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Abstract

We present, in the N=2, D=4 harmonic superspace formalism, a general method for constructing the off-shell
effective action of an N =2 abelian gauge superfield coupled to matter hypermultiplets. Using manifestly N =2
supersymmetric harmonic supcrgraph techniques, we calculate the low-energy coirections to the renormalized one-loop
effective action in terms of N =2 (anti)chiral superfield strengths. For a harmonic gauge prepotential with vanishing
vacuum expectation value, corresponding to massless hypermultiplets, the only non-trivial radiative corrections to appear are
non-holomorphic. For a prepotential with non-zero vacuum value, which breaks the I{(1)-factor in the N = 2 supersymmetry
automorphism group and corresponds to massive hypermultiplets, only non-trivial holomorphic [Bcorrections arise at leading
order. These holomorphic contribution are consistent with Seiberg’s quantum correction to the effective action, while the
first non-holomorphic contribution in the massless case is the N =2 supersymmetrization of the Heisenberg-Euler effective
Lagrangian. © 1997 Elsevier Science B.V.

0

N = 2 supersymmetric field theories p and
Applications of N =2 supersymmetry range from superstring theory to topological field theory, supergaug
models and special geometry (see [1] for a modem review). Although the theory of N = 2 supersymmetry has a
long history, it still has properties yet to be explored.

During the last few years, quantum aspects of N = 2 supersymmetric theoties have excited considerable
interest. This interest was inspired by the seminal papers of Seiberg and Wiiten {2] where the non-perturbative
contribution to the low-energy effective action of the N =2, SU(2) super Yang-Mills model were calculated

remarkable properties both at the classical and quantum levels.
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exactly The content of Refs. [2] is essentially based on the structure of the low-energy effective action proposed

(cap alcm T
in Ref. |_3 ] (see also L4]J

A key element of the whole approach of [2] is the statement that the leading contribution to the low-energy
effective action of N = 2 super Yang-Mills theory is represented by a single holomorphic function of the N =2
chiral superfield strength W. A detailed investigation of this statement, and the calculation of non-leading
contributions to the low-energy effective action, have been undertaken in recent papers [5-9] °.

As is well known, an adequate description of quantum N-extended supersymmetric field theories can be
achieved in terms of unconstrained superfields given on an appropriate N-extended superspace. However, the

nnnnnn ~F Rafe [52_01 11 ac th ot + ~Ff Raf [21 oy
analysis of Refs. [5-9], as well as the main statement of Ref. [3], were based on the formulation of N=2

supersymmetric theories in terms of N = 1 superfields. Such formulations lack manifest N = 2 supersymmetry
which, in general, gets closed partly on-shell. Since these formulations do not keep N =2 supersymmetry
manifest at all stages of the computation, they can lead to a number of obstacles. In this respect, the problem of
calculating the effective action of N =2 theories in terms of unconstrained N = 2 superfields appears to be of
importance.

N =2 supersymmetric theories can be formulated in standard N =2 superspace in terms of constrained

superfields. For a special N =2 matter multiplet (the so called relaxed hypermultiplet [11]) and the gauge

multiplet the corresponding constraints were solved in [11,12]. However, these formulations look extremely
complicated when the interaction is switched on and, in our opinion, are very difficult to use for the
computation of the effective action.

A constructive and elegant approach to the description of theories with extended supersymmetry is based on
the concept of harmonic superspace [13—16]. it aliows one to investigate different extended supersymmetric
models naturally and simply. As to N =2 models, their formulation using the harmonic superspace approach

looks auite transparent

vvvvvv quite transparent.

In this letter we begin an investigation of the quantum aspects of N =2, D = 4 supersymmetric field theories
using the harmonic superspace approach. We study the low-energy structure of the Wilsonian effective action of
an abelian gauge superfield coupled to matter superfields.

Because of N =2 supersymmetry and gauge invariance, which the harmonic superspace approach allows us
to keep manifest, the effective action of the Maxwell multiplet is a non-local functional of the (anti)chiral
superfield strengths W and W only. In the low-energy limit, when only the leading contribution in the
space-time derivatives survives, we are left with a local effective superpotential depending only on W and w.

