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Abstract24

Energetic electron dynamics in the Earth’s radiation belts and near-Earth plasma sheet25

are controlled by multiple processes operating on very different time scales: from storm-26

time magnetic field reconfiguration on a timescale of hours to individual resonant wave-27

particle interactions on a timescale of milliseconds. The most advanced models for such28

dynamics either include test particle simulations in electromagnetic fields from global29

magnetospheric models, or those that solve the Fokker-Plank equation for long-term ef-30

fects of wave-particle resonant interactions. The most prospective method, however, would31

be to combine these two classes of models, to allow the inclusion of resonant electron scat-32

tering into simulations of electron motion in global magnetospheric fields. However, there33

are still significant outstanding challenges that remain regarding how to incorporate the34

long term effects of wave-particle interactions in test-particle simulations. In this paper,35

we describe in details two approaches that incorporate electron scattering in test par-36

ticle simulations: stochastic differential equation approach and the mapping technique.37

Both approaches assume that wave-particle interactions can be described as a probabilis-38

tic process that changes electron energy, pitch-angle, and thus modifies the test parti-39

cle dynamics. To compare these approaches, we model electron resonant interactions with40

field-aligned whistler-mode waves in dipole magnetic fields. This comparison shows ad-41

vantages of the mapping technique in simulating the nonlinear resonant effects, but also42

underlines that more significant computational resources are needed for this technique43

in comparison with the stochastic differential equation approach. We further discuss ap-44

plications of both approaches in improving existing models of energetic electron dynam-45

ics.46

1 Introduction47

One key element in substorm magnetosphere dynamics is plasma sheet injections48

into the inner magnetosphere (Baker et al., 1996; Birn et al., 1997; Nakamura et al., 2002;49

Angelopoulos et al., 2008; Gabrielse et al., 2012). Simulations of the energetic particle50

transport during such injections require modeling of large-scale magnetic field reconfig-51

uration and particle responses to a wide variety of kinetic processes, such as wave-particle52

resonant interactions and scattering by the magnetic field gradients. The most advanced53

approach here is the test-particle modeling in electromagnetic fields of global (magne-54

tosphere) MHD or hybrid simulations (e.g., Peroomian & El-Alaoui, 2008; Birn et al.,55

2004; Ashour-Abdalla et al., 2005). This approach can well resolve meso-scale electro-56

magnetic field structures, like plasma injection fronts (e.g., Wiltberger et al., 2015), and57

can reproduce main details of energetic electron (Ashour-Abdalla et al., 2011; Liang et58

al., 2014; Pan et al., 2014; Birn et al., 2014, 2022; Zhou et al., 2018; Sorathia et al., 2018)59

and ion (Peroomian & Zelenyi, 2001; Birn et al., 2015, 2017; Ukhorskiy et al., 2018) trans-60

port and energization. MHD simulations with sufficiently high spatial resolution can re-61

produce magnetic field gradients around injection (dipolarization) fronts and magneto-62

tail current sheets, and thus may adequately describe electron scattering by magnetic63

field-line curvatures (Eshetu et al., 2018, 2019; Desai et al., 2021). Moreover, global hy-64

brid simulations resolving ion kinetics (Lin et al., 2014; Lu et al., 2016, 2017) can repro-65

duce kinetic Alfven wave dynamics (Lin et al., 2017; Cheng et al., 2020), making it pos-66

sible to simulate the plasma sheet electron and ion acceleration by field-aligned transient67

electric fields (i.e., the main ion-kinetic feature of plasma injections (Chaston et al., 2012,68

2015; Ergun et al., 2015; Hull et al., 2020)). Although schemes to include electron ki-69

netics into global simulations are under development and verification (e.g., Chen et al.,70

2017; Walker et al., 2018; Alho et al., 2022), neither existing global MHD nor global hy-71

brid simulations can resolve electron-scale waves, and thus cannot describe the wide range72

of electron resonant phenomena associated with plasma injections (see discussion in Mozer73

et al., 2015; Malaspina et al., 2018; Ukhorskiy et al., 2022; Artemyev, Neishtadt, & An-74

gelopoulos, 2022).75
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Figure 1. Schematic of four main time-scales of electron motion during plasma sheet in-

jections into the inner magnetosphere. Four main time-scales: electron gyroperiod τg =

mc/eB ∼ 10−3s (with a typical magnetic field magnitude of B = 10nT), electron bounce pe-

riod τb ∼ 4LCS/v0 ∼ 10−1s (with the current sheet thickness being LCS = 1RE and v0 being the

thermal velocity of 100 keV electrons), τD ∼ Lx/vx ∼ 103s is electron transport time by plasma

flows (vx ∼ 100km/s), τφ = 2πR/vφ ∼ 104s is the electron azimuthal drift period (the radial

distance of the injection region is assumed to be R = 6RE and the electron energy is 100 keV).

