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Abstract

This thesis consists of two research projects on the spin representation theory of the symmetric
group.

In Chapters 2 and 3, we determine the modular decomposition of the spin representa-
tion of S, indexed by the partition (n — 2,2). Whilst James provided a characteristic-free
construction of the linear representations of the symmetric group S,, there is no analogous
construction for the spin (or projective) representations of Sy, i.e. the linear representations
of a double cover S, of S,,. The most crucial open problem in the spin representation theory
of S, is determining the number of times each prime characteristic irreducible appears in
the decomposition of the modular reduction of a characteristic 0 irreducible. Inspired by
James’ description of the linear representations of .S, in terms of submodules and induced
modules, recovering the Specht modules, Wales showed that inducing the basic representa-
tion from S ; to S;" provides an irreducible 2-modular representation other than the basic
representation, leading to a description of the modular decomposition of the spin representa-
tions denoted by the partitions (n) and (n — 1,1). We extend this method to determine the
decomposition of the spin representation corresponding to (n — 2, 2).

In Chapter 4, we establish combinatorial results about bar-core partitions. When p and
q are coprime odd integers no less than 3, Olsson proved that if A is a p-bar-core partition,
then the g-bar-core of X is again a p-bar-core. We establish a generalisation of this theorem:
that the p-bar-weight of the g-bar-core of any bar partition A is at most the p-bar-weight of
A. We go on to study the set of bar partitions for which equality holds and show that it is a
union of orbits for an action of a Coxeter group of type C’(pﬂ)/z X Cla1y /2 We also provide an

algorithm for constructing a bar partition in this set with a given p-bar-core and g-bar-core.
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Chapter 1

Introduction

The modular representation theory of the symmetric group S,, and its double covers S can be under-
stood through the combinatorics of partitions. In the linear representation theory of S, the combina-
torics of rim s-hooks and s-core partitions classifies the s-blocks of modular irreducible representations
of S,,. In the projective representation theory of 5,,, there is an analogous theory of p-bars first realised
by Morris [19], and Humphreys [9] proved that p-bar-cores classify the p-blocks of modular irreducible
spin representations of S,,. We will see that much of the linear representation theory of S,, is parallel to

the spin representation theory.

Our first chapter will begin with James’ construction of the Specht modules [11], providing a complete
set of irreducible linear representations of S,, over a field of arbitrary characteristic. We then describe the
theory of spin representations of S, i.e. the linear representations of a double cover S, of S, sending
the element z € S to —1, which are equivalent to projective representations of S,. A complete set
of ordinary irreducible spin representations is labelled by the set of bar partitions [25], i.e. partitions
with distinct parts (or simply finite subsets of N), and the combinatorics of removing bars determines
the modular structure of the algebra arising from S;. We will state the modular branching rules of
Brundan and Kleshchev [2], who showed that the irreducible spin representations of S, in characteristic
p are labelled by restricted p-strict partitions, as well as the theorems of Wales [26] and Morotti [18],
who determine the modular decomposition factors of the ordinary irreducible spin representations of
Sy labelled by partitions of n into 1 or 2 parts. We will apply all of these theorems to obtain a new
result: the precise decomposition of the ordinary irreducible spin representation labelled by (n — 2,2) in
arbitrary characteristic p > 0, with the exception when p = 3 and n is a multiple of 3. This exceptional

case is the motivation for the second chapter.

Whilst spin decomposition numbers have been calculated for n < 18 by Maas [16], we are still
a long way from understanding them in general. A construction for the spin representations of S,
over a field of arbitrary characteristic, analogous to James’ construction of the Specht modules, is still

out of reach. We can, however, emulate James’ methods to provide a characteristic-free construction



of the spin representation corresponding to (n — 2,2). In the second chapter, we will induce a basic

+

spin representation of S,,_;, labelled by the partition (n — 1), and we will construct a copy of the

ordinary irreducible spin representation S((n — 2,2)) inside the induced module. Our construction
will allow us to identify the p-modular irreducible spin representation D((n)%®) as the quotient of two
submodules of S((n — 2,2)) when p = 3 and n is a multiple of 3, hence showing that the multiplicity
[S((n —2,2)) : D((n)f)] is positive.

In our final chapter, we continue to use the linear representation theory as a guide for the spin repre-
sentation theory of S,, and establish analogues for bar partitions of the results in Fayers’ ‘A generalisation
of core partitions’ [6]. Fayers proved that for coprime positive integers s, ¢, the s-weight of the ¢-core of a
partition « is at most the s-weight of «, generalising Olsson’s result that the ¢-core of an s-core is again
an s-core [24]. We generalise another result established by Olsson in [24], which says that for coprime odd
integers p,q > 3, the g-bar-core of a p-bar-core is again a p-bar-core, by showing that the p-bar-weight
of the g-bar-core of any bar partition A is at most the p-bar-weight of \. We further investigate the set
6}“1 of bar partitions A which have p-bar-weight equal to that of their ¢-bar-core, just as in [6], Fayers
studies the set Cs.; of partitions o which have s-weight equal to that of their ¢-core, and find that C), ,
has analogous properties to those of Cy.;. By considering a natural action of the affine Weyl group 20,
of type 6'@71)/2 and its invariants, we prove that the two sets ép,q and éq’p are equal, that any bar
partition in this set is a pg-bar-core, and that the p-bar-core of the g-bar-core of A € C,, , is equal to the
g-bar-core of the p-bar-core of A\. Finally, we provide an algorithm to determine the bar partition in 51,7(1
with a given p-bar-core p and g-bar-core o such that the g-bar-core of u is equal to the p-bar-core of o,
and construct a bijection between the 20, x 20,-orbit containing T, 4, the maximal bar partition which

is both a p-bar-core and a g-bar-core, and the direct product of the power set of {1,..., w} with the

set of p-bar-cores and the set of g-bar-cores.



Chapter 2

The projective representation theory

of the symmetric group

2.1 Linear representations of S,

Irreducible F'S,-modules, for a field F' of characteristic p > 0, were classified by James [11], who did so
by constructing the Specht modules in a characteristic-free way. For the benefit of readers unfamiliar

with James and Kerber’s work, we outline the theory of rim-hooks and cores here.

We may visually represent a partition @ = (ay, @, ..., q;), i.e. a decreasing sequence of (not neces-
sarily distinct) positive integers a3 > ag > -+ > .., by its Young diagram [«], which has a; nodes
in the i*" row, for each i € {1,...,r}, with each row starting in the first column. The hook-length h;;

of the (i, j)-node, in the i*® row and j*! column of [a], is found by adding the number of (k,j)-nodes
with k& > i to the number of (,[)-nodes with [ > j. We refer to the (4, j)-nodes with (i + 1,5 + 1) & [¢]
as the rim of [a]. The h;; pairwise adjacent nodes along the rim of [a] from the lowest node in the j*8
column, i.e. the (k,j)-node with k& maximal, to the (i, a;)-node are collectively called a rim h;;-hook
and denoted by R;;. Whenever a diagram [a] has an (¢, j)-node with hook-length s := h;;, we may
remove a rim s-hook from [a] to obtain the Young diagram of a different partition a\R;; of S,_s. If

instead [a] has no nodes with hook-length s, then we say that the partition « is an s-core.

Example. Below is the Young diagram [(4,4, 2, 1)], which has just one 5-hook. The (1,2)-node is high-
lighted with a e, the (1,2)-hook Ry is highlighted in red, and the removable nodes of the corresponding
rim 5-hook are highlighted with x’s:

Adopting the convention that a; = 0 for each ¢ greater than some fixed r € N, the strictly decreasing
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sequence of integers a; —1+k > as —2+k > ..., for some k € Z, is called a beta-set for the partition
a = (aq,as,...), and is denoted by By.

James’ s-abacus has s runners extending infinitely in both directions, with the leftmost runner labelled
by multiples of s, and the position directly to the right of i labelled by i + 1. A bead configuration is
associated with a partition o« via the beta-set B* := Bf by placing a bead at the position labelled by
«; — 1 for each i € N.

Removing a rim s-hook from [a] then corresponds to removing an element x € B such that © — s ¢ B
and replacing x with x — s. Thus we obtain the bead configuration for an s-core by moving the beads
in the configuration for a on the s-abacus up their runners as far as possible. Since the order in which
we move the beads is irrelevant, there is only one s-core which can be obtained from a partition a by
removing rim s-hooks, and we denote the s-core of a by &;. The number of moves needed to reach
the bead configuration of &g from the configuration of a, or equivalently, the number of rim s-hooks
which can be successively removed from the diagram [o], is the s-weight of «; we denote this quantity
by wts(a).

The s-quotient of « is the s-tuple of partitions corresponding to the bead configuration of each runner
of the s-abacus as s separate 1-abaci. Fach partition « is uniquely determined by its s-core &g and its

s-quotient.

Example. Below are the configurations of the partition a := (4, 4,2, 1) (on the left), and a5 = (3,1,1,1)
(on the right), on James’ 5-abacus. As noted in the previous example, the 5-weight of « is 1. A beta-set
for o is By = {3,2,—1,-3,—5,—6,...}, we have B(;S‘ ={2,-1,-2,-3,-5,-6,...}, and the 5-quotient

of ais (,2,d, (1), ) (where @ denotes the empty partition).

Removing rim s-hooks has a strong connection with the modular representation theory of the sym-
metric group, as the two ordinary irreducible representations corresponding to the partitions « and 8
belong to the same s-block of s-modular irreducible constituents if and only if &g = Bs. This important
result was first conjectured by Nakayama, and should be referred to as the Brauer—Robinson Theorem
after those who first proved it in 1947. There also exists a recursive formula to determine the values of
the irreducible character («) of S,, on the conjugacy classes of S,,, both of which are indexed by partitions

of n.

Theorem (The Murnaghan—Nakayama formula). For partitions o and o of n, if 0 has s as a part,

and o' is the partition obtained by removing s from o, then

(@)(0) = S (~ 1)@ AR, ) (o)

(2%



where the sum is taken over all nodes (i, j) of o such that h;j = s (and (&) = 1).

Example.
(4%, 1))((4,3,2)) = = (3%, 1))((4,3)) + ((4,2,1))((4,3))
=((3)((3)) = ((A))((3))
=1-1=0
Now we will outline James’ construction of the Specht modules. For a partition o = (o, ..., ;) of
n, an a-tableau t is obtained by placing each of the numbers 1,...,n in different boxes of the Young

diagram [a]. If t is an a-tableau, then ¢ denotes an a-tabloid, an a-tableau with unordered row entries.
We draw an a-tabloid as a Young diagram without vertical lines. There is a natural action of S,, on the
set of a-tableaux, and therefore on the set of a-tabloids. The stabiliser of any a-tabloid is a conjugate

of a Young subgroup

S 8o, X - X S

The F'S,,-module M® spanned by a-tabloids is isomorphic to the permutation representation of S,, on
the cosets of a Young subgroup S,. An a-polytabloid is an element of M® of the form
e = Z sgn(m)mt,
TeV(t)

where t is an a-tableau and V(t) is the column stabiliser of ¢.

Example. If
=|1]2]5]6]
3
then V(t) = {1,(13),(24),(13)(24)} and
_ 2 5 6 3 2 5 6 1 4 5 6 3 4 5 6
&= - - + :
3 4 1 4 3 2

We define the Specht module S to be the subspace of M“ spanned by polytabloids. Since 7e; =
ext for each a-tableau t and © € S, the Specht module S* is an F'S,-submodule of M®“, and it is
generated by any one polytabloid. We say that an a-tableau t is standard if the numbers are strictly
increasing from left to right along the rows and down the columns of ¢. Over any field, we can take
{e¢|t is a standard a-tableau} as a basis for S¢.

In characteristic 0, the Specht modules S¢, indexed by partitions « of n, give a complete set of (ordi-
nary) irreducible representations of S,,. Moreover, since permutation modules have the same definition
over any field, this construction makes it possible to determine the irreducible representations of \S,, over
a field F' of arbitrary characteristic p > 0.

Define an Sy-invariant bilinear form on M®: for a-tabloids 3, , let

—
—-
jurig
|
I
|

f(5,1) =

o
—
-+
wl
N
I



Then for every pair of a-polytaboids ey, e;, writing z; for the number of parts of @ equal to j, the integer
z;! divides f(es, ;) for all j > 0. Hence, in positive characteristic p, the restriction of f to S* is non-zero

if and only if « is p-regular, i.e. z; < p for all j. It follows that the module
D := §%/(§* N §*h)
is non-zero if and only if « is p-regular, where
S5t = {a € M®|f(a,e;) = 0 for all a-tableaux t}.

Now by the Submodule Theorem [11, Theorem 7.1.7], for each partition « of n, every F'S,-submodule
of M either contains S, or is contained in S®*. When « is p-regular, the radical S* N S** of f is a

maximal proper submodule, and D% is therefore an irreducible F'S,,-module. In fact,
{D“|c is a p-regular partition of n}
is a complete set of irreducible F'S,-modules.

Example. When o = (n), the Specht module S® is just the trivial F'S,-module, and when o = (1™),
M is isomorphic to the regular representation module, and S® the alternating representation.

If « = (n—1,1), then a-tabloids are uniquely defined by the number in their second row. The action
of the standard generating transpositions s; := (i,7 + 1) of S,, on the a-tabloid ¢; with k in the second

row is given by

siti = tip1
Sitiy1 =t
sit; =t if j#£d,i+1

so M“ is the natural module where elements of S,, act by permuting basis vectors, or equivalently, it is
the trivial module induced from S,,_;. In this case, standard a-tableaux are also uniquely defined by the
number in their second row, which must be one of 2,...,n. Thus {es,...,e,} is a basis for S, where

e is the polytabloid with the number & in the second row of the tabloid with a positive sign:

1 o k—1k+1 - n 2 . n

k 1

Note that this is well-defined because we can always take standard tableaux as an index for the basis of
S% so that the tabloid with a negative sign in e, will always have 1 in the second row.

Now suppose a = (n — 2,2). Then M can be thought of as the permutation module on 2-subsets
of {1,...,n}, or as the trivial module induced from the Young subgroup S,,_2 x S2. We can take as a

basis for S the set of polytabloids {e;;} where e;; = e;; is indexed by the standard a-tableau with i, j
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in its second row (so that i < j =2 <i<n—1and 4 <j <n). If we write t;; for the a-tabloid with
1,7 in its second row, then
eij = tij — tij — tar + ik,

where k = 3 if ¢ = 2, or k = 2 otherwise.

We will adopt similar methods in Chapter 3 in order to construct the spin representation of S,

corresponding to the partition (n — 2,2).

2.2 Spin representations

A projective representation of a group G on a finite-dimensional vector space V over a field F' is
a function p : G — GL(V) such that p(1) = 1 and for each pair of elements z,y € G, there exists a

non-zero o(z,y) € F with
p(a)py) = o(z,y)p(zy).

Equivalently, we can think of projective representations as a homomorphism from G to PGL(V'), the
projective general linear group acting on V. By the associative law in G and GL(V), for all z,y, z € G,

the function o must satisfy

o(z,1)=1=0(1,2)

o(x,yz)o(y, z) = o(x,y)o(ry, 2)

and o is called a 2-cocycle [8, p. 1]. Then a linear representation of G is a projective representation
with trivial 2-cocycle: o(x,y) =1 for all z,y € G.
Two 2-cocycles 0,60 are said to be cohomologous if there exists a function f : G — F such that

f) =1, f(x) #0 for all x € G, and for each pair z,y € G,

0(z,y) = f(2)f(y)(f(zy) " oz, y)

and we call the set [o] of 2-cocycles related to ¢ in this way the cohomology class of o. The set of

cohomology classes [o] for 2-cocycles o forms a finite abelian group M (G) under the operation
[0][0] = [o0],

and is called the Schur multiplier of G. Now projective representations of G can be viewed as linear
representations of a central extension of M(G) by G which contains M (G) in its commutator subgroup.
We call this extension a representation group for G.

When G = S, is the symmetric group, the Schur multiplier M (G) has order 2 if n > 4 and is trivial
otherwise [8, Theorem 2.9]. We call a representation group of S,, a double cover of S,,. When n > 4,

Sy, has two proper double covers, often denoted by S and S, , and the linear representation theory of
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each group is equivalent to the projective representation theory of S,,. Each has a centre {e, z} of order

2 contained in the commutator subgroup, making the exact sequence
1={ez}>8SF =8, =1

The two groups S are distinguished by the order of the element corresponding to a transposition in S,,:
order 4 in S, and order 2 in S;F. We will restrict our attention to S;, whose generators t1,...,t, 1 are

lifted from the generating transpositions of 5,, and satisfy the relations

t2=1=2% titip1t; = tip1titiya,

2t = tiz,titj = thti for IZ —]| > 1.

Note that S, = S;f'/{e, z}, and representations of S, that send the element z to the identity are precisely
the linear representations of S,,. If z is not in the kernel of an irreducible representation p of S;" then
we say that p is a spin representation of S,,, and we necessarily have p(z) = —1.

Schur determined the irreducible spin characters of S,, [25], giving a method for finding character
values with recursive functions that generate shifted A-tableau, obtained by filling the nodes of the
shifted diagram {(7,j)|1 < < j < A\;} of A with the numbers 1,...,n. The ordinary irreducible spin
characters of S,, are labelled by the set P,, of bar partitions \ of n, decreasing sequences of distinct
positive integers

A= (A1, A, )

that sum to n (often referred to as strict partitions).

Denoting by I(\) = r the length of A\, we say that X is even if n — I(\) is even, and odd if n — ()
is odd. Define the sign representation sgn on S;" by sgn(t;) = —1fori=1,...,n—1 and sgn(z) = 1.
Then we say that two spin representations p, ¢ are associate when ¢ = sgn ® p.

If A is even, then there is one self-associate ordinary irreducible spin character () labelled by A. If A is
odd, then there are two associate ordinary irreducible spin characters (A)o, (A\)1 labelled by A.

A conjugacy class of S,, corresponding to a partition « (giving the cycle shape of the permutations in
that class) either lift to one conjugacy class in the double cover S, or split into two conjugacy classes
of ;7. Schur showed that the elements in S, corresponding to a partition « split into two conjugacy
classes if and only if « is either a bar partition with an odd number of even parts, or a has no even parts.

Note that spin characters vanish on the non-split conjugacy classes.

Example. The conjugacy classes of S} are as follows:
e Two conjugacy classes of size 1: {1} and {z};
e One conjugacy class of size 12, consisting of elements corresponding to transpositions in Sy;
e One conjugacy class of size 6 corresponding to the partition (22);

e Two conjugacy classes of size 8, each corresponding to the partition (3, 1);

12



e Two conjugacy classes of size 6 corresponding to (4).

There are three irreducible spin characters of S with characters (2, —2,0,0, —1,1, £/—2, Fy/~2), and
(4,—4,0,0,1,—1,0,0). The other irreducible representations of S;f are lifted from linear representations

of S4.

Throughout this chapter, we will denote by F an algebraically closed field of odd positive characteristic
p. Note that spin representations do not exist in characteristic 2, and if p > n, then F'S;" is semisimple,
so we need only consider p < n.

A partition p is p-strict if any repeated parts are divisible by p. When p is p-strict we say that y is
restricted p-strict if for each i = 1,...,1(u) — 1, the parts of u satisfy p; — ;41 < p when plu;, and
Hi — pi+1 < p when p f ;.

Over F, the irreducible spin characters of S,, are labelled by the set PP,, of restricted p-strict partitions
w. This labelling was established by Brundan and Kleshchev [2], who also provided branching rules
for the induction and restriction of irreducible spin representations using the link between modular
representation theory and the combinatorial theory of crystal bases. Thus the main problem in the spin
representation theory of the symmetric group is determining the multiplicity of p-modular irreducible spin
representations, labelled by restricted p-strict partitions p, in the decomposition of ordinary irreducible
spin representations, labelled by bar partitions A, in odd positive characteristic p.

For a partition a, define the p-residue of the (r,c)-node of [a] to be the number in the r*® row and

¢t column of the diagram of a when we fill each row with the repeating sequence of numbers
0,1,...,(=3)/2, (p=1)/2, (»=3)/2,...,1,0,0,1,...

We say that u € PP, is p-even/odd if the number of non-zero residues in [y] is even/odd. If p is p-even,
then there is one irreducible spin character of S,, labelled by p; if p is p-odd, there are two irreducible

spin characters labelled by p [2].

Example. The partition A := (9, 2) is 5-odd as the number of non-zero residues in the following diagram

is odd

01 2|1|0|0|1|2|1\
o1

so there are two associate irreducible spin characters labelled by A.

As we saw in the previous section, the irreducible linear representations of .5, in characteristic p fall
into blocks which are indexed by p-cores, and there is a rich, developed theory of p-hooks and p-cores
of partitions revealing a great deal of information about the linear representation theory of S,,. The
p-blocks of irreducible spin representations of S, are indexed by p-bar-cores, and there is a theory based
on the combinatorics of removing p-bars from bar partitions that is parallel to the linear theory of hooks.

For odd integers p > 1, removing a p-bar from a bar partition A means either

(i) removing = € A such that 0 <z — p & A, and replacing « with  — p if x # p; or

13



(ii) removing two parts z,p — x € A (where 0 < z < p).
(p must be odd because of the incompatible possibility that a bar partition could have a 2p-bar but not
a p-bar, e.g. p =4 and the partition (6,2).)

Morris was the first to realise that bars were the appropriate analogue to hooks for the spin repre-
sentation theory of S, and established a spin analogue of the Murnaghan—Nakayama formula, giving
a recursive method for calculating the values of the irreducible spin characters (\) of S, [19]. In [25],
Schur showed that for a bar partition A and partition o of n, if o has at least one even part, then the
irreducible character(s) labelled by A vanish on the conjugacy class(es) of S;" projecting to the conjugacy

class of S, indexed by o except when A is odd and ¢ = A. In this exceptional case, the character value is

4 (nmt+3)/2 /,\1,\22---,\1'

Otherwise, when o has only odd parts and A is odd, we have (A)o(0) = (A)1(0) and can therefore denote
this value simply by (A)(o). In order to state Morris’ recursive formula for (A)(o), we first need a couple
of definitions.

The double of a bar partition A = (\1,..., )\,) is the partition AT whose Young diagram is obtained
by amalgamating the shifted diagram of A, which has )\; nodes in the i*® row, with the left-most in the
i*h column, and its reflection along the top left to bottom right diagonal. Equivalently, [AT] is the union

of (M + 1, 24+2,.... - +r)]and [(A1, A2+ 1,..., A +7r—1)] [17, p. 14].

Example. (7,4,3)" = (8,6,6,3,3,1,1):

] | [ ] [ ]

Now we define, for each (4, j)-node in the shifted diagram of a bar partition A, the bar-length b;; to
be the hook-length of the corresponding node in the Young diagram of A™T. Nodes (i,7) in the shifted
diagram of A with b;; = p correspond to p-bars removable from A and to removable 2p-hooks in the
Young diagram of AT. This correspondence between p-bars of A and p-hooks of At means that when A
is a p-bar-core, At must be a p-core. The leg-length L(b;;) of the (i, j)-node is the number of nodes in

the j*® column of [A\T] beneath row i.

14



Example. The bar-lengths of (7,4, 3) are obtained from the hook-lengths of its double (8,6,6,3,3,1,1):

11{10{ 7|6 |5 2|1|
7

The leg-lengths of the nodes in the first row of the shifted diagram of A are:
L(by1) = L(b12) = 4, L(by3) = L(b14) = L(b15) = 2, L(big) = L(b17) = 0.

Now we can state Morris’ spin analogue of the Murnaghan—Nakayama formula. Note that we must
distinguish the two conjugacy classes of S corresponding to a partition o of n into odd parts, as the
values of an irreducible spin character on these two conjugacy classes are additive inverses. We will
essentially fix one of the two conjugacy classes of S; which project to cycle shape ¢ in S,, by choosing
the conjugacy class on which the basic spin character (that of the basic spin representation, which we
will define later) takes a positive value [8, p. 110]. Thus, for the following formula, we may identify

conjugacy classes of S;" with partitions o of n into odd parts.

Theorem (Morris’ recursion formula). Let A be a bar partition of n, o a partition of n with the odd
integer p as a part and with no even parts, and o’ the partition obtained by removing p from o. Denote

by A\b the bar partition obtained by removing the p-bar b from \. Then

(A (0) = D (=) D2 () (o),

b

where the sum is taken over all p-bars b removable from X\, and

1 if X is even and A\b is odd,
m(b) =

0 otherwise.

Example. The value of the characters labelled by the bar partition (7,4,3) on the conjugacy class of

Sﬂ projecting to cycle shape (52,3,1) on which the basic spin character takes a positive value is

((7,4,3))((5%,3,1)) =((7,4))((5%,1)) = (7, 3,1))((5%,3,1))
== ((4,2))((5,1)) + 2((3,2,1))((5, 1))
=0+2((MW)((1))

=2.

A p-bar-core is a bar partition with no removable p-bars, and the (unique) p-bar-core obtained by
successively removing p-bars from A is called the p-bar-core of \. Morris and Yaseen showed that two

bar partitions A, v have the same p-bar-core if and only if they have the same multiset of p-residues [20,
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Theorem 5]. The number of p-bars removed from A in order to obtain its p-bar-core is called the p-bar-
weight of A\. Morris showed that the p-bar-weight and the p-bar-core of a bar partition are well-defined,

and we will give a proof of this in Chapter 4.

Example. The bar partition (11,9,4, 3,2) has 5-bar-core (9,4,1) and 5-bar-weight 3. The three remov-
able 5-bars are highlighted in red in the diagram below: we can remove two 5 bars from the first row,
and a split 5-bar from the third and fourth rows, but we cannot remove a 5-bar from the second row as

this would leave us with two parts equal to 4.

—

The following theorem provides a spin version of the Brauer—Robinson Theorem. It was first con-

jectured by Morris [19], and later proved by Humphreys [9, Theorem 1.1].

Theorem 2.2.1. The ordinary irreducible spin representations labelled by bar partitions X\ and v belong
to the same p-block of modular irreducibles if and only if A\ and v have the same p-bar-core and X is not

an odd p-bar-core equal to v.

2.3 Induction and restriction of spin modules

Whilst there is a general construction of the ordinary irreducible spin representations of S,, due to
Nazarov [22], a construction over a field of arbitrary characteristic analogous to the Specht modules
does not yet exist. However, there do exist certain branching rules which can help us to determine
the modular decomposition of ordinary irreducible spin representations in positive characteristic via
combinatorial formulae for decomposition factors that depend on adding and removing nodes from the

corresponding partitions. These branching rules, established by Brundan and Kleshchev [2], are based on
(2

p—1, and are analogous

the crystal graph of the basic representation for the Kac-Moody algebra of type A
to Kleshchev’s branching rules for S,, (which correspond to the Kac-Moody algebra of type A](Dljl). This
connection between the modular branching graph of S;' and the Kac-Moody algebra of type A;(i)l was
first suggested by Leclerc and Thibon [14].

Due to the splitting pairs of associate irreducible spin modules, Brundan and Kleshchev work in
the setting of a superalgebra, i.e. a Z/2Z-graded algebra A = Ay © A, where a; € A;, a; € A;
= a;a; € Ai}j(mod 2)- Since z € S acts as 1 on representations of S that are equivalent to linear
representations of S,,, and z acts as —1 on spin representations, the group algebra F'S;" decomposes
as the direct sum (1+2)/2F St @ (1-2)/2F ST where (1+2)/2F ST = FS,, and (1-2)/2F S} is the twisted

group algebra 7, with generators ¢4, ...,t,_1 satisfying the relations

2 =1, titiv1ti = tipatitita,

K2
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titj = 7tjti for |Z 7]| > 1.

The spin representation theory of S, is equivalent to the linear representation theory of 7, which we
can view as a superalgebra where the generators ¢y, ...t,—1 all lie in (7,)1.

There are two types of irreducible supermodules:
(i) type M: the underlying module M is irreducible;
(it) type Q: M is the direct sum of two irreducible modules.

Note that the underlying module M of an irreducible supermodule M is self-associate if M is of type
M, or the direct sum of two associate irreducible modules if M is of type Q.

We write S(A) for the ordinary irreducible spin supermodule corresponding to the bar partition A, so
from Schur’s classification [25] of the ordinary irreducible spin characters of S;", we get a complete set

of irreducible and pairwise non-isomorphic spin supermodules of 5,, in characteristic 0:
{S\)|X € P}

Over the field F of characteristic p > 2, we write D(u) for the irreducible spin supermodule corresponding

to the restricted p-strict partitions u, so that

{D(p)|p € PP}

is a complete set of irreducible and pairwise non-isomorphic 7T,-supermodules [2, Corollary 3.13].

If A\ € P, is even (i.e. n —I(\) is even), then the ordinary irreducible supermodule S()\) is of type M
and we denote the underlying irreducible module by S(A,0). If X is odd, then S(A) is of type Q and the
underlying module decomposes into two irreducible modules S(A, +) and S(A, —).

Similarly, if 4 € PP,, is p-even (i.e. the number of non-zero residues in [y is even), then the p-modular
irreducible supermodule D(u) is of type M and we denote the underlying irreducible module by D(u, 0).
If p is p-odd, then D(u) is of type Q and the underlying module decomposes into two irreducible
modules D(u,+) and D(u, —). Since p-blocks of 7, are indexed by multisets of p-residues, irreducible
supermodules belonging to the same block have the same type, so we may refer to the type of a block.

Hence a complete set of ordinary irreducible and pairwise non-isomorphic spin modules of S, is given by
{S(A\,0)|\ € P, is even} U {S(\,+),S(\, —)|\ € P,, is odd}.
Over F', a complete set of irreducible and pairwise non-isomorphic spin modules of 5, is given by
{D(u,0)|pu € PPy, is p-even} U {D(p, +), D(n, )| € PPy is p-odd}.

We need a few more combinatorial definitions before we can state Brundan and Kleshchev’s modular
branching rules for the superalgebra 7T,. A node (r,c) € [u] is called i-removable if it has residue 7 and

either:
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e removing the (r, c)-node from [u] gives the diagram of a p-strict partition of n — 1; or

e (r,c+1) € [u] also has residue i and both the diagram obtained by removing the (7, c+ 1)-node and the
diagram obtained by removing the (r,c¢ 4+ 1)- and (r, ¢)-nodes correspond to p-strict partitions of n — 1
and n — 2, respectively.

Note that the second condition can only occur when i = 0.

A node (r,¢) € [u] is called i-addable if it has residue 7 and either:

e adding (r,¢) to [u] gives the diagram of a p-strict partition of n + 1; or

e (r,c — 1) ¢ [u] also has residue ¢ and both the diagrams [u] U {(r,c — 1)} and [u] U {(r,c — 1), (r,¢)}
correspond to p-strict partitions (of n + 1 and n + 2, respectively).

Again, the second case can only occur when i = 0.

If we label all of the i-addable nodes of [u] by + and all of the i-removable nodes by —, then the
i-signature of u is obtained by reading all of these signs along the rim of [u] from bottom left to top
right.

The reduced i-signature of y is obtained by deleting all neighbouring pairs of the form 4+— from the
i-signature of pu. This will always be a sequence of —s followed by +s.

The nodes corresponding to a — in the reduced i-signature are called i-normal, and the rightmost
i-normal node is called i-good.

Nodes corresponding to a + in the reduced i-signature are called i-conormal, and the leftmost i-conormal

node is called i-cogood.

Example. The diagram below shows the 5-residues of y := (6,52, 3). There are two O-removable nodes
in red and no i-removable nodes for ¢ = 1,2. The 0-signature of u is + — — and therefore the reduced
0-signature is —, with the rightmost O-removable node 0-good. In addition to the 0-addable node,

highlighted in blue below, there are two 1-addable nodes, and these are also blue in the diagram below.

0O(1(2|1]|0
0O(1(2|1]|0
0(1(2]1
0(1|2

o

Now adding i-cogood nodes to, or removing i-good nodes from, a restricted p-strict partition results
in another restricted p-strict partition. These operations turn the set P?,, into a crystal [12] which
coincides with the induction and restriction of irreducible supermodules [2], a connection first suggested
in [14].

When we restrict a T,-supermodule M belonging to the block corresponding to the multiset of residues

R down to T,_1, we can write
M |1, ,=resoM ®res; M @ -+ Dresep-1),M

where res; M is the component of M |7, | lying in the block with multiset of residues R\{i} if such a
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block exists, or res; M = 0 otherwise. This process is called i-restriction, and i-induction is defined

similarly [2].

Theorem 2.3.1. If M = S(\) is an ordinary irreducible spin supermodule, then res;S(\) has a filtration
with factors S(v) for each bar partition v obtained by removing a node of residue @ from X. The factor

S(v) occurs twice in res;S(N) if v is even and X is odd, and occurs once otherwise.

Theorem 2.3.2. Suppose D := D(u) is a p-modular irreducible spin supermodule, and write
D7, _=resoD ®resiD®--- Tes(p—1)/5D.
Then there exist supermodules eqD, ..., ew-1),D such that

e; D if i =0 or u is p-even
res; D =

e;D ®e; D otherwise.
If o has no i-good nodes, then e;D = 0. Otherwise, let v € PP, be the partition obtained by removing
the i-good node from . Then e;D is a self-associate indecomposable supermodule with irreducible socle
and head isomorphic to D(v). Moreover, the multiplicity of D(v) in e; D is equal to the number €;(1) of
i-normal nodes in . For all other composition factors D(k) of e;D, the restricted p-strict partition k

has fewer than €;(p) — 1 i-normal nodes, and e;D is irreducible if and only if €;(u) = 1.
We will apply these branching rules later on to calculate the p-modular decomposition of S((n—2,2)).

Example. Considering the (5-odd) restricted 5-strict partition u = (6,52,3) from the previous example,
the 5-modular irreducible spin supermodule D := D(u) satisfies e,D = 0 for ¢ = 1,2 and egD =
D((5%,3)).

For linear representations of S,, in characteristic p > 0, James described the leading composition
factor D of the Specht module S¢, in terms of a dominance order < on the set of partitions, by defining
the regularisation o of a partition a and the shadow sh(B) of a p-regular partition 3, obtained by

removing the leftmost node of the outer ladder of 8 [10].

Theorem 2.3.3. (i) For all partitions o of n, D" appears as a composition factor of S« with mul-

tiplicity 1, and for any other composition factor DP of S, we have B > a't.

(i1) For all p-regular partitions [ of n, D"MB) appears as a composition factor of the restriction
D? 1s, . with multiplicity equal to the size of the outer ladder of B. For any other composition
factor DY of D® |5 . we have v > sh(B).

n—1

The spin version of this result was established by Brundan and Kleshchev [3], giving the leading
composition factor of any ordinary irreducible spin supermodule over F.
Define a dominance ordering on the set of partitions of n by a = (ay,...) > 8= (51,...) if and

only if >0 a; > >0, B for all r > 1.
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Define the residue of j > 1 to be the residue of the nodes in the j* column of the diagram of a partition.

The j*® ladder L; is defined as follows. If j has non-zero residue, then
L= {(ij — (- D)1 < < [ifs]}.
If j has residue 0, then j = mp or mp + 1 for some m € Z, and L; is defined by
Ly = {(iymp— (i = VP11 <i <m}U{Gmp+1— (- Dp)|1 < <m+1}.

Note that all nodes in the ladder L; have the same residue as j. The outer ladder of X is the ladder L;
with j maximal such that AN L; # (). In this case, the rightmost node on AN L; is called the shadow
node of \. If A € PP,,, then the partition v obtained by removing the shadow node of \ is also restricted
p-strict.

For each p-strict partition A, the regularisation AT of ) is the set of nodes such that for all j,
AN L; consists of the leftmost [AN L;| nodes on the ladder L;. Thus we obtain A® by moving the nodes

of X\ along the ladders to the left as far as possible.

Example. When p = 5, the regularisation of the bar partition (18,1) is the partition p = (6,52,3) =

(18, 1)% from our earlier example:

0 1|2|1|0|0|1|2|1|o|0|1|2|1|0|0|1|2\

0

o 4
o[1]2]1]0]0]
ol1]2]1]o0
olt]2]1]o0
0]1]2

For any p-strict partition A of n, we have A € Pr,,, and A = A® if and only if A € PP,,.

Now we can state the regularisation theorem of Brundan and Kleshschev [3].

Theorem 2.3.4. (i) For any p-strict partition A of n, D(AT) appears as a composition factor of S(\)

p()\)+1*y)/2

with multiplicity 2 , where 1,(\) denotes the number of parts of A divisible by p,

0 if X\ is even, 0 if \ is p-even,
x = and y=
1 if X is odd, 1 if X is p-odd.
For any other composition factor D(u) of S(\) we have u < \E.

(i) For a restricted p-strict partition u of n, D(sh(u)) appears as a composition factor of the restriction

D(p) d1,_,, and for any other composition factor D(v) of D(u) Lr,_, we have v < sh(j).

Let n = bp + ¢ with 0 < ¢ < p. Define 8° := @ and for n > 0,
g (p°, c) ife>0
(p*~tp—1,1) ifc=0.
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Then 8" = (n)f is a restricted p-strict partition and labels the basic spin representation S((n)) in
characteristic p [13, Lemma 22.3.3]. Wales [26] determined the modular decomposition of the basic spin
representation and the ordinary irreducible spin representation S((n—1, 1)) by inducing from S((n—1)),
a technique we will use in the next chapter to find the decomposition of S((n —2,2)) when n is divisible
by p = 3.

Before stating Wales’ theorems [26], we will introduce some notation. If we denote by C the module

category, then the Grothendieck group of C is an abelian group with elements [M], for M € C, where

[M] = [N] + [P] & 0— N — M — P — 0 is exact.

[M] = [N] & M and N have the same composition factors.

Now we can define [e; M], for an arbitrary supermodule M, to be the sum Y [M : D][e; D], summing over

all (irreducible) composition factors D of M.

Theorem 2.3.5. Suppose A = (n). If n is even, then S(\) = S(\,+) ® S(\, —) has dimension 2"/* and

decomposes over F with dimension 2"/? as
(@) [D(B™)] = [D(B",+) & D(B", —)], if ptn;
(i) 2[D(B™)] = 2[D(B",0)], if pln.

If n is odd, then S(\) = S(\,0) has dimension 2"/ and decomposes over F with dimension 2 "/?

(iii) [D(B™)] = [D(B™,0)], if ptn;
(iv) [D(B")] = [D(B", +) & D(B", —)], if pln.

Thus, the basic spin supermodule S((n)) is irreducible over F' unless n is even and p|n, while the

underlying basic spin module S((n)) is irreducible over F unless n is odd and p|n.

