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ON THE DERIVED CATEGORY OF QUASI-COHERENT SHEAVES
ON AN ADAMS GEOMETRIC STACK

LEOVIGILDO ALONSO TARRÍO, ANA JEREMÍAS LÓPEZ, MARTA PÉREZ RODRÍGUEZ,
AND MARÍA J. VALE GONSALVES

ABSTRACT. Let X be an Adams geometric stack. We show that D(Aqc(X)),
its derived category of quasi-coherent sheaves, satisfies the axioms of a sta-
ble homotopy category defined by Hovey, Palmieri and Strickland in [HPS].
Moreover we show how this structure relates to the derived category of
comodules over a Hopf algebroid that determines X.
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INTRODUCTION

Let X be a quasi-compact and semi-separated scheme. In [AJPV1] it is
shown that its derived category of quasi-coherent sheaves D(Aqc(X )) satisfies
the axioms of a stable homotopy category from [HPS]. During the prepa-
ration of that paper we were asked whether the same result holds for the
derived category of quasi-coherent sheaves on an algebraic stack. Unfortu-
nately, the available references [LMB] and [O] suffered from some inaccu-
racies, and most importantly, did not contain the existence of generators in
the category of quasi-coherent sheaves. To remedy this we embarked on a
project of reconciling all the available definitions and settling the question of
existence of generators. The project has born fruit in the form of [AJPV2].

In the latter paper we stick to the context of geometric stacks, i.e. those
that are quasi-compact and possess an affine diagonal (in other words, they
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are semi-separated). This is a minimal requirement for our goal in view of the
necessity of this hypothesis already in the scheme case. On the other hand,
these stacks admit a representation by an affine groupoid scheme, which cor-
responds by the algebra-geometry duality to an algebraic gadget called a Hopf
algebroid. These objects play an important role in homotopy theory, in the
context of orientable generalized cohomology theories and the main reference
for this is [R]. In this setting, quasi-coherent sheaves on a geometric stack
correspond to comodules over the defining Hopf algebroid. This was used in
a crucial way in [Go] and [Hp] where the authors looked at the moduli stack
of formal groups which is an ind-geometric stack. In general, the main prop-
erties of quasi-coherent sheaves using comodules were studied by Hovey in
[Ho2] and [Ho3].

In this paper, we will follow the general conventions and notations in
[LMB] and [AJPV2]. Our setup differs from the one in [SP]; this paper is
essentially independent of it. Their treatment is more general due to the fact
that their algebraic stacks have less strict conditions on their diagonals.

Let us explain some differences between the present approach and the one
at [SP]. In this paper Dqc(X) := Dqc(Xfppf ,OX) where Xfppf denotes the so
called small flat site. In Stacks Project, big flat sites relative to a choice of
a small category of schemes are considered, see specifically [SP, Tags 06TH,
021R]. This has the merit of simplifying the proof of functoriality of the corre-
sponding categories of sheaves of modules and its derived counterparts. How-
ever, in the [SP] setting, the category OX-Mod depends on this choice, because
the size of the modules of sections over the objects of the site is bounded by
the bigger cardinal available. By [SP, Tag 07B9], Dqc(Schfppf /X,OX) does not
depend because it is equivalent to Dqc(Xliss−ét,OX). This last category agrees
with our Dqc(X) because quasi-coherent sheaves are the same on both sites
as they both correspond to Cartesian presheaves [AJPV2, Theorem 3.12].

We have been asked about the choice of D(Aqc(X)) instead of the usual
Dqc(X). A simple reason is that under our hypothesis there is an equivalence
between D+(Aqc(X)) and D+

qc(X) (Proposition 1.6). Notice that without the
semi-separation hypothesis this equivalence need not hold.

It turns out that the existence of nice generators in the category of quasi-
coherent sheaves is problematic. We have to impose the so called Adams
condition. This property of the category of comodules over a Hopf algebroid is
equivalent to the classical resolution property on schemes (see the discussion
in section 2). Under this additional hypothesis, one can prove the existence of
dualizable generators and a structure of symmetric closed monoidal category
on the derived category, thus fulfilling the axioms of Hovey, Palmieri and
Strickland. Unlike the case of schemes, on geometric stacks the existence
of compact generators or, more precisely, the question whether dualizable
complexes are compact is a delicate one. The failure is due to the existence
of stacks with infinite homological dimension, as the classifying stack of an
algebraic group attests. In the case of finite homological dimension, Hall
and Rydh proved that this difficulty does not arise [HR]. One may think

http://stacks.math.columbia.edu/tag/06TH
http://stacks.math.columbia.edu/tag/021R
http://stacks.math.columbia.edu/tag/07B9
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that cohomology of quasi-coherent sheaves on an algebraic stack generalizes
both cohomology of quasi-coherent sheaves on a scheme and cohomology of
representations on a group scheme.

In a sense this paper addresses the same problem as Hovey’s [Ho3]. The
results are of a different sort. In Hovey’s words, he considers the stable homo-
topy theory of comodules rather than its homology. In practice, this means
that he considers an a priori different localization of the categories of com-
plexes of quasi-coherent sheaves on a stack. We ignore if both categories
agree but see 5.11 for a detailed discussion. In any case, we stress that our
methods differ from those in [Ho3], as there homotopical algebra and model
categories are used while in the present paper we employ just homological
algebra and derived categories.

Let us discuss the contents of this paper. Let us recall first the axioms of
stable homotopy category from [HPS]. Let T be a category, we say that T is a
stable homotopy category if the following hold:

(i) T is a triangulated category.
(ii) T is a symmetric closed category.

(iii) T possesses a system of strongly dualizable generators.
(iv) T possesses arbitrary coproducts.
(v) A cohomological functor F : To → Ab is representable, i.e. there is a

canonical isomorphism F∼=HomT(−, X ) with X ∈T.

Fix from now on a geometric stack X. In the first section, using the fact
that Aqc(X) is a Grothendieck category, we settle the conditions (i), (iv) and
(v). We also discuss the coherator functor Q and its derived functor RQ.
In the case of schemes the latter induces an equivalence between the cate-
gories Dqc(X) and D(Aqc(X)). However, on geometric stacks RQ might not be
bounded, so the equivalence holds between the bounded-below derived cate-
gories (see Proposition 1.6). In the next section we discuss the Adams prop-
erty and its characterization in terms of the existence of global resolutions by
previous results of Hovey and Schäppi [S].

