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HARMONIC MEAN CORDIAL LABELING OF SOME GRAPHS

J. PAREJIYA'™ D. JANI?, Y. HATHI?, §

ABSTRACT. All the graphs considered in this article are simple and undirected. Let

= (V(G), E(G)) be a simple undirected Graph. A function f : V(G) — {1,2} is
called Harmonic Mean Cordial if the induced function f* : E(G) — {1,2} defined by
F*(uw) = | FE59L8 | satisfies the condition v (i) —vs(j)] < 1 and |ef (i) —es(j)| < 1 for
any 4,j € {1,2}, where vs(z) and es(z) denotes the number of vertices and number of
edges with label x respectively and |z| denotes the greatest integer less than or equals
to x. A Graph G is called Harmonic Mean Cordial graph if it admits Harmonic Mean
Cordial labeling. In this article, we have provided some graphs which are not Harmonic
Mean Cordial and also we have provided some graphs which are Harmonic Mean Cordial.

Keywords: Harmonic Mean Cordial, cycle, complete bipartite graph, join of two graphs.
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1. INTRODUCTION

We begin with simple, finite, connected and undirected graph G = (V(G), E(G)). The
concept of cordial labeling was introduced by Cahit in [2] the year 1987. Recall from [5]
that function f: V(G) — {1,2} is called Harmonic Mean Cordial if the induced function

f*: B(G) = {1,2} defined by f*(uv) = | 550 | satisfies the condition [vs(i) — vy (j)| <
1 and |ef(i) —ef(j)| < 1 for any 4,5 € {1,2}, where vy(x) and ef(x) denotes the number
of vertices and number of edges with label x respectively and |z| denotes the greatest
integer less than or equals to x. A Graph G is called Harmonic Mean Cordial if it admits
Harmonic Mean Cordial labeling. Let G = (V(G), E(G)) be a simple, undirected graph
and {vy,ve,---v,} C V(G), we call vi,ve,---v, are in sequence if it forms a path. For
the sake of convenience of the reader we use HMC' for harmonic mean cordial labeling.

Motivated by the Results proved in [5] and [4], in this article, we have provided some
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examples of non HMC' graphs and also we have provided some HMC graphs. It is useful
to recall some useful definitions of graph theory to make this article self-contained.

Definition 1.1. [1] A simple graph G is said to be complete if every pair of distinct
vertices of G are adjacent in G. It is denoted by K,.

Definition 1.2. [1] A walk in a graph G is a finite alternating sequence of vertices and
edges. A walk is called a trail if all the edges are distinct. Cycle is a closed trail in which
all the vertices are distinct. It is denoted by C,.

Definition 1.3. [1] Let G; = (Vi, E1) and Go = (Va, E3) be two graphs. Then union of
G1 and Gs is denoted by G1 U Gy is the graphs whose vertex set is Vi3 U Vs and egde set is
E1UEs. When G1 and Gy are vertex disjoint G1 U Gy is called sum of G1 and G and it
s denoted by G1 + Gs.

Definition 1.4. [1] Let G1 and Gy be two vertex disjoint graphs. Then the join G1 V Go
of G1 and Go 1is the supergraph of G1 + Ga in which each vertex of Gy is also adjacent to
every vertex of Ga.

Definition 1.5. [1] A graph is bipartite if is its vertex set can be partitioned into two non
empty subsets V1 and Vs such that each edge of G has one end in Vi and other in Vo. The
pair (V1,Va) is called bipartition of a bipartite graph. It is denoted by G(V1,Va). A simple
bipartite graph G(V1,Va) is complete if each vertex of V1 is adjacent to all the vertices of
Vo. If G(V1, Va) is complete with |Vi| = m and |Va| = n then G(Vi, Va) is denoted by K, .

Definition 1.6. [6] Let G = (V1, E1) and Ga = (Va, E3) be two graphs. Then the Corona
of G1 and Gy is denoted as G1 ® Go is a graph obtained by taking one copy of G1 (which
has py vertices) and py copies of Go and then joining the i'h vertex of Gy to every point
in the ith copy of G .

Definition 1.7. [1] The Helm graph H,, is the graph obtained from a wheel Wy, by attaching
a pendent edge at each vertex of the cycle.

Definition 1.8. [3] A Closed helm is the graph obtained from a helm by joining each
pendent vertex to form a cycle. It is denoted by CHy,.

Definition 1.9. [3] The direct (tensor) product G x H of two graphs G = (V(G), E(G))
and H = (V(H), E(H)) is a graph with the vertexr set V(G x H) = V(G) x V(H) and
edge set E(G x H) = {(x,y)(2',y)|xa’ € E(G) and yy' € E(H)}.

Here, we mention the results proved in the Section 2. In Theorem 2.1, we have proved
that the CH, ® Ky is HMC. We have shown in Theroem 2.2 that the tensor Product
P,, x P, is HMC. The Complete bipartite graph K, ,, is not HMC' is proved in theorem
2.3. We have discussed harmonic mean cordial labelling of K,, V C,, and we have proved
that it is not HMC in Corollary 2.1 for any n > 2, m > 3 and n,m € N. In Corollary 2.2,
we have proved that C), V C, is not HMC for any n,m > 3 and n,m € N.

