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GENERALIZATION OF PICTURE FUZZY MATRIX

M. KAVITHA1∗, P. MURUGADAS2, §

Abstract. In this paper, we introduce the concept of k-regular Picture Fuzzy Matrix
(PiFuM) as a generalization of regular matrix and investigate some basic properties of a
k-Regular Picture Fuzzy Matrix (k-RPiFuM). Moreover we analyze the characterization
of a matrix for which the regularity index and the index are identical. Furthermore the
relation between regular, k-regular and regularity of powers of picture fuzzy matrices are
discussed.
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1. Introduction

As long as fuzzy set theory is expanded by Zadeh [32], it becomes a gate to solve more
problems in uncertain ambits. This concept was established well by allocating member-
ship degrees to elements of a set. Folowing that to clear up any ambiguities, Atanassov
[1] introduced non-membership degree and defined intuitionistic fuzzy set as, the sum of
degrees which is not greater than 1. This set is used in image processing, robotic system,
decision making, medical diagnosis, etc. In 1982 Pawlak [17] familiarised the notion of
rough sets. Although both fuzzy set and rough set have their individual adv antages,the
soft set introduced by Molodtsov [14] generalizes both of the above theories. The notions
of fuzzy soft sets was introduced by Maji et.al[9]. In 1994, Zhang [33] introduced bipolar
fuzzy set theory which is an inflation of fuzzy set theory. After that Bipolar soft set is
formulated by two soft sets, one of them provides us the positive information and the other
provides us the negative information. The Philosophy of bipolarity is that human judge-
ment is based on two sides, positive and negative, and choose the one which is stronger.
For historical background see [7, 27, 28, 29, 19, 20, 21, 22, 23, 24]. Though intuitionistic
fuzzy sets, bipolar fuzzy sets, etc. have two parameters, we have limitations. But, in
occasion like voting, medical diagnosis, etc. we affront with concept neutrality degree.
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Smarandache [6] managed this situation by introducing Neutrosophic set which involves
three parameters such as membership degree, non-membership degree and neutral degree
whose sum less than or equal to 3. Cuong and Kreinevich [5] introduced the concept of
picture fuzzy set as conaction of Neutrosophic set and intuitionistic fuzzy set. Any element
in this set include three degrees as membership, neutral and non-membership. Where, the
sum of degrees is not greater than 1. Some properties of picture fuzzy set is studied by
Cuong [5]. Phong et al. [2] have surveyed some composition of picture fuzzy relations.
Viet and Hal [26] proposed fuzzy inference system on picture fuzzy sets. Some results
about PiFuMs are explored in [15, 16].

Throughout this paper we deal with Picture Fuzzy Matrices (PiFuMs), that is ma-
trices over the fuzzy algebra P = [0, 1] under max-min operations (+, .) denoted as
a + b = max{a, b} and a.b = min{a, b} for all a, b ∈ P and the standard order ′ ≤′ of
real numbers. Let Pmn represent the collection of all m × n PiFuMs over P. In short
Pn stands for Pnn. For A = 〈aijµ, aijη, aijγ〉 ∈ Pn, AT , R(A), C(A), ρr(A), ρc(A) and ρ(A)
denotes the transpose, row space, column space, row rank, column rank, and rank of A
respectively. The algebraic operations on PiFuMs are max-max-min operations, which are
different from that of the standard operations on real matrices. In practice, PiFuMs have
been proposed to represent the fuzzy relation in a system based on fuzzy sets theory [8],
the behavior of the dynamic fuzzy systems depends heavily on the products of PiFuMs
in the matrices representations of the system. 〈aijµ, aijη, aijγ〉 = A ∈ Pmn is a regular
if there exists X such that AXA = A; X = 〈xijµ, xijη, xijγ〉 is called a generalized (g−)
inverse of A and is denoted by A− = 〈aijµ, aijη, aijγ〉−. A{1} denote the set of all g-inverse
of a regular- PiFuMs A. The regular matrix, which has a generalised inverse, serves as the
foundation for studying fuzzy relational equtions. Regular picture fuzzy matrices play an
important role in estimation and inverse problem in picture fuzzy relational equations [18]
and in fuzzy optimization problems [6].

Multi attribute decision making problem under picture fuzzy environment was studied
by Wei [30, 31]. Then picture fuzzy matrix and its application were presented by Shovan
Dogra and Pal [25].

