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A R T I C L E I N F O A B S T R A C T

Communicated by Grigorios Dimitriadis In this paper, the potential effectiveness of a nonlinear energy sink (NES) to absorb the energy from a wing that 
is vibrating as a result of flying in a gusty environment is investigated. The structural dynamics of the wing is 
simulated using a rigid airfoil mounted on two linear/nonlinear springs to represent the bending and torsional 
stiffness of the wing. The wing is subjected to a combination of gust and aerodynamic loads. The unsteady 
aerodynamic lift and moment are modelled using Wagner’s theory. Furthermore, the gust loads are obtained by 
assuming two different gust profiles, e.g. sharp-edged and 1-cosine gust profiles. A nonlinear energy sink, which 
comprises of a concentrated mass, damper and a nonlinear spring, is attached to the wing, and its effectiveness to 
absorb the gust energy is investigated. The coupled nonlinear aeroelastic equations are integrated numerically to 
determine the response of the wing. To verify the developed aeroelastic model, the obtained results are compared 
with the available results in the literature and an excellent agreement is observed. The results highlight that 
adding the NES to the wing is capable of reducing the gust oscillation amplitude of the wing significantly when 
the NES parameters are chosen accordingly.
1. Introduction

Aeroelasticity is the interaction between elastic, inertia and aero-

dynamics forces [1,2]. The interaction between these forces can cause 
the aircraft to lose its stability (flutter). Therefore, understanding the 
aeroelastic behaviour of flying vehicles is crucial as the aircraft needs 
to remain inside the stability region for the whole service flight en-

velope. Using linear theories to simulate the aeroelastic behaviour of 
aircraft can generally give accurate predictions of the onset of the sta-

bility, and have been used for many years. However, in some occasions 
when nonlinearities are dominant in the system, these linear theories 
fail to draw a complete picture of the aeroelastic behaviour of the air-

craft. For instance, when the aircraft flies at high angle of attack, high 
subsonic or transonic flight conditions etc., the aerodynamic nonlinear-

ities become significant [3]. Furthermore, the structural nonlinearities 
such as loose control linkages, material nonlinearities, large deforma-

tion or worn hinges can also affect the aeroelasticity of the aircraft [4]. 
The structural nonlinearities can be categorised into distributed and 
concentrated nonlinearities [3].

* Corresponding author.

When a thin wing twist angle increases due to the applied loads, 
the wing becomes stiffer and hence it will most likely behave like a 
hardening spring. In most of the previous studies, a cubic nonlinearity 
has been used to replicate this nonlinear stiffness behaviour of the wing 
[5–7]. One of the first studies dealing with the flutter analysis of aircraft 
wings with structural nonlinearities was considered by Woolston et al. 
[8]. The structural nonlinearity was modelled by using a concentrated 
nonlinear torsional stiffness, and it was shown that it has significant 
effects on both pre and post instability of the wing. Lee et al. [9] inves-

tigated the flutter of a typical section with free-play nonlinearity. They 
highlighted that depending on the system parameters, the wing can ex-

perience damped, limited amplitude or divergent oscillations. Several 
other studies also considered the effects of various structural nonlinear-

ities on the aeroelasticity of wings [9–13]. Generally speaking, a two 
degree of freedom airfoil with nonlinearity in the pitch degree of free-

dom may experience a complex aeroelastic behaviour. For example, the 
system might experience a period-1, period-2, or period-4 limit cycle 
oscillations or a chaotic motion, depending on the flow velocity and 
system parameters [3].
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Fig. 1. Schematic of the 2D wing with NES.
Fig. 2. Wing pitch amplitude for �̄� = 0.2, 𝜇 = 100, 𝑎ℎ = −0.5, 𝑥𝛼 = 0.25, 𝑟𝛼 =
0.5, 𝛽0 = 1, 𝛽𝛼 = 3.

In linear systems, when the aircraft speed is lower than the aeroe-

lastic instability speed, the dynamic response of the wing is damped. 
However, when the speed goes beyond this critical velocity, in reality 
the system might experience limit cycle oscillations (LCO), due to non-

linearities [14]. Based on the current design requirements, the aircraft 
should not enter into this unstable region and indeed avoid it with by 
a safety margin which limits the operational speeds. However, it may 
be possible to mitigate such unwanted oscillations actively or passively, 
and extend the flight envelope of the aircraft. A nonlinear energy sink 
(NES) device can be used as a way to reduce the limit cycle oscillation 
of wings passively [15,14]. This concept has been used to suppress the 
vibrations of various systems [15,16]. Generally speaking, a NES device 
is a mass-spring-damper system which is characterised by a nonlinear 
spring. Unlike a classical tuned-mass-damper, a properly designed NES 
is able to rapidly localize and dissipate the external dynamic energy 
over a wide range of frequencies [17]. The NES is capable of trans-

ferring the vibratory energy from the host/main system to the NES, 
hence reduce the vibration level of the host system. Bichiou et al. [15]

showed that depending on the NES mass and location, it can be effective 
to change a subcritical bifurcation to a supercritical bifurcation. Due to 
the nonlinear nature of a NES, it can interact with various modes of 
the host structure, and this has been clarified by Jiang et al. [18] us-

ing both numerical and experimental methods. Malatkar and Nayfeh 
[19] showed that the mass of the NES directly affects the vibration am-

plitude reduction of a lightly damped subsystem. The concept of the 
NES has also been used for mitigation of the aeroelastic response of a 
2