2. MAIN RESULTS
Theorem 2.1. CH, ® Ky is HMC.

Proof. Note that |V(CH, ® K1)| =4n+2 and |[E(CH,, ® K;)| =6n+ 1. Let V(CH,) =
{z1,z2,...,xpn+1} be the vertex set of C'H,, with x1 as an apex vertex and y; be the pendent
vertex, adjacent to z; in CH, ® K; for 1 <i <2n 4 1 as shown in the following figure.
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Yn+2 Yn+3

Yon+1 Ynti
CHn ®© Kl

Let us define the labeling function f: V(CH, ® K;i) — {1, 2} as follows
fle)) =2,1<i<n+1
fli))=1,n+1<i<2n+1
flyi)=2,1<i<n
flzi))=1,n+1<i<2n+1
Note that, v¢(1) = 2n + 1 = v¢(2) and ef(1) = 3n + 1, ef(2) = 3n. Therefore, CH, ® K;
is HMC.
g

Example 2.1. HMC labeling of CHy ® K1 s shown in the following figure

1 1

CHy 0 Ky
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Theorem 2.2. The P, X P, is HMC V¥ m,n € N.

Proof. Let G = (V, E) be the P, x P,. Note that |V
Let V = {xl,l, 1'1’2, ceey xlyn, .1:2,1, 3:‘272, ceey .er, )
as shown in the following figure

T11 12 T,

Case 1: mn is even

LT, 1y LTm,2y -+

=mn and |E| = 2mn—2m—2n+2.

Tmn} be a vertex set of G

T1in-1 Tin

Timn,n

Define a labeling function f : V(P,, x P,) — {1,2} as follows,

1 if1<i=1(mod2)<mandl<j (mod 2) <n

)1 if1<i=0(mod2)<mand1<;=0 (mod2)<n
F@ii) =9 2 if1<i=1(mod2) <mand 1<j=0 (mod 2) <n
2 if1<i=0(mod2)<mand1<j=1(mod?2)<n

Then vy(1) = vy(2) = B and ef(1) = ef(2) =
0 and |ef(1) —ep(2)| = 0.
Case 2: mn is odd

o3

2mn—2m—2n+2
2

. So, we have |v(1)—vs(2)]| =

Define a labeling function f : V(P,, x P,) — {1,2} as follows,

1 ifl<i=1(mod2)<mandl1<j

Flzis) = 1 if1<i=0(mod2)<mandl1<j
Tij) =\ 9 if1<i=1(mod2)<mand1<j
2 if1<i=0(mod?2)<mandl<yjy

Then vp(1) = 2L 4(2) = 2221 and ef(1) =

lvp(1) —vp(2)] =1 and |ef(1) —ef(2)] = 0.
Hence, The P, x P, is HMC.

2mn—2m—2n+2

= 3 So, we have

O
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Example 2.2. HMC labeling of Py X Ps and Ps X Ps is shown in the following figure.

P5><P5

Theorem 2.3. Complete bipartite graph K, ,, is not HMC, where m,n > 2.

Proof. Without loss of generality, we may assume m > n. Let V (K, ) = V1 UVa. Where,
|Vi| = n and |V2| = m. Suppose that K, ,, is HMC.

Case 1: n+m is even

Since Ky, is HMC, we have vp(1) = "™ = v¢(2). Suppose that there exist ¢ vertices
with label 1 in Vj. So, we have n — t vertices with label 2 in V;. Hence, there exists
(™ —t) vertices with label 1 in V5 and m — (™4™ — ¢) = (™5™ +¢) vertices with label 2
in V5. Note that, ef(1) = mt + (n — ¢)(24™ —t) and €4(2) = (n —t)(m — 2™ +t). Now,
er(1)—ep(2) = mt+(n—t) (2 —t) — (n—t)(m— 242 +t) = mt+ (n—t)* —nt +1* > 2.
Case 2 : n+m is odd

In this Case we have two possibilities

()up(1) = “H5E and vy (2) = 5=

(i1)vg(1) = 2= and vy (2) = 2l

So, we consider the following Cases.

Subase 2.1: vy(1) = 224 and vp(2) = w=L

Suppose that there exist ¢ vertices with label 1 in V;. So, we have, (n—t) vertices with label
2 in V4. Hence, there exists (4L —¢) vertices with label 1in V5 and [m— (2L — )] =
(=2=L 4 1) vertices with label 2 in V5. Note that, ef(1) = mt + (n — t)(ZH2EL — 1) and
er(2) = (n—t)(2=2=L +1). Now, ef(1)—es(2) = mt+(n—t) (2 — ) — (n—t)(2=2=L +
ty=mt+ (n—t)2+n—nt+t>—t>2.

Subase 2.2: vy(1) = 2H2=1 and vp(2) = oL

Suppose that there exist ¢ vertices with label 1 in V;. So, we have, (n—t) vertices with label
2 in V;. Hence, there exists (242~ —¢t) vertices with label 1 in V3 and [m— (22=1 —¢)] =
(m=rtl 4 ) vertices with label 2 in V. Note that, ef(1) = mt + (n — ¢)(™t2=L — ¢) and
er(2) = (n—t)(m=E 1), Now, ef(1)—ep(2) = mt+(n—t) ("t — 1) — (n—t) (gt +
t) =mt+ (n —t)? —n+nt > 2. Hence, Ky, ,, is not HMC, where m,n > 2.

O
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Theorem 2.4. K,, Vv C,, is not HMC, where n > 3.

Proof. Suppose that K,, vV C, is HMC. Note that, |V (K, V C,)| = 2n and |E(K, V C,)| =

@=L 4 n 4 n2. Since, |[V(K, Vv Cy)| = 2n and we have assume that K,, V C,, is HMC.
We have vi(l) =vp(2) =n .
Case 1: All the vertices of label 1 and label 2 are in sequence in C),
Suppose that we have ¢t no. of vertices with label 1 in K,. So, we have (n — t) vertices
of of label 1 in C,. Hence, we have (n — t) vertices of label 2 in K, and t vertices of

label 2 in C,. Note that, ef(1) = (n )t—|—t( )—i—(n—t)2+(n—t+ 1) + nt and

ep(2) = OTD 4 pn —4) 4 (£ —1). Now, ep(1) —ep(2) = & + 12+ 30 — 3¢ 4 2. If
t > 3 then as n > 2, we have ef(1) —ef(2) > 1.