Theorem 2.3.6. Suppose A = (n —1,1) and n > 6. If n is even, then S(A\) = S(X,0) has dimension

2""2/2(n — 2) and decomposes over F with dimension 2"~ ?/*(n — 2) as
(i) [DAF)] = [DOAF,0)], if pfn(n —1);
(i7) [D(AF)] + [D(B™)] = [D(AR,0)] + [D(B",0)], if pln;
(iii) [D(AF)] +[D(B")] = [D(A",+) & DA, =)] + [D(B", +) & D(B", —)], if pl(n — 1).

If n is odd, then S(\) = S(\,+) @ S(\, =) has dimension 2"~ V/*(n — 2) and decomposes over F with

dimension 2"~ V/2(n — 2) as
(iv) [DAT)] = [DOF, +) & DT, )], if ptn(n —1);
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(v) [DAF)] + [D(B")] = [D(AF, +) & DT, =)] + [D(8",+) & D(B", —)], if pln;
(vi) 2[D(AT)] + 2[D(8")] = 2[D(A",0)] + 2[D(8", 0)], if pl(n — 1).

In the particular case of T,-supermodules indexed by partitions with two parts, Morotti [18] describes
all of the possible composition factors of the ordinary irreducible S((A1,A2)), and also computes the
multiplicities of the composition factors of S((A1, A2)) which are not composition factors of an ordinary
irreducible S((p1,u2)) with g1 + pe = A1 + Ag and g1 > A1. The three cases p = n, p = 3 < n, and

5 < p < n are treated separately.

Theorem 2.3.7. Suppose p =n > 3. Then [S((p — 4,7))] = [D;] + [Dj=1] for 0 < j < (p=1)/2, where
D_1, D1, :=0, Do :=D((p—1,1)), and Dj = D((p—j — 1,5 + 1)) for 1 < j < (p=3)/2.

Theorem 2.3.8. Suppose p = 3 < n and set either m = |[(n=1/2] — 2 if n = 3 mod 6, or m =
|(n=1)/2] — 1, otherwise. For 0 < j <m, define D; := D(B"7 + 7). If A = (A1, A2) with Ay > Ay > 0,
then any composition factor of the reduction modulo 3 of S(\) is of the form D; with 0 < j < min{A2, m}.
Further, if Ao < m, then [S(\) : Dy,] = 2% with a = 1 if at least one of the following holds:

(i) A1, A2 > 0 are both divisible by 3;

(ii) at least one of A1, Ao > 0 is divisible by 8 and n is odd;
(791) A2 =0 and n is divisible by 6;
or a =0, otherwise.

For the case when 5 < p < n, the following table defines the partitions p* for 1 < k < (»=1)/2,

depending on the integer 0 < ¢ < p such that n = bp + c:

c k pk

0 1 (2 p—1p-221)

0 2<k<(-1)2 ("~ Yp—k, k)

1 1 (Pt p—22,1)

1 2< k< -1/ Pl p+1—kk)
2<c<p-2| 1<k<[g2]-1 (", [5/2] + k., [5/2] — k)
2<c<p-2 [/2] (P p-1,¢1)
2<c<p-2| [2] +1<k< @D | (pp+ [o2] — &, [2] +k)

p—1 1<k <®-3) (pb, (0—1+42k) /2, (p—1-2k)/2)
p—1 (r=1)/2 (P~ tp—1,p—2,2)

When n > p >5and 1 < k < (»=1/2, or when n = p > 5 and 2 < k < (p=1)/2, the partition p* is

restricted p-strict.
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Theorem 2.3.9. Suppose 5 < p < n, and set either m = |(n=1)/2|—1, if n = p mod 2p, orm = |(n—1)/2],
otherwise. Let 0 < ¢ < p —1 such that n = ¢ mod p, and suppose A = (A1, X2) with \y > Ao > 0. Then
any composition factor of the reduction modulo p of S(A) is of the form D; with 0 < j < min{is, m},

where

D"+ p7),  0<j<Cmoptb)y,
Dy = A D), emerefs << m, 2n o)
D= mept s < < m, 24 (0 + ).
Further, if Ay < m, then [S(\) : Dy,] = 2% with a = 1 if at least one of the following holds:
(%) A1, A2 > 0 are both divisible by p;
(ii) at least one of A1, Ao > 0 is divisible by p and n is odd;
(791) A2 =0 and n is divisible by 2p;
(iv) A= (724 1,7/2—1) and n is divisible by 2p;
or a = 0, otherwise.

Example. Suppose p = 3. Using all of the theorems in this section, we will try to find the decomposition
of the ordinary irreducible T,-supermodules S(A) over F' for 3 < n < 9. These decomposition numbers
have already been determined by Morris and Yaseen [21] using different techniques, but we re-derive them
here to illustrate the use of Brundan and Kleshchev’s modular branching rules [2] and the theorems of
Wales [26] and Morotti [18].

n = 3: Using Theorem 2.3.4, we find

[5((2,1))] = [D((2,1))].

n = 4: Again, by Theorem 2.3.4,
[S((4)] = [D((3,1))]
[S((3,1))] = [D((3,1))].

n = 5: By Theorem 2.2.1, 5((4, 1)) shares no composition factors with S((5)) or S((3,2)). Using Theorem
2.3.8, we find

[S((G)] = [D((3,2))]

[S((4,1)] = [D((4,1))]
[5((3,2))] = 2[D((3,2))].

n = 6: [S((6)) : D((6)F)] = 2 by Theorem 2.3.5, and we can find the decomposition of S((5,1)) using
Theorem 2.3.6.
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By the Regularisation Theorem 2.3.4, we know [S((4,2))] = [D((4,2))] +m[D((3,2,1))] for some m > 0.
The partition (4,2) has one removable 0-node, so [e0S((4,2))] = [S(3,2)], and (3,2,1) has one 0-normal
node, so 9 D((3,2,1)) = D(3,2). Since we know [S((3,2)) : D((3,2))] = 2, and since egD((4,2)) =0 (as
(4,2) has no 0-good nodes), we find m = 2.

Finally, [S((3,2,1))] = 2[D((3,2,1))] by Theorem 2.3.4

find

[S((7)] = [D((3%,1))]
[S((6,1))] = 2[D((4,2,1))] + 2[D((3*,1))]
[S((5,2))] = [D((5,2))]
[5((4,3))] = 2[D((4,2,1))] +ma[D((3%,1))]
1))

Since (4, 3) is odd, and since (4,2,1) has two O-removable nodes, we have

[0S ((4,3))] = 2[S((4,2))], and
[e0S5((4,2,1))] = [S((4,2))] + [S((3, 2, 1))].
Now (32,1) has two 0-normal nodes, so [eqD((32,1)) : D((3,2,1))] = 2, while eqD((4,2,1)) = D((4,2)).
Hence
2my = [eoS((4,3)) : D((3,2,1))] = 2[5((4,2)) : D((3,2,1))] = 4,
2my = [e0S5((4,2,1)) : D((3,2,1))] = [S((3,2,1)) : D((3,2,1))] + [S((4,2)) : D((3,2,1))] = 4,

and therefore m; = mo = 2.

n = 8: Without i-induction, we can compute

[S((8))] = [D((3%,2))]
[S((7,1)] = [D((4,3,1))]
[5((6,2))] = [D((5,2,1))] +ma [D((3?,2))]
[S((5,3))] = [D((5,2,1))] +ma[D((3,2))]
[S((5,2,1))] = [D((5,2,1))] + ms[D((3%,2))]



[S((4,3,1))] = 2[D((4,3,1))].
Since (6,2) is even and (32,2) is 3-odd, we find

[e1:5((6,2))] = [S((6, 1))],

e1D((3%,2)) = D((3%,1)) ® D((3%,1)).
Since e; D((5,2,1)) = D((4,2,1)), we find m; = 1. Then
e15((5,3)) = 5((4,3))
gives mg = 1. Moreover, (5,2,1) is odd and (4,2,1) is even, so
e15((5,2,1)) = 25((4,2,1))

and m3 = 2.

n = 9: Before using i-induction, we find

[S((9)] = [D((3%,2,1))]

[S((8,1))] = [D((4,3,2))] + [D((3%,2,1))]

[S((7.2))] = [D((5,3,1))] + ma1[D((4,3,2))] + ma[D((3%,2,1))]

[S((6.3))] = 2[D((5,3,1))] + ms[D((4,3,2))] + ma[D((3,2,1))]

[S((5,4))] = [D((5,3,1))] + ms[D((4,3,2))] + me[D((3%,2,1))]

[5((6,2,1))] = [D((5,3,1)) )]

] ) )
] )

Using i-induction, we find
[e15((7,2))] = 2[S((7,1))] = 2[D((4,3,1))] = [e1D((4,3,2))],
somy =[S((7,2)) : D((4,3,2))] = 1.

In particular, we want to know the multiplicity ms of the basic spin supermodule in S((7,2)). Since

[e0S((7,2))] = 2[S((6,2))] = 2[(D((3,2))] + [D((5,2,1)))];
[eoD((3%,2,1))] = [D((3%,2))],
we know that mo < 2, but this is all we can say because (5,3, 1) has two 0-normal nodes, so we cannot

compute egD((n — 2,2)f). Later we will see how an explicit construction of S((7,2)) will allow us to

find the basic spin supermodule as a subquotient and conclude that ms > 0.

For the remainder of this chapter, we will turn our attention to the ordinary irreducible 7, -supermodule

S((n—2,2)), which is of type M when n is even, and of type Q when n is odd. By Morotti’s theorems, we
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know that the only possible decomposition factors of S((n —2,2)) over F' (when p=3or 5 <p <n-—4)
are D((n —2,2)%), D((n — 1,1)%) and D((n)), but the multiplicities are unknown in general. We will

apply the theorems above to determine these multiplicities.

Theorem 2.3.10. Suppose p =3, n > 6 withptn, and A = (n —2,2). Then S(\) decomposes over F
as

[D(AF)) ifn=1 (mod 3),

SO =3 DO + [D()®)]  ifn=2 (mod 6),

2[DOAR)] +2[D((n)R)]  ifn=5 (mod 6).
Proof. The 3-bar-core of X is (5,2) if n =1 (mod 3), or (2) if n = 2 (mod 3). In the first case, the 3-bar-
core of both (n) and (n —1,1) is (1), so by Humphrey’s Theorem 2.2.1, the only possible decomposition
factor of S(\) over F is D(A®) = D((5,3""7/3,2)). Moreover, the Regularisation Theorem 2.3.4 gives
the multiplicity of this factor: When n =1 (mod 3), we have [,(A) = 0 and A is even if and only if it is
3-even, so [S(A\) : D(AT)] = 1.

If n = 2 (mod 3), then (n) also has 3-bar-core (2), but (n — 1,1) has 3-bar-core (4,1), so by The-
orem 2.2.1, S()\) has two possible decomposition factors: D(A®) = D((5,3""%/2,2,1)) and D((n)?) =
D(B™) = D((3"""%/2,2)). The multiplicity of the first factor is again given by the Regularisation The-
orem 2.3.4: When n = 2 (mod 3), we have [,(A\) = 1, and when n is even, A is even and 3-odd, so
[S(A) : D(A®)] = 1; When n is odd, X is odd and 3-even, so [S()\) : D(AF)] = 2.

We can compute the multiplicity [S(A) : D(8™)] using 1-restriction. There is a removable 1-node at
the end of the second row of A\, and removing it gives the partition (n —2,1). Since A is even/odd when
n is even/odd, by Theorem 2.3.1, we have

S(in—2,1 if n is even
sy | (520

2[S((n—2,1))] if nis odd,

so [e1S(N)] = [S((n — 2,1))]. Now 8" = (3 "?/3,2) has a 1-removable node at the end of the last row,
and since 8" has no 1-addable nodes, it has 1-signature —, so the l-removable node is 1-good. Thus,

Theorem 2.3.2 tells us that
erD(") = D((3" 7, 1)) = D((n — )*).
Since 3|(n — 2), by Theorem 2.3.6, we have

2 if nis even

[S((n—2,1)): D((n — 1)T)] =
1 if nis odd.

Now A = (5,3"%/32 1) when n = 2 (mod 3), so A® has only one 1-removable node and it is 1-good.
Removing this node gives the partition (n — 2,1)%, so we find [e; D(A\F) : D((n — 1)%)] = 0. Hence
[S(A) : D((n)®)] = 1 if n is even, or 2 if n is odd. O
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Note that for p = 3 and n < 6, we have [S((3,2))] = 2[D((3,2))] and [S((4,2))] = [D((4,2))] +
2[D((3,2,1))], as calculated in the example above.

Theorem 2.3.11. Suppose p =3, n > 6 is a multiple of 3, and A = (n — 2,2). Then over F,
[S(N)] = [DAF)] + [D((n —1,1))] + m[D((n) ™)),
where the multiplicity m = [S()\) : D((n)®)] is at most 2.

Proof. We know the possible composition factors of S((n — 2,2)) by Morotti’s Theorem 2.3.8, and all
bar partitions of n have an empty 3-bar-core when 3 divides n. The multiplicity [S(\) : D(A)] is 1 by
the Regularisation Theorem 2.3.4, since [,(A) = 0 and X is even if and only if it is 3-even.

When 3|n, the 1st row of (n—2,2) ends in two 0s and the second row is 0,1. Therefore we always have
(two) removable 0-nodes and a removable 1-node. Removing the rightmost 0 gives vy := (n — 3,2), and
removing the 1 gives 71 := (n — 2, 1), so we can find an upper bound for [S()\) : D((n)¥)] by considering
the decomposition of S((n — 3,2)) and S((n —2,1)). Note that for i = 0,1, we have

S(v; if n is even
s = 4509

2[S(v;)] if nis odd.

Now since 3[n, (n)% = p* = (372/3,2,1) and D(B"™) splits precisely when n is odd. The only
removable node leaving a 3-strict partition is the last part, which has 3-residue 0. We can add a 0-node
to obtain either (3"/2,1) or (4,3 /3,2, 1), so the O-signature of 3" is — + + and the node in the last
row is 0-good. Hence

eoD(5") = D((3"V°,2)) = D(5" ).

By Theorem 2.3.10, when n = 2 (mod 3) we know that [S(y0) : D(8"1)] = 2 if n is even, or 1 if n is
odd. Hence [epS(\) : D(B"1)] = 2. However, since the partition (n — 2,2)% has two 0-normal nodes,
we cannot compute [eqD((n — 2,2)%)], so all we can say is that 0 < [S()\) : D((n)®)] < 2.

Now it remains to compute the multiplicity [S(A) : D((n — 1,1)%)]. Since 3|n, (n — 1,1)F =
(4,37 ~%/3.2) has one 1-normal node, so e;D((n — 1,1)%) = D((4,3"7%/,1)) = D((n — 2,1)%). Us-
ing Brundan and Kleshchev’s branching rules, since neither of A® and (n)% has a 1-good node, we find
[S((n—2,2)): D((n—1,1)%)] = [S((n —2,1)) : D((n —2,1)%)]. Since (n — 2,1) has no parts divisible

by 3 and is even if and only if it is 3-even, by the Regularisation Theorem, this multiplicity is 1. O

When p = 3 and n > 6 is a multiple of 3, we will see in the following chapter that [S((n — 2,2)) :
D((n)®)] > 0. To prove this, we will explicitly construct S((n — 2,2)) and its submodules. In fact,
[S(A) : D((n)f)] =1 for all n < 18 [16], so we expect that the multiplicity will always be 1.

We conclude this chapter by classifying the decomposition of S((n — 2,2)) over a field of arbitrary
characteristic p > 5. By Theorem 2.3.9, the only possible factors are D((n — 2,2)%), D((n —1,1)%) and

D((n —2,2)%) when p < n — 4. Firstly, we will consider n — 3 < p < n.
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Theorem. Suppose p > 5, n—3<p<n and A\ =(n—2,2). Then the decomposition of S(\) over F is

[D(A)] ifn=p+1,p+3
[S(N] = < 2[D(N)] ifn=rp+2

(D] +[D((n=3,3))] if n=p.

Proof. If n = p+ 1, then X is a p-bar-core and A® = X, so by Theorems 2.2.1 and 2.3.4 we have

If n = p+2, then both (n) and A have p-bar-core (2) and (n)® = X\ = A\, while (n —1,1) is a p-bar-core,
so by Theorems 2.2.1 and 2.3.4 we have

If n = p+ 3, then both (n — 1,1) and A have p-bar-core (2,1) and (n — 1,1)® = X\ = A\, while (n) has

p-bar-core (3), so by Theorems 2.2.1 and 2.3.4 we have

If n = p, then by Theorem 2.3.7 we have [S((3,2))] = [D((3,2))], and for n > 5,
[SI] = D] + [D((n = 3,3))].
O

Theorem 2.3.12. Suppose 5 <p <n—4 and A = (n—2,2). Then the decomposition of S(\) over F is

[D(AT)] ifn#0,2,3 (mod p)
D) + [D((n)T ifn=2 (mod 2
SO = [DAH)] + [D((n)™)] (mod 2p)
2[D(AF)] +2[D((n) )] if n=p+2 (mod 2p)
[DOE)] + [D((n—1,1)®)] ifn=0,3 (mod p).

Proof. When p > 5, the possible composition factors of S(A) are given by Theorem 2.3.9. When p < n—4,
these composition factors are D((n — 2,2)%), D((n — 1,1)%) and D((n)?). Writing n = pb + ¢ with
0 <c<p-—1, we will determine the multiplicities of these factors for each possible value of c.

First suppose ¢ = 0, so that all bar partitions of n have empty p-bar-core. Then since p < n — 4,
the regularisation of A = (n — 2,2) is A® = (p + 2,p" */»,p — 2), which has one 2-normal node but no
i-normal nodes for i # 2. The regularisation of (n — 1,1) is (n — 1,1)% = (p + 1,p"*/»,p — 1), which
has one 1-normal node in the last row so that e; D((n—1,1)%) = D((p+1,p*~2,p—2)) = D((n—2,1)%).
The regularisation of (n) is (n)® = " = (p"~*/»,p—1, 1), which has one 0-normal node but no i-normal

nodes for i # 0. We can remove a 2-node from the end of the first row of A to obtain ~y, := (n —3,2), or
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we can remove the 1-node in the second row to obtain v, := (n — 2,1), and by Theorem 2.3.1, we have

S(v; if n is even
lreseS ()] = [S ()]

2[S(v;)] if nisodd
for i = 1,2, and res;S(A) = 0 for ¢ # 1,2. In particular, since A has no removable 0-node (while
(n)f = (p*~1,p—1,1) has no i-good node for i # 0), the branching rules tell us that [S(\) : D((n)%)] = 0.

By the Regularisation Theorem 2.3.4, since p|n we have
[S((n—2,1)): D((n —2,1))] = [S(\) : D(AF)] = 1.

Since D((n — 1,1)%) is of type M if and only if n is even, we find that [S()\) : D((n — 1,1)%)] = 1.
Next, suppose ¢ # 0,2,3. Then the p-bar-core of A is (p—1,2) if ¢ =1, or (¢ —2,2) if ¢ > 1, so by
Theorem 2.2.1 we have [S(\) : D((n)f)] = [S(A) : D((n — 1,1)%)] = 0. Hence, by the Regularisation
Theorem 2.3.4, [S(A\)] = [D(AT)].
If ¢ = 2, then the p-bar-core of both A and (n) is (2), while (n — 1, 1) has p-bar-core (p+ 1,1) so that
[S(A\) : D((n —1,1)%)] = 0. Using the Regularisation Theorem, we have

1 if nis even

[S(A) : D(AT)] =
2 if n is odd.

Now A has one removable 0-node in the first row and one removable 1-node in the second row. Set

Yo = (n—3,2) and y; = (n — 2,1), so that again by Theorem 2.3.1, for i = 0, 1, we have

S(v; if n is even
reseS (V)] = [S(71)]

2[S(v;)] if nisodd
and res;S(\) = 0 for i > 2. The restricted p-strict partition (n)® = 8" = (p’,2) has one 1-removable
node in the last row and there are no 1-addable nodes so the 1-removable node is 1-good. Hence

e1D((n)®) = D((n — 1)%). By Theorem 2.3.6, we have

2 if nis even

[S((n—2,1)): D((n— 1))] =
1 if n is odd.

Now A = (p +2,p°72,p — 1,1) has one 1-normal node at the end of the first row, so e; D(AF) =
D((p+1,p°=2,p—1,1)) = D((n — 2,1)F) and it follows that [S(A) : D((n)®)] = 1 if n is even, or 2 if n
is odd.

If ¢ = 3, then the p-bar-core of both A and (n —1,1) is (2,1), while (n) has p-bar-core (3). We find
[S(\) : D(A®)] = 1 using the Regularisation Theorem, and [S(\) : D((n)f)] = 0 by Theorem 2.2.1. To
compute [S(A\) : D((n — 1,1)%)], we observe that the only nodes we can remove from )\ have residue 1,

so by Theorem 2.3.1,
S((n—2,1)]+[S((n—3,2) if n is even
fros, S(0)] = [S(( I+ [S(( )]
2[S((n—2,1))] + 2[S((n — 3,2))] if nisodd
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and res;S(\) = 0 if i # 1. The partition (n — 1,1)® = (p + 1,p’~!,2) has one 1-normal node in the
last row, so e; D((n —1,1)%) = D((p + 1,p*~1,1)) = D((n — 2,1)F). Since \¥ = (p +2,p"~1,1) has no
I-normal nodes and [S((n — 3,2)) : D((n — 2,1)%)] = 0 by the proof of the case ¢ = 2, using Theorem
2.3.2, we find [S(A) : D((n — 1,1)®)] = [S((n —2,1)) : D((n —2,1)%)] = 1. O

We have now calculated the decomposition of the ordinary irreducible 7,-supermodule S((n — 2,2))
over a field of arbitrary characteristic p, except when p = 3 and n is divisible by 3, where we only able
to prove that the multiplicity [S((n — 2,2)) : D((n)®)] is either 0, 1 or 2. In the next chapter we will
explicitly construct S((n — 2,2)) and show that the basic spin supermodule D((n)f) appears at least

once as a composition factor when p = 3 and 3 divides n.
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Chapter 3

Induction of the basic spin module

3.1 A construction of the basic spin module

In this chapter we will emulate James’ technique of inducing modules to construct the 7,-supermodule
S((n —2,2)). Wales [26] used this method to determine the modular decomposition of the spin repre-
sentation labelled by (n —1,1) by inducing the basic spin representation labelled by (n). The dimension

of the basic spin module is given by
20"=9/2 p is even
d(n,p) = ¢ 20"*/2 p is odd and pln
2*Y/2 1 is odd and p { n,

and Wales showed that on the basic spin module the element z € S, acts as —1 and the generators ¢;
satisfy

titiv1 + g1t +1=0.

The basic spin representation was originally constructed by Schur [25], but we will instead use the
construction of the basic spin representation of S;, by Maas [15], adapted to the double cover S, that
we have been working with.

We recursively define matrices Tl(n), e ,Tffi)l giving the action of the generators ti,...,t,_1 of S;°
on the basic spin module. For n = 2, set T1(2) := 1. For n > 3, we consider four separate cases.

Case 1: either n is odd and p {n, or n is even and p|(n — 1)

In this case, we have d(n,p) = 2d(n — 1, p). Denoting by I and 0 the d(n — 1,p) X d(n — 1, p) identity

and zero matrices, we define Tl(n), e ,T,(;i)l to be the block matrices
w o (T 0

T = ) fori=1,...,n—3,

0 _Cri(”_ )
(n—1)
T(n) _ Tn—? -1
n—2 (n—1) ’

0 _Tn72



1
T,(Lri)l =
0

In all of the remaining cases, the dimension d(n,p) of the basic spin module is equal to d(n — 1, p).

In these cases, we will set 7™

o= Ti(n_l) fori=1,...,n —2, and it remains to construct Té@l.

Case 2: p|n

When n is divisible by p, we set

n—2

T =YY,
=1

Case 3: nis even and ptn(n —1)(n — 2)

Since n — 1 is odd and p { (n — 1), we can assume that the matrices Tl("_l), e ,T,(figl) have been
constructed as in Case 1 from the matrices Tl(n*2)7 . 7T757152) of size d(n — 2,p) = d(n.p)/2. We define

n—1

n—3
0= —1+\/"/<2—n)7 J = ZiTi(nJ)
i=1

and set
aJ (=14 (2—n)a)l

(n—2)al —aJ
Case 4: n =2 (mod 2p)
Since n — 1 = 1 (mod 2p) (so that n — 1 is odd and p t (n — 1)), n — 2 is divisible by p, and

n—3 = —1 (mod 2p), here we can assume that Tl(nfl), cees ngl) have been constructed from matrices
Tl("_4), ... ,T,(i?l) of size d(n — 4,p) = d(n.p)/4 using Case 1, then Case 2, then Case 1 again. We define
n—>5 .p(n—4)
AT 21
Jim vy [Zm \
—21 D v
and set
J -1
Ty(ﬁ)l =
0 —J

Now we have an explicit construction of the basic spin module in arbitrary characteristic. In the next
section we will induce this module to obtain a construction of the spin representation labelled by the

partition (n — 2,2).

3.2 Constructing the spin supermodule S((n —2,2))

We want to show that when p = 3 and n > 6 is a multiple of 3, the irreducible basic spin supermodule
S((n)) appears in the decomposition of S((n — 2,2)) over F. To do this, we are going to induce from
a subalgebra of 7, analogous to the Young subgroup S,,_2 x S and find a copy of S((n — 2,2)) in the
induced module. This construction will be in arbitrary characteristic p and will allow us to work around
the splitting irreducible spin supermodules, as the basic spin module M that we start with does not

necessarily need to be irreducible, just a module satisfying the following relations adapted from Maas.
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Therefore M will be a combination of copies of the irreducible basic spin module, as Wales showed in

[26, Theorem 8.1]. We will refer to any module on which the generators ti,...,t,_3,t,—1 of T, act as
matrices 11, ...,T,_3,T,_1 satisfying
T?=Tfori=1,...,n—1, T,T; = =T;T; for |i — j| > 1,

Tl + T Ty +1=0fori=1,...,n—2.

as a basic spin module. We call these conditions the basic spin relations and define, fori =1,...,n—1,
the operator
8= titis1 + tigat; + 1

which annihilates basic spin modules. Note that in the basic spin module M, thanks to the third
basic spin relation, we can write any combination of the matrices T; as a linear combination of terms
of the form T;,T;, ---T;, with ig < i3 < -+ < 4. We call this standard form. When the indices
10, ..., 1%} are consecutive integers, we will write Tj, - - - T;, to denote the product T;,T;,+1 - - - Tiy+k, and
set T;---T;_ 1 =1.
We are going to induce a basic spin module M of the subgroup of S;" generated by t1,...,t,_3 and ,_1,
and find a copy of S((n — 2,2)) as a submodule of the induced module M 17~.
When n is even, the dimension of S((n)) = S((n), +) @ S((n), —) is 2"/>. In this case, we will construct
a module which is a sum of copies of the module S((n — 2,2),0) of dimension 2"~ */2(n — 1)(n — 4).
When 7 is odd, the dimension of S((n)) = S((n),0) is 2" /2, and the module we construct will be a sum
of copies of S((n —2,2),+) and S((n—2,2),—), where S((n—2,2)) =5((n—2,2),+)®S((n—2,2),—)
has dimension 2" ~*/2(n — 1)(n — 4).

Before we construct S((n — 2,2)), we’ll begin with the more straightforward construction of S((n —
1,1)). Let M be a (sum of copies of the irreducible) basic spin module S((n—1)) of Tp—1. If {z1,...,2,}

is a basis for M, then a basis for the induced module M 17~ is given by the elements
()i = titiz1 - th1;

for1<j<randi=1,...n (where (b), := b, for each b € M). We can explicitly write down the action

of S;" on these elements:
ti(b)j = (—1)n+j(Tib)j ifi<j—1
ti(b)it1 = (b)s
ti(b)i = (b)ita

t;i(b); = (—=1)" T (T;_1b); if i > j.

By considering this action, we can find a basis for a copy of the module labelled by (n — 1,1) inside the

induced module by defining for each b€ M and 1 <i<mn —2

P(b); == (b)i + (=1)" " (T3b)is1 + (b)iya-
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Theorem 3.2.1. Suppose M is a basic spin representation of S’iA with a basis {x1,...,z,}.

copy of S((n —1,1)) inside the induced module M 17+ has a basis

{P(zj)il<i<n-21<j<r}

Foreachbe M, j=1,....n—2andi=1,...,n— 1, we have

P(b); + (=)L P(Tb) 44 i=j—1
tiP(b)j = { (=1)"H P(T}b); i=j,j+1

(=)™ P(T1b)i—g + P(b)im1 i=j+2

(_1)n+jP(Ti_1b)j 1>+ 2.

Proof. If i < j — 1, then
tiP(b); = (=1)"(T3b); + (T3Tib)j1 + (1) (Tib) 123
tiP(b)iv1 =(0)i + (1 + Ti1T)b)isva + (—1)" T (Tib)iys

=Pb); + (—1)" TN Tb) i1 + (Tip1Tib)iva + (—1)" TN (Tib)ivs

=P(b); + (—1)" T P(T3b)is1;

tiP(b); = (b)ig1 + (—1)"T(T3b)s + (—1)" T (Tib)iy;

tiP(b)i—y = (—1)" TN Ti_1b)iy + (1) TN (Ti_1b) s + (0)is

t;P(b)i—o =(—1)" " (Ti—1b)i—a + (=Ti—1Ti—2b)i—1 + (b)is1
=(=1)"*"P(T;—1b)i—a + (b)i1 + (=1)" P FHTi1b)i + (b)ira-

Finally, when ¢ > j + 2, we have

tiP(b); = (=1)"(T;_1b); + (T;Ti—1b)j41 + (1) (T;_1b)12.

Then the

O

This shows that the elements P(b); are analogous to the polytabloids ej that span the Specht module

S(=1.1) Next we will construct a module N which will be a sum of copies of S((n —2,2)) (the number

of copies will depend on the choice of the basic spin representation M we start with).

Let M be a basic spin representation of the subgroup of S generated by t1,...,¢,_3 and t,_1:
this means ty,...,t,_3,t,—1 act via T, ..., T,_3,T,_1 satisfying the basic spin relations. Given a basis
{x1,...,x,} for M, there is a basis for the induced module M 17 given by the elements

(xk)ij = titjt1 - tooatitipr -+ th_odk
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for each 1 <k <rand 1 <i < j <n. (There are n(n=1)/2 distinct (b),; for each b € M; by convention,

titjt1---th—1 =1 when j =n, and (b)p_1,, :=0b.)

Lemma 3.2.2. For 1 <i < j <mn, the action of the generators t1,...,tn,—1 € Tp, on (b);; is given by

(—1)i+j+l(ka)ij k<i-— 1,

(=1)"*9(b);—1,4 k=i-—1,
(=1)" 9 (b)it1,5 kE=i<j—1,

()i = (T-1b)i; k=i=j—1,
(=L)"Y Ty qb)y; i<k <j—1,
(b)ij—1 i<k=j—1,
(b)i,j-H k=j,

(—].)i+j+1 (kagb)ij k> ]

Proof. When k41 < i < j, we have

te(D)ij = (1) tjt 01 toatitition - trob
= (=1 it b atitipr - ta_otyb

= (—1)" T (Tyb);j; when k+1=1i < j,
tic1(D)ij = (=)™ tjt g tyati_atitivy - ty_ob

= (=" (b)i-1,5-
Suppose 1 <i<n—3 and n+ i is even. Then

ti(0)iit1 = titiz1 - tp1titipr - tn_2b
= —titip1titivotipitipativa - tn1tipotiys - tu_2b
= tip1tipotiticitiqotipatipa - tu_1tipotips - -th_2b

= tip1tipotitatipatitipitipotipatipativs - tu_1tipatips - - th_2b

=tip1tigo - tp—alitip1 - tu_1tp_atn_3tn_2b
=tliy1tizo tn—alnstnotitiyr - tnstn_otn 1ty 2b
=tip1tita - tn_atn_stn_otitiy1 - tu_3tn_1tn_otn_1b

=tiy1tizatao1titipr - ta_otn_1b.
If 1 <i<n-—3andn+iis odd, then

ti(0)iit1 = titig1 - tn_1titiz1 - tn_2b
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=tip1tipotitipr - tn1tipatiyz - th_2b

= tit1tipotitstivatitivt - - th_1titativs - tn_2b

=tit1tiva - tnstitiz1 - tp_1ln_3tn_2b

=tip1tite - tn3tn_otn 1titiy1 - ty_2ln_10.
Hence, for i € {1,...,n — 3} U{n — 1}, we have
ti(0)iiv1 = (Tn-1b)iiv1
(as by definition (b);, = titis1---tn—2b, for 1 < ¢ < n—1, and (b)p—1,, = b). Moreover, when
1<i<j—1<n, we have
ti(b)ij = titjtjs1 - toatitipr - tn_2b
= (_1)n+jtjtj+1 oty titigatie by _ob

= (=" (b)ig1-
When 1 <¢ < k< j—1<n, we have

ti(b)ij = (= 1)"tjt 41 - ty_1tgtitivr - tp_ob

= (=) TR gttt - bttt o troob
= (=1t tyoatitipr - tati_1titepiters o tnotk_1b
= (=)™ (Ty-10)s5.

If1<i<j—1<n,then

ti—1(b)ij =tj—atjtjp1 - tn_1titip1 - tn_2b
= (b)ij-1-
(Ifl = j — 1, then tjfl(b)ij = ti(b)i,i+1~)
When 1 <i<j<n,
ti(b)ij = tﬁtj+1tj+2 clp—atitipr o tp—2b
=tjp1tjqo - tn_1titipr - tn_2b
= (0)i,j+1-
When 1 <1 < j <k, we have
te(b)ij = trtjtipr - tn—1titipr - tnob
= (=1 Rt b otiti 1 tetea s tno1titipr o tyoob
= (_1)j+k+ltjtj+1 coetp—otp—1tkth—1trr1ter2 tn—1titiv1 - tn—2b
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= (1)L )R et e atitigr oty ab

= (=1)"M (1) F bt g tpatition o thosth_1tk—oti—_1tg - tn_2b
= (1)t atitie otttk 1tg—otptry1 o ty_ob
= (=) IR ()R Lttt tath—ob

= (=1)" T (Th—2b)s;.
O

We want to find (a sum of copies of) S((n —2,2)) as a submodule of this induced module. In order
to find this submodule N, we will need a spin analogue of James’ construction of the Specht module
S(m=2.2)  Recall that for a bar partition A = (\1,...) of n, we obtain a shifted A-tableau by filling the
nodes of the diagram {(i,7)|1 <7 < j < A;} with the numbers 1,...,n. We say that a shifted A-tableau
is reverse standard when the numbers are decreasing along each row and down each column. Clearly,
the number of reverse standard shifted A-tableaux is equal to the number of standard shifted A-tableaux,
for all bar partitions \. We will show that for all n > 5, by inducing the basic spin module M with basis
{x1,...,2,}, we can find a basis for N inside M 17» with size equal to r times (n=1)(n=4)/2, the number

of standard shifted (n — 2, 2)-tableaux.