3D wing in hypersonic flow [20]. Their results revealed that the NES 
Fig. 3. The a) pitch and b) NES response for �̄�∕�̄�𝑓 = 1.05, �̄� = 0.5, 𝜇 = 100, 𝑎ℎ =
−0.5, 𝑥𝛼 = 0.25, 𝑟𝛼 = 0.5, 𝛽0 = 1, 𝛽𝛼 = 3, 𝛾𝛼 = 20, 𝐶 = 10, 𝜆 = 0.2, 𝜖 = 0.01, 𝛿 =
0.45.

has stabilizing effects on the system. Zhou et al. [21] studied the effect 
of a nonlinear energy sink on the suppression of panel flutter response 
of a wing flying in supersonic flow. It was concluded that the device 
can suppress the response amplitude only when the transient energy of 
the NES and panel are comparable. More recently, Pidaparthi and Mis-
soum [14] developed an optimised NES which is able to mitigate the 
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Fig. 4. The Pitch response of the wing subjected to a) sharp-edged gust and b) 
1-cosine gust profiles for �̄�∕�̄�𝑓 = 0.2.

limit cycle oscillations of a nonlinear wing. They showed that if the 
NES parameters are designed accordingly for a system, it can reduce 
the vibration amplitude significantly.

An aircraft structure has to withstand all the loads applied to it dur-

ing flight and ground manoeuvrers. One of the most extreme dynamic 
loads that the aircraft experiences during flight are the gust loads. Al-

though the worst gust condition might happen rarely for the aircraft 
during its lifetime, the structure has to be designed to withstand these 
rare load cases [22,23]. Poirel and Price [24] studied the effect of lon-

gitudinal atmospheric turbulence on the dynamics of a wing with cubic 
nonlinearity. They showed that as the longitudinal gust acts via the air-

speed, it has a parametric nature, and hence can affect the dynamic 
stability of the wing unlike the vertical and lateral gusts. Tang and 
Dowell [25] considered the gust response of a high aspect ratio wing nu-

merically and experimentally using a nonlinear beam model combined 
with a dynamic stall aerodynamic model. Several other studies also con-

sidered the effect of gusts on the loads and response of wings [26–30]. 
While the current requirement is to design the structure to withstand all 
such loads applied to the wing, several studies investigated load allevi-

ation concepts as a way to remove the structural design limitations and 
reduce the overall weight of the structure [31,32,22,33]. Castrichini 
et al. [31,34] studied the effect of a hinged wingtip to reduce larger 
load cases of the wing during flight. They showed that this device can 
reduce the dynamic loads of the wing. This concept was further inves-

tigated experimentally, and its effectiveness in various conditions was 
3

evaluated [35,36]. Passive gust loads alleviation using an inerter-based 
Aerospace Science and Technology 145 (2024) 108904

Fig. 5. The effect of NES mass ratio on bifurcation diagrams of case 1 wing for 
a) pitch and b) NES.

device for truss-braced wings was studied by Szczyglowski et al. [22]. 
They showed that a 4% gust load reduction can be achieved by using a 
combination of inerter-based devices. Khalil and Fezans [33] designed 
a combined feedback/feedforward controller for gust load alleviation 
system of a flexible aircraft. The proposed method was based on the 
𝐻∞-optimal control technique, and its effectiveness was shown. Courcy 
et al. [37] considered the effect of sloshing in wing fuel tanks as a 
means of increasing the structural damping to alleviate flight loads. The 
numerical and experimental results showed that the fuel sloshing can in-

crease the structural damping and hence reduce the wing loads, but it 
is dependent upon the tank location, size and fill ratio. A model predic-

tive control was developed by Wuestenhagen [38] as augmentation to 
an aircraft in gust conditions. The gust load alleviation control method 
estimates the bending moment at wing root, and controls the control 
surface deflection and rate in different mass and flight conditions.

Although the concept of NES has previously shown to be promising 
for limit cycle oscillation amplitude reduction of aircraft wings, its ef-

fectiveness on gust load attenuation has never been investigated. This 
paper reports an initial study of the effectiveness of nonlinear energy 
sinks on gust load reduction of aircraft wings. To this aim, first, the 
aeroelastic equations of a wing-NES system with hardening nonlinear-

ities subjected to a gust are developed, and then verified. Finally, a 
parametric study is performed to evaluate the effect of NES parameters 

on the aeroelastic and gust response of the wing.
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Fig. 6. The effect of NES mass ratio on bifurcation diagrams of case 2 wing for 
a) pitch and b) NE.

2. Problem description and modelling

A two degrees of freedom wing with a nonlinear energy sink, as 
shown in Fig. 1, is considered. The bending and torsional stiffness of the 
wing are simulated using two springs (𝑘ℎ and 𝑘𝛼) which are attached 
to the elastic axis of the wing (e.a) [14]. Also, the total mass of the 
wing (𝑚) is concentrated on the wing mass centre (𝑐𝑔). A nonlinear 
energy sink, which is composed of a mass (𝑚𝑠), a linear damper (𝑐𝑠) 
and a nonlinear spring (𝑘𝑠), located at a distance of 𝑑 from the wing 
elastic axis (𝑒𝑎) is considered. The wing is subjected to a combination 
of aerodynamic loads and gust loads, and the airflow velocity is denoted 
by 𝑈 . The downward plunge deflection (ℎ) and NES position (𝑧), and 
nose up pitch deflection (𝛼) are considered as positive directions. The 
aeroelastic equations of motion of this system can be written as [14]