If t =1 then ef(1) —ep(2) = % 4+ 32 > 1.

If t =2 then ef(1) —ef(2) = 2—1— > 1.

So, ef(1) —ep(2) > 1.

Case 2: Some of the vertices of label 2 are not in sequence in C,

Suppose that we have ¢ no. of vertices with label 1 in K,,. So, we have (n — t) vertices
of label 1 in C),. Hence, we have (n — t) vertices of label 2 in K,, and t vertices of label

2 in C,. Suppose that there exist i no. of vertices with label 2 are not in sequence
in C,. Then, we have e;(1) = XY 4 t(n — ) +tn+ (n — )2+ (n —t + i + 1) and
ef(2)=(t—i—1)+ W +t(n —t) Now, e¢(2) in Case 2 < ef(2) in Case 1 and
ef(1) in Case 2 > ef(1) in Case 1. So, ef(1) — ef(2) in this Case > ef(1) — ef(2) in Case
1. Now, we have already proved in Case 1 that ef(1) — ef(2) > 1. Hence, in this Case
€f<1) — 6f(2) > 1.

Case 3: We have n no. of vertices with label 1 in K,, and n no. of vertices
with label 2 in C,

Then we have ef(l) = "(n Y 4 n2 and ef(2) =n. Then, ef(1)—er(2) = @—i—nz—n =
3% — 3 > 1asn?>n.

Case 4 We have n no. of vertices with label 2 in K, and n no. of vertices
with label 1 in C,

_ _ ( 1) _ (n=1) _
Tzhen we have, ef(1) = n?+n and ef(2) = 5. Then, es(1) —ef(2) = n?+n— "5~ =
e
Hence, K,, V C,, is not HMC where, n > 3. O

Theorem 2.5. K,V C,, is not HMC, where m +n is even and n > 2, m > 3.

Proof. Note that, |V (K, V Cy,)| = m+n. Suppose that K,, V Cy, is HMC. Then we have,
op(1)] = 232 = |vp(2)].

Case 1: All the vertices with label 1 and label 2 are in sequence in C,,
Suppose that we have t no. of vertices with label 1 in K,,. So, we have (4™ —t) vertices
with label 1 in Cy,. Hence, we have (n—t) vertices with label 2 in K, and m — (™4 —t) =
+t) vertices with label 2 in ¢,,. Then we have, ef(1) = t(t U 4 tm+ (n— ) (e —
£) + (R — 1)+ t(n—t) and cf(2) = D2l 4 (- t)(m ") (Mt ).
Then, ef(1) —ef(2) = mt+2% —nt+ 32 +12 -3t +2 = (t—n)? (%)4— +32 42 +¢(m—3).
If m > 3, then ef(1) —ef(2) > 1.

If m=2, then ef(1) —es(2) = (t—n)?(3) + & + +(n—1t)+2.

Now, n > t. So, ef(1) —ef(2) > 1.

Case 2: Some of the vertices with label 2 are not in sequence in C),

Suppose that we have t no. of vertices with label 1 in K,. So, we have (4% —t)

( m—n
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vertices with label 1 in C),. Hence, we have (n — t) vertices with label 2 in K, and

m — (24" —t) = (™52 +t) vertices with label 2 in Cy,. Suppose that there exist i

no. of vertices from (™5™ + t) with label 2 are not in sequence in Cy,. Then we have,

ef(1) = @+t(n—t)+tm+(n—t)(m7+”—t)—l—(mT”Ln—t+i—|—1) and ef(2) =
DO 4 (1) (52 4 1) + (252 4t —i—1). Now, e7(2) in Case 2 < ef(2) in Case 1
and ef(1) in Case 2 > ef(1) in Case 1. So, e¢(1)—ef(2) in this Case > ef(1)—e(2) in Case
1. Now, we have already proved in Case 1 that ef(1) —ef(2) > 1. Hence, ef(1) —ef(2) > 1
in this Case.

Case 3: m <n

Subcase 3.1: All the vertices in C,,, are with label 1.

Suppose that we have t no. of vertices with label 1 in K,,. So, we have (n — t) vertices

with label 2 in K. Then we have, e¢(1) = @ +mn +m +t(n —t) and W

Then, ef(1) —ef(2) =mn+m+2nt + % —t* —t — ”72 We know that, ¢ = ™3, Then,
ef(l) —ep(2) =2mm 4 4 (%2 - mTQ) We know that n > m. So, ef(1) —ef(2) > 1.
Subcase 3.2: All the vertices in (), are with label 2.

Suppose that we have t no. of vertices with label 1 in K,,. So, we have (n—t) vertices with
label 2 in K,,. Then we have, ef(1) = @ +tm+t(n —t) and ef(2) = W +
m(n —t) + m. Then, ef(1) —er(2) = —m(n —t) + mt —m — "72+2nt—|—%—t2—t.
We know that, t = ™. Then, ef(1) —es(2) = 2" + % + ”72 —3m Asm > 2. So,
€f<1) —ef(2) > 1

Case 4: m >n

Subcase 4.1: All the vertices in K,, are with label 1.

Suppose that we have t no. of vertices with label 1 in C,,. So, we have (m — t) vertices
with label 2 in C,,.

