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NEW NOTIONS ON IDEAL CONVERGENCE OF TRIPLE
SEQUENCES IN NEUTROSOPHIC NORMED SPACES

C. GRANADOS!, C. CHOUDHURY?*, §

ABSTRACT. The usual convergence of sequences has many generalizations with the aim
of providing deeper insights into the summability theory. In this paper, following a very
recent and new approach, we introduce the notion of Z3 and Z5 —convergence of triple
sequences in neutrosophic normed spaces mainly as a generalization of statistical con-
vergence of triple sequences. We investigate a few fundamental properties and study
the relationship between the two notions. We also introduce and investigate the concept
of Z3 and Z3 —Cauchy sequence of triple sequences and show that the condition (AP3)
plays a crucial role to study the interrelationship between them.

Keywords: Statistical convergence, ideal, filter, Z—convergence, neutrosophic normed
space, triple sequences.
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1. INTRODUCTION AND BACKGROUND

In 1951, the concept of statistical convergence was developed independently by Fast
[4] and Steinhaus [32] to provide deeper insights into summability theory. Later on, it
was further investigated from the sequence space point of view by Fridy [6, 7], Salat [29],
and many researchers [30]. In 2003, Mursaleen and Edely [23] extended this concept over
double sequences and mainly studied the relationship between statistical convergence and
statistical Cauchy double sequences, statistical convergence, and strong Cesaro summa-
ble double sequences. Besides this, in [33], Tripathy studied various properties of the
sequence spaces formed by statistical convergent double sequences and proved a decom-
position theorem. Also, in 2007, Sahiner et. al. [27] investigated statistical convergence
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for triple sequences. Statistical convergence has many applications in various branches of
mathematics such as number theory, mathematical analysis, probability theory, etc.

The notion of Z-convergence is a generalization of the statistical convergence which was
introduced by Kostyrko et al. [19]. They used the notion of an ideal Z of subsets of the
set N to define such a concept. For an extensive view of this article, we refer the reader
to [3, 18, 35] where many more references can be found.

In 2005, Tripathy and Tripathy [34] introduced the concept of Z—convergence and
T—Cauchy sequence for double sequences and proved some properties related to solidity,
symmetricity, completeness, and denseness. Furthermore, Das [2] and Kumar [20] also
investigated the concept of Z and Z*—convergence of double sequences and proved some
results more naturally. In 2008, Sahiner and Tripathy [28] studied ideal convergence in
triple sequence settings. For more details on ideal convergence of triple sequences one may
refer to [12] where many more references can be found.

The concept of fuzzy sets was first introduced by Zadeh [36] in the year 1965 which was
an extension of the classical set-theoretical concept. Nowadays it has wide applicability
in different branches of science and engineering. The theory of fuzzy sets cannot always
cope with the lack of knowledge of membership degrees. To overcome the drawbacks,
in 1986 Atanassov [1] introduced intuitionistic fuzzy sets as an extension of fuzzy sets.
Intuitionistic fuzzy sets have been widely used to solve various decision-making problems.

Many times, decision-makers face some hesitations besides going to direct approaches
(i.e., yes or no) in decision making. In addition, we can obtain a tricomponent outcome
in some real events like sports, the procedure for voting, etc. Considering all in 2005,
Smarandache [31] introduced the notion of Neutrosophic set as a generalization of both
fuzzy set and intuitionistic fuzzy set. An element belonging to a neutrosophic set consists
of a triplet namely truth-membership function (T), indeterminacy-membership function
(F), and falsity-membership function (I). A neutrosophic set is determined as a set where
every component of the universe has a degree of T, F, and 1.

The notion of fuzzy normed space was introduced by Felbin [5] in the year 1992. Later
on, in 2006 the concept of intuitionistic fuzzy normed spaces was introduced by Saadati
and Park [26]. In 2008, statistical convergence in intuitionistic fuzzy normed spaces was
introduced and investigated by Karakus et. al. [9]. For more details on statistical conver-
gence and its related generalizations in intuitionistic fuzzy normed spaces, one may refer to
[10, 15, 22, 24]. Recently, Kirisci and Simsek [16] introduced neutrosophic normed linear
space and investigated the notion of statistical convergence. Following their work, several
researchers investigated various notions of convergence of sequences in the neutrosophic
normed space. For more details, one may refer to [11, 13, 14].

Very recently, Kisi [17] extended the notion of statistical convergence to Z and Z* —conve-
rgence of sequences in neutrosophic normed spaces. In this paper, our main aim is to
generalize it to Z3 and Z3—convergence of triple sequences which is also a generalization
of statistical convergence of triple sequences in the neutrosophic normed spaces developed
by Granados and Das [8].

