 
as well as by the encoding techniques applied to transmissions. 
As mentioned before, in this proposal, 1023-bit Kasami 
sequences are transmitted by means of a BPSK modulation, 
with a square carrier to facilitate an ON/OFF operation of the 
LEDs. To eliminate the effect of flickering with its consequent 
negative effects on health [48], a much higher carrier frequency 
than 200 Hz has been fixed. The BPSK carrier frequency is 
actually fc = 25 kHz, whereas the sampling frequency is fixed 
ten times higher, fs = 250 kHz (oversampling M = fs/fc = 10). 
Four Kasami sequences ci have been assigned (each for a 
particular LED i). Note that every quadrant j will have the 
contributions from all the signals modulated with sequences ci 
transmitted by all the LEDs. The sequences ci are 
simultaneously emitted by every LED i, with a displacement of 
5 samples (half modulation symbol M/2) with respect to the 
previous one, so that the LED i = 4 transmitting the fourth 
Kasami code c4 has a displacement of a symbol and a half with 
respect to the LED i = 1 transmitting the first code c1. Note that 
the modulation symbol length is M = 10 samples. These 
displacements of sequences are intended to improve the cross-

Fig. 5.    Global processing proposed for the receiver’s position estimation. 
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correlation properties of transmissions at the receiver, since it 
can be assumed that the times-of-arrival are the same for all the 
emissions. Furthermore, the displacements included in the 
emissions are also found at the reception. 

Fig. 5 details the global processing proposed for the final 
receiver’s position estimation. As can be observed, after the 
signals are detected by the QADA receiver, they are correlated 
with the above-mentioned Kasami sequences ci, so that 
different peaks are obtained and processed to calculate the 
ratios px,i[n] and py,i[n], as detailed in (7) and (8). 

 

 𝑝 , [𝑛] =
max(𝑟 [𝑛]) 

max(𝑠 [𝑛])
 (7) 

 𝑝 , [𝑛] =
max(𝑡 [𝑛]) 

max(𝑠 [𝑛]) 
 (8) 

Where si[n], ti[n], and ri[n] are the correlations between the 
received signals Vsum[n], VBT[n] and VLR[n] and the 
corresponding sequence ci[n] for every LED i, respectively. 

Fig. 6 shows an example of the theoretical above-mentioned 
correlations at a particular point of the space for LEDs 
i={1,2,3,4}. It can be observed how the correlations differ from 
one transmitter i to another depending on the transmitter 
location. Those LEDs located at further distances from the 
receiver provide worse correlation functions (see, for instance, 
Fig. 6.b for LED i = 3). That means that the maximum peak may 
not be clearly detected. In order to minimize that possibility, in 
the proposed algorithm, maximum peaks are initially selected 
in the correlation function si[n], since this function always 
present higher amplitudes than the others, thus making the 
correlation peaks easier to be identified. Afterwards, the other 
correlation peaks in functions ri[n] and ti[n] are located, just by 
taking into account where they should be accordingly to the 
displacements of the transmissions carried out previously. 
Therefore, this method of determining the correlation peaks 
provides the system with a significant robustness against very 
low signal to noise ratios, and multipath and near-far effects. 

B. Central Impact point estimation 

The position (xr, yr), where light passing through the center 
of the aperture impacts, is estimated by Non-Linear Least 
Squares (NLS) using the Gauss-Newton algorithm. Before 
applying NLS, two tables with theoretical predefined ratios px 
and py are characterized for the plane where the receiver is 
placed, in a range [-r, r] at intervals of 1 μm, thus performing a 
geometrical characterization of the receiver’s areas as detailed 
in the Appendix A. (note that r = 3.9 mm). It is worth noting 
that this geometrical characterization does not involve certain 
approximations as in [22], taking into account an accurate 
round shape of the QADA receiver instead. In addition, these 
tables can be calibrated to consider practical deviations of some 
intrinsic parameters of the receiver (e.g. aperture height). 
As can be observed in Fig. 7.a) where px is represented, there is 
a wide range around the centre of the QADA receiver where the 
values for px are hard to be directly extracted from the graph, 
since they are extremely similar for different yr values (low 
derivative).  