𝑚ℎ̈+ 𝑆𝛼�̈� + 𝑐ℎℎ̇+ �̄�(ℎ) + 𝑐𝑠(ℎ̇− �̇�𝑑 − �̇�) + 𝑘𝑠(ℎ− 𝛼𝑑 − 𝑧)3 =𝑄ℎ (1)

𝑆𝛼ℎ̈+ 𝐼𝛼�̈� + 𝑐𝛼�̇� + �̄�(𝛼) + 𝑐𝑠𝑑(�̇�𝑑 + �̇�− ℎ̇) + 𝑘𝑠𝑑(𝛼𝑑 + 𝑧− ℎ)3 =𝑄𝛼 (2)

𝑚𝑠�̈�+ 𝑐𝑠(�̇�+ �̇�𝑑 − ℎ̇) + 𝑘𝑠(𝑧+ 𝛼𝑑 − ℎ)3 = 0 (3)

where �̄�(ℎ) and �̄�(𝛼) are the linear/nonlinear plunge and pitch stiff-

ness terms, and 𝑆𝛼 and 𝐼𝛼 are first and second mass moment of inertia 
about the wing elastic axis. Also, 𝑚, 𝑐ℎ and 𝑐𝛼 are wing’s mass, plunge 
4

and pitch damping coefficients, respectively. Furthermore, the NES’s 
Aerospace Science and Technology 145 (2024) 108904

Fig. 7. The effect of NES stiffness on the pitch response of a) case 1 wing at 
�̄�∕�̄�𝑓 = 1.4 and b) case 2 wing at �̄�∕�̄�𝑓 = 0.6.

mass, stiffness and damping are denoted by 𝑚𝑠, 𝑘𝑠 and 𝑐𝑠. 𝑄ℎ and 𝑄𝛼

are the total lift and moments on the airfoil which can be written as

𝑄ℎ =𝐿𝑎 +𝐿𝑔

𝑄𝛼 =𝑀𝑎 +𝑀𝑔

(4)

where indices ()𝑎 and ()𝑔 refer to aerodynamic and gust loads, respec-

tively. By defining the dimensionless parameters

𝜉 = ℎ∕𝑏, 𝜈 = 𝑧∕𝑏, 𝜏 =𝑈𝑡∕𝑏, �̄� =𝑈∕𝑏𝜔𝛼, �̄� = 𝜔𝜉∕𝜔𝛼, 𝑥𝛼 = 𝑆𝛼∕𝑏𝑚,

𝜔𝜉 =
√
𝑘ℎ∕𝑚, 𝜔𝛼 =

√
𝑘𝛼∕𝐼𝛼, 𝜁𝜉 = 𝑐ℎ∕2

√
𝑚𝑘ℎ, 𝜁𝛼 = 𝑐𝛼∕2

√
𝐼𝛼𝑘𝛼,

𝑟𝛼 =
√

𝐼𝛼∕𝑚𝑏2, 𝜖 =𝑚𝑠∕𝑚, 𝐶 = 𝑘𝑠𝑏
2∕𝑚𝑠𝜔

2
𝛼
, 𝜆 = 𝑐𝑠∕𝑚𝑠𝜔𝛼,

𝛿 = 𝑑∕𝑏, 𝜇 =𝑚∕𝜋𝜌𝑏2

the coupled aeroelastic equations can be written in nondimensional 
form as

𝜉′′ + 𝑥𝛼𝛼
′′ + 2𝜁𝜉

�̄�

�̄�
𝜉′ + ( �̄�

�̄�
)2𝐺(𝜉) + 𝜖𝜆

�̄�
(𝜉′ − 𝛿𝛼′ − 𝜈′)+

𝜖𝐶
(5)
�̄�2
(𝜉 − 𝛿𝛼 − 𝜈)3 = 𝑙𝑎 + 𝑙𝑔
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Fig. 8. The effect of NES location on the pitch response of a) case 1 wing at 
�̄�∕�̄�𝑓 = 1.4 and b) case 2 wing at �̄�∕�̄�𝑓 = 0.6.

𝑥𝛼

𝑟2
𝛼

𝜉′′ + 𝛼′′ + 2
𝜁𝛼

�̄�
𝛼′ + 1

�̄�2
𝑀(𝛼) + 𝛿𝜖𝜆

𝑟2
𝛼
�̄�
(𝛿𝛼′ + 𝜈′ − 𝜉′)+

𝛿𝜖𝐶

𝑟2
𝛼
�̄�2

(𝛿𝛼 + 𝜈 − 𝜉)3 =𝑚𝑎 +𝑚𝑔

(6)

𝜈′′ + 𝜆

�̄�
(𝜈′ + 𝛿𝛼′ − 𝜉′) + 𝐶

�̄�2
(𝜈 + 𝛿𝛼 − 𝜉)3 = 0 (7)

The unsteady aerodynamic lift and moment can be obtained as [39]

𝑙𝑎 = − 1
𝜇
(𝛼′ + 𝜉′′ − 𝑎ℎ𝛼

′′) − 2
𝜇

∞

∫
0

𝜙(𝜏 − 𝜎)(𝛼′ + 𝜉′′ + (0.5 − 𝑎ℎ)𝛼′′)𝑑𝜎 (8)

𝑚𝑎 = −
𝑎ℎ

𝑟2
𝛼
𝜇
(𝜉′′ − 𝑎ℎ𝛼

′′) − 1
𝑟2
𝛼
𝜇
(0.5 − 𝑎ℎ)𝛼′ −

1
8𝑟2

𝛼
𝜇
𝛼′′+

2
𝜇
(0.5 + 𝑎ℎ)