Section 3 deals with the symmetric closed structure. The Adams condition
guarantees the existence of flat resolutions. This permits the extension of
the monoidal structure from Aqc(X) to D(Aqc(X)). Then we define the inter-
nal Hom functor by applying the coherator functor to the internal Hom sheaf
and deriving it by quasi-coherent injective resolutions. The ⊗-Hom adjunc-
tion follows. In the next section we address the question of the existence of
dualizable generators. These are a suitable representative set of isomorphy
classes of perfect complexes. We show that perfect complexes are strongly
dualizable in Proposition 4.4. Its proof differs greatly from the corresponding
one in the case of schemes [AJPV1, Proposition 4.4] because the coherator
does not provide in this case an equivalence of categories. All in all, this
completes the verification of the axioms of stable homotopy category.
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In the last section we consider a geometric stack X = Stck(A•), presented
as the stack associated to a groupoid in affine schemes defined by a Hopf al-
gebroid A•. We show that the equivalence of categories from [AJPV2, Corol-
lary 5.9] preserves the symmetric closed structures between the categories
Aqc(X) and A•-coMod of quasi-coherent sheaves on X and A•-comodules, re-
spectively. Along the way we give a purely algebraic description of the inter-
nal Hom in A•-coMod. The equivalence extends to the corresponding derived
categories preserving their symmetric closed structures.

Acknowledgements. We thank A. J. de Jong for illuminating conversations
about the construction of big sites in [SP].

1. BASIC RESULTS

We will follow the notation and conventions in [AJPV2]. In particular, we
will denote by X a geometric stack (i.e. a semi-separated and quasi-compact
Artin stack). Further, we will denote by Xfppf the topos associated to its small
flat site Afffppf /X. Its objects are pairs (V ,v) with V an affine scheme and
v : V →X a flat finitely presented 1-morphism of stacks and its coverings are
given by jointly surjective families of finitely presented flat maps. We recall
that X admits a presentation p : U →X where U is an affine scheme and p
is a surjective smooth morphism, see [AJPV2, §3.1]. In this setting, p is an
affine morphism, see loc. cit. Sometimes it will be enough to take a faithfully
flat morphism of finite presentation. All our presentations will be of this kind.

1.1. Notice that there is a canonically defined sheaf of rings on Afffppf /X, i.e.
a ring object in Xfppf , that we denote by OX. There is a naturally associated
category of sheaves of modules, OX-Mod. As Xfppf has enough points [AJPV2,
Remark after 3.6], OX-Mod is abelian, with exact directed limits and (a set of)
generators, in other words, a Grothendieck category1. Following our previous
usage we will denote it by A(X) :=OX-Mod and its derived category by D(X).

1.2. Inside of A(X) there is a full abelian subcategory of quasi-coherent OX-
Modules on Xfppf denoted Qco(X) in [AJPV2]. Notice that it has two possible
descriptions, as per the definition through local presentations [AJPV2, 1.6]
or the equivalent characterization as Cartesian presheaves, [AJPV2, 1.3] i.e.
presheaves whose restriction map induces an isomorphism after base change.
The agreement of both notions is proved in [AJPV2, Theorem 3.12]. From
now on we will denote this category as Aqc(X) :=Qco(X) and its derived cate-
gory by D(Aqc(X)).

We quote the following result. It will unlock many of the features of the
derived category of the category of quasi-coherent OX-Modules on the small
flat site of a geometric stack.

Theorem 1.3. For a geometric stack X, Aqc(X) is a Grothendieck category.
1For a proof, one may consult [KS, Theorem 18.1.6], having in mind that OX is a ZX-

algebra.
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Proof. See [AJPV2, Corollary 5.10]. �

Theorem 1.4. The category D(Aqc(X)) satisfies the axioms (i), (iv) and (v)
from [AJPV1, 1.1] or [HPS, 1.1].

Proof. These assertions are consequences of the fact that Aqc(X) is a Grothen-
dieck category.

The statement (i) is trivial because a derived category is triangulated by
construction (cf. [Li, Example (1.4.4)]). The existence of coproducts is due to
existence and exactness of coproducts in an AB5 category. And (v) is satisfied
because a cohomological functor from the derived category of a Grothendieck
category to Ab is representable as follows from [AJS, Theorem 5.8]. �

1.5. The coherator functor on geometric stacks. Let us consider the
inclusion functor ι : Aqc(X) → A(X). We will construct a right adjoint, the co-
herator, QX : A(X) → Aqc(X). For an affine scheme the construction of the
coherator is simple. Let V be an affine scheme and F ∈ A(V ). We take
QV F := ãΓ(V ,F ) and αF : QV F → F the canonical map. It is well-known
that in this case we have an adjunction ιaQV [I, Lemme 3.2]. For any affine
scheme V we will abbreviate Q :=QV .

Now, let p : U → X be a presentation of the geometric stack X. Recall
that both p∗ and p∗ preserve quasi-coherence ([AJPV2, Proposition 6.16 and
6.17], respectively). Consider the Cartesian diagram:

U ×XU U

U X

p2

p1 p

p

φ

By virtue of [AJPV2, Corollary 6.15], there are natural isomorphisms

φ∗ : p∗
2 p∗ → p∗

1 p∗ and φ∗ : p∗p1∗ → p∗p2∗ .

For F ∈ A(X), let QXF be defined as the equalizer of the lower row of the
following commutative diagram:

F p∗p∗F p∗p2 ∗p∗
1 p∗F

QXF p∗Qp∗F p∗p2 ∗Qp∗
1 p∗F .