 
Fig. 6.  Example of the correlation functions computed at the reception: a) ri[n]; 
b) ti[n]; and c) si[n]. 

a)

b)

c)
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To avoid this lack of sensitivity, these aforementioned ratio 
tables are actually calculated as the square root of the absolute 
value of the ratios px and py, still considering the sign of the 
ratios px and py, respectively, as can be observed in Fig. 7.b) for 
the case of px. As a result, a greater slope in the centre of the 
QADA (xr=0, yr = 0) (see zoomed plots in Fig. 7) is obtained. It 
is worth noting that only those ratio tables related to the ratio 
px, depending on xr for all the ranges in yr (3), are plotted in Fig. 
7. Similarly, tables about ratio py provide similar information. 
 

  
Fig. 7.  Ratio px depending on the coordinate xr for a range of values in yr; xr ∈ 
[-r, r], yr ∈ [-r, r] a) Ratio px; b) Square root of the absolute value of the ratio 
px, still considering the sign of px: 𝑠𝑖𝑔𝑛(𝑝 ) · |𝑝 |. 

The algorithm involved in the calculation of the position (xr, 
yr) starts with the initialization of a threshold u, which is 
actually the maximum error allowed by the iterative algorithm; 
in this case, it is fixed at u = 1μm. While the threshold u is lower 
than the detected errors εs,1 for xr and εs,2 for yr at a certain 
iteration s, the algorithm will continue iterating. A predefined 
Jacobian matrix is obtained in (9), by means of the above-
mentioned tables, according to (xr, yr). 

 𝐉 =

⎣
⎢
⎢
⎢
⎡
𝛿𝑝

𝛿𝑥

𝛿𝑝

𝛿𝑦
𝛿𝑝

𝛿𝑥

𝛿𝑝

𝛿𝑦 ⎦
⎥
⎥
⎥
⎤

 (9) 

Where the finite derivatives  , ,  and  are 

calculated as an approximation of the first-order derivative (10-
13). Note that the constant n is considered to be 1 μm, which is 
the step between intervals considered in the tables for ratios px 
and py. 

 
𝛿𝑝

𝛿𝑥
=

4 · 𝑝 (𝑥 + 𝑛) − 3 · 𝑝 (𝑥 ) − 𝑝 (𝑥 + 2 · 𝑛)

2 · 𝑛
 (10) 

 
𝛿𝑝

𝛿𝑦
=

4 · 𝑝 (𝑦 + 𝑛) − 3 · 𝑝 (𝑦 ) − 𝑝 (𝑦 + 2 · 𝑛)

2 · 𝑛
 (11) 

 
𝛿𝑝

𝛿𝑥
=

4 · 𝑝 (𝑥 + 𝑛) − 3 · 𝑝 (𝑥 ) − 𝑝 (𝑥 + 2 · 𝑛)

2 · 𝑛
 (12) 

 
𝛿𝑝

𝛿𝑦
=

4 · 𝑝 (𝑦 + 𝑛) − 3 · 𝑝 (𝑦 ) − 𝑝 (𝑦 + 2 · 𝑛)

2 · 𝑛
 

(13) 

The algorithm starts by searching for the values of an initial 
position (xr, yr)0 into the ratio tables, and the corresponding 
errors εs,1 and εs,2 are calculated (14).  

 
𝜀
𝜀 =

𝑝
𝑝 −

𝑝
𝑝  (14) 

Where px and py are the measured values from the correlation 
peaks (7) and (8); and px,s and py,s are the values obtained from 
the search in the ratio tables for the desired predefined values 
of the ratios px and py for the position (xr, yr)s. After the errors 
εs,1 and εs,2 are calculated, the previous solution (xr, yr)s

 is 
updated (15) for the next iteration (xr, yr)s+1. 

 
𝑥
𝑦 =

𝑥
𝑦 + 𝐉 · 𝐉 · 𝐉 ·  

𝜀
𝜀  

(15) 

Where 𝐉 𝑥𝑟

𝑦𝑟 𝑠

 is the Jacobian matrix J for the current estimated 

position (xr, yr)s; and 𝐉 𝑥𝑟

𝑦𝑟 𝑠

 is the transposed of the Jacobian 

matrix J for the current estimated position (xr, yr)s. The new 
position (xr, yr)s+1 will enter again in the NLS algorithm until 
the convergence of the algorithm, when the error is lower than 

the threshold, i. e. 𝑥 + 𝑦 < 𝑢. It is worth mentioning that 
the iterative algorithm stops when that convergence criteria is 
met [49]. 

Furthermore, the procedure have been modified to avoid any 
out-of-range result, so the column and/or row indexed by the 
position (xr, yr)s in the ratio tables always remains inside their 
dimensions. Whether the algorithm searches for a column/row 
outside the dimensions of the ratio tables, it will be readdressed 
to a column/row contained in the table. Note that, although it is 
an infrequent event, it may occur when the point of incidence is 
near the border of the QADA receiver. 