The Fayet-Sohnius massless hypermultiplet is described in harmonic superspace by an unconstrained analytic
superfield ¢ ({,,u",u™) [13], where £} =(x7,0%%,6]) are the coordinates of an analytic subspace of the
whole N =2, D = 4 harmonic superspace 07 =0uf, o = ) ul, luill€ SU), i = 1,2. The most charac-
teristic feature of the superfleld gt is an infinite number of auxiliary fields coming from the harmonic
c;\pa‘nslons in u, ,u . This is the Umy ‘pDSSLULt: way 1o describe the 011-51‘1611 massiess 1‘1'y'pe‘1“1‘1‘1uu1pun within the
framework of N =2 supersymmetry without central charges. The ¢* multiplet is universal, all known N =2
matter off-shell multiplets with finite numbers of auxiliary fields (e.g., the relaxed hypermultiplet [11]) are
related to it via appropriate duality transformations [17].

The classical action for the hypermultiplet interacting with an abelian gauge superfield V**(Z,,u™,u") is

given by

T | (omayy 2 Vet o
Slq ,q",V J=jd§A‘ dug V'7gT. (1)

3 As was noted in [10], such non-leading contributions are described in terms of a real function of W and its conjugate w.
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Here d{{™% = d*x,d%" d%6",
Vrt=pDtr vt (2)

s * +
and operation o called ‘smile’ denotes the analyticity-preserving conjugation [13] (g = g ). The explicit
form of the gperator D** in the analytic basis, as well as all relevant notation, can be found in Ref. [13].
The S[ g ,g*,V**]enters as part of the action of N =2 supersymmetric electrodynamics

o Tt
Seep = % [d*xd0W? + [dg{~Pdug (D*+ivit)gr. (3)
The chiral gauge invariant strength W and its conjugate W are expressed via V" by the relation [13,14,16]
B2y o “N2y+
W=—[du(D )V (x,0,u), W=~ [du(D")V"*(x,0,u) (4)
with DX =Dlu?, Df —D‘u— the spinor covariant derivatives. For later use, we singled out in V** a

background part V; + and write V** = Vat+ ViF*. V5 possesses a constant strength W, and can be chosen to
be of the form

—(6%)’W, — (E“L)ZW0 , W, = const. (5)
For V;*=0, the hypermultiplets are massless. What happens when Vj*## 0? Whatever the origin of a
non-vanishing Vi * (and W,) may be, such a V™ breaks the U(1)-factor in the N =2 superalgebra
automorphism group U(2) and gives g" a mass m=|W,| via generating a central charge proportional to the
generator of gauge U(1) symmetry *

Thus, this theory possesses two d1fferent phases associated with two physically different choices; Vg "= 0
and V{ "+ 0. Because of the Bianchi identity D*'Diw = D D%W, we have

Jatxdo (W, + W,)” = Jaixa'ow?. (6)

Thus, N = 2 Maxwell theory can be treated either as a theory of massless superfields g™, q coupled to gauge

superﬁeld Vi (the first phase), or as a theory of massive g7, q coupled to V;* (the second phase). We will
consider both phases.

Note that an abelian theory with W, = const naturally arises as an effective theory describing the spontaneous
symmetry breaking phase in N =2 super Yang-Mills theory. In this case the classical potential vanishes at
non-zero vacuum values of the scalar components of the gauge multiplet and only a U(1)-factor of the gauge
group survives. In the superfield language, such a situation just corresponds to W, = const. (see Ref. [25] for a
generic discussion of spontaneous symmetry breakdown in N = 2 super Yang-Mills theory).

The effective action I'[V**] of the theory (1) is defined by the path integral

irpvtt S
il 1=/9q Dgreislatat VT (7)

and can be formally written as
r[v*]=iTrmv** . (8)
We will calculate I'[V*™] starting with this relation, using a suitable definition of the right-hand side of (8).