αF p∗αp∗F p∗p2 ∗αp∗1 p∗F

The top horizontal maps on the right are the compositions of the morphisms
p∗p∗ → p∗pi ∗p∗

i p∗ defined via the units of the adjunctions p∗
i a pi∗, with

the natural isomorphisms

p∗pi ∗p∗
i p∗ −̃→ p∗p2 ∗p∗

1 p∗

induced by φ∗ and φ∗, where i ∈ {1,2}.
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The bottom horizontal maps are given by the same units composed now
with the following composites of natural maps

p∗pi ∗p∗
i Qp∗ −→ p∗pi ∗Qp∗

i p∗ −̃→ p∗p2 ∗Qp∗
1 p∗

again i ∈ {1,2}. Notice that the first map need not be an isomorphism. The
map αF is the one induced between both equalizers and it is an isomorphism
whenever F is quasi-coherent. It is straightforward to check that this con-
struction yields an adjunction ιaQX and α is the counit.

Remark. Let T= p∗p∗. Recall the equalizer diagram [AJPV2, Lemma 3.11]:

F −→TF −→−→T2F

Notice that it corresponds to the top row of the previous diagram by the base
change isomorphism p2 ∗p∗

1
∼= p∗p∗.

The functor ι : Aqc(X) → A(X) is exact, while QX is just left-exact. They
induce an adjunction

D(Aqc(X))
RQX←−−→

ι
D(X)

between the derived categories. Denote, as usual, by Dqc(X) the full subcat-
egory of D(X) formed by those complexes whose homology is quasi-coherent.
We have the following

Proposition 1.6. The previous adjunction induces an equivalence of cate-
gories D+

qc(X)∼=D+(Aqc(X)).

Proof. It is enough to check that both the unit and counit of the adjunction
restricted to the bounded below categories are equivalences. Now we can
use the way-out Lemma [Li, Lemma (1.11.3)] because both ι and RQX are
bounded below, the former because it comes from an exact functor between
abelian categories and the latter is a right derived funtor of a left exact funtor
between abelian categories. Thus, by way-out we are reduced to check that
RQXF

p
ä ∼= F for F ∈ Aqc(X). Choose a presentation p : U → X with U an

affine scheme.
Let G ∈ Aqc(U) and G → I be an injective resolution of OU -Modules. By

the exactness of p∗, we have that p∗I is a complex of injective OX-Modules.
For all (V ,v) ∈ Afffppf /X, it holds that H i(V ×XU ,G ) = 0,∀i > 0, since V ×XU
is an affine scheme [AJPV2, §3.1]. We conclude that p∗I is a resolution of
p∗G . As a consequence,

RiQXp∗G ∼= H i(QXp∗I )∼= H i(p∗QI )∼= p∗H i(ãΓ(U ,I ))∼= p∗ ãHi(U ,G )∼= 0

from which we conclude that the complexes in the image of p∗ are acyclic for
QX. For F ∈Aqc(X), let T•F be the complex

· · · −→ 0−→TF −→T2F −→T3F −→ ·· · .

Notice that this yields a resolution F → T•F by QX-acyclic sheaves, there-
fore RQXF

p
ä ∼= QXT•F but the complex T•F is formed by quasi-coherent

sheaves, so QXT•F =T•F ∼=F and we are done. �
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Remark. This statement is also proved in [Lu, Theorem 3.8], but the present
proof is different. It is inspired by [TT, Proposition B.16].

2. THE RESOLUTION PROPERTY AND ADAMS STACKS

Let X= Stck(A•) be a geometric stack, i.e. a quasi-compact semi-separated
algebraic stack. By choosing a presentation p : U →X with U := Spec(A0) an
affine scheme and A1 such that U ×XU = Spec(A1), the couple A• := (A0, A1)
is a flat Hopf algebroid. See, for instance, [AJPV2, §5.1]. For a general dis-
cussion of Hopf algebroids, see [R, Appendix A1].

2.1. According to [Ho3, Definition 1.4.3], X satisfies the Adams condition
whenever A1 is the filtered colimit of comodules whose underlying A0-module
is projective and finitely generated.

We may rephrase the definition as follows: an Adams geometric stack
is one such that, for any presentation p : U → X by an affine scheme, the
sheaf p∗OU is a filtered direct limit of finitely generated locally free sheaves
on X. Indeed, through the equivalence of categories between A•-comodules
and Aqc(X) [AJPV2, Corollary 5.9 and Proposition 5.12], the comodule corre-
sponding to the sheaf p∗OU is (A1,∇). Also, a comodule whose underlying
A0-module is projective and finitely generated corresponds to a finitely gen-
erated locally free sheaf.

The relevance of the Adams condition for the study of quasi-coherent sheaves
on a geometric stack was put forth by Hovey in [Ho1] motivated by consider-
ations from homotopy theory.

2.2. Let us recall the version of the resolution property2 appropriate for a
non-Noetherian situation. An algebraic stack (or scheme) possesses the res-
olution property if and only if every quasi-coherent sheaf is a quotient of a
coproduct of finitely generated locally free sheaves, i.e. the category of quasi-
coherent sheaves is generated by the collection of finitely generated locally
free sheaves.

The Adams condition may seem at first somewhat technical, but by a the-
orem of Schäppi it is equivalent to the resolution property, let us state it
precisely:

Theorem 2.3. A geometric stack is Adams if and only if the resolution prop-
erty holds.

Proof. This is a restatement of [S, Theorem 1.3.1] where the “only if” part is
proved. The “if” part is already contained in [Ho3, Proposition 1.4.4]. �

In the case of quasi-compact semi-separated schemes, the Adams condi-
tion may be expressed as follows. Let X be such a scheme and X =∪n

i=1Ui an
affine open cover. Let U := ∐n

i=1Ui and p : U → X the canonical morphism.
Then every quasi-coherent sheaf is a quotient of a coproduct of finitely gener-
ated locally free sheaves if and only if p∗OU is.

2Sometimes called also the “strong resolution property”.
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2.4. The resolution property or Adams condition is not easy to characterize
even in the case of schemes. It is clear that quasi-projective or, more gener-
ally, quasi-compact divisorial schemes possess this property. For a thorough
treatment of what was known in 2004, see [To]. More recently, it is worth
mention that Gross has proved that any separated algebraic surface has the
resolution property [Gr]. On algebraic stacks, Edidin, Hassett, Kresch and
Vistoli [EHKV] proved that the resolution property forces a stack to be a
quotient stack, i.e. it admits a presentation of the form [X /G] where X is
an algebraic space of finite type over some Noetherian base scheme S with
an action of a affine group scheme G. In [Kr], Kresch proves that what he
calls quasi-projective stacks satisfy the resolution property. These are finite
type Deligne-Mumford stacks over a characteristic zero field K that admit
a (locally) closed embedding into a smooth Deligne-Mumford stack which is
proper over Spec(K) and has projective coarse moduli space.