∞

∫
0

𝜙(𝜏 − 𝜎)(𝛼′ + 𝜉′′ + (0.5 − 𝑎ℎ)𝛼′′)𝑑𝜎
(9)

where 𝑎ℎ is the offset between elastic axis and mid-chord, and 𝜙(𝜏) is 
the Wagner function which can be approximated as [1]
5

𝜙(𝜏) = 1 −𝐴1𝑒
−𝑏1𝜏 −𝐴2𝑒

−𝑏2𝜏 , (𝜏 > 0) (10)
Aerospace Science and Technology 145 (2024) 108904

Fig. 9. The effect of NES mass ratio on the gust response of the wing for 𝑤0 = 0.2
a) sharp-edged gust profile b) 1-cosine gust profile.

where 𝐴1 = 0.165, 𝐴2 = 0.335, 𝑏1 = 0.0455 and 𝑏2 = 0.3. Furthermore, 
the gust lift and moment about the elastic axis can be obtained as [39]

𝑙𝑔 =
2
𝜇

𝜏

∫
0

𝜓 ′(𝜏 − 𝜎)𝑤𝑔𝑑𝜎 (11)

𝑚𝑔 = (0.5 + 𝑎ℎ)
2

𝑟2
𝛼
𝜇

𝜏

∫
0

𝜓 ′(𝜏 − 𝜎)�̄�𝑔𝑑𝜎 (12)

where �̄�𝑔 =𝑤𝑔∕𝑈 is the nondimensional gust velocity, and 𝜓(𝜏) is the 
Küssner’s function which can be defined as [3]

𝜓(𝜏) = 1 −𝐴3𝑒
−𝑏3𝜏 −𝐴4𝑒

−𝑏4𝜏 (13)

where 𝐴3 = 0.5, 𝐴4 = 0.5, 𝑏3 = 0.13 and 𝑏4 = 1.

In this study, “sharp-edged” and “1-cosine” gust profiles are used 
which can be defined as [39]

sharp-edged gust ∶ �̄�𝑔(𝜏) =𝐻(𝜏)�̄�0 (14)

1-cosine gust ∶ �̄�𝑔(𝜏) =
1
2
𝐻(𝜏)�̄�0(1 − cos 𝜋𝜏

𝜏𝑔
)

1 𝜋𝜏
(15)
−
2
𝐻(𝜏 − 2𝜏𝑔)�̄�0(1 − cos

𝜏𝑔
)
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Fig. 10. The effect of NES stiffness on the gust response of the wing for 𝑤0 = 0.2 a,b) sharp-edged gust profile and c,d) 1-cosine gust profile.
where 𝐻(𝜏) is the Heaviside step function, 𝜏𝑔 is half of the gust loading 
time, and �̄�0 =𝑤0∕𝑈 is the nondimensional gust amplitude.

Following the procedure suggested in [3], the coupled aeroelastic 
equations (Eqs. (5)-(7)) are converted into state-space to form 12 first-

order differential equations. To do this, the following new variables are 
introduced to deal with the integral terms in the gust and aerodynamic 
equations

𝑤1 =

𝜏

∫
0

𝑒−𝑏1(𝜏−𝜎)𝛼(𝜎)𝑑𝜎, 𝑤2 =

𝜏

∫
0

𝑒−𝑏2(𝜏−𝜎)𝛼(𝜎)𝑑𝜎

𝑤3 =

𝜏

∫
0

𝑒−𝑏1(𝜏−𝜎)𝜁(𝜎)𝑑𝜎, 𝑤4 =

𝜏

∫
0

𝑒−𝑏2(𝜏−𝜎)𝜁(𝜎)𝑑𝜎

𝑤5 =

𝜏

∫
0

𝑒−𝑏3(𝜏−𝜎)�̄�𝑑𝜎, 𝑤6 =

𝜏

∫
0

𝑒−𝑏4(𝜏−𝜎)�̄�𝑑𝜎

(16)

By substituting the above variables into the equations of motion, the 
6

final nondimensional equations of motion can be obtained
𝑐0𝜉
′′ + 𝑐1𝛼

′′ + 𝑐2𝜉
′ + 𝑐3𝛼

′ + 𝑐4𝜈
′ + 𝑐5𝜉 + 𝑐6𝛼 + 𝑐7𝑤1 + 𝑐8𝑤2

+𝑐9𝑤3 + 𝑐10𝑤4 + 𝑐11𝑤5 + 𝑐12𝑤6 + (�̄�∕�̄� )2𝐺(𝜁)

+ 𝜖𝐶

�̄�2
𝐻(𝜁, 𝛼, 𝜈) = 𝑓 (𝜏)

(17)

𝑑0𝜉
′′ + 𝑑1𝛼

′′ + 𝑑2𝜉
′ + 𝑑3𝛼

′ + 𝑑4𝜈
′ + 𝑑5𝜉 + 𝑑6𝛼 + 𝑑7𝑤1 + 𝑑8𝑤2

+𝑑9𝑤3 + 𝑑10𝑤4 + 𝑑11𝑤5 + 𝑑12𝑤6 + (1∕�̄� )2𝑀(𝛼)

+ 𝛿𝜖𝐶

𝑟2
𝛼
�̄�2

𝑁(𝜁, 𝛼, 𝜈) = 𝑔(𝜏)
(18)