*The fact that the hypermultiplet becomes massive follows from the dynamical equation (D'* +iVj*)g* =0 which implies
(O + m?)g* =0, where m =Wl



312 LL. Buchbinder et al. / Physics Letters B 412 (1997) 309-319

Another, basically equivalent version of the harmonic superspace description of the massless hypermultiplet

makgc use r\‘F an unconsfralppﬂ aha]vhp nnr\nrﬁeld /\( f u WU \ f1 ’21 Tf c]'\nn]ﬂ ]’\A fqbnr} Cemp]ex ‘Vx'lhen r‘nnhlnr]

to the Maxwell gauge superfield. We now show that the effectlve action for the @ version of the hypermulhplet
can be computed directly from the g* effective action I'[V**]. The classical action for « interacting with the
abelian V** is given by

s @,0. 7] = fagf vy 57w (9)
where

Vit o= (D" +iVi ) e, (10)

Vit o=(D =iV w. (11)
The effective action I [V™*] of the theory (9) is defined by

JRT.A Vans PN /9 o TeeiSo.0. V1] (12)
and can formally be written as

LIVF ] =iTeln( V) (13)

Eqgs. (8) and (13) lead to the formal relation
Fw[V++]=2F[V++] (14)
which, of course, needs justification.

In order to make the above considerations more precise, we consider a theory of two hypermultiplets g,
(i = 1,2) with the action

I+ o i

sla "t v| = fagioans Tvg (15)
and introduce the corresponding effective action I'[V*™] defined by

i o +i (ST gt vHh 2Tyt PN

iV’ ‘—}J q Jqf Sg Mg VT < Q2IINVTTL (16)
Let us also consider the following change of variables

o +i o v ++

g =uVwtulf , g =ulet+uft (17)

with some analytic superfields £+, }++ Transformation (17) has been introduced in Ref. [15] in order to
prove the classical equivalence of the models (15) and (10) at V** =0 5. The right-hand sides in (17) do not
contain any dependence on V** and, hence, the corresponding Jacobian is a constant. Now, putting (17) in path

integral (16), and eliminating the auxiliary superfields f** and f ++, one readily finds

Flvel=r,[v]. (18)
Comparing this with (16) leads to (14). Thus to find the effective action of the theory (9), it is sufficient to
calculate the effective action I'[V**] for the theory (1)

*To avoid confusion, we point out that the single g% can also be traded for a single real w hypermultiplet via Eq. (17) with
§+i = e'*g}. In such a w representation, however, the coupling to V™ contains explicit harmonics, which is inconvenient for practical
calculations.
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For the correct definition of the effective action I'[V*™ "], we consider the Gi 2) of
operator V++
VitGA(1,2) = 880(1,2) (19)

where 1,2 = ({,, 4.4, ,) and §{"(1,2) is the appropriate analytic subspace 8-function [14]. Let us introduce an
analytic superkernel Q©-(1,2) which contains all information about the interaction and is defined by the rule

GED(1,2) = [dgds Pdu,GA0(1,3)00(3,2) (20)
with G{"'" the Greens function of the free hypermultiplet [14]
o+ 1 4 4 1
A D1 AN — / 71N AN NN n+\Tdr . N8B/ _ o) 771\
o \e)=qg \)q (<), = () () o= X))o\ —0)7—T7 {24
1 (u: u, )
Then we have
06D(1,2) = 83V(1,2) +iv*r*+(1)G{D(1,2). (22)
With the use of Q®(1,2), effective action I'[V*™] can be defined in the form °
r[v**]=iTrmQ®". (23)
Here the operation Tr is understood in the sense
Trgo4~0 = [dg{~Pdug @4-9(1,2) (24)
pir analutin grmarlbawasl Z (64— 01 I Tac (YN_(DA) chawr that tha affantivae antian (92) o wall dafinad
LUJ. aiy aucu_yu\.« buyCIAULUC1 4 VL4 . CS. \L4)—\44) SIIOW uldil ui€ CiieCuve aCuill (457 15 Wi GCiinca
within perturbation theory. :
We can write the effective action I'[V**] as a perturbation series in powers of the interaction as
x 1
v+ = ¥ T,V = i? . —=i3 . . +
n=1 2
. . . (25)
1 . /__l\n-}-l
+ it . N A L
3 n . .
*
where the n-th term I[V*"]is depicted by a supergraph with n external V** -legs.
Eq. (23) leads to the following structure for I;JV**]
_ n+1
Lvt] = i\—n’—— Tr (iV**GED)". (26)
Taking into account the antisymmetry of G{'" [14], one observes that all the coefficients I, with odd 7 are