For a better understanding of the aforementioned NLS 
algorithm, a flowchart is presented in Fig. 8. The iterative cycle 
starts at (xr, yr)s, whereas the transpose is indicated by the block 
T and the inverse is denoted as ( )-1.  
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Fig. 8.  Flowchart of the proposed NLS algorithm. 

IV. POSITIONING ALGORITHM 

For the sake of clarity, it is assumed that three or more impact 
points (xr, yr)i are known, as well as the locations of their 
corresponding transmitters i, so the receiver can estimate its 
own location by means of the Least Squares Estimator (LSE) 
[50]. In this case, when considering the scenario proposed in 
Fig. 9, the point (x, y) is the 2D position of the receiver, 
(𝑥 , , 𝑦 , ) are the positions for every LED i, and γi are the angles 
between the transmitters i and the  X axis. Thus, note that the 
positioning algorithm is actually based on triangulation 
techniques. 

 

 
Fig. 9.  2D geometrical analysis of the proposed system. 

From Fig. 9, the geometrical expression (16) can be written 
as (17). 

 tan(𝛾 ) =
sin(𝛾 )

cos(𝛾 )
=

∆𝑦

∆𝑥
=

𝑦 − 𝑦 ,

𝑥 − 𝑥 ,
 (16) 

 
−x · sin(𝛾 ) + 𝑥 , · sin(𝛾 )

= −𝑦 · cos(𝛾 ) + 𝑦 , · cos (𝛾 ) (17) 

Keeping in mind the geometrical distribution of the QADA 
receiver and its aperture shape in Fig. 10, it is possible to obtain 
(18), similarly to (16). Since the receiver is neither rotated nor 
tilted, then 𝛾 = 𝜃 , so Eq. (17) can be simplified according to 
(19). 

 tan(𝜃 ) =
sin(𝜃 )

cos(𝜃 )
=

𝑦 ,

𝑥 ,
 (18) 

 

   
Fig. 10.  a) Incident light in the photoreceiver; b) Geometrical analysis of the 
receiver. 

 −x · 𝑦 , + 𝑥 , · 𝑦 , = −𝑦 · 𝑥 , + 𝑦 , · 𝑥 ,  (19) 

Eq. (19) can be transformed into a matrix form 𝑨 · 𝑿 = 𝒃, 
where the least squares method estimates the global coordinates 
(x, y) of the receiver (20). 
 (𝑥, 𝑦) = (𝑨 · 𝑨) · 𝑨 · 𝒃 (20) 

Where    𝑨 =

−𝑦 ,

−𝑦 ,
−𝑦 ,

−𝑦 ,

𝑥 ,

𝑥 ,
𝑥 ,

𝑥 ,

   and    𝒃 =

𝑦 , · 𝑥 , − 𝑥 , · 𝑦 ,

𝑦 , · 𝑥 , − 𝑥 , · 𝑦 ,
𝑦 , · 𝑥 , − 𝑥 , · 𝑦 ,

𝑦 , · 𝑥 , − 𝑥 , · 𝑦 ,

. 

After estimating the location (x, y) of the receiver in 2D, the 
third dimension z is obtained by means of the triangulation 
relationship detailed in Fig. 11, where the incident angle Ψ was 
already defined in Section III (see Fig. 2) (2), and di is the 
distance between the estimated receiver’s position (x, y) and the 
projection of each transmitter i in the plane where the receiver 
is placed. Thus, the coordinate z is obtained as the averaged 
value from the differences between the height zt,i of the 
transmitters i and the geometrically calculated height hi (21-22). 

 ℎ =
𝑑

𝑡𝑎𝑛 ψ
 

(21) 

 

 𝑧 =
∑ ( 𝑧 , − ℎ )

4
 (22) 

 
Fig. 11.  Scenario of the positioning analysis for the distance hi between a 
transmitter i and the receiver. Note that elements are not to scale. 