Remark. As it is well known, on algebraic stacks (as well as on schemes)
is almost never the case that the category Aqc(X) has enough projectives3.
Thus, to show the existence of left derivatives of important functors, like the
tensor product we will have to resort to appropriate acyclic resolutions. We
will explain this in the next sections.

3. CLOSED STRUCTURE

3.1. Let X be a geometric stack. We begin by recalling that A(X) is a closed
category. First for any two sheaves of modules F ,G ∈ A(X) one has a sheaf
F ⊗OX G defined as the sheaf on Afffppf /X associated to the presheaf:

(V ,v) F (V ,v)⊗OV (V ,v) G (V ,v)

see [SGA 41, IV, Proposition 12.10]. It is an OX-Module by commutativity, as
usual.

Similarly, the presheaf

(V ,v) HomOV (F |V ,G |V )

is a sheaf by [SGA 41, IV, Proposition 12.1]. We will denote it by H omX(F ,G ).
All the usual properties that give the category a symmetric closed struc-

ture are satisfied as in the case of schemes [Li, (3.4.1)], specially the adjunc-
tion for F ,G ,H ∈A(X), see [SGA 41, 12.8],

HomA(X)(F ⊗OX G ,H )−̃→HomA(X)(F ,H omX(G ,H )) (3.1.1)

that holds internally, too, i.e. with the external Hom replaced by the homo-
morphism sheaf. The unit object for the monoidal structure is OX as expected.

Proposition 3.2. Let X be a geometric stack, and let F ,G ∈ Aqc(X). Then,
F ⊗OX G ∈Aqc(X).

3In fact this is equivalent to the stack (or scheme) being an affine scheme.
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Proof. As Cartesian presheaves are already sheaves [AJPV2, Lemma 3.7] and
quasi-coherent sheaves agree with Cartesian presheaves [AJPV2, Theorem
3.12], it is enough to check the condition of being Cartesian on the corre-
sponding presheaves.

Let ( f ,α) : (W ,w) → (V ,v) a morphism in Afffppf /X, and let W := Spec(B)
and V :=Spec(C). Associated to the restriction

(F ⊗OX G )( f ,α) : F (V ,v)⊗C G (V ,v)−→F (W ,w)⊗B G (W ,w)

we have a morphism (notation as in [AJPV2, 1.3])

((F ⊗OX G )( f ,α))a : B⊗C (F (V ,v)⊗C G (V ,v))−→F (W ,w)⊗B G (W ,w)

To see that F ⊗OX G is cartesian we have to check that this last map is an
isomorphism. The result follows from the commutativity of the following di-
agram.

B⊗C (F (V ,v)⊗C G (V ,v)) F (W ,w)⊗B G (W ,w)

(B⊗C (F (V ,v))⊗B (B⊗C G (V ,v))

((F ⊗OX G )( f ,α))a

w (F ( f ,α))a⊗B (G ( f ,α))a

where w is the canonical isomorphism given by w(b⊗m⊗n) := b⊗m⊗1⊗n. �

3.3. As on any closed category, we say that a quasi-coherent sheaf F on a
geometric stack X is flat, if the functor F ⊗OX − is exact.

Lemma 3.4. Let X be a geometric stack. If E is a locally free finite-type OX-
Module then E is flat.

Proof. Let p
p

ä: U → X be a presentation. The assertion that E is a locally
free finite-type OX-Module amounts to say that p∗E is a locally free finite-
type OU -Module. It follows that E (U , p) is a flat A0-module.

We want to check that E (V ,v) is a flat OX(V ,v)-module for every (V ,v) ∈
Afffppf /X. Put V =Spec(B). If (V ,v) factors through (U , p), the result is clear,
by the Cartesian property E (V ,v) ∼= B⊗A0 E (U , p) since flatness is preserved
by base change. Otherwise, we have a pull-back square

V ×XU U

V X

v′

p′ p

v

φ

Let V×XU =Spec(B′) [AJPV2, §3.1]. By the previous argument E (V×XU ,vp′)
is a flat B′-module. Now, by the Cartesian property of E , we have that E (V ×X

U ,vp′)∼= B′⊗B E (V ,v) and we conclude because p′ is faithfully flat. �

Remark. Lurie presents another approach of this result in [Lu, Example 5.8.]
and discusses the relation between local flatness and exactness of tensor
product for an algebraic stack.
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3.5. Denote by K(Aqc(X)) the homotopy category of complexes of objects in
Aqc(X). Following [Li, §2.5] we say that a complex P ∈K(Aqc(X)) is q-flat if
given an acyclic complex A ∈K(Aqc(X)), P ⊗OX A is also acyclic.

Proposition 3.6. Every complex in K(Aqc(X)) on an Adams geometric stack X
is quasi-isomorphic to a q-flat complex, in other words, has a q-flat resolution.

Proof. By Theorem 2.3 and Lemma 3.4 every object can be covered by a flat
quasi-coherent sheaf. Now, by the usual step by step procedure we see that
every complex in K−(Aqc(X)) has a (bounded above) resolution by flat sheaves,
therefore a q-flat resolution, see [Li, Proposition (2.5.5)]. By taking limits (or
just homotopy limits imitating the procedure in [AJS, Proposition 4.3]) we
extend the result to unbounded complexes of quasi-coherent sheaves, having
in mind that a direct limit (or a coproduct) of flat sheaves remains flat. �

Now, let us transport the monoidal structure of Aqc(X) to the derived cate-
gory of quasi-coherent sheaves.

Corollary 3.7. For an Adams geometric stack X there is a bifunctor

−⊗L
OX
− : D(Aqc(X))×D(Aqc(X))→D(Aqc(X))

called the derived tensor product.

Proof. Use the existence of q-flat resolutions (Proposition 3.6). The fact that
acyclic resolutions yield derived functors is explained in [Li, (2.5.7)]. �

Remark. Let X be an Adams geometric stack.