2. DEFINITIONS AND PRELIMINARIES

Throughout the paper, N and R denote the set of all positive integers and the set of
all real numbers respectively and by the convergence of a triple sequence we mean the
convergence in Pringsheim’s [25] sense.

Definition 2.1. [25] A triple sequence (x;j4) is said to be convergent to l if, for any e > 0,
there exists a positive integer ko = ko(e) such that for all i,j,9 > ko, |zijq — | < €.
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Definition 2.2. [27] Let K C N x N x N and K, denotes the set

{(i,j,9) € K:i<m,j<n.g<p}
The triple natural density of K is denoted and defined by §*(K) = lim w Here,
| Kmnp| denotes the cardinality of the set Ky, p p.

Definition 2.3. [27] A triple sequence (z;j4) is said to be statistical convergent to l if for
each e > 0, §3(A(e)) = 0, where A(e) = {(i,7,9) € Nx Nx N:| 250 — 1 |> }.

In this case, | is called the statistical limit of the triple sequence (x;j4) and symbolically it
is expressed as Tijq .

Definition 2.4. [27] A triple sequence (z;j4) is said to be statistical Cauchy if for each
€ > 0, there exists three positive integers M = M(e), N = N(e) and P = P(g) such that
§3(A(e)) =0, where A(e) = {(i,4,9) € Nx Nx N:| z;;, — xpnp |> €}
Definition 2.5. [19] Let X is a non-empty set. A family of subsets T C P(X) is called

an ideal on X if
(i) b € Z;
(ii) for each A, B € T implies AUB € Z;
(iii) for each A € T and B C A implies B € T.

7 is called non-trivial if X ¢ Z.

Definition 2.6. [19] Let X be a non-empty set. A family of subsets F C P(X) is called
a filter on X if

(1) 0 & F;

(ii) for each A, B € F implies AN B € F;

(iii) for each A € F and B D A implies B € F.

If 7 is a non-trivial ideal in X with X # (), then the class F = F(Z) = {X \ A: A€ I}
forms a filter on X, known as the filter associated with 7.

A non-trivial ideal Z C P(X) is called an admissible ideal in X if and only if Z D
{{z} 2 € X}

A non-trivial ideal Z in N x N x N is called strongly admissible if for any &k € N,
N x {k} x N, {k} x Nx Nand N x N x {k} belong to Z.

Throughout the paper, we consider Z3 as a non-trivial admissible ideal in N x N x N.

Definition 2.7. [28] A triple sequence (x;j4) is said to be Z3—convergent to | if for each
>0,
A(e) € I3, where A(e) = {(i,7,9) € Nx N xN:| ;50 — 1 [> €}.

In this case, | is called the Z3—limit of the triple sequence (xijq) and symbolically it is
expressed as xijq — [(Z3).
Definition 2.8. [28] A triple sequence (xijq) is said to be I3— Cauchy if for each € > 0,
there exists three positive integers M = M (e), N = N(g) and P = P(g) such that

A(e) € I3, where A(e) ={(i,7,9) e Nx NxN:| ;50 —xpmnp [> €}
Definition 2.9. [2] An admissible ideal I3 C P(N x N x N) is said to satisfy the condition
(AP3) if for every countable family of mutually disjoint sets { D1, D3, ...} belonging to Is,
there exists a countable family of sets {F1, Ea, ...} such that for all m € N, the symmetric
differences Dy AE,, is included in the finite union of rows and columns in N x N x N

(i.e., DpyAE, C {A C NxNxN: (3ky € N)(i,5,9 > ko = (i,5,9) ¢ A)}) and
FE = U E,, €1s.

m=1
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Definition 2.10. [21] A binary operation ® : [0,1] x [0,1] — [0, 1], is said to be a contin-
uous t-norm if the following conditions are satisfied:
1. ® s associative and commutative,
1. O 18 continuous,
iti. s©1=s, for all s € [0,1],
iv. s©t <u®uv whenever s <wu and t <w, for all s,t,u,v € [0,1].

Definition 2.11. [21] A binary operation ® : [0,1] x [0,1] — [0, 1], is said to be a contin-
uwous t-conorm if the following conditions are satisfied:
1. ® s associative and commutative,
1. ® 15 continuous,
iti. s®0=s, for all s € [0,1],
. s®t < u®v whenever s <u and t <w, for all s,t,u,v € [0,1].