Subsubcase 4.1.1: All the vertices with label 2 are in sequence in C,,.

Then we have, ef(1) = @ +(t+1)+nm and ef(2) = m—t—1. Then, ef(1) —er(2) =
n(nT_l) +(t+1)+nm—m+t+1. We know that, nm > m. So, ef(1) —ep(2) > 1.
Subsubcase 4.1.2: Some of the vertices with label 2 are not in sequence in Cj,.
Suppose that we have i no. of vertices with label 2 are not in sequence in C),. Suppose
that i no. of vertices are not i sequence. Then we have, e¢(1) = % +nm+ (m+i+1)
and ef(2) = m —t—i—1. Now, ef(2) in Subsubcase 4.1.2 < ef(2) in Subsubcase 4.1.1
and ef(1) in Subsubcase 4.1.2 > ef(1) in Subsubcase 4.1.1. So, ef(1) — e(2) in this Case
> ef(1) — ef(2) in Subsubcase 4.1.1. Now, we have already proved in Subsubcase 4.1.1
that ef(1) —ef(2) > 1. Hence, ef(1) — ef(2) > 1 in this Case.

Subcase 4.2: All the vertices in K,, are with label 2.

Suppose that we have t no. of vertices with label 1 in Cy,. So, we have (m — t) vertices
with label 2 in C,,.

Subsubcase 4.2.1: All the vertices with label 2 are in sequence in C,,.

Then we have, ef(1) = (t + 1) + nt and e¢(2) = % +(m—t—1)+n(m —t). Then,
ef(l) —ep(2) = (t+ 1) +tn — @—m+t+l—mn+tn. We know that, ¢ = 242
Then, ef(1) —ef(2) = %2 +3 2> 1

Subsubcase 4.2.2: Some of the vertices with label 2 are not in sequence in C,,.
Suppose that i no. of vertices are not i sequence. Then we have, ef(1) = tn and ef(1) =
@ +(m—t—i—1)+n(m—t). Now, ef(2) in Subsubcase 4.2.2 < ef(2) in Subsubcase
4.2.1 and ef(1) in Subsubcase 4.2.2 > e¢(1) in Subsubcase 4.2.1. So, e¢(1) — ef(2) in this
Case is > ef(1) — ef(2) in Subsubcase 4.2.1. Now, we have already proved in Subsubcase




J. PAREJIYA, D. JANI, Y. HATHI: HARMONIC MEAN CORDIAL LABELING OF ... 291

4.2.1 that ef(2) — ef(2) > 1. Hence, e¢(2) — ef(2) > 1 in this Case.
Hence, K,, V C,, is not HMC, where m + n is even and n > 2, m > 3. O

Theorem 2.6. K,, V C,, is not HMC, where m +n is odd and n > 2, m > 3.

Proof. Note that, |V (K, V Cy,)| = m + n. Suppose that K, V Cy, is HMC.

Case 1: All the vertices with label 1 and label 2 in (), are in sequence in C),
In this Case we have two possibilities

(i) vy (1) = #4552 and vp(2) = ==

(i) vy (1) = 2455=+ and vy (2) = 2

So, we consider the following cases.

Subcase 1.1: vp(1) = 2L and vp(2) = 2b2=1

Suppose that we have t no. of vertices with label 1 in K. So, we have (Z£8EL —¢) vertices
of label 1 in Cy,. Hence, we have (n—t) vertices with label 2 in K,, and m — (244 —¢) =
(=2=L 4 1) vertices with label 2 in Cy,. Then we have, ef(1) = @ +in+tn—t)+
mAntl g ] (n—t) (L) and ep(2) = RO | gy (mepsd gy moncl g g
Then, e;(1) —ep(2) = 2452 412 4t 43 = (t—1)2+ 2 +24+242(n—1t) > Lasn > ¢,
Subcase 1.2: vp(1) = 242=1 and vy (2) = 224

Suppose that we have t no. of vertices with label 1 in K,,. So, we have ( vertices
of label 1 in Cy,. Hence, we have (n—t) vertices with label 2 in K,, and m — (242=1 —¢) =

(=2l 4 1) vertices with label 2 in Cy,. Then we have, ef(1) = # +tm+tn—1t)+

mAn=l g ] (n—t)(24=L ) and ep(2) = RO 4 gy (mepdd gy mondl g g
Then, ef(1) —ef(2) =2+ % + 2 pmt+1—2—nt =0 Lt 1)24me42 -1 >1
asn > 2.

Case 2: Some of the vertices with label 2 are not in sequence in C),
Subcase 2.1: Suppose that vy(1) = ZHEL and vy(2) = 2bp=L

Suppose that we have t no. of vertices with label 1 in K,. So, we have (
t) vertices of label 1 in C,. Hence, we have (n — t) vertices with label 2 in K, and
m — (Al gy = (==L 4 ¢) vertices with label 2 in Cp,. Suppose that there exist
i no. of vertices from (m_Tn_l + t) with label 2 are not in sequence in Cp,. Then we
have,ef(1) = @—i—tm—i—t(n—t)—i—(%"“ —t+i+ 1)+ (n—t)(2H —¢) and
ef(2) = (=t —t—i—1)+ % + (n—t)(™=2=L +1). Now, e4(2) in Subcase 2.1
< ef(2) in Subcase 1.1 and ey(1) Subcase 2.1 > ef(1) in Subcase 1.1. So, ef(1) — ef(2)
in this Case > ef(1) — ef(2) in Subcase 1.1. Now, we have already proved in Subcase 1.1
that ey(1) — ef(2) > 1. Hence, ef(1) — ef(2) > 1 in this Case.