(i) The usual balancing property of Tor follows from the fact that for
F ,G ∈ K(Aqc(X)) and PF → F , PG → G the corresponding q-flat
resolutions we have the following quasi-isomorphisms

PF ⊗OX G −̃→F ⊗L
OX

G ←̃−F ⊗OX PG .

(ii) As the derived tensor product is obtained much in the same way
as in well-known contexts (like sheaves of modules on a scheme,
quasi-coherent sheaves on a quasi-compact quasi-separated scheme,
etc.) the usual properties that make the triple (D(Aqc(X)),⊗L

OX
,OX) a

monoidal category hold. To complete the closed structure we need a
little extra work.

3.8. The internal hom. Let X be a geometric stack. In general for F ,G ∈
Aqc(X) it is not guaranteed that H omX(F ,G ) ∈ Aqc(X) unless we impose
strong finiteness conditions on F . To define a closed monoidal structure,
we have to apply the coherator functor to the internal hom in A(X) and we
get the bifunctor QXH omX(F ,G ) which takes values in Aqc(X).

Proposition 3.9. There is an adjunction isomorphism

HomAqc(X)(F ,QXH omX(G ,H ))−̃→HomAqc(X)(F ⊗OX G ,H ).
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Proof. It is obtained as the composition of the following chain of isomor-
phisms

HomAqc(X)(F ⊗OX G ,H )=HomA(X)(F ⊗OX G ,H ) (Aqc(X) is full in A(X))
∼=HomA(X)(F ,H omX(G ,H )) (3.1.1)
∼=HomAqc(X)(F ,QXH omX(G ,H )) (ιaQX)

The readers will check easily that these isomorphisms are natural. �

Lemma 3.10. Let X be an Adams geometric stack, and let I ∈ K(Aqc(X))
be a q-injective complex. Then, the functor QXH om•

X(−,I ) preserves quasi-
isomorphisms in K(Aqc(X)).

Proof. It is enough to prove that if the complex F ∈K(Aqc(X)) is acyclic, then
so is QXH om•

X(F ,I ). Let E be an OX-Module finitely generated and locally
free. Take n ∈Z. Notice that

HomK(Aqc(X))(E [n],QXH om•
X(F ,I ))∼=HomK(Aqc(X))(E [n]⊗OX F ,I )= 0

because E [n]⊗OX F is acyclic. But the collection of finitely generated and lo-
cally free sheaves generate Aqc(X) (Theorem 2.3), therefore QXH om•

X(F ,I )
is acyclic. �

3.11. For F ,G ∈D(Aqc(X)), we define:

HHH om•
X(F ,G ) :=RQXH om•

X(F ,G )

i.e. the derived functor (on the second variable) in D(Aqc(X)) of the composite
functor QXH om•

X. Notice that it is a ∆-bifunctor in two variables.

Lemma 3.12. Let X be a geometric stack. If P ∈ K(Aqc(X)) is q-flat and
I ∈K(Aqc(X)) is q-injective, then QXH om•

X(P ,I ) is q-injective in K(Aqc(X)).

Proof. Let F ∈K(Aqc(X)) be an acyclic complex. Note that by Proposition 3.9

HomK(Aqc(X))(F ,QXH om•
X(P ,I ))∼=HomK(Aqc(X))(F ⊗OX P ,I )= 0,

since the complex F ⊗OX P is exact. We conclude by [Li, Proposition (2.3.8)]
that QXH omX(P ,I ) is q-injective. �

Proposition 3.13. Let X be an Adams geometric stack and let F ,G ,H ∈
D(Aqc(X)). There is a natural isomorphism in D(Aqc(X))

HomD(Aqc(X))(F ,HHH om•
X(G ,H ))−̃→HomD(Aqc(X))(F ⊗L

OX
G ,H ).

This establishes an adjunction −⊗L
OX

G aHHH om•
X(G ,−) in D(Aqc(X)).

Proof. Choose PG →G a q-flat resolution and H →IH a q-injective resolu-
tion. Let D stand for D(Aqc(X)) and K for K(Aqc(X)). Consider the following
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chain of isomorphisms

HomD(F ,HHH om•
X(G ,H ))=HomD(F ,RQXH om•

X(G ,H ))
∼=HomD(F ,QXH om•

X(G ,IH ))
∼=HomD(F ,QXH om•

X(PG ,IH )) (Lemma 3.10)
∼=HomK(F ,QXH om•

X(PG ,IH )) (Lemma 3.12)
∼=HomK(F ⊗OX PG ,IH ) (Proposition 3.9)
∼=HomD(F ⊗OX PG ,H )
∼=HomD(F ⊗L

OX
G ,H )

The composed isomorphism is the one we were looking for. �

Corollary 3.14. Let X be an Adams geometric stack and F ,G ,H ∈D(Aqc(X)),
then the internal adjunction holds, i.e. there is a natural isomorphism in
D(Aqc(X))

HHH om•
X(F ,HHH om•

X(G ,H ))→̃HHH om•
X(F ⊗L

OX
G ,H ).

Proof. It is a consequence of the axioms of a symmetric monoidal closed cate-
gory, see [Li, Exercise (3.5.3) (e)]. �

Theorem 3.15. Let X be an Adams geometric stack. The category D(Aqc(X))
has a natural structure of symmetric monoidal closed category, in other words,
axiom (ii) of [HPS, 1.1] holds.