This motivates us to develop the study on generalized regular picture fuzzy matrices.
The powers of a picture fuzzy matrix are either convergent to a picture fuzzy matrix or
oscillating with finite period. For a PiFuMs A, Ak+d = Ak for some integers k, d > 0.
Therefore, all PiFuMs have an index and a period. On the other hand, most matrices over
the non-negative real numbers will not have an index and a period [8]. Spectral inverse,
such as group inverse and Drazin inverse are defined for fuzzy matrices, analogous to that
for complex matrices [3]. For A ∈ Pn, the Drazin inverse of A is a solution of the equa-
tions: AkXA = Ak, XAX = X,AX = XA, for some positive integer k. Group inverse is
the solution of the equations: AXA = A,XAX = X,AX = XA. Hence Drazin inverse
and group inverse are identical when k = 1.

In this paper we introduced the concepts of k-regular PiFuMs as a generalization of
regular matrices. The row and column ranks of k-regular PiFuMs are determined. Con-
ditions for products of k-regular PiFuM to be regular are obtained. The relation between
regular, k-regular and kth power of a PiFuM are discussed. We defined the regularity index
of a PiFuMs A ∈ Pn as a generalization of the index of A. A characterization of a matrix
whose regularity index coincides with the index of A is established. It is shown that for a
PiFuMs, regularity index is less than (or) equal to the index of the PiFuM. Furthermore
some examples are provided to illustrate the relation between the regularity index and
index of PiFuMs.
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2. Preliminaries

Definition 2.1. [25] A PiFuM of size x× y is defined as (〈aijµ, aijη, aijγ〉), where
aijµ ∈ [0, 1], aijη ∈ [0, 1] and aijγ ∈ [0, 1] are, respectively, the measure of positive, neutral
and negative membership of aij for i = 1, 2, ..., x and j = 1, 2, ..., y satisfying 0 ≤ aijµ +
aijη + aijγ ≤ 1.

Definition 2.2. A PiFuM is said to be square PiFuM if the number of rows is equal to
the number of columns.

Definition 2.3. [25] Let A = (〈aijµ, aijη, aijγ〉) and B = (〈bijµ, bijη, bijγ〉) be two square
PiFuM of order n. Then product A.B is defined as C = A.B = (〈cijµ, cijη, cijγ〉), where
cijµ = ∨k(aikµ ∧ bkjµ), cijη = ∨k(aikη ∧ bkjη) and cijγ = ∧k(aikγ ∨ bkjγ)
for i, j = 1, 2, ..., x.

Definition 2.4. Let A = (〈aijµ, aijη, aijγ〉) and B = (〈bijµ, bijη, bijγ〉) be two square
PiFuM of order n. Then A ≤ B if aijµ ≤ bijµ, aijη ≤ bijη and aijγ ≥ bijγ
for i, j = 1, 2, ..., x.

Definition 2.5. [25] If a special restricted square PiFuM has its diagonal entries 〈ε1, ε2, 0〉
and non-diagonal entries 〈0, 0, ε3〉, then it is called identity special restricted PiFuM.

Definition 2.6. [25] If a special restricted square PiFuM has all entries 〈0, 0, ε3〉 then it
is called null special restricted square PiFuM.

3. K-regular Picture Fuzzy Matrices

Definition 3.1. A PiFuM A ∈ Pn, is said to be right (left) k-regular if there exists a
PiFuM X ∈ Pn such that AkXA(AXAk) = Ak, for some positive integer k. X is called a
right(left) k-g-inverse of A. Let Ar(Al){1k} = {X/AkXA(AXAk) = Ak}.

In general, right k-regular and left k-regular are not equal. Hence a right k-g- inverse
need not be a left k-g-inverse (refer Example 3.3). Throughout this paper, we have proved
the results for right k-regular and the results for the left k-regular are analogous to the
right k-regular and hence ommited. Henceforth we call a right k-regular (or) left k-regular
PiFuM as a k-regular PiFuM. Let A{1k} = Ar{1k} ∪Al{1k}.

Remark 3.1. Each element of the set A{1k} is called a k-g-inverse of A. If A is k-regular
then A is q-regular for all integers q ≥ k. For k = 1, A{1k} reduces to the set of all
g-inverses of a regular PiFuM A.

The following results are very important in this paper.