From the above definitions, we note that if we choose 0 < 1,69 < 1 for €1 > €9, then
there exist 0 < e3,e4 < 1 such that g1 ® €3 > 9,61 > €4 ® €9. Further, if we choose
g5 € (0,1), then there exist eg,e7 € (0,1) such that e ® g6 > €5 and 7 ® e7 < 5.

Definition 2.12. [31] Let X be the universe of discourse. Then, the set Axys C X defined
by

Ans = {<u,Sa(u), Ta(u), Wa(u) >:u € X}
is called a neutrosophic set, where Sa(u), Ta(u), Wa(u) : X — [0,1] represent the degree

of truth-membership, degree of indeterminacy-membership, and degree of false-membership
respectively, with 0 < Sg(u) + Ta(u) + Wa(u) < 3.

Definition 2.13. [16] Let F be a vector space and N = {< u, S(u), T (u), W(u) >: u € F}
be a normed space (NS) such that S, T, W : FxR" — [0,1]. Let ® and ® be the continuous
t-norm and continuous t-conorm, respectively. Then the four-tuple V. = (F,N,®,®) is
called neutrosophic normed space (NNS) if the following conditions hold, for all u,v € F
and n,v >0 and f07“ each o #0:

i. 0<S(u,n) <1,0<T(u,m) <1,0<W(u,n) <1,
ii. S(u, )+T(un)+W(un)<3
iti. S(u,m) =1 (forn >0) if and only if u =0,
iv. S(ou,n) = S(u, %),

v. S(u,n) ©S(v,v) <S(u+v,n+v),
vi. S(u,.) is a continuous non-decreasing function,

)
vig. lim S(u,n) =1,
n—00
n

viii. T (u,mn) =0 (forn >0) iff u =0,

iz, T(ou.n) = T(u, ),

z. T(u,n) ®T(v,v) >T(u+v,n+v),

zi. T(u,.) is a continuous and non-increasing function,
zii. lim T (u,n) =0,

)
ziii. W(u,n) =0 (forn >0) if and only if u =0,
ziv. W(ou,n) = W(u, I%I)’
W(u,n) @ W(v,v) = y(u+v,n+v),
zvi. W(u,.) is a continuous non-increasing function,
zvii. lim W(u,n) =0,
n—00

zviii. If n <0, then S(u,n) =0,T (u,n) =1 and W(u,n) = 1.

Then, N = (S, T, W) is called Neutrosophic norm (NN).

Zv.
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Definition 2.14. [17] Let V be a NNS and Z be an admissible ideal in N. A sequence
(xx) is said to be T—convergent to | with respect to the neutrosophic norm (NN), if for
every 0 <e <1 andn >0,
K(e) € Z, where
K)={keN:Sxp,—-1l,n) <1—eT(xx—1,n) >cand W(zr —1,n) > c}.
Symbolically it is denoted as T — N —limzy, =1 or z, — (2 — N).

Definition 2.15. [17] Let V be a NNS and Z be an admissible ideal in N. A sequence (xy,)
is said to be T*—convergent to | with respect to neutrosophic norm (NN), if there exists a
set M € F(I) (i.e., N\ M € I) such that zykep — L(N).

In this case, we write T — N —limzy =1 or xp — I(Z* — N).

Definition 2.16. [17] Let (zx) be a sequence in a NNS'V and I be an admissible ideal
in N. Then, (xr) is said to be T—Cauchy with respect to neutrosophic norm (NN), if
for any 0 < e < 1 and n > 0, there exists M = M(c) such that KC(e) € Z, where
KC(e)={keN:S(xr—zyp,n) <1—corT(zr —xprp,n) >, W(xr —201,7m) > €}

Definition 2.17. [17] Let V' be a NNS and I be an admissible ideal in N. A sequence
(k) is said to be T*— Cauchy with respect to neutrosophic norm (NN), if there exists a
set M € F(I) (i.e., N\ M € I) such that (i rer) is an ordinary Cauchy sequence with
respect to neutrosophic norm (NN).

Example 2.1. [16] Suppose (F,||-||) be a NS. For s,t € [0,1], define the t-norm © and
the t-conorm ® as s ©t = st and s ®t = s+t — st, respectively. Forn > ||u||, let

n [Jul]
S(Uﬂl) = ) T(U, 77) = )
1+ |[ull 1+ [ull
and for n < ||ul|, let S(u,n) = 0,T (u,n) =1 and W(u,n) = 1. Then, (F,N,©,®) is a
NNS.