Proof. As we remarked (D(Aqc(X)),⊗L
OX

,OX) constitutes a monoidal category.
The internal hom is well behaved, namely, the adjunction

−⊗L
OX

G aHHH om•
X(G ,−)

for every G ∈ D(Aqc(X)), holds by Proposition 3.13. It is clear that both bi-
functors are ∆-functors in either variable. Finally, the diagram

OX[r]⊗L
OX

OX[s] OX[r+ s]

OX[s]⊗L
OX

OX[r] OX[r+ s]

∼

θ (−1)rs

∼

with θ defined as in [Li, (1.5.4.1)] is commutative. Note that OX is q-flat
considered as a complex concentrated in degree 0. The map θ corresponds to
T in [HPS, Definition A.2.1(4)]. �

4. DUALIZABLE GENERATORS

4.1. Let X be a geometric stack. A complex F ∈D(Aqc(X)) is called strongly
dualizable if the canonical map

HHH om•
X(F ,OX)⊗L

OX
G −→HHH om•

X(F ,G )

is an isomorphism for all G ∈D(Aqc(X)) [HPS, Definition 1.1.2].
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A complex E ∈K(Aqc(X)) is called strictly perfect if it is a bounded complex
of locally free finitely generated modules. We say that E is perfect if it is
locally (for the small flat topology) quasi-isomorphic to a strictly perfect com-
plex. Observe that E is perfect if, and only if, for any presentation p : U →X,
the complex p∗E is quasi-isomorphic to a strictly perfect complex.

Notice that on an Adams geometric stack every perfect complex is isomor-
phic to a strictly perfect complex in D(Aqc(X)). The interested reader may
adapt the proof in [I, Proposition 2.2.9 (b)] or [TT, Proposition 2.3.1 (d)].

Proposition 4.2. In this setting, if E is strictly perfect, then E is q-flat.

Proof. By Lemma 3.4, E is a bounded complex of flat sheaves, therefore it is
q-flat. �

We have the following analogue of [TT, Theorem 2.4.1 (c)].

Lemma 4.3. If E is a strictly perfect complex and H quasi-coherent, it follows
that H om•

X(E ,H ) ∈K(Aqc(X)).

Proof. It is a (fppf-)local question, so the proof follows similar lines that the
aforementioned result. Let p

p
ä: U → X be a presentation, it is enough to

check that p∗H om•
X (E ,H ) ∈K(Aqc(U)) using [AJPV2, Lemma 3.11], in view

of the agreement between quasi-coherent sheaves and Cartesian presheaves.
But p∗H om•

X(E ,H ) = H om•
U (p∗E , p∗H ), and this last complex is made of

quasi-coherent sheaves because the components p∗E are finitely generated
locally free modules and those of p∗H are quasi-coherent. �

Proposition 4.4. Let X be an Adams geometric stack. A perfect complex in
D(Aqc(X)) is strongly dualizable.

Proof. Let E be a perfect complex that we may suppose strictly perfect and
G ∈D(Aqc(X)). Choose a q-injective resolution G →IG in such a way that

RH om•
X(E ,G )=H om•

X(E ,IG ).

Being E strictly perfect and IG quasi-coherent, it follows from Lemma 4.3
that H om•

X (E ,IG ) is quasi-coherent too. To show that

HHH om•
X(E ,OX)⊗L

OX
G −→HHH om•

X(E ,G )

is an isomorphism, we just have to prove that

α : RH om•
X(E ,OX)⊗L

OX
G −→RH om•

X(E ,G )

is an isomorphism in D(Aqc(X)). Take a presentation p : U → X and a q-
injective resolution OX →IOX , we have
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p∗(RH om•
X(E ,OX)⊗L

OX
G )∼= p∗(H om•

X(E ,IOX)⊗L
OX

G )
∼= p∗H om•

X(E ,IOX)⊗L
OU

p∗G

∼=H om•
U (p∗E , p∗IOX )⊗L

OU
p∗G

∼=H om•
U (p∗E ,OU )⊗L

OU
p∗G (♦)

∼=H om•
U (p∗E , p∗G )

∼=H om•
U (p∗E , p∗IG )

∼= p∗H om•
X(E ,IG )

∼= p∗RH om•
X(E ,G )

The isomorphism (♦) is a consequence that perfect complexes like p∗E are
strongly dualizable on an (affine) scheme. We conclude that p∗α is an iso-
morphism. Then, by faithful flatness of p, α is also an isomorphism. �

The following lemma is well-known, but we recall it here for the conve-
nience of the readers. It expresses the agreement of two notions of generation
of cocomplete triangulated categories, one of them used in [HPS]. Let A be
a Grothendieck category. We say that D(A) is generated by a subset of ob-
jects S if D(A) is its smallest triangulated subcategory stable for coproducts
containing S.

Lemma 4.5. D(A) is generated by S if and only if S⊥ = 0.

Proof. It follows, for instance, from [AJS, Theorem 5.7] in view of [AJS, Propo-
sition 1.6]. �

The next theorem gives a particular set of generators of D(Aqc(X)).

Theorem 4.6. Let X be an Adams geometric stack. Axiom (iii) of [HPS, 1.1]
holds in the category D(Aqc(X)).

Proof. In view of Proposition 4.4, to prove that strongly dualizable objects
generate D(Aqc(X)), it is enough to prove that perfect complexes do. And
this follows from the Adams condition. Indeed, by Theorem 2.3, the category
Aqc(X) is generated in the sense of Abelian categories with coproducts by the
set (of isomorphism classes) of locally free sheaves. Therefore the set of all
of its suspensions, which are indeed perfect complexes themselves, generate
D(Aqc(X)) by the previous lemma. �

Remark. The previous result does not imply that D(Aqc(X)) is compactly gen-
erated. By [HNR, Theorem 1.3] there are examples of geometric stacks X in
which Dqc(X) and therefore D(Aqc(X)) are not compactly generated. Notice
that BGa, the classifying stack of the additive group Ga, is an Adams geomet-
ric stack that satisfies the hypothesis in loc. cit.

Corollary 4.7. Let X be an Adams geometric stack, the category D(Aqc(X)) is
a stable homotopy category in the sense of [HPS].
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Proof. Combine Theorems 1.4, 3.15, 4.6. �

Remark. In a recent preprint Hall and Rydh prove that for a geometric stack
X with quasi-finite diagonal, the category Dqc(X) is compactly generated by
a single perfect complex [HR, Theorem A]. Thus, in this case, the category
D(Aqc(X)) is an algebraic stable homotopy category, in the terminology of
[HPS, Definition 1.1.4].

5. THE CLOSED STRUCTURE AND COMODULES

5.1. Let A• be a Hopf algebroid and X = Stck(A•) its associated geometric
stack. Let us relate the comodule tensor product over A• with the just de-
scribed tensor product in Aqc(X).