𝑒0𝜈
′′ + 𝑒1𝜉

′ + 𝑒2𝛼
′ + 𝑒3𝜈

′ + 𝐶

�̄�2
𝑃 (𝜁, 𝛼, 𝜈) = 0 (19)

where 𝐺, 𝐻 , 𝑀 , 𝑁 and 𝑃 are nonlinear functions, and are given in 
the Appendix alongside coefficients 𝑐𝑖(𝑖 = 0, ..., 12), 𝑑𝑖(𝑖 = 0, ..., 12) and 
𝑒𝑖(𝑖 = 0, ..., 3). Furthermore, 𝑓 (𝜏) and 𝑔(𝜏) are aerodynamic terms which 
are functions of initial conditions

𝑓 (𝜏) = 2
𝜇
[𝜉(0) + (0.5 − 𝑎ℎ)𝛼(0)](𝐴1𝑏1𝑒

−𝑏1𝜏 +𝐴2𝑏2𝑒
−𝑏2𝜏 ) (20)

𝑔(𝜏) = −
1 + 2𝑎ℎ
𝑟2
𝛼
𝜇

[𝜉(0) + (0.5 − 𝑎ℎ)𝛼(0)](𝐴1𝑏1𝑒
−𝑏1𝜏 +𝐴2𝑏2𝑒

−𝑏2𝜏 ) (21)
By introducing the state vector 𝑿 = (𝑥1, ..., 𝑥12)𝑇 , where
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Fig. 11. The effect of NES location on the gust response of the wing for 𝑤0 = 0.2 a,b) sharp-edged gust profile and c,d) 1-cosine gust profile.
𝑿 = (𝑥1, ..., 𝑥12)𝑇 = (𝛼, 𝛼′, 𝜉, 𝜉′, 𝜈, 𝜈′,𝑤1,𝑤2,𝑤3,𝑤4,𝑤5,𝑤6)𝑇

the final state-space form of the equations can be written as

𝑿
′ = 𝑭 (𝑿, 𝜏) (22)

This equation is integrated numerically using an explicit Runge-Kutta 
(4,5) formulation [40] to find the aeroelastic time response of the wing.

3. Numerical results

3.1. Model verification

In order to check the accuracy of the developed aeroelastic model, 
three case studies are considered. In the first case, to check the aeroe-

lastic response of the wing (in the absence of gust and NES), the post-

instability pitch amplitude of a wing with a nonlinear spring in pitch 
is determined and compared with those obtained numerically by [3]

in Fig. 2 and an excellent agreement is observed. In this case, a cubic 
hardening stiffness is assumed for the pitch degree of freedom given by
7

𝑀(𝛼) = 𝛽0𝛼 + 𝛽𝛼𝛼
3 (23)
In the second case, to evaluate the effect of the NES on the aeroelastic 
response of the wing, the pitch and NES amplitudes of the nonlinear 
wing are determined, and shown in Fig. 3. The results are in very good 
agreement revealing that the developed model can capture the effects 
of the NES on the aeroelastic response of the wing accurately. For this 
case, a pentic hardening nonlinearity in the pitch degree of freedom is 
considered such that

𝑀(𝛼) = 𝛽0𝛼 + 𝛽𝛼𝛼
3 + 𝛾𝛼𝛼

5 (24)

Finally, in the third case, the effect of gust loads on the pitch re-

sponse for a wing with free-play nonlinearity (in the absence of NES) 
is obtained, and shown in Fig. 4. This comparison shows an excellent 
agreement between the results for both sharp-edged and 1-cosine gust 
profiles. Here, the following free-play nonlinearity in the pitch degree 
of freedom is considered [39]

𝑀(𝛼) = 𝛼 + 1 for 𝛼 < −1 (deg)

𝑀(𝛼) = 0 for − 1 ≤ 𝛼 ≤ 1 (deg)

𝑀(𝛼) = 𝛼 − 1 for 𝛼 > 1 (deg)

(25)

It can be concluded from the above three case studies, that the devel-
oped model can capture the aeroelastic and gust response of a nonlinear 
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Fig. 12. The effect of NES damper on the gust response of the wing for 𝑤0 = 0.2 a,b) sharp-edged gust profile and c,d) 1-cosine gust profile.
Table 1

The properties of the wing.

Parameter 𝑎 𝜇 𝑥𝛼 𝑟𝛼 �̄�

Value -0.5 100 0.25 0.5 0.2

wing with the NES device accurately. In what follows, the effects of the 
nonlinear energy sink on the aeroelastic and gust responses of the wing 
are investigated.

3.2. Aeroelastic behaviour of the wing with NES

In this section, the aeroelastic behaviour of the wing with and with-

out a nonlinear energy sink is investigated. Since the main purpose of 
this paper is to evaluate the effectiveness of the NES in the pre-flutter 
region of the wing, only one nonlinear wing case has been considered. 
Also, since the post-instability region of the wing in gust condition is 
not of high interest, the results for this part are also limited. There-

fore, from here on, a wing with the properties presented in Table 1
8

with cubic nonlinearity as presented in Eq. (23) is considered, and all 
Table 2

Nonlinear case studies.

Parameter 𝛽0 𝛽𝛼

Case 1 1 40

Case 2 0.2 40

the initial conditions are considered to be zero except the initial pitch 
which is 𝛼(0) = 0.1𝑜.