Definition 2.18. [8] Let V be a NNS. A triple sequence (x;jq) is said to be statistical
convergent to | with respect to the neutrosophic norm (NN), if for every 0 < e < 1 and
n>0,3(K()) =0, where K(¢) = {(i,j,9) € NXNx N:8(zjjy —1,n) <1—¢&,T(xijy —
l,n) > e and W(zijg — l,m) > }. Symbolically it is denoted as st3 — N — limx;;; = [ or
Tijg =7 Z(Stg —N)

Definition 2.19. [8] Let (z;j4) be a triple sequence in a NNS V. Then, (z;j4) is said to
be statistical Cauchy if for any 0 < e < 1 and n > 0, there exists M = M(e), N = N (e)
and P = P(e) such that §3(KC(g)) = 0, where
KC(e) ={(i,4,9) € Nx N xN:S(zijy —xmnp,n) <1 —cor T(zijg —xmnp,n) >
e, W(xijg — MNP, M) 2> €}

W(u,n):h;” Vu € Fandn >0

3. MAIN RESULTS

Definition 3.1. Let V be a NNS. A triple sequence (z;54) is said to be I3—convergent to
I with respect to neutrosophic norm (NN), if for every 0 < e <1 andn > 0, K(e) € I3,
where

K(e) ={(i,4,9) e Nx Nx N:S(zijg —1,n) <1—¢g, T(xijg—1,n) >¢
and W(zijqg —1,m) > €}.

In this case, we write, I3 — N — lim Tijg =1 or xijg — U3 —N).
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In particular, if we take Z3 = Zgs = {A € N x N x N : §3(4) = 0}, then the above
definition coincides with the definition of statistical convergence of triple sequences in
NNS, which was recently investigated by Granados and Das [8].

Example 3.1. Let (F,|| - ||) be a NS. For all s,t € [0,1], define the continuous t-norm
s ®t = st and the continuous t-conorm s ® t = min{s + t,1}. We take S, T, W from
Example 2.1, for alln > 0. Then V is a NNS. Define the triple sequence (z;54) as

1, iisaperfectcube, forall (j,9) € NxN
Tijg = .
9 0, otherwise

Then, x;ijq — 0(Zss — N).
Justification: For every 0 < e < 1, we have

Km,n,p(g) = {l < m)j < n,g < p: S(xz]g - 0777) <1l- €, T(xljg - 0777) >€
and W(xjg — 0,m) > e}.

This implies that,

n <1-¢ ||ijg]|
1+ |zl
ne

Knnp(e) ={i<m,j<n,g<p:

={ism,j<ng<p:llegll 2 7 andlzigl| = ne}

. K (e)] . ymnp
Then we have, 03 (K(¢)) = lim [Emne@l o 5 =0.
’ ( ( )) n,m,p—oo MNP ~ n,m,p—oo MNP

Hence, zijq — 0(Zss — N).

Lemma 3.1. Let V be a NNS. Then, for any 0 < € < 1, the following statements are
equivalent:

1. Tijg — Z<I3 —N);
ii. {(4,7,9) € NXNxXN: S(z550—1,n) <1—e} € I3,{(4,7,9) € NxNxN: T(xi—1,n) >
e} €T3, and {(i,7,9) € Nx Nx N: W(xg —1,n) > e} € Is;
iii. {(4,4,9) e NXNxN:S(zijg—1,n) >1—¢, T(zijg—1,n) < cand W(zijg —1,n) <
E} Ef(l'g),'
. {(i,,9) € NxNxN : S5 —l,n) > 1—¢c} € F(Z3),{(4,5,9) € NxNxN :
T(xijg —1,m) < e} € F(I3), and {(i,7,9) € Nx Nx N: W(x54 — [,n) < e} € F(I3);
v. S(xijg—1,m) = LIz =N), T(zijg—1,m) = 0(Z3—N) and W(z;jq—1,n) — 0(Zz—N).

Theorem 3.1. Let V be a NNS and let (x;j4) be a triple sequence such that x;;q —
I(Zs — N). Then 1 is unique.

Proof. If possible let xij, — l1(Zs — N) and w454 — lo(Zs — N) for I; # la. Then, for a
given 0 < € < 1, we can choose v > 0 satisfying (1 —¢) ® (1 —¢) >1 —vande®e < v.