Subcase 2.2: vp(1) = 2= and vp(2) = 22

Suppose that we have t no. of vertices with label 1 in K,. So, we have (
t) vertices of label 1 in C,,. Hence, we have (n — t) vertices with label 2 in K, and
m — (2=l gy = (=24 4 ¢) vertices with label 2 in Cp,. Suppose that there exist
i no. of vertices from (=241 4 ¢) with label 2 are not in sequence in C,,. Then we
have,ep(1) = M0 ot 4 t(n — ) + (2E2=1 — ¢ 4 i+ 1) 4 (n — £)(2H2=1 — 1) and
ef(2) = (2t 4 t—i—1)+ W + (n—t) (=% +1). Now, ef(2) in Subcase 2.2
< e¢(2) in Subcase 1.2. and e¢(1) Subcase 2.2 > ef(1) in Subcase 1.2. So, ef(1) — e¢(2)
in this Case > ef(1) — e¢(2) in Subcase 2.1. Now, we have already proved in Subcase 2.1
that ef(1) —ef(2) > 1. Hence, ef(1) — ef(2) > 1 in this Case.

Case 3: m<n

Subcase 3.1: All the vertices in C,, are with label 1 and some vertices with label 1 are

m+2n—1 _ t)

m4ntl _
2

m+n—1
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in K,,.
Suppose that there exist t no. of vertices with label 1 in K,. So, there exists (n — t)
vertices with label 2 in K,. Suppose that we have m no. of vertices with label 1 in

Cp. Then we have, ef(1) = @ +t(n—1t) —|—2mn +m and ef(2) = % Then,
ef(1) —ef(2)=mn+m+2nt+ % —t —t* = 1.
In this Case we have two possibilities
(i) m+ ¢ = mtntd
(i) m 4t = mip=1
So, we consider the following cases.
Subsubcase 3.1.1: m +1t = %”H
Therefore, t = 2=24L Then, es(1) — ef(2) = 2% + (2m — 3) + (’Z—Q - mTQ) +5 >1as
m<nand2m>%asm22.
Subsubcase 3.1.2: m +t = %’H
Therefore, t = 2=2=1_ Then, es(1) —es(2) = (% — 7)+m+(f - 7) +1>1lasn>m.
Subcase 3.2: All the vertices in C,, are with label 2 and some vertices Wlth label 2 are
in K,,.
Suppose that there exist t no. of vertices with label 1 in K,. So, there exists (n — t)
vertices with label 2 in K. Suppose that we have m no. of vertices with label 2 in Cy,.
Then we have, ef(1) = @ +t(n - t) +tm and ef(2) = W +m(n —t) + m.
Then, ef(1) —ef(2) =2mt —mn — % +2nt + % —t* —t —m
Subsubcase 3.2.1: t = %"H
Then, ef(1) —ep(2 )zﬁ—i—(%—m)—&-(%—%)—i-%>1asm,n22.
Subsubcase 3.2.2: t = m+” L

2 2
Then, ef(1) —es(2) = 32 + e dmA = (- A m(PE -2+ > 1
as m,n > 2.
Case 4: m > n and all the vertices with label 2 are in sequence in C),
Subcase 4.1: All the vertices in K,, are with label 1 and some vertices with label 1 are
in Cp,.
Suppose that there exist t no. of vertices with label 1 in Cy,. So, there exists (m — t)
vertices with label 2 in C),. Suppose that we have n no. of vertices with label 1 in
K,. Then we have, ef(1) = mn + (t + 1) + n(TLQ;l) and ef(2) = m —t — 1. Then,
er(l)—ef(2) = (mn—m)+2+2t+(%2—%) > 1 as mn > m and %2 > 5, where, m,n > 2.
Subcase 4.2: All the vertices in K,, are with label 2 and some vertices with label 2 are
in Cp,.
Suppose that there exist t no. of vertices with label 1 in C),. So, there exists (m — t)
vertices with label 2 in C),. Suppose that we have n no. of vertices with label 2 in K.
Then we have, ef(1) =tn+ (t +1) and ef(2) = n(n D n(m —t)+ (m —t —1). Then,
ef(l) —ep(2) =2t +2+2nt — ”7—1—%— mn — m.
Subsubcase 4.2.1: t = m+"+1
Then, ef(1) —ef(2) = 5"—}— +3> 1
Subsubcase 4.2.2: t = m+§ L
Then, ef(1) —ef(2) = ”72 +5+1>1
Case 5: m > n and Suppose that some of the vertices with label 2 are not in
sequence in C),

Subcase 5.1: All the vertices in K,, are with label 1 and some vertices with label 1 are
in Cp,.

w
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Suppose that there exist t no. of vertices with label 1 in C,,. So, there exists (m — t)
vertices with label 2 in C,,,. Suppose that we have n no. of vertices with label 1 in K.
Suppose that we have i no. of vertices with label 2 are not in sequence in C,. Then,
ef(1) = @ +mn+ (t+i+1) and ef(2) = m —t —i — 1. Now, ey(2) in Subcase
5.1 < ef(2) in Subcase 4.1 and ey(1) in Subsubcase 5.1 > e;(1) in Subsubcase 4.1. So,
ef(1) —ef(2) in this Case is > ef(1) — e¢(2) in Subcase 4.1. Now, we have already proved
in Subcase 4.1 that ef(1) — ef(2) > 1. Hence, e¢(1) — ef(2) > 1 in this Case.

Subcase 5.2: All the vertices in K,, are with label 2 and some vertices with label 2 are
in C,.

