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INITIAL TAYLOR-MACLAURIN COEFFICIENT BOUNDS AND THE
FEKETE-SZEGO PROBLEM FOR SUBCLASSES OF m-FOLD
SYMMETRIC ANALYTIC BI-UNIVALENT FUNCTIONS

S. D. JADHAV'* A. B. PATIL?, 1. A. WANT', §

ABSTRACT. In the present paper, we introduce two new subclasses of the m-fold sym-
metric, analytic and bi-univalent function class ¥, defined in the open unit disk D; :=
{z : z€ C and |z| < 1}. These two subclasses are denoted by Ss,, (a) and S5,  (5).
For the functions f belong to both of these subclasses, we obtain estimates on the first
two Taylor-Maclaurin coefficients |am+1| and |azm+1|. Also, we obtain estimate on the
Fekete-Szego functional |agm+1 — kafn+1|, k € R. It is interesting to see that the ge-
ometrical similarities in these two subclasses also reflects in their coefficient estimates.
Further, we pointed out interconnection of these results with some of the earlier known
results.

Keywords: Analytic function, univalent function, bi-univalent function, coefficient bound,
m-fold symmetric function, Fekete-Szeg6 functional.

AMS Subject Classification: 30C45, 30C50.

1. INTRODUCTION AND PRELIMINARIES

Univalent function theory (UFT) is one of the fascinating branch of the geometric func-
tion theory (GFT) in complex analysis. In around last 100 years, due to the famous
Bieberbach conjecture (1916), researchers in this field have been accelerated the study
of an interrelationship between geometric and analytical properties of analytic univalent
functions, meromorphic univalent functions, m-fold symmetric univalent functions, multi-
valent functions, etc.

Further, in 1967, Lewin [12] extended this theory to bi-univalent functions and the
research of this field has been accelerated extremities due to the groundbreaking research
paper of Srivastava et al. [26], that revived the concept of bi-univalent functions. By
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motivation from it, many researchers have obtained estimates on initial coefficients for
functions in the various subclasses of bi-univalent functions. For example, see [1, 4, 5, 8,
10, 14, 16, 17, 18, 21, 23, 31], etc. and some of the references used in them. Also, using
Faber polynomial, many authors found the estimate on a,, by fixing n (e.g. see [13] and
some references in it). But still there is a lot of scope to study the analytic bi-univalent
functions by involving various polynomial functions and derivative or integral operators.
Let
A={f:D; = C: f is analytic in Dy, f(0) =0 and f (0) =1}

be the class of functions of the form
o0
f(z) = z—l—Zakzk (1)
k=2

and S be the subclass of A consisting of all functions f univalent in D;. In light of the
Koebe one quarter theorem (see [7]), every function f € S has an inverse f~!, defined by

U f(2) = 2 (2 € Dy)
and
F(fHw)) = w, (Jw] <7ro(f),ro(f) = 1/4).

In fact, the analytic extension of f~! to D; is
gw) = fHw) = w — agw? + (243 — az)w® — (5a3 — Hasaz + ag)w* + - . (2)

Let
Y ={fcA: both f and f~! are univalent in D;}

denote the class of analytic bi-univalent functions in Dj.

Lewin [12] proved that |as| < 1.51 for f € X, after which, Brannan and Clunie [3]
conjectured that |as| < v/2 and at one stage Goodman [9] claimed that |a,| < 1 may
be true for every n € N and f € ¥. However, afterwards Netanyahu [15] proved that
mazlas| = 3, Styer and Wright [28] showed that there exist functions in ¥ for which
as| > 4 and Tan [29] proved that |ag| < 1.485 for f € .

A function which has the form:

f(z)=Z+Zamk+lzmk+l (z€D1;meN={1,2,3,---}) (3)
k=1
is said to be m-fold symmetric (see [11, 20]). Each function h(z) defined as:

()™ = f(z™) or h(z)=[f(z™)]"  (feS;zeDy;meN)

is univalent and maps the unit disk D; into a m-fold symmetric region.

Let S,, denote the class of all m-fold symmetric analytic univalent functions in Dy,
which are represented by the series expansion (3). Moreover for m = 1, these functions
reduces to members of class S = §; and are said to be 1-fold symmetric analytic univalent
functions.