416 TWMS J. APP. AND ENG. MATH. V.14, N.1, 2024

Now, for any 1 > 0 we define the following sets:

Ks,(e,n) ={(1,7,9) e Nx N xN:S(z;54 — ll,g) <1-¢},
Ks,(e,m) ={(1,7,9) e Nx N xN:S(z;54 — lg,g) <1-—¢},
Kri(e.m) = {(i.j.9) € Nx Nx N: T(ayg — 11, 9) > 2},
Kr(e,n) = {(i,5,9) € Nx N x N: T (2554 — lo, g) > e},
Kw,(e.m) = {(i,4,9) € N x N x N: W(zjy — I, g) > el
Ew, (1) = {(,4,9) € N x Nx N: Wi(zijy — b2, ) > £},

2

Since ;54 — 11(Z3 — N), so by Lemma 3.1, for any 7 > 0 we have,
Ks,(e,n), K73 (8, m), and Kw, (¢,7) € I3.

Again since z;jq — l2(Z3 — N), so by Lemma 3.1, for any n > 0 we have,
Ks,(e,m), K7,(e,m), and Kw,(e,n) € Is.

Suppose K (g,n) = (Ks, (€, 7)UKs,(e,n)) (K7 (e, n)UKT (,1) N(EKw, (£, m) UKW, (€, 7).
Then, we have K(e,n) € Z3 and consequently (N x N x N)\ K(g,n) € F(Z3). Thus, the

set (N x N x N) \ K(e,n) is non-empty. Choose (s,t, f) € N\ K(e,n). Then, there are
three possibilities:

i (s,t,f) e (NxNxN)\ Kg,(e,7)N((NxNxN)\ Kgs,(e,n));
it. (5,1, ) € (N x N x N)\ K7y (e,n)) 1 (N x N x N)\ Kr, e, m));
i (5,4, 1) € (N x N x N) \ Ky (2,m) 1 (N x N x N)\ Ky, (¢, ).

If we consider (i), then we have the following

S —1,1) 2 S(rar — 1, D) ©S(ray — oy ) > (1—) 0 (1—e) > 1-v. (1)

Now since v is arbitrary so from Equation (1), for any n > 0, we obtain S(l; — l3,n) = 1

i.e., ll = lQ.
Again, if we consider (ii), then we have the following

Ty —loyn) < T(wgy —lh, 2 )@T(xstf s g)<€®€<u. (2)

Now, since v is arbitrary so from Equation (2), for any n > 0, we obtain 7 (I3 — l2,n) =0
i.e., ll = lQ.
Finally, if we consider (iii), then we have the following

W(ly — Iy, ) < W(agys — 1, g) ® W(@srs — lo, g) <e®e<w. (3)
Now, since v is arbitrary so from Equation (3), for any n > 0, we obtain W(l; —l2,17) =0
i.e., [1 = lo. Thus in all cases we obtain [y = lo and this completes the proof. O

Theorem 3.2. Let (z4) and (yijq) be two triple sequences in the NNS V such that
Tijg = L(Zs — N) and yijq — l2(Zs — N). Then,
(i) Tijg + Yijg — L1 + 12(Zs — N) and (i) axijg — adi(Zs — N) where o € R.
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Proof. (i) Suppose zijq — 11(Z3 — N) and y;jq — l2(Z3 — N'). Then, by definition for any
0<e<l1, K(e),K'(¢) € T3, where

K(S)Z{(i,j,g)ENXNXN:S(wijg—ll,g) §1—€,T(£Uijg—ll,g) ZE

and W(xijg — U1, g) >e}

and

K,(E) = {(17]79) ENXNxN: S(ng _1273) < 1 — &, T(yz_]g - l?ag) > €

and W(yijq — l2, g) > et

Now as the inclusion
(NxNxN)\ K(e))N((NxNxN)\ K'(g))
C{(4,7,9) e Nx NxN:8(xijg + yijg — 1 —l2,n) > 1 —¢,
T(wijg + vijg — i — l2,m) < e, W(Zijg + Yijg — 1 — l2,m) < e}
holds, so we must have
K”(E) = {(i,j,g) ENXxNxXxN: S(a:ijg + Yijg — l1 — lg,n) <1l-—¢,
T (zijg + Yijg — i — l2,m) > e and W(zijg + yijg — i — l2,m) > €}

> €
C K(e)UK'(¢)

and consequently, K" (¢) € I i.e., Tijg + Yijg — L1 + 12(Zs — N).

(ii) If & = 0, then there is nothing to prove. So we assume o # 0. Since, xjjq —
11(Zs — N), so for any 0 < e < 1, K(¢) € Z3, where

Ui

K(e) ={(i.4,9) ENXNXN:S(mijg—l,m

) <1—¢, T(xijg— 1, —
and W(x;jq — L, %) > et
Now let K'(¢) denote the set
{(4,7,9) e Nx NxN:S(azij; —al,n) <1—¢, T(axijg—al,n) >«

and W(ax;jq — al,n) > e}.