vanishing. Therefore, only the supergraphs with even numbers of legs contribute to the effective action.
I'TV**] can be shown to be gauge invariant. Hence, each coefficient I, (26) can, in fact, only depend on the
strengths W, W in the low-energy limit.

Prnm a formal point of view, t_is definition meang that ['[V++]= —iTrln F(I D/f'(1 1)) where we have used the
effective action is always eﬁ.ned up to a constant.
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As was previously pointed out, the theory under consideration possesses two different phases corresponding
to the cases V=0 and V'H’:ﬁ 0. First let us discuss the V++ = () case

Wb Lasts Vo RIS A0 U8 ALSCUas MIC Vi — UV Ldsb,

We begin with a direct calculatlon of the term I,[V*™*] Wthh in the central basis, reads
;3 1
i 1 4 4
nve*]=- Efd4x1d40fdu1d4x2d40;du2—m-—(Df“) (D7) [54(3‘1 —%,)8%(8; — 92)]
1

xiwbn%mfw%%~mw%@-mnv(”@fm’(“%”” @
mpt (u; 7)( )

where the explicit form of G§'? (20) has been used. ” Let us restore the full Grassmann measure d%,d%), [15],
make use of the relation hetween VYt and V7~ [16]

VT (x,0,u
V7 (x,0,u)= fdul——*,(.—:-ol—),
7wy’

and perform the Fourier transform. As a result one obtains

i1
LV = -5 — [dpd®0duv**(p,0,u)V="(~p,6,u) II( p) (28)
“\2m)
where
d*q
o(p)=[————. 29
(=] (29)
Regularizing I'[V*"] by the dimensional regularization prescription
dq
M(p) = Ioy(p)=p* [ 30
(P) (P =1 [y (30)

with D =4 —2¢ and p the normalization parameter, and subtracting the ultraviolet divergence

1
r, [vit]= d*xdow? 31
dll}[ ] 327T2€'/ ( )
one ends up with the two-leg correction to the renormalized effective action Tg[V™]
: (- 2]
L [vit]= — —— [d*xd%0Win| — — |w (32)
32m4 o

An analogous quantum correction has been found in N =1 super Yang-Mills theory in [19]. Eq. (32) can be
treated as the leading term in the effective action for a weak but rapidly varying gauge superfield. However, for
this correction is problematical in the low-energy limit where p? — 0. To overcome this, we introduce an

men A a8 AL v o 4hn s

J.lllld.lcu cuLvlL J.l umug [§ 8 (w3 IUIC
1
II_(0) = p? f ( — ﬁ.\l (33)
“reg\ ~ J \g A2 } 7

7 We use the following notation: (D*)2 =1p*ept (Dt =1DFD*¢ and (D*)*=(D* A(D*)2.
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Then, the low-energy correction reads

1 A?
FZR[V++] = —3—2—77711’1Ffd4xd49W2. (34)

Eq. (31) constitutes the only divergence in the theory under consideration. All contributions I}[V**] for n > 2
are automatically ultraviolet-finite. Clearly, Eq. (34) corresponds to a holomorphic contribution to the effective
action.

The next stage is the calculation of the four-leg contribution I,[V*™"]in the low-energy limit. We start with
general relation (26) for n = 4 and restore the full Grassmann measure d*9. As the result, we get

i 1
LIv:l=-7 / & x,d* 3,0 2,0 x, 0%, 0%, dutyduty dug ity — D) (pi)?
1
4 8 1 4
X[5 (x,—x,)8°(6; - 92)] —D_s (x;—x4)
2

X ‘;_S(D;)‘t(D:)‘t[a‘t(xs —x,)8%(0, - 02)] (%64()‘4 —xl))
VI (x,,00,u)VHH (x,,0,,0,) VI (x3,05,u5) VI (x,,0,,u,)
(uiug ) (ufug ) (uiul) (uiuy)’ .
Here we have used the explicit form of G§» (20) and integrated over two Grassmann coordinates.