It is noted that the linear nondimensional flutter speed of this wing 
for 𝛽0 = 1 and 𝛽𝛼 = 0 is obtained as �̄�𝑓 = 6.285 which is similar to the 
one reported by Lee et al. [3]. To evaluate the effect of the NES pa-

rameters on the pre and post flutter behaviour of the wing, two case 
studies, as presented in Table 2, are considered. It is noted that the only 
difference between these two cases is the stiffness of the linear spring 
which results in different onsets of instability speeds. Fig. 5 shows the 
effect of NES mass ratio on the pitch and NES responses. It is noted that 
here that a baseline NES with values presented in Table 3 is considered. 
The addition of the NES has minor effects on the onset of flutter insta-

bility (also reported by [15]), but it affects the post flutter behaviour 

of the wing. Above the instability speed, the NES initially is not help-
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Fig. 13. The effect of gust amplitude and NES mass ratio on the gust response of the wing for 𝜏𝑔 = 800 a,b) sharp-edged gust profile and c,d) 1-cosine gust profile.
Table 3

The nonlinear energy sink baseline values.

Parameter 𝐶 𝜆 𝜖 𝛿

Value 10 0.25 0.01 0.45

ful in reducing the oscillation amplitude, and even increases it slightly. 
However, when the wing oscillation amplitude increases, then the NES 
starts to be effective which can be seen as a jump in the NES bifurcation 
plots. It is noted that the speed at which this jump happens is strictly 
dependent on the NES mass ratio (𝜖). As the mass ratio increases, the 
jump speed increases. At the same time, as the mass ratio increases, the 
amplitude reduction magnitude increases.

Fig. 6 shows the bifurcation diagrams for the case 2 wing. It is noted 
that due to the weaker linear spring stiffness for this case, the onset of 
instability is less than the flutter speed of case 1. In this case, the wing 
undergoes various motions (period-1, period-1-h, period-3, chaotic), 
and adding the NES changes the speed at which the oscillation period 
changes. Furthermore, by increasing the mass ratio, the speed at which 
the period switching happens increases. It is noted that as the level of 
9

NES displacement is high, this could be an important limitation of this 
concept in real application, and hence other more compact NES con-

cepts such as vibro-impact NES or rotational NES will be studied in the 
future to overcome this limitation.

Next, the effect of NES stiffness on the aeroelastic response of both 
wings is investigated and shown in Fig. 7 (only for the upper branch of 
co-existing solutions). For case 1 and for all mass ratios, by increasing 
the NES stiffness, the pitch response amplitude first increases, then de-

creases and again slightly increases. While, for case 2, the situation is 
different as the response is different between various mass ratios. For 
smaller mass ratios, by increasing the NES stiffness, the pitch response 
first increases and then decreases gradually. However, for larger mass 
ratios, the response first decreases, then increases and finally gradu-

ally decreases again. It is noted that the stiffness values at which these 
changes happen are different for various mass ratios. This behaviour 
highlights that the NES stiffness needs to be optimised for each specific 
system.

Fig. 8 shows the effect of NES offset from the wing elastic axis on 
the upper branch of co-existing solutions of pitch response for both 
wings. As the NES moves away from the elastic axis, the pitch ampli-

tude changes for both cases. In case 1 and for small values of mass ratio, 
by moving the NES toward tip, the pitch amplitude gradually decreases. 

However, for larger mass ratios, the pitch amplitude first decreases until 
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Fig. 14. The effect of gust amplitude and NES stiffness on the gust response of the wing for 𝜏𝑔 = 800 a,b) sharp-edged gust profile and c,d) 1-cosine gust profile.
a point at which the pitch amplitude suddenly jumps up. And then from 
this point onward, the amplitude again decreases. Therefore, depend-

ing on the value of the mass ratio, there could be one specific location 
that can result in the highest amplitude reduction of the wing. A simi-

lar trend is observed for case 2, but in this case the sudden jump seen 
in case 1 doesn’t exist any more.

3.3. Gust response of the wing with NES

In the previous section, the effect of adding an NES to the wing on 
the aeroelastic response of the wing in the post-instability region has 
been studied. In this section, the capability of the NES on gust load/re-

sponse reduction of the wing is investigated. It is noted that here, unless 
otherwise stated, the baseline NES values are considered for all para-

metric studies. As mentioned before, two gust profiles are considered 
which are the sharp-edged and 1-cosine gust profiles. It is noted that in 
this section, only the case 1 wing will be considered, but similar con-

clusions may be obtained for wing 2 as well.

First, it is assumed that the aircraft is flying in the stable region 
(�̄�∕�̄�𝑓 = 0.8) at which the gust hits the wing. Fig. 9 shows the effect 
of the NES mass ratio on the gust response of the wing for both gust 
10

profiles. This clearly shows that when the NES is added to the wing, 
it has the potential to reduce the maximum response amplitude of the 
wing. However, in this case the maximum amplitude reduction is very 
small, but this is due to the fact that the NES parameters are not opti-

mum. This means that adding an NES can be helpful to attenuate the 
gust loads on the wing. In this case, as the NES mass ratio increases, the 
maximum amplitude reduction increases for both gust profiles.

Fig. 10 shows the effect of NES spring stiffness on the maximum 
pitch amplitude reduction of the wing for both gust profiles. For both 
profiles, as the stiffness value increases, the maximum pitch amplitude 
reduction increases, and then remains almost the same or decreases 
slightly, depending on the value of mass ratio. This behaviour means 
that there is a specific value of stiffness that can result in the highest 
pitch amplitude reduction for the wing. It is noted that this optimum 
value is dependent to the mass ratio of the NES and airflow veloc-

ity. Furthermore, it can be seen that the NES is more effective for the 
sharp-edged gust load reduction than the 1-cosine gust load reduction 
Moreover, the plunge amplitude reduction does not follow the same 
trend as the pitch amplitude reduction for high mass ratios. For higher 
mass ratios, the plunge amplitude reduction first decreases and then in-