It is actually rather challenging to incorporate wave-particle resonant interactions76

into test particle simulations of plasma injections, because of their vastly different timescales.77

Figure 1 shows a schematic of the four main types of electron motions: cyclotron rota-78

tion with the timescale of τg ∼ 10−3s, bounce motion between magnetic mirrors with79

the time scale of τb ∼ 10−1s (for 100keV electrons), earthward transport with the time-80

scale of τD ∼ 103s, and azimuthal motion around the Earth with the time-scale of τφ ∼81

104s (for 100keV electrons). The ratio of the timescales of the fastest and the slowest82

motions can be τφ/τg ∼ 107 or τD/τg ∼ 106. Individual wave-particle interaction, e.g.,83

via cyclotron resonance, occurs over ∼ τg, and thus such interactions may not be directly84

incorporated into test particle simulations of the plasma injections, which occur over ∼85

τD.86

A possible solution of this problem was proposed by Elkington et al. (2018, 2019),87

who suggest that wave-particle interactions can be incorporated as stochastic perturba-88

tions of electron test orbits (see also Michael et al., 2023; Chan et al., 2023). The sim-89

plified version of this approach combines test particle equations of motion and contin-90

uous stochastic differential equations (SDEs), which are characteristics for the Fokker-91

Plank diffusion equation (Tao et al., 2008; Zheng et al., 2014). The Fokker-Plank equa-92

tion is used in the quasi-linear theory (Vedenov et al., 1962; Andronov & Trakhtengerts,93

1964; Kennel & Engelmann, 1966), which describes electron scattering by low intensity94

waves (see Karpman, 1974; Albert, 2001, 2010; Frantsuzov et al., 2023, for discussions95

on the wave intensity limitations in inhomogeneous background magnetic field, like in96

the Earth’s magnetosphere). Applications of the quasi-linear diffusion approximation has97

been well developed for the Earth’s magnetosphere (Lyons & Williams, 1984; Schulz &98

Lanzerotti, 1974), and the main parameters of this approximation, the diffusion rates,99

are widely evaluated and used for the observed wave characteristics in the magnetotail100

(e.g., Panov et al., 2013; Zhang et al., 2015; Ni et al., 2011, 2012, 2016) and inner mag-101

netosphere (see reviews by Shprits et al., 2008; Artemyev, Agapitov, et al., 2016; Li &102

Hudson, 2019; Thorne et al., 2021, and references therein).103
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The main limitation of the quasi-linear models is the requirement of a small wave104

intensity. A significant portion of most intense electromagnetic whistler-mode waves (Wilson105

et al., 2011; Tyler et al., 2019; Zhang et al., 2018, 2019), electrostatic whistler-mode waves106

(Cully et al., 2008; C. Cattell et al., 2008; C. A. Cattell et al., 2015; Agapitov et al., 2014,107

2015), and electromagnetic ion cyclotron waves (e.g., Wang et al., 2017; Tonoian et al.,108

2022) can exceed their threshold amplitudes and likely resonate with electrons nonlin-109

early. Such nonlinear resonant interactions include effects of phase bunching and phase110

trapping (see Nunn, 1971; Karpman et al., 1975; Inan & Bell, 1977; Solovev & Shkliar,111

1986; Albert, 1993; Itin et al., 2000), which can significantly modify the characteristics112

of wave-particle interactions (see reviews by Shklyar & Matsumoto, 2009; Albert et al.,113

2013; Artemyev, Neishtadt, Vainchtein, et al., 2018, and references therein). Nonlinear114

effects can be incorporated into the kinetic equation (i.e., modified Fokker-Plank equa-115

tion) for electron distribution functions (e.g., Omura et al., 2015; Hsieh & Omura, 2017;116

Artemyev, Neishtadt, et al., 2016; Artemyev, Neishtadt, Vasiliev, & Mourenas, 2018),117

but the corresponding characteristic equations will be different from those in the SDE118

approach. The main difference is the probability distribution function of pitch-angle/energy119

jumps due to resonant interactions: nonlinear effects cannot be described by Gaussian120

probability distributions that are often adopted to model the diffusive scattering within121

SDE approach. Recently, an alternative to SDE approach was proposed in (Artemyev,122

Neishtadt, Vainchtein, et al., 2018; Zheng et al., 2019), where a non-Gaussian probabil-123

ity distribution of pitch-angle/energy jumps has been incorporated into equations of mo-124

tion for resonant electrons. This approach resembles the generalization of the classical125

mapping technique (e.g., Chirikov, 1979; Zaslavskii et al., 1989; Khazanov et al., 2014)126

to systems with a finite probability of very large pitch-angle/energy jumps due to phase127

trapping (see Artemyev et al., 2020). The mapping technique can reproduce many ob-128

served effects of nonlinear wave-particle interactions (e.g., Zhang et al., 2022; Artemyev,129

Zhang, et al., 2022) and in principle can be incorporated into test-particle codes (Artemyev,130