𝑥𝑟

𝑦𝑟 𝑠

𝑥𝑟

𝑦𝑟 𝑠 Tables px , py

Table J
𝐉  

𝐉  

𝐉  · 𝐉  

𝐉  · 𝐉  
𝐉  · 𝐉  · 𝐉  

𝑝
𝑝

𝑝
𝑝

𝜀
𝜀

T

( )-1

+ -

(x,y)

𝛾2𝛾1

𝛾4 𝛾3

(y-yt,4)

(x-xt,4)

(xt,2,yt,2)

(xt,3,yt,3)(xt,4,yt,4)

(xt,1,yt,1)Y

X

 

θ

(0,0)

(xr ,yr)

i1i2

i3
i4

yr

xr

θ

a) b)

LED light

QADA receiver

ψi

𝑑𝑖

hi

ψi

Z(m)

Y(m)

X(m)

(xt,i, yt,i, zt,i)
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A. Computational Load of the Positioning Algorithm 

The computational load of the proposed positioning 
algorithm has been evaluated in Table II, where M is still the 
oversampling factor; L is the length of the Kasami sequences ci 
involved; I is the number of LEDs; and N is the number of 
iterations performed in the NLS algorithm. In this proposal, the 
parameters mentioned above are, typically, M = 10, L = 1023, 
I=4 and N = 5. As can be observed, the complexity of the 
proposed algorithm mainly relies on the number I of LEDs. In 
a more detailed way, the operations required for the sequence 
correlations are only additions, proportional to M, L and I; the 
NLS algorithm implies both multiplications and additions, 
depending on N and I; the LSE algorithm requires O(I2) for 
both; and the ratios calculation and the estimation of coordinate 
z involve division, proportional to I. It is worth noting that the 
Jacobian matrix and its corresponding operations in the Gauss-
Newton algorithm are considered to be previously calculated 
and preloaded, so they do not imply any burden for the 
algorithm’s computational complexity. 

On the other hand, with regard to the power consumption, it 
will mainly depend on the final platform used for the 
implementation of the proposal. 

 
 

B. Simulated Results 

Hereinafter, the positioning method proposed in this work 
has been particularized for certain parameters. The dimensions 
of the room to be analysed are 2 x 2 x 2 m3 with four LEDs 
installed at 2 m high (see Fig. 1). For simplicity, the LED lamps 
are modelled as a point source (see Table I). The rest of the 
simulation parameters are detailed in Table III. In addition to 
the parameters described before, a Gaussian Noise has been 
added in the received signal in order to have a signal-to-noise 
ratio (SNR) of 10 dB. Simulations were carried out a hundred 
times at every position for all the X-Y positions in a grid (with 
a step of 10 cm), and at different planes z = 0 m, 0.5 m, 1 m, 
1.5m. 

 

Fig. 12 details the absolute errors of the incident angle Ψ 
depending on the (x, y) position, for a particular LED i. A cross 
represents the position of this LED i on the plane. It can be 
verified that those positions with the larger absolute errors 
appear around the transmitter’s position for z = 0 m, 0.5 m and 
1 m. In the case of z = 1.5 m, the receiver is actually too close 
to the transmitter i, so the error is generalized all around the 
area. Accodingly, the performance degrades as the height z, 
where the receiver is located, increases for all the incident 
angles Ψ. 

 
Fig. 12.  Absolute error of the incident angle Ψ for transmitter i = 4 at: a) z=0m; 
b) z = 0.5 m; c) z = 1 m; d) z = 1.5 m. 

The projection of the errors analysed in Fig. 12.a) for z = 0 m 
has been extended to the four proposed transmitters (see their 
positions in Table I), as can be observed in Fig. 13. This allows 
to confirm that, due to the symmetry of the system, the results 
obtained here with a single transmitter can be easily extended 
to all the transmitters i = {1,2,3,4}. 

 
 
 

 Fig. 13.  Absolute error of the incident angle Ψ at z = 0 m for transmitters: a) 
LED i = 1; b) LED i = 2; c) LED i = 4; d) LED i = 3. 

As was already detailed in Fig. 4 and Fig. 12, at plane z=1.5m 
relevant errors emerge due to the proximity between the 
transmitters and the receiver. Therefore, Fig. 14 plots the 
cumulative distribution function (CDF) for the absolute error of 

a) b)

c) d)

Error (ᵒ)

TABLE II 
NUMBER OF OPERATIONS FOR EVERY TASK IN THE PROPOSED 

POSITIONING ALGORITHM. 

Task Addition Multiplication Division 

Correlation 3(M·L-1)·I - - 

Ratios calculation - - 2·I 

NLS 6·N·I 4·N·I - 

LSE I2+3·I-1 I2+6·I+2 I 

Estimation of 
coordinate z 

2·I-1 - I 

 

TABLE III 
DESIGN PARAMETERS USED IN THIS STUDY 

Parameter Value 

Aperture height hap 
QADA radius 

Volume under analysis 
Transmitters beam angle 

SNR 

2.6 mm 
3.9 mm 

2 x 2 x 2 m3 
120º 

10 dB 
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the incident angle Ψ in a 2 x 2 m2 grid, in steps of 0.10 m, at 
different planes z = 0 m, 0.5 m, 1 m for only one transmitter i, 
then discarding z = 1.5 m hereinafter. A hundred of iterations 
has been run at each of those points within the volume of 
coverage detailed in Fig. 4. A minimum absolute error of 1.4º 
is achieved in the 90% of the cases at z = 0 m.  