After performing the Fourier transformation of §-function, the previous expression can be rewritten in the
form

(35)

d*p,d*p,d*p,dp,

(2m) " p? p? pip? xp(ipi(x =)

X exp(ip,( %, — x3) Jexp(ips( x5 — x4) )exp(ip,( x4 — x,))

X858, — 0,)V*™ (x,.8,,4)V*™ (%,,6,,1,) [ D5 (—=p)]'[ DF (2]

y [V** (%5.005) V** (54.6,) [ DF (p2)] [ D7 (—p)]8%(6: — 6,)] o)
(ufud ) (ufug ) (ufuf) (ufut)’ '

We have omitted the terms obtained by the action of [D7(p)J* on V**(x,,0,,u) and [DF(—p)]* on
V*+*(x,,0,,u,) because they do not contribute in the local limit.

Our aim is to find the local low-energy contribution to IL,[V*7]. Due to the supergauge invariance, it should
be composed only from the superfield strengths W and W at the same point (x,8). This means that we are led to
consider W, W as independent functional arguments of I[V™*], neglecting all space-time derivatives of these
superfields. Taking into account the relation between W and V*™, Eq. (4), there is only one possible way to
convert all V*™* into the superfield strengths. It is necessary to distribute eight spinor derivatives among the
external lines so as to have an equal number of the derivatives D™ and D™ acting on the Grassmann
S-function; otherwise the result will be zero. It is evident that we get both W and W in this manner and, hence, a
non-holomorphic contribution.

Let us briefly discuss the possibility to obtain holomorphic contributions. Such a contribution is defined by
an integral over the chiral subspace which can be obtained by the rule [d*xd® ~ [d*xd*9D*. Then we could
throw only four spinor derivatives on the external legs and distribute the remainder among the é-functions. The
total number of these derivatives formally suffices to obtain a non-zero result. Unfortunately, all derivatives

i
L[vT*r]= - Zfd4xld4x2d4x3d4x4d801d802dulduzdu3du4
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acting on the external legs should have the same chirality in order to finally get the expression depending only
on W. This means that the numbers of D ’s and D* s acting on the &function do not match each other and

the final result must vanish. Thus, there is no holomorphic contrlbutlon to I[V*]
The only part of I,[V**] which contains eight spinor derivatives on external lines can be singled out as
follows:

d*p,d*p,d*p;d’p,

(27)"° p} 3 P3P}

X exp(ip,(x, = x,))exp(ip,( x2 — x3) )exp(ips( x5 — x,) Jexp(ipy( x, — x1))

X 8%(0, — 6,)[ DI ()] [ Di (—p3)]*8%(6, ~ 6,)

N V(20,001 VT (2,.60,,1,) [ DF (= )]V (%5.6,.u5) [ DF (p1)]* V++(x4,01,u4)

(i u3) (o3 3 ) (o ) (i)’

LIV )= - fd‘*xld‘*xzd‘*x3d‘*x4d°61d°02du1du2du3du4

(37)

After performing the D-algebra and integrating over #, one gets in the low-energy limit

Livel=

8(2 ) /Az———[d4xd80fdu1(l) ) vV (x,6 ul)fduz Dz) VR (x,0,1,)

deu3 V++(x 6 u3)fdu4(D YV (x.0,u,), (38)

with A? the infrared cutoff. Now let us use the relations (4) which allow us to represent Eq. (38) in a manifestly
gauge invariant form

1
(167)° A*

This result has a simple physical interpretation. Let us keep as non-vanishing only the electromagnetic field
components F,  of W and W. Then I Jv**] turns into

Lv] = Jdtxdiow w2, (39)

1 ~ N2

LV = ——— [ax{(5, o) + (£, 7)) (40)
(64) 7 /

where F* is the dual of F,, . Eq. (40) is, in fact, the first time a non-linear quantum correction to the

electromagnetic Lagrangian has been presented for the N =2 theories under consideration. This type of

correction was originally discussed by Heisenberg and Euler (see, for instance, [20]). Therefore, I,[V**] can be

internreted ag the N =2 sunersyvmmetric generalization of Heisenbero-Euler T acrancian Rv r\nnqh*n(‘hnn

interpreted as the N supersymmetric generalization of Heisenberg-Euler Lagrangian. By construction
IJv**]is given in a manifestly N = 2 supersymmetric and gauge covariant form.