Then, the inclusion K’'(¢) C K(e) holds and eventually, K’'(¢) € Z3. Hence, azijq —
Oéll(Ig — N) Il
Theorem 3.3. Let (zi54) and (yijq) be two triple sequences in the NNS V' such that
Yijg — l(./\[) and {(i,j,g) ENXNXxN: Tijg 7é yijg} € 13. Then, Tijg — l(Ig —N)

Proof. Suppose {(4,7,9) € Nx N X N : 24 # yijg} € Z3 holds and y;jq — [(N). Then,
by definition for every 0 < ¢ < 1, the set K(¢) = {(4,7,9) € Nx Nx N : S(y;;g —,n) <
1—e, T(yijg—1,m) > cand W(yijq —l,n) > €} contains at most finite number of elements
and consequently, K (¢) € Z3. Now, since the inclusion
K'(e) ={(i,j,9) E Nx Nx N:8(zj5 —l,n) <1—¢, T(xijg—1l,n) >¢
and W(zijqg —1,m) > e} C K(e) N{(4,5,9) € Nx N X N: 259 # yijg}
holds, so we must have, K'(g) € Z3. Hence, x;jq — [(Z3 — N). 0



418 TWMS J. APP. AND ENG. MATH. V.14, N.1, 2024

Definition 3.2. Let V' be a NNS. A triple sequence (x;;q) is said to be I3—convergent to
l with respect to neutrosophic norm (NN), if there exists a set M € F(I3) (i.e., (N x N x
N) \ M e Ig) such that Tijg,(i,j,9)EM — Z(N)

In this case, we write Ty — N — limzijq =1 or x5 — (Z5 — N).

Theorem 3.4. Let V' be a NNS and I3 be a strong admissible ideal. If z;54 — (25 — N)
then Tijg — l(Ig —N)

Proof. Since x5 — I(Z5 — N'), so by definition there exists a set M € F(Z3) (i.e., (N x
N x N)\ M € I3) such that ;g (i jgem — [(N). This means that for any 0 < e < 1,
there exists kg € N such that for all 7, j, g > ko,

S(zijg—1,n) >1—¢, T(xijg—1,n) <ecand W(xijg —1,n) <e.
Then we have,
K(e) ={(i,7,9) e Nx NxN:S8(zijg —1,n) <1 —¢, T(xijg—1,m) > cand W(zijq —1,n) > €}
CINXNxN)\M)YUMn(({1,2,....; (ko — 1D} x NxN)U(Nx N x{1,2,..., (ko — 1)})
UNx{1,2,...,(ko—1)} xN))) € Z3
Thus by hereditary property, K(¢) € Zs. Hence, xijq — [(Z3 — N). O

Remark 3.1. The converse of the Theorem 3.4 is not necessarily true. The following
example illustrates the fact.

Example 3.2. Let (R,||-|]) be a NS. For all s,t € [0,1], define the continuous t-norm
s ®t = st and the continuous t-conorm s ® t = min{s + ¢,1}. We take S, T, W from
o0

Ezample 2.1, for alln > 0. Then, (R,N,®,®) is a NNS. Let N = |J Dy, be a disjoint
m=1
decomposition of N such that each D, is an infinite set. Then it is obvious that NXxNxN =

(o S INNe ClNe o)

U U U (DmxDy,xDy) is a disjoint decomposition of NxNxN. Let T3 = {A C NxNx
m=1n=1 f=1
p q z
N:AC (U Dm)xNxN)UNx(J Dn)xN)UNXxNx(J Dy)), for some p,q,z € N}
m=1 n=1 f=1
be an admissible ideal in Nx NxN. Clearly, for any set H(C N) containing a finite number
of elements we have, H X NXx N, Nx H XN, Nx N x H € Z3. Define a triple sequence

(xijq) as follows:

Tijg= =+ 14 %, whenever (i, j,g) € Dy, X Dy, X Dy.