Neishtadt, & Angelopoulos, 2022). Therefore, both SDE and mapping technique can be131

used to include wave-particle resonant interactions into models of energetic electron dy-132

namics in global electromagnetic fields provided by MHD/hybrid simulations. The map-133

ping technique should generalize the SDE approach, but it is yet to be investigated whether134

the mapping equations can describe diffusive scattering and nonlinear resonant effects135

with the same accuracy level. The mapping technique usually adopts analytical equa-136

tions to model pitch-angle/energy jumps, which do not include diffusive scattering (Artemyev137

et al., 2020). Recently Lukin et al. (2021) has generalized the mapping technique for the138

entire probability distribution function of pitch-angle/energy jumps, but it remains to139

be verified for electron cyclotron resonances with whistler-mode waves.140

In this paper, we combine two approaches from (Artemyev et al., 2020; Lukin et141

al., 2021) to construct the mapping technique that operates with the probability distri-142

bution function of pitch-angle/energy jumps for electron cyclotron resonances with whistler-143

mode waves. We also compare results from this newly developed mapping technique to144

those from the SDE approach, which operates by a single characteristic of such prob-145

ability distribution functions of pitch-angle/energy jumps – distribution variance, which146

dictates the diffusion rate. We examine two wave intensities: small intensity for the dif-147

fusive interaction, when SDE and mapping are expected to provide the same results, and148

large intensity with nonlinear wave-particle interactions, when the mapping technique149

is validated by full test particle simulations. Therefore, this paper demonstrates the ap-150

proaches to incorporate the long-term effects of quasi-linear and nonlinear wave-particle151

interactions into global scale test-particle models.152

The rest of the paper starts with introducing basic characteristics of electron res-153

onant interactions with whistler-mode waves in the dipole magnetic field (see Sect. 2).154

Then in Sect. 3, we introduce the main property of electron ensemble dynamics – the155

probability distribution function of energy/pitch-angle jumps in a single resonance. This156

distribution is used to introduce SDE approach (in Sect. 4) and mapping technique (in157
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Sect. 5). Results obtained from SDE and mapping approaches are compared with test158

particle simulations in Sect. 6. Finally, we discuss the applicability of both methods and159

briefly summarize our conclusions in Sect. 7.160

2 Resonant electron interactions with whistler-mode waves161

We examine the interaction of relativistic electrons (rest mass me, charge −e, speed
of light c) with field-aligned whistler-mode waves moving in the dipole magnetic field B0(λ),
where λ is the magnetic latitude. Electron dynamics in such a system can be described
by the following Hamiltonian (Albert, 1993; Vainchtein et al., 2018):

H =
√
m2

ec
4 + c2p2z + 2IxΩ0(λ)mec2 +

√
2IxΩ0(λ)

mec2
eBw(λ)

k(λ)
cos(φ+ ψ) (1)

where (z, pz) and (ψ, Ix) are two pairs of conjugate variables, the field-aligned coordi-
nate and moment, and electron gyrophase and magnetic moment. The electron cyclotron
frequency Ω0(λ) is defined as

Ω0(λ) = Ωeq

√
1 + 3 sin2(λ)

cos6(λ)
(2)

where Ωeq = eB0(0)/mec is the equatorial cyclotron frequency determined by the ra-
dial distance from the Earth to the equatorial crossing of the magnetic field line, i.e., L-
shell. In the dipole field, the magnetic latitude, λ, is related to the field-aligned coor-
dinate z as:

dz

dλ
= REL

√
1 + 3 sin2(λ) cos(λ) (3)

where RE is the Earth radius. Note that in Hamiltonian (1), the magnetic moment, Ix,162

conjugate to the gyrophase, ψ, should be normalized in such a way that IxΩ0 has a di-163

mension of energy.164

The second term in Hamiltonian (1) describes the wave contribution to the elec-
tron dynamics. The wave amplitude Bw is modeled as:

Bw(λ) = εB0(0)f(λ), f(λ) =

{
tanh (cλ(λ− λ0)) , λ ≥ λ0

0, λ < λ0
(4)

where ε parameter controls Bw/B0(0), function f(λ) determines the wave latitudinal pro-165

file that agrees with the wave generation around the equator, i.e., wave amplitude growth166

within the generation/amplification region Δλ, which is controlled by the value of cλ:167

Δλ ∼ 1/cλ, followed by saturation (see typical Bw(λ) profiles from statistical models168

in Agapitov et al., 2013, 2018). Note that we assume the waves only exist in one hemi-169

sphere, z > 0, because the wave field and wave propagation equations are symmetric170

in two hemispheres (z → −z does not change the system equation). This assumption171

allows us to simplify the calculations, because in this case the wave-particle interaction172

occurs only during a quarter of the bounce period when the particles move northward173

from the equator.174

The wave phase is given by equation φ̇ = k(λ)ż − ω, where the wave frequency
ω is constant and the wave number k(λ) is determined by the cold plasma dispersion re-
lation (Stix, 1962):

ck(λ) = Ωpe(λ)

(
Ω0(λ)

ω
− 1

)−1/2

(5)

The plasma frequency Ωpe is given by the empirical function (Denton et al., 2006)

Ωpe(λ) = Ωpe,eq cos
−5/2(λ) (6)

–5–
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with the equatorial values Ωpe,eq given by the empirical function (Sheeley et al., 2001)175

Ωpe,eq/Ω0(0) ≈ L.176

Wave phase φ linearly depends on time, ∂φ/∂t = ω = const, and thus Hamilto-
nian (1) has an integral of motion h (see, e.g., review by Shklyar & Matsumoto, 2009):

h =
√
m2

ec
4 + c2p2z + 2IxΩ0(λ)mec2 − ωIx (7)