 
Fig. 14.  CDF of the absolute error in the determination of the incident angle Ψ 
at LED i at z = 0 m, 0.5 m, 1 m. 

The projection of the absolute errors of the receiver’s 
estimated position (x, y) is presented in Fig. 15, Fig. 16 and Fig. 
17 for coordinates x, y and z respectively, at planes z = 0 m, 
0.5m and 1 m (black crosses represent the projections of the 
position of the LEDs i on the corresponding plane). 

Fig. 15. Absolute errors for coordinate x at: a) z = 0 m; b) z = 0.5 m; c) z=1m. 

 
Fig. 16. Absolute errors for coordinate y at: a) z = 0 m; b) z = 0.5 m; c) z = 1 m. 

 
Fig. 17. Absolute errors for coordinate z at: a) z = 0 m; b) z = 0.5 m; c) z = 1 m. 

Those positions with the largest absolute errors appear in line 
with the transmitters’ coordinate x for the absolute error of the 
coordinate x (see Fig. 15), and in line with the transmitters’ 
coordinate y for the absolute errors of the coordinate y (see Fig. 
16), for z = 0 m, 0.5 m and 1 m. This dependence of the errors 
in the receiver’s position with respect to the transmitters’ 
positions was already presented in (20), since, whether both 
coordinate values (xt,i and xr,i, or yt,i and yr,i) are nearly equal, an 
indetermination appears. On the other hand, errors for 
coordinate z are mainly due to the accumulation of errors from 
coordinates x and y in the estimation of the distance di (21-22). 

Furthermore, in Fig. 18, the CDF for the absolute errors of 
the estimated position (x, y) of the receiver is shown at different 
planes z = 0 m, 0.5 m, 1 m, just considering the actual coverage 
area at each plane (see Fig. 4). As before, for every plane a 
hundred of iterations has been run at each of the points in a 
2x2m2 grid, with steps of 0.10 m.  

 
Fig. 18.  CDF for the absolute error of the positioning error in the receiver’s 
coordinates (x, y, z) at z = 0 m, 0.5 m, 1 m. 

Absolute errors in the range of 10 - 11 cm are provided 
whether the receiver is placed at z = 0 m, 0.5 m, for both X and 
Y axes in the 90% of the considered cases. Besides, the absolute 
errors obtained at z = 1 m are in the range of 7 – 8 cm, much 
lower than those at z = 0 m and 0.5 m. This is due to the fact 
that the coverage area analysed here is significantly smaller, as 
a consequence of a shorter distance between the receiver and 
the transmitters i. 

For further comparisons, the receiver has been placed at nine 
known positions in the coverage area, where a hundred of 

Error (m)
a) b)

c)
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simulations has been run at every position, with a SNR = 10 dB 
and assuming Gaussian noise. These nine positions will be 
further considered in the experimental results and have been 
selected to cover mostly the half right side of the coverage area, 
since similar results are expected on the left side (if the 
symmetries of the arrangement are considered).  Fig. 19 plots 
these simulation results, where the red crosses are the real 
measurement point (ground-truth); the black crosses represent 
the projection of the LED lamps i; and, the coloured point 
clouds are the obtained position estimates in the simulation. An 
error ellipsoid is also plotted with a 95% of confidence for every 
measurement point. It is possible to observe that there is no 
large dispersion in the obtained results, apart from the corner 
points. Also, it is worth noting that the obtained average errors 
are 7 cm and 5 cm for measured points in the X and Y axes at 
planes z = 0 m and z = 1 m, respectively. In particular, the 
average of the X axis error in the measured points is 3.6 cm for 
z = 1 m and 4 cm for z = 0 m; the Y axis has an average error 
of 4.9 cm for z = 1 m and 5.1 cm for z = 0 m; and the Z axis 
average errors are 12.5 cm for z = 1 m and 19.1 cm for z = 0 m. 

  
Fig. 19.  a) Simulated position estimates when the receiver is placed at z = 1 m; 
b) Simulated position estimates when the receiver is placed at z = 0 m. 