Suppose that there exist t no. of vertices with label 1 in C,,. So, there exists (m — t)
vertices with label 2 in C},. Suppose that we have n no. of vertices with label 2 in K.
Suppose that we have i no. of vertices with label 2 are not in sequence in C,,. Then
ef(l) =nt+ (t+i+ 1) and ef(2) = @ + (m —t—14—1). Now, ef(2) in Subcase
5.2 < ef(2) in Subcase 4.2 and ey(1) in Subsubcase 5.2 > e;(1) in Subsubcase 4.2. So,
ef(1) —ef(2) in this Case is > ef(1) — e¢(2) in Subcase 4.2. Now, we have already proved
in Subcase 4.2 that ef(1) —ef(2) > 1. Hence, ef(1) — ef(2) > 1 in this Case. Hence,

K, Vv C,, is not HMC, where m + n is odd and n > 2, m > 3. O
Corollary 2.1. K,V C,, is not HMC, where n >2,m > 3, m,n € N
Proof. Proof follows from Theorems 2.4, 2.5 and 2.6. O

Theorem 2.7. C,, V C,, is not HMC, where m =n and m > 3.

Proof. Suppose that Cy, V C,, is HMC for m = n. Note that, |V (Cy, vV Cy,)| = 2n and
|E(Cpy + Cp)| =n+m+nm =2n+n? as n = m. Since, |V (Cy, VCp)| =m+n = 2n as
n =m . We have assume that Cp, V Cy, is HMC for n =m. We have vy(1) =v¢(2) =n .
Case 1: All the vertices of label 1 are in sequence in C,, and C,
Then, it is clear that all the vertices of label 2 are in sequence in C,,, and C,,. Suppose that
we have t no. of vertices with label 1 in C,. So, we have (n — t) vertices of of label 1 in
C,,. Hence, we have (m — t) vertices of label 2 in C,, and ¢ vertices of label 2 in C),. Note
that, ef(1) = (t+1)+(n—t+1)+tn+(n—t)nand ef(2) = (n—t—1)+ (t—1) +t(n—1).
Then, ef(1) — ef(2) = 2n+ 2+ tn +n? — t2. We know that, n > t. So, ef(1) —es(2) > 1.
Case 2: Some of the vertices of label 2 are not in sequence in C,, and C,
Suppose that we have t no. of vertices with label 1 in C,,. So, we have (n — t) vertices
of label 1 in C,. Hence, we have (m — t) vertices of label 2 in C,, and t vertices of
label 2 in C,. Suppose that there exist i no. of vertices with label 2 are not in sequence
in Cy, and j no. of vertices with label 2 are not in sequence in C,,. Note that, e¢(1) =
(t+i+1)+(n—t+j+1)+tn+(n—t)mand ef(2) = (n—t—i—1)+(t—j—1)+t(n—t). Now,
ef(2) in Case 2 < ef(2) in Case 1 and ef(1) in Case 2 > ef(1) in Case 1. So, ef(1) —ef(2)
in this Case is > ef(1) — ef(2) We have already proved in Case 1 that ef(1) —ef(2) > 1.
Hence, e¢(1) — e¢(2) > 1 in this Case.
Case 3: We have m no. of vertices with label 1 in C,, and n no. of vertices
with label 2 in C,
Note that, ef(1) = mn +m and e¢(2) = n. Then, ef(1) —ef(2) =mn+m —n=mn > 1
as n =m.
Case 4: We have m no. of vertices with label 2 in C,, and n no. of vertices
with label 1 in C,
Note that, ef(1) = mn +n and ef(2) = m. Then, ef(1) —ef(2) = mn+n—m > 1 as
n = m. Hence, C,, V C,, is not HMC, where m = n and m > 3.

O
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Theorem 2.8. C,, V C, is not HMC, where m + n is even and m,n > 3.

Proof. Note that, |V (Cy, V Cp,)| = n + m. Suppose that C,, V C,, is HMC. Since we have
oy(1) = B = v(2) |

Case 1: All the vertices of label 1 and 2 are in sequence in C,, and C,,
Suppose that we have t no. of vertices with label 1 in C),. So, we have (n —t) vertices of of
label 2 in C),. Hence, we have "ng t vertices of label 1 in C),, and m — ”+m + ¢t vertices
of label 2 in Cp,. Note that, ep(1) = (£ + 1) + (2™ —t + 1) + tm + (252 — t)(n —t) and
ef(2)=(n—t—1)+(m—2E2 4+t —1)+ (n—t)(m — 52 +¢). Then, ef(1) —ef(2) =
mt + 4+ n? — 3nt + 2t>. We know that t = ™F" So, we have ef(1) —es(2) = m?+4 > 1.
Case 2: Some of the vertices of label 2 are not in sequence in C,, and C,,
Suppose that we have t no. of vertices with label 1 in C),. So, we have ”*Tm — t vertices
of label 1 in Cp,. Hence, we have (n — t) vertices of label 2 in C,, and (m — 5™ + )
vertices of label 2 in C),. Suppose that there exist i no. of vertices with label 2 are not
in sequence in C, and j no. of vertices with label 2 are not in sequence in C,,. Note
that, ep(1) = (t+i+ 1)+ (B2 —t+ 4+ 1) +tm+ (n— )(2F2 — ¢) and ef(2) =
(n—t—i—1)+(m-"52+t—j—1)+ (n—t)(m— 5™ +¢). Now, es(2) in Case 2
< ef(2)in Case 1 and ef(1) in Case 2 > e¢(1) in Case 1. So, ef(1) —ef(2) in this Case is
> ef(1) —ef(2) in Case 1. Now, we have already proved in Case 1 that ef(1) —ef(2) > 1.
Hence, in this Case ef(1) —ef(2) > 1.