It is worth noticing (see [5,10]) that the functional [d*xd®@ W2W? rewritten in terms of N =1 superfields
contains a contribution with four spinor derivatives of chiral matter superfields. This kind of one-loop quantum
correction to the effective action has been found in Ref. [21] and called the effective potential of auxiliary fields
{(see also [6]).

The above consideration can be generalized to give the 2n-leg contribution I, [V™7], for n=134,..., in the
low-energy approximation

gE‘

[

L vt~ de“xdse( >1. (41)
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Eqgs. (34) and (41) specify the general form of low-energy effective action. We see that the effective action has
both holomorphic and non-holomorphic parts. The holomorphic contribution is simple and stipulated by the
ultraviolet divergence. The non-holomorphic contribution has a very special structure; i.e. it depends on W and
W only via the combination WW.

To fix the dependence on the arbitrary parameter u we should, as usual, impose some renormalization
conditions. The infrared cutoff A, unlike u, is a physical parameter which, in accordance with the status of the
Wilsonian effective action [24], defines the physical scale where we study the low energy phenomena.

We now turn to the calculation of the low-energy effective action for the case when V" # 0. We start from
the four-leg contribution (36). In order to obtain a holomorphic contribution one should throw two derivatives
D™ and two derivatives D™ on the external lines. The only term which gives a contribution in the local limit is

d*p,d*p,d*pyd’p,

(27)"*p}pipipi

X exp(ip;(x, — x;))exp(ip,( x, — x3) )exp(ips( x5 — x,) Jexp(ipy( x4 — %))

x8%(6,~ 0,)[ D5 (=p)] 17 (2O’ D3 (p)]'[DF (=p5)]*8%(61 = 0,)

v VT (x1,0,,u )V++(x2,02,u2)[D2( Pl)] V++(x3,02,u3)[D+(p1)] V++(x4,01,u4)

(i uf) (w3 ) (ud e ) (i wi')?

i
LIV = -~ f d*x,d*x,d* x,d*x,d%,d%,du,du,du,du,

(42)

The expression we are interested in can be picked out from (42). Using the fact that V* "= V5 *+ V{* with

Vi ™" given by Eq. (5), we can conclude that the local holomorphic contribution comes from the following piece
of I,[v*T]

d*p,d*p,d*p,d’p,

(2m)"*pip3pin:

Xexp(ipy( x; — %) Jexp(ip,( x, — x3) )exp(ips (x5 — x4 ) Jexp(ipa(x, — x1))

300, = 6)[ D3 (=p)] (07 (p)I[P5 (p)I'[ PF (=p2)]'8°(81 = 62)
(uf uf ) (uguy ) (w5 ui) (ufui)’

2= T = 2
XV++(xl’el’ul)v++(x2702’u2) (u;u;) Wo[DlJr(Pl)] V1++(x4,01,u4)

(Y W D (—p) PV (5.0 + () W uf )W (43)

In the low—energy limit Eq (43) gives rise to the gauge invariant contribution

i
LIV ]=-7 f d*x,d*x,d*x,d*x,d%,d%,du,du,du,du,

L[vtt]=— d*xdOW3W, + — [ ——— [ d*xd*OW2W,W, + h.c., 44
v j(z)pf 8/(27)4116] b (44)
where the identity

[dtxd¥duv v mK(W) = [dxd9W K (W) (45)

for arbitrary an holomorphic function K(W) has been used.
Analogously, in the 2n-th order we have

i d*p _
++7 = 4 4, n+1 n—1
o, [v] _f____(zw)“ — [dtxdowW W
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i d*p