For each m € N, every bi-univalent function generates an m-fold symmetric analytic
bi-univalent function. Srivastava et al. [27] proved that, for the function f as given in (3),
the extension of the inverse function f~! to D; is given by:

g(w) = w — apmpw™ T + [(m +1) a72n+1 — a2m+1] wm

1
~ 15 (m+1)(Bm+2) aan — (3m 4 2) Gy 102m 41 + azmy1 | w3 (4)

N
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Observe that for m = 1, this equation (4) reduces to the equation (2). Hence the bi-
univalent function class 3 can be generalized to the m-fold symmetric analytic bi-univalent
function class ¥,,. For examples of the m-fold symmetric analytic bi-univalent functions
and their corresponding inverse functions, see the work of Srivastava et al. [27]. Also see
[2, 6, 13, 22, 24, 25, 30] etc. for coefficient problems of some new subclasses of ¥,,.

In order to derive our main results, we need the following lemma [19].

Lemma 1.1. [19] If v € P, the class of Carathéodary functions which are analytic in Dy
with N(y(z)) > 0 for all z € Dy have the form

Y(z) =14c1z+e2® +c32° +-+, (2 €Dy);
then |c,| <2 for each n € N.
We use the m-fold symmetric function v € P (see [20]) of the form
Y(2) = 1+ emz™ + com2®™ + c3m2®™ + .-+, (2 € Dy).

In the present paper, we obtain estimates on the initial Taylor-Maclaurin coefficients
|@m1| and |agpm41| and also on the Fekete-Szegd functional |agm 1 — ka2, 4|, (k € R) for
functions belong to the new subclasses Sy, () and S5, () of the class Xp,. Also, we have
mentioned the connections with some of the earlier known subclasses of the class X.

2. MAIN RESULTS

Definition 2.1. A function f € ¥, given by (3) is said to be in the class Sy, () if the
following conditions are satisfied:

‘arg (ng () + 1> < %, (z € Dy)

(f(2))?

and

w3g” (w am
arg <W+1> < —, (w € Dy);

where 0 < a < 1 and the function g is given by (4).

In particular, observe the following examples:

1. For the identity function f(z) = z and its inverse function g(w) = w defined in
the unit disk D;, we have

(2@ ] (e w)
g((f<z>>2“> g<<g<w>>2“>

:O<g, 0<a<l).

2
2. For the 1-fold symmetric analytic bi-univalent function f(z) = 1% = 2422423+
- and its inverse function g(w) = 5 = w — w? +w? — - defined in the unit

disk D;, we have

(’?;";Z)(;) +1> — () =1+2:+2:2 4 -

and

(111?’g”()102)+1> =pw)=1-2w+2uw?— .
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Clearly, both ¢ and 1 are members of the Carathéodary class P and hence their
real parts are positive. Which implies that for some o« with 0 < o < 1, we have
am f%s
larg (¢)] < —-

and |arg (¢)] < -5
Theorem 2.1. Let the function f € %, given by (3) be in the class Sy, (o) where
0<a<1. Then,

2a¢
[ —
|am+1| =m (m + 1)7 (5)
a(2—a)
< _—\= 7
and for some k € R,
2T+ L —2G(k) ; G(k)<2T
9 «
|a2m+1 — kam+1‘ < m + % - 2T ;o 2T < G(k) < % (7)
2G(k)—2T - L ; G(k)> L,
. __ 2ka? o a(a—1)
where G(k) := T (m D)7 and T := o mn=T-
Proof. It follows from Definition 2.1 that
21(2) o
5 +1=[s(2)] (8)
(f(2))
and g
w’g (w) a
— 5 +1=[tw)]", (9)
(g9(w))?
where s(z),t(w) € P have the series expansions:
5(2) = 1+ 82™ + s9m 22" + 832" + -+, (2 € Dy) (10)
and
t(w) = 1+ tpw™ + tonw*™ + t3uw ™ + -+ | (w € Dy). (11)

Hence we have
[s(2)]" =1+ asy,z™+ [QSQW + 06(0[2_1)3371] L2moy
and
[t(w)]* =1+ atpw™ + |:at2m + (1(042_1) 2