In the absence of wave perturbation, Bw = 0, particle energy mec
2(γ − 1) and equa-

torial pitch-angle αeq = arcsin
(
2IxΩ0(0)/mec

2(γ2 − 1)
)
are conserved; here

γ =

√
1 +

(
pz
mec

)2

+
2IxΩ0(λ)

mec2

is the gamma factor. Wave-particle resonant interactions can change particle’s energy177

and equatorial pitch-angle (change Ix), but due to the conservation of h(γ, Ix) waves move178

electrons along a specific curve in the energy, pitch-angle space. Therefore, for a fixed179

value of h (i.e., when all particles have the same initial h), the wave-particle resonant180

interaction becomes a 1D problem, and we may just examine energy changes, whereas181

changes of equatorial pitch-angle (or Ix) can be determined from h = const.182

To obtain basic characteristics of wave-particle resonant interactions, we integrate
electron equations of motion (Hamiltonian equations) with 4th order Runge-Kutta scheme
with an adaptive time step (1/20 of the local electron gyroperiod). Throughout the rest
of the paper, we use the following dimensionless variables:

H → Hmec
2, pz = pmec, Ix → Ix

mec
2

Ωeq
, t→ t/Ω0(0), z → z

c

Ωeq
(8)

Thus, the dimensionless Hamiltonian and integral of motion h take the following forms

H =
√
1 + p2z + 2IxΩ0(λ) +

√
2IxΩ0(λ)

εf(λ)

k(λ)
cos(φ+ ψ) (9)

h =
√
1 + p2z + 2IxΩ0(λ)− ωIx (10)

where Ω(λ) → Ω(λ)Ω0(0). To demonstrate the result, we use the following parameters183

throughout: h = 3/2, λ0 = 5◦, and cλ = 180/π. Each integration starts from the184

equatorial plane (λ = z = 0) and stops there after Nres resonant wave-particle inter-185

actions. Since waves only exist in the northern hemisphere at a fixed frequency, and prop-186

agate along magnetic field lines (i.e., resonate with electrons through the first-order cy-187

clotron resonance only), each electron bounce period corresponds to one wave-particle188

interaction on a time scale of a quarter bounce period. Effects of multiple resonances within189

one bounce period (e.g., due to oblique wave propagation or wave frequency variation190

with time, see Shklyar & Matsumoto, 2009; Artemyev et al., 2021; Hsieh & Omura, 2023)191

can be incorporated into this approach by including additional wave terms into Eq. (9).192

Depending on the wave magnitude, there are two possible regimes of wave-particle193

resonant interactions: diffusive scattering and nonlinear resonant interactions. Figure194

2 shows the profiles of electron energy evolution with time for both regimes (all electrons195

have the same initial energy and pitch-angle, but random initial gyrophases). For small196

wave amplitudes: (a) the interaction is linear and energy evolution with time is stochas-197

tic. After each wave-particle interaction, the electron energy undergoes a small (com-198

pared to electron initial energy) positive or negative jump with almost equal probabil-199

ities to increase or decrease the energy. This process (with normalized diffusion coeffi-200

cients) can be approximated by the Wiener stochastic process, i.e., the evolution of elec-201

tron distribution function can be described by the Fokker-Planck equation or, equiva-202

lently, by stochastic differential equations. For large wave amplitudes: (b) electron dy-203

namics cannot be described with the diffusive approach. Most of the time, particle en-204

ergy undergoes small negative jumps (but positive jumps are also possible, see Albert205

et al., 2022) and there is a nonzero probability of large positive jumps, caused by par-206

ticle phase trapping.207

–6–
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Figure 2. Examples of electron energy dynamics for the system with diffusive scattering (a)

and nonlinear resonant effects (b). All electrons have the same initial energy and pitch-angle, but

random initial gyrophases. Energy is plotted versus number of resonant interactions (i.e., number

of electron bounce periods).

3 Probability distributions of energy jumps208

To quantify variations of electron energy due to wave-particle resonant interactions,209

we use test particle simulations and evaluate the distributions of energy jumps as a func-210

tion of initial energy E0, ΔE(E0). Figure 3 shows such distributions for several initial211

electron energies and two different magnitudes of the wave field. For each histogram, we212

integrated trajectories of Np = 32768 test particles with random initial gyrophases and213

the same initial energy and h values. Each integration includes one bounce period (i.e.,214

a single resonant interaction). For small wave amplitudes (panels (a-d)), electron energy215

jumps are small and randomly (but symmetrically) distributed around zero. For suffi-216

ciently high wave amplitudes (panels (e-h)), there appear nonlinear resonant effects: most217

of the electrons lose their energy due to the phase bunching with ΔE < 0, while a small218

population of phase trapped particles (panels (g-h)) gain a significant portion of energy219

with ΔE > 0 comparable to their initial energy, E0. Changes of the electron pitch-angle220

(and Ix) are directly determined by the energy changes due to the conservation of the221

integral of motion (7). Therefore, the probability distribution of ΔE(E0) fully charac-222

terizes the evolution of electron distribution function and can be used as a basic input223

for the SDE approach or mapping technique. Note that for intense, but very low-coherent224

waves, the probability distribution function of ΔE(E0) will be symmetric relative to ΔE(E0) =225

0, and thus will largely resemble distributions from panels (a-d) (see Zhang et al., 2020;226