Lemma 3.1. For PiFuMs A,B ∈ Pn, R(B) ⊆ R(A)⇔ B = XA for some X ∈ Pn,
C(B) ⊆ C(A)⇔ B = AY for some Y ∈ Pn.
Lemma 3.2. For PiFuMs A ∈ Pmn and B ∈ Pnp, R(AB) ⊆ R(B), C(AB) ⊆ C(A).

Lemma 3.3. For PiFuMs A,B ∈ Pn, and a positive integer k, the following hold.
(i) If A is right k-regular and R(B) ⊆ R(Ak) then B = BXA for each right k-g-inverse X
of A.
(ii) If A is left k-regular and C(B) ⊆ C(Ak) then B = AY B for each left k-g-inverse Y of
A.
Proof:
(i) Since R(B) ⊆ R(Ak) by Lemma 3.1, there exists Y such that B = Y Ak. By Definition
2.1, AkXA = Ak. Hence, B = Y Ak = Y AkAX = BXA. Thus (i) holds.
The proof of (ii) is similar to (i).
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Remark 3.2. In Lemma 3.1, R(B) ⊆ R(A) and C(B) ⊆ C(A) need not imply
R(B) ⊆ R(Ak) and C(B) ⊆ C(Ak) (see the Example 3.1).

Howsoever, in particular for k = 1, we get,

Lemma 3.4. For A,B ∈ Pmn, if A is regular then
(i) R(B) ⊆ R(A)⇔ B = BA−A for each A− of A.
(ii) C(B) ⊆ C(A)⇔ B = AA−B for each A− of A.

Theorem 3.1. Let A ∈ Pn and k be a positive integer,
then X ∈ Ar{1k} ⇔ XT ∈ ATl {1k}.
Proof:

X ∈ Ar{1k} ⇔ AkXA = Ak

⇔ (AkXA)T = (Ak)T

⇔ ATXT (AT )k = (AT )k

⇔ XT ∈ ATl {1k}

Theorem 3.2. Let A ∈ Pn and k be a positive integer,
(i) If X ∈ Ar{1k} then ρc(A

k) = ρc(A
kX) and ρr(A

k) ≤ ρr(XA) ≤ ρr(A).
(ii) If X ∈ Al{1k} then ρr(A

k) = ρr(XA
k) and ρc(A

k) ≤ ρc(AX) ≤ ρc(A).
Proof:
(i) Since X ∈ Ar{1k}, AkXA = Ak, by Lemma 3.1, C(Ak) = C(AkXA) ⊆ C(AkX) ⊆
C(Ak). Therefore, C(Ak) = C(AkX) and ρc(A

k) = ρc(A
kX). Since, AkXA = Ak, we have

Ak = AkXA = Ak(XA)2 = ... = Ak(XA)k. Therefore, Ak = Ak(XA)k.
Hence, by Lemma 3.1, R(Ak) = R(Ak(XA)k) ⊆ R((XA)k) ⊆ R(XA) ⊆ R(A).
Therefore, R(Ak) ⊆ R(XA) ⊆ R(A) and ρr(A

k) ≤ ρr(XA) ≤ ρr(A).
(ii) Proof is similar to (i) so omitted.

Theorem 3.3. Let A ∈ Pn and k be a positive integer, The following conditions are
equivalent:
(i) A is k-regular.
(ii) λA is k-regular for λ 6= 0 ∈ P.
(iii) PAP T is k-regular for some permutation PiFuM P.
Proof:

A is k − regular ⇒ AkAX = Ak

⇒ (λA)kX(λA) = (λA)kforλ 6= 0 ∈ P
⇒ λA is k − regular

If λA is k-regular, then for λ = 1, A is k-regular. Thus, (i) ⇔ (ii) hold.

A is k − regular ⇔ AkXA = Ak for some X ∈ Pn
⇔ (PAkP T )(PXP T )(PAP T ) = PAkP T

for some permutation matrix P and some X ∈ Pn
⇔ (PAP T )k(PXP T )(PAP T ) = (PAP T )k

⇔ PAP T is k − regular
Thus (i) ⇔ (iii) hold. Hence complete the Proof.



240 TWMS J. APP. AND ENG. MATH. V.14, N.1, 2024

Theorem 3.4. If Y,Z ∈ Ar{1k}, then Y AZ ∈ Ar{1k}.
Proof:
Since Y,Z ∈ Ar{1k}, AkY A = Ak and AkZA = Ak.
Now, take X = Y AZ, then we have
AkXA = Ak(Y AZ)A = (AkY A)ZA = AkZA = Ak.
Hence, X = Y AZ ∈ Ar{1k}.