Example. The submodule labelled by (4,2) is spanned by elements
P(b) := (b)1a + (T3b)15 + (b)16 + (T10)24 + (T1T3b)25 + (T10)26 + ()34 + (T3b)35 + (b)36

for each element b in the basic spin module M. For each b € M, the action of the generators t1,...,t5

is given by

t1 P(b) = P(T1b) = to P(b);
t3P(b) = (b)13 — (1213b)15 + (T2b)16 + (T10)23 — (1213T1b)25 — (12T1b)26
+ (T5b)34 — (T3b)a5 + (b)as;
t4P(b) = P(T3b) = t5 P(b);
totsP(b) = (b)12 + (T1T5T5b)15 + (T1T2b)16 + (T5T1b)2s + (T5b)ag + (ToT5T10)35
— (ToT1b)3s — (T2T5b) a5 — (T2b)as;
tatsP(b) = —(T2b)13 — (T2T3b)14 + (T5T2b)16 + (1211b)23 — (T215T1b)24
+ (T3T2T1b)26 + (T5b)35 — (T513b)a5 + (b)s6;
titata P(b) = (T5b)12 — (T5T1b)13 + (T5b)14 — (T1T2T3b)25 + (T1T2b)26
— (T2 T3Thb)3s — (T1T2T1b)36 — (ThT2T3b)a5 + (T1T2b) 6;
tatats P(b) = (T2b)12 4 (T1T2T3b)14 + (T3T1Tob)16 — (T5T2T1b)23 + (T5b)2s

+ (1pT3T1b)3s — (T3T2T1b)36 — (T5T1213b)45 — (12D)56;
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tstatz P(b) = (T312b)13 — (T2T3T2b)14 + (T312b)15 + (13T2T1b)23 + (T2T3T2T1b)24
+ (T3T5T1b)25 + (T5b)36 — (T5T3b)a6 + (T50)56;
tatitatz P(b) = —(T5Tb)12 — (T5T2T1b)13 + (T5b)15 — (T112T3b)24 — (T3T1T2b)26
— (VT2 T3T1b)3s — (T3T1T2T10)36 — (T5T1T2T3b)a5 + (T1T2b)s6;
tstatotz P(b) = (ThT2b)12 + (T1ToT3b)13 + (ToT3T1T2b)16 — (T5T2T1b)24 — (T5T2b)2s
+ (TsT2T3T1b)3a + (T512T3b)35 — (13T2T1b)s6 — (13T2b)s6
= —P(ToTh T5T5b) — ts P(ToT1T5b) — tots P(ToT1b) + tats P(ToT5b) — tylats P(Tob);
tstatats P(b) = (T3Tab)12 + (T3T1T2T3b)14 + (T311T2b)15 + (T5T3T2T1b)23 + (T5b)26
+ (T2T3ToT1b)3a — (T312T10)35 — (T51213b) a6 — (T5T2b)s6;
tatatitats P(b) = (T5T1Tob)12 — (T5T2T1b)14 + (T5T2b)15 — (ThT2T3b)23 + (ToT3T1Tob)o
— (T5T 1o T3T1b)3a + (T5T1 T2 T3b) 35 — (T3T1T2T1b)as + (T3T1120)56
= —t5tatots P(ToT1 T5T5T5b);
tstatitats P(b) = (T5T312b)12 — (T5T3T2T1b) 13 + (T5b)16 + (T3T112T5b)24 — (T3T112b)2s5
— (I3 T2 T5T1b)3a — (T3T1 ToThb)ss — (1511 12T5b) a6 + (151112b)56
= —tgtytots P(ToT3T1 ToT5b);
tatstatats P(b) = (T1T2T3b)12 + (T1T2b)13 + (T T2 T3T1T2b)16 + (T5T2T3T1b)24
— (T5T2T3b) 95 — (T5T2T1b)34 + (T5T2b)3s + (T2 T3T2T1b)ss — (ToT3T2b)s6
= tstatrtats P(T T T1 T5ToT5b);
tstatatatz P(b) = (T3T112b)12 — (T3T1T213b)13 + (T2 T3T1Tob)15 — (T5T3T2T1b)24 — (T512b)26
— (T5T2T5T5T1b)34 + (T5T2T3b)36 — (1312T1b)ss — (T513T2b)s6
— —tat1tats P(ToTi Ty ToTsh).
This shows that the action of any product of 5 or more generators t; is equivalent to the action of a
product of 4 or less generators on P(b). Further, using Gaussian elimination, we find
tstatatsP((1 + ToTs)b) =P((1 — TToTyTs + ToTyToTs)b) + t3P(ToToTob) + tots P(Ts(Ts + Ts)b)
+ tataP((Ty — Ts)Tsb) — tstats P(ToT5Tsb);
tatitatz P(b) =P(—(T1 + To)(T5 + T5)b) + t3 P(—(T1 + T2)(1 + T3T5)b)
+ tats P((Ty = T5)T2b) + tats P((1 + T515) 11 Tob)

+ t5t4t2t3P(T2T1T3TQb).
Hence, starting with a basis {z1,...,2,} for the basic spin module M, we have a basis for S((4,2)):

U{P(Cﬂi), tgp(l'i), tgtgp(l'i), t4t3p($i), tltgtgp(l'i), t4t2t3p(1'i), t5t4t3P(£Ci)}.
i=1

Now we can generalise this construction for (4,2) to n > 6, but this will not include n = 5. However,
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we can find a linear combination of these ‘spin polytabloids’ in the span of the element P(b) such that
the terms (b);, for j =2,...,6, are all zero:
P(ToT5T5b) + tsP(b) + tats P(Tab)
= —(Tab)az — (T3T2b)as — (T3b)25 + ((1 — T3T2)b)as + (121312 + T5)b)34

+ (T2(T3 — T5)b)35 + (T2T3T5b)36 — (T3(1 — T2T5)b)as + (b)as + (120)56-

When we reduce all of the numbers above by 1, we obtain

P5(b) := — (T1b)12 — (T2T1b)13 — (T2b)14 + (1 = T2T1)b)15 + (Ty — T1 — T2)b)23
+ (To — T Ta)b)2s + ((=T1 — T2)b)as + ((—To — ToT1Ty)b)34

+ (b)35 + (T10)4s.
When n = 5, since t1 P5(b) and P5(b) are linearly independent,

t2P5(b) = —P5(T1b) — P5(T2b), t3P5(b) = P5(T1b),
24 Ps(b) = Ps(TyToTyb) — Ps(Tob) + t1 Ps(TyToTyTyb) + t1 Ps(TyTob) — ty Ps(TyTyb),
and t2t1P5(b) = —P5(T2T1b) — t1P5(T1b),

so the submodule generated by elements Ps(b) for b € M has dimension 2dimM under the action of Sy

(the number of standard shifted (3, 2)-tableaux is 2). This leads us to define

P, (b) 3:(Tn—4b)n—1,n
+ (b)n—z,n
+ (T3 +Tno1 + Tp-aTy3Th—1)b)n—2n—1
+ ((=Th-a = T-3)b)n—3n
+ (Th—aTh—3 — Th—aTh—1)b)n—3n-1
+ ((—Th—a — Th—3 +Tp—1)b)n—3n—2
+ (24 Th-aTh—3)b)n-an
+ (=Tn—3b)n—14,n—1
F (L +ThaTn3)b)n—an—2
+ (= Th-4b)n—1,n—3,

for n > 5. The action of the generators t1,...,t,—1 on P,(b) is given by:

For n > k45,

tkPn(b) :(Tanfﬁlb)nfl,n
+ (_ka)nfln

+ (Tk(_Tn73 - Tnfl - Tn74Tn73Tn71)b)n72,n71
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+ (Th(—Th—a — Th—3)b)n—3n

+ (T Th—a(=Tr—3 + Ti—1)b)n—3n—1

+ (T (T4 —Trh3+Tn-1)b)n-3n—2
+ (T (=2 = Tn—aTp—3)b)n—1,n
+ (=TkTn—-3b)n—a,n—1

+ (Tp (=1 = Th—sTp-3)b)—san—2

+ (_Tan74b)n74,n73

= Pn(=Tyb);
For n > 5,
tn—5Pn(b) =(Th-5Tn—ab)n—1n
+ (—Th—5b)n—2.n
+ (Th—s5(—Th—3 +Tp—1+Tp—aTp—3Tn—1)b)n—2mn-1
+ (Tn—s5(—=Th—4 — Tn—3)b)n—3n
+ (Tn—sThn-a(=Th—3+ Tn—1)b)n—3n—1
+ (Tns(~Tna —To3+Tn1)b)n-3n-2
+ (24 T-aTh—3)b)pn—5n
+ (Th—30)n—5n-1
+ (L + Th-aTy—3)b)n—5,n—2
+ (Tn-ab)n—5.n—3;
For n > 4,

th—aPp(b) =(0)n—1,n
+ (=Tn-ab)n_an
+ (Th-aTp3+TpsTy 1 + T 3T 1)b)n—21n-1
+((2+Th-saTh—3)b)n—3n
+ (T—3b) 311
+ (L4 Th-aTh—3)b)n—3.n—2
+ (=Th—s — T—3)b)n—an
+ (Ta(~Th3+Tn1)b)n—an1
+((=Tnea = T3+ Tn1)b)n—amn—2

+ (Tn—4Tn—1b)n—4,n—3;

tn73pn(b) :((_1 - Tn74Tn73)b)n71,n
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+ ((=Tn-1 = Tn—3)b)n—2n

+ (Th—a(—Th—3+Th-1)b)pn—2,n—1

+ (b)n—3,n

+ (Th—3—Tn-1 — Tn-aTn—3Tp—1)b)r—3,n—1
+ (L +Th—aTh—1+Th—3Tn_1)b)n—3n—2

+ (=204 = Tp-3)b)n—s.n

+ (—Th—aTh—3b)p—a.n—1

+ (—Th—ab)n—an—2

+ (1 + T —aTh—3)b)p—a,n—3

= Po((—=Tn—1 — Tr—3)b);

tn2Pn(b) =(b)n—1,n
+ (Th—4b)n—2.n
+ (1 +TheaThs + Trn—3Th—1)b)n—2n-1
+ (Tn—aTp—3b)pn—3n
+(Thes = T3+ Th-1)b)n—3n-1
Th—a(Th—g — Tp—1)b)n—3,n—2
(Th—a — T—3)0)p—an

+ ((]- + Tn74Tn73)b>n74,n71

+
+ (

+ (_Tn73b)nf4,n72
+ (*b)n—4,n—3

= Pn(Tn—4b);

tn1Pn(b) =(=Tn—aTr—1b)n—1n
+ ((=Th—s +Th-1 +Tp—aTy—3T0—1)b)n—2.n
+ (O)n—2.n-1
+ (Tn—a(Th—3 — Tp—1)b)n—3n
+ (T4 — Tn-3)b)n—3mn—1
+ (Th—aTh—3 + Tp—3T0—1)b)n—3n—2
+ (=Th—-3b)n—an
+((2+ Tn-aTp—3)b)n—1,n—1
+ (Th—ab)p—a,n—2
+ (L +Th-aTh—3)b)n—an—3
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= Pn((*Tn—3 + Tn—4Tn—3Tn—1)b) - tn—lpn(b)

+ tn—4Pn((Tn—4Tn—3 - 2Tn—4Tn—1 - Tn—STn—l)b)-

Hence the set {P,(b)|b € M} is fixed under left multiplication by ¢; for i € {1,...,n—1}\{n —5,n —4}.

Note that the following contains no (b),—4,,—3:

Pp(Ty-1b) + tn-aPp(b) =((1 + T-aTp-1)b)n—1,n
+(Tha +Tne1)b)n—2n
+ (1 4+ Th—aTh—1)b)n—2.n—1
+ (24 Th-aTh—s — Tn-aTh1 — Tn—3Th—1)b)n—3n
+ ((—Th—a +Th—s+Tp—aTy—3T0-1)b)n—3mn-1
+(2+TaTh—3 —TnusTh1 — T0—3T5—1)b)pn—3n—2
+((—Thoa —Ths+2T 1+ TpaTh—3Th—1)b)n—an
+ (=T—aTp—3+TnsTh1 — Tn3Tp—1)b)n—an-1

+ ((_Tn—4 - Tn—3 + 2Tn—1 + Tn—4Tn—3Tn—1)b)n—4,n—2-

We have

Po(Th1b) + tnaPp(b) =(Tr1 (~Trna + To1)b)n—1,n
+(~Thea +Th1)b)n—2m
+ (L1 (T +Th—1)b)n—2n—1
+(—Tha + T + TodT 3T 1) (—Tp—a + Tn—1)b)n—3n
+ (L + Toea(To—s = Tn—1))(=Tn—a + Tn-1)b)n-3,n—1
(
(
(

((1 - Tn73Tn71)(_Tn74 + Tnfl)b)nf4,n72'

+ ( _Tn—4 + Tn—l + Tn—4Tn—3Tn—1)(_Tn—4 + Tn—l)b)n—3,n—2
+ ( 1- Tn73Tn71)(_Tn74 + Tnfl)b)n74,n
+ ( _Tn73 + Tnfl)(_Tnfll + Tnfl)b)nfélmfl
+
So that

P(b) :=2(Py((Tn—1 + T—1)b) + tn-aPp((1 — Tp—aTy—1)b))
=(b)n-1,n
+(Th-1b)pn—2.n
+()n—2,n—1
(1 + Toa(Tns = Te1))b)n—sm

+((_Tn74 + Tnfl + Tn74Tn73Tn71)b)n73,n71
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(1 4+ Th—a(Th—3 — Th—1))b)n—3mn—2
H((~Ton—3 +Tn-1)b)n—an
H((1 =T8T 0n-1)b)n—a,n—1
+((=Th—3+ Tn-1)b)n—s,n—2-
Then t, P(b) = P(Tyb) for all k € {1,...,n —1}\{n —5,n — 3,n — 2}, t,_2P(b) = P(T,,—1b), and the
two polytabloids
tn—s5P(b) =(Tn—5b)n-1n
H(~TusTu1b)n2m
+(Th—5b)n—2.n—1
+(Tn-5(1 + T-a(Tr—3 — T—1))b)n—3n
+(Tn—5(Th—a —Th—1 — Tn-aTp—3Tn_1)b)n_3n—1
H(Ton—s(1 4+ Tp—a(Tr—3 — Tpo—1))b)n—3.n—2
H((=Tn—3 +Tn-1)b)n—5n
+(—14+Th—3T0-1)b)n—5n-1

+((_Tn—3 + Tn—l)b)n—t’),n—2

and

tn—sP(b) =(Th-3b)n-1,n

+H((1+T—a(Th—3 — Trh-1))b)n—2.n
+(Th—a — Tne1 — Tn—aTh—3T0—1)b)n—2.n—1
+(Th-1b)n—3.n
+(=b)n—3n-1
H(Th—a+Tho1 + s Ty 3T —1)b)r—3n—2
F(Tn—a(Th—3 = Trn1)b)n—an
+(Th—a(l = Tp—3T0—1)b)n—a.n—1
H((=Tn-3+Tn-1)b)n—an—3

are clearly linearly independent from each other and from P(b).

We define the action of the generator ¢; on a reverse standard shifted (n — 2,2)-tableau to be the

shifted tableau with the numbers ¢ and ¢ — 1 transposed. We associate to P(b) the reverse standard

shifted (n — 2, 2)-tableau
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so that only the actions of 3 and t5 give reverse standard shifted (n — 2, 2)-tableaux.

Now t;t;P(b) is linearly independent from {P(b),t,,—5P(b),tn—3P(b)} only when
(1,4) € {(6,5),(3,5), (5,3)}, as
tn—6tn—5P(b) =(T—6Tn—5b)n—1n
+(T—6Tn—5T0—10)pn—2.n
+T—6(Th=5b)n—2,n—1
+(Tn—6Tn—5(1 + Tna(Tr—3 — T-1))0)n—3n
+(T—6Tn—s5(—Tp—a + Tpno1 + TeaTh—3T0—1)b)n—3n—1
H(Th—6Tn-5(1+ Th—a(Th—3 — Tn-1))b)n-3n—2
+((~Th-3+Tn-1)b)n—6n
+((1 = T—3T0-1)b)n—6,n-1

+((_Tn—3 + Tn—l)b)n—ﬁ,n—%

b atn_5P(5) =((=1 = Tos5To—1)b)n1.n
+(-1 =Th—5Tn—4)Tr—1b)pn—2.n
+((=1 =T —5Tn—4)b)pn—2.n—1
H(To—s(1 4+ Th—a(Tn-3 —Tpn-1))b)n—a,n
+(To—5(—Th—a+Tho1 +Tn-aTh_3Tn_1)b)pn—an—1
H(Ton—s(1 4+ Tp—a(Tr—3 — Ti—1))b)n—a,n—2
F(Tn—5(—Th—3+Tp-1)b)n—5mn
H(Tn-s5(1 =T 3T -1)b)n—5n—1
H(Tos5(—Th—3 4+ Tp-1)b)n—5n—2

= _P(Tn75Tn74b) - tn75P(Tn75b)§

tn—stn—5P(b) =(=Ty—5Th—3b)n—1n
+(To—s5(1 +Ty—a(Th—3 — Trn-1))b)n—2.n
F(To—5(—Th—a+Tho1 +Tn-aTh_3Tn_1)b)n—2mn—1
H(=Tn—5Tn-1b)n-3n
+(=T—5b)n—3mn—1
+(T—s(—Tp—a —Tpn—1 — Tpn—aTp—3Tp—1)b)n—3n—2
H(Th—a (T3 + T—1)0)n—s5n
+(T—a(l = Th—3T0—1)b)n—5n-1

+((=Th—3 + Tn-1)b)n—5n-3;
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tn—atn—3P(b) =(Th—aTn-3b)n—1n
H(—Th-a — T3+ Th1)b)n—2n
H((1 = (Tha +Tp3)Tr—1)b)n—2n—1
+(Th—a(Th—3 — Tri—1)b)n—3.n
H(Th—a(—14+ T —3Th—1)b)pn—3,n—1
+(Tr-10)n—a,n
+(0)n—a,n-1
+(Th—a + Tt + Ty—aTh 3T —1)b)—an—2
+H((1+ T —3T0—1)b)n—4,n—3

= P((l + Tn—4Tn—3)b) - tn—3P(Tn—3b);

tn—otn—3P(b) =((1+ Th—a(Tn—3 = Tr-1)b)n-1,n
+(T—3b)n—2.n
F+(—1 = Tpa(Th—3 + T01))b)—2.0—1
+(T—3T—10)pn—31n
+(Th—a +To1 + TnaTh—3Tn—1)b)n—3n-1
+(=b)n—3,n—2
H((Th—a+ T3 — (1 +TsTy—3)T0—1)b)p—an
+(Th—a(1 —Ty—3Tp—1)b)—an—2
F(Tpa(Tp—3+Tp-1)b)n—an-3
= %(P((l — 2T 4Ty — Tp—3Tp_1)b) + tn_3sP(—2Ty—4 — T3 + Tp—1)b)).

By looking at the second row of each tableau, there is a bijection between the set of reverse standard

shifted (n — 2,2)-tableaux and the set
{(z,9)€Z*:1<y<n—4,y<z<n-—2}
Using this bijection, we have a bijection between the sets
{(n=2,9):yeZ, 1 <y<n—4} & {titig1 - tn_sP((D): 1 <i<n-—4}.
This leads to a bijection
{(,y) €Z? 1 <y<az<n—2\{(n—2,n—-3)} &
{tjtjp1 - tnostitiz1---tasP(b):1<i<j<n-—2, (ji) #(n—-2n-3)}

Now all that is left is to inductively prove that this set of spin polytabloids is linearly independent.

Suppose b € M and i, j are integers satisfying 1 <7 <n —4,i < j <n — 2. Then we define
Pij = tjtj+1 cee tn_gtit“_l cee tn_5P(b),
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and set P,_3,_2(b) = 0. We have
P a(b) = titiyr---tn_5P(b)
:(Ti C Tn75b)n71,n
H((=1)" T TosTa-1b)n—2,n
(T Thsb)n—2.n-1
+H(Ti Ths(1+TpaTh5 — TyneaTh—1)b)n—3n
(=) T T (=Tn—a + Tpm1 + TreaT—3T0—1)b)n—3.n—1
(Ti - Toes(L+TpaTp—3 — TpeaTp—1)b)n—3n—2
+((=Tn—3+ Tn-1)b)in
+((=1)"" (1 = Ty—3T0—1)b)in—1
+((=Th—3 + Th—1)b)in—2,
and for 1 <i<j<n-—3,
Pij(b) :=tjtjs1 - tn_stitisy - tn_sP(D)
=(Tj - Tp3Ti Ty 5b)n_1n
(=) T Ty T Ty s (14 T s Ty — Tra T 1)b)n—2.m
(=) T T s Ty Ty o5 (Tr—s — Tt — Tea T 3T —1)b)n—2,0—1
+((=1)"T; - T 5T —10) i
H((=1)" T Tosb)jn
(=)™ T+ T (Tr—s + Tt + TsTo—3Tp—1)b)jn—2
+((_1)(n+i+1)(n+a’)ijl o Ta(=Tp 3+ Tn1)b)im
(=) HIOHENT Ty (1= Ty Tm1)B)isn
+((—=Th—3 +Tp-1)b); ;.
Remark. For all i, € {1,2,...,n— 3} U{n — 1},
21 li —j| > 1;
(LT =20+ (LT +TT) =20 51 |i—j] = 1;
21 £21 i=j.
Since we are not considering fields of characteristic 2, and since (—T;,—5 + Tn,l)2 = 2I, we see that

we have indeed found a linearly independent set of spin polytabloids in the orbit of P(b) that has the

same size as the set of standard shifted (n — 2, 2)-tableaux. Thus we have a basis for the submodule N.

Theorem 3.2.3. Suppose M is a basic spin representation ofSi_1 with a given basis {x1,...,x.}. Then
the set

{Pjlzp)|l <i<n—-4,i<j<n—-2,1<k<r}
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is a basis for the submodule N corresponding to a sum of copies of S((n — 2,2)) in the induced module
M 17 over F. For eachb e M and k= 1,...,n—1, the action of the generator t;, of S on the element

P;;(b) in the induced module is given by the values of tyP;;(b) in the following table:

Case tyPij (D)
1 k<i-1
2 | k=i=n-d=5-2 (—1)" P;j(Tyb)
3 E=n-1
4 k=il (=1)" Py (b)
5 E=i<n—-4,i<j—-1 (=1)" Py (D)
6 k=i=j-1 Piiv1(=Th_3b) + Py o =T; - Tpn—5Ty, 3T 4b)

+Pit1n—2(=T;- - Ty—3T5—4b)

7 li<k<j—1,k<n—4 (—=1)"+ Pyj(Tj_1b)

8 i<k=n—4=j-2 (=1)" i (P; p—o(Tp_5b) + P(T; - - - T_4h))

9 i<k=j—1 P 1(b)

10 k=j<n-—2 P ji1(b)

11 k=j=n—2 (=)™t P, i _o(Ty_1b)

12 j<k<n-3 (=1)" Py (T —2b)

13 j<k=n-3 (=119 Py (Tp_5b) + Pjp_s(=T; - To_5T_5Th_4b)

+(=1)HIHP; o (T Trm6(1 + (To—5 4+ Tpy—a)T—3)b)
_q)itd
CU T (Py((2T -4 + T — Tn1)b)

4 j<k=n-2 +(=1) VD Py o (Tjq -+ T (=1 + (2T—4 + Tp—3)Tr—1)b)

+Pj,n—2(Ti e Tn—5(_Tn—4 + 2Tn—1 + Tn—4Tn—3Tn—1)b))

Proof. Case 1-3: If 0 < k < i—1 and b € M, then by definition of P;;(b), we have

tePij(b) = (—1)" Py (Tib);

tn—aPp_an—2(b) = P(T,_4b);
and
tn—1P;;(b) = (=1)" Py (T1).
Case 4:
tic1Pij(b) = (=1)"*7 P,y 5(b).
Case 5: If i < j —1 and i < n — 4, then

tiPij (b) = (—1)n+jtjtj+1 s tnfgti+1ti+2 s tn,g,P(b)

= (=1)" Py 5(b).
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Case 6: For 1 <i <n — 4, we have

Piiv1(b) =tig1 - tnstitiz1---tn_sP(b)
= (Tiy1- - TnsTi- - Tnosb)n_1n
(=)™ Ty -+ Tea Ty - Tres (L4 Tpea T3 — ToaT1)b)n—2.m
(=) Tiq - Tpea Ty T (Tpma — Tymt = Tyea T35 1)b) 2.1
+((=1)""" Ty Ty—5Tn—1b)is1.n
+((=1)" T T 5b)ig 1
+((=1)" Ty T—5(Tma + Trmt + TmaTr—3T5—1)b)i1,n—2
(=)™ Toea(Toms = Tne1)b)in

+((=1)" T Tha (1 = Tye3T—1)b)in—1

+((—Th—3+Th-1)b)i i+1;
Thus, the action of ¢; on P; ;11(b) is given by

tiPiit1(b) = titig1 - - tn—stitiz1 - tn_sP(D)
= (T TosTy To_sb)n1.m
(=) Ty T Trs(—1 — Ty—s T3 + Ty s Ty 1)b)—2.m
(=) Ty Tya Ty Tr5(Trea — Tt — TreaTn—3T00—1)b)n—2.n—1
+((=1)"TT; Ty s (T3 — T—1)b)it1.m
+((—1 n—HTi e Tn—4(_1 + Tn—3Tn—1)b)i+1,n—1
+((=D)" T T 5Ty 1b)i
+((=1)" T+ Th—5b)i 1
H((=1)" Ty Ty 5(Toea + Ty + TneaTo—3Tn1)b)im—2

+((1+ Th—3Tn-1)b)iit1;
Adding P, ;41(T,,—3b), we get

t;P;iy1(b) + P ix1(Th—3b)
= ((Ty-TpsTy - Tues + oot ToesTi - Tre5Tr—3)b)n—1.m
+((=1)" (T ToeaTy -+ Trpes (=1 = Ty Tyg + Tr—aTrm1)
+Tig1 TneaTi - Tns(Tn—a +Thz3 + Ty aTp3T5-1))b)n—2n
F((=1)" (T ToeaTi -+ To—5(Tn—a = Tt — Tr—aTp—3T01)
+Tip1- - ToeaTio - Tos(T—aTn—3 + TeaTh—1 + T—3T0—-1))b)n—2.n—1
(=) T To5(Tr—aTn—3 — Tp-aTy—1 — Tn—3T—1)b)is1n

(=)™ T (—Toea — Toes + TnaTo—3Tn-1)b)it1,m1
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+((=1)" T T (T—a T3 — Tr—a Tt — Te3Tr—1)b)it1,n—2
+((71)n+zﬂ e Tn—5(Tn—4 + Tn—l + Tn—4Tn—3Tn—1)b)i,n
+((_1)n+in o Tn—5(1 + Tn—4Tn—3 + Tn—4Tn—1)b)i,n—1

+((=1)" T+ Tps(Tra + Tm1 + TraTr3T5—1)b)i n—2;
For each i =1,...,n — 4, we have

Pino(T;+ T_s(—1 — Ty Tp_3)b)
=T TohsTi- - Tes(—1 =T aTp—3)b)n—1n
H(T- - TosTy - Tys(=Th-1 — Tn—aTp—3Tn—1)b)n—2.n
H(T - To—sTi - Tps(—1 — Tp—aTp—3)b)n—2mn-1
+(T - Toes (-1 = TpaTheg + Toa T )T - Thms (L 4+ Th—aTh—3)b) n—3.n
(=0T To5(Trea — Tt — T aTr—3Tn-1) T -+ Tres (1 + Ty aTy—3)b) -3, -1
+H(T- - To—s(—1 —TpaT 3+ Tpa T )T - Tr—5(1 + TymaTp—3)b)n—3,n—2
(=) Ts(~Ty—a — Te1 — TreaTr—3T0—1)b)im
(=) Ty Te5(—1 — Ty—aTymg — TmaTr—1)b)isn—1

+((_1)n+in T Tn—5(_Tn—4 —Tho1— Tn—4Tn—3Tn—1)b)i,n—2§

Adding this, we get

tiP;i1() + P ig1(T—3b) — P yuo(Ti - Tp—5(1 + Tpn—aT)—3)b)
= (T TosTi- Tps+Tpp1TosTi- Tos5Th_3
+ T TpsTi- Trnos(—=1 = T5—sTy—3))b)—1,n
H(((~1)" T Ty Ty Toos (=1 = Toea Ty + TpmaTi1)
+ (=) Ty T aTio o Ty (Tra + Tz + Tra Ty 3T 1)
+ T TpsTi- - Tos(=Tne1 — TnaTn—3T0—-1))b)n—2.n
H((=0)" Ty Ty 4Ty Ty (Trma — Troy — Troa T 3T 1)
+ (=) Ty Toea Ty Tys(Tr—a Ty + Tyma Tt + Tr3Ty1)
+ T TsTy - Thos(—1 — Tp—aTh—3))b)n—2n-1
H(Ti - Tnos(—1 = TpaTy 3 + Ty s Ty )T - Tyoo5 (1 + Too—s T —3)b)n—3.n
(=)™ Ty 5(Trea — Tt — Tra T3 Ty )T+ Ty (L + T s Ty 3)0) 03,01
+(T - Thes(—1 = Tpa T + Toea T )T - Trpms (L 4+ Th—aTh—3)b) 3 n—2
+((=1)" Ty T 5(Tp—a Tz — Tn—aTpo1 — Tpm3Tn—1)b)it1,n
H(=D)" T T 5(~Tnea — Trz + TnaTn3Tn_1)b)is1n1

+((=1)" Ty T 5(Tma T3 — Tr—aTpe1 — T3 Tn—1)b)i1,n—2;
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Now when ¢ =n — 4, we get

tn—4Pn—4,n—3(b) = P((l + Tn—4Tn—3)b) - Pn—4,n—3(Tn—3b);
For 1 <i<n—>5, we have
(Ti++Tns5)® =Tis1- TposTi- - Ty,

and using this relation, we get

t; P it1(b) + Pi i1 (Th—3b) — Pi—o(T; - - - Tp—5(1 + T,—aT5—3)b)
=T TosTi- Tps+ (=1)"""Tigr - Ty aTy - Tos
+ T TpsTy - Toes(—1 — T maT—3))b)n—1.n
()" Ty -+ Ty Ty -+ Toos (=1 = Tra T3 + Tr—aTp1)
+ (=) Ty -+ Toea Ty Tyes(Toea + Ty + ToeaTr—3T0—1)
+ T TnsTi - Tos (=Tt — TeaTr—3T0—1))b)n—2.n
+((=)" Ty Ty Ty Tye5(Tyea — Tyt — T aTi—3T—1)
+ (=0T g T Ty Ty (To—a Tz + TymaTymy + Ty3Ty—1)
+ T TsTy - Toes (=1 — T maTh—3))b)n—2.m—1
(T TsTi - To6(Trn—a + Tt — Tn5Tn—aTy 3+ Tn 5Ty aThy
+ 15T —3Tn—1+Tpn-aTp—3T—1)b)n—3n
T TonsTi - Tr6(—1 = TnsTya— Tn5Tn-3—Tn Ty 3
— a1 — Toe5 T T 3T —1)b) -3 n—1
+(T; - ToesTi - Tre(Th—a+ Tne1 — Tn—sTy—aTh—3+ Tps5Tp_oTh_1
+Tn5Tn—3Tn—1+ Tph-aTp—3Tn—1)b)n_3n—2

+H((=1)"'T

Ty (Th—aTy—g — Tp—aTy—1 — Tp—3Ty—1)b)it1,n
+((=1)"M T T (—Tr—a — Tres + T a T3 Tr—1)b)it1,n—1
+((=1)"M T T 5 (Ty—a T3 — Tr—aTpm1 — Tpm3Tn—1)b)it1,n—2
=Pipin2(Ti  Thos5(Th—a+ Tm_3)b).

Case 7: If i <k <j—1and k <n—4, then
trPij(b) = (=1)"tjtj41 - tn_strtitipr - - ta_sP(b)
= (=) TR gttt btk etk 1thg1 - ta—5 P(D)

= (=1)"™"tjt 41 tnostitiyr - tn_str—1P(D)

= (=1)" Pyj(Ty1b).
Case 8: For i < n —4,
tn—aP;pn_o(b) = tp_atitiv1 - tn_5P(b)
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= (=)™ it tygtn—atn—5 P ()
= (=1)""titiz1 - tno(tn_s P(T—5b) + P(T,—5T—4b))

= (—1)""(Pin_a(Tp_5b) + P(T; - Tp_sb)).
Case 9: If i < j — 1, then
tj—1Pij(b) = Pij-1(b).
Case 10: If j < n — 2, then

tjPi (b) = tj+1 s tn_gtiti_;,_l s tn_5p(b)

= Pija(b).
Case 11:
tn—oPin—2(b) = (=1)"T"P; ,_o(T\_1b).
Case 12: If j < k < n — 3, then

tPij(b) = titjtjpr - - th_stitip1 - tn_5P(D)
= (=17t b atiti— 1 tetesr - to—stitizr - L5 P(D)
= (=1)"Mtjtjp1 - to_ste—1titivr - ta_sP(b)

= (—1)" P, (Tj—2b).
Case 13: If j <n — 3, then

tn-3P; (b)) = (=1)" "t t; 11 tp_atn_stn_atitivs - tn_sP(b)
= (1) ity oty stitinr - th—etn—atn_sP(b)
= (=) titig - tostitivr - tn_6(P(Th_5Tn—4b) + tn_5P(Th_5b))
= (=1)"(Pyj(To-sb) + tjtjs1 - -tn3P(Ti---Tp_ab))
= (=) (P (Ty—5b) + tjtjs1 - tn-s5(P((1 + TpoaTp3)T; - - Tprosb)
— tn_3P(Tp_sT; - Tn_sb)))
= (—1)" Py o(Ty Tpo6(—1 = Tp_5Tp—3 — Tr—aTh—3)b)

+ Pjn3(Ty+ Toes(1+ TpsTp—3)b) + (=1)" Py (T,,_5b).
Case 14: If j < n — 2, then

tn—oPij(b) = (1)t sttty —otp_stitiz1 - tu_5P(b)

= (=1)" Tt tatitivr - taostu—otn—3P(b)

%(—1)n+j+1tjtj+1 o tpatitipr o ty—s(P((1 = 2T 4T -1 — Th—3T5—1)b)
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+ tn—SP((*QTn—4 - Tn—3 + Tn—l)b))
_ %((71)"+jtjtj+1 cotpaPy—o (14 2T _aT 1 + Th—3Th—1)b)

+ (=)™ Py ((2T—a + T3 — Tr_1)b));
When j =n — 3, we are done. For j <n — 3, the action of ¢;t;411---t,—4 on P;,_o is given by

titis1 - tn—aPin_a(b)
=Ty Ty aTy- - To5b)n_1m
H(=D)™T - Ty Ty ToesToeab)n—2,m
+(Tj -+ TaTy - Tr_5b)—2.n1
+H(T - Thos(L+ T3 — TneaTh1)b)jm
+((=1)"T; T (Tr—a — Tt — TreaTr—3T00—1)b) jn—1
+(T- - Tos(L+ Tp—aTp—3 — Tp—aTp—1)b)jn—2
()DL S (—Teg 4 Tre1)b)im
+((_1)(n+i)(n+j)j}71 o Tos(1 = T 3Tr1)b)in1

+((=1) DTN T, T (=T + Toe1)b)in—2;
Now

(_1)(n+i)(n+j+1)+1pi,n72(ijl . Tn75b)
= (T TpsTi - Trb)n—1.m
+((=1)"H Ty Ty 5Ty Ty gTn—1b) 2,
+((=1)" Ty Ty 5Ty Trm6b)p—2,—1
+((=1)" Ty T Ty T (L4 (T + Tea) (Tym3 — Tr1))b) -3,
DT T

+((~1)FEDOFTED T T 5 (Thes — Te1)b)in—2;
Adding these together, we get

titivt tn_aPin_o(b) + (,1)(n+i)(7erJ‘Jr1)Jr1]3i7n_2(Tj_1 - T _5b)
=((=1)""T; - T 5Ty Tpeab)n-1m
H(=)" Ty Ty 5T Ty a Ty 1b)n2n
+((=1)"Ty - Ty 5Ty - Tyab)n 21
(=" T T Ty T (=1 + (Tr—s + Tpea) (= T3 + T1m1))b)n—3.n
(=0T 5Ty Tym6(—Tyes — Trea + Tymy + To5Tn—3Tp—1 + TreaTn—3T0—1)b)n—3n—1

+((=1)" Ty Ty 5Ty -+ Trm6(—1 4 (T + Tnea) (=T + Trm1))b)n—3,n—2
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+(T; - Thes(L+ Ty aTy3 — Tn—4Tn—1)b)j7n
(1), Ty 5(T—g — Ty — Tp—a T 5Tp—1)b) 1
H(T - Ths(1+ T3 — To—aT—1)b) jn—2

= (=1)"""P; ,,_o(T; - Tp_ab).
O

Whilst we are still a long way off a construction of S(\) for arbitrary bar partitions A, analogous to
the Specht modules in the linear case, the methods we used in our construction of S((n — 2,2)) could

potentially be extended further to apply to all two-part bar partitions.

3.3 Constructing submodules

Now we have a construction of the submodule N of the induced basic spin representation which is
spanned by the elements P;;(b). Next we want to consider its 3-modular decomposition, so we will set
p = 3 and assume n > 6 is a multiple of 3 for the rest of this chapter. We will give a general construction
for the (n — 3)r- and (n — 2)r-dimensional submodules of N, where r is the dimension of the basic spin

module M. Thus, we will prove the following theorem.

Theorem 3.3.1. Suppose p = 3, n > 6 is a multiple of 3, M 1is a basic spin representation of S;Ll
with basis {x1,...,z,}, and N is the submodule of dimension (n=1)(n=4)/2 in the induced module M 17
spanned by the elements P;;j(b). Then N has submodules L and K of dimensions (n —2)r and (n — 3)r.
Moreover, the larger submodule L contains the smaller one K, and the quotient of the two submodules

is a basic spin module.

Recall that when p|n, the basic spin module S((n)) has dimension

n—2 .
2"=2/2 s even

d(n,3) =
2=9/2 p s odd

but in general, our basic spin module M will be a sum of copies of S((n)), and dimM will be a multiple
of d(n, 3).
To construct a basis for the (n — 3)d-dimensional submodule K of N, we define the matrix ¢, =

n—4

weq (k — 1)T}, satisfying the following Lemma.

Lemma 3.3.2. For0<j<n-—35,

J n—4
G Ty =Y (—DFTy Ty Thr - Ty 4+ (=17 > (k= 1Ty - T T
k=1 k=j+1

The proof of this lemma is in the appendix.
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Now set
n—4

B_3(b) := Py ,,_2(b) + Z(_1)(n+1)(j+1)Pj,n72(CnT1 - Tj_b)

=2
for each b € M, and for i = 2,...,n — 3, inductively define B;_;(b) := t;B;(b). Then in general, for all

i=1,...,n— 3, we have

Bi(b) := titatiyo - tn_3Bn_3(b)
n—4

=P i11(b) + Z(*l)(nﬂ)(jﬂ)twlth o tn_3Pjp—o((nTh - - Tj_2b)
=

=Pripa(b) + > (~1)FVUEDP G (G Ty -+ T —2b)

Jj=2

n—4
+ > ()OIt b3 Py o (G Ty - Ty o)
J=i+l
= Pripa(d) + Y (1)U (G- - T o)

Jj=2

+ Z DIt tig -t s P 1 m—2(aTy -+ Tj_sb)
Jj=i+2
i
= Py (b)+ ) ()P (GTy -+ Ty b)
=2
n—3 .
+ Y (D)t b Py (G T - T sb)
j=it2
=P (b)) + Z(il)(nJrl)(jJrl)pj’l,_*_l(g‘nTl -~ Tj_ab)

Jj=2
+ 30 (DIt by a (P (~ TG Th -+~ Ty—sb)
J=i+2
+P 1,n— 2( 1}—1"'Tn—5Tn—3Tn—4<nT1"'Tj_3b)

+Pjpo(Tj—1- - Tns5(Th—a+Tp_3)CT1---Tj_3b))

= Prin(b +Z DIHDUEDP; 1 (GuTh -+ Tj-2b)

+ Z (”+1)J+(”+])(Z+J)+1P+1 G (Tn_3C, Ty -+ - T _3b)
Jj=i+2

+ (=)t tie -ty o (Pt o (= Tj—1 - Tys Ty T4 Ty -+ - Tj—3b)

+Pjno(Tj—1- Tnos(Tn-a+Th_3)GT1---Tj_3b)))
=P (b) + > (1) UEIP o (G Ty -+ Ty _2b)

j=2
n—3
+ Z (( 1)l(n+])+ P+1]( n73<nTITJ73b)

+ (1) I o (Tyoy - Ty5 Ty 3T —aCaTh - - - Tj—3b)
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+ (=) I Yty tji—oPjn—o(Tj—1- TnsTyh_aTpn_3Ty_4C Ty - - Tj_3b))
=Pria(b)+ Y ()G P (G Ty Ty—2b)
j=2
n—3 ) )
= > (D P (TG Ty -+ Tj-3b)
j=i+2
+ (=) VIR o (T T 5Tn—3Tn—aCnTh - - - Tj—3b)
+ (1) Py o (Tigr - T3 Tn—aCn 1 -~ Tj—3b)).
Theorem 3.3.3. Suppose {x1,...,2,} is a basis for a basic spin representation M of S;% |, and N

is the (n=1)(n—4)r/2-dimensional submodule of M 17" spanned by the elements Pi;(b).

Then there is a

submodule K of N with basis {B;(z;)|1 <i<n—3,1<j<r} and the action of S;" on B;(b) is given

by the values of t;, B;(b) in the following table:

Case tiB;i(b)
B1(=T—3b) + By—3(—=T1 - - Ty—5T—3T},—4b)

1 k=i=1 +Z§L:_;(Bj(_Tn—3CnTl -+ Tj_ob)
+(f1)(n+1)(j+1)Bn_3(ij Ty 5Ty3Tn—aCp Ty - - Tj_ob))

2 k=1<i (=1)'B;(¢b)

3 l<k<i (=1)B;(Ty—1b)

4 k=i Bi_1(b)

5 E=i+1<n-2 B;11(b)

6 i+l1<k<n-3 (—1)B;(Ty—2b)

7 |itl<k=n-2 (=1)'Bi((Th—a — T3+ T-1)b)
(=)D HIB (T Ty 5(1 4 (Tyg — Ty_3)Tr1)b)

8 k=i+1=n-2

9 k=n-1 (—1)'B;(T,,—1b)

The proof of this result is in the appendix.