Then, S(wijg — 0,1) = sty = 1, T(@ig — 0,m) = ;15220 — 0 and Wi(zijq — 0,n) =

lziall g g i,j,9 — oo. This shows that x;j; — 0(Z3 — N). But we claim that

Tijg - 0(Z5 — N). To prove this, let us assume the contrary. Then, there exists a set
M € F(Z3) (i.e., (NxNxN)\M € I3) such that x;54 ; j gyerr — O(N). Now by definition of

p
T3, we can say that there exists p,q,z € N such that (NxNxN)\M C (( J Dm)xNxN)U
m=1

q z
(N (U Dn)xN)U(NxNx (U Dy)). But then, Dpi1 x Dgr1 x D.11 € M holds and as a
n=1 f=1

consequence Tijg = ﬁ—l—qjll—i—zlﬁ for infinitely many (i, j,g) € Dpy1 X Dgr1XD,p1 C M,
which is a contradiction to the fact that xjg ; j yenmr — ON).

Theorem 3.5. Let V be a NNS and Z3 be an ideal in N x N x N with the property (AP3).
Then, if z;jq — (I3 — N) then z;j4 — (I — N).



C. GRANADOS, C. CHOUDHURY: NEW NOTIONS ON IDEAL CONVERGENCE... 419

Proof. Suppose I3 satisfies the condition (AP)3 and z;j; — {(Z3—N'). Then, by definition,
for every 0 < e < 1,

K(t?) € 137 where K(é) = {(Zajag) € NxNxN: S(xzjgihn) <1 - & T(‘leg 7la77) > €
and W(zijqg —1,m) > €}
Suppose for m € N, D,,, denotes the set

1 1
» 1— = < Saigy—lm) <1— ———,
{(4,7,9) e Nx N xN m_S(a:Jg n) < e R

1
< W(zijg —I,m) < E}'

1
< T(xijg—1,m) < -

d
an m—+1

Then, it is clear that for all m € N, D,,, € Z3 and for m # n, D,, N D, = (). By virtue

of (AP3), there exists a sequence of sets (E,,) such that for each m € N, the symmetric

differences D,,AFE,, is contained in the finite union of rows and columns in N x N x N and
oo

E = U E,, €1;.

m=1

Now we will prove that for M = (N x N x N)\ E € F(Z3), %44 (i, g)em — {N). Let
k > 0 be given. By Archimedean property, choose mg € N such that m%) < k. Then the
following inclusion

{(4,7,9) e Nx NxN:S(xijq —1,n) <1 =k, T (zijg —l,n) > K
and W(xijg —1,m) > K} C U D,, (4)

holds. Since, D,,AE,,,m = 1,2,...,mg are contained in the finite union of rows and
columns in N x N x N, so there exists ky € N such that

mo
(U Em) 0 {(i,4,9) e NXNxN:i>ko,j>kog> kot

m=1

mo
m=1

mo
If i,j,9 > ko, and (4,j,9) € M, then (i,7,9) ¢ |J En and consequently from Equation

m=1

mo
(5), (4,4,9) ¢ U Dy, From (4), it is clear that for any 7, j, g > ko and (4, j,9) € NxNxN,
m=1

S(ijg —1,n) > 1=k, T(zijg — 1,n) < kand W(zijg — 1,n) < K.
This means that z;;, — {(Z; — N). Hence the theorem. O

Definition 3.3. Let (z;54) be a triple sequence in a NNS V. Then (x;j4) is said to be
Is—Cauchy if for any 0 < € < 1 and n > 0, there exists three positive integers M =
M(e), N = N(e), P = P(¢) such that KC(g) € I3, where
KC(E) = {(i7j7g) eNXxNxN: S(ﬁijg - xMNp,n) <1- E,T(wi]’g — :L“MNP,U) > g,
and W(zijg — xpmnp, 1) > €}
In particular, if we take Z3 = Zys = {A C N x N x N : §3(A) = 0}, then the above

definition coincides with the definition of statistical Cauchy sequences for triple sequences
in NNS, which was recently investigated by Granados and Das [8].
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Theorem 3.6. Let (z;54) be a triple sequence in a NNS V. Then, (xij4) is I3—convergent
sequence if and only if it is Zs— Cauchy sequence.

Proof. Suppose z;j; — [(Z3 — N). For a given 0 < ¢ < 1, we choose v > 0 such that
(1-¢e)®(1—-¢) >1—vand e®e < v. Then by definition, for any 0 < ¢ < 1,
(Nx N xN)\ K(e) € F(Z3), where

K(e) = {(i,j,9) € Nx N x Nis(fﬂijg*lag) <1—e T(wijg *l’g) Z €
and W(xijq — 1, g) > et

Thus, the set (N x N x N)\ K (¢) is non-empty. Let (M, N, P) € (NxNxN)\ K(g). Then
we have,

S(«TMNP — l, ﬂ) > 1 — &, T(HZMNP —l, 127) < EandW(xMNp — l, 1 E.