Let (M,ψM) and (N,ψN ) be left A•-comodules. It is possible to define a
structure of comodule on M⊗A0 N, that we will denote by M⊗c

A•
N and whose

structure map is given by the composition

M⊗A0 N
ψM⊗ψN−−−−−→ (A1 ηR⊗A0 M)⊗A0 (A1 ηR⊗A0 N)

g−→ A1 ηR⊗A0 M⊗A0 N

where g(a⊗m⊗a′⊗n)= aa′⊗m⊗n. We follow the definition given by Hovey
in [Ho3, Lemma 1.1.2] (where ⊗c is denoted by ∧).

Denote by A•-coMod the category of A•-comodules. Recall the equivalence

ΓX
p : Aqc(X)−̃→A•-coMod

from [AJPV2, Corollary 5.9]. Our next task will be to show that his equiva-
lence respects the closed structure on the corresponding categories.

Proposition 5.2. We have that

ΓX
p (F ⊗OX G )−̃→ΓX

p (F )⊗c
A• Γ

X
p (G )

Proof. Let us recall some basic notation. We have a Cartesian diagram

U ×XU U

U X

p2

p1 p

p

φ (5.2.1)

Note that U = Spec(A0) and U ×X U = Spec(A1). Let M = F (U , p) and N =
G (U , p). Then ΓX

p (F )= (M,ψM) and ΓX
p (G )= (N,ψN ), where

ψM = (F (p2, id)a)−1F (p1,φ−1) and ψN = (G (p2, id)a)−1G (p1,φ−1)

We have to compare g◦(ψM⊗ψN ) with the structure map of P :=ΓX
p (F⊗OXG ).

As before, this map is

ψP = (((F ⊗OX G )(p2, id))a)−1(F ⊗OX G )(p1,φ−1)
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We have a commutative diagram, with U1 :=U ×XU ,

A1 ⊗A0 (F (U , p)⊗A0 G (U , p)) F (U1, pp2)⊗A1 G (U1, pp2)

(A1 ⊗A0 (F (U , p))⊗A1 (A1 ⊗A0 G (U , p))

((F ⊗OX G )(p2, id))a

w F (p2, id)a⊗A1 G (p2, id)a

notation as in Proposition 3.2. Therefore,

ψP = w−1 ◦ (F (p2, id))a⊗A1 G (p2, id)a)−1 ◦ (F ⊗OX G )(p1,φ−1)

= w−1 ◦ (F (p2, id)a⊗A1 G (p2, id)a)−1 ◦ (F (p1,φ−1)⊗A1 G (p1,φ−1)

= g ◦ ((F (p2, id)a)−1 ◦F (p1,φ−1))⊗A0 ((G (p2, id)a)−1 ◦G (p1,φ−1))
= g ◦ (ψM ⊗ψN )

as wanted. �

5.3. The hom comodule. Let, as before, A• be a Hopf algebroid and X =
Stck(A•) its associated geometric stack. Given A•-comodules M, N there is
an associated abelian group HomA•-coMod(M, N). This does not support the
comodule structure for an internal hom in the category, as one can realize by
considering the case in which M = A0. See the example after Corollary 5.7.
The construction of the comodule that corresponds to the internal hom will
start with a simple characterization when the second comodule N is extended
and from this case one defines it for every comodule. The following easy
observation will be of use.

Lemma 5.4. There is an adjunction

A•-coMod A0-Mod
A1 ⊗A0 −

U

where for M ∈ A•-coMod we define U(M,ψ)= M and for N ∈ A0-Mod the mod-
ule A1 ⊗A0 N is endowed with its canonical extended comodule structure.

Proof. It is a special case of [AJPV2, 7.3]. �

From now on we will mostly omit the structure morphism in (M,ψ) and we
will use systematically the notation ψ=ψM for it. To our end, first consider
M ∈ A•-coMod and N ′ ∈ A0-Mod. Define

Homc
A•(M, A1 ⊗A0 N ′) := A1 ⊗A0 HomA0(M, N ′)

with its structure of extended comodule, see [AJPV2, 5.3].
Let ϕ : A1 ⊗A0 N → A1 ⊗A0 N ′ be a homomorphism of extended comodules.

Let us describe Homc
A•(M,ϕ) : Homc

A•(M, A1 ⊗A0 N) → Homc
A•(M, A1 ⊗A0 N ′)

explicitly as follows. Consider the composition

(ε⊗ id)ϕ(id⊗ev): A1 ⊗A0 HomA0(M, N)⊗A0 M −→ N ′
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where ev: HomA0(M, N)⊗A0 M → N denotes the evaluation morphism and
ε : A1 → A0 the counit of A•. By adjunction one obtains an A0-linear map

ϕ : A1 ⊗A0 HomA0(M, N)−→HomA0(M, N ′)

and we apply the adjunction in Lemma 5.4 which yields the desired comodule
homomorphism Homc

A•(M,ϕ). Further, this construction induces a natural
isomorphism for extended comodule homomorphisms

HomA•-coMod(P,Homc
A•(M, A1 ⊗A0 N)))→̃HomA•-coMod(P ⊗c

A• M, A1 ⊗A0 N)).
(5.4.1)

Now, present a general comodule N ∈ A•-coMod as a kernel of extended
comodules

0−→ N
ψN−−→ A1 ⊗A0 N −→ A1 ⊗A0 N ′ (5.4.2)

and define the hom comodule as the following kernel

0−→Homc
A•(M, N)−→Homc

A•(M, A1 ⊗A0 N)−→Homc
A•(M, A1 ⊗A0 N ′).

This definition extends to all comodules by functoriality of kernels in view of
the presentation (5.4.2).

Proposition 5.5. Let A• be a Hopf algebroid and P, M, N ∈ A•-coMod. We
have the following isomorphism

HomA•-coMod(P,Homc
A•(M, N))→̃HomA•-coMod(P ⊗c

A• M, N).

This establishes an adjunction −⊗c
A•

M aHomc
A•(M,−) in A•-coMod.