Theorem 3.5. For A,B ∈ Pn, with R(A) = R(B) and R(Ak) = R(Bk) then, A is right
k-regular ⇔ B is right k-regular.
Proof:
Let A be a right k-regular PiFuM, satisfying R(Bk) ⊆ R(Ak) and R(A) ⊂ R(B).
Since R(Bk) ⊆ R(Ak), by Lemma 3.3, Bk = BkXA for each k-g-inverse X of A.
Since R(A) ⊆ R(B), by Lemma 3.1, A = Y B for some Y ∈ Pn. Substituting for A in
Bk = BkXA, we get Bk = BkXA = BkXY B = BkZB where XY = Z.
Hence B is right k-regulr.
Conversely, if B is a right k-regular picture fuzzy matrix satisfying R(Ak) ⊆ R(Bk) and
R(B) ⊆ R(A), then A is right k- regular can be proved in same manner. Hence the
theorem.

Theorem 3.6. For A,B ∈ Pn, with C(A) = C(B) and C(Ak) = C(Bk) then, A is left
k-regular ⇔ B is left k-regular.
Proof:
This is similar to Theorem 3.5 and hence omitted.

Theorem 3.7. For A,B ∈ Pn, if A is right k-regular, R(B) ⊆ R(Ak) and B is idempotent
then AB is right k-regular and Ar{1k} ⊆ (AB)r{1k}.
Proof:
Since R(B) ⊆ R(Ak) by Lemma 3.3, B = BXA, for each right k-g-inverse X of A. Since
B is idempotent, B2 = B.

(AB)k = (AB)k−1(AB)

= (AB)k−1(AB2)

= (AB)k−1(ABB)

= (AB)k−1A(BXA)B

= (AB)kX(AB)

Thus AB is right k-regular. X is a right k-g-inverse of AB.
Hence Ar{1k} ⊆ (AB)r{1k}.

Theorem 3.8. For A,B ∈ Pn, if A is left k-regular, C(A) ⊆ C(Ak) and B is idempotent
then BA is left k-regular and Al{1k} ⊆ (BA)l{1k}.
Proof:
Proof is similar to the above Theorem 3.7 and hence ommitted.

Remark 3.3. In particular for k = 1 and A commutes with B, it reduces to the following
result.

Theorem 3.9. For a Regular Picture Fuzzy Matrix (RPiFuM) A if R(B) ⊆ R(A) and B
is idempotent then AB is RPiFuM and A{1k} ⊆ (AB){1k}.
Below we analyze the relation between regular, k-regular and kth power of a PiFuM A in
Pn, We assume A0 = I. Thought k is a positive integer.
If A is a regular, then AXA = A for some X ∈ Pn, for k ≥ 1, pre(post) multiplying by
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Ak−1 on both side, we get AkXA = Ak(AXAk = Ak). Thus A is k-regular for all k ≥ 1.
If Ak is a regular then AkY Ak = Ak for some Y in Pn. This can written as AkZA = Ak

where Z = Y Ak−1, hence A is k-regular. On the other hand if A is k-regular for some
positive integer k, need not imply Ak is regular or A is regular.
The processes are illustrated here.

Example 3.1. Let us consider a non-regular PiFuM

A =

 〈ε1, ε2, 0〉 〈0.5, 0.3, 0〉 〈0, 0, ε3〉
〈0.5, 0.3, 0〉 〈ε1, ε2, 0〉 〈0.5, 0.3, 0〉
〈0.5, 0.3, 0〉 〈0.5, 0.3, 0〉 〈ε1, ε2, 0〉


A2 =

 〈ε1, ε2, 0〉 〈0.5, 0.3, 0〉 〈0.5, 0.3, 0〉
〈0.5, 0.3, 0〉 〈ε1, ε2, 0〉 〈0.5, 0.3, 0〉
〈0.5, 0.3, 0〉 〈0.5, 0.3, 0〉 〈ε1, ε2, 0〉


For X =

 〈ε1, ε2, 0〉 〈0, 0, ε3〉 〈0, 0, ε3〉
〈0.5, 0.3, 0〉 〈ε1, ε2, 0〉 〈0.5, 0.3, 0〉
〈0, 0, ε3〉 〈0, 0, ε3〉 〈ε1, ε2, 0〉

 ,
A2XA = A2 holds. A is 2-regular, but A is not regular.