Now that we have a basis for the (n — 3)r-dimensional submodule K of N in characteristic 3 (where

r is the dimension of the basic spin module M and n is divisible by 3), we will extend this to a basis for

the (n — 2)r-dimensional submodule L of N.

Set xn := ¢, — T3, which satisfies the following Lemma.

Lemma 3.3.4. Forj=1,....n—3,2<:<j+1,

i—1
T -- Tan — Z(—l)i+‘j+1(/€
k=2
J

+) (-1t

k=i
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n—3
+ > (k= 1T TjTy.
k=j+1

The proof of this lemma is in the appendix.

We define
n—2
Bua(b) =Y (=1)" ' Poy(To - Ty_sxnb)

j=4
n—2

+ Z Psi(—Tp—3T5---Tj_3xnb)
j=4
n—4 n—2 )

)0 ()P (1 + ToT8) Ty -+ Tio Ty - - Tj_3xnb)
i=4 j=i+1
n—4 1 )

+ Py o (1) Ty Ty 9Ty Ty Tyq -+ T3 s
1=4 x=4

+ (_1)(n+1)(i+1)+mT2 e E—QTQ e TJ;—STx—l T Trb—5Tn—3Tn—4)X’rbb)7

and B,,_2(b) :=t3B,,—1. Then

n—2
Bp—2(b) =(=1)""" Pas(xnb) + Z(*l)nJrHlej(Ts < Tj_3xnb)
=5
n—2 )
+ Poa(xnb) + Y (1) P3; (1 + ToT,—3)To - Tj—3Xnb)
=5

+ (=1)" Py o(To - Tr5T—3Ty—aXnb)
n—2
+ ) (=) Py (T 5Ty -+ Ty—sxnb)

J=5

+ P4,n72(T3 to TnfSTn73Tn74an)
n—4 n—2

+ )Y ()P (1 4 (Ty + T5) T )Ty - Ti2To -+ Ty Xnb)
i=5 j=it1
n—4 ¢

YN P o (—) VO T 0Ty Ty 5Ty -+ T 3T
=5 =4

+ (_l)ni+m+1T3T2 e Ti—2T2 o T(L‘—3TJJ—1 T Tn—5Tn—3Tn—4)an)-

Adding an r-dimensional basis for the span of B,,_o(z1),...,Bp—2(z,) and B,_1(x1),...,Bn_1(z,) to
our basis

{Bi(zj)1 <i<n-3,1<j<r}
for the (n—3)r-dimensional submodule K of N, we obtain a basis for the (n—2)r-dimensional submodule

L of N.

Theorem 3.3.5. Suppose {x1,...,x,} is a basis for a basic spin representation M of S;Ll and N is
the (n=1)(n=4)r/>_dimensional submodule of M 17 spanned by the elements P;;(b). Then there is an

(n — 2)r-dimensional submodule L of N spanned by the set
{Bi(zj)[1 <i<n-1,1<j<r}
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The action of S;7 on By,—1(b) and B,,_5(b), for b € M, is given in the following table:

Case | 1<k<n-1 tiBn-1(b) tiBn—2(b)
1 k=1 By1(~Tp_sb) By_2(Tp_3b)
+ 30T (1B (Ta - Ty axnb) | + 3205 (—1)7 T 3 By(Ta -+~ Tj_axnb)
2 k=2 Bo_1(—Ty_3b) By—2(Tn_3b) + Bo_1(~b)
3 k=3 B, —2(b) Bp-1(b)
4 =4 By, _1(—1T3b) By_2(Tb) + By—1(—b)
5 |p<k<n-—3 B (—T_ob) By o(Tj_2b)
6 k=n—2 | Baot((—Tuea +Tog —To1)b) | Buo((Ty—s — Tus + Tu_1)b)
7 | k=n-1 By (~Tp_1b) By_2(T_1b)

The proof of this theorem is in the appendix.

Now we can find a basic spin representation as a quotient of the submodules L and K of N by
using Theorems 3.3.3 and 3.3.5 to compute the action of the operators §; := t;t;11 + tiy1t; + 1, for
t=1,...,n—2, on B,_1(b), thus proving Theorem 3.3.1.

Proof of Theorem 3.3.1:

Proof. The action of §; on B,,_2(b) and B,,_1(b), forb € M and i =1,...,n — 2, is given by:

n—3
0181 (b) =t1Byy_1 (= T—3b) + t2B_1(~Tr—3b) + Y (—=1)"t2B;(Ty - Tj_axnb) + Bn_1(b)
j=3
3 .
= (-1)(Bj(~Ty - Tj_oxnTn_3b) +toB;(Tz - - Tj_2Xnb);
J

02By—1(b) =t2By—2(b) + t3By—1(—=Tp—3b) + Bp—1(b) = 0;

n

Il
w

(53Bn_1(b) Zthn_l(—TQb) + t4Bn_2(b) + Bn_l(b) = 0;
If4 <k <n-—4then
0k Bn—1(b) =t Bp_1(—Tk_1b) + tky1Bn—1(—Tk—2b) + Bp_1(b)

=Bn-1((1 + Tx—2Tk-1 + Tk—1Tk—2)b) = 0;

511—3B7L—1(b) :tn—SBn—l((*Tn—él + Tn—3 - Tn—l)b) + tn—QBn—l(*Tn—E’)b) + Bn—1<b)
:Bn—l((l + T71,—5(Tn—4 —Th_3+ Tn—l) + (Tn—4 —Th_3+ Tn—l)Tn—S)b) = Oa

57L—2Bn—1(b) :tn—QBn—l(_Tn—lb) + tn—an—l((_Tn—4 + T3 — Tn—l)b) + Bn—l(b)
:Bn—l (1 + (Tn—4 - Tn—3 + Tn—l)Tn—l + Tn—l(Tn—4 - Tn—3 + Tn—l))b) = Oa

(
6an72(b) :Bn72(b) + tan72(Tn73b) + tanfl(_b) + t2Bn72(Tn73b)
3

—+ (—1)j+1t2t3Bj(T2 s Tj,Qan)
=) (1) (t3B;(Ta -+ Tj—axnTn—3b) + B;(Tz -+ Tj_2xnb));
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02Bpn_2(b) =t2By,_1 + 3By _o(T,—3b) + t3B,_1(—b) + B,_2(b) = 0;
533n_2(b) :thn_Q(TQb) + thn_l(fb) + t4Bn_1(b) + Bn_g(b) = 07
54Bn_2(b) :(—t4t3t5 + t5t4t3 + tg)Bn_l(b)

=t4Bp_2(T3b) + By, _2(T3T5b) + B,,—1(T3b) + Bp—2(b) = 0;
If £k > 5 then
5 B_o(b) —t364Bn_1(b) = 0.

Since ¢; annihilates B,,_2(b) and B, _1(b) for i > 1, and 61 B,,—2(b), 01 B,,—1(b) belong to the smaller

subsupermodule K, it follows that the quotient of L and K is a basic spin supermodule. O
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Chapter 4
Bar-core partitions

4.1 Properties of bar partitions

We have already seen the importance of the combinatorics of bars for the spin representation of the
symmetric group. In this chapter we will provide further results on bar partitions that serve as spin
analogues to all of Fayers’ results in [6], and may help us to uncover more of the modular structure of
Tn-

Note that while our results on simultaneous p- and g-bar-cores give spin analogues of Fayers’ results
on simultaneous s- and t-core partitions, called (s,t)-cores, there also exist results on (s,t,u,...)-cores
which currently have no spin analogue, providing a potential avenue for further research.

Recall that a bar partition A € P,, is a decreasing sequence of distinct positive integers summing
to n. For odd integers p > 3, the p-runner abacus [4] has p infinite vertical runners numbered from
left to right (+1)/2, (p+3)/2,... ,p — 1,0,1,...,(»—1)/2, with the positions on runner i labelled with the
integers with p residue 4, increasing down the runner, so that position x 4+ 1 appears directly to the right
of position z (for z # (P—1)/2 mod p). We obtain a visual representation of A on the p-runner abacus by
placing a bead on position = for each = € A and each integer x < 0 such that —x ¢ \; position 0 remains
empty.

This differs from the way that Olsson, for example, represents bar partitions and bar-cores, but this

p-runner abacus will be more useful for our purposes.

Example. The bar partition (9,8,7,5,3) has the following bead configuration on the 5-runner abacus

(we indicate the zero position with a white bead):

:
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Let A()\) denote the set containing all integers that label positions occupied by beads in the bead

configuration for A € P,, on the p-runner abacus:

T E N, x>0, or
ze A\ &

—x ¢\ x<0.
Note that this is independent from the choice of p.
Recall that for odd integers p > 3, removing a p-bar from X € P,, means either
(i) removing = € A such that 0 <z — p & A, and replacing x with  — p if x # p; or
(ii) removing two parts z,p — x € A (where 0 < x < p).
In terms of the abacus, removing a p-bar from A corresponds to moving a bead at position = to position
2 — p (replacing x € A(\) with z — p), then moving the bead at position p — x to position —z (replacing
p—x € A(N\) with —x).
When it is not possible to remove any p-bars from A, i.e. when z —p € A()) for all € A(N), we say
that X is a p-bar-core, and we denote the set of p-bar-cores by C,,.
Since removing a p-bar always corresponds to moving beads up on their runners to unoccupied positions,
we have reached the bead configuration of a p-bar-core when all beads are moved up their runners as far
as possible. The order in which these moves are made is irrelevant; we always end up at the same bead
configuration. Hence we may define the p-bar-core of a bar partition A, which we denote by A,. The
number of p-bars which can be successively removed from A is the p-bar-weight of A\, and we denote this

quantity by wt,()); denoting by |u| the sum of the parts of the bar partition u,

W, () = \>\|—plxp|.

The number of bead moves needed to reach the bead configuration for A, from the bead configuration
for A is equal to twice the p-bar-weight of A, because removing a p-bar corresponds to two moves of the

beads. The p-bar-weight of A is therefore equal to half the number of pairs (z,a) € A(A) x N such that
x —ap & A(N).
Example. The 5-bar-core of the bar partition from the previous example is

(97 87 77 53 3)5 = (47 3)7

and has the following bead configuration on the 5-runner abacus:

We are now equipped with tools analogous to those James and Kerber used in their seminal book

on the representation theory of the symmetric group via the combinatorics of (not necessarily strict)

60



partitions [11]. Next, we introduce a useful way to encode bar partitions, just as the s-core and s-
quotient encode partitions [11].

Define the p-set [5] of a bar partition A to be the set {A; moa pAli =0,1,...,p—1}, where A; pod pA
is the smallest integer = i modulo p such that x ¢ A()\,). Since x € A()\,) & —x € A(),), for any bar
partition A and k # 0 (mod p) we have Ay mod pA + A_g mod pA = P, s0 all of the elements in the p-set
of any bar partition sum to p(r—1)/2.

Next we will introduce the p-quotient of A\ € P,, [23], which is the p-tuple
9,(A) == (A0 modp) - A(p=1mod p))

(We will drop the ‘mod p’ in our notation for both the p-set and p-quotient when it is clear which p we
are referring to.) Note that this differs from the s-quotient of a partition we defined in Chapter 2.
The parts of the bar partition A m°d ) are the elements of the set {#/p|lz € \, x € pZ}.
For j # 0 (mod p), the i*® part of the (not necessarily strict) partition AU ™°4 ) is equal to the number
of empty spaces above the i*" lowest bead on runner j in the bead configuration for A on the p-runner
abacus.
It follows from the definition of the p-runner abacus that for each j % 0 (mod p), the partition A(~7 mod »)
is equal to (AU m°d )}’ the conjugate of the partition AU ™°dP) the parts of which are the lengths of
the columns in the Young diagram for AU med p),

Each p-set corresponds to a unique p-bar-core, and Olsson proved that every bar partition is uniquely

determined by its p-bar-core and p-quotient [23, Proposition 2.2].

Example. The bar partition (9,8,7,5,3) has 5-set {0, —4, —3, 8,9} as its 5-bar-core is (4, 3) (see earlier
example). While the 5-quotient Q5((4,3)) contains only empty partitions (as all p-quotients of p-bar-
cores do), the 5-quotient of A := (9,8,7,5,3) is ((1),(1),(3),(1,1,1),(1)). As remarked above, we have
AU mod p) — (\(=7 mod p))/ for § = (0 (mod p), and this is illustrated below with the Young diagrams
of the conjugate partitions A ™m°45) = (1,1,1) and A2 ™°d5) = (3) = (1,1,1)’, and the self-conjugate

partition A1 m°d5) — (1) = (1)’ = A(4 m°d5) " which also happens to be the bar partition \(0 mod 5).

: 0 oo

Recall that the s-weight of a partition «, i.e. the number of rim s-hooks which can be successively
removed from «, is denoted by wts(«a), an s-core is a partition with s-weight 0, and the beta-set By is
the sequence of integers (o; — i + k);en. Later we will utilise the following properties of Q,(A) which are

analogous to properties of the s-quotient in the non-spin case [6, Lemma 2.5].
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Lemma 4.1.1. Suppose A € P,, and c,p are odd postive integers, with p > 3.

(1) Whep(N) = wh(AO modP)y 4 %Zf;ll wt (A ™01 P)) i particular, X is a cp-bar-core if and only if

N0 mod p) ys g c-bar-core and every other component of the p-quotient of X is a c-core.
(i7) (AO mod p)) = (N.,)© modP) “qnd for j # 0(mod p), the c-core of \U ™04 P) s equal to (Aep) ™00 P).

Proof. Removing a c¢p-bar from A means replacing an element x € A with « — ¢p (when z — ¢p € A(N)),
then replacing cp — x € A(X) with —z.

If 2 = 0 (mod p), then this is equivalent to replacing #/p € A(A?)) with (z=cp)/p = z/p — ¢, and replacing
(er—2)/p € ANO)) with —z/p = (cp—2)/p — ¢, i.e. removing a c-bar from A(%).

If x = j (mod p), then this is equivalent to replacing (=—7)/p € Bﬁ‘(j) with (z—cp)=3)/p = (#=7)/p — ¢, and
then replacing ((ecp—2)=(p=3))/p € Bﬁ‘(p_” with (—z=(=)/p = ((ecp=2)=(p=))/p — ¢, thus removing a rim

c-hook from both M) and A(P=9), O

Remark. Note that since A(77 mod P) = (\U mod p))/ for j =£ () (mod p), we can rewrite the first part of

the previous lemma as
(r—1)/2

Wtep(A) = ﬁc()\(o mod p)) + Z Wtc()\(j mod p))'

j=1

Now we will consider an action of 20, the affine Coxeter group of type C~’<p71>/2, with generators

9os - - - » §w—1)/» and relations
gl =1 for 0 <i< B
9i9; = 9;9i f0r0§i<j—1§¥,
9i9i+19i = Gi+19igi+1 for 1 <i < B2,
90919091 = 91909190 if p> 3,
9r-3)/29-1/29-3)/29(-1) )2 = Gp-1)/29(r~3)/29(>-1)/2J(p—3)/2 ifp>3.

For coprime odd integers p,q > 3, we define a level ¢ action of 20, on Z [5]:

x—2q if x =q(mod p),

goT = x+2q if x =—q (mod p),

T otherwise;

x—q ifz=(i+1)q,—ig (mod p),

git =g x+q ifx=iq, —(i+1)g(mod p), for 1 <¢ < 5=

x otherwise,

This natural action of 20, will serve a similar purpose to the natural action of the Coxeter group W of
type A,_1 that Fayers exploits in [6].

For the rest of this paper, we will assume that p and ¢ are coprime odd integers no less than 3.
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Lemma 4.1.2. The above defines a group action of 2, on Z, and this can be extended to an action on

Po.

Proof. We must have p > 3 for the fourth and fifth relations of the generators of 20, to hold for the
group action. The first relation g7 = 1 is clear for all i. Moreover, the generators g;, g; commute when
0 <i<j—1< (=32 because they act on distinct congruence classes of integers modulo p. For the

third relation, when 1 <4 < (p—5)/2 and x € Z we have

gi(r —2q) | z = —iq

(

gi(x+2q) | z=1iq x—2q | xz=(i+2)q,—iq
9i9i+19it = § gi(x—¢q) |z=(i+1)q (i +2)q =9 x+2q|z=iq,—(i+2)q

gi(zr+q) |z=—-(i+1)q,—(i+2)q x otherwise

gix otherwise

giv1(z —2q) | v = (1 +2)q

girr(z +2q) |z = —(i+2)q

=9 git1(x—q) |z=—iq,—(i+1)q = Gi+19i9i+12-
(

giv1(x+q) |z =iq,(i+1)q

Jit1T otherwise

For the fourth and fifth relations, assuming p > 3,

gog1(z —3q) | © =2q r—4q |z =2¢q
gog1(z +3q) | v =—-2q r+4q | T = —2q
(9091)° =3 gogi(z —q) | z=—q =9 z—2|z=q

gogi(z+q) |z=q¢ r4+2q | x=—q

gog1r otherwise T otherwise

g190(x = 3q) | v =¢

g190(r +3q) | x = —q

=3 9ole—q) |z=2g = (9190)°,

qigo(z+q) |x=-2q

9190% otherwise

GGy (@ — 2q) | @ = @ w—3q | x= Bt

Go-3)/29w-12 (T +2q) | © = @ x+3q|x= @
(9o-2/296-172)2T = gosyago-vp(e —q) | o= 2 =0 z—q |o=2t

9(%3)/29@—1)/2(% +4q) Tr= @ rT+q |r= w

Gw-3)/29(—1/2T otherwise T otherwise
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Jo-1)290-32(T —2q) | © = @
G- ge-np(T +2q) | = @
=9 Go-vpde-sp(r—q) |x= @ = (90-1pagw-sy)’ -
Jo-vpge-sp(T+q) | T = %
Go-1)/29(p-3)/2T otherwise

If X is a subset of Z\{0} that is bounded above, and its complement in Z is bounded below, then
it is easy to see that the same is true for aX := {az|z € X}, for any a € 20,. Moreover, when
r e X e —x ¢ X, for all x € Z\{0}, then the set aX also satisfies this rule (since if z,y € X and
gix =y, then g;y = x). Hence, this action can be extended to an action on bar partitions A by defining

gi\ to be the bar partition with A(g;\) = g A(N). O
Example. In the first example of this chapter, with p = 5, we illustrated the bead configuration
A((9,8,7,5,3)) =1{9,8,7,5,3,—1,—2,—4,—6,—10, 11, —12,... }.

We obtain the bead configuration of the bar partition (13,6,5,2) = (g0g2)(9,8,7, 5, 3) by first subtracting
¢ := 3 from each element in A((9,8,7,5,3)) that is congruent to 4 (mod 5), and adding 3 to each element
congruent to 1 (mod 5), then subtracting 6 from each element congruent to 3 (mod 5), and adding 6 to

each element congruent to 2 (mod 5). We thus obtain the set
{13,6,5,2,—1, -3, 4, —7,—8,-9, —10, —11, —12, —14, —15,... } = A((13,6,5,2))

illustrated on the abacus below:

Notice that both bar partitions have the same g-bar-core; this will always be the case, as the level ¢
action defined on the generators of 20, always corresponds to adding or removing g-bars. On the 3-runner

abacus, the action of gogs € 25 has the following effect on the bead configuration of (9,8,7,5,3).

909
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We now give some invariants of the level ¢ action of 20, which we will later use to give an explicit
criterion for when two bar partitions lie in the same orbit under the level ¢ action, which we refer to as

a level ¢ orbit.

Lemma 4.1.3. Suppose A\ € P,, and a € 2, and define aX using the level q action.

(i) (@A), = Ag;
(13) Qp(aX) is the same as Qp(N\) with the components reordered;

(iii) why(ad) = wiy(N);

(iv) (an), = a(X,).

Proof. The relations occurring in all four parts are transitive, so we need only prove them in the case

where a is simply a generator g; of 20,,.
(i) An element x € A()) is fixed by the level g action of gg if and only if
x # q,—q (mod p); x = q (mod p), z —2¢ € A(N\); or x = —q (mod p), z + 2¢ € A(N).

If z € A(N), z = ¢q (mod p) and = —2q & A(X), then go sends = to x — 2¢, and sends 2q —x € A(X) to —=z.
If x € A(N), x = —¢q (mod p) and = + 2¢q € A(X), then gy sends x to = + 2¢, and sends —z — 2¢ € A(N)
to —z. Thus the action of gg on A(XA) corresponds to removing 2¢-bars from or adding 2¢-bars to A.

For i € {1,...,(=1)/2}, the level ¢ action of g; fixes z € A()) if and only if

x # (i + 1)q, —ig,ig, —(i + 1)q (mod p); x = (i + 1)g, —ig (mod p), = — g € A(N);

or z =iq,—(i + 1)g (mod p), = + q € A(N).

If x € A(N), = (i + 1)q or —ig (mod m) and = — q &€ A()), then g; sends x to x — ¢, and sends
g—x € AA) to —z. If z € A(N\), x =iq or —(i + 1)g (mod p) and = + ¢ & A(N), then g; sends = to
x + ¢, and sends —z — ¢ € A(\) to —z. Thus the action of g; on A(\) corresponds to removing g-bars
from or adding g-bars to A.

Moreover, since there are only finitely many x € A(\) such that at least one of © — 2¢, x + 2¢, x — ¢

or x + ¢ is not in A(A), we obtain A(g;\) := ¢g; A(A) from A(X) via a finite number of changes. Hence

(g74>\)q = Xq.

(ii) When 2 # 4¢q (mod p), we have z € A(go\) < = € A(N), so (goA\)¥) = AU for all j # +¢q
(mod p). If instead = ¢ (mod p), then = € A(go\) & x + 2¢ € A(N), or if z = —¢ (mod p), then
z € A(goN) & x — 2q € A()N); hence (goA)@ = X9 = (A@) and (go\)"9 = A9 = (ADY,

Ifi € {1,...,(=1)/2} and x # (i + 1)q, —ig,iq, — (i + 1)g (mod p), then z € A(g;\) & = € A(N), so
(g:N)9) = A9 for all j # (i + 1)q, —iq,iq, —(i + 1)q (mod p). If instead = = (i + 1)q or —ig (mod p),
then z € A(g;\) & x + g € A(N), and if © = ig or —(i + 1)q (mod p), then z € A(g;\) & x — q € A(N);
hence if j = (i + 1)g or —ig (mod p), then (g;A)?) = AU=9 and (g;A)(77) = AT+,
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(iii) This follows from (ii) and Lemma 4.1.1(i) (taking ¢ = 1): the bead configuration for g;\ on the
p-runner abacus is the same as that of A\ but with the runners reordered, so the p-bar-weights of the two

bar partitions are equal.

(iv) We need to show that A; mod p(giA) = ¢i(Ak mod pA), for each i € {0,...,-1/2} and j = g;k (mod
p). We suppose the contrary.

When i = 0, we may assume that j = +£q = —k (mod p), as otherwise j = k and
Aj(go)\) = AJA = Ak)\ = go(Ak)\)
But
J=xq=—k= Aj(goN) = ApA £2q = go(AgA),

so we must have i > 0, and we may also assume that j = +iq or £(i + 1)¢, and j = k + ¢ (mod p). But
then
Aj (gi)‘) = Agz‘(j))‘ = gi(Aj)‘)’

so in fact, the p-set of g;\ is equal to the image of the p-set of A\ under the action of g;. Hence

(9iN), = gi(Ap), for all i € {0, ..., (P=1)/2}. O

Next we will give a criterion for when two bar partitions lie in the same level ¢ orbit; to this end, we

will first establish a condition for two p-bar-cores to lie in the same level g orbit.

Proposition 4.1.4. Suppose \, u € C,, and that the multisets
[AA (mod q)|i =0,...,p—1(mod p)], [Asu (mod q)|i =0,...,p— 1 (mod p)]
are equal. Then Xq =g, and A and p lie in the same level q orbit (of p-bar-cores).

Proof. The fact that A and p have the same g-bar-core is established by Fayers’ [5, Proposition 4.1], and
by Lemma 4.1.3(i), the level ¢ action of 20, on the set of p-bar-cores preserves the g-bar-core of a bar
partition as by definition g; does not change the multiset of residues modulo g of the elements of the
p-set. Therefore each orbit of the level ¢ action on ép can contain at most one g-bar-core.

In the same paper [5], Fayers proves the following result:

Suppose O is a level ¢ orbit. Let v be an element of O for which the sum Zf;ol(Ai mod pV — P[2)? is

minimised. Then v is a g-bar-core.

This v is uniquely defined as each level ¢ orbit contains no more than one g-bar-core. Thus letting v be
the g-bar-core of both A and p, it must be contained in both the level g orbit containing A and the level

q orbit containing u; so these orbits coincide. O

For the more general result, we define the g-weighted p-quotient of A\ € P,, with p-set {Ag), ..., Ap_1 A}
and p-quotient Q,(\) = (A, ... AP~ to be the multiset

QI(A) = [(AiA (mod ¢), \D)|i=0,1,...,p—1].
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Example. We have already seen that the bar partition (9,8,7,5,3) has 5-set {0, —4,—3,8,9} and 5-
quotient ((1), (1), (3), (1), (1)), so Q3((9,8,7,5,3)) is the multiset

[(0 (mod 3), (1)), (2 (mod 3), (1)), (0 (mod 3), (3)), (2 (mod 3), (1%)), (0 (mod 3), (1))].

Proposition 4.1.5. Suppose A\, € P,,. Then X and p lie in the same level q orbit of 20, if and only

if they have the same gq-weighted p-quotient.

Proof. Firstly suppose that A and p lie in the same level ¢ orbit; we may assume that p = g; A for some

i €{0,...,(=1/2}. Then we get Q%(\) = Q%(u) from the proof of Lemma 4.1.3: when p = goA, we have

(A_jX+2¢, A9 for j = q (mod p),
(Ajﬂv,u(j)) =9 (A - 2¢,\(=9))  for j = —¢ (mod p),
(AN, A0)) otherwise,

and when p = g; A for some i € {1,...,(=1)/2}, we have

(Aj_ A+ ¢, \9=D) for j = (i +1)gor —ig (mod p),
(Ajp, pt) = (Ajig) — ¢, \UTD)  for j =igor — (i+ 1)g (mod p),
(AN, A0)) otherwise.

For the other direction, suppose that A and p share the g-weighted p-quotient Q%()\) = Qi(u). By the
definition of the p-set, and since all components of the p-quotient of a p-bar-core are equal to the empty

bar partition, the p-bar-cores of A and p must have the same g-weighted p-quotient Qg,(Xp) = Qg(ﬁp).

Thus, by Proposition 4.1.4 we may find a,b € 23, such that a(}\,) = b(fi,) = o, where o is the g-bar-core

of both A, and 7z,. Then by Lemma 4.1.3(iv) we have (aX), = (bu), = o, so using Lemma 4.1.3(i) we

see that o is the p-bar-core and the g-bar-core of both a\ and by; in particular, aX and by have the same
p-set. Moreover, by our assumption and the proof of the only ‘only if” part of the proposition above both
aX and by have g-weighted p-quotient QF()).

Since o € C, N Cy, by [5, Lemma 4.2] the elements z; := A, 0 in the p-set (of o, a) and bu) satisfy

Tiv1 < x; +q foreach i = 0,...,p—2: 21 < q, as otherwise ¢ € o, and if ;417 > z; + ¢q for some
i =1,...,p— 2, then it can be shown that o must have a removable g-bar. Since z; = p — x,_; for
i=1,...,p—1, and therefore x,_1 + ¢ > p, we may write a sequence S of p + ¢ — 1 integers as follows:
q, q-p; q—2p, Ty,
r1+q, r1+q—Dp, $1+q—2p, EREY T2,
x2+Qa x2+q_pa x2+q_2p7 RN} xs3,
xp72+Qu xp72+q_p7 xp72+q_2pa ) Tp—1,
Tp—1+4, Tp—1+q—p, Tp_1+q—2p, -
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As in the proof of [5, Proposition 4.1], for each k € {0,...,q— 1} the integers in S congruent to k¥ modulo
g must be consecutive in S as there are only g — 1 steps equal to —p. It follows that the elements in the
p-set of o that are congruent to £ modulo g form an arithmetic progression with common difference gq.

By the first paragraph of this proof we can therefore apply the level ¢ action to aA and arbitrarily
reorder the elements (a\)) € Q,(a)) such that j = k (mod g), for each k, without affecting the
g-weighted p-quotient.

Thus we can apply elements of 20, to transform a) to by, as Qf(a)) = Qf(bu) if and only if the
multisets [(a\))|A 0 = k (mod ¢)] and [(bu)Y)|A ;0 =k (mod ¢)] are equal for each k € {0,...,q— 1},

and it follows that A and p lie in the same level ¢ orbit. O

Remark. The invariants of the natural action of 20, on bar partitions are spin analogues of the invariants
of the Coxeter group W, of type A,_; on partitions established by Fayers in [6], providing further

motivation for applying the techniques used in the linear theory to the spin representation theory of S,,.

4.2 Results on bar-cores

Now that we have covered all of the necessary definitions and basic results relating to the action of 20,
we arrive at the first of our main results on bar partitions. The following theorem is a generalisation of a
theorem by Olsson [24, Theorem 4] which states that the g-bar-core of a p-bar-core is again a p-bar-core,

or in the notation used above,

wt,(A) =0 = wt,(A,) = 0.

Note that Gramain and Nath proved that the condition that p and ¢ are coprime in Olsson’s theorem
is unnecessary [7, Theorem 2.4]. We show that the p-bar-weight of any bar partition is at least the
p-bar-weight of its g-bar-core, providing a spin analogue of Fayers’ result which says that the s-weight

of any partition is at least the s-weight of its t-core [6, Theorem 4.2].

Theorem 4.2.1. For all bar partitions A,

Wiy (V) < ().
Proof. We use induction on wty(A), with the trivial case being that A is a g-bar-core. Assuming that
this is not the case, we may find a removable g-bar: y € X such that y — ¢ & A(\). We will describe
how to remove g-bars from A to obtain a new partition with the same g-bar-core as A, with g-bar-weight
strictly less than wtg(\), and with p-bar-weight no more than wt,(X).

Let y be any part of A such that y — g & A(\). For any = € A()\) congruent to y modulo p such that
x —q & A(X), replace z with = — ¢, then replace ¢ — x € A(\) with —x. We keep repeating this process
until there are no more such z (the process will terminate because A has finitely many removable g-bars),

then we name our new bar partition v. Since each action corresponds to removing a g-bar from A, and
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since we have removed at least one ¢-bar (replacing y with y — ¢, and ¢ — y with —y, in A(\)), we have
Uy = A and wiy(v) < wity(N).

We remarked earlier that the p-bar-weight of a bar partition A is equal to half the number of pairs
(z,a) € A(N\) x N such that z —ap ¢ A(N\). We will call such a pair (x,a) a p-bar-weight pair for
A. It follows from our construction of v that for any  # y,y — ¢,¢ — y, —y (mod p) and a € N, (z,a)
is a p-bar-weight pair for v if and only if it is a p-bar-weight pair for \. We will consider the remaining
possibilities for the residue of ¥ modulo p and show that in each case v has no more p-bar-weight pairs
than A, hence wt,(v) < wt,(X).

First suppose that y = ¢ (mod p), so that we obtain A(v) by repeatedly replacing each = € A(\)
such that x = ¢ (mod p) and ¢ — z € A(\) with = — ¢, then replacing ¢ — x with —z, until there are no
more such z. Since in this case y — ¢ = 0 = ¢ — y (mod p), we may compare the p-bar-weights of A and
v by counting how many of the three pairs (z,a), (z — ¢, a), (x — 2¢, a) are p-bar-weight pairs for each of
the two bar partitions when x = ¢ (mod p) and a € N. We will do this by considering each of the four
possibilities for the size of X := AA\) N {z,z — ¢,z — 2¢}.

| X|=3: Ifx,2— q,x —2q € A(N\), then =,z — g,z — 2¢ € A(v), so the number of p-bar-weight pairs for
A, and for v, amongst the three pairs (z,a), (x — ¢,a), and (x — 2¢, a) is equal to

3— AN N{z —ap,x —ap — ¢,z — ap — 2q}|.

| X | =2: We have A(v) N {z,x — q,z —2q} = {x — ¢,z — 2q}, so clearly (z,a) is not a p-bar-weight pair
for v. If only one of the three pairs is a p-bar-weight pair for v, it must be (z — ¢, a) as necessarily
Alw)n{z —ap,x —ap — q,x —ap — 2q} = {x —ap — 2¢}. If (x — ¢,a) and (z — 2¢,a) are both
p-bar-weight pairs for v, then we must have A(\) N {z — ap,z — ap — q,x —ap — 2q} = 0, so A also has

two p-bar-weight pairs out of the three.

|X| =1: We have A(v) N {z,z — ¢,z — 2q} = {x — 2q}, so neither of (z,a), (x — g,a) can be
p-bar-weight pairs for v. If A(X\)N{x —ap,x —ap — ¢,z — ap — 2q} = 0, then exactly one of (z,a),
(x — gq,a), (x — 2q,a) is a p-bar-weight pair for A. If |A(\) N {z — ap,z — ap — ¢,z — ap — 2q}| > 1, then

none of (x,a), (x — q,a), (x — 2q,a) can be p-bar-weight pairs for v as x — ap — 2¢ € A(v).

| X| = 0: Since A(v) N{z,z — g,z — 2q} = 0, none of (z,a), (x — q,a), (x — 2q,a) are p-bar-weight pairs

for v.

Next suppose that y = 0 (mod p), so that we obtain A(v) by repeatedly replacing each 2 € A(X) such
that p|z and ¢ —x € A(X) with 2 — ¢, then replacing ¢ — x with —z, until there are no much such z. Since
y = —y (mod p), we can apply the same argument as above, when y = ¢ (mod p), and conclude that v
has no more p-bar-weight pairs than A amongst (z + ¢, a), (z,a), (z — ¢, a), and thus wt,(v) < wt, ().

Finally, suppose that y # ¢,0 (mod p), so that y Z —y and y — ¢ Z ¢ — y. In this case, we need

only consider replacing all pairs z,q — x € A(\) such that x = y (mod p) with z — ¢, —x, so we are in a
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simpler situation; wt,(v) < wt,(A) since for any # = y (mod p) and @ € N, v has no more p-bar-weight
pairs than A amongst (z,a) and (z — ¢, a).
Hence v has no more p-bar-weight pairs than A\, and therefore has p-bar-weight no more than the

p-bar-weight of A. The result follows by induction. O

From this purely combinatorial result we obtain an interesting algebraic corollary.

Corollary 4.2.2. Ifw is the weight of the p-block containing S(u), a spin representation of the symmetric
group Sy, then any spin representation of Spiiq, for i € N, corresponding to a bar partition A obtained
by adding q-bars to u belongs to a p-block of weight > w.

In particular, if S(u) belongs to a p-block of weight w > 0, then S(\) belongs to a block of positive weight.

Next we will consider the set ép’q containing all bar partitions A which satisfy
mp()‘) = mp(xq)'

We find that C, , behaves very similarly to the set Cj.; of partitions a such that wts(a) = wt(é;) that

Fayers studies in [6].

Lemma 4.2.3. For all A € P, the equality wt,(\,) = wi,(\) holds if and only if there do not exist

integers a,b, c such that:

a = b (mod p);

a = c(mod q);
a,b+c—a e AN);
bc & A(N).

Proof. Say that (a,b,c) is a bad triple for A if a, b, ¢ satisfy the conditions above. When (a, b, ¢) is bad,
either a > ¢ or b+ ¢ — a > b; either way, since a = ¢ (mod ¢) we find that A has a removable g-bar and
is thus not a g-bar-core. Hence the lemma is true when A € 6(1.

Now we assume A is not a g-bar-core, and choose y € A such that y — ¢ &€ A(\). We define a new bar
partition v as in the proof of Theorem 4.2.1: by repeatedly replacing pairs z,q — z € A(\) with  — ¢
and —z, respectively, when z =y (mod p).

By induction it suffices to show that either:
wt,(v) = wtp (), and there is a bad triple for v if and only if there is a bad triple for \; or
wt,(v) < wtp(A), and there is a bad triple for A.

Suppose first that there are no pairs z,q — = satisfying
z,q—2x & A(N) and =y (mod p). (4.1)

We first assume that y = ¢ (mod p), and let 2 = ¢ (mod p). Then there are eight different possibilities

for the intersection of A(\) and {z,z — ¢,z — 2¢}:
z,x—q,x — 2q EA(N);
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z,x—q €AN) Fx —2q;
z€AN) Fx—q,x—2q¢;
AN) F 2,2 — g, — 2g;
z,x —2q €AN) Fz —g;
x—q,x—2q EAN) B x;
x—q €A Bz, z—2q;

x—2q €EAN) Bx,xz—q.

However, the last four possibilities are all excluded by our assumption that there are no pairs z,q — =
satisfying (4.1), so we find that v = goA. Therefore wt,(v) = wt,(X) by Lemma 4.1.3(iii), and (a, b, ¢) is
bad for A exactly when (goa, gob, goc) is bad for v, since a = b (mod p) = go(b+ c—a) = gob+ goc — goa.

If y = 0 (mod p) we are in an identical situation to the above: v = ggA.

When y # ¢,0 (mod p), we have a similar situation: since there are no pairs x,q — x satisfying
(4.1), we have v = g;\, where (i + 1)¢ = y (mod p). Hence wt,(v) = wt,(A), and (a,b,c) is bad for
A & (gia, g;b, g;c) is bad for v.

Finally, we assume that there is a pair x, ¢ — = satisfying (4.1), so that (y,z,y — ¢q) is a bad triple for
A. We argue that wt,(v) < wt,(A), as in the proof of Theorem 4.2.1:

If y = ¢ (mod p) and we let z := max{z,y}, | := l=—vl/p, then exactly one of (z,1), (z — q,l) is a
p-bar-weight pair for A ((z,1) if z <y, or (z — ¢,1) if x > y). If (z — 2¢,1) is a p-bar-weight pair for A,
then (z — ¢,1) is a p-bar-weight pair for v but neither of (z,1), (z — 2¢,1) are; and if (z — 2¢,[) is not a
p-bar-weight pair for A, then none of (z,1), (z — ¢q,1), (z — 2¢,1) are p-bar-weight pairs for v.

If instead we have y = 0 (mod p), and again let 2z := max{z,y} and [ := lz—vl/p, then exactly one of
(z,1), (z — q,1) is a p-bar-weight pair for A. Now if (z + ¢,l) is a p-bar-weight pair for A, then (z,[) is a
p-bar-weight pair for v but neither of (z + ¢,1), (z — ¢,1) are; and if (z + ¢,1) is not a p-bar-weight pair
for A, then none of (2 + ¢,1), (2,1), (z — q,1) are p-bar-weight pairs for v.