An et al., 2022; Gan et al., 2022; Frantsuzov et al., 2023).227

4 Stochastic differential equations228

In the limit of small wave field amplitudes, the wave-particle resonant interaction
is diffusive (e.g., Kennel & Engelmann, 1966; Lyons & Williams, 1984; Schulz & Lanze-
rotti, 1974; Allanson et al., 2022, and references therein). Note that in inhomogeneous
magnetic field, these interactions are diffusive even for monochromatic waves (see Al-
bert, 2010; Shklyar, 2021). Therefore, for such systems one can use the Fokker-Planck

–7–
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Figure 3. Examples of ΔE probability distributions for systems without nonlinear resonant

effects (a-d) and with nonlinear resonant effects (e-h). In panels (e,f), we show simulation results

for E0 without trapping: a small population of ΔE > 0 is due to the positive phase bunching

effect (see Albert et al., 2022). In panels (g,h), we show simulation results with phase trapping;

the inserted panels show the expanded view of the population with large ΔE > 0.

equation to describe the evolution of the electron distribution function f(χ) of the ve-
locity vector χ:

∂f(χ, t)

∂t
= −

N∑
i=1

∂

∂χi
(μi(χ, t)f(χ, t)) +

N∑
i=1

N∑
j=1

∂2

∂χi∂χj
(Dij(χ, t)f(χ, t)) (11)

where t is time, μ(χ(t), t) is an N -dimension vector of the drift coefficient, D is an N×
N matrix of diffusion coefficients (Lyons & Williams, 1984; Schulz & Lanzerotti, 1974;
Albert, 2018). Instead of solving the Fokker-Planck equation, we can use the correspond-
ing Ito stochastic differential equations to integrate trajectories of quasi-particles (Tao
et al., 2008; Zheng et al., 2014):

χ(t+Δt) = χ(t) + μ(χ(t), t)Δt+ σ(χ(t), t)dWt (12)

where Δt is the time step over which we calculate the change of χ, σ(χ(t), t) is an N×229

N -dimension matrix related to the diffusion coefficients written in such a way that D =230

1
2σσ

T , Wt is an N -dimension standard Wiener process; dWt =
√
ΔtN , where N is231

a vector of standard normal random values, Ni ∼ N(0, 1).232

The term quasi-particles means that we do not directly integrate the equations of
motion, but treat the change of χ as a stochastic process and approximate it by the equa-
tion (12). As a result, two quasi-particles having equal initial conditions χ0 may have
different trajectories χ(t) (in the numerical integration of the equation (12), one can fix
the seed of the pseudo random generator to preserve the sequence of random numbers
and make the results repeatable). We will examine electron distributions in the energy
space, and thus the Ito equation (12) can be rewritten in the following form

E(t+Δt) = E(t) + μE (E(t))Δt+
√

2DE (E(t))dWt (13)

This equation describes the energy evolution for fixed h given by Eq. (10), i.e., for a monochro-233

matic wave we may reduce the energy, pitch-angle evolution to the energy-only evolu-234

tion and calculate the associated pitch-angle changes from h conservation. For generic235

–8–
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wave spectra, there are three diffusion rates (energy, pitch-angle, and mixed energy-pitch-236

angle), and thus we would need to solve a system of equations for the energy and pitch-237

angle evolution (see detail in Tao et al., 2008). Note that if we rewrite the Fokker-Planck238

equation in terms of energy, additional coefficients of variable transformation from ve-239

locity (momentum) to energy and pitch-angle (Lamé coefficients) should be added (e.g.,240

Glauert & Horne, 2005), but the Ito equation will still have the same form.241

The main limitation of this approach is the requirement on small energy changes
ΔE for each wave-particle interaction, i.e., it is only applicable for systems without non-
linear effects of phase trapping. Equation (13) includes the drift μE(E0) and bounce av-
eraged diffusion DE(E0) coefficients, which can be estimated using the distribution of
energy jumps ΔE(E0):

DE(E0) =
1

2τb(E0)

⎛
⎜⎝ 1

Np

Np∑
i=1

Δ(Ei)
2(E0)−

⎛
⎝ 1

Np

Np∑
i=1

ΔEi(E0)

⎞
⎠

2
⎞
⎟⎠ (14)

For the drift term, we use

μE(E0) =
dDE(E0)

dE0
(15)

which keeps the divergence-free form of the Fokker-Planck equation (Lichtenberg & Lieber-242

man, 1983; Sinitsyn et al., 2011; Lemons, 2012; Zheng et al., 2019; Allanson et al., 2022).243

Note that using such estimates of drift and diffusion coefficients, we implicitly assume244

that the ΔE(E0) distributions are symmetric relative to the mean ΔE value. Figures245

4(a-b) show the numerically obtained ΔE distributions (black) and their fittings to sym-246

metric Gaussian distributions (this fitting outputs the variance ∼ DE(E0)). However,247

this assumption may be violated even in the case of small wave amplitudes (see Figure248