+— / —r

4n (2,”.) p2n +2

To calculate the total one-loop effective action we should sum up all contributions (46). This leads to the
expression

[atxdow? (W, W)™ +hee. (46)

1 w WW,
Irfvtt]= d*xd*— | dp?In|1 +
[vr)= 5 [t Wofp T
1 w? W, W,
~ d*xd%—= [dp’ln|1+ —| + hec. 47
64772.[ o WoWo] pn p? ¢ (47)
After renormalization and doing the momentum integral, one gets
LIV ] = [d*xd0F (W) +he., (48)
where
F(W . w21-1 W 49
F = —In—-|.
( ) 64772 n MZ ( )

Here all the dependence on W,,, W, has been absorbed in the normalization point .

Egs. (48) and (49) are two of the main results of our paper. We see that the massive branch of the theory,
unlike the massless one, allows one to obtain non-trivial holomorphic contribution to the low-energy effective
action. This holomorphic contribution does not depend on the infrared cutoff and, hence, it is automatically
infrared-finite. To fix the ultraviolet normalization point we should impose, as usual, some renormalization
condition such as

F(W)lweeyz=0. (50)
It means that the quantum correction to the classical Lagrangian W? is absent at the scale M. The above
condition fixes the normalization point u and allows us to rewrite Eq. (49) in the form
2

w
F(W)=— Wzlnﬂ—l—z—. (51)

64m?
It is interesting to note that Eq. (51) coincides, up to sign and numerical coefficient, with the perturbative
holomorphic quantum correction to the classical Lagrangian of N = 2 super Yang-Mills theory which was found
by Seiberg [3], based on non-manifestly N = 2 supersymmetric considerations. The difference in sign and the
coefficient is due to two reasons. Firstly, we compute the quantum correction coming from matter superfields,
not gauge ones, which leads to the opposite sign of the B-function. Secondly, the present model describes
different degrees of freedom as compared to the N =2 super Yang-Mills model.

Let us summarize the results. We have developed a general approach to the problem of computing the
effective action of the N=2, D=4 abelian gauge superfield coupled to massless and massive off-shell
hypermultiplets (with the mass arising as an effect of the non-zero vacuum expectation value of the gauge
superfield). This approach is based on the formulation of N =2 supersymmetric theories in harmonic
superspace and guarantees manifest N = 2 supersymmetry at each step of the computation. We have demon-
strated that the N = 2 supergraph techniques of Refs. [14,15] are suitable for the investigation of a broad class of
N =2 supersymmetric theories in the same way, and with the same degree of efficiency, as the well known
N = 1 supergraph techniques (see, for instance, Refs. [22,23]).

Theory (1) possesses two different phases corresponding to massless and massive hypermultiplets. The
renormalized Wilsonian effective action of the Maxwell multiplet was considered for both phases of the theory.
We calculated its explicit form, which depends only on the superfield strengths W and W, in the low-energy
limit where all derivatives on the superfield strengths can be neglected. In the massless case, we found that the
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effective action contains the trivial holomorphic contribution which is stipulated by the ultraviolet divergence
and the non-trivial non-holomorphic contributions (39) and (41). These non-holomorphic contributions are
automatically ultraviolet-finite and depend on an infrared cutoff A defining a physical scale in the theory under
consideration. The simplest non-holomorphic contribution (39) leads to the N = 2 supersymmetric extension of
the well-known Heisenberg-Euler lagrangian. The massive branch occurs when the hypermultiplet is coupled to
a background gauge superfield Vi * with the constant strength W, # 0. V{* can be associated with the
breakdown of the U(1) factor in the automorphism group U(1) X SU(2) of N =2 supersymmetry. In the
massive case, the structure of the effective action is changed drastically as compared to the massless case. Here
the effective action contains non-trivial holomorphic contributions. Moreover, their structure is analogous to the
low-energy perturbative effective action for N = 2 super Yang-Mills theory obtained by Seiberg by integrating
the R-anomaly [3].
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