Case 3: m >n

Subcase 3.1: All the vertices in C,, are with label 1.

So, we have n no. of vertices with label 1 in C,,. Suppose that we have t no. of vertices
with label 1 in C,,. So, there exist m — ¢ no. of vertices with label 2 in C,,.
Subsubcase 3.1.1: All the vertices in ¢, are in sequence.

Then, ef(1) = n+ (t+ 1)+ mn +tn and ef(2) = m —t — 1. Then, ef(1) —ef(2) =
(mn—m)+n+2t+tn+2>1asmn>m.

Subsubcase 3.1.2: All the vertices with label 2 are not in sequence in ¢;,.

Suppose that we have i no. of vertices from (m — t) no. of vertices are not in sequence in
Cm- Then, ef(1) =n+(t+i+1)+mn and ef(2) = m—t—i—1. Now, ef(2) in Subsubcase
3.1.2 < ef(2) in Subsubcase 3.1.1 and ef(1) in Subsubcase 3.1.2 > e¢(1) in Subsubcase
3.1.1. So, ef(1) —ef(2) in this Case > ef(1) — e¢(2) in Subsubcase 3.1.1. Now, we have
already proved in Subsubcase 3.1.1 that ef(1) —ey(2) > 1. Hence, ef(1) —e¢(2) > 1 in
this Case.

Subcase 3.2: All the vertices in C,, are with label 2.

So, we have n no. of vertices with label 2 in C),,. Suppose that we have t no. of vertices
with label 1 in C),. So, there exist m — ¢ no. of vertices with label 2 in Cp,.
Subsubcase 3.2.1: All the vertices in ¢, are in sequence.

Then, ef(1) = t+1+tn and ef(2) = n+m—t—1. Then, ef(1) —ef(2) = nt—n—m-+2t+2.
We know that ¢ = 25™. So, ef(1) — ep(2) = %2 + %2 +2>1.

Subsubcase 3.2.2: All the vertices in ¢, are not in sequence.

Suppose that we have i no. of vertices from (n — t) no. of vertices are not in sequence
in ¢p. Then, ef(1) =t +i+1+tnand ef(2) =m—t—i—1+n+n(m—t). Now,
ef(2) in Subsubcase 3.2.2 < ef(2) in Subsubcase 3.2.1 and ef(1) in Subsubcase 3.2.2
> ef(1) in Subsubcase 3.2.1. so, ef(1) —e¢(2) in this Case > ef(1) — e¢(2) in Subsubcase
3.2.1. Now, we have already proved in Subsubcase 3.2.1 that ef(1) — ef(2) > 1. Hence,
ef(1) —eg(2) > 1 in this Case. Hence, Cy, V C,, is not HMC, where n 4+ m is even and
m,n > 3.

O
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Theorem 2.9. C,, V C, is not HMC, where m + n is odd and m,n > 3.

Proof. Note that, |V(C,VCy,)| = n+m = 2k+1. Suppose that C, vV Cy, is HMC. Without
loss of generality we may assume that m > n.

In this Case we have two possibilities.

(i)vy(1) = 25 and vp(2) = 2=t

(it)vp(1l) = %”_1 and vf(2) = %”H

So, we consider the following cases.

Case 1: vp(1) = 224l — 4+ 1 and vp(2) = 221 =k

Subcase 1.1: All the vertices of label 1 are in sequence in C,, and C,

Then, it is clear that all the vertices of label 2 are in sequence in C),, and Cy,. Suppose
that we have ¢ no. of vertices with label 1 in C),. So, we have (n — t) vertices of of label
2 in C,. Hence, we have (k + 1 — t) vertices of label 1 in Cy, and (k — n + t) vertices
of label 2 in Cp,. Note that, ef(1) = (t+ 1)+ (E+2—-1t) +tm+ (E+1—-1t)(n —1)
and ef(2) = (n—t—-1)+(k—-—n+t—-1)4+(n—t)(k —n+1t). Then, er(1) —ef(2) =
(n—t)?+5+tm+(n—1t)(1—t)=(n—t)(n+1—2t) +tm+5. Now, ef(1) —es(2) > 1
ifn4+1>26 Ifn+1 <2t then “H) < 1. Now, t 4+ k = mEntl 5 (8 4§ Therefore,

m > k. Suppose that t = w + 1. Then, ef(1) —ep(2) = 20> + 21 + % +im+5> 1

Subcase 1.2: Some of the vertices of label 2 are not in sequence in C,, and C,,

Suppose that we have t no. of vertices with label 1 in C,. So, we have (n — t) vertices
of label 2 in C),. Hence, we have (k — t) vertices of label 1 in C, and (k+ 1 —n+1t)
vertices of label 2 in C),. Suppose that there exist i no. of vertices with label 2 are
not in sequence in C),, and j no. of vertices with label 2 are not in sequence in C,.
Note that, ef(1) = (t+i+ 1)+ (k—t+j+2)+tm+ (n—t)(k+1—1t) and ef(2) =
(n—t—i—=1)+(k—n+t—j—1)+(n—t)(k—n+t). Now, es(2) in Subcase 1.2 < ef(2)
in Subcase 1.1 and e¢(1) in Subcase 1.2 > e¢(1) in Subcase 1.1. So, e¢(1) — ef(2) in this
Case is > ef(1) — ef(2) in Subcase 1.1. Now, we have already proved in Subcase 1.1 that
ef(1) —ef(2) > 1. Hence, ef(1) —ef(2) > 1 in this Case .