3(c)), when we can over- or underestimate the drift and diffusion coefficients. We will249

discuss the corresponding uncertainties in Section 6. Figure 4(c) shows the drift and dif-250

fusion coefficients as a function of the electron initial energy E0.251

Each electron bounce period corresponds to a single wave-particle interaction (as
commented above), and thus the time step of integration Δt in the equation 13 should
be set equal to τb(E0). The main advantage of the SDE approach (and also of the map-
ping technique, which will be discussed in the Section 5), in comparison with the test
particle approach, is the significant reduction of computational time for long-term sim-
ulations (see also discussions in Lukin et al., 2021): we integrate trajectories of quasi-
particles with a time step equal to the bounce period, considering only the effects of wave-
particle interactions and do not trace particles during adiabatic paths of their motion.
So at each step of integration, we recalculate the electron energy as

Ei+1 = Ei + μE(Ei)τb(Ei) +
√

2DE(Ei)τb(Ei)Ni

where Ni ∼ N(0, 1) is the standard normal random number.252

Panels (d,e) in Figure 4 show examples of the electron energy profiles calculated253

by direct integration of the Hamiltonian equations or using the SDE approach. Parti-254

cles having equal initial conditions will have different trajectories from these two approaches,255

due to randomness of resonant interactions, but statistical properties of the evolution256

of the electron ensemble should be the same. We have verified this property by a set of257

simulated evolution of the electron ensembles (not shown).258

5 Mapping technique259

For high wave amplitudes, the SDE approach is no longer applicable, because of260

the nonlinear effects of wave-particle interactions. In this case, the Wiener stochastic pro-261

cess cannot describe the evolution of electron energy as there is a finite probability of262
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Figure 4. Panels (a,b) show ΔE distributions (in black), obtained after a single wave-particle

interaction, and Gaussian distributions with the same variance (in red). Panel (c) shows the

energy diffusion rate and drift term versus initial energy. Panels (d,e) show examples of ten

trajectories of long-term electron energy dynamics (∼ 300 resonances) for a system without non-

linear resonant effects.
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large energy jumps caused by the phase trapping. For such systems, the Ito SDE can263

be generalized by introducing a new stochastic process accounting for the phase trap-264

ping and phase bunching. This process can be represented by a series of mapping func-265

tions depending on electron energy (the changes of pitch-angle are related to energy changes266

through the integral of motion (7)).267

Figure 5(a) shows the distribution of energy jumps for the wave amplitude ε = 10−3
268

and initial electron energy E0 = 257 keV. For this particular energy, there is no elec-269

tron phase trapping: the resonant latitude for this energy and h (which determines the270

equatorial pitch-angle) corresponds to zero probability of electron trapping, because wave271

intensity increases slower along the resonant trajectory than the background magnetic272

field inhomogeneity (see detailed equations determining the trapping probability in the273

Appendix of Vainchtein et al., 2018, and in references therein). Hence the procedure to274

construct the mapping function is straightforward: using this distribution, one can cal-275

culate the cumulative function of energy jumps F (ΔE,E0) ∈ [0, 1] (right vertical axis276

in Figure 5(a)) and then use the inverse function ΔE(U) = F−1(U,E0), U ∈ [0, 1] as277

the generator of electron energy jumps for each wave-particle interaction.278

Figure 5(b) shows the distribution of energy jumps for an initial electron energy
of E0 = 350keV. There is a small probability of electron phase trapping in this case,
thus we can divide the ΔE distribution into bunching (|ΔE|/E0 � 1) and trapping (ΔE/E0 ∼
1) parts, and then calculate corresponding cumulative functions: Fb(ΔE,E0) and Ft(ΔE,E0).
Note that this separation of ΔE distribution into two parts is not necessary, but it sim-
plifies the calculations by allowing a linear interpolation for the cumulative function. There
is a gap of ΔE between two parts of ΔE distribution, i.e., for the case shown in Figure
5(b) the electron energy cannot change by the value between ∼ 4 and ∼ 95 keV (pro-
hibited values of ΔE in this case). If we would not separate the ΔE distribution into
two parts, this ΔE gap will require a separate treatment. Using trapping ΔE distribu-
tions, we may estimate the probability of electron trapping ptrap(E0) (shown in Figure
5(c)) as a function of the initial electron energy:

ptrap(E0) =
N(ΔE(E0)/E0 ∼ 1)

Np
(16)

where Np is the total number of particles used to construct the ΔE(E0) distribution and279

N(ΔE(E0)/E0 ∼ 1) is the number of trapped particles.280

We use the subscript b for the bunching part of the ΔE(E0) distribution and also
for the entire ΔE(E0) distribution if the probability of trapping is equal to zero. Then
the generalization of the Ito SDE is straightforward: we can replace the Wiener process
in equation (13) with the constructed mapping functions. At each integration step, we
generate two uniform random numbers u1, u2 ∈ U(0, 1) and recalculate electron energy
as

Ei+1 = Ei +

{
F−1
t (u2, Ei), u1 ≤ ptrap(Ei)

F−1
b (u2, Ei), u1 > ptrap(Ei)

(17)