Example 3.2. Let us consider PiFuM A =

 〈ε1, ε2, 0〉 〈0.5, 0.3, 0〉 〈0, 0, ε3〉
〈0, 0, ε3〉 〈0, 0, ε3〉 〈0.5, 0.3, 0〉
〈0.5, 0.3, 0〉 〈0, 0, ε3〉 〈0, 0, ε3〉


For this A, A2 =

 〈ε1, ε2, 0〉 〈0.5, 0.3, 0〉 〈0.5, 0.3, 0〉
〈0.5, 0.3, 0〉 〈0, 0, ε3〉 〈0, 0, ε3〉
〈0.5, 0.3, 0〉 〈0.5, 0.3, 0〉 〈0, 0, ε3〉


A3 =

 〈ε1, ε2, 0〉 〈0.5, 0.3, 0〉 〈0.5, 0.3, 0〉
〈0.5, 0.3, 0〉 〈0.5, 0.3, 0〉 〈0, 0, ε3〉
〈0.5, 0.3, 0〉 〈0.5, 0.3, 0〉 〈0.5, 0.3, 0〉


For PiFuM X =

 〈ε1, ε2, 0〉 〈0, 0, ε3〉 〈0.5, 0.3, 0〉
〈0.5, 0.3, 0〉 〈0, 0, ε3〉 〈0.5, 0.3, 0〉
〈0.5, 0.3, 0〉 〈0.5, 0.3, 0〉 〈0.5, 0.3, 0〉

 ,
A3XA = A3 6= AXA3 holds. Therefore A is 3-regular. A5 = A4.
Put A3 = B, now we prove that B is not regular. If B is regular then BY B = B for some
Y ∈ P3. The (1,1) entry of B is 〈b11µ, b11η, b11γ〉 = 〈ε1, ε2, 0〉.

Therefore, 〈b11µ, b11η, b11γ〉 =
3∑

j,k=1

(〈b1jµ, b1jη, b1jγ〉〈yjkµ, yjkη, yjkγ〉〈bk1µ, bk1η, bk1γ〉

⇒ 〈ε1, ε2, 0〉
= 〈b11µ, b11η, b11γ〉〈y1kµ, y1kη, y1kγ〉〈bk1µ, bk1η, bk1γ〉
+ 〈b12µ, b12η, b12γ〉〈y2kµ, y2kη, y2kγ〉〈bk1µ, bk1η, bk1γ〉
+ 〈b13µ, b13η, b13γ〉〈y3kµ, y3kη, y3kγ〉〈bk1µ, bk1η, bk1γ〉
⇒ 〈b11µ, b11η, b11γ〉〈y1kµ, y1kη, y1kγ〉〈b11µ, bk1η, bk1γ〉
= 〈ε1, ε2, 0〉.

Since 〈b12µ, b12η, b12γ〉, 〈b13µ, b13η, b13γ〉 = 〈0.5, 0.3, 0〉 and 〈b11µ, b11η, b11γ〉 = 〈ε1, ε2, 0〉, the
only possibility is 〈y1kµ, y1kη, y1kγ〉〈bk1µ, bk1η, bk1γ〉 = 〈ε1, ε2, 0〉 for all k. Now for k = 1,
〈y11µ, y11η, y11γ〉〈b11µ, b11η, b11γ〉 = 〈ε1, ε2, 0〉 ⇒ 〈y11µ, y11η, y11γ〉 = 〈ε1, ε2, 0〉.
For k = 2, 〈y12µ, y12η, y12γ〉〈b21µ, b21η, b21γ〉 = 〈ε1, ε2, 0〉
For k = 3, 〈y13µ, y13η, y13γ〉〈b31µ, b31η, b31γ〉 = 〈ε1, ε2, 0〉 are not possible,
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since 〈b21µ, b21η, b21γ〉 = 〈b31µ, b31η, b31γ〉 = 〈0.5, 0.3, 0〉.
Hence 〈y11µ, y11η, y11γ〉 = 〈ε1, ε2, 0〉.
The (2, 3)th entry of B is 〈b23µ, b23η, b23γ〉 = 〈0, 0, ε3〉