creases. It is noted that the NES is more effective in pitch amplitude 

reduction.
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Fig. 15. The effect of gust amplitude and NES location on the gust response of the wing for 𝜏𝑔 = 800 a,b) sharp-edged gust profile and c,d) 1-cosine gust profile.
The effect of NES location on the gust response of the wing is deter-

mined next and shown in Fig. 11. By moving the NES towards the wing 
tip, the gust response amplitude gradually decreases for both gust pro-

files. As for the previous cases, as the mass ratio increases, the amount 
of gust load reduction increases. It is noted that there is a specific NES 
location at which the NES becomes effective for plunge amplitude re-

duction. This location is dependent on the gust profile. Moreover, the 
effect of the NES linear damper on the gust response reduction of the 
wing is shown in Fig. 12. As the damper value increases, the maximum 
gust amplitude reduces for all cases. But, the rate of change is not uni-

form between pitch and plunge responses.

Next, the effect of gust amplitude on the NES effectiveness has been 
considered. Figs. 13–16 show the maximum gust response amplitude re-

duction for various NES parameters. The effect of NES mass ratio and 
gust amplitude on the wing pitch and plunge gust response is shown 
in Fig. 13. By increasing the NES mass ratio, the maximum gust re-

sponse amplitude reduces for all gust amplitudes. However, for higher 
gust amplitudes, the NES is less capable in reducing the gust load. But, 
this is not true for the plunge response of the 1-cosine gust case. Fig. 14

shows the effect of NES stiffness on wing gust response reduction for 
various gust amplitudes. For this case, again the capability of the NES 
11

reduces as the gust amplitude increases. Furthermore, the stiffness at 
which the gust load reduction trend switches from increase to decrease 
is different for each gust amplitude. Figs. 15 and 16 show again the 
same trend for the NES gust response reduction effectiveness for dif-

ferent gust amplitudes. Fig. 17 shows the effectiveness of the NES for 
pitch response reduction of the wing for various values of gust loading 
time for a 1-cosine gust profile. As the gust loading time increases, the 
NES becomes slightly more effective. It is noted that the stiffness value 
at which the highest load reduction happens is completely different for 
various gust loading times. So, this reveals that there is no optimum NES 
value which can be used for all gust conditions, and hence, a tunable 
NES with various stiffness or mass is desired. This can be considered in 
future studies.

By considering the near optimum values of NES for pitch ampli-

tude reduction (shown in the previous parametric studies) and for one 
gust condition (𝑤0 = 0.2, 𝜏𝑔 = 800), Fig. 18 shows the gust response of 
the wing with and without the optimum NES. In this case at an air-

flow velocity of �̄�∕�̄�𝑓 = 0.8, the NES is able to reduce the maximum 
pitch amplitude by up to 43% and 41% for sharp-edged and 1-cosine 
gust profiles, respectively. This highlights the potential effectiveness of 
the NES in reducing the response amplitude and hence load reduction. 

Furthermore, to investigate the displacement of the NES, the relative 
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Fig. 16. The effect of gust amplitude and NES damper on the gust response of the wing for 𝜏𝑔 = 800 a,b) sharp-edged gust profile and c,d) 1-cosine gust profile.
nondimensional displacement of the NES with respect to the wing for 
these two optimum cases are determined and shown in Fig. 19.

Finally, the effect of the optimum NES on the gust response of the 
wing in the post-instability region for various speeds are investigated. 
Figs. 20–22 show the aeroelastic response of the wing with and without 
gusts and NES. In this case, the NES is still capable of reducing the 
pitch amplitude of the wing, and its effectiveness. Also, the gust load 
reduction due to NES increases as the post-instability speed increases. 
This highlights the effectiveness of adding an NES to the wing to reduce 
the gust loads in both pre and post instability regions.

4. Conclusion

In this paper, the effectiveness of a nonlinear energy sink on the 
aeroelastic and gust response of a wing was investigated. The structural 
dynamics of the wing was simulated using a two dimensional airfoil 
which has a hardening nonlinearity in the pitch degree of freedom. 
Also, the aerodynamic loads applied on the wing were modelled us-

ing Wagner’s unsteady lifting line theory. The wing was assumed to 
be subjected to gust loads which are simulated using two gust profiles 
which are sharp-edged and 1-cosine profiles. A nonlinear energy sink 
12

was attached to the wing with an offset from the wing elastic axis. The 
dynamics of the NES was simulated using a concentrated mass con-

nected to the wing through a linear damper and a nonlinear spring. The 
final aeroelastic differential equations were transferred to state-space 
form, and solved using numerical integration. To check the accuracy of 
the developed aeroelastic model, various case studies were considered 
and the results were compared with those available in the literature and 
an excellent agreement was observed. Then, the effect of various wing 
and NES parameters on the aeroelastic and gust response of the wing 
were investigated. It was found that adding a nonlinear energy sink 
to the wing has the capability of reducing the aeroelastic and gust re-

sponse amplitudes, for both pre and post-instability regions, and hence 
can reduce the loads. Furthermore, it was observed that the NES can 
also affect the periodic behaviour of the wing in the post-flutter region. 
Finally, it was highlighted that if the NES parameters are selected prop-

erly, it is possible to reduce the gust response amplitude depending on 
the gust condition. However, it is more desirable to design a tunable 
NES which can reduce the gust amplitude for different gust conditions. 
Future work will include designing a tunable NES and its application to 

a 3D wing model.
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Fig. 17. The effect of gust loading time on the 1-cosine gust response of the wing for 𝑤0 = 0.2, and for various values of a) NES mass ratio, b) NES stiffness, c)NES 
location and d) NES damper.
CRediT authorship contribution statement

M.R. Amoozgar: Conceptualization, Data curation, Formal analysis, 
Investigation, Methodology, Software, Validation, Visualization, Writ-

ing – original draft, Writing – review & editing. A. Castrichini: Writing 
– review & editing. S.D. Garvey: Writing – review & editing. M.I. 
Friswell: Writing – review & editing. J.E. Cooper: Writing – review 
& editing. R.M. Ajaj: Writing – review & editing.