Also using (3) and (4), we get

z3f”(2> =1+m@m+1a o
[(f(z))2 + ( ) m+1
2m [(27“ + 1) agmyr — (m+1) aznﬂ] 22
and
w3 (w
[ (g(gwg)Z) +1f =1-m(m+1)ampw™+

[4m2(m+1)a3n+1—2m(2m—|—1)a2m+1] w2m+ .
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Now equating the coefficients in (8) and (9), we obtain

m(m+1) ami1 = QS

[ ala—1
2m [(2m + 1) agmir — (m+1) a2, 1] = |@som + (2)3%} )
—m(m+1)ame1 = atpm,
[ ala—1
[4m2 (m+1)a2,,; —2m(2m+1) agm+1] = |atom + (2)15,24 .
From (12) and (14), we find
Sm = —tm
and
2m? (m+1)% a2, = o’ (s2, +12,).
Which, on applying Lemma 1.1 yields
| < 2c
a _—
mH =y (m+1)
On the other hand, by adding (13) and (15), we get
a(a—1
2m (m+1) (2m — 1) a1 = o (s2m + tom) + ala—1) (s2,+12).

2
Which, on simplifying yields
2 200 (Som + tom) + a(a—1) (s?n + t?n)
m 4m (m+1) (2m — 1)
This, in light of Lemma 1.1, gives

20 |Som + tom| + aja — 1| ’sfn —|—t,2n’

2
ama]” < dm (m+1) (2m — 1)
20 (|som| + [tom]) + @ (1= @) (Il + |t )
<
- dm(m+1)(2m —1)

200+ 2a (1 — «) _ 200(2 — @)

“mm+1)2m—-1) mm+1)2m-—-1)
Equation (18) and (20) together shows that

la | < min 20 20(2 ~ o) - -
=TT m ) m A ) 2m=1) [T m(m 1)

Next, multiplying equation (13) by 2m and then adding equation (15), we get

2m (2m + 1) (2m — 1) agm+1 = @ (2msay, + tom) + o (a2_
This, on simplifying yields

20 (2msom + tam) + a (o — 1) (2msZ, + t2))
d4m (2m +1)(2m —1) ’

a2m+1 =

which implies that
200 [2msgm + tom| + a|a — 1] [2ms2, + 2|
dm (2m +1) (2m — 1)

|a2m+1| <

1
) (QmS%L + t%n) .

189

(19)

(21)



190 TWMS J. APP. AND ENG. MATH. V.14, N.1, 2024

This, in light of Lemma 1.1, gives

at+a(l—a) _ a(2—a)
m(2m — 1) m(2m —1)

|a2m+1‘ <

Further, for the Fekete-Szegd problem with k € R, from (17) and (21) we have

. o  2a(2msam + tom) + o (o — 1) (2ms?, + t7,) k[a2 (s2,+12,)
2m+1 Ayl =

4m (2m +1) (2m — 1) 2m?2 (m +1)?

2m (m + 1) a (2msam + tom)
+m(m+1)%a(a—1) (2ms2, +t2,)
=2k (2m +1) (2m — 1) o? (s2, + t2,)
4m2 (m+1)* (2m+1) (2m — 1)

)

which implies that

om (m + 1) |2msom + tom|
m(m+1)7%a(a—1) (2ms?, +12,)
|—2k: (2m+1) (2m — 1) a? (s2, + t2,)
4m?2 (m +1)% (2m +1) (2m — 1)

IN

2
azm+1 — kag, 41|

dm(m+1)2%a(2m +1)
m2(m+1)%a(a—1)

—2k (2m +1)(2m — 1) a?

4m2 (m +1)% (2m +1) (2m — 1)

’m(m +1)2a(a—1) — 2k (2m +1) (2m — 1) a2 [tm?

* 4m?2 (m+1*2m+1) (2m —1)

m(m+1)2a@2m+1)
om2 (m+1)%a(a—1)

—2k (2m +1) (2m — 1) a?

m2 (m+1)*(2m +1) (2m —1)

’m(m—l—l)Qa(a—l)—2k(2m+1)(2m—1)a2‘

- m2 (m+1)%(2m +1) (2m — 1)

Hence we get

a ‘ 2c (o — 1) o 2ke?
m(2m — 1) 2m+1)2m—1) m2(m+1)°

‘a2m+1 - kazn.ﬂ‘ <

‘ a(a—1) 2ka?
m2m+1)(2m—1)  m2(m+ 1)?|
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2 —
Zka”__ and T := _ale=l) _ wo have