Therefore, 〈b23µ, b23η, b23γ〉 =
3∑

j,k=1

(〈b2jµ, b2jη, b2jγ〉〈yjkµ, yjkη, yjkγ〉〈bk3µ, bk3η, bk3γ〉

⇒ 〈0, 0, ε3〉
= 〈b21µ, b21η, b21γ〉〈y1kµ, y1kη, y1kγ〉〈bk3µ, bk3η, bk3γ〉
+ 〈b22µ, b22η, b22γ〉〈y2kµ, y2kη, y2kγ〉〈bk3µ, bk3η, bk3γ〉
+ 〈b23µ, b23η, b23γ〉〈y3kµ, y3kη, y3kγ〉〈bk3µ, bk3η, bk3γ〉
⇒ 〈b21µ, b21η, b21γ〉〈y1kµ, y1kη, y1kγ〉〈bk3µ, bk3η, bk3γ〉
= 〈0, 0, ε3〉.

Suppose 〈b21µ, b21η, b21γ〉〈y1kµ, y1kη, y1kγ〉〈bk3µ, bk3η, bk3γ〉 = 〈0, 0, ε3〉
⇒ 〈b21µ, b21η, b21γ〉〈y11µ, y11η, y11γ〉〈b13µ, b13η, b13γ〉 = 〈0, 0, ε3〉,
〈b21µ, b21η, b21γ〉〈y12µ, y12η, y12γ〉〈b23µ, b23η, b23γ〉 = 〈0, 0, ε3〉,
〈b21µ, b21η, b21γ〉〈y13µ, y13η, y13γ〉〈b33µ, b33η, b33γ〉 6= 〈0, 0, ε3〉.
but 〈b21µ, b21η, b21γ〉〈y11µ, y11η, y11γ〉〈b13µ, b13η, b13γ〉 6= 〈0, 0, ε3〉.
Since 〈y11µ, y11η, y11γ〉 = 〈ε1, ε2, 0〉 and 〈b21µ, b21η, b21γ〉 = 〈b13µ, b13η, b13γ〉 = 〈0.5, 0.3, 0〉,
therefore 〈b21µ, b21η, b21γ〉〈y1kµ, y1kη, y1kγ〉〈bk3µ, bk3η, bk3γ〉 6= 〈0, 0, ε3〉.

Hence
3∑

j,k=1

(〈b2jµ, b2jη, b2jγ〉〈yjkµ, yjkη, yjkγ〉〈bk3µ, bk3η, bk3γ〉 6= 〈0, 0, ε3〉

⇒ 〈b23µ, b23η, b23γ〉 6= 〈0, 0, ε3〉.
Therefore, BY B 6= B for any Y ∈ P3 ⇒ B = A3 is not regular.

Example 3.3. The following example shows that, for A ∈ Pn and k is positive integer,
Ar{1k} 6= Al{1k}.

Let us consider PiFuM A =

 〈0, 0, ε3〉 〈0.5, 0.3, 0〉 〈0, 0, ε3〉
〈0, 0, ε3〉 〈ε1, ε2, 0〉 〈0.5, 0.3, 0〉
〈0.5, 0.3, 0〉 〈0, 0, ε3〉 〈0, 0, ε3〉

 .
For this A, A2 =

 〈0, 0, ε3〉 〈0.5, 0.3, 0〉 〈0.5, 0.3, 0〉
〈0.5, 0.3, 0〉 〈ε1, ε2, 0〉 〈0.5, 0.3, 0〉
〈0, 0, ε3〉 〈0.5, 0.3, 0〉 〈0, 0, ε3〉

 ,
A3 =

〈0.5, 0.3, 0〉 〈0.5, 0.3, 0〉 〈0.5, 0.3, 0〉〈0.5, 0.3, 0〉 〈ε1, ε2, 0〉 〈0.5, 0.3, 0〉
〈0, 0, ε3〉 〈0.5, 0.3, 0〉 〈0.5, 0.3, 0〉

 .
For PiFuM X =

〈0.5, 0.3, 0〉 〈0, 0, ε3〉 〈0.5, 0.3, 0〉
〈0.5, 0.3, 0〉 〈ε1, ε2, 0〉 〈0, 0, ε3〉
〈0, 0, ε3〉 〈0.5, 0.3, 0〉 〈0, 0, ε3〉

 ,
A3XA = A3. Hence A is 3-regular. For k = 3, A3XA = A3 but AXA3 6= A3.
Hence Ar{1k} 6= Al{1k}.