Case 2: vp(1) = 2=1 — k and vy(2) = 2224 = |+ 1

Subcase 2.1: All the vertices of label 1 are in sequence in C,, and C,

Then, it is clear that all the vertices of label 2 are in sequence in C), and Cy,. Suppose
that we have ¢ no. of vertices with label 1 in C,. So, we have (n — t) vertices of label
2 in C,. Hence, we have (k + 1 — t) vertices of label 1 in Cy, and (k — n + t) vertices
of label 2 in C),. Note that, ef(1) = (t+ 1)+ (K +1—t) +tm + (k —t)(n —t) and
ef2) =n—-t—1)+(k-n+t)+(n—t)(k—n+t+1). Then, ef(l) —ef(2) =
(n—t)?+3+tm+(t—n)(1+t)=(n—t)(n—1—2t) +tm+ 3. Now, ef(1) —es(2) > 1
ifn>14+2t. If n <1+ 2t, then (TLZ;) <t. Now,t+k= %’H > @—l—k.Therefore,
m > k. Suppose that ¢t = @—H. Then, ef(1) —ef(2) = (5* =5 ) +3+I(m—n—1) > 1,
if m > n+ 1. Suppose that m < n + 1. Then since, m > n, we have m = n + 1. So, we
have ef(1) —ef(2) = ("¢ =) +3+I(m—n—-1)= (" - F)+3> 1.

Subcase 2.2: Some of the vertices of label 2 are not in sequence in C,, and C,,

Suppose that we have t no. of vertices with label 1 in C,. So, we have (n — t) vertices
of label 2 in C),. Hence, we have (k — t) vertices of label 1 in Cy, and (k+ 1 —n+1)
vertices of label 2 in C),. Suppose that there exist i no. of vertices with label 2 are
not in sequence in C),, and j no. of vertices with label 2 are not in sequence in Cj,.
Note that, ef(1) = (t+i+ 1)+ (k—t+j+1)+tm+ (n—1t)(k—1t) and ef(2) =
(n—t—i—=1)+(k—n+t—j)+(n—t)(k—n+t+1). Now, ef(2) in Subcase 2.2 < ef(2)
in Subcase 2.1 and ey¢(1) in Subcase 2.2 > e¢(1) in Subcase 2.1. So, e¢(1) — ef(2) in this
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Case is > ef(1) — ef(2) in Subcase 2.1. Now, we have already proved in Subcase 2.1 that
ef(1) —ef(2) > 1. Hence, ef(1) —ef(2) > 1 in this Case.
Case 3: m >n
Subcase 3.1: All the vertices in C,, are with label 1.
So, we have n no. of vertices with label 1 in C),,. Suppose that we have t no. of vertices
with label 1 in C),. So, there exist m — ¢ no. of vertices with label 2 in Cy,.
Subsubcase 3.1.1: All the vertices in C), are in sequence.
Then, ef(1) = n+ (t+ 1)+ mn +tn and ef(2) = m —t — 1. Then, ef(1) —ef(2) =
(mn—m)+n+2t+tn+2>1asmn>m.
Subsubcase 3.1.2: All the vertices with label 2 are not in sequence in C,.
Suppose that we have i no. of vertices from (m — t) no. of vertices are not in sequence in
Crn. Then, ef(1) = n+(t+i+1)+mn and ef(2) = m—t—i—1. Now, ef(2) in Subsubcase
3.1.2 < ef(2) in subsubcase 3.1.1 and e¢(1) in Subsubcase 3.1.2 > ef(1) in Subsubcase
3.1.1. So, ef(1) — ef(2) in this case is > e¢(1) — ef(2) in Subsubcase 3.1.1. Now, we have
already proved in Subsubcase 3.1.1 that ef(1) —ef(2) > 1. Hence, ef(1) —e¢(2) > 1 in
this Case.
Subcase 3.2: All the vertices in C,, are with label 2.
So, we have n no. of vertices with label 2 in C,,. Suppose that we have t no. of vertices
with label 1 in C,,. So, there exist m — ¢ no. of vertices with label 2 in C,,.
Subsubcase 3.2.1: All the vertices in (), are in sequence.
Then, ef(1) = t+1+tn and ef(2) = n+m—t—1. Then, ef(1)—ef(2) = nt—n—m+2t+2.
In this Case we have two possibilities.
(i)t = 2L So (1) —ep(2) =22 42 404351
(i)t = =L S0, ep(1) —ep(2) = T2 4 (% —2) £ 3> 1.
Subsubcase 3.2.2: All the vertices in (), are not in sequence.
Suppose that we have i no. of vertices from (n — ) no. of vertices are not in sequence in
Cm. Then, ep(1) =t+i+1+tnand ef(2) =m—t —i—1+n+n(m—1t). Now, ef(2)
in Subsubcase 3.2.2 < e¢(2) in Subsubcase 3.2.1 and e¢(1) in Subsubcase 3.2.2 > ey(1)
in Subsubcase 3.2.1. So, ef(1) — ef(2) in this case is > ey(1) — ef(2) in Subsubcase
3.2.1. Now, we have already proved in Subsubcase 3.2.1 that e;(1) — ef(2) > 1. Hence,
ef(1) —ef(2) > 1 in this case. Hence, Cy, V C,, is not HMC, where n + m is odd and
m,n > 3.

O

Corollary 2.2. C,, v C,, is not HMC, where n,m € N, m,n > 3.
Proof. Proof follows from Theorems 2.7, 2.8 and 2.9. O

3. CONCLUSION

In this article we have proved that CH,, ® K7 and the tensor product P,, x P, are HMC.
Also we have proved that Complete bipartite graphs Ky, ,, K, V Cy, and Cy, V C,, are not
HMC graphs.
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