If y # q,0 (mod p) then we define z and [ as above so that exactly one of (z,1), (2 —q,!) is a p-bar-weight
pair for A and neither is a p-bar-weight pair for v.

It follows that there are fewer p-bar-weight pairs for v than there are p-bar-weight pairs for A\, hence

Wty (V) < wtp(A). O
Theorem 4.2.4. ép,q = éq,p-
Proof. The condition in Lemma 4.2.3 is symmetric in p and gq. O

While the last result may seem surprising given the definition of ép,q, this symmetry is the motivation
behind the study of this set. Furthermore, the next result shows that C,, is closed under the level ¢

action of 2,,.
Proposition 4.2.5. For any A € P,, and a € 2, if \ € C, 4, then a) € Cp 4.
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Proof. Using Lemma 4.1.3(1,3) and the fact that A € C), 4, we have

WtP((a’)\)q) = wiy(Ag) = whp(A) = wi,(al).
O

Interchanging p and ¢ and appealing to Theorem 4.2.4, we see that C,, , is also a union of orbits for
the level p action of 20,. The actions of 20, and 2, clearly commute because the action of 20, on an
integer does not change its residue modulo ¢, and the action of 20, does not change its residue modulo
p. Hence C,, , is a union of orbits for the action of 2, x 2,. We will look at these orbits in more detail,

first by considering just the level ¢ action of 27,.

Proposition 4.2.6. Suppose A € P, and let O be the orbit containing \ under the level q action of

20,,. Then the following are equivalent:

(i) A€ Chpys
(#1) O contains a g-bar-core;
(iii) O contains \,.

Proof. Since C; C C,, 4, Proposition 4.2.5 shows that if O contains a g-bar-core, then A € C), ;. Hence
the second statement implies the first. Trivially the third statement implies the second, so it remains
to show that the first implies the third. So suppose that A € C) 4, and we can assume that A is not
a g-bar-core or the third statement is trivial. Thus we may find a pair y,q —y € A(A). By the proof
of Lemma 4.2.3, there are no pairs x,q — ¢ ¢ A(\) with either  or ¢ — 2 = y (mod p), and if we
take i € {0,...,(»=1)/2} such that ig = y (mod p), then the bar partition v = g;\ satisfies 7, = A,
and wt,(v) < wty(A). Since wt,(v) = wt,(g;\) = wt,(A), v is also in C), 4, and by induction the orbit

containing v contains 7. O

The next result demonstrates that the connection between épyq and simultaneous p- and g-bar-cores

mirrors the connection between Cs.; and simultaneous s- and ¢-core partitions [6, Corollary 4.7].

Corollary 4.2.7. Let O be an orbit of 2, x W, consisting of bar partitions in Cp, .. Then O contains

exactly one bar partition that is both a p-bar-core and a q-bar-core.

Proof. Let A be a bar partition in O. Then by Proposition 4.2.6, A, € O, and by the same result with p
and ¢ interchanged, the bar partition v = @p lies in O. Obviously v is a p-bar-core, and by Theorem
4.2.1, it is also a g-bar-core.

Now suppose that there is another bar partition in O that is both a p-bar-core and a g-bar-core. We

can write this as bav, with a € 20, and b € 20,. Since wty(g;A) = wtg(A) for any j € {0,...,(¢=1)/2}

(by interchanging p and ¢ in the proof of Proposition 4.2.5), it follows that
wtg(av) = wty(bav) =0,
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hence it follows from (g;A), = A, (for any i € {0,...,(»=1)/2}) that
av =avy = Vg = V.
Similarly by = v, and thus bav = v. O

Remark. From Proposition 4.2.6 and Corollary 4.2.7, we see that two bar partitions A, u € Cp 4 lie in

the same orbit of 20, x 20, if and only if the p-bar-cores of (),) and (7,) are equal. However, it does

not seem to be easy to tell when two arbitrary bar partitions lie in the same orbit.

Corollary 4.2.8. Suppose X € Cp, ,. Then X is a pq-bar-core, and ()\q)p = (A\p)

.
Proof. If we can remove a pg-bar from A to obtain a new bar partition v, then we can also remove ¢
successive p-bars, or p successive g-bars, to obtain v from A. Thus 7, = A, and wt,(v) < wt,(\) — ¢, so

we have

hence wt,g(A) > 0=\ & Cp .

It follows from Theorem 4.2.1 that (Ag), and (), are both p-bar-cores and g-bar-cores, and by

q
Proposition 4.2.6 they both lie in the same orbit as A under the action of 20,, x 20,. Hence the result

follows from Corollary 4.2.7. O

4.3 The sum of a p-bar-core and a g-bar-core

In the present section we will give a constructive method for determining the bar partition in 6,,7(1 with
a given p-bar-core p and g-bar-core o such that 1z, = 7,. The resulting bar partition can be interpreted
as the ‘sum’ of p and o, analogous to the partition in C.; with a specified s-core and t-core that is

constructed in [6].

Proposition 4.3.1. Suppose p € ép and o € éq, and that fr, = 7,. Then there is a unique bar partition

A€ C,, with Xy, = p and \; = 0. Moreover,
Al = lpl + lo] = |75,
and X\ is the unique smallest bar partition with p-bar-core p and q-bar-core o.

Proof. Let 7 =11, and consider the action of 2, x 2, on P.. By Proposition 4.2.6 we can find a € 20,
and b € 9, such that ar = p and br = o, and we let A = ao, so that A € C,, (as it lies in the same

orbit as the g-bar-core o). Then we have Xq =04 = 0, and by the proof of Proposition 4.2.5, we have

X = (@), = ar), = On), =11, = .
Moreover, we have
Al = [Ap] +p - wty(N)
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= |l +p - wip(ao)
= |ul+p-wip(o)
= |l + lof — 7.
Now suppose v is a bar partition distinct from A with 7, = p and 7, = o, and let a,b be as above.

Then we have (a~'v), = 74 = o, but a v # a7\ =0, s0 [a~'v| > |o|. Hence, again using the proof

of Proposition 4.2.5, we have

Wy (1) = WEy (o) = Ll s ol - G (o)

which means that v ¢ C,,. Furthermore, we see that wt,(v) > wt,(A), so [v| > |A|. Hence A is the

unique smallest bar partition with p-bar-core y and g¢-bar-core o. O

Remark. For p,0 € P, with i, = 0p, we denote by u H o the unique bar partition A in C)p.q With
Ap = pand A, = 0. We have shown that A is the smallest bar partition with p-bar-core p and g-bar-core
o in terms of the sum of its parts. However, it is not the case that any other bar partition v with
7, = p and ¥, = o has a Young diagram containing the diagram of A, i.e. that A := {A1,\2,...} and
v={M+a1, s+ ag,...} for some a1,as, - € Z>p; If we take pr = (4,1) and o = (3), then 1y = 73,
A= (4,3,1) € O35, A3 = p1, and A5 = o, but v = (13,10) also has 3-bar-core y and 5-bar-core o, and v

does not contain A.

Proposition 4.3.2. Suppose A\ € P,, is such that |[\| = N. Then X\ € C,, if and only if there is no
v € P,\{A} with [v| =N, 7, =X, and vy = A,.

Proof. Suppose A € 6,“1 and let p = Xp, o= Xq. Then by Proposition 4.3.1, X is the unique smallest
bar partition in 61,& with p-bar-core p and g-bar-core o, and therefore the only one whose parts sum to
N.

Conversely, suppose A & C, ;. Then we can find integers a, b, ¢ such that a = b (mod p), a = ¢ (mod
q), a,b+c—ae€ AN\ and b, c ¢ A(A) (by Lemma 4.2.3).

We first assume that a,b,c,b+ c—a, —a, —b, —c and a — b — ¢ are distinct integers. Define a new bar

partition v by its bead configuration on the p-runner abacus,
A(v) ={-a,b,c,a —b—c} UAN)\{a,—b,—c,b+c—a}.

Then v can be obtained from A\ by removing a |b — al-bar and adding a |b — al-bar, so |v| = |A| and since
p|(a—b), we have 7, = \,. Alternatively, we can obtain v from A by removing a |c — a|-bar and adding a
|c — al-bar, so it follows from the divisibility of a — ¢ by ¢ that 7, = A,. Hence X is not the only partition
with p-bar-core p and g-bar-core o whose parts sum to V.

If instead the integers a,b,c and b+ ¢ — a are not distinct, i.e. if a = b+ ¢ — a or b = ¢, then they
must all be congruent modulo pg, and A therefore cannot be a pg-bar-core. By adding and removing the

same number of pg-bars, we can obtain a new partition v from A with Ty, = A, [v| = ||, and v # A.
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Then it is easy to see that ¥, = p and ¥, = o, as removing a pg-bar is the same as removing p g-bars or
q p-bars.

Now we may assume that a, b, c,b+ ¢ — a are distinct but
{a,b,¢e,b+c—a}N{—a,—b,—c,a—b—c} #0.

However, —a = a = a =0 ¢ A(\), a contradiction;
a—b—c=a=b=-—cc€ A\),orb=c=0and b+ c¢c—a=—a € A(\), both contradictions;
anda—b—c=b+c—a=b+c—a=0¢ A()), a contradiction;
so we need to consider six separate cases (or three, up to symmetry):

(i) a = —b;
then —b = a = b (mod p) = p|2b = p|b and pla, and b+ ¢ —a = ¢ — 2a. If ¢ —a € A(X), then we
may define A(v) = {—a,c,a — ¢} U AN \{a,—¢,c — a} so that we can obtain v from A by removing
and adding |a|-bars, or by removing and adding |c — al-bars, and thus v has the same size, p-bar-core,
and g-bar-core as A, since pla and ¢|(a — ¢), but is distinct from A. If instead a — ¢ € A(\), defining
Av) ={—-a,¢c—a,2a — c} UAN)\{a,a — ¢,c — 2a}, we also have |v| = |\|, and we can obtain v from A
by adding and removing |a|-bars, or by adding and removing |c — al-bars.

(ii) a = —c =0 mod ¢;

Lot A() — {—=a,b,a —b} UAN)\{a,—b,b—a}, itb—aec AN);
{=a,b—a,2a —b} UAN)\{a,a —b,b—2a}, ifa—be AN).
(i) b = —b;

if we let A(v) = {—a,c,a—ctUAN)\{a, —¢c,c—a}, then we can obtain v from A by removing and adding
|al-bars, or by removing and adding |¢ — al-bars, and thus v meets our criteria since 0 = b = a mod p.
(iv) c = —¢;
let A(v) = {—a,b,a — b} UAN)\{a,—b,b—a}.
(v)b=a—-b-—c
we have ¢|(a — ¢) = 2b, so ¢|b = 25¢, and p|(a — b) = “F€. If a — %3¢ = 42¢ € A()), then letting

Alv) = {455, ¢, =4 U AN \{55%, —¢, 44<}, we have a bar partition v that can be obtained from A

a—c

2

by adding and removing -bars, or by adding and removing “;c—bars. If f‘%c € A()N), and we let

Av) = {—a, %55, ‘%‘C} UAM\{a, 2, - “'2"“‘}, then v can be obtained from A by adding and removing

. . +
-bars, or by adding and removing “J<-bars.

a—c

2

(vi) ¢ = 5%

azb b, —aFbY g AN)\{552, —b, Y if ot e A(N);
1etA(u):{2 > WA >} > (A)

{—a, %52, Y UAN\{a, 552, 252}, if — 22 € A(N).

2 2 I
Hence, we have proved that a bar partition A of N has p-bar-weight equal to the p-bar-weight of its

g-bar-core precisely when there is no other bar partition of N with p-bar-core Xp and ¢-bar-core Xq. O

We will now give a method for constructing p H o for a given p-bar-core p and g-bar-core o with

1, = Tp. In theory one can do this as in the proof of Proposition 4.3.1: find a € 2, such that apm, = u,
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and then compute ao. But in practice, the method we give here will prove much more efficient. We will

need the following lemma.

Lemma 4.3.3. Suppose that A\ € C,; and j,k # 0 (mod p). Then
Aj mod pA = Ak mod pA (mod q) = \U mod P) — \(k mod p),
Proof. Without loss of generality, suppose AiA > AjA. We have that

{z € ANz = j (mod p)} = {p(\ — i) + A;M|i € N},

()

where \;”) = 0 for ¢ > [, if | is the number of (positive) parts of A7), since

Aj)\—j
D .

ri= |{z € Az = j (mod p)} — |{z € Az = —j (mod p)}| =
If AG) £ A(*) | then Bé‘(k) Z ZS’()\(]‘)7 by the following result [6, Lemma 2.1]:
Suppose T and p are partitions and r € Z. If B] C B2, then 7 = p.

The proof of this is simple: Choose N sufficiently large that 7 = py = 0. Then B} and B? both contain
all integers less than or equal to » — N. Moreover, B] contains exactly NV — 1 elements greater than
r— N, namely 4 — 1+ 7,...,7v—1 — (IN — 1) + r, and similarly B? contains exactly N — 1 elements
greater than » — V. Since B} C Bf, we get B] = Bf, and hence 7 = p.

Thus there is an ¢ with )\Z(-k) A BS‘U), or equivalently, /\Ek) —i+r ¢ Bﬁ‘m, and it follows that
m()\gk) — i)+ A;\ ¢ A(N). Since m()\l(k) — i)+ ApA € A(N), A cannot be a (ApA — AjX)-bar-core and is

therefore not a g-bar-core; a contradiction. O

Note that since Ag\ = 0 for all bar partitions ), it is not necessary that A(©) and A) are equal when

A;jA =0 (mod g).

Proposition 4.3.4. Suppose 1 € C), and o € C, are such that fty = 0p. Then there is a unique A € Pn

with p-bar-core p and with the same q-weighted p-quotient as o.

Proof. Let v = pi,. Then by Proposition 4.2.6 p and v lie in the same level g orbit of 20, so there is a
permutation ¢ on {0,...,p — 1} such that Aju = Ay;yv (mod n) for each j € {0,...,p —1}. Thus by
Lemma 4.3.3 v must have the same g-weighted p-quotient as p. Since v = 7,, we may construct A by
taking the bar partition with p-bar-core p and \9) = o(®) for each j € {0,...,p —1}.

By Lemma 4.3.3 we have 0U) = ¢(*) whenever Ajo = Ago (mod q), i.e. whenever Ay-1ju =
Ag-1yp (mod g), so the X we construct is unique (as it is uniquely determined by its p-bar-core and

p-quotient). O

Corollary 4.3.5. Suppose u € C, and o € C,; are such that iy = 0p, and let X be the bar partition with

p-bar-core p and with the same g-weighted p-quotient as 0. Then A = pHo.
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Proof. By Proposition 4.1.5 A and o lie in the same level g orbit of 20,,. Hence it follows from Proposition

4.2.6 that \ € épﬂ and Xq =o0. O

Example.

p=(27,22,17,12,7,4,2) = Tis o=(11,8,5,2) =73

fig = (1) =05

Qi(n) = 1(0,2),(2,9),(2,9),(0,2),(0,2)]
Q3(0) =[(0,(1)), (0, (2)), (2, (1)), (0,(2)), (2,(1*))]

Using our algorithm, we will obtain the bead configuration for pHo:

We first replace the O-runner with the O-runner from the configuration for o. Next, we have A1 04 50 =0
(mod 3) so for each runner j € {1,...,4} such that Aj noqa50 = 0 (mod 3), in this case runners
3 and 4, since g1 mod5) — (2), we move the lowest bead on the runner upwards 2 spaces. Finally,

2 mod 5) _ (12)

A2 mod 56 = 2 = A1 mod 54 = As moed 54 (mod 3) and ol , so we move the second lowest

beads up by two spaces on runners 1 and 2.

Thus we obtain the bar partition B o = (32,27,17,14,12,7,5, 2).

This method for constructing p H o is very similar to the algorithm given in [6, Proposition 5.5] for
constructing the partition in the set Cy.; with a given s-core and t-core, which is done in terms of the

s-quotient of a partition from the linear theory.
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In [1], Bessenrodt & Olsson showed that there is a maximal bar partition Ypnin{p,q},max{p,q} Which is

both a p-bar-core and a ¢-bar-core, where T, is the Yin/Yang partition, with parts
(252 — k)g — (1 + 1)p, for k,1 € Z>.

It is maximal in the sense that whenever A := {1, As, ... } is both a p-bar-core and a g-bar-core, we may
write Tmin{p,q},max{p,q} ={M\ +a1, 2+ ag,...} with ar,as,--- € Z>g. When p < ¢, T, 4 is called the
Yin partition, and T, , the Yang partition.

Since Y, , € Cp, N Cy, its p-set is {0,q,...,9@-1/2} U{p —q,p — 2q,...,p — ap=1)/2}, and its g-set
is {0} U {ap+V)/2 — kplk =1,...,¢q — 1}. Thus, the p-set of T, 4 consists of (»+1)/2 elements divisible by
q and (P—1)/2 elements congruent to p modulo ¢, while the g-set of T, , consists of 0 and ¢ — 1 integers

congruent to ¢(p+1)/2 modulo p.

Example. The bar partition
Y511 = (17,12,7,6,2,1)

has 5-set {0,11,22, —17, —6}, and 11-set {0,23,13,3,—7, —17,28, 18,8, —2, —12}, while
T11,5 = (1479,4,3)
has 5-set {0,—14,—3,8,19}, and 11-set {0, 1, —9,25,15,5,6, —4, —14, 20, 10}.

To conclude, we will consider 6T the T-orbit of the set 6p7q, which we define to be the 20, x 20,-

p,q’

=T
orbit containing T ;. Our final result will establish a bijection between €', , and the direct product of

which gives a bijection between the direct product of the set of s-cores and the set of ¢-cores and an orbit
of an action of the group W, x W; (where W denotes the Coxeter group of type fls,l) containing the

unique largest partition which is simultaneously an s-core and a t-core.

Lemma 4.3.6. Suppose that o € Cy. If 5, = Y4, then o0 mod p) s 4 g-bar-core and there is a q-core

g such that
g9, forj=kg ke{l,... B},

q, forjqu,ke{p—;l,...,p—l}.

od mod p) _
If instead o, = Yqp, then o0 med D) s 4 g-bar-core and there is a self-conjugate g-core v such that

ol modp) — o = ~' " for all j % 0 (mod p).

Proof. When o, = T, ,, the non-zero elements of the shared p-set of T, ;, and o belong to two congruence

(0mod p) and at most

classes modulo p, so by Lemmas 4.1.1(i) and 4.3.3, Q, (o) consists of a g-bar-core ¢
two distinct g-cores. Moreover, since (o M4 P))" = 5(=7 mod ) for each j # 0 (mod p), the p-quotient
of ¢ consists of ¢(® ™24 P) (the parts of ¢ which are multiples of p, divided by p) and either p — 1 other

empty bar partitions (when o = Y, ), or (P=1)/2 copies each of two conjugate partitions.

78



When 7, = T, ,, all of the non-zero elements in the p-set of o are congruent modulo p, so again
by Lemmas 4.1.1(i) and 4.3.3, the ¢-quotient Q, (o) simply consists of a g-bar-core gOmodp) and p—1

copies of a self-conjugate g-core. O

The above lemma means that the construction of y H o becomes even more straightforward when pu

and o are contained in the Y-orbit.

Proposition 4.3.7. Suppose u € Cp and 0 € Cy are such that i, = 7, = Tp 4. Then pBo is the bar
partition X\ with X, = p, N0 medP) = 50 medp) - qpq

3\ mod p) _ oli med p) if Dj mod pht = Aj mod pLp,q (Mod q),

(oG mod P otherwise.

Moreover, B o is also the bar partition with q-bar-core o and the same q-quotient as .

Proof. There are (p+1)/2 elements in the p-set of both T, , = 7, and o that are divisible by ¢, and
the other (p—1)/2 elements are congruent to p modulo ¢q. Hence, it follows from Proposition 4.3.4 that
wHo = X The elements Aq mod ¢0, - - -, Ap—1 mod ¢q0 of the ¢g-set of o are all congruent modulo p, so the

p-quotients of the two bar partitions o and B o are exactly the same. O

Example. When p = (21,16,11,7,6,2,1) € C5 and o = (19,12,5,4) € Cy, so that i, = G5 =
(9,4,2) = T5 7, we find that the 5-set of p and pH o is {0,26,12, -7, —21}, the 5-set of Y57 and o is
{0,-9,7,—-2,14},

Qi(T5,7) =1(0,2), (5,2), (0,2), (5,2), (0, 2)],

Ql(n) = [(0,2), (5,2), (5,2),(0,2),(0,2)],

Ql(0) = [(0,(1)), (5,(1%)), (0, (2)), (5, (1)), (0, (2))], and
Qf(nB o) =[(0,(1)), (5, (1)), (5, (12)), (0, (2)), (0, (2))];

using our algorithm we obtain

pBo=(26,21,12,11,7,6,5,1).

But with v = (21,16,11,6,2,1) = Us, so that 77 = Y57, and o = (19,12,5,4) again, we find that the
5-set of v and v B o is {0,26,7, -2, —21},

Ql(v) = [(0,2),(5,2),(0,9),(5,2),(0,2)] = Q(T5,7), and

Qi(a) =[(0,(1)),(5,(1%)),(0,(2)), (5, (12)), (0, (2))] = Qi(v B ), so we instead get

vBo =(26,21,12,11,6,5,1).
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Next we will consider the 5-weighted 7-quotient, so whichever 5-bar-core ;1 and 7-bar-core o with , =
o5 = Y57 we choose, we will find that the 7-set of o contains Agoc = 0 and 6 elements in the same
congruence class modulo 5. This is because fi; = Y5 7 so that the corresponding elements in the 7-sets
of the two bar partitions can only differ by multiples of 5, and as discussed above, Y5 7 has a 7-set of
this form.
Let p = (16,11,7,6,2,1) = fi; and 0 = (19,12,5,4) = 77, so that i, = 75 = (9,4,2) = Y5 7. The T-set
of T, and pis {0,1,16,—4,11, 9,6}, the 7-set of o and pHBo is {0,1,-19, —4,11,26,6},
Q2 (Ys7) =1(0,2), (1,2),(1,2),(1,9),(1,2),(1,2),(1,2)] = Q3(r), and
Q2 (w) = [(0, (1)), (1, (1)), (1, (1)), (1, (1)), (1, (1)), (1, (1)), (1, (1))] = (B o),
so we obtain

pBo=(26,12,11,7,6,5,1).
With o = (19,12,5,4) again and v = (23,18,13,9,8,4,3) = Us, so that U7 = Y5 7, we find the 7-set of
Yo, and v is {0,1,16,—4,11, 9,6},
the 7-set of v H o is again {0,1,—19,—4,11, 26,6},

Q?(U) = [(0’ ®)7 (]" @)’ (17 ®)7 (17 6)7 (]" ®)7 (]" @)’ (17 @)]’ a’nd
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Q?(V B U) = Q?(”) = [(07 (27 1))7 (17 (17 (2, 1))7 (17 (27 1))7 (1, (27 1)>7 (17 (27 1)), (17 (Qv 1))? (17 (27 1))]7

so we obtain

vBo = (33,19,18,13,8,5,4,3).

:

vlHo

0660 ©. 0000

The next result gives the converse to Lemma 4.3.6, establishes that g-bar-cores ¢ are uniquely deter-

mined by ¢ (0 med p)

when o, = T), 4, and gives the number of g-bar-cores 1 with p-bar-core T, , when
p©@ med p) ig fixed. First it is necessary to recall the definition of the beta-set BY := {a; — i +r|i € Zo}
of a partition «, and that the double AT of a bar partition X is the partition whose Young diagram

th

is obtained by amalgamating the shifted diagram of A, which has A; nodes in the *" row, with the

left-most in the i*" column, and its reflection along the top left to bottom right diagonal. Also recall
the correspondence between p-bars of A and p-hooks of A which means that A is a p-core when \ is a

p-bar-core.

Proposition 4.3.8. (i) Suppose p € Py, and i, = Yp 4. Then p € C, if and only if a := (0 mod q)

is a p-bar-core, there is a self-conjugate p-core v with v = pl ™% 9 for all j % 0 (mod q), and
Bg—p)/z C Ala) ={7|x € A(n) NgZ} C Bgmﬂ)/z'

Moreover, for each o € Py, there are 2%~V p-bar-cores p with frg="pq and pl0 moda) — ¢
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(i) Suppose o € Py, and 5, = Y}, 4. Then

B if j =0 (mod p),
oeCyeIBeCy ol motr) = Bt if j = iq (mod p) for some 1 <i < 254,
(BT)  otherwise.

Proof. (i) First suppose that Q,(u) consists of a p-bar-core o := p0moeda) and ¢ — 1 copies of a self-
conjugate p-core ~ such that

Y
B(lfp)/fz

C Aa) C BZPH)/Q.
Since the g-set of T, and p is {0} U {alp+1)/2 —np|n =1,2,...,q — 1}, for each n € {1,...,q — 1} we
have

{z € A(u)|z = np (mod q)} = {(v; —i — 25+ )q + npli € N},

so clearly x — p € A(u) whenever n € {2,...,q — 1}, z € A(u), x = np (mod ¢q). Furthermore, from the

assumed inclusions involving A(«) and beta-sets for -,

x € A(p)NgZ = 3j,x—p=(v; —j+ 25 )g —p
=(y—J—5)a+ (g 1)p € Alp);
z € Ap),z=p(mod q) = Ji,z —p=(y; —i— 3 )g+p—p
= (v — i+ 32)a € Aw);
hence 1, = p.
Now suppose p1 € Cp. Then, again by Lemma 4.3.6, Q,(u) consists of a p-bar-core o = (0 mod q)

and a self-conjugate p-core ~, so
{z € A(u)|z = np (mod q)} = {(vi — i — ®=1/2)q + np|i € N}
for each n € {1,...,q — 1}. Thus

Vk e N,awg —p € A(p) = Fj, o =; — j + B4

VieN, (v —i—Et)g € A(p) = Th, v — i+ 152 = ay;

hence

Byl—m/z C Aa) € 87p+1>/z-
Let z be the largest element of A(a) (ie. z := —1if @« = @, or z := o is the largest part of a,
otherwise). If u € C),, then for each m € Nand n € {0,1,...,¢— 1} we have (2 +m)g+np € A(u) (and
—(z+m)q —np € A(u)). Since i, = Tpq, Anp mod gt = 1PH/2 — (¢ —n)p for n € {1,...,q — 1}, so
the number of integers « € A(u) such that x = np (mod ¢) and —2¢ — (¢ —n)p <z < (z+ 1)g+np is
%(Q(P+1)/2 —(@—n)p— (=29 — (g —n)p)) = z + (p+1)/2. The partition v must be self-conjugate, so for

eachm € Z and n € {1,...,q — 1}, we have
(z+1)q+np—(z+p;rfl)q+m:npfp—;lq+m€A(u)@np—%q—m¢A(u).

82



Moreover, we must have yg — p € A(u) (and p — yqg & A(p)) for all y € A(a) U {0}, so for each
n € {1,...,q — 1}, there are z + 1 elements in {z € A(u)|zr = np (mod ¢)} which are fixed by «, and
z + (p+1)/2 — (z + 1) = (p—1)/2 integers which are free to either belong in this set or not. Hence the

number of possible partitions v, and therefore the number of p-bar-cores p with g-bar-core T, , and
M(O mod ¢q) _ a, is 9r=1/2
(ii) Next, suppose (8 := ¢(0 m°d ) is a g-bar-core, and for j # 0 (mod p),

p—1

+ e .
B if j = iq (mod p) for some 1 <4 < Po=,

i mod p) _
(BT)  otherwise.

Since the p-set of T), and o is {ngln = 0,1,...,=1)/2} U {p — ngln = 1,2,...,(=1)/2}, for each
n € {1,...,(=1)/2}, (adopting the convention that for a partition A\, we put A; = 0 for all i > \|) we

have

{z € A(o)|z = ng (mod p)} = {((B7)i — i)p+ ngli € N};
{z € A(0)|lz = —nq (mod p)} = {((B7); —j + 1)p — nglj € N}.
It follows that z—q € A(o) whenever z € A(o), n € {2,...,p—1}\{(P+1)/2} and = = ng (mod p). We also

have z — ¢ € A(0o) for each z = 0, ¢ (mod p) by the definition of 8*: for each part 8y of 8 = (B1,...,05:),

(B7),, —k+1= By =B — k. Since 8 is a g-bar-core, 8+ is a g-core, so when 1 < k < r we have
+
By —k+1—q=P—q=8 —k—qeB?).
It therefore follows from the symmetry of A(o) that
z =g (mod p) = 3j,x —q=((B"); —j+ p— Zq
= (BN —i+1—ap+ 5
= Ji,x —q= (8 —i)p+ L5tq € A0);

hence 7, = 0.
Conversely, suppose o € C,. Then since o shares the p-set of T, ,, by Lemma 4.3.6 the p-quotient

Q,(0) must consist of a g-bar-core 8 = ¢(® m°4 ) and two g-cores g and g¢', where

)y —= 9 y p—1
(i mod p) _ g j=igmodp,ic{l,.... B},
S . —1
g j=—igmodp,ic{l,..., 5}
For each n € {1,...,(—1)/2}, we therefore have

{z € A(o)|z = ng (mod p)} = {(g: — i)p + ngli € N}
{z € A(o)|lz = —ng (mod p)} = {(¢; —j + 1)p — nglj € N}.
Since o4 = 0,
VkEN,Bp —q € Alo) = 35, B = g5 —j + 15
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VieN,(g; —i)p € A(o) = 3h,g; — i = Bn;

thus B9 C A(B) C BY. Since yp — q € A(o) for each y € A(B) U {0}, and since A_, mod p0 = p — ¢, it

follows that

{z € A(o)|lz = —q (mod p)} = {yp — qly € A(B)} U{—q} = {(g; =7+ 1)p—qlj € N};

hence ¢(~4modP) — (p+)/, O

Example. There are 2 possibilities for u € C3 when i; = T35 = (2) and p(© m°d %) = (5 2):

1= (25,22,19,16,13,10,7,4,1) and p = (37, 34, 31, 28, 25,22, 19, 16, 13,10, 7, 4, 1),

shown in the second and third configurations below, respectively.

Example. If 0 € C5, 53 = T35 = (2), and ¢(0™d3) = (7.4,2) =: B, then g®™d3) = g+ —
(8,6,5,3,2,1,1), s0 g -5 med 3) = (5+) = (7,5,4,3,3,2,1,1).

The configurations for Y35 = (2) and ¢ = (26,21,17,16,12,11,7,6,2,1) :
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Our final result establishes that as a 20, x 2, set, 6;:(1 is isomorphic to (281 ®~V/2k 5 C)) x O,

where 20, and 20, act at level 1 on ép and 6q.
Theorem 4.3.9. (i) There is a bijection

TL 1 2l T, X T,

A ({i € {1, 002} T Vg p € AN}, A€ Mot 0, A0 mod ),

(i1) Suppose X € P,, and a € W,. Then (aX)C med ) = g(\O mod Q) yhere a acts at level ¢ on P,,

and at level 1 on C,,.

Proof. (i) Denote the map by ®. If X belongs to the orbit of T, , under the action of 20, x 20,, then by
Corollary 4.2.8, A is a pg-bar-core. Thus, by Lemma 4.1.1(i), A0 mod @) i 5 p-bar-core, and A0 med P) jg
a g-bar-core, so @ is well-defined. To show that ® is a bijection, we construct an inverse.

When X C {1,...,(0=1/2}, a € C,p, and B € Cy, we let u be the bar partition with g = Ypg
plOmoda) — o and ;0 mod @) = ~ when j # 0 (mod g), for some self-conjugate p-core partition 7 such
that

Bl,p)/g C A(a) C Bz;+1>/2 and a;q+p € A(p),i € {1,...,0-D/2} & i€ X.

We let o be the bar partition with 7, = T, , and

I5; if 5 =0 (mod p),

e . . —1
if j = iq (mod p) for some 1 <14 < Po=,

O_(j mod p) _ 6+
(BT)  otherwise.

Then p € 5p and o € éq by Proposition 4.3.8, so we can define ¥(X, «, ) to be the bar partition yHa,

which is contained in the orbit of T, , under the action of 20, x 20, by Proposition 4.1.5.

85



—
Suppose A € C, .,

and let ®(\) = (X, a, 8). We need to show that ¥((X,«,)) = A. By Corollary
4.2.7, Xq has p-bar-core T, ,. Since A and Xq lie in the same level ¢ orbit of 20, they have the same
p-quotient up to reordering. Thus (Xq)(o modp) — g — \(O0modp) and Xq is the unique g-bar-core o
with p-bar-core Y, , and p-quotient consisting of 3, 8T, and (8%)’ (by Proposition 4.3.8). Similarly,
Ap is one of 277Y/2 bar partitions with g-bar-core Y, , and g-quotient Q,(\) consisting of a € C), and

a self-conjugate p-core ~ such that Bl_p)/z C Ala) C B

(1) If we denote by p the unique such bar

partition with a;q +p € A(p),i € {1,...,p-D/2} & i€ X, then U((X,,8)) = uBHo = A.
Finally, let (X, a, B) € 2{5-®=/2} x Cpx Cy, so that U(X, «, B) = pHo, where p is the bar partition
with 7z, = Tp 4, pl0med @) — o and pl m°d9) — 4 when j # 0 (mod q), for some self-conjugate p-core

partition y such that
Bg,mh C A(a) C B:;“)/Q and a;q+p € A(p),i € {1,...,-Df2} & i€ X,
and o is the bar partition with 7, =T, ; and

3 if j =0 (mod p),
g7 med ) — Bt if j = iq (mod p) for somelgigp%,
(BT)  otherwise.

Then since p B o shares a g-quotient with x4 and has the same p-quotient as o up to reordering, we find

that ®(uB o) = (X, a, ). Hence ® and ¥ are mutual inverses, and thus bijections.

(ii) Let p = A0 m0d @) 5o that A(\) N ¢Z = {xq|z € A(p)}. Since 2¢ = iq (mod p) < = =i (mod p),

for each ¢ € {0, ..., (P=1)/2}, by the definition of the 20,-action we have
A(gid) NgZ = giA(N) N qZ = {(giz)qlz € A(p)} = {zq|z € Algip)},
thus (g;\)(© mod @) = g, (\Omod @)y for each 4, where g; acts at level ¢ on ), and at level 1 on p. The

result follows for all a € 20,,. O

Example. We calculate part of 6;5, the orbit of T35 = (2) under the action of 23 x Ws, to illustrate
the bijection between this orbit and the set 281} x C3 x C5. The top part of the diagram Figure 4.1
shows the level 1 action of Ws = (go, g1, 92) on Cs, and the left part of the diagram shows the level 1
action of 93 = (hg, h1) on Cj:

x—2 xz=1(mod 5), x—1 x=24(mod5),
goT =42 +2 x=4(mod5), ir=4qzx+1 x=1,3(mod5),
x otherwise; x otherwise;

z—1 x=3(mod5),

g2 =92x+1 x=2(mod5),

T otherwise;

86



x—2 x=1(mod 3), x—1 z=2(mod 3),
hox = {242 =2 (mod 3), hir=qz+1 z=1(mod 3),
T otherwise; T otherwise.

The edges in the main part of the diagram represent the level 3 action of the generators gg, g1, g2 of Ws,

and the level 5 action of the generators hg, hy of Ws:

z—6 z=3(mod5), x—3 x=1,2(mod 5),
9o = §x+6 z=2(mod5), g1t =92+3 x=3,4(mod5),
T otherwise; T otherwise;

x—3 x=4(mod 5),

922 =243 z=1(mod5),

x otherwise;

x—10 z =2 (mod 3), x—5 x=1(mod 3),
hox = {2 4+10 2 =1 (mod 3), hizx=qz4+5 z=2(mod3),

T otherwise; T otherwise.

T — —
Below are some abacus displays to illustrate the bijection C'5 5 — 211} % O3 x Cs:

(X €2t 2, 2): Ts5 = (2) (7,4,1)

g g
T T

(X e2t,(1),(2): (11,6,5,2,1) (26,17,11,8,6,5)
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h1

ho

h1

|
(17,14,11,8,5,2)—(23, 14, 11, 8,5, 3,2)—(26, 17, 11, 8, 6, §)—(26, 23, 11,6, 5, 3,,2)

RN
(29,17,14,9,8,3)—(29,23, 14,9, 5,3, 2) -
" | |
(32,17,14,12,11,5,2,1) - - -
(7,4,1)————(13,4,3,1)———(16,7,6,1)— 16,13,6,3,1)
(19,9,7,4) (19,13,9,4,3)- - -
hy ‘
22,12,7,4,2,1)— - - -
Y35 = (2) gdo (8,3) 9 (11,6,2,1) 90 _1(11,8,6,3,1)
g2 \%
(14,9, 4,2) 90 1 (14,9,8,4,3) - - -
ho g1
(17,12,7,2)—— - -
(5,2)——(8,5,3)————(11,6,5,2,1)-——([11, 8,6, 5,3, 1)
(14,9,5,4, 2)- (14,9,8,5,4,3) - -
hy ‘
(17,12,7,5,2)— - - -
(10,7,4,1)————(13,10,4,3,1) (16,10,7,6,1)|——(15,13, 10,6, 3,1
| | 1(19,10,9,7,4)}——(19,13,10,9, 4, 3)- -
| | | |

(22,12,10,7,4,2,1)— -+ -
|

Figure 4.1: The bijection between 6;5 and 211} x Oy x C

88



The following abacus displays illustrate the bijection 6;3 — 2{12} x C5 x Cj:

(X €2V o 2): T5 5= (1) (4) (7,2,1) (7,4,2)

Bk
1

(7621) (161161) (16117621)
The orbit of Y53 = (1) under the action of W3 x W is in bijection with the set 2(1.2} « Oy x Cs.

i
.