4. Regularity Index of PFM

Every A ∈ Pn has index k and period ′d′ that is least positive integers k and d exist
such that Ak+d = Ak. Let i(A) and p(A), denote the index and period of A rspectively.
It is clearly that, if i(A) = 1 then A is regular but the converse is not true(refer Example
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4.1).
In this section first we shall prove that every PiFuM of index k is k-regular.

Theorem 4.1. For PiFuM A ∈ Pn with i(A) = k, we have the following:
(i) The small exponent for which R(Ak) = R(Ak+1) and C(Ak) = C(Ak+1) hold is k.
(ii) The smallest positive integer k for which ρr(A

k) = ρr(A
k+1) and ρc(A

k) = ρc(A
k+1)

holds is k
(iii) The smallest exponent for which Y Ak+1 = AK and Ak+1X = AK have solution is k.
(iv) A is right k-regular and left k-rgular.
(v) Ar{1k} = Al{1k} = A{1k} 6= φ.
(vi) A is q-regular for all integers q ≥ k.
Proof:
By definition of index of A, k is the smallest positive integer and d > 0 such that
Ak+d = Ak. For d ≥ 1 this can be written as,

Ad−1Ak+1 = Ak = Ak+1Ad−1............................(4.1)

Therefore by Lemma 3.1, we have R(Ak) ⊆ R(Ak+1) and C(Ak) ⊆ C(Ak+1). By Lemma
3.2, R(Ak+1) ⊆ R(Ak) and C(Ak+1) ⊆ C(Ak) always holds, hence k is smallest exponent
for which, R(Ak) ⊆ R(Ak+1) and C(Ak) ⊆ C(Ak+1). This (i) holds. (ii) Automatically
follows from (i). Again by Lemma 3.1, there exists Y,X ∈ Pn satisfying Y Ak+1 = Ak and
Ak+1X = Ak. Thus (iii) holds. In (4.1), put X = Ad−1, then XAk+1 = Ak = Ak+1X,
premultiplying by A, AXAk+1 = Ak+1 and post multiplying by A, Ak+1XA = Ak+1. By
multiplying these equations suitably by Ad−1, yield AXAk+d = Ak+d and Ak+dXA =
Ak+d. Again by using Ak+d = Ak, we get AXAk = Ak = AkXA. Thus A is both right
k-regular and left k-regular and X ∈ Ar{1k} = Al{1k} 6= φ. Thus (iv) and (v) holds. (vi)
follows from Remark 3.1. Hence the theorem

Remark 4.1. In particular for i(A) = 1, A is regular and the group inverse exists. From
Theorem 4.1, we observe that every PiFuM of index k is k-regular but k is not the least
positive integer for which A is k-regular.
Hence Ar{1k} = Al{1k} = A{1k} 6= φ, but k is not the smallest positive integer satisfying
AkXA = Ak or AY Ak = Ak.
Further R(Ah−1) is not contained in R(Ah) and C(Ah−1) is not contained in C(Ah) for
all h ≤ k.

Definition 4.1. The smallest positive integer k for which PiFuM A is k-regular, is called
the regular index of A and is denoted as reg.i(A).

Remark 4.2. It is clear that from the Definition 2.3 and Remark 3.1, reg.i(A) = k0 ⇔ k0
is the smallest positive integer for which A has a k0 − g − inverse ⇔ A{1k0} 6= φ and
A{1h} = φ for all h < k0. Further is regular ⇔ reg.i(A) = 1. From Theorem 4.1, it follow
that A{1k0} ⊆ A{1k}. Therefore reg.i(A) ≤ i(A).
This is illustrted below.

Example 4.1. A =

[
〈ε1, ε2, 0〉 〈ε1, ε2, 0〉
〈0ε1, ε2, 0〉 〈0, 0, ε3〉

]
.

is regular and hence k-regular for all k ≥ 1; reg.i(A) = 1. By using Algorithm (1) in [8],for
PiFuMs

A{1} =

{
X =

[
〈0, 0, ε3〉 〈ε1, ε2, 0〉
〈ε1, ε2, 0〉 〈αµ, αη, αγ〉

]
, α = 〈αµ, αη, αγ〉 ∈ P

}
is the set of all g-inverse

of A. It can be verified that AX 6= XA for all X ∈ A{1}. Therefore the group inverse of
A and Drazin inverse of A does not exist. R(A) is not contained in R(A2), C(A) is not
contained in C(A2).
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Here A2 =

[
〈ε1, ε2, 0〉 〈ε1, ε2, 0〉
〈0ε1, ε2, 0〉 〈ε1, ε2, 0〉

]
= A3,

therefore i(A) = 2 and A2XA = A2 = AXA2 holds, but 2 is not the smallest positive
integer. Hence reg.i(A) < i(A).