Note that the gap between ΔE distributions due to phase trapping and bunching281

(see Figure 5(b)) depends on system parameters (mostly on the wave field model) and,282

e.g., for the system with small wave-packets, the energy of phase-trapped electrons could283

not be far away from the initial energy (e.g., Omura et al., 2015). In this case, there is284

no need to divide the distributions into bunching and trapping parts and thus only one285

cumulative function, F (ΔE,E0), needs to be constructed. In this case, the computation286

scheme slightly simplifies: at each iteration one needs to calculate a single, uniform ran-287

dom number u ∈ U(0, 1) and the energy change can be calculated in the same man-288

ner: Ei+1 = Ei + F−1(u,Ei).289

Figures 5(d,e) show several profiles of electron energy as a function of the number290

of wave-particle resonances, calculated by integration of the test particle trajectories and291
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Figure 5. Panels (a,b) show ΔE distributions and the corresponding cumulative probability

distribution function (only on panel (a)). Panel (c) shows the probability of electron phase trap-

ping versus the initial energy. Panels (d,e) show examples of ten trajectories of long-term electron

energy dynamics (∼ 300 resonances) for a system with nonlinear resonant effects.

using the mapping technique, respectively. Both approaches show very similar electron292

energy dynamics: long-duration electron drift to smaller energy due to the phase bunch-293

ing and rare large jumps to higher energy due to the phase trapping. Note that for both294

SDE and mapping techniques, we still need to use test particles to calculate the initial295

distributions of ΔE(E0), but having these distributions (requiring statistics of single wave-296

particle interactions), we can use the simplified integration scheme with a time step equal297

to the bounce period.298

6 Method validation299

For small wave amplitudes, we can apply all three methods (test particles, SDE,300

and mapping) to simulate the evolution of the electron distribution function, and these301

three methods are expected to give the same results. The test particles approach is ex-302

pected to be more precise, because it does not rely on the constructed ΔE distribution303

and is based on the full set of equations of motion. The main advantage of SDE and map-304

ping techniques is their computational efficiency in long-term simulations, so they can305

be less accurate, but should still describe the main features of the evolution of electron306

distributions and their results should statistically repeat those from the test particles ap-307

proach. Figure 6 (left panels) shows the evolution of the electron distribution function308

for a small wave amplitude (ε = 10−4) at four time instants. Hereinafter Np = 32768309

test particles are used to compute the changes of the distribution functions for all men-310

tioned approaches. Without nonlinear resonant effects, both SDE and mapping technique311

show results that are consistent with the test particle simulation. In this case, the evo-312

lution is diffusive (as expected for quasi-linear theory) and shows a spread of the initially313
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localized electron phase space density peak. The difference between SDE and the test314

particle simulation, most clearly seen around E ∼ 420 keV, is due to the overestima-315

tion of the diffusion coefficients. We evaluate diffusion coefficients as a half of the vari-316

ance of ΔE distributions, and thus we assume that ΔE distributions are symmetric rel-317

ative to the mean value. However, even in the case of low-amplitude waves (see, e.g., Fig-318

ure 3(c)) this assumption may not work, which will result in an overestimation of the319

diffusion rate. The mapping technique does not require any assumptions about ΔE dis-320

tributions, and thus it performs better even in the case of low-amplitude waves.321

Figure 6 (right panels) shows the evolution of the electron distribution function for322

a large wave amplitude (ε = 10−3) at four time instants. For such intense waves, the323

SDE approach becomes inapplicable, but we can still compare results of test particle sim-324

ulations and the mapping technique. The mapping technique accounts for nonlinear res-325

onant effects (e.g., phase trapping) and describes well the evolution of electron distri-326

butions. After several wave-particle resonant interactions (see top right panel of Figure327

6), the main electron population propagates to lower energies due to the phase bunch-328

ing, while a small population becomes trapped by waves and gains energy. During the329

drift of the main population to the smaller energies, the probability of particle trapping330

increases (see Figure 5(c)) and more particles become trapped and accelerated. Accel-331

erated particles appear in the resonant latitudes where no more phase trapping is pos-332

sible, and thus these particles start losing their energy due to the phase bunching. Around333

the time when the main population (at the initial peak of electron phase space density)334

reaches the left boundary of the allowed energies, the processes of phase bunching and335

phase trapping statistically compensate each other. This results in formation of a plateau336

in the distribution function (see the bottom right panel in Figure 6). Such an evolution337

of the electron distribution is consistent with theoretical predictions for the system with338

multiple nonlinear resonances (Artemyev et al., 2019).339

The main uncertainty of the mapping technique arises at the edges of the simula-340

tion domain due to the finite grid size (discretization) in the ΔE distribution. In this341

approach, we treat the electron energy change as a probabilistic process and in Eqs. (13)342

and (17), electrons can reach the energy E < Emin outside of the simulation domain.343

In the subsequent calculations, therefore, we will use the mapping functions correspond-344

ing to the energy Emin to calculate electron energy change. This underestimates the prob-345

ability of positive and overestimate probability of negative energy jumps, so that par-346

ticles can stay at the edges of the energy grid for a long time. The SDE approach also347

suffers from this boundary effect. This problem can be eliminated by introducing bound-348

ary conditions, e.g., reflective boundaries, or by normalizing the ΔE distribution around349

boundaries (see discussions in the Appendix of Artemyev et al., 2021).350

7 Discussion and conclusions351

In this study we compare two approaches that incorporate the wave-particle res-352

onant effects into test particle simulations: SDE approach and mapping technique. Both353

approaches simplify the characterization of wave-particle interactions and reduce reso-354

nant effects to a ΔE distribution of energy jumps during a single interaction; in partic-355

ular, SDE further simplifies this description and operates only by the second moment356