By putting G(k) := 500 = @mrDEm=1)"

T
‘agm_i_l—ka,ZnJrl‘Sm( +|2T—G(k)|+'m—G(k)‘

a
2m —1)

(Note that since T is non-positive, 27" < %) This proves the desired estimate (7).
Finally for sharpness, the m-fold symmetric analytic bi-univalent function

2 a(2—a)
F — Y 1 o § e ) 2mAl .
1(2) Z+m(m—i—1) m(2m—1)z +
along with the corresponding inverse function given by
20 40 a(2—a)
F -1 _ o m-+1 o 2m+1 .
(w) =w m(m—l—l)w + m2(m+1) m@2m—1) v +

proves the sharpness of all the three results. In particular, the 7-fold symmetric analytic
bi-univalent function f;(z) provide sharp bounds |as| < o, |as| < (2 — ) and |az—ka3| <

o+ w - % + @ - %"2 , (k € R) for the function class Sy («) where

Al)=z4+a”+a2-a)s® +--
along with its inverse function
it (w) =w—aw® + a(Ba—2)w +--- .
Hence the proof. -

Definition 2.2. A function f € Xy, given by (3) is said to be in the class S5, (B) if the
following conditions are satisfied:

21 (2 ]
R [(f{z)()g + 1_ > 3, (z € D)

and

3 T
%[WH 5 (weDy)
(9(w))
where 0 < 8 < 1 and the function g is given by (4).

In particular, observe the following examples:

1. For the identity function f(z) = z and its inverse function g(w) = w defined in
the unit disk D;, we have

3 1" 3 1"
%[zf(z,j :a%[“’g(“;)ﬂ =1>4 (0<B<1)
(f(2)) (9(w))
2. For the 1-fold symmetric analytic bi-univalent function f(z) = % = 2+ 22+ 2%+
- and its inverse function g(w) = 1, = w — w? +w? — -+ defined in the unit

disk Dy, we have

(G-
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and

2+1> =pw)=1-2w+2uw?— .

Clearly, both ¢ and 1 are members of the Carathéodary class P and hence their
real parts are positive. Which implies that for some 8 with 0 < 8 < 1, we have

R(¢)>p and R(¥)>p.

Theorem 2.2. Let the function f € X, given by (3) be in the class S§, (B) where

0< B <1. Then,

and for some k € R,

(1-8) 4k (1 - B)?

—kaZ, 4| < - :
|a2m+1 aerl‘ = \m (2m _ 1) m2 (m + 1)2

Proof. 1t follows from Definition 2.2 that

23 ”Z

Gap HImAT =)
and 3

W+1—B+(1—5) t(w),

where s(z),t(w) € P are as given in equation (10) and (11). So that we have
B+(1—P)s(z)=1+(1—p)smz™+ (1 —B)sgmz*™ 4 -

and

B+ (1—p)tw) =1+ (1—8)tmuw™+ (1 = B) topw™ + - -

Now equating the coefficients in (25) and (26), we obtain
m(m+ 1) amyt
2m [(2m + 1) agmi1 — (m + 1) az i

—m(m+1) ams

— =
I

~ o~~~
—
|
@

[4m2 (m+1)aZ, . —2m (2m + 1) azmi1

From (27) and (29), we find

and

2m® (m+1)? ap, .y = (1= B)* (s, + ) -
Which, on applying Lemma 1.1 yields
2(1-p)

< .
’am-i-l’ = m(m+1)

(22)

(23)

(24)

(25)

(26)
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On the other hand, by adding (28) and (30), we get

2m (m+1) (2m — 1) a2, 1 = (1 - B) (s2m + tom) - (34)
This, on applying Lemma 1.1, gives
2(1-5)
< . 35
[am1] < \/m (m+1)(2m—1) (35)

Equation (33) and (35) together shows that

] 2(1-p) 2(1-5) _2(1-p)
|am+1] < min , = .
m(m+1) \| m(m+1)2m-—1) m(m+ 1)
Next, multiplying equation (28) by 2m and then adding equation (30), we get
2m (2m + 1) (2m — 1) agms1 = (1 = B) (2msam + tom) - (36)