Declaration of competing interest

The authors declare that they have no known competing financial 
interests or personal relationships that could have appeared to influence 
the work reported in this paper.

Data availability
13

Data will be made available on request.
Appendix A. Coefficients in Eq. (17)-(19)

𝑐0 = 1 + 1
𝜇
, 𝑐1 = 𝑥𝛼 −

𝑎ℎ

𝜇
, 𝑐2 = 2𝜁𝜉

�̄�

�̄�
+ 2

𝜇
(1 −𝐴1 −𝐴2) +

𝜖𝜆

�̄�
,

𝑐3 =
2
𝜇
(1 + (1 − 2𝑎ℎ)(1 −𝐴1 −𝐴2)) −

𝜖𝜆𝛿

�̄�
, 𝑐4 = − 𝜖𝜆

�̄�
,

𝑐5 =
2
𝜇
(𝑏1𝐴1 + 𝑏2𝐴2)

𝑐6 =
2
𝜇
(1 −𝐴1 −𝐴2 + (0.5 − 𝑎ℎ)(𝑏1𝐴1 + 𝑏2𝐴2)),

𝑐7 =
2
𝜇
𝑏1𝐴1(1 − 𝑏1(0.5 − 𝑎ℎ)), 𝑐8 =

2
𝜇
𝑏2𝐴2(1 − 𝑏2(0.5 − 𝑎ℎ)),

𝑐9 = − 2
𝜇
𝑏21𝐴1, 𝑐10 = − 2

𝜇
𝑏22𝐴2, 𝑐11 = − 2

𝜇
𝑏3𝐴3, 𝑐12 = − 2

𝜇
𝑏4𝐴4

𝑑0 =
𝑥𝛼

𝑟2
𝛼

−
𝑎ℎ

𝜇𝑟2
𝛼

, 𝑑1 = 1 +
1 + 8𝑎2

ℎ

8𝜇𝑟2
𝛼

,

1 + 2𝑎ℎ 𝜖𝜆𝛿

𝑑2 = −

𝜇𝑟2
𝛼

(1 −𝐴1 −𝐴2) −
𝑟2
𝛼
�̄�
,
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Fig. 18. The effect of the optimum NES on the gust response of the wing a) 
sharp-edged gust profile and b) 1-cosine gust profile.

Fig. 19. The relative displacement of the NES for the optimum cases.

1 − 2𝑎ℎ (1 + 2𝑎ℎ)(1 − 2𝑎ℎ)(1 −𝐴1 −𝐴2) 𝜖𝜆𝛿2
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𝑑3 = 2𝜇𝑟2
𝛼

−
2𝜇𝑟2

𝛼

+
𝑟2
𝛼
�̄�

,
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Fig. 20. The effect of the optimum NES on the gust response of the wing in the 
post-instability region at �̄�∕�̄�𝑓 = 1.05 a) sharp-edged gust profile b) 1-cosine 
gust profile.

𝑑4 =
𝜖𝜆𝛿

𝑟2
𝛼
�̄�
, 𝑑5 = −

1 + 2𝑎ℎ
𝜇𝑟2

𝛼

(𝑏1𝐴1 + 𝑏2𝐴2),

𝑑6 = −
1 + 2𝑎ℎ
𝜇𝑟2

𝛼

(1 − 𝑏1 − 𝑏2) −
(1 + 2𝑎ℎ)(1 − 2𝑎ℎ)(𝐴1𝑏1 −𝐴2𝑏2)

2𝜇𝑟2
𝛼

,

𝑑7 = −
(1 + 2𝑎ℎ)𝐴1𝑏1

𝜇𝑟2
𝛼

(1 − 𝑏1(0.5 − 𝑎ℎ)),

𝑑8 = −
(1 + 2𝑎ℎ)𝐴2𝑏2

𝜇𝑟2
𝛼

(1 − 𝑏2(0.5 − 𝑎ℎ)),

𝑑9 =
(1 + 2𝑎ℎ)𝑏1𝐴2

1
𝜇𝑟2

𝛼

, 𝑑10 =
(1 + 2𝑎ℎ)𝑏2𝐴2

2
𝜇𝑟2

𝛼

,

𝑑11 = − 2
𝜇𝑟2

𝛼

(0.5 + 𝑎ℎ)𝐴3𝑏3, 𝑑12 = − 2
𝜇𝑟2

𝛼

(0.5 + 𝑎ℎ)𝐴4𝑏4,

𝑒0 = 1, 𝑒1 = − 𝜆

�̄�
, 𝑒2 =

𝜆𝛿

�̄�
, 𝑒3 =

𝜆

�̄�

𝐻 = (𝜉 − 𝛿𝛼 − 𝜈)3,𝑁 = (𝛿𝛼 + 𝜈 − 𝜉)3, 𝑃 = (𝛿𝛼 + 𝜈 − 𝜉)3.
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Fig. 21. The effect of the optimum NES on the gust response of the wing in the 
post-instability region at �̄�∕�̄�𝑓 = 1.10 a) sharp-edged gust profile b) 1-cosine 
gust profile.
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