(variance) of this distribution. The comparison shows that these two approaches pro-357

vide the same results for the system with low-amplitude waves, whereas electron non-358

linear resonant interactions with intense waves may be only described well by the map-359

ping technique. Note that the diffusion approximation is not only applicable to low in-360

tensity waves, but also to systems with very intense, low-coherent waves where the res-361

onance overlapping results in destruction of nonlinear effects (Tao et al., 2013; Zhang362

et al., 2020; An et al., 2022; Gan et al., 2022; Frantsuzov et al., 2023). Let us discuss ad-363

vantages and limitations of this technique.364
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Figure 6. Evolution of the electron energy distribution for a systems without nonlinear res-

onant effects (left panels) and with nonlinear resonant effects (right panels). Grey color shows

the initial distribution, black color shows test particle simulation results, red color shows results

obtained with SDE, and blue color shows results for the mapping technique. Time (in seconds) is

calculated under the assumption of a single resonant interaction per bounce period, τb(E), where

τb is evaluated at L-shell = 6 and for equatorial pitch-angles derived from Eq. (7).
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The mapping technique is based on ΔE distributions, which for fixed system pa-365

rameters depends only on the initial electron energy E0, i.e., we deal with 2D distribu-366

tions of energy (or pitch-angle) jumps, F (ΔE,E0), which are used as described in Sec-367

tion 5. These distributions can be determined with any required accuracy from a set of368

short-term test particle simulations. However, in realistic space plasma systems, we deal369

with some ensemble of waves that can be described by the distribution of wave ampli-370

tudes and frequencies, Pw(Bw, ω); for reasonable discretization levels and available sta-371

tistical wave datasets, this wave distribution usually consists of ∼ 102 − 103 different372

pairs of (Bw, ω) (see, e.g., Artemyev, Zhang, et al., 2022; Zhang et al., 2022). Therefore,373

for the mapping technique, we would need to evaluate 102−103 realizations of 2D F (ΔE,E0)374

distributions. Additional system dimensions can be introduced due to the dependence375

of Pw(Bw, ω) on the geomagnetic activity and geophysical coordinates, (MLT , L-shell).376

Therefore, although the mapping technique essentially reduces computations relative to377

the full test particle simulations, this approach requires significant resources for simu-378

lation of electron dynamics during long-term global events (where wave and background379

characteristics can vary significantly), e.g., geomagnetic storms. More suitable applica-380

tion of the mapping technique is simulations of localized (spatially and temporally) events,381

like plasma sheet injections (Artemyev, Neishtadt, & Angelopoulos, 2022) or strong pre-382

cipitation bursts (Artemyev, Zhang, et al., 2022; Zhang et al., 2022). For global simu-383

lations with SDE, which substitute 2D F (ΔE,E0) distributions by 1D diffusion coeffi-384

cients DEE(E0), should be much more realistic, although this approach does not account385

for nonlinear resonant effects.386

Both the SDE approach and mapping technique assume the evaluation of F (ΔE,E0)387

distributions before simulating the electron dynamics, and thus such distributions are388

usually evaluated for a prescribed background magnetic field. This simplification may389

work for the inner magnetosphere, where the background dipole field does not vary too390

much (see Orlova & Shprits, 2010; Ni et al., 2011, for discussions on when this assump-391

tion does not work well), but cannot be well justified for plasma injections characterized392

by rapid, significant variations of the magnetic field configuration (see discussion in Ashour-393

Abdalla et al., 2013; Sorathia et al., 2018; Birn et al., 2022). The background magnetic394

field configuration determines the resonant condition and thus should control the effi-395

ciency of electron scattering by waves. In principle, the effect of the magnetic field re-396

configuration can be included into SDE and mapping approaches, but this would require397

the evaluation of F (ΔE,E0) distributions for multiple magnetic field configurations, which398

is usually unlikely with available computational resources. A possible solution will be399

to analytically evaluate F (ΔE,E0) distributions (e.g., Vainchtein et al., 2018; Artemyev400

et al., 2021), but this solution requires more developed theoretical models of wave-particle401

resonant interactions including effects of wave-field deviations from a simple plane wave402

model (see discussions in Mourenas et al., 2018; Artemyev et al., 2023). So far such ef-403

fects have been evaluated (e.g., Tao et al., 2011; Zhang et al., 2020; Allanson et al., 2021;404

Gan et al., 2022; An et al., 2022) and incorporated into F (ΔE,E0) distributions (e.g.,405

Kubota & Omura, 2018; Hsieh et al., 2020, 2022) only via numerical integration of a large406

test particle ensemble.407

Both the SDE approach and mapping technique are based on numerical evaluations408

of the probability distribution function of energy jumps, F (ΔE,E0). Although we have409

adopted the plane wave approximation in this study, the procedure of F (ΔE,E0) eval-410

uations is independent of such approximations and F can be calculated for more real-411

istic modes of wave-packets (see observations and simulations in Zhang et al., 2018, 2021).412

This generalization for the finite wave-packet size is quite important for constraining the413

efficiency of nonlinear resonant effects (see, e.g., Kubota & Omura, 2018; Zhang et al.,414

2020; An et al., 2022). Therefore, in the next step, one would need to incorporate real-415

istic distributions of whistler-mode wave-packet sizes.416
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