2 2)
Now suppose KC(e) = {(i,j,9) € Nx N x N : S(z459 — zmunp,n) < 1 —v, T(:L’ijg -
rypNp,n) > vand W(zijg — tmunp,n) > v, We claim that KC(e) € K(e) because if
the inclusion does not hold then we must have some (Mo, Ny, Py) € KC(e) \ K(e) which
immediately yields S(zanop, — Tmnpe, 1) < 1 — v and S(xauNyp, — {

particular, S(xynyp —1,3) > 1 —e. But then,

g)QS(:CMNp—l, g) > (1—e)o(1-¢) > 1-v,

which is a contradiction. Further, we have, T (xa,n,p — Tymnp, 1) > v and T (T aNeP, —
l,3) <e. In particular, T (zapnp — 1, 4) < €. But then,

]__V Z S(xMoNQPO_xMNP7n) 2 S('/’UMONOPO_Z’

g)@T(:EMNp—Z,g)<€®€<I/,

which is a contradiction. Finally, we have, W(xp,n,p, — Tmnpe, 1) > v and W(z Ny Py —
l,3) < e. In particular, W(xpynp — 1, 3) < €. But then,

v < T(xpmonor, — Tmne,n) < T(xponop, — L

v <W(xmonop, — TMNP, 1) S W(TamoNor, — 1 g) @W(rmunp — 1, g) <e®e <,

which is a contradiction. Thus all possibilities contradict the existence of an element
(Mo, No, Py) € KC(¢) \ K(g). Therefore, we must have KC(g) C K(¢) and as a conse-
quence KC'(e) € Z3. Hence (z;;4) is Z3—Cauchy.

To prove the converse part, we assume that (x;;q) is a Z3—Cauchy sequence but not
Zs—convergent. For a given 0 < & < 1, we choose v > 0 such that (1—¢)®(1—¢) >1—v
and € ® ¢ < v. Then, since (x;4) is not Zz—convergent, so

S(l‘i]’g — SUMNP,U) > S(ﬂjijg —1, g) ®8($MNP — l, g) > (1 — 6) ® (1 — 8) >1—v,
T(xijg —vpnp,n) < T(wijg — 1, g) ® T (xpnp — 1, g) <e®e<u,
W(xzyg - $MNP777) < W(xljg - l7 g) ® W(l’MNP - la g) <e®e <y,

holds for P(e,v) = {i < M,j < N,g < P : T(xijg —xmnp,n) < 1 —v}. Therefore,
P(e,v) € F(Z3), which is a contradiction to the fact that (z;j4) is Z3—Cauchy. Hence,
(xijg) must be a Zz—convergent sequence. This completes the proof. ]

Deﬁnition 3.4. Let (x45) be a triple sequence in a NNS V. Then (x;j4) is said to be

— Cauchy with respect to neutrosophic norm (NN), if there exists a set M € F(Z3) (i.e.,
(N x Nx N)\ M € Z3) such that x; e 18 an ordinary Cauchy sequence with respect
to neutrosophic norm (NN).

i39,(4,5,9)
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Theorem 3.7. Let (x;54) be a triple sequence in a NNS V. If (xi;q) is I5— Cauchy with
respect to neutrosophic norm (NN), then it is Zs— Cauchy with respect to neutrosophic
norm (NN).

Proof. We omit the proof as it follows from the same argument for convergence. O

Theorem 3.8. Let V be a NNS and Z3 be an ideal in N x N x N with the property (AP3).
If (xi5¢) is I3— Cauchy with respect to neutrosophic norm (NN), then it is I3 — Cauchy with
respect to neutrosophic norm (NN).

Proof. We omit the proof as it essentially follows from the same argument for convergence.
O

4. CONCLUSIONS

In this paper, we mainly investigated various fundamental properties of Z3 and Z5 —conve-
rgence of triple sequences in neutrosophic normed spaces. Theorem 3.4 and Theorem 3.5
establishes the connection between Z3 and Z3—convergence of triple sequences. Theorem
3.7 and Theorem 3.8 are presented to study the implication relationship between Z3 and
15—Cauchy triple sequences. Theorem 3.5 and Theorem 3.8 also reveals the essence of
the condition (AP3) in the study. As a continuation of this work, one may study various
properties such as solidity, symmetricity, monotonicity of the sequence spaces formed by
the collection of all Zs—convergent triple sequences in the neutrosophic normed spaces.

Acknowledgment. The authors would like to thank the referees for their valuable sug-
gestions to improve the paper.
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