It is worth mentioning that the existing systematic error in 
the position estimates, which can be observed in Fig. 19, is 
caused by a multiple-access interference (MAI), coming from 
the simultaneous transmissions by the LEDs, whose cross 
correlations interfere in the positioning algorithm. This issue 
can be easily tackled by separating completely the 
corresponding emissions, so any MAI effect can be discarded. 
The cost is a longer time to determine the position because 
emissions are consecutive and not simultaneous. This case is 
depicted in Fig. 20 at z = 0 m for coordinates x and y without 
considering any noise. As can be observed, errors in the range 
of 10-4 are present in the whole area, which are much lower than 
those obtained in Figs. 15.a) and 16.a), thus verifying no 
systematic errors appear when there is no MAI. 

V. EXPERIMENTAL RESULTS 

The experimental setup implemented here involves four LED 
lamps located at plane z = 2 m and the QADA receiver, which 
is placed at planes z = 0 m and z = 1 m. Fig. 21 shows this setup 
when the receiver is placed at z = 0 m. As can be observed in 
Figs. 21 and 22, others lamps in the room were also turned on 
during experiments. This particular ambient light, as well as the 
incoming sunlight from the windows, are considered to be equal 
in all the receiver surface and, thus, it will be eliminated by 

means of the correlation functions computed with the 
transmitted codes ci. Therefore, no variations due to this noise 
will affect the algorithm previously described. 

 
Fig. 20. Absolute errors with fully separated transmissions at z = 0 m for 
coordinates: a) x and b) y. 

 

 
Fig. 21.  Experimental setup implemented for the proposal validation. 

 

 
Fig. 22.  Detail of LED lamps during transmission. 

a) b)
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The area under analysis is the same as the previous one 
detailed in Section IV. The receiver has been placed at each one 
of the same nine points considered before, and the 
corresponding positions have been obtained up to 50 times per 
point. Fig. 23 plots these experimental results, where the red 
crosses are the ground-truth again; the black crosses represent 
the projection of the LED lamps i; and, the coloured point 
clouds are the positions obtained for the receiver. An error 
ellipse is also plotted with a 95% of confidence for each one of 
the nine measured points in the plane XY.  

 

  
Fig. 23.  a) Experimental position estimates when the receiver is placed at z=1m; 
b) Experimental position estimates when the receiver is placed at z = 0 m. 

Accordingly, those measurements obtained at z = 1 m match 
those expected from simulation in Fig. 19. It is worth noting 
that these average errors are below 5 cm for all the measured 
points in the X and Y axes, except for points 3 and 9 where the 
dispersion is slightly higher. Note that the results obtained at z 
= 0 m do not match those expected from Fig. 19, since the SNR 
= 10 dB used in Fig. 19 describes a better scenario than the one 
found in the experimental results. Note that higher distances 
imply lower SNR. Then, a higher emitting power from the 
transmitters i, as well as the consideration of the real 
dimensions of transmitters instead of point-like, may decrease 
the dispersion in Fig. 23.b), with results more similar to those 
expected from simulations. The effect of not point-like light 
sources has already been analysed in [25], where it is concluded 
that increasing the size of the LED lamps largely increases the 
positioning error in the limits of the analysed scenario. In Fig. 
24 the position estimation simulated in Fig. 19.b) is repeated 
with SNR = 3 dB, thus matching results in Fig. 23.b). 

 
Fig. 24.  Simulated position estimates when the receiver is placed at z = 0 m 
with SNR = 3 dB. 

The average absolute error and the average standard 
deviation obtained in the experimental position are estimated 
for the nine considered points as detailed in Table IV, whereas 
the same parameters are detailed for the simulation results in 
Table V, both providing similar figures. Note that in Table V 
the results presented in z = 0, 1 m are those from Fig. 24 
(SNR=3dB) and Fig. 19 (SNR = 10dB), respectively.  