Again applying Lemma 1.1 for the coefficients ss,, and ts,,, we obtain

(1-5)
la2m+1] < —om—1 Gm—1)"

Further, for the Fekete-Szeg6 problem with k£ € R, from (32) and (36) we have

(1= B) @msom +tam) | (1= B) (sd, + t2)
2m(2m+1) (2m — 1) o2m?2 (m +1)*

2
a2m+1 — kam+1 =

m (m + 1)2 (1= 0B) (2msam + tam)
[k 2m+1) (2m — 1) (1 - B)* (s2, + t2,)
om2 (m+1)%(2m+1) (2m — 1)
This, on applying Lemma 1.1, gives
)m(m+ 1)2(1— ) —4k(2m —1) (1 —/6’)2\
m2 (m+1)*(2m — 1)
(1-p)  4k(1-p)?

m(2m— 1) m2 (m—|- 1)2

}a2m+1 - kagn+1‘ <

9

which proves the desired estimate (24).
Finally for sharpness, the m-fold symmetric analytic bi-univalent function

Po(z) = 2 mszrl m((12m€)1)'22m+1+”'

along with the corresponding inverse function given by

2
RA@OZw_iﬁ;@ﬂWH [40—@ u—6>]wmﬂ+“.

m2(m+1) m((2m—1)

proves the sharpness of all the three results. In particular, the 7-fold symmetric analytic
bi-univalent function fy(z) provide sharp bounds |as| < (1 — f), |as| < (1 — B) and |ag —

ka3| < ‘(1 —-pB)—k(1- ,6)2‘, (k € R) for the function class S5,(5) where

f2)=24+1-8)22+(1-8)2"+--
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along with its inverse function
fol(w) =w— (1= B)w’ + |2(1 = B)* = (1= B) | w® + - -
Hence the proof. U]

3. CONNECTIONS WITH EARLIER KNOWN RESULTS

For 1-fold symmetric analytic bi-univalent functions (i.e. for m = 1), our Theorem 2.1
and Theorem 2.2 reduces to the following two Corollaries, respectively. These Corollaries
relates with the recent results proved by Patil and Naik [16].

Corollary 3.1. Let f € x& where 0 < a <1 be of the form (1). Then
|a2‘ < «,
las| < a(2—a),

and for some k € R,

(1—k)a? ; k<3(1-1)
Jas — ka3] < { 2652 ;30— <k<3(-3
20+ (k—1)a* ; k>2(1-1).
Corollary 3.2. Let f € xx(8) where 0 < 3 < 1 be of the form (1). Then
jagl < (1-5),
las] < (1-8),

jag — ka3 < |1 = 8) ~ k(1= 8P|, (heR).
Here the subclasses x§ = Sy, (o) and xx(8) = S5, (8) of ¥ = ¥ are defined in the
following way (see [16]):

Definition 3.1. A function f € ¥ given by (1) is said to be in the class x$, if the following
conditions are satisfied:

Z3 " z T
‘mg{(é$g44} <z e

w?g” (w am
arg{(gzqw());—l-l} <7 (w e Dy),

where 0 < «a < 1 and the function g is given by (2).

Definition 3.2. A function f € ¥ given by (1) is said to be in the class xx(B) if the
following conditions are satisfied:

Z3 " z
%{ (f'];z)()z) + 1} > p (Z S Dl)

%{zZXQ+1}>ﬁ (w e Dy),

where 0 < 8 < 1 and the function g is given by (2).

and

and
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4. CONCLUSION

In the present paper, we have obtained sharp estimates on the first two Taylor-Maclaurin
coefficients |ap 41| and |agm11| and also on the Fekete-Szegd functional |agm41 — ka2, 4],
(k € R) for functions belong to the two new subclasses Sy, (o) and S5, (8) of p,.
According to our main results, we can conclude that the geometrical similarities in the
subclasses Sy, () and S5, (83) (of the m-fold symmetric analytic bi-univalent function
class ¥, defined in the open unit disk D;) also reflects in their initial Taylor-Maclaurin
coefficient estimations, which assures the connection between analytic characterization
and geometric behaviour of the functions belong to these subclasses.

Acknowledgement. The authors would like to extend their sincere gratitude to the
referees of this paper for their valuable suggestions and inputs to bring this paper in the
present form.
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