In Figure 4.2, we illustrate part of this orbit; the edges in this diagram represent the level 3 action of

s = (g0, 91, g2), and for each A € P,, in the diagram, A(0 med5) — g
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Ts3 = (1) g0 (3,1) g1 (6,1) g0 (6,3,1)

KU

(9,4)——L——(9,4,3)— - - -
g2 g2 ‘%
(12777291) -
(4) Jo (4,3) A (7,6,2,1)—I°—(13,8,6,3,1)

&

(9,7,4,2)—2°(13,9,8,4,3) - - -

g1 g1
(12,7,4,2) -
(7,2,1)——2°__(13,8,3,1)——A(16,11,6,1)—I>(16,11,6,3,1)
g2 g2
(19,14,9,4)—I9(19,14,9, 4, 3)- - -
g2 92 g1

(22,17,12,7,2,1)— - - -

(7,4,2)—9%__(13,8,4,3) 91(16,11,7,6,2,1)—2%(16,13,11,8,6,3,1)
g2 g2

(19,14,13,9, 8, 4,3)99(19,14,13,9, 8,4, 3) -
g1

(22,17,12,7,4,2)— - - -

Figure 4.2: The branch of 653 corresponding to the 3-bar-core @
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Appendix A

Proofs

To prove Theorem 3.3.3, we will need the identity involving (,, := Z;f(k —1)T} given in Lemma 3.3.2:

For0<j<n-35,
n—4

J
G Ty= > (DT Ty Tor - T+ (=17 > (b= 1Ty - Ty T.
k=1 k=j+1

Note that if n > 6 is a multiple of 3, then in characteristic 3, the matrix ¢, also satisfies the following;:

n—>5
2= (KT +k(k—1)(TiTe1 + Te1Tx)

n
k=1

n—>5
=Y kI=-2I=1I
k=1

G+ TG =TT+ 10T = —1.

If1 <i<n—4, then

n—4
T+ Tibn = Y (k= 1)(ThT; + T.T)
k=1

= (i —2) (LT + TiTi—1) + 2(i — 1) + i(Tya T; + T;Ti41)
—(2-it2i-2-i)I=0

CoTa + TaCoo = 21 = —1.

Cnln—3+Tn-3C =Tn-aTp—3+Tpn-3Tph—a=—1I.

CnTn—o+Th—oC, =CTh—1+Th-1¢, =0.

Hence T;¢, 1 = —Cpn — 1y = (TG, for j =1,n —4,n — 3.
Proof of Lemma 3.3.2:

Proof. Trivially, when j = 0 we have

n—4 0 n—4
Gl To=Cu=> (k=0T =Y (-1 Th1Thsr - To+ > _(k— )T -+ TyT.
k=1 k=1 k=1
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Now assume that the relation holds for all some j < n — 5. Then

J n—4
T T =Y (DM Tea Do - LT + (=1 > (k= 1)y -+ T Ti
k=1 k=j+1
j+1
=) (D)1 T Tir -+ Ty
k=1
+ (=T - T;

+ (=151 - Ty
+ (=17 (G+ DTy TjT2Tjn

+ (=1 G+ DT Tyao

n—4
+ (=17 (k=0T Ty T
k=j+2
Jj+1
= Z(_l)le e Te1Trpr - T
k=1
+ (D0 + DT T+ Tja Tyae + Tj2Tj4a)
n—4
+ (=17 (k= 1)y Ty T
=j+2
j+1 n—4
= (DT T i Togr - Ty + (17T > (k= DT+ Ty T
k=1 k=j+2

Proof of Theorem 3.3.3:

Proof. We first verify that for i =1,...,n — 3, we have

Bi(b) = Py 11(b) + Z (n+1 H'I)P i1 (GuTh -+ - Tj_2b)

- Z Y FD Py (T 3T - Tj_3b)

j=i+2
+ (=) VP o (T g+ T 5T 3Ty 4CaTh - - - Tj_3b)

+ (_l)i(n+j)Pj,n—2(T’i+1 et Tn—3Tn—4CnT1 Tt T’]—Sb))

Case 4: For 1 <i<n—3,

tiB;i(b) = t; P i+1(b) + Z(_l)(n+1)(j+l)tiPj,i-‘rl(CnTl - Tj_b)

=2

— Z 1)Un+ig, iPi1 j(Tr_3CaTy - Tj_3b)
j=142

+ (=) VI P o(Tyy - T Tn 3T aCa Ty - - - Tj_3b)
+ (=) D Py o (Tigr - T 3Tn—aCa Ty - - Ty_3b))
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i—1

= Pri(b) + Y (1) TVUFED P (CuTy -+ Ty )

j=2
+ (=)D, (T 3G, T - - - Ti—ab)
+ (—)"HDE P (T T 5Tn—3Tn—aCnTh - - - Ti_ob)

+ (=)D o (T Ty 5T —3Tn—aTn—3C,Th - - - Ti—2b)
- Z 1)) Py (T, 3G Ty - - Tj—3b)

+ (=1)HIP, o (Tyy - Toes Ty 3 TG Th - - Tj—3b)

+ (=) EHDEED P (T Ty 5T s Ty 3Ty aCa Ty - - Tj_3b))

= Pra(b) + Y _(~1) VU P (T -+ Ty o)
- (=) HFDEHD P, (T, 3G Ty -+ Ty —sb)

+ (=) "VIP (T Ty 5Ty 3Tn—aCnTh - - Tj_3b)
+ (=) VO Py (T To—sTo—s T 3T —aCn Ty - - Tj—3b))

= B;_1(b).
Case b: It follows that for 1 <i < n —4,
tis1Bi(b) = 7,1 Bit1(b) = Biy1(D).
Case 1:

t1B1(b )—t1P12( )

CrJ

- ((—1)(n+j)t1P2j(Tn—3CnT1 -+ Tj_3b)
=3

+ (=D)L Py o (Tyy - Ty Tn—3Tp—aCaTh - - - Tj—3b)
+ (=)D Py o (Ty - T3 Tp—a Gy - T—3b))

=Pio(=Tp—3b) + Prp—o(=T1 - Tpe5Tp—3T0—ab) + Poyy—o(=T1 -+ - Ti—3Th—4)
n—3
— ) (Py(To3¢aTy -~ Tj_3b)
=3

+ (1) FIPy L o(Tyoy -+ Ts Ty 3Tn—aCn T -~ Tj—3b)
+ Pjpo(Th - TpesTp—aCyTh - - - Tj_3b))

:P12(—Tn_3b) + P17n_2(—T1 . Tn—STn—STn_4b)
n—4
+ ) (Prjra(=Ta-sCaTy -+ Tj_2b)

=2

+ (_1)(n+1)(j+1)P1,n72(_Tj T 5T 3T —aGpTh - - - Tj_2b)
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+ Pjyin—o(=T1 - T3 aCTh - - Tj—2b))

+ Py o =Ty -+ Ty—3Tp—4b).

Looking at the coefficients of the terms Fij, it is clear that this expression should be equal to the

combination of

B (=Ty-3b) + Bp—3(—T1 - - Try—5T1—3T5,—4b)
n—4

+ Z(Bj(_Tn—SCnTl ce Tj_zb)

j=2
+ (=) T B, (=T Ty 5 To—sTn—aCu Ty -+ Tj—2b))

=Pi3(—T,—3b)
n—3 )
+ Z((_l)(n+J)P2j(Tn73<nT1 - Tj_3T,_3b)

=3
+ (*1)(n+1)jP2,n—2(Tj—1 Ty 5T 3Tn—aGpTh - - Tj_3T,—3b)
+ (1) "D Py (T T3 Ty aCpTh -+ Tj—3T—3b))

+ Py go(=Th - Tp—5Tp—3Tp—ab)

n—4
+ Z(_1)(n+1)(j+1)Pj,n72(_CnTl o Tj_oTy -+ Tp5Tr—3T,—4b)
j=2
n—4
+ Z(Pl,j+1(_Tn73CnT1 s T];Qb)
j=2

J
+ Z(_l)(n+1)(k+l)P’€,j+1(_CnTl o To—oTp—3C,Th -+ Tj_ob)
k

+ (=17 Py 1 e (To3Cn Ty - T 3Tp—3CaT1 - - Tj—2b)

k

ML
| N
w

j+2
+ (_1)(n+1)kpj+1,n72(Tk71 Ty 5 T 3T aGy T -+ - T—3T 3G, T - - - Tj—2b)
+ (*1)j(n+k)Pk,n—2(,‘Tj+l T 3T Gy T -+ - T3 3G Th - - - Tj—2b))

+ (=)D Py (T Toms T3 T aCa Ty - Tj—2b)
n—4

+ Y ()OI (=T Tre2 Ty -+ T T g T aGa T -+~ Ty —2D)
k=2

=Pio(—Tp—3b) + Piy—o(=T1 - - Tp_5Tp—3T—ab)

n—4

+ Z(P17j+1(_Tn—3<nT1 T Tj—Qb)

=2
+ (=) HITED Py (=T T sTr—3 TG Ty -+ Tj—2b)
+ (=) TPy s (To—3Ca T -+ - Ty—2 Ty —3b)
+ (=) TDUTD Py o (T Tms T 3Ty aCTh -+ Tj—2 T 3b)

+ (_1)(n+1)(j+1)Pj,n72(_CnTl T oTh - - T 5T 3T, —4b)
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+ (=) TP o (Ty - Ty 3T aCo Ty -~ Tj_oT,_3b)

+ > (D)RP o (Thoy - TnesTn 3T aGn Ty -+ Toos T3 Th - - Tj_2b)
k=j+2

+ (=17 Py e (Tae3Ca T -+ The3Tr—3CaTh -+ - Tj—2b)

+ (_1>j(n+k)Pk,n72(Tj+l T Tn73Tn74CnTl e Tk:73Tn73CnTl T 1—1]72b))

i
~

+ ) (VOB o (=T T Ty -+ T s Tu—sT—aGaTh -+~ Tj—2b)

Eod
I|
N

M)~

+) (—)HEDEED P (T T 0Ty 3G, Th - - - Tj_ob)).

e
||

2

Subtracting t1 B1(b), we get

Py o(Ty - Ty 3T, _4b)
+ Z((_l)n+j+1p2,j+1(Tn—BCnTI - Tj_9T,3b)

+ (=) DEHED Py (T - Ty 5Ty 3Ty aCn Ty - Tj—o Ty, 3b)
+ (=1)DEED P, (G Ty Tj—o Ty -+ ToesTi—3Ty—4b)
+ (=) P o (Ty Ty 3T aCn Ty - - - Tj—2Ty—3b)

+ Pjin—o(Th- TphosTh_aG T -+ - Tj_2b)

+ Z DIHORP o (Thr -+ TnosTn 8T aGn Ty -+ To—sTn— 3G Ty - - Tj_2b)
_]+2

+ (1O Py (TG T+ T3 T 3G Th - - Tj—2b)

+ (1P o (Tygr -+ Ty To—aCaTh - Toes Ty 3G T1 - - Tj—ob)
n—4
+ ) ()OI (=G Ty Tamo Ty -+~ T T T aGaTh -+~ T—2b)
k=2
J
+) (=)FIEED P (=G Ty - T2 TG Ty - Tj—2b)).
Now this expression should be zero, so we need to rearrange the terms so that they all cancel. As the
first step, we change summation variables so that all related terms are written in the same way, and we

collect all related terms.
Poo((Ty - Ty 3Tpa+ (=1)"C Ty Ty 5T5—3T5—4)b)
+ Z Y DG, o (T -+ Tpes5Tn—3Tn—aCaTh -+ Tj—2Tn—s
+ (=1)"CT; - Ths5Tr—3Tp—aCyTh - - Tj—2)b)
+ (=1)" Py (1) T 3G Th -+ Ty 2T

+ CnTnf?)CnTl e Tj72)b)

+ Pt o((—1) VI T Ty Ty - Ty 5T 3T s
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+ (=) T s T s T T2 T

+ 11T 3T 4 CpTh - T

n—3
+ 3 ()T T T g T aGa Ty -~ TomsTosGaTh - Ty
k=j+2

+ ) ()ROSR Ty Ty Ty Ty 5T 3T aGaTh -+ Ti—2)b)

+ ZJ: (n+j+1)(k+l)(Pj+1,n—2(Tk o T 3Ty sl T - Tj 2Ty 3G, Ty - - Ty_3b)
k=3
+ Py i1 (Tn—3CTr - Tj 2T 3G Ty - T3
+ (=1 Ty 0T 3G, T - - Ty—2)b))).
Now we just need to cancel the coefficients of P;;(b), for each ¢, j. Using the identity, for 3 < k < j < n—4,
Ty...Th ol Tj_o= (=1 *DT Ty 5Ty - Ty s,
we see that the Py ;41 terms in our expression cancel, and we are left with
Py o((Th - ThegThea + (1) T -+ - Th—sTn—3Tn—_4)b)
+ i((—l)"Wl)PMz(Tj o TpsTp—3Ca Ty - Tj—2b)
+ Pj+1,n—2(((*1)(”+1)j+lCnT1 Ty Ty Ty 5Ty 3T

+ (=) T 3Ty G T -+ T2 T s

+ Tl s Tn—3Tn—4CnT1 U Tj_2

+ Z DOFORT e Ty 5T 8T aCa Ty ThsTnsGa Ty -+ Tja
—J+2

- Z(—l)“ﬂ’“*”“*’“w Ty Ty ToesTo3TnaCa Ty - Tis

J
+Z DDA T 9T s G Ty Tya T 3G Ty -+ Th—3)b)).

For2<j<k—1<n-—3, wehave
Ty Tp3Ty-Tjo = (—1)7*+DT, .. T 4Ty T3,
and for 2 < k < j—q <n-—>5, we have
Tis1- TonosTo---Tj_o = (_1)n(j+1)+jkT2 Ty Ty T
Hence, we can rewrite our expression as
Pym—o((Th -+ Ty—3Tp—s + (—=1)"GT1 - T—5T5—3T5—4)b)

+ Z )PPy o (T -+ Ty T 3G Th -+ Tj—2b)
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+ Pj+1,n—2(((*1)(n+1)j+1CnT1 s 4Ty Ty 5T 3Ty
+ (=) Ty Ty G T -+ Ty T g
+ Ty T 3T aCyTr- -T2
j
+
:3

n—3

+

k

i+2

n—4
+ Y ()ROSR Ty Ty T T 5T 3Tn-aGaTh -+ Ti—2)b))
k

=2

=P o((Ty - Tyn—s3Tp—a+ (=1)"CT1 - - Tpo—5T5—3T—4)b)
+ Z J+1)P2 o(Tj -+ Tpo5Ty—3CaTh - - Tj_2b)

+ Pjt1n—2(((— 1)+ T Ty - Ty5Th—3Th—4
+ (=) Ty T Ty G T - Ty T s

+ a1 T 3T 4G Ty o

Jj—1
+ Y ()"IEIT T Ty Ts T aGa T - Thea
k=2
n—4
+ (—1)"URTy Ty Ty Toos T 3G Ty -+ Ths
k=j+1

-1
+ D (F)EFVIEREDC T Ty Ty T s T3 TamaGa Ty - Thos

<.

k=2
n—4
+ (—1) DGR Ty Ty Ty Ty o5 T3 T aCn T -+ Tz
k=j+1
n—4
+ ) (~)ENGEREDTLE T Ty T T To—3TneaGn Ty - - The2)D))
k=2

=P o((Th - Trn—sTp—a+ (—1)"CT1 - - Tpn—5T5—3T—4)b)
+ Z j+1)P2 o(Tj -+ - Tp—s5Tp—3GTh - - - Tj_2b)

+ Pj+1,n—2(((71)(n+1)j+1CnT1 e Tj—lTl te Tn—5Tn—3Tn—4
+ (=) T 3T g T -+ T2 T s

+ Tl e Tn—5Tn—4Tn—3Tn—4<nT1 e Tj—2
n—4

+ D (=D)MIRT Ty Ty T 5T 3G T Thos
k=2

_ 7"1 e Tn_5Tn_3<nT1 e 7}_2

+ (_I)HCHTl te Tn—5Tn—3Tn—4<nT1 ©e T’]—Q)b))
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:P2 n—Q((Tl e Tn—3Tn—4 + (*1)nCnT1 et Tn—5Tn—3Tn_4)b)
- Z D Py (T -+ T sT-sGaTh -+ Ty-2)

+ Pipmo(=1) DI Ty T Ty Ty 5T 3T s
+ (=) Ty Ty 3T g G T3y - Ty
+ Tl ce Tn75(Tn73 - Tn74)<nT1 e Tj72

+ (=1)"C T - To—s5Th—3Tn—aC Ty - T2

+) ()R T Ty Ty 5Ty 3G T - Tr—2)b)).

|
W~

™~
||
)

Since Ty -+ - Tj1T1 -+ - Th—5 = (—1)(”+1)jT2 < T_sTh - -Tj_o, we can express this element as

Py o((Th - Th—s3Tpa+ (—1)"CG Ty - Tyo—5T0—3T—4)b)
+ Z PO Py oo (T -+ T 5T 3G Th -+ - Tj_2b)

+P+1n 2((( )nT2 "Tn75Tn73T1 "'Tj72
+ Tl .. Tn75(Tn73 — Tn74)<nT1 .. T‘],i2

+ (=1)"CT - To—sTp—3Ty 4G Ty - -T2
n—4

Y ()M T T 5T 3G Ty - Ta—2)b))
k=2

=P p—o((Th- Tp-sTp—a+ (—1)"CT1 - Tyo—5T0—3T5,—4)b)

+ Z((_l)n+jp2,n72(Tn73CnT1 te TJ;QT]‘ ce Tn,5b)

+ Pji1n—2(((=1)"To - Tp—s5Ty—3(1 = Tyy—4C) T - Tj—2

=TTy 5T 3T aTh - T o
n—4

+ ) ()T T Ty 3G T - To T - T)b)).
k=2

Now considering only the Ps ,_» term, applying Lemma 3.3.2, we have

Ty TpsTha+ (=1)"CT1 - TnsTh—3T -4
n—4

+ ) ()M IITy T 5T T Tog
j=2

=T Th3Th 4

|
ot

n

+ (=)™ T T Thsr - TesTy3Tyg — T1 - T5 T Ty 3Ty 4

3 >
NG
<.

j—2

+ DR, T 5T Ty -+ Ty Thgr - Tjo
k:l

[\

<.
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+ > (=) (= )Ty T 5Ty - Ty 2T

(=)™ Ty T Thyr - T Ty—3Th— s

k=1
n—4 j—2
+3( (,1)(n+1)(y+1)+ij o TpsTy - Tp1Thogr - Tj—oTns
=2 k=1
n—4
+ > ()" k= DTy Ty Ty Ty 5Tk T 3)
k=j—1
n—4
DY) Ty Ty Ty 5T s Tos
=2
n—4
+ ((_1)n+JT1 e Tj—21} T Tn—STn—3Tn—4
j=2
j—2
Y (T T Ty Tya Ty - Tas T
k=1
n—>
+ > (=Y = )Ty Ty Ty Ty 5Tk Ts)
k=j—1
n—4 j—2
O (1) T Tigr - Tj—o Ty Trs Ty
=2 k=1
n—6 )
+ > ()M k= DTy Ty o Ty - Ty 5Tk T 3)
k=j—1
n—4 j—2
O (1) T Ty Tyo Ty Ty T
=2 k=1
n—6
+ > (D)= DTy Ty Ty TiThg - ToesTas
k=j—1
n—6
+ Z (_1)J+k(k DTy TjoTj - TiTy - Tr5Tn3)
k=j—1
n—4 j—2
O (=17 T Ty - Ty T+ ToesTrs
=2 k=1
n—6
+ Z (=17 (k- )Ty - Ty 2Ty Ty Thva - TnosTh-s
=j—1
n—6
) ()R = DT Ty Ty Teea Thgr -+ ToesTas
k=
- (.7 + ]-)Tl e Tn75Tn73)
n—4 j—2
O (=1 T Ty Ty Ty TesThs
=2 k=1

A (1 (e )Ty Ty Ty Thoa Tgr -+ Toes T
k=j
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n—>5

+ Z(_l)j+k(1f )T - T 0T - T Thr - TrsT—3
pa

- (] + 1)T1 e Tn—STn—?))

n—4 j—2
= ( (_1)J+’€+1T1 o TpaThyr Ty 2Ty T 5Ty 3
j=2 k=1
n—>5 )
+ Z(*l)jﬂcﬂ Ty o0y T Tpqr - TsTh_3
k=j
G+ DT Th5Tn-3)
n—4 n—>5

= ( (_1)j+k+1T1 Ty 9Ty Ty 1Thyr - TrsTh3

j J
n—>5

+ Z(—l)j+le Ty 2Ty T 1Ty - TosTh—3
k=j

<
U

N
£
Il

- (] + 1)T1 T Tn75Tn73)-
Since E;l;; (j+1) = 0 when 3 divides n (since we are in characteristic 3), we conclude that the coefficient

of Pg,n_g(b) is 0.

Now we will again use Lemma 3.3.2 to show that the coefficient of P; ,,_o(b), for 3 <i <n —4, is 0. We

will need the following identities:
Tit1 - TosTho = (1) T o Ty + (1) Ty - Ty

(L EEHNTy Ty T Ty =Ty Ty Ty Tyos = To - TioTr - TigTimy - T
for 2 < j <i—2, we have
Ty Ty oTy Ty oTj- Ty = (_1)n(z+1)+J+1 ZT’“TQ e TsTh - Ti_s;
k=2

j
Ty TpyosTy- Ty oTj---Tig = (—1)+ ZTkTQ T 5Ty - T3,
k=1
Thus, the coefficient of P, ,,_2(b), for 3 <i <mn —4,is

(=D Th5Ty 3Ty -+ T3
—Ty - TpsTysTaTh - Ti_5
+ (_1)n+1T2 s Tn—5Tn—3Tn—4§nTl e Ti_?’

n—4

+ ) ()T TG Ty 8Ty - TG Th - Tyoa
j=2

=(-1)"Ty-- Ty 5Ty 3T1---Ti3

~Ty - Ty 5Ty 3Ty 4Ty T3
i—3
+ (_1)n+k+1T2 . Tn75Tn73Tn*4T1 te Tk*lTk+1 e 111‘73

102



+ (=)™ (k = 1)y Ty 5Ty 3T 4Ty - - T; 3T}
k=i—2
n—4 j—2
+ (Z( 1) (i) +itkp ... Ty 9Ty 3Ty To 5Ty Tho1Thy1 - Tjo
Jj=2 k=1
n—4
+ (=)™ (e — )Ty -+ Ty g T Ty -+ Ty 5Ty - - Ty Ty)
k=j—1

n—6

+ (=)™ k=0T TioTy - TsTuTr—3Tn—a

k=i—2

n—4 j—2
+Y (OO ()RR T 0Ty Ty Thgr - Tj—o Ty Trs T

=2 k=1

n—=6
+ Z (_1)n(i+1)+j+1(k ~ Ty Ty Ty Ty 9Ty - Ty s TiTp3
k=j—1

+ (=)D T Ty Ty 5Ty - Ty 9Ty 3T )

=-T-- T 5T - T; 3T, 3T, 4

-3

~.

(=) Ty T 5Ty T Thogr - Ti—3T—3T 4

+
2 1M

6
+ (~)MEFDFR (e — )Ty Ty Ty - T (1 + T To1) Thgo - Tres5Tn—3Tn—a

k=i—2

n—4 j—2
+ () ()RR T 0Ty Ty Tt - Tj—o Ty Trs T

Jj=2 k=1

n—6 .
+ > ()M (e — )Ty Ty Ty Ty Ty Ti(1+ TeThg1) Tz - Taes T
k=j—1

+ (=) DT T Ty Ty 5Ty - T2 T3 T —4)

=TT sT1--T; 3T, 3T, 4

1—3
+ Y ()M T ST Tha T - Tim 3T 3T
k=1
n—~6
+ (—1) DR T STy Ty Thgo -+ Te5Tn—3Tha
k=i—2

+ ()G T Ty Ty Ty -+ TesTy3Tpa

n—4 j—2
+Y O ()RR T 0Ty T Tt - Tj—o Ty Trs Ty
=2 k=1
n—6
+ Z (=1)MH IR T STy Ty 0Ty - TuThyo - TrmsTs
k=j—1

+ (=) G+ )Ty TimoTy - Tr5Tn—s
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+ (=)D T Ty T 5Ty - Ty o T3 T—4)

=(=))"EHDHGTy T Ty T 5Ty 3Ty
n—4

+ (=) Ty Ty s Tas(Y (G + 1))
j=2

S
|
N

Y ()" T STy T o Ty -+ Ty—3Ty 3T 4

:TT
=N

+ Z MDD T Ty Teo Ty T s TnaTa

+ Z(—l)n(iHHjTl 9Ty Ty Ty Ty 5T 3T

+ Y ()M T Ty Ty Ty Ty 5T T

+ Z Z(—l)””ﬁkHTl oo ToTy o Tia Ty -+ Tj—oTj - Tr—5Tn3

+ Z Z(_l)ni+j+kT1 Ty T Tygr - TooTh - 5T

=(=1)"FDTGTy T 5Ty ToosTa3Th—s

i—2

Y (D) T 5Ty Ty 0Ty Ty—3Ty 3T s
k=2
i—2

+ ) ()M T STy Ty o T - TasTy3Ta
j=2

=(=1)" TGy T Ty - Ty 5T 3T
i—2 k

Y N Ty T 5Ty Ty 5T 5T s
k=2 j=1

i—

J
ZTkTQ ThosTy- T 3T 3154
J=2 k=2

=(—1)"EHTy Ty 5Ty Ty 5T 3 Ts
i—2
+ (~D)EFVEEDY Ty Ty BTy Ty 5T Taa
k=2

=(=1)"HDEGTy T Ty T 5Ty 3T s

+ (=1) T T Ty - Ty 5Ty Ty = 0.
Case 2: For 1 < i <n— 3, since T1(, 11 = (.11,
t1Bi(b) = t1Priq1(b) + Z(_l)(n+1)(j+1)tlpj,i+1(CnTl - Tj_ob)

- Z 1) )4 Py (T3¢ Ty - - Ty—3b)
Jj=i+2
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+ (=) I Py o (Tt -+ ToesTn3Tn—aCaT1 - - Tj—3b)
+ (=)D Py o (Tigr - T 3T aCaTh - - Tj_3b))

= (=1)""" Py i1 (b) + (1) Priv1(Cab)

JFZ DD, (TG Ty -+ Tj—2b)

. Z z(n+J +'L+J+1P+1 ](Tl n— 3CTLT1 j_Sb)
J=i+2

+ (=)Dt D o (TTyy - T5Ty— 3Ty aCnTh - -

+ (=)D P (T Ty - Tyes Ty aTr3 TG Th -+ -

= (=1)"Ppit1(Cub +Z DHDEHEDF P (G T - - Ty—2Cb)
j=2

- Z (n+J)+1P+1 ]( n—3CnT1 o Tj—3<nb)
J=i+2

Tj-s3b)

Tj—3b))

+ (=) DI o (Ty 1 - Ty 5Ty 3T aCa Ty -~ Tj_3Cnb)

+ ( 1)l(n+J)+ZPj n— 2(E+1 e Tn75Tn74Tn73Tnf4CnT1 e Tj*SCnb))

= (=1)"Bi(Gab).

Case 3: For 1 <k<i<n-3,

txBi(b) = tiPy,i+1(b) + Z DD Py (G T - Ty—2b)

- Z U D Py (T 3G T -+ Tj—3b)
j=14+2

+ (=) VI Py o(Tj1 -+ Tr5To 3Ty 4CuTh - - - Tj_3b)

+ (=) D Py o(Tigy - T 3T 4G Th - - - Tj_3b))
k—1 ‘ .
= (=1)'Prip1(Thorb) + > _(=1)"0OHP; o (T 1 GuTy - - Tj—ob)
j=2

+ (—1)(n+1)k+ipk+1,i+1 (CnTh -+ - T—2b)

+ (*1)(n+1)(k+1)+ipk7i+l(CnTl .. Tk;_lb)

+ Z )PP, 1 (TiGaTh -+ Ty —2b)

j=k+2
- Z 1)/, (T T —3Ca Ty -+ Tj—3b)
Jj=i+2
+ (—) VGO, (TR Ty TysTy—3Tn—aCnTh - - Tj—_3b)
+ (=)D Py (T Tig - Tpes5Tn—aTn—3Tp—aCyTh - Tj—3b))

= (=1)"Pyip1(Th-1b) + Z(*l)(nJrl)(jJrl)Jrin,H—l(CnTl - T5_oTy_1b)
=2
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- Z DI DHp (36T Tj—3Th—1b)
Jj=i+2

+ (*1)(n+1)j+ipi+1,n—2(Tj—1 T 5T —3Tp—aCy Ty - - - Tj—3T5—1b)
+ (1) D o (Tigr - TsTya Ty 3T aCoTh -+ - Tj_3Tj—1b))

= (=1)"B;(Ty-1b).
Case 6: For i +1 < k <n — 4, since t;_1B,_3(b) = (—=1)" "1 B,,_3(Tx_2b),

tpBi(b) =tptiz1tive - tn_3Bn_3(b)
=(—1)"*Ft; tivo - tr_otpti_1tgtiiatirs - tn_3Bn_3(b)
:(_1)i+kti+1ti+2 s tp—otp—1tptp—1thp1tpqe - tn—3Bn_3(b)
=(—1)" " itiie - ty—ati—1Bn_3(b)
=(=1)"%it1tiy2 - tn—3Bn_3(Th_2b)

=(—1)"B;(Ti_2b).

Case 7:
n—4 .
tn2Bn_4(b) =tn_oP1pn_s(b) + > (=)Dt P (T - Ty—ab)
j=2

=(=1)"Pin3((Th-a — Tn—3+Tn_1)b)

— Py po((1+ (Th—a — T5i—3)T—1)b)
+ Z DO (— 1) Py 3 (Tama = Tums + Tu1)GaTh -+~ Ty—2b)
im—2((1 4+ (Th—a — Tp—3)Tn—1)CT1 - - - Tj—2b))

=(=1)"Prp—3((Tn-1 — Tn—s + Tn-1)b)

— Py o((1+ (Th—a — Th—3)Th-1)b)
+ Z 1) DG (<) Py (T -+ Tjn(Toes — T + T )b)
Pjn—2(CnTr - Tjmo(1+ (Tnh—g — Tn3)Tn-1)b)
=(=1)"Bn-a((Th—1 = Tn—3 + Tp—1)b) = Bp—3((1 + (Tnn—1 — Tn—3)T0—1)b).
It follows that, for 1 <i < n — 4,
tn—2oB;(b) =tn_otir1tiye - tn_3Bn_3(b)

=(=1)"""ts1tipo tn_atn_otn_3Bn_3(b)

:(_1)n+iti+1ti+2 T tn74tn72Bn74(b>

(=D)'tiativa - tn-aBna((Tn—a — Tz + T 1)b)

+ (=)t ty—aBuog (L4 (Tnea — Tn—3)Tn—1)b)
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:(71)1B1((Tn—4 - Tn—3 + Tn—l)b)

+ (=1)tiy1tivo tn-5Bn_3(Tus(1 + (Tn—a — T—3)Tp—1)b)

=(=1)'B;((Ty—4 — Tr—3 + T,—1)b)
+ (_1)n+i+1+(n+1)(n+z’)Bn73(Ti . ~Tn,5(1 + (Tn—4 _ Tn73)Tn71)b)
:(_1>1B1((Tn74 —Th_3+ Tnfl)b)

+ (=1)"OHB, (T Tums (14 (Tes — Tnes)Tro1)D).

Case 8:

n—4
tn—oBy_3(b) = (=1)" T Py _o(Tp—1b) + Y (1) TP o(Tro1Ga T -+ - Tj—2b)

S <
Lo

= (=1)""' Py _o(T—1b) + (*Umﬂ)jpj,n—z(CnTl - Tj_oT,_1D)
j:

[

= (“1)" By (T, 1b).

Case 9: For 1 <i<n-—3,
tn1Bi(b) = (=1)"Priga(Tpoab) + > (1) FVGDTHITD, o (T, 1Ty -+ Ty )
=2

_ Z z(n-‘r] +z+a+1p+1 (LT 3G T1 - Tj—3b)
J=i+2

+ (=)Dt D o (T Tyt - ToesTn—3Tp—aCaT1 - - Tj—3b)

+ (=)D Py (T 1 Tigr -+ Tr5Tra Ty 3Ty 4G Th - - - Tj_3b))

= (=1)"Pyi11(Tp—1b) + Z(_l)(n+1)(j+l)+ipj7i+l(CnTl Ty 9Ty 1b)
Jj=2

- Z 1D Py (T—sCaTh -+ Ty—3T1b)
Jj=i+2

+ (=)D o (Tyy - Ty Ty3Ty—aC Ty - Tj—3Ty,—1b)
+ (—1)i("+j)+ipj,n72(Ti+1 T s Ty 4Ty 3Ty 4G Ty - - - Tj_3T,—1b))
= (=1)'By(T,,_1b).
O

To prove Theorem 3.3.5, we will need the identity involving x,, := (, — T),—3 given in Lemma 3.3.4:
For1<i—1<j5<n-3,
i—1 .
Ty Tjxn = Z(_1)2+J+1(k ~ )T T

k=2

j .
+ Z(_l)]+kTi Ty Thogr - T

k=i
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n—3
+ > (k= 1T TjTy.
k=j+1

Note that x;, anticommutes with 7 for all j € {2,...,n — 1}\{n — 2} and x2 = 0. Moreover,
XnT1Xn :(Cn - n73)T1 (Cn - Tnf?))
=CT1Cn — G T3 — T 311G — T

= - Cn + Tn—S = —Xn-
Proof of Lemma 3.3.4:

Proof. When i =2, j =1, we have

Ty Tyxn = (k= DT,

J
= Z(_l)ﬁkTQ T Ty - Ty

n—3
+ > (k=1)Ty- - TjTy.
k=j+1
Now if the equality holds for 1 <i—1 < j <n — 4, then
i—1

T Titaxn ZZ(—l)iH(k = DTG Tia
k=2

i
Y ()T T T - Ty
o

=i
n—3
+ (1= K)T, - T;Ti Ty 11
k=j+1
i—1
=) (1) (k =) Ty
k=2
j+1
+ Z(_l)j+k+1Ti T Toy1 - T
k=1
—(j+1)Ti"'Tj

n—3
+ > (=R T Ty
k=j+2

When j = n — 4, since 3|n (and we are in characteristic 3), we have

i—1
Ti Tuoaxn =) (1" (k= )TTi - Thos
k=2

n—3
+ Z(—l)n+k+lTi o Tge1Tr -+ Tos.
k=i

If j <n—4, then

i—1

Ty Tipaxn =y (=) (k= )T Ti -+ Tia
k=2
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j+1
Y ()T T T - Ty
k=1

—(j+1)Ti"'Tj

— U+ DT TTj2Th

n—3

+ > (k=T Tin T
k=543

1—1

=) ()™M (k=1L T
+ Z(—l)'HkHTi T Togr - T

n—3
+ > (k=T T Ti.
k=j+2

We will also use the fact that when j < k, we have
(T Tp)? = (1)) ZTI

where I ranges over all evenly sized subsets {i1,...,im} C {J,...,k} and T} is the product T;, T}, - - - T;

m

with i1 < iy < --+ < 4y, and therefore
T(T + Ty)? = (T T T

We can prove this identity by induction on k: when j = k, both sides are equal since the only evenly sized
subset of {j,...,k} is @ and Ty = Tj2 is the identity matrix. Now suppose j < k and (Tj---Tj_1)* =
(—1)(k;j) >, Ty, where J is the set of all evenly sized subsets of {j,...,k —1}. Then we have

(Tj - Tp)? =(=1) 5 (T -+ T 1) 2(1 + Th1 Ti)
:(_1)(k—g+1) ZT[
I

as desired. Alternatively, we can write

k-1
(T; - Tp)? = (71)(1@_?1) H(I+T¢T¢+1).

Proof of Theorem 3.3.5:

Proof. Case 1: Recall that for j =1,...,n — 3, we have
J
B;j(b) = Prjs1(b) + > (=) HVEEI P 1 (G Ty -+ Tiob)
k=2

n—3
- Z (=17 R Py 4 (Tr—3Ga Ty -+ - Ti—3b)
k=j+2
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+ (=) "FVEP o (Theey - T sTn 3T 4Ty - - - Th3b)

+ (=1 Py o (Tja1 -+ Tr 3T aCaTh - - - Tho3b)).

The action of ¢; on B,_1(b), for b € M, is given by

t1Bn-1( Z 1/ Py(Ty -+ Ty 5xnb)
=4

n—2

+ ) (1) Py (ThT—3T5 - - Tj—3xnb)
=4
n—4 n—2

+ Y0 ()T P (T (14 TyTy ) Ts -+ Ty oTa -+ Tj—sXnb)
i—4 j—it1
n—4 1

+ Py o (=)D e Ty T 0Ty Ty 3Ty - Ty 3T 4
i—4 z=4

+ (=) T 0Ty Ty 3T 1 T 5Tn 3T —a)Xnb)

n—3
=Y (1) B;(Ta - - Tj_axnb)
=3
j .
+ Z(*l)nﬂnﬂ)kﬂpk,jﬂ(CnT1 < Tp_oTy -+ - Tj_oxnb)
k=2
+ Z DHAVIP G k(ThsCa T -+ ThsTh -+ Tj—aXnb)
k=j+2
+ (=) VR P o (Tt Trs Ty 3T —aCn Ty - T 3To - - Tj_aXnb)
+ (=) HEVIP, o (T ToesToaCn Ty -+ ThesTa -+ Tj_axnb)))
n—2

+ Y (=1 P3;(TyTy—3Ts - Tj—_3xnb)

=4
n—4 n—2
Y (1) P (Ty (1 + ToTy—3)Ts - - Ti—2Ta -+ Tj_3Xnb)
i—4 j—it1
n—4 1
+ Z 2 (1) EDEED e T o Ty Ty 3Ty T—3Tna
1=4 z=4

+ (_1)ni+z+1T1 o T’i—2T2 e TI—?)TLE—I T Tn—STn—3Tn—4)XTLb)-

Adding B, 1(T—3b) + > 23 (= 1)+ Bj(Ty - T _axnb), we get

i
[ V)

™

i
5 L

(_1)n+1p2j (T2 T Tj*SXnTnf?)b)

|
N

+
(]

Psi(—Tp—3To - Tj_3xnTh—3b)

Il
=

S .
|
i
[\

(—1)" D P((1+ ToT_3)T3 - TioTo - Tj_3XnTp_3b)
1

+
™

<
Il
I

%

+

J

W

n— 3

+ Piy o (1) Ty 0Ty Ty 3Ty T3T 4
=4 2=
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+ (—) DD re T 0Ty Ty 3T 1+ T 5Tn—3Tn—4)XnTh_3b)

n—3 J

+ ) O ()R B (G Ty ThoTa -+ Tj—aXnb)
=3 k=2
+ Z 1)(ntkt+Dip, i1,k (Tn—3Cn T -+ - Th—3To - - - Tj_oxnb)
k=j+2
+ (*1)(n+1)k+jpj+1,n—2(Tk—1 T Tn 3T 4Gy -+ - T—3To - - - Tj_oxnb)
+ (=) TREVIP o (T Toes TG Ty - ThsTa -+ Tj_axnb)))
n—2

+ 3 (=1 P3;(ThTy—3Ts - Tj—_3xnb)

3 .
I
3
|
I\

+
(]

(_1)n(i+1)+i+jpij(T1(1 + TQTn73)T3 T o Ty - 'Tj—sxnb)
1

+

o
Il

J=

g;»b

3

i

+ Z w2 ()T Ty T Ty e Ty Ty -+ Ty —3Ta
=4 x=4

<.