 

 
In addition, Table VI presents a comparison among some 

previous works focused on VLPS. These works implement 
different multiplexing techniques: Frequency Division Multiple 
Access (FDMA) [51], Code Division Multiple Access (CDMA) 
[20], Time Division Multiple Access (TDMA) [52], and 
Orthogonal Frequency Division Multiplexing (OFDM) [53] 
[55]; to use their bandwidth and develop Visible Light 
Communication (VLC) links. It may be remarked that some 
works involve other sensors, such as mechanical ones (IMU) 
[31] [53] or accelerometers [52], to increase their area of 
operation while decreasing the positioning error. In addition, 
Avalanche Photodiodes (APD) are used in [54] to increase the 
receiver sensitivity. On the other hand, among those using 
several photodetectors (PD) [52] - [56], the solution proposed 
here reaches the lowest errors with the less hardware involved 
at the receiver. In [31] [53] [55] the proposal is tested in a large 
area of operation, thus resulting in significant positioning 
errors. Summing it up, the proposal presented here provides a 
good average positioning error, similar to [20] and [56]; 
although in these works the tests were performed at a maximum 
distance of 1.1 m and 0.5 m, respectively, between the emitters’ 
plane and the receiver’s one (up to 2 m in our case). 
Furthermore, note that [56] implies a more complex receiver (it 
is actually an array of sensors). 

 
 
 

a) b)
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TABLE IV 
AVERAGE ABSOLUTE ERRORS AND STANDARD DEVIATIONS 
FOR THE NINE POINTS CONSIDERED IN THE EXPERIMENTAL 

RESULTS FROM FIG. 23. 

Axis 

z = 1 m z = 0 m 

Average 
absolute 

error 

Average 
standard 
deviation 

Average 
absolute 

error 

Average 
standard 
deviation 

X axis 2.8 cm 0.78 cm 6.43 cm 4.88 cm 

Y axis 4.62 cm 1.14 cm 7.28 cm 6.31 cm 

Z axis 5.57 cm 2.5 cm 24.16 cm 18.77 cm 
 

 
TABLE V 

AVERAGE ABSOLUTE ERRORS AND STANDARD DEVIATIONS 
FOR THE NINE POINTS CONSIDERED IN THE SIMULATION 

RESULTS FROM FIG. 19 AND FIG. 24. 

Axis 

z = 1 m z = 0 m 

Average 
absolute 

error 

Average 
standard 
deviation 

Average 
absolute 

error 

Average 
standard 
deviation 

X axis 3.64 cm 0.88 cm 4.46 cm 4.73 cm 

Y axis 4.89 cm 1.02 cm 5.36 cm 5.76 cm 

Z axis 12.51 cm 4.72 cm 25.9 cm 30.82 cm 
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VI. CONCLUSION 

This work presents a study of a three-dimension visible light 
indoor positioning system (VLPS), based on four LED lamps 
as transmitters and a quadrant photodiode as receiver. An 
encoding scheme based on 1023-bit Kasami sequences has been 
applied to every transmission coming from each LED lamp that 
can be identified by the receiver, thus providing multiple access 
capability and a significant improvement of the system to deal 
with low signal-to-noise ratios, and different types of hindering 
phenomena, such as multipath and near-far effect. The 
corresponding correlation functions have been used to estimate 
the central incidence points from each LED on the quadrant 
receiver, by using Non-Linear Least Squares (NLS) with a 
Gauss-Newton algorithm. A triangulation technique, solved by 
LSE and some geometrical considerations, has been proposed 
to estimate the receiver’s position inside the corresponding 
coverage area. The proposal has been evaluated and 
successfully verified by means of simulations and experimental 
results, achieving both a significant concordance, with 3D 
positioning average errors below 13 cm and 5.5 cm when the 
separation in height between the emitters and the receiver is 2 
m and 1 m, respectively. 

APPENDIX 

A. Estimation of the QADA areas 

The purpose of this appendix is to present a detailed 
calculation of the different areas Aj(t) for px(t) (3) in the first 
quadrant, xr,yr ∈[0, r] (23-27), where r = 3.9 mm is the radius 
of the photoreceiver QADA. Similarly, this study can be 
extended to the other quadrants and, also, to perform the 
analysis for py(t). Note that the third quadrant has an area A3(t) 
that depends on the position at which the projection of the 
aperture is located in the photoreceptor, as is shown in Fig. 25 
and is detailed in (25) and (26) for the two cases A3,1(t) and 
A3,2(t), respectively. 

 
 

 𝐴 (𝑡) =
𝜋 · 𝑟

4
 (23) 

 

 𝐴 (𝑡) =
𝜋 · 𝑟

4
−

1

2
·
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2
· (𝜃 − sin(𝜃))  

(24) 
 

 𝐴 , (𝑡) = (𝑟 − 𝑥 ) · (𝑟 − 𝑦 ) (25) 
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1

2
·
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2
· (𝜃 − sin(𝜃)) −

1

2

·
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· (𝜃′ − sin(𝜃′))  

(26) 

 

 𝐴 (𝑡) =
𝜋 · 𝑟

4
−

1

2
·

𝑟

2
· (𝜃′ − sin(𝜃′))  

(27) 
 
Where r is the radius of the receiver; and 𝜃 = 2 ·

acos 1 −  and 𝜃 = 2 · acos 1 −  are the angles that 

define the circular segments represented in Fig. 25. 
The conditions that must be met in order to use (26) instead 

of (25) when operating the area A3(t) are (28) and (29). Note 
that both equations are modifications on the circle equation: 
(𝑥 − 𝑟) ≤ 𝑟 − (𝑦 − 𝑟) . 