Corollary 4.1. For a non-regular PiFuM A ∈ Pn if i(A) = 2, then reg.i(A) = 2.
Proof:
Since i(A) = 2, by Theorem 4.1, A is 2-regular and A2XA = A2 = AXA2, for X ∈ Pn.
Since A is not regular, reg.i(A) 6= 1. Therefore k = 2 is the smallest integer satisfying
AkXA = Ak = AXAk.
Hence reg.i(A) = i(A) = 2. Relation between regularity index and index of a PiFuMs are
illustrated below.

Example 4.2. Let us consider PiFuM A =

 〈ε1, ε2, 0〉 〈0.8, 0.2, 0〉 〈0, 0, ε3〉
〈0.8, 0.2, 0〉 〈0.7, 0.2, 0〉 〈0, 0, ε3〉
〈0.7, 0.2, 0〉 〈0.6, 0.1, 0〉 〈0, 0, ε3〉

 .
Here, ρr(A) = 3, ρc(A) = 2.
Therefore by Theorem 3.1 of [4] A is not regular. Hence, reg.i(A) 6= 1.

Since A2 =

 〈ε1, ε2, 0〉 〈0.8, 0.2, 0〉 〈0, 0, ε3〉
〈0.8, 0.2, 0〉 〈0.8, 0.2, 0〉 〈0, 0, ε3〉
〈0.7, 0.2, 0〉 〈0.7, 0.2, 0〉 〈0, 0, ε3〉

 = A3,

i(A) = 2, 1 < reg.i(A) ≤ i(A) = 2. Thus reg.i(A) = i(A) = 2.

Example 4.3. Let us consider the A in Example 3.3.

For X =

〈0.5, 0.3, 0〉 〈0, 0, ε3〉 〈0.5, 0.3, 0〉
〈0.5, 0.3, 0〉 〈ε1, ε2, 0〉 〈0, 0, ε3〉
〈0, 0, ε3〉 〈0.5, 0.3, 0〉 〈0, 0, ε3〉

 ,
A3XA = A3 holds but A2XA 6= A2, AXA 6= A and 3 is the smallest positive integer for
which X is a 3-g-inverse of A. X ∈ A{13}, X /∈ A{12}, X /∈ A{1}. Hence A{13} 6= φ.
Therefore reg.i(A) = 3. For this X, AX 6= XA. Hence X is not a Drazin inverse of A.
Further A5 = A4. Hence i(A) = 4. Thus reg.i(A) = 3 < 4 = i(A).

Theorem 4.2. For A ∈ Pn with i(A) = k > 1 and ρ(A) = d/(k − 1) then Ak is regular.
Proof:
Since i(A) = k, by Theorem 4.1, A is k-regular. Therefore, AkXA = Ak.......(4.2)

Post multiplying Equation (4.2) by Ak−1 on both sides, we get AkXAk = Ak+(k−1).

Since d/(k − 1), AkXAk = Ak+(k−1) = Ak. Hence Ak is regular.

Theorem 4.3. For A ∈ Pn and k a positive integer, the following are equivalent:
(i) reg.i(A) = i(A) = k.
(ii) The smallest exponent for which AkXA = Ak holds is k.
(iii) The smallest exponent for which AXAk = Ak holds is k.
(iv) k is smmalest positive integer such that A is k-regular.
(v) k is smmalest positive integer such that AT is k-regular.
(vi) The Drazin inverse AD exists and unique.
Proof:
This theorem proof that follows from Theorem 4.1 and the definition of regularity index.

5. Conclusions

In this paper, the authors added the idea of k-Regular Picture Fuzzy Matrix (k-RPiFuM)
as a generalization of RPiFuM and a few primary houses of a k-RPiFuM are established.
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The characterizations of a PiFuM for which the regularity index and the index are identical
are explored. Finally we investigated approximately the relation among normal, k-normal
and regularity of powers of PiFuMs. As a future work the application of k-regularity in
medical field is under process.
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