+ (_1)ni+a:+1T1 T 1—11'72T2 e TszﬂTxfl T Tn75Tn73Tn74)an)~

To show that this expression is equal to zero, we change summation variables and rearrange inside M.
The relations ¢, Tixn = —(1 + T1Th—3)Xn and (,Xn = T —3X» are enough to cancel the P»;(b) and the
P3;(b) terms. We also need the identities Ty ---Tj_3Ts - Tj—3 = (—1)/UtDT3 ... T, oT)---T;_3, for

4<i<j<n-3,and x,T1 = —T1xn — I to cancel the P;;(b) terms. Then we have

n—2 n—2
D (=1 Py (Xn T3 + Caxn)To - - Tj—3b) + > Paj (1 + (uTy + TiTs)xnT2 - - Tj—3b)
: v

i
3 B
|
N
3
|
)

+
™

<
Il
h

(_1)n(i+1)+i+j[)ij((_Tl (Tz 4 Tn—a)Xn)T3 e T Ty - .Tj_Ban)

i+1

+

J

3
~

+
™

<
I
i

(=1)'Pip—2(Tn—3CT1 - TesTo - - - Ti—3Xnb)

1
W~
3
|

w

+
™

~
I

i

P
I
I

+

(,1)(n+1)j+i+1pi,n_2(Tj_1 o T 5Ty 3Ty s G Ty -+ - T 3T - -T_3Xnb)
i+1

3
~
|
N}

(=) HHDIp, o (Tygg - T 3Ty aCaTh - Ti—3Ta - - Tj_aXnb)
3

+
™

©
Il
,J;»Jk

J

3

%

+ Z 2 (1) T OFVH (T L T Ty Ty g Ty -+ Ty sTp 1 -+ TosThu s
=4

.J;

=

+ (=D)L = T To) T3 Ty—oTo -+ To3Tyo1 - Tnes5Ty—3T0—1) Xnb).

Since x2 = 0, we are left with only P, ,,_2(b) terms. Replacing each ¢, with x,+7T},—3, using the relation

XnT1Xn = —Xn, and then rearranging the matrices T; that anticommute, we get

me 2 TosxnTy-- - TnsTy---Ti-3
+ (=)' Ty o Tip
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+ Z (n+1 j+z+1T . Tn75Tn73Tn74XTLT1 - TJ.73T2 -1 g
Jj=i+1

+ (=)L T 3T Ty Ty To - Ties)
i—2
+ Z 1)t It T3 TypaxnTiTs - Tj1To - Tis
7j=3

+ (=) I T 5T 3T d T Ts - Ty 1Ty - Tig)
+ Z((—l)"+("+1)i+1(_Tl +To)T5 - Ty—oTo -+ Tj—3Tj—1- Ty3Tn_4
j=4

+ ()" (1 - T T)Ts - Ty oTy - - Tj_sTj_1- Tpns5Tph—3Tn—a)Xnb)
n—4
—ZPM 2(—1) Ty s Ty Ty 5To - Tig

+(=1)'Ty - T 5Ty Tig
n—4 o

Y ()™ Ty Ty Ty g T g T+ Tig
j=i

+ (1) Ty 5Ty Ty 5Ty 3T—aTo -+ Ti—3)
i1
+ Z((*l)nHHTP, T Ty T 3Ty a1 Tig
=4

+ (=) Ty Ty 0Ty Ty 5Ty 3Tp—aTo -+ Ti—3)
+ ) ()OI Ty Ty) Ty Ty g Ty -+ Ty 3Ty 1+ TosTna
=4

+ (=" (1 —TT)Ts - Ti—oTo -+ Tj—3Tj—1 -+ Tn—5Tp—3Tn—1)Xnb).
For 4 < j <i<n—4,theidentity 71 - -+ T;_oTo - Tj_3 = (1) Ty - - - Tj_oTy - - - T;_5 used above implies
that T3 -+ T; o715 - -- Tj_gTj_l T = (—1)ijT2T1T3 s Tj_QTl s n—ZTj—l -++Ty_5. Then if ¢ = 7,
we have T1 s Tifgfrjfl s Tn,5 = T1 s Tn,5 so that

Ty Ts - TioTy - TioTjq - Ty =(=1) "V Ty T Ty - Ty

If i > j, then
Ty TioTj—1 - Tns :(_1)(n+j+1)(i+j+1)T1 o TjoTy Ty sTj—y - Ti3
:(_1)m‘+(i+1)(j+1)T1Tj Ty 5Ty Ty s.
Hence, we are left to show that for each ¢ = 4,...,n — 4, the following element of M is zero:
(=D)"Ty = Tp3)T2 - Tps
+ ()" =Ty + To)T5 - T 3T 4

+ (=) (1 =TTo)T5 -+ Tpes5Ty—3T0—4

n—4
+ Z((*l)nHHTl T Ty Ty_3Th—a
j=4
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+ (1) Ty Ty 5Ty T5Ty—3Tn—a)) T - Ti3Xn-

If ¢ = 4, using Lemma 3.3.4, we have

n—>5

S ()T — Ty g) Ty Tha Togr -+ Toos
k=2

+ (Tl - Tn73)T2 e Tn75<Tn74 - Tn73>

+ (1 -TT2)T3--Ty—3T—4
n—3

+ Z(*l)kH(Tl — )T T 1Thq1 - Tp3Ty—4
k=3

+ (_1)77(T1 - TQ)TS T Tn—5Tn—3Tn—4

Y ()R = T T) Ty Ty Tt -+ T Toe3T 4
k=3

+ (1 - T1T2)T3 e Tn—5(Tn—4 - Tn—3)

+
1
IS
<
i

(1 —K)Ty - Tj_oTyTy - T3Tn 4

3 <
Lo
1T

+
1]
gy

3 <
|
o

(=R Ty Ty Ty 1 Thogr -+ Tr—3Tna

S
»—Aﬂ

(_1)n+1(k - 1)T2 e Tj72Tij te Tn75Tn73Tn74

+
1]
(]

S <
|
FEESN

1T
|
[SLE V]

+
™

S <
|
'S

(=1 Ty Ty Ty Tha Thgr -+ TosTn—3Tn—a

Eod
Il
<

Y ()T T 0Ty Ty 5 (T — Trs).
j=4

<

Now we rearrange each term into standard form using the basic spin relations, and get

+ Ty Tys5(Tha — Th3)
+ (_1)n+1T2 e Tn—5(1 - Tn—4Tn—3)

+ (1 +TWTo)T3 - Ty5(Th—a + Tho3)
n—>5

+ D (V)T = To)Ts -+ T Ty -+ Tos(Tnoa + Ts)
k=3

+ (71)n(T1 - TZ)TB te Tn—5
n—>5

+ Z(—l)n+k(1 —NTo)Ts T 1Tps1 - Tros(1+ Ty Ty —3)
k=3

+(1-TT)T5- - Ty5(Th—s — Tr—3)
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i—3
(=1 — )Ty - Ty Thyo - Tj—oTj -+ Tres5(To—a + Tn3)

1
I
<
|

_|_

Il
S
oo

||

3 <.
|
|
w N

+
(]

(—1) k= )Ty Ty 1 Thogr - Tj—oTy - Trs5(Tr—a + Thu3)

j=4 k=2
n—4
+ jTl e Tj—STj e Tn—5(Tn—4 + Tn—3)
j=4
+ Tl e Tn—S(_Tn—4 - Tn—3)
n—4n—>5
+ (_1)]+k+1T1 .. Tj,QTj .. 'Tk71Tk+1 .. 'Tn75(Tnf4 + Tn73)
Jj=4 k=j
n—4

+
(]

(_1)n+j+1T1 T Ty Ths (=14 ThaTh—3)

Il
IS

3 .
|

<
|

w

+
™

S <
Il
I
S
||

(=) (ke = )Ty - TiTiga - Tj—2Ty - Tres (1 + TooaTp—3)

|
w N

+
(]

(—1)"+j+k(k DIy T Thqr - TjoTj - - Tpes (1 + T—aTh—3)
k=

3 <.
|l
N

N

+

(=1)"jTo - Tj—sTj - Tps5(1 4+ Ty—aTh—3)

<
I
i

+ (_1)n+1T2 e Tn—5(1 + Tn—4Tn—3)
n—4n—5

+ Z Z(—l)"+j+k+1T2 T 0Ty Ty Thgr -+ Toes(1 + Ty—aTh—3)

+ 3 (1T Ty T T (Toms — Ts).
Cancelling terms and reordering, we get

n—4
> T Ty Ty 5(Toa+ Toos)
=4

i
[$28

Y (DT Ty 1 Thwr - T (Toea + Th3)

3 >
|l
oW

+
(]

(=D)"jT - Tj_3T; - - Tpoes5(1 + T4 T —3)

3w
[
SN

+
(]

(_1)n+kT3 . Tk—lTk+1 . Tn—s(l + Tn—4Tn—3)

Sﬁ
|
s w
<
|
w

(—)I k= V)T Ty Thgo - Tj—oTj - Tros5(Trg + Tp3)

+
™

3 <
|
=

Il
S
(.
w N

1]
(]

3 <
|
N

(1) Rk —D)Ty - Ty 1 Thgr - T 9T Tp5(Th—a+ Tho3)

+
3 =
[
ot n

(=) T Ty T 1T Tres(Tra + Th3)

<
I

i

Eonl
Il
<
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3
|
I
<
|
w

_|_

()" =)y TiTavz - Ty—oTy - Toos (1 + TrmaTums)

3 ..
[
S
T
Ll
w N

(]
(]

(=1)" Rk — )Ty o1 Thogr -+ Tj—2Ty -+ Ty (1 + TyaT3)

3 .
|l
N
1T
[ )

+ (=) TRy T STy Ty Thgr - Toes (14 T aTh3).

<
I
i
Eol
<.

Rearranging sums, we get

1
W~

(=0)"jTy--- Ty 3Ty Tp5(1 + Ty aTy—3)

<.
g
3 IS

5

+
(]

(=1)" Ty Ty 1 Tyr -+ Trms(1 + TpmaTs)

1T
|
s~ W
<
I
w

+
INg

3 o
|
PG

(_1)n+j+k(k _ 1)T2 o T Ty - Tj_oTj - - - Tn75(1 + Tn74Tn73>

S
Il
wW N

+
(]
(]

(=)™ — DTy Ty 1 Thsr - Tj—2Ty - Ty (14 TpoaT3)

+ (=) TRy T STy T 1 Tt -+ Tres (1 + T Tm3)

|
S
Tl
S

<.
S
o
<.

=(=1)"Ty - Tp—s5(1 + Ty,—4T3—3)

i
ot

+ (—1)n+kT3 s kalTlH»l s Tnfs(]. + Tn74Tn73)

T
[ V)

+ Y ()T Ty Ty - Toes (14 TyaTy—3) = 0.

<.
IS

Now we use induction on 4. If the following element is 0, for 4 < i < n — 4,

(1) ™N(Ty = Ty3)To - Ts
+ (=) =Ty + To) T+ T 3Tn—a

+ (_1)1+1(1 - T1T2)T3 T Tn—5Tn—3Tn—4
n—4

+ Y (=) Ty 5T T 5Ty
=4

+ (=)™ Ty 9Ty Ty 5T 3Tna))Ta - TiaXm,

then

((_1)1(T1 - Tn—3)T2 e Tn—5
+ (=) (=T + T2)Ts - Ty3Tn—a
+ (=

D1 =TTo)T5 - TpesTy—3T0—4
n—4

A ()T Ty STy T 5Ty
j=4
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+ (=) Ty T 5Ty Ty 5T —3T0—a)) T2 - - Ti—3Xn
=((=)"* Ty — T 3)Ty - T s
+ (=) (T + )T T3 Tma

+ (=) (1= TTo)T5 - Ty 5T 3T 4
n—4

+ Z((—l)"HHHﬂ T 9Ty T 3Ty
=4

+ (=) Ty 0Ty Ty sTn—3Ty—a))To -+ Ti—axnTi—s

=0.
For all k # 2, 3,4 we have

tBn—2(b) = tit3Bn_1(b) = t3tpBn_1(—b)

so we find
tan,Q(b) :tgtanfl(—b)
n—3
=Bn_2(Tn-3b) + > _(=1) " 3B;(Ty - Tj_axnb).
j=3
Case 2
n—2
taBn_1(b) =Y (=17 Py;(Ty - - Tj_sxnb)
j=4
n—2
+ Y (1) Py (T —5Ts -+ - Ty—3xnb)
j=4
n—4 n—2
+> (=) VI B (Ty (1 4 Ty T 3)Ts - - Ty To - - - Tj—_3xnb)
i=4 j=it1
n—4 1
N P o ()OI Ty Ty Ty 3Ty - ToesTa
1=4 r=4
+ (=) T 5Ty Ty 3Ty - T 5Ty —3T—a) Xnb)
n—2

= Z(_l)nP2J (T2 T E*BXnTnf?)b)

<
Il
3 &
|
[\v]

+
(]

PSj (Tn73T2 s /—ijf?)XnTnf?)b)

Il
=

3w
|

i

o

(=)D (1 + ToT—3) T3+ Timo T+ Tj—3XnTr—3D)

+
™

=4 j=i+1
n—4 1
+ Pipo((=1)" Ty Ty oTo Ty 3Ty - Ty—3Tp—4
1=4 z=4
(=)t T 5Ty Ty Ty - Ty Tr—3Tn—) Xn Tn—3b)
:Bn—l(*Tn—Sb)
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tQBn

_2(b)

=(—1)"Po3(Tr,—3Xxnb)

+ (—1)”]327"_2(]’2 e 'Tn—5Tn—3Tn—4X7Lb)
+ (_1)nP3 n—2(T2 T Tn—STn—4an)

+ZP3J j San)

n—2

+ (=1)"Pay(Xnb) + > (=1)"Poji (1 + 12T —3)T5 - Tj_3xnb)

Il
ot

J
+ (*1)n+1p2,n—2(T2 e Tn—STn—3Tn—4an)

n—2

+ Z(—l)”PM (Tn—3T3 T er—Ban)
=5

+ (=1)"Pyp—o(To - Tpo5Tn—3Tp—aXxnb)
n—4 n—2

+3° 3 ()" PG (T + (1 + ToT3) T

i=5 j=i+1

n—4 1

+ Z Z P o (1) DTy Ty 0Ty - -

i=5 r=4

+ (—1)(”+1)(”1)”T3T2T4 o Ty oy Ty Ty -+

n—2

=(=1)" ' Pag(xnTn—3b) + Y _(=1)" 7 Poy(Ts - -

Jj=5

n—2
+ Poa(xnTn-3b) + Y (=1) Poj(1 + ToT—3) T - -
Jj=5

)Ty Ti_oTy -

Tj73an)

Tw—3T;E—1 o Tn—3Tn—4

Tj—SXnTn—Sb)

+ (=) Py o(To -+ Tp5Tn—3Tn—aXnTp—3b)

n—2

+ ) (=) Py (T s Ty -+ Ty—_sxnTnsb)
j=5

+ Pyno(T3 - Tn5Th 3Th_axnTn—3b)

n—4 n—2

+ 370N (~)mHEHDHI P (14 (Ty + T3)T, -

1=5 j=i+1

n—4 1

30D P ()T T Ty

=5 x=4

+ (=) Ty Ty 9Ty Ty 3Ty - -

n—2
+ > (=1)"Poj(Tz - Tj_3Xnb)
j=4
n—2
+ > Pyj(Tn_sTs -+ Tj_3xnb)
j=4
n—4 n—2 )
+ (—)"EHDH P (1 4 ToT, 3)Ts - -
i=4 j=it1
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Tn75Tn73Tn74)an)

T’j—SXnTn—?)b)
3)Ty - Ti_oTy - Tj_3xnTh—_3b)
T173Tx71 e Tn73Tn74

Tn—STn—3Tn—4)XnTn—3b)

Tj_3xnb)



n—4 1

AN P ()" Ty Ty o Ty -+ Ty gTy -+ TsThy

i=4 x=4

+ (=1 FDiEe T 0Ty Ty Tyt -+ T 5Ty —3T_s) Xnb)

:Bn—Q(Tn—3b) + Bn—l (*b)

Case 3: t3B,_1(b) =: B,,_2(b) by definition and therefore t3B,,_2(b) = t2B,,_1(b) = B,_1(b).

Case 4:

taBpn_2(b) =(—1)" Pa3(Toxnb) + (—=1)" Pas(xnb)
n—2

+ Y (=) Py (Ty - Ty s xnb)
=6

+ P35(xnb) + Psa(—(1 + 12T, —3)Toxnb)
n—2

+ Z P3;j(—=T3(1 4+ 12T, —3)T5 - - - Tj—_3Xnb)
=6

+ P3,n—2(T3T2 to Tn—5Tn—3Tn—4an)

+ (=1)"t4 Pys(Tr—3Toxnb)

+ ) Pj(=To—3T2 - Tj_3xnb)

+ > ()" Py (14 (Ty + T5) T —3) Ty - - - Tj—3Xnb)
=6
n—4 n—2 )
+ (—1)n(z+1)Pij (Tu(L+ (Ty + T5)Tp—3)Ty - - - T—oT - - - Tj_3xnb)
i=6 j—it1
5
+ Z Pypo((=1)"Ty-+ Typ3Tp1- Ty 3Tn 4
=4
+ (=) Ty - Ty 3Ty -+ Tre5Tn—3T0—4)Xnb)
n—4 1 )
D P ()" Ty Ty Ty 3Ty 1+ TnosTa
=6 r=4
+ (—1) DR D DTy Ty 5Ty - Ty3Tomy - Tne5Tn—3T—a) Xn)
n—2
=(=1)""! Py3(xnT2b) + Z(fl)"““ng (Ts - Tj—3XnT2b)
j=5
n—2 )
+ Paa(xaTob) + Y (=1 Pyj (1 + TaT0—3)To -+ Tj_3Xn Tob)
=5

+ (=1)"" Py o (To - Tpyo5 Ty 3T —aXn T2b)
n—2
+ ) ()P (T 5Ty -+ Ty—sxnT2b)

J=5

+ Pipo(Ts - ThosTn—3Tn—axnT2b)
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n—4 n—2
+ YD ()P (14 (T + T3) T 8) T+ Tio Ty - Ty gxn T2b)
=5 j=i+1

n—4 1

+ YD Piaa ()T T Ty Ty g Te -+ TasTa
=5 x=4

+ (=) Ty Ty Ty 3Tyt - Ty 5Ty 3T 1) XnT2b)

|
N

n

+ ) (F1)" (T2 - Tj—3xnb)

Il
SIS

3 <.
|

P3;(Ty—3T - - T;—3xnb)

+
“

3 o
LR
3
%

(=)™ VTP (1 + ToTy—3) T -+~ Tim2Ta - Tj—3Xnb)
1

+
™

@
Il
,,;,u

+

J=

3

7
+ Z (=) Ty Ty 9Ty Ty 3Ty - T3 Th—s
i=4 r=4

+ (—)rttDiter, T Ty Ty 3Ty 1 T 5Ty 3Tn—a)Xnb)

=B, —2(T5b) + B,—1(—b).

Case 5: Suppose 4 < k <n — 5. Then we separate out the calculation ¢ B,,_1(b). Firstly, the action

of ¢, on the P»; and Ps3; terms of B, _;:

n—2

D (1) Py (T -+ Ty 5xnb)
j=4

+Ztkp3j Tn—3Ts -+ Tj—3xnb)

k
=> (1) Py (T oTs - - Tj_sxnb)

|
—

<.
I
I

(=)™ Pygesa (Tz - Tz xnb)

+
+ (=1)" " Py (Ty - - - Tyy—2Xnb)

+ Z (=1)" Py (Ty—1 T - - - T —3Xnb)

+ ) (=1) Pyj(Ti—2TnsTy - - Tj_3xnb)

+ Ps g1 (—Th—sTo - - - Th_3xnb)

+ Py (—Ty—3T> - - - Th—2Xnb)
2

+ (=1) P3j(Ty—1T—3T5 - - Tj—_3xnb)
= Z(_l)np2j(T2 - Tj_3xnTk—2b)
+ Ps;(Th—sTy - - - Tj_3xnTk—2b).
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Next we calculate the action of t;, on the sum

n—4 n—2

SO ) EHYP((1 4 ToTy3)Ts - Ty oTa -+ Tj—3Xnb)
i=4 j=i+1
using the fact that for all £ > 3

Ty Ty ol Tp3=T3- - TpoTs -T2

to rearrange the Py ;41 term:

k—1 k-1
ST ()" P (L + ToTs) T3+ Ti—oTy -+~ Ty_sxnb)
i=4 j=i+1
k—1 .
) ()M Py (14 ToTy—3)Ts - - TimoTh - - Th_3Xnb)
1=4
k—1 .
) (D" IGP 1 (14 ToTp—s)Ts - Ti—oTa -+ To—aXnb)
1=4
k—1 n—-2 '
+30 3 ()" VP (1 + ToTs)Ts - Tima Ty -+ Ty_sxnb)
i=4 j=k+2
+ (=) P (L ToT3)Ts - T 2T - - T2 Xnb)
n—2
+ (—1)" 540t P (1 + ToT—s)Ts -+ Tho T -+ Tj—3Xnb)
j=k+2
n—2
+ (=)™, Pyogr (1 + ToTy—3)Ts - Tym1 T - Tj—3xnb)
j=k+2
n—4 n—2 )
+ (*1)n(1+1)tkpz‘]((1 + TQTn_g)Tg AR E_QTQ AR T]—3X7Lb)
i=k4+2 j=i+1
n—4 n—2 .
= (=)D P (1 + ToT 3)Ts - Ty_oTs - - Tj_3xnTh—_2b)
i=4 j=i+1
+ (—1)"FVHD o (Th - T Tn—3Tn—a(1 + ToTy3)Ts - - T oTh - - - Th—aXnb)
+ ()P o (Th - T3 Ty a(1 4+ ToTy3)Ts - - - Tho—oTs - - - Th—aXnb).

Finally, we calculate the action of ¢; on the sum

n—4 1

SN Piaa ()" Ty Ty Ty -+ Ty sTo oy -+ TosTh

i=4 z=4

+ (=)D e T 0Ty Ty 3Ty - T 5Tn—3Tn—4)Xnb)

and we get

k—1 1

Z Z te Py (=)™ Ty Ty 9Ty Ty 3Ty - T3

i=4 x=4

+ (—)HDED e T 0Ty Ty 3Ty 1 - T 5T 3Tn—4)Xnb)

k
Y e Prn 2 ()™ Ty T 5Ty Ty g To 1+ Ty 3Tha
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4 (=) Dk te o Ty Ty 3Ty - T 5T 3Tn—4)Xnb)
k+1

) e Prgr ()T T Ty Ty 5Ty Ty 3T
r=4

+ (—D) VR e, T Ty Ty 3Ty - T 5T 3Tn—a) Xnb)

n—4 1
+ Z Ztkpi,n72(<(_1)ni+x+lT3"'Ti72T2"'wa?)wal"'Tn73Tn74

i=k+2 =4
+ (=)D, Ty 5Ty Ty Tor - T Tn3Tna) Xnb)
k=1 i
=D ) P o(—)VEEE T Ty T 0Ty T 3T 1+ TosTh s
=4 x=4

+ (=) Ty Ty T Ty3 Tyt T 5Ty 3T —4) Xnb)
k
+ Y Pegrn ()™ Ty Ty 5Ty Ty 3Ty 1+ Tyo3Ta
r=4

+ ()N EED e Ty 3Ty Ty 3Tyt - Tre5Tn—3T0—4) Xnb)
k+1
Y Peo()"FHOH Ty T Ty Ty gTp -+ T 3T
r=4

+ (_1)(n+1)k+zT2 RV SRV L R Y PSS Tn—5Tn—3Tn—4)an)

n—4 i
+ Z Z Pi,n—2(((*1)(n+1)(i+1)+szT3 Ty oMy Ty 3Ty T 3Ty
i=k+2 2=4

+ ()M T o Ty T3 T - Tyms T3 T a) Xnb).-
To rearrange these terms, we use the identity, for 4 < x <n — 4:
()" Ty Ty Ty5Theo x#k k41
(=D)"Ty T 0Ty Ty5Tk—2 x=k

TprTo Ty 3Ty 1 Thos =
(=)™ Ty Ty 0Ty -+ Ty 5T)—o

+(—1)’“+1T2 o Ts r=k+1
and we get
n—4 14 )
SN Piao(—1)" T Ty Ty Ty Ty 1+ Tp3Tna
i=4 r=4

A+ (=)D T 0Ty Ty 3T+ ToesTi—sT—a)XnTh—2b)
+ P (1) Ty T 0Ty Ty T+ - Ty 3T
+ (=) HORTy Ty 9Ty Ty 3Ty - Ty5Ty—3T—a) Xnb)
+ Peprn—o (1) FORI T 0Ty T 0T+ Ty Ta
+ (=)D, T 0Ty T 9T -+ - T 5T 3T —4) Xnb).
Adding all of the terms of 3B, _1(b) and again using the identity

Ty T Ty Tk—3 = j“3 RN AN PR Tk—2,
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we get

n—2
> (=1)"Po(Ty - Tj_3xnTk—2b)
=4
n—2
+ > Pyj(Tn-sTs- - Tj_3xnTh—2b)
j=4
n—4 n—2
+ Z Z DMV (1 + ToT—3)Ts - Ti—oTo -+ Tj—3Xn Th—2b)
=4 j=i+1
n—4 1 )
F N P ()" Ty Ty o Ty -+ Ty g Ty -+ T osToy
i=4 z=4
+ (=) T 0Ty Ty 3T+ ToesTi—sT—a) XnTh—2b)
+ (1) o (Th - T Tn—3Tn—a(1 + ToTp3)Ts - - Th—oT - - Th—aXnb)
+ P (((—1)"F Ry T 0T Ty T+ Ty s T
+ ()R, Ty 0Ty Ty 3Tk - Tr 5T 3T —a) Xnb)
+ (—D)nEADRD o (Th - Ty T a(1 4+ ToTy—3)Ts - - T2 To - - - Th—2Xnb)
4 Pyt o (1) oD 0Ty Ty 0Ty Ty 3T 4
+ () DTy Ty 5Ty Th 9T+ T 5T 3T —4) Xnb)

=B, _1(—Tk—_2b).

Recall that P,,_4 n_2(b) :=

P(b) and P,_35,—2(b) := 0. When k =n — 4, we have

n—>5
tn—aBp_1(b) =) (=1)"T't, 4Py (To - Tj_3xnb)

=4

+ (_1)n+1tnf4p2,n74(T2 te Tn77an)

+ (_1)n+1tn74p2,n73(T2 - Th_gXnb)

+ (=1)" Mty Poyo (T T Xnb)

+ Z tn 4P3] n 3T2 e Tj—3an)

+ tn—4P3,n—4(_Tn—3T2 e Tn—7an)

+ tn74P3,n73(_Tn73T2 e Tnffanb)

+ tn74P3,n72(_Tn73T2 e Tnff)an)
n—6 n—>5

+> 0> ()M y Py (L4 T Tu-3)Ts - TioaTo - Ty—3Xnb)
i=4 j=i+1
n—>5 )

+ Z(_1)n(1+1)tn—4pi,n—4((1 + 1T, 3)T3- - Ti_oTo - - - Ty_7Xnb)

+ Z UMt 4 Pra((1 4+ ToTp-3)Ts - TivaTo - Tr—6Xnb)
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n—>5

+ Z(_l)n(i+1)tn74pi,n72((1 + 15T, 3)T5 - Ti—oTo - - Th_5Xnb)
i—4

+ tn—4Pn—4,n—3((1 + T2Tn—3)T3 o Tn—ﬁTQ e Tn—Gan)

+tn—aPr_an—2((L+ 12T, —3)T5 - TheTo - Th_5Xnb)

n—>5 1
+ Z Z tn-aPino((=1)" Ty Ty 5Ty Ty 3Tp 1+ Tp3Tn s
i=4 z=4
+ (=)D T 0Ty Ty 3Tom1+ ToesToesTh—a) Xnb)
n—4
Y tnaPa g o ()" Ty Ty 6T+ To 5T 1 -+ T 3Ty
=4
=+ (_1)n+x+1T2 e Tn—6T2 e Tx—3Tac—1 e Tn—5Tn—3Tn—4)an)
n—>5

=Y (1) Py (T—6To - - Tj—3Xnb)
J

+ (_1)n+1P2,n73(T2 T Tn77an)

Il
S

+ (_1)n+1P2,n74(T2 e T’I’L*GX’nb)
+ Py o(—Th 5T Th_5xnb)

+ P(7T2 e Tn—4T2 e Tn—5an)
n—>5

+ Z(_l)jp?)j (Tn—6Tn—3T2 o Tj—3an)

=4
+ Py 3(—Tp—3T5 - Tr—7Xnb)
+ P3pa(—Th—3T - Th_Xnb)
4 (<1)"Pyo(TasTp_3Ts - - To_sxnb)

+ (*1)”P(T3 RN PNV DR Tn—San)
n—6 n—>5

+ Z Z (=) DT P (T (1 4 ToTry—3)Ts -+ Ti—2Ta -+ Tj—3Xnb)
=4 j=it1
n—>5 .

A (1" (14 ToTy—s)Ts -+ Ty—oTa - T 7Xnb)
=4
n—>5 )

+ Z(*l)n(Hl)P@n—d(l + 15T, 3)T5- - Ti—oTs - - Th_gXnb)
=4
n—>5 ,

+ Z(—l)(nJrl)lPi,n—z(Tn—s(l + 1T _3)T3 - Ti_oTo - - - Tr_5Xnb)
=4
n—>5 )

+ Y (=D)VIP(T Ty s (1 4+ ToTy ) Ts - Ty Ty -+ Ty Xn)
=4

+ Pyan—3(—Tn-3(1+ToT_3)T5- - Tp—6T>- - Tr—6Xnb)
+ P(—Tn—3Tn-a(1 +ToT—3)T5- - Tp—6T>- - Tr—6Xnb)

+ P(Th-s(1 + 15T —3)T3 - - Ty—6T2 - - - Tu—5Xnb)
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n—>5 1

+ Z Z P pa(((—1)HDEDFer Ty Ty 5Ty Ty 3Ty - Tre3 T
i=4 x=4
+ (=) Ty Ty 9Ty T 3Ty -+ Ty Tr—3Tn—4)Xnb)
+ Z Z P(((~1) DT Ty Ty Tio Ty TomgTom -+ T T
1=4 r=4
+ (=) Ty Ty Ty g Ty Ty 3Ty 1 -+ Ty 5T 8T a)Xnb)
+ Z P((=0)" " T 4Ty TTo -+ Ty Ty -+ Tym3Ths
+ (_1)n+x+1Tnf4T2 e TnfﬁTQ T Tasf?)wal e Tn75Tn73Tn74)an)
n—2
Z nP2j o ,-ijBXnTnffib)
j=4
n—2
+ Z P3j(Tn—3T2 - Tj_3XnTn—6b)
j=4
n—5 n—2
+ 30D ()P (14 Ty )T - - Ty oTa -+ Tj—3XnTn—cb)
i=4 j=it1
+ Ppan—s3(—(1+ T, 3)T5- T¢I T_6xnTn—cb)
n—>5 1
+ Z Z P o ()™ Ty Ty 9T+ Ty 3Ty - Tyy—5T—s
i=4 r=4
+ (=)D Ty 5Ty Ty 8Ty 1 -~ TosTn 8T a) XnTn—6b)
+ P(_T2 e Tn74T2 e Tn75an)
+ (*1)”P(T3 e Tn73T2 e Tn75an)
n—> .
+ Y (0)FVIP(T, Ty (1 + ToTo—3)Ts - T Ty - - Ty —5Xnb)
i=4
+ P(—Th—3Th—a(1+ 15T —3)T3 - Tr—6T - - - Trh—6Xnb)
+ P(Th—a(1 + 12T 3)T5 - Ty 6T - - Thu_5Xnb)
n—>5 1
+D D P((-)OEERET, T Ty T 5Ty Tos Tyt -+ T3Ta
1=4 r=4
+ (=)™ Ty g Ty TyoTo -+ Ty 3Ty - TyesTy—3T—a) Xnh)
n—4
+ 3 P((~1)" T, 4Ty TyqTy - TomsTomy -+ T Toa
r=4
+ (_1)n+x+1Tn74T2 e TnfﬁTQ T wa?)wal e Tn75Tn73Tnf4)an)
where we have used the fact that T;(T} - - Tx)? = (T - - - Ty)*T}, for j < k to show that

Pn74,n73(_Tn73(1+T2Tn73)T3 e

T Ty -

Tn76an) = Pn74,n73(_(1+T2Tn73)T3 T

T Th -

Tn76XnTn76b)~

Now we observe that the coefficient of P,;(b) in ¢,_4B,—1(b) is equal to the coefficient of P;;(b) in

Bn—l(*
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T,,—6b) when (i,7) # (n — 4,n — 2). Thus the element ¢ € M satisfying P(¢b) = t,,_4Bpn_1(b) +



B,,—1(T,—¢b) can be written as

=Ty Ty aTo-ThsXn
+(=1)"T3- - Tp3To Thos5Xn
— T 3Tn-a(L+ 12T 3)T5 - Tn6T2 - TnoXn
+ Tna(1+ ToTn—3)Ts - Ty—612 - TnsXn

+ ()" (L + ToTs)Ts -+ TosTo - TusXn
n—>5
A (=0T Ty (14 ToTy )Ty -+ Ti9Ta - ToosXn

D ()T, 4Ty T 6Ty TosToy -+ TnsTs

+ (_1)n+w+1Tn74T2 o Tn76T2 o Tm73Tzfl o Tn75Tn73Tn74)Xn
n—4

+ Z(*l)n+i(T3 T¢Iy T 3T 1 - Ty 3T 4T 6
i—4

+ T ThoeTo Ty 3Ty 1 TnsTh—3Tn—aTh—6)Xn
n—5 1

AN ()= Ty Ty - Ty 9Ty -+ To 3Ty -+ TsTh s

i=4 x=4

+ T ToaTo - TioTo - Ty 3Ty TnsTh3Th—a)Xn

First we will rearrange to write this element in the simplest way with y,, still factored on the right, then
we will use Lemma 3.3.4 to show that ¢, and therefore t,,_4B,,_1(b) + Bn_1(Tn—_gb), is equal to zero.