 

𝑥 ≤ 2 · 𝑟 − −𝑦 + 2 · 𝑦 · 𝑟 + 𝑟  

 
(28) 

𝑦 ≤ 2 · 𝑟 − (−𝑥 + 2 · 𝑥 · 𝑟) + 𝑟  (29) 

TABLE VI 
COMPARISON WITH PREVIOUS POSITIONING SYSTEMS BASED ON VISIBLE LIGHT 
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[51] 2D 4  
FDMA, 
PWM 

1.2 m 1 PD 3 x 3 m2 <10 cm (CDF 95) RSS 

[20] 3D 4 9 W CDMA 
1.1 / 0.7 /0.3 

m 
1 PIN 0.9 x 0.9 m2 4 cm (average) RSS 

[31] 2D 7 17 W OOK 2.5 m 1 PD + IMU 2.2 x 2.2 m2 14.5 cm (average) 
RSS + 
PDR 

[52] 3D 3  TDMA 1.7 m 4 PDs + accelerometer 0.4 x 0.4 m2 
<10 cm 

6 cm (average) 
RSS 

[53] 3D 4 1.5 W OFDM 1 / 0.42 m 
9 PD with apertures + 

IMU 
5 x 5 m2 18 / 8.6 cm (average) AoA 

[54] 3D 3 1 W - 1.5 m 
2 APD + reference 

detector 
1 x 1 m2 < 10 cm (average) RSS 

[55] 3D 4 1 W OFDM 2 m 8 PDs with apertures 5 x 5 m2 < 20 cm (rMSE) AoA 

[56] 3D 4 57 mW - 0.5 m 
3 PD arranged in a 

corner-cube structure 
0.3 x 0.3 m2 5 cm ( average) AoA 

Proposal 3D 4 7.5 W BPSK,CDMA 2 / 1 m 1 QADA with aperture 

2 x 2 m2 
(simulations) 
0.7 x 0.7 m2 

(experimentation) 

12 / 8 cm (CDF 95) 
 

7.42 / 3.96 cm (2D average) 
13 / 5.5 cm (3D average) 

AoA 
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If both conditions (28-29) are not met, the projection of the 
incident light in A3(t) will be calculated as (25). 

 
Fig. 25.  Projection of the incident light onto the QADA receiver through an 
aperture for A3,1(t) (left) and A3,2(t) (right). 

It can be mentioned that the area A1(t) depends neither on xr 
nor on yr, A2(t) only depends on xr, A4(t) only depends on yr, 
whereas A3(t) depends both on xr and yr. 
 

B. Enhancement of the proposal considering the polar angle 

This appendix introduces a practical application of the 
proposal where the receiver is placed on a flat surface 
(horizontal) and can be rotated an arbitrary polar angle β on its 
Z axis. Consider the same set up as the system presented in Fig. 
1 (four LED lamps as transmitters and the QADA receiver 
analysed in Section III and Appendix A). Once the receiver is 
illuminated by the LED lamps, and after performing the 
processing of the QADA output signals (signal correlations, 
peak detection on the QADA output signals, and calculation of 
ratios), the incident points of light on the QADA receiver (xr, 
yr)i are estimated using the algorithm provided in Section III. B. 
The four impact points (xr, yr)i on the QADA receiver may 
present a similar shape to the one shown in Fig. 26 a). Note that 
the four points are equally rotated β degrees. After the polar 
angle β is obtained [46], if the incident points on the receiver 
(xr, yr)i rotate -β degrees, they will reach the position (xr, yr)’i 
presented in Fig. 26 b), equivalent to the case where the receiver 
has no rotation. At this point, the positioning algorithm 
continues to obtain the final coordinates (x, y) of the receiver’s 
position in the proposed scenario as discussed in Section IV. 

 
Fig. 26. a) QADA photoreceiver with four rotated impact points (xr, yr)i ; b) 
QADA photoreceiver with four non-rotated impact points (xr, yr)'i. [46]. 
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