Proof. Let f : P ⊗c
A•

M → N and consider the composition

P ⊗c
A• M

f−→ N
ψN−→ A1 ⊗A0 N

ϕ−→ A1 ⊗A0 N ′

where ϕ is induced by a presentation like (5.4.2). The morphism ψN ◦ f cor-
responds to f : P →Homc

A•(M, A1⊗A0 N) by (5.4.1). Notice that the morphism
Homc

A•(M,ϕ)◦ f = 0, therefore f factors through a map

f a : P −→Homc
A•(M, N).

Conversely, let g : P → Homc
A•(M, N). It induces a comodule morphism

g′ : P → Homc
A•(M, A1 ⊗A0 N) that corresponds by invoking again (5.4.1) to

g : P ⊗c
A•

M → A1 ⊗A0 N. It holds that ϕ◦ g = 0 and this gives a morphism

ga : P ⊗c
A• M −→ N

One checks that these two maps correspond to the desired adjunction. �

Corollary 5.6. Let A• be a Hopf algebroid and P, M, N ∈ A•-coMod. The pre-
vious adjunction also hold internally, i.e. we have the following isomorphism

Homc
A•(P,Homc

A•(M, N))−̃→Homc
A•(P ⊗c

A• M, N).

Proof. This follows as usual formally from the axioms of closed category, see
[Li, Exercise (3.5.3)(e)]. �
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Remark. As a consequence we have the following isomorphism

HomA•-coMod(A0,Homc
A•(M, N))−̃→HomA•-coMod(M, N).

expressing the relationship between external and internal homs.

Corollary 5.7. For F and G in Aqc(X), we have the following isomorphism
of bifunctors

ΓX
p (QXH omX(F ,G ))−̃→Homc

A•(Γ
X
p (F ),ΓX

p (G ))

Proof. Equivalences of categories transform adjunctions into adjunctions, so
the isomorphism follows from [AJPV2, Corollary 5.9], using Proposition 5.2
and Proposition 5.5. �

Example. Let G = Spec(H) be an affine flat algebraic group over an affine
scheme Spec(R). Assume that G acts on the affine scheme X = Spec(A).
There is a structure of Hopf algebra on H [J, I. 2.3]. We are in the setting
of [AJPV2, Examples 5.2 and 5.11]. In this situation, the pair (A,H ⊗R A)
constitutes a Hopf algebroid with flat structure maps.

Consider the stack:

[X /G] := Stck(A,H⊗R A).

This stack is the geometric quotient of the scheme X by the action of G. The
canonical quotient map p : X → [X /G] is a presentation.

A comodule M over (A,H ⊗R A) corresponds to a G-equivariant quasi-
coherent sheaf over X . According to [J, I. 2.10 (5)] (adapting the notation)
for two comodules M and N we have that

Hom(A,H⊗R A)-coMod(M, N)≡HomG(M, N)=HomR(M, N)G

while, for M = R we have

Homc
(A,H⊗R A)(R, N)= N.

In general, N differs from NG unless the action is trivial.

5.8. The derived setting. Let A• be a Hopf algebroid and X = Stck(A•).
Having concluded that ΓX

p (and, as a consequence its quasi-inverse) respects
the closed structure on the equivalent categories, we transport this fact to
the setting of derived categories. We denote by D(A•) := D(A•-coMod) the
derived category of complexes of A•-comodules. Being ΓX

p exact, it induces an
equivalence of derived categories

ΓX
p : D(Aqc(X))−̃→D(A•)

that, as it is customary, we keep denoting the same. Notice that the bifunctor
Homc

A•(−,−) in A•-coMod defines a bifunctor hom complex in the category
C(A•) := C(A•-coMod) of complexes of A•-comodules, compare [Li, (1.5.3)].
Let A• be an Adams Hopf algebroid, i.e. a Hopf algebroid such that Stck(A•)
is an Adams geometric stack. In this case, imitating the proof of Lemma 3.10,
one sees that it induces a bifunctor in D(A•) that we write RHom•c

A•(−,−).
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Analogously, the derived functor of −⊗c
A•

− is defined and denoted −⊗cL
A•

−.
The next result upgrades the previous discussion to the derived setting.

Proposition 5.9. For F and G in D(Aqc(X)), we have the following isomor-
phism of bifunctors taking values in D(A•)

ΓX
p (F ⊗L

OX
G )−̃→ΓX

p (F )⊗cL
A• Γ

X
p (G )

ΓX
p (HHH om•

X(F ,G ))−̃→RHom•c
A•(Γ

X
p (F ),ΓX

p (G ))

Proof. By the previous discussion, they are consequences of Propostion 5.2
and Corollary 5.7, respectively. �

Remark. The equivalence between D(A•) and D(Aqc(X)), interchanges their
corresponding symmetric closed monoidal structures. Moreover, it is clear
that the collection of bounded complexes in D(A•) whose underlying A0-
modules are projective and finitely generated are strongly dualizable objects
and, by virtue of Theorem 4.6, they generate the derived category.

Corollary 5.10. Let A• be an Adams Hopf algebroid. Then, the category
D(A•) is a stable homotopy category in the sense of [HPS].

Proof. Combine Corollary 4.7 with Proposition 5.9 in view of the previous
discussion. �

5.11. Comparison with Hovey’s results. Hovey, in [Ho3, §2], defines the
projective model structure on C(A•). For our purposes it is enough to specify
the class of weak equivalences. Let φ : M → N denote a homomorphism in
C(A•). The class of weak equivalences is defined by

WHov := {φ / HomA•-coMod(P,φ) is a quasi-isomorphism ∀P ∈P}

where P denotes the class of comodules whose underlying A0-module is pro-
jective. He works systematically with the corresponding homotopy category.
Let us denote it by

DHov(A•) :=C(A•)[W−1
Hov]

Let W denote the class of all quasi-isomorphisms in C(A•); by [Ho3, Propo-
sition 2.1.5], we have WHov ⊂ W. This implies the existence of a canonical
∆-functor

DHov(A•)−→D(A•).

Notice that our constructions are the usual ones from homological algebra
without fixing a particular model structure on C(A•). We ignore if this functor
is monoidal. Moreover, we do not know how Hovey’s model structure on C(A•)
compares with those that have quasi-isomorphisms as weak equivalences,
like the injective structure in [Ho1] or the flat one in [Gi], among others.
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