First, we arrange the double sums:

n—>5 1
SN )M (=) T Ty Ty Ty 9Ty -+ Ty sTo oy -+ T 3T
i=4 x=4
+ T TyaTo- T 2Ty Ty 3Ty 1+ Ty 5T 3Tn—a)Xn
= (=) (=T Ty oTy - Ty Ty Ty Tyt -+ TmaT—3Ty—y
=4 x=4

+ T2 e Tz‘—QTi e Tn—4T2 e Taf—?)Tx—l t 'Tn—5Tn—3Tn—4)X'rL
Using the relation for z =3,...,n—5,3 <k <n—4,

(*l)nTQ e T’E—QTI e Tn—4Tz—2 + (*1)I+1T2 e Tn—4 k=xz-1

Tpdlo - T o0y -1y _g= (—1)"Ty Ty oTy Ty sTpy + (—=1)*Ty--- Ty k=zx

(_l)nTQ'"Tw—QTx"'Tn—4Tk—1 k #,Jf— 1z,
we have

n—5 1

SN ()T T T Ty s Ty ToToy -+ Ty s T 3T aXn

i=4 T 4

n—>5i—1

=)D ()T T T Ty Ty Too T+ Ty a T 3T—aXn
i=4 r=3
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3
|
ot
S
|
—

(—)yrttDite T 0Ty Ty 9Ty Ty aTyq -+ T 5T 3T aXn
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(
W~
<. 8
Il
[V}

3
|
ot

(—)rttDt e T 0Ty Ty 9Ty Ty aTyq -+ T T 3T aXn

|
N
[{ng

|
ol

(=)D T 0Ty Ty 3T g+ T aTi1 - Tr5To 3Ty _aXn

_|_
S

3
|
S
<
|
N

(1) Ty Ty 9Ty Tyea T+ TimgTimy -+ Tom5 T 3T—aXn

™
M

s

Il
3 O
| 8

ol
w

(=)D T 5Ty Ty Ty -+ T 5Tn—3Tn—aXn

_|_
S

3
|
o
ol
|
v

(=)t DT T Ty Ty 0Ty Tpg Ty - Ti—3Ti1 - Tr5Tn—3Tn—aXn

Il
i
v
3 O
i
=, W

|
ol
|
N

(=n)rttne T Ty Ty Ty Ti—3Ti1 - Tre5Tn—3T0—aXn

+
(]

(=)™ Ty Ty 4Ty T sTy 1 -+ T 5T 3T aXm

_|_
S

3
|
o
<
|
o

(_1)i+(n+1)mT3 Ty 1T Ty oLy ToaTyq - Ti_3Ts_1 - TrsTn_3Th_aXn

™
N

s
Il
3 &
| &8
S

ol

(=) T Ty Ty 3Ty -+ Ty 5Ty 3Tn—aXn

+
(]

3 -
|
ot ot
<
|
i~}

(=) Ty Ty Ty TypoTy - Tim3Tioq - Tres T —3Tp—aXn

+
(]

3 -
[
SR
8
Il
w

_|_

(=)™ Ty Ty g Ty T sTy 1 -+ T 5T 3T aXn

S

3
|
o
<
|
N

()T Ty Ty T 9Ty TyoaTog - TimsTiy - T To—3TnaXn

™
M

1=6 r=4
n—5i—2

A ()T Ty Ty Ty Toy - TosTiy - T T 3T aXn
1=6 r=4
n—>5

+ Yy (=0T Ty yTo - TiosTio1 -+ o5 Tn—3Tn—aXn
=5

+ (*1)n+1T3 e Tn—4T3 co Tn—5Tn—3Tn—4Xn
n—51—2

AN ()T Ty Ty Ty Ty - Ty Timy -+ Ty T3 — X
1=5 =3

n—51—2

=) O () tEeEr T Ty Ty o Ty ToesToma - TimsTimy -+ Tnes T ToaXn

1=6 r=4
n—>5i—2

+SOS ()T Ty Ty Ty 6Ty Ti Ty - T 5T sTosXn
1=6 r=4
n—51—1

+ ( 1)Z+$T2 e Tn74T2 e T173T:1:71 e T’i73Ti71 e Tn75Tn73Tn74Xn
1=5 x=4
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n—>5s
+ Y ()" Ty Ty Ty TisTiy -+ To5Tn-3Th—aXn

+ (- 1)n+1T3 Ty a3 Ty 5T 3Th—aXn
= Z —1)" Ty Ty 9Ty TyeaTo - T3 i1+ Ty 5Ty 3T a X
=Y Ty Ty Ta - TiaTiy - Too5 T3 T aXn

Y ()" Ty T T3 Ty - T 5Ty 3Th—aXn

+ (=) Ty T Ty 5Ty 3T —aXns

where we have also used the fact that T} - - T To - Tp—a = (=1)(ntDGHEDT, To—aTj_q---

for 3<j <k <mn-—4. Hence

n—>5 1
Z Z DTy Ty 9Ty Ty To - Ty 3Ty 1 - Ty sTh3Th s
=4 z=4
+ T2 . CZ—"L72/I1£ e Tn74T2 e Tzngmfl cee Tn75Tn73Tn*4)X’ﬂ

n—>5 1—2
Z Z DTy Ty oTy - ToaTo -+ TiegTi1 -+ TysTr—3Th—aXn
=6 r=4

n—>5 1
I Z Z —)" Ty T Ty Ty T Ty 3Ty 1 Ty 5Tr—3T)—aXn

1=4 =4
o Z Ty TpyTo- T T g T 5Ty _3Th—aXn

+ Z(—l)"HTg Ty T 3Ty - T 5T 3T —aXn
()" Ty Ty g Ty T 5T 3T —aXn
5

- (1) Ty e Ty Ty Ty g Ty Ty gTiy -~ T 5T 5T X
+ 3 S () Ty Ty Ty Ty Ta - Ty Tt - Tueg T g T
=Y Ty Ty T TiTiy - TosTns T aXn

+ Z(—l)nHT?, Ty gTy Ty 3T 1Ty 5T 3T —aXn

+ (1) Ty Ty 4T3+ Ty 5T 3T aXn

n—>51—2
=Y D ()T Ty Ty TaTa -+ Ti—aTir -+ Tyes T T aXn
1=6 x=4
n—5 n—>5 )
+ (_1)n+z+zT2 o ',Ti—ZTz’ T Tn—4T2 e Ta:—3Tx—1 T Tn—STn—3Tn—4Xn
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n—>5
+ Z(—l)nTz o 3T g Ty Ty - T 3Ty - T 5T 3T —aXn
i=5
n—>5
=Y Ty TyyTo - TiaTiy - To5Tn5Tn aXn
i=5

n—>5
+ Y (YT T Ty TigTimt - Tues T 3T axn
=5

n—5n—>5

= Z Z(_l)n+i+mT2 Ty 0Ty TydTo - T 3Ti1 - Tn5Th—3Th—aXn
i=4 r=4

+ (*1)n+1T3 T Tn—4T3 e Tn—5Tn—3Tn—4Xn
n—>5

+) (=1)"To - Ty3Tir - Ty To - Ticy
=5

Ty Ty sTo-Ti4

+ (=) Ty Ty Ty Ty—3)Ty—1 -+ Tre5Tn—3Tn—aXn-
Substituting this into ¢, we get

p=—To-- Ty yTo- - Ths5Xn
+(=D)"T3 - Ty3To - Ths5Xn
— Tp3Ty—a(L+ 12T 3)T5 - To6To - TngXn
+Tp-a(1+ 1T 3)T5 - Ty6Ta -+ - TnsXn
+ ()" A+ TT3)Ts - TosTo - TusXan

+ (1) Ty Ty 4Ty Ty 5T 3T —aXn

n—>5

D ()T Ty (14 ToTy )Ty - Ty 9Ta -+ Tos X
1=4

n—4
Y (=), Ty Ty 6To - TosTo oy -+ TnsTos
r=4

+ (=), Ty Ty6To -+ Tymg T - Ts T3 Th—a) X
n—d
+ Z(*l)nH(TB o Tyely - TigTi1 - Tn—3Tn-aTh—s
i=4
+ Ty Ty Ty s3Ty1 - TosTn—3Tn—aTn_6)Xn
n—>5
+ Z((*l)"Tz Ty 3Ty g Ty Ty T3

i=5
Ty Ty 4Ty Ti g
+ (="M Ty Ty To - Ti—3) i1 - Toe5T—3Th—aXn

n—5n—5

F DY (YT Ty 5Ty Toa Ty TimgTimt -+ Toms T T a X
i=4 x=4
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Next we want to simplify the single sums. Rearranging, we have

n—>5
Y (DI Ty (14 ToT )Ty - Ty To -+ T X

+ Z((*l)nHHTn—ﬂB o Ty_¢dy - T 3T 1 - T 3T,—4
i—4

+ (=), Ty Ty 6Ty Ti—3Tio1 - Tr5Tn—3T0—a)Xn
n—4

D (1) (T 6Ty Ty Tioy -+ Ty T Th
=4

+ Ty TpeTo- - TigTi1 - Ths5Tn—3Tn—uTh—6)Xn

n—>5

+ Z((_l)nTz Ty 3Ty g Ty o T3
i=5

— Ty Ty sTo--Ti_4

+ (=) Ty Ty T Ty—3)Tim1 -+ Trs T3 Tr—aXn

= Z(_l)(nﬂ)iTi o ToyTy - TioTo - Tr_5Xn
Y ()T Ty Ty T 5Ty Ty o Ta -+ ToosXn
D (=0T, Ty T 6Ty Ty sTiy -+ T3 ToaXn

+ D ()T, Ty Ty Ty TisTior - ToesTaesTaan

+ Z(—l)nHTQ o TyeTa Ty 3T 1T 5T 3Th 4Th 6Xn

= Z_:(—l)iTs Ty ToaTo - Tosxn
EI NI T T Ty T T
+ Z(—D"”“TB o TyeTy T 3Ty TpaTy5Tn—3Th—aXn
+ ‘ (="M Ty Ty 6Ty TisTi1 - Tp6TnaTp_5Tn_3T0_aXn
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n—4
+ Z(—l)nHHTs oLy T 3T 1+ Ty 5Ty —6Tn—aTn_3Th_aXn
i—4

n—4
D (1) Ty Ty Ty Ty sTi g -+ T 5T 6T 3T —aXn
i—4

n—>5

+ Z(—l)(nﬂ)(iﬂ)(Tz o Ti3)* (Tt Trea)*(Toea + Tre3) X

+
0
]

s
&3
o
&
e
53
|
e
I
~
|
=
&
r
+
P
o

e
i
=
&
>
3

_|_
|
—_
N—
3
+
=
¥
o
—
3
=
&
S~—"
™)
=
L
i
=~
S
—~
i
'
_|_
3
&
~—
=
3

=3 Ty TpyTo TigTimy -+ TpsTu 3T aXn

+(=1)"T3 - Tp6T3 - Tpns5Tn—6Tn—aTp—5Tn—aTpn—3Tn—aXn

+ T3 Ty T Ty T s5Th—6Tn—aTn—5Tn—aTn_3T0—aXn.

Using the relation fori=3,...,n—5,k=2,...,n—5,

(—1)"Ty1To - Ty—oTi -+ Tog + (—1)"Fi Ty Ty

T2 to Ti72,Ti to Tnf4Tk = (—l)nTk+1T2 s TZ‘,QTi s Tn,4 + (—1)n+i+1T2 ce Tn,4

(—1)"Tpp1To - TioTy - Tha

we have
n—>5 .
(=D)'Ty---T; 2T TyaTo - Tys5Xn

i=4
n—>5

= (=) T 5Ty Ty 0Ty TreaTia - T X
i=4
n—>5 )

= (I T Ty T Ty Tea it TasXn
i=4

n—>5

) ()T T Ty Ty Ty -+ TosXn

=4
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k=i—2
k=i—1
kti—2i—1,



i
w

(_1)(n+1)iT3 i TTy e Ty o Ty Ty a Ty - Tho—5Xn

i
3 &
|
ot

(=)™ Ty Ty Ty Tya T TrsXn

+
i

3
Tt

+) ()T T 0Ty TyaTioy -+ TrosXn

S

3
.

(="M Ty Ty g Ty Ty—oTy -+ TrmaXn

15

s
(
3 &
|
o

()" Ty Ty g Ty Ty 0Ty - T5Xn

_|_
i

3
|
ot

(=) Ty T To - Ty3Ty1 -+ T X

3
‘ +
ol s

Il

W

(_1)n+iT3 o T g Ty T 0T - Th_aXn

i
3 &
|
ot

(=) Ty Ty To - Ty Ty T X

+
I

(_1)n+i+1T2 . Tn74T2 - Ti72Ti . TnfSXn

+
C\L

=Y (=1)"""Ty - TyaTo- - Ti—oTi - TroaXn

— T2 e Tn_4T2 s Tn_7Tn—5Xn

+ (=) TooaTs - Toos5Xn-

Moreover, we have

|
S

n

(=) HDED (T, T )Ty T 0)?(Toea + Tr3)Xn

= ()T, T Ty Ty s Tiy -+ ToaTioy -+ T 5T 3T —aXn

+ 3 ()" T 9Ty Ty s T - TrsTn—3T0—aXn
=Y T ToaTo - TiaTin - T T 3T axn

+ Y (D) Ty 4Ty Ti3Tim1 -+ Tr5Ty—3Tn—aXn-
Hence we can express ¢ as
p==To - ThuaTo - Thsxn
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+(=D)"T5 - TosTo Ths5Xn

— T 3T a(1+ o1 3)T3 T 6To - Tr6Xn

+ Tona(1+ 12T —3)T5 - Ty6T2 - TnsXn

+ (=) A+ ToTy3)Ts - Ty5To -+ - Trs5Xn

+ (1) Ty Ty T Ty 5T 3T —aXm

+(=1)"T3- Ty 6T To5Th6Tn—aTn 5ThaTn3Tn—aXn
+ 15 Thelo- - Thrlns5Th6Th-aThn—5Tn—aTh3ThaXn
Ty Ty sTo - TnaTo5Xn

+(=1)"T3 - TpaT3 - ToosXn

+ T TpsTo- Ty 7l 5Th—3Xn

+ <_1)n+1T2 e Tn74T3 o Tn75Tn73XTL

+ Z(—l)n+iT2 Ty Ty Ty 5T+ TraXn

+ Z(—l)"JﬂTg o TpeTo - Tis3Ti1 - Th—6(Th—aTh—s + Tn—5Tn—6)Tn—3Tn_aXn
+ Z(—l)"HHTs Ty yTo - T 9Ty Ty 3Xn

+ Z(—l)"JrHlT?, Ty Ty 3Tiq - T (T—aTs5 — T6Tn—5)Tn—3T0n—aXn

+ Y ()T Ty Ty Ty Timy -+ Tos T 3T aXn
i=5
n—5n—>5 o
+ Z Z(—l)nﬂﬂTz Ty o Ty Ty gTo - Ty gTi1 - Th5Ty—3Tn—aXn

i=4 j=4

and rearranging using the identity 75 (7 - - - Tx)? = (T} - - - Ty )*T, we have

p=—To - ThuTo - Th5Xn
+(=1)"T3- - Tn3To Ths5Xn
= Tn3Tn—a(1 + ToTy—3)T5 - Ty—6T2 - Tn6Xn
+Ta(1+ 1T 3)T3 - Ty6Ta - - TrsXn
+ (1) A+ TTa3) T3 TosTo - TusXa
+ (=) Ty Ty s Ty -+ Ty 5T 3T —aXn
+(=1)"T3-Th6Ts Tns5Tp—6Tn—aTn—5Tn—aTn—3Tn—axn
+ T3 TheTo T 7Ty 5Th—6Tn-aTn—s5Tn—aTn—3Th—aXxn
Ty Ty aTo- - TovTosXn

+ (1) T Ty - TusXn
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+1o- - TosTy - Ty 7 Th—5Th—3Xn

+ (71)n+1T2 ce Tn—4T3 e Tn—5Tn—3Xn
n—>5

+ Z(—l)nHTz Ty Ty 3Tiq - T (Tn—aTn—s5 + Tn—5Tn—6)Tn—3Tn—14+ Tns5Tn_6Tn—-sTn_5)Xn
i=5

— Ty Ty _4T5 - Tn77Tn75Tnf4Xn
+ (71)nT2 T 6T - Tn—G(Tn—4Tn—5 + Tn_5Tn—6)Tn—3Tn—4Xn

+ 1o Tyl Toor(Th—aTn—s5 + Tns5Th—6)Tn—3Tn-aXn
n—>5

+ Y ()T T 6Ty T s Tiy - Tos (T 6T a o534+ (TnaTos — T 6Tn—5)Tn3Tn 4
i=5

+ Tn—6Tn—4Tn—5Tn—3Tn—4Tn—3)Xn
+ T3 o 'Tn—4T2 o Tn—7Tn—5Tn—4Tn—3Xn
+ (=) Ty Ty 6T T (T—aTres — Tn—6Tp—5)Tn—3Tn—aXn

Ty Tp6To - TyrTns5(Tn—aTn—s5 — Tn-6Tn—5)Tn—3Tn—aXn
n—5n—>5

+ Z Z(—l)nHﬂTz oWy T Ty g g - T 5T —3Th—aXn
i—4 j—4

=(Ty -+ Ty—6)*(Tn—6(1 + Ty—sTn—3) — Tn—a — Tr_3)Xn
+ (=D)™(T3 - Tr6)*(Tn-6(1 4+ (T — Tn-0)Tn—3) + Tn—5Tn-aTp—3 — Tra)Xn

+ (_1)nT2(T3 T Tn—ﬁ)z(_l + Tn—G(Tn—5(1 - Tn—4Tn—3) + Tn—S) + Tn—5(Tn—4 - Tn—3))Xn

n—>5

+ Z(—l)"HTz T 6To Ty 3T 1 Tr6(Tn6(Tn—s5(—1+TpsTp_3) +Tn4)
i=5
+ Tn—s(*Tn—él + Tn—3) - Tn—4Tn—3)Xn
n—> )
+ Z(—l)n“T?, o TyTy Ty 3Tiy - Ty (Tn—6(—1 4+ TpsTh—a + Tp—sTp—3) + Trs — T—3)Xn
i=5
n—5n—>5
+ Z Z(_l)nﬂﬂTz oy Ty Ty yTo - T 3T 1 T 5T 3Th_aXn.
i=4 j=4

Next we want to substitute for y, on the right of each term. We start with the double sum. Using

Lemma 3.3.4, when n > 12 we have

Z Z DTy Ty Ty TreaTo e Ti—3Tiq -+ Ty Tn—3Th—aXn
i=4 j=4
n—5n—>511—2
=Y 3 Y )Tk = D)y Ty oy TyaTo - TisTeTimy - Tns T 3T
i=4 j=4 k=2

n—5n—5 n—>5
YD > YT Ty 0Ty T Ty Tis Ty - Toa Togr -+ Tnes T T
i=4 j=4 k=i—1
n—5n—5 o

()" Ty Ty 0Ty TpaTo - Ty_3Ty1 - Ty5(To—a — To—3)Ty—3Tp—a

i=4 j=4

+

133



= Z Z (=1 TNk = V)T TjoTj - TpoaTo - TiosTuTiq -+ TyesT—3T—4
i=5 j—4 k=2
n—5n—5
+ Z(-UJHZTQ T Ty Ty g Ty Ty 5T 3T 4
=4 j=4
n—5n—5 n—>5
A ()T T T Ty Ty T Tiy - ThaToga - Too5To 3T
i=d j=d k=i—1
n—5n—>5
+ (=) Ty Ty 0Ty TypaTo - Ty Ty1 - Ty5(Ta — Th3)
i—4 j—4
n—5n—511—4
= Z Z (=17 Nk = V)T TjoTj - TpoaTo - TimsTpTiq -+ TyosT—3Ty—4
i=6 j—4 k=2
n—5n—>5
D (W= DT TyoTy - Tya e TimaTimt - TomsTosTha
i=5 j—4
n—5n—>5
D (VT Ty o Ty Ty Tus T3 Toa
i—4 j—4
n—5n—5 n—5 o
+ Z Z Z (=) TRy Ty Ty Ty To - Ti3 Ty -+ T Tt -+ TresTy—3T s
imd j=d k=i—1
n—5n—5 )
+ ()" Ty T Ty TysTo - Tyos3Tyq -+ Tos(Toea — Tye3)
i—4 j—4
n—5n—>51i—4
=) Z S (1) R = )Ty TyoTy -+ ToaTo - Th1 (T + Thg1) Thgz - Ti—sTimy -+ Tns T 3T
=6 j=4 k=2
n—5n—>5
+ (=1 G = )Ty TjoTj - ToeaTo - Ty—gTiq -+ TyosTn—3Ty—4
i=5 j—d4
n—>5
Y Ty Ty o Ty Ta Ty T T3 T
=4
n—5n—5 n—5 o
+ Z (1) TRy T Ty Ty Ty Ty 3Tiy - Thoo1 T - Tr5T—3T 4
i=4 j—d k=i—1
n—5n—5 )
+ (=) Ty Ty 0Ty T Do Ti3Tyy -+ Type5(Tma — Thys)
i=4 j=4
n—5n—>51i—4 )
=D 2 D DTk =Ty Tyo Ty Toa Ty Tiliz - Tims Tyt Tas T Tna
i=6 j=4 k=2
n—5n—51i—4
+ Z Z Z DI — )Ty Ty oTj - TyoaTo - Tho1 Thpr - Tim3Ty—y -+ Tr5Tp—3Tn—a
=6 j=4 k=2
n—5n—>5
+ (=1 =)y TjoTy o TpeaTo - TymaTymy - Ty T3 T—a
i=5 j—4
n—>
Y Wy Ty o Ty Tya Ty Toes T Taa
=4
n—5n—5 n—>5 o
+ (=1 IRy Ty Ty Ty g T Ty3Tiq - T D1 - Ty Tn3T—a
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n—5n—>5
YD ()T Ty Ty Ty Ty - T Tiy - To5(Toa — Ts)
i=4 j—4
n—5n—511—3
= Z Z Z )HIH Y 4 )Ty - TyoTy -+ ToeaTo - Too1Thrr - TimgTi1 -+ Tre5Tn—3T0—4
=6 j=4 k=3
n—5n—51—4
+ Z Z Z DI (e = )Ty TyoTy - TppmaTo -+ Tym1 T+ Ty—3Tim1 -+ e T—3Tn—a
i=7 j=4 k=3
n—5n—>5
+ Z Z(—1)2+]T2 oy oy Ty yT3- Ty 3T 1+ Ty 5T 3T 4
i=6 j—4
n—5n—5
+ Z Z DIt = )Ty TjoTj - ToeaTo - TymsTiq -+ TyosT—3Ty s

=5 j=4
n—>5 )

Y (F Ty Ty o Ty T a T Ts T3 Toa
j=4

n—5n—5 n—>5

FY DY ()T T Ty Ty Ty T Tiy - ThaTiga -+ Too5To 3T
=4 j=4 k=i—1
n—5n—5

+ Y N ()T Ty 0Ty Ty Ty Tig Ty -+ Ty (Tooa — Tg)
i=4 j:4

= Z Z IR (e DTy Ty o Ty TyoaTo - Ty o1 Thgr - Ti—3Tiq - - Ty Tr3Tys

AN (V) + DTy Ty oTy - ToosTa -+ TiaTyy - To5TnsTs

@
Il
=
.
Il
o B

3
|
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3
|
~
|
I

(=) — )Ty Ty oTj - TpoaTo - Thoo1 Thopr - Tim3Ty—y -+ Tr5Tp—3Tr—a

+
LI
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3w
[
SN
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Il
w

3
|

(=) Ty Ty 9Ty Tya Ty Tio3Tioq - Tr5T—3Tp—4

+
i{ng
(]

i
o
RS
[
o

(=1 = )Ty TjoTj - ToaTo - TyyTiy - TysTr—3Ty 4

_|_
g
i

3
|

—1)j+1T2 Ty s To - Ty 5Ty 3T 4

+
]

Il
o B

3w
|

3

&

3

&

(=) TRy T STy Ty Ty Ty 3Tioy - Th1 T Tn5Tn—3Tp—4

+
1]

i=4 j=4 k=i—1
n—5n—>5

+ (=) Ty Ty Ty TyeaTo - Ty—sTiq -+ Tyy5(Ty—a — T—3)
i=4 j=

n n—>5

7 4
—5n—5i—4 o
- Z Z Z(_l)HﬁkTZ Ty TnaTo - Thor Thoqr - TimgTimr -+ TrosTy—3T0—4
=4 k=3

Y (1 + DTy Ty o Ty Ty To - TiaTioy -+ Ty 5T, 3T
i=6 j=4
n—5n—5 o

+ (1) Ty Ty 5Ty Ty a Ty TigTioy - T 5Ty 5Ty
i=6 j=4
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n—5n—-5
A (W = )Ty Ty 9Ty T aTo - Tia Ty -+ To5Tn 5T s

5
D (G VERnw Y YREY FEER Y VRN ST Y
+ Z(—l)jHB RN VDY FEEE FSVY DR P P Y P

T Z Z Z (=) Ry T 0Ty Ty Ty Ty—s3Tyy -+ Toa Togr -+ Tr5Tn3Tn—s

n—5n—>5
+ Z Z(—l)"+’+jT2 Ty 0Ty Ty Ty Ty 3Ty - Tr5(Thg — Th3)
i=4 j—4
n—5n—51:1—4
- Z Z Z(_l)HHkTQ Ty oy Ty 4Ty Ty A Tq1 - Ty 3Ty 1Ty 5T 3T 4
i=7 j—4 k=3
n—5n—>5

+ Z Z(_l)jHTQ Ty DTy Ty gTo - Ty yTi g Ty 5T 3Ty
i=6 j—4
n—5n—>5

YD ()T Ty 5Ty Ty g Ty TigToy -+ TosTn 5T s

i=6 j=4

n—>5
+ Z(—l)j+1T2 Ty Ty TyoaTy T 5Th3T0—a
j=

+ STy Ty )Ty Ty i Ty Ty T 5T
j=4

n—5n—5 n—5

T Z Z Z (=) Ty Ty T Ty Ty TysTiy - Toe1 Thgr -+ Tne5Tn—3T s
=4 j=4 k=i—1
n—5n—>5

+ Z Z(*l)nHHTz T 9Ty Ty T Ty 3Ti 1 Tm5 (T — Th—3).
i—4 j—4

Now we will change the order of summation in the triple sums so that they cancel. Reordering, we get

n—>5

M1

n—>5
Z(—l)”JrHsz Ty Ty Ty - T 3Ty - Ty 5T —3Th—aXn
=4

%

i
(%28

(=1 Ty Ty 0Ty Ty s T Ty 5T 3T s

1
.
ing
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|
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(=1 Ty Ty 0Ty Ty s Ty T 5T 3T

+
(]

3w
|l
SN

i
wt

(—1)"HHIT, . 9Ty TyeaTo - TigTiq - Tpe5(Th—a — Th—3)

+
%
i

I
o B

3 o
|
3
|
ISy

(=) Ty Ty 0Ty TaTo Ty aTiq - Ty Ty—3T s

+
™
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I
o B
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|
3
|
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(=) Ty Ty Ty TyaTy Ty 3Ty - Ty 5Ty 3T

+
™
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Il
o

s <
|
i
9
<
|
(V]

(=) TRy Ty Ty Ty To - T T Tic1 T TrsT—3T—a
3

<
I
I
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Il
w
Eond
Il
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+ (=) TRy Ty Ty Ty To - Tio1 Tir -+ Tiom1 Tt -+ Tres5Tr—3T—a
Jj=4 i=2 k=i+4+1

n—>

— Z( 17+, - Ty oTj - ToaTo-Tn_5Tn_3Tn 4

j=4
n—>5 )

+ Z(—l)]HB Ty Ty g Ty Ty 5Ty 3Ty
j=4
n—5n—5 )

+ Z Z(—l)"ﬂﬂﬂ Ty Ty Ty yTo - T 3Ty - Ty 5(Tr—g — T3)
J=4 i—4
n—5n—5

+Y Y (T Ty 0Ty Ty Ty TiaTiy - Ty 5T 5T
j=4 i—6
n—5n—>5

AN ()T Ty Ty Toea Ty - Ty s Tiy - T 5T 3T
j=4 i=6
n—5n—9 n—-7

NN () T Ty T s Ty Ty Tigy -+ Tema Thr -+ TaesTnesTa
J=4 i=3 k=it2
n—5n—7 n—>5 o

+ (=) Ty Ty Ty Ty To - Tio1 Tir -+ Tiom1 Tt -+ TresTr3T—a
J=4 i=2 k=it1

n—> .

=Y (-1 Ty Ty 0Ty TyoaTo - Ty5Tp—3Tn—a

j=4
n—>5 )

+ Z(—l)]HTQ RN VY RN FPY VR SN Y
j=4
n—5n—5

+ Z Z(—l)"HﬂTQ Ty Ty Ty T Ty 3Ty - Ty 5(Th—g — T3)
j=4 i—4
n—5n—5

+ Z Z(—l)HlB Ty DTy Ty g Ty g Ty g - Ty 5Ty 3T 4
j—4 i—6
n—5n—>5

+) Y ()T Ty o Ty Ty Ty Tig Ty -+ T T3 Toa
j=4 i=6
n—5n—7

+Y N ()T Ty STy T a Ty T i Tt - T 5T 3T s
=4 k=4
n—5n—7

Y D V)T Ty ToeaTa o Tia Tz Toos T Toa
+ Z Z(—l)nHHHTz RN VY FEEE FSY PR PN PRI FNY Y FSEEY S

+ (=) Ty Ty 9Ty TpaTo Ty 1 Tyg1 - T T—3Th—4
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n—5n—7
+ 2D ()T Ty Ty Ty T T+ T (T = Ts)

+ Z Z(*l)nHHHTz s Ty Ty Ty g T T Ty Ty Ty 5T 3Ty
j=4 i=2
n—5n—7

+ Z Z(—l)nHHTz sy oy Ty T Ty Ty - T Ty —3T0—4
J=4 i=

n—5n—=8

+ Z Z(_l)j+lT2 Ty oy Ty yTo T 1 Tiqo T 5T 3Th 4
=1 i=3
n—5n—7

+ Z Z(—l)]Tz Ty 2Ty Ty gTo Ty 4 Tiqo - Ty s5Th—3Th—4
=4 i=2
n—5n—7

+ Z Z(—l)H—]TZ RN FEY FEERY SV LR SRSV FET IR S FNY S
j=4 =4
n—5n—7

+ Z Z(_l)HkHTz Ty oy Ty 4T3 Ty 1 Tq1 - T 5T 3T 4
=4 k=4

= (T Ty 5Ty Ty aTo - Ty 5Ty 3T s
D (G VERnw RN VREY FRER Y VRN ST Y
+ Z(—l)jHTz Ty 9Ty Ty g T - Ty 8Ty 6Ty —5(Th—s — Tp—3)

+ Z(—l)j+1T2 RN FETY PR FSEDY DR Y PR S

=4
n—>5

+ Z(—l)JTz Ty Ty Ty Ty Ty 5T 3Ty
=4
n—>5

+ D (F1 Ty Tyo Ty TomaTy - Tus T s T3 T
=4
n—5n—38

+ (=) Ty Ty 0Ty TpaTo - Ty Tigr - Tres (=T + Tnes) (L + TymaTym3) + Tra — Th—s)
j=4 i=2

n—>5

T2 T TTL—S(TH—7TR—6TTL—5(1 + Tn—4Tn—3) + Tn—GTn—5(_Tn—4 + Tn—S) + (Tn—6 - Tn—5)(1 + Tn—4Tn—3))
n—_8

+ Z(—l)nﬂﬂ o TiaTipr - Tes((—Th-6 + Tn-5)(1 + TnaTn—3) + Ta — Tp—3))-
i—2

When n = 9 we have

n—>5
Z(_l)jTQ Ty o Ty Ty

Jj=4

T2 et Tn78(Tn77Tn76Tn75(1 + Tn74Tn73) + Tn76Tn75(_Tn74 + Tn73) + (Tn76 - Tn75)(1 + Tn74Tn73))
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n—=_8
Y ()" Ty T Ty -+ Toos (=T + Tos) (1 + T aTos) + Tooa — Ts))
i—2

=Ty T5(ToT3Ty(1 4 T5T6) + T3Tu(=T5 + Ts) + (T3 — Ty) (1 + T5T5))

and

n—5n—>5

Z Z(_l)n+i+jT2 Tt T’j—QTj et Tn—4T2 tet Ti—ST%—l et Tn—5Tn—3Tn—4Xn
i=4 j=4

= — DT T5T3Ty T T5(To — T3 + Ts — Tp)

=T2T4T5(T2T3T4(1 + T5T6) + T3T4(—T5 + TG) + (T3 — T4)(1 + T5T6)).
Hence we can make the substitution for all n > 9 and ¢ becomes

¢ :(TQ e Tn—6)2(Tn—6(1 + Tn—4Tn—3) - Tn—4 - Tn—3)Xn

+ (_1)n(T3 T Tn76)2(Tn76(1 + (Tn75 - Tn74>Tn73) + Tn75 n74Tn73 - Tn74)Xn
+ (—

( ]-)nTQ(Td T Tn76)2(_1 + Tn76(Tn75(1 - Tn74Tn73) + Tn73) + Tn75(Tn74 - Tn*3))Xn

n—>5
Y ()" Ty T 6T+ Ty g Ty -+ T (Tn6(Too5(—1 + T aTous) + Tua)
1=5
+ Tn75(_Tn74 + Tnf?)) - Tn74Tn73)Xn
n—>5
A ()" Ty T 6Ty TysTioy - Toeg(Tog(—1 4 TosTo—s + Tnea D) + Toes — Tus)Xn
1=5
n—>
+ Z(_l)JTQ Ty o Ty T s
j=4
T2 te Tn78(Tn77Tn76Tn75(1 + Tn74Tn73) + TnfﬁTn75(_Tn74 + Tn73) + (Tn76 - Tn75)<1 + Tn74Tn73))
n—_8
D (1) Ty T Ty - Toms (= Tom6 + Taes)(1+ ToaTuzs) + Tnes — Tos)).
=2

Next we need to expand x,, in the single sums. Using Lemma 3.3.4, we have

n—>5

(=0T TpgTo - Tim3Tic1 - Tn—gXn
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n—>5141—3
= Z Z(—l)n+z+k(k + )T Ty 6To - Tp1Ths1 - Tis3Tio1 - Thg
i=6 k=3
n—>5i—4
+ ()T e — DTy Ty 6Ty T 1Ty - Ty—3Tiq - T
i=6 k=2
n—>5

) (D)= V)T To6Toe - TioaTiy - Tog
1=5

+ Z Z ()" Ty T Ty TisTiq -+ Thm1 Thg1 - Tos

n—>5

+ Z(—l)i:’% Ty Ty 3Tiq - Th6(Tha — Tn3)
i=5

+ Z(—l)”+1(i + 0T Ty 6T TigTi1---Thg
i=6
n—>5 )
+ Z(*DHHHT:& o Tygd3- T3 3T 1 The
i=6
n—>5

+ Z(—l)”(i —D)T5--- Ty 6o Ti—sTi1---Thg
i=5
n—5 n—6
+ Z Z ()" Ty T, Ty TisTiq -+ Thm1 Thg1 - T
i=5 k=i—1
n—>5s
+ Z(*l)i% DT TimgTiq - Ty (Thea — Th—3)

= Z Z(il)nJri«Hchng o TyTy - To1Thgr - Ti—s Ty -+ Tpg

+(=1)"T3--- T —6Ty- - Ths

+ Z (=)™ Ry T Ty Tis iy -+ Thma1 Thg1 - Tos

+3 (=03 Ty6ToTi—3Ti—1 - Tn6(Tp—a — Th3)
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=(—1)"T3- - Tp_¢Ty--Thg

+ Z(—l)iT3 o TyTy Ty 3Tiq - Ty6(Th—a — Tn3)

+ ) ()T TogTo - TiaTioa - Tag

—5

Y ()T T 6Ty Ty sTy - Ty
nfz n—"7

+ Z Z (=) Ry T 6Ty T Thogr - Ty Tig1 - T
k=3 i=k+2
n— —6

+ Z Z (=) Ty Ty Ty Ty Tigy - Tiom1 Tir -+ T
=3 k=it1

=(=1)"T3 - Tp_Ty - Tpg

+ Z n—6To- - T; 3T 1+ Ty 6(Th-a—Th3)
+ Z D"y Ty 6Ty Ti_gTi—1 - Ths

+ Z(_l)nﬂﬂﬂ T3 T 3T 1 Ths

+ Z(_l)n+1T3 o TyTy Ty 1Tiyg - Thg

+ Z SRR FY LR FERY SR R SN

n—9 n-—7
+ Z Z (=) T 6Ty Ty 1 Thogr - Tim1Tigr - T
k=3 i=k+2
n—9 n-—7 .
+ Z Z (=)™ Ty Ty 6T Ty Ty - Thm1Thogr -+ Tre
i=3 k—it2

=(—1)"T3-- - Tp—6Ty--Tr—s

+ Z o ToeTo - TisTioq - To6(Tn—a — Tn—3)
+ Z n—6l2- - TisTi—y---Thr
+ Z Tyl TigTiy - Ths

+ Z(—l)”“Tg o TpTo - TiaTyn -+ T

+ Z(-D"HHT?) DT T 3Ti1 - Thg

=(=1)"T3 -+ To—6Ts " Ta-s
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+ (=) Ty Ty 6T T8 T (T — Tr—3)

+ (=) Ty T To - Thesg

6
(=1)Ts - TpeTo - Ti—3Ti—1 - Ter (L Tr(Tr—a — Thu3))

n

+
-
Il
A

3

+ ) ()T T 6Ty Ty Ty - Tos

[

3
|
oo

(=1)' Ty TpgTo - Tio3Tiq - Tn6(Tr—o + T—a — Tn—3)

)

@
Il

3 o

|

o

+ Y ()T T 6Ty T3 Ty - Ths.

%

Il
i

Hence, again using Lemma 3.3.4 to expand the remaining terms with x,, on the right, we can write

(b :(TQ e Tn—6)2(Tn—6(1 + Tn—4Tn—3) - Tn—4 - Tn—3)Xn

+ (_1)n(T3 T Tnfﬁ)Z(Tn76(1 + (Tn75 - Tn74)Tn73) + Tn75Tnf4Tn73 - Tn74)Xn
+ (_1)nT2(T3 e Tnfﬁ)Q(_l + Tnfﬁ(Tn75(1 - Tn74Tn73) + Tn73) + Tn75(Tn74 - Tn73))Xn
n—>5
+ Y ()" Ty Ty 6To- - To 3Ty -+ To6(To6 + Tna — Tn3)(Tu—6(Tn—s(—1+ Tn—sTyy3) + T s)
1=5
+ Tn—S(_Tn—4 + Tn—?)) - Tn—4Tn—3)
A (1) T Ty Tis Ty -+ To(Tom6(Toms (— 1 + ToesTs) + Ts)
=5
+ Tn—S(_Tn—4 + Tn—3) - Tn—4Tn—3)
n—>5
+ Z(_l)n—”-‘rlTi’) T¢I Ty 3Ti1 - TnfG(TnfG +Th—g— TTL73)
=5
: (Tn—6(*1 + Tn—STn—4 + Tn—4Tn—3) + Tn—5 - Tn—S)
n—>5 )
+ Z(—l)lT?, o TyeTy Ty 3Tiq - Ty (T6(—1 + Tps5Ty—a + TpsTp—3) + Trios — Tp,—3)
=5

n—

+ Z(_l)jTQ o Ti—oTy - Trya
j=4

T2 e Tn—S(Tn—7Tn—6Tn—5(1 + Tn—4Tn—3) + Tn—ﬁTn—5(*Tn—4 + Tn—B) + (Tn—6 - Tn—5)(1 + Tn—4Tn—3))

n—_8
+ Z(_l)nJﬂTQ T 711'—11114+1 e Tn—5((_Tn—6 + Tn—5)(1 + Tn—4Tn—3) + Tn—4 - Tn—S))
1=2
n—=6
= ()" Ty Ty 6Ta - Thor Togr -+ Toe6(Tng(—1 = TooaTru3) + Tna + Ts)
k=2

+ T TheTo Tn6(Th—a — Trn—3)(Tn-6(—1 —Tp-sTn_3) + Trs + Tp—3)

T3 Tp6To - Ty6(Tn-6(1 + (Tnes — Tn—a)Tn—3) + Tn—5Tpn—sTr—3 — Tp_s)
n—6

+ Z(_l)k+1T3 e Tn*GTS T kalTk+1 t Tnfﬁ(Tnffi(l + (Tn75 - Tn74)Tn73) + Tn75Tn74Tn73 - Tn74)
k=3
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+ (71)n+1T3 Tt Tn—GTB e Tn—G(Tn—4 - Tn—S)(Tn—ﬁ(l + (Tn—5 - Tn—4)Tn—3) + Tn—5Tn—4Tn—3 - Tn—4)

+ T2 e Tn—ﬁTQ e Tn—6(*1 + Tn—G(Tn—5(1 - Tn—4Tn—3) + Tn—B) + Tn—5(T7L—4 - Tn—3))

n—=6
+ Z(—l)sz o Ty6T3 Ty Tpyr - T (=1 4+ Ty—6(Tn—s5(1 = Tp—aTy—3) + Tp3) + Tp—5(Tp—s — Tr—3))
k=3
+ (_1)nT2 e Tn76T3 e Tn76(Tn74 - Tn73)(_1 + Tn76(Tn75(1 - Tn74Tn73) + Tn73) + Tn75(Tn74 - Tn73))
n—>s
Y ()" Ty T 6Ty Tig Ty -+ Too6(Tn6 + Tnoa — Tns)(Tn—6(Tns(—1+ Tn_aTns) + Tns)
i=5
+ Tn75(_Tn74 + Tnf?y) - Tn74Tn73)
n—>5 )
Y ()T T 6Ty TisTimy -+ Too6(Ta6(Taos (=1 + TrmaTu3) + Toa)
i=5
+ Tn—S(_Tn—4 + Tn—?)) - Tn—4Tn—3)
A (1) T 6Ty Ti Ty - Tom(Tneg + Toa — Tos)
i=5
(The(=1+ Ty 5Tna+ Ty aTp3)+Th 5 —Th3)
n—>5
+ Z(—l)iTzz Tl T 3Ty Ty (Tr6(—1+ Tr5Tna + TnaTp3) + Trs — Tn3)
i=5
n—> ‘
+ Z(,l)JTQ Ty o Ty T
j=4

T2 e Tn—8(T7L—7Tn—6Tn—5(1 + Tn—4Tn—3) + Tn—GTn—5(_Tn—4 + Tn—3) + (Tn—6 - Tn—S)(l + TTL—4TTL—3))
n—_8
+ Z(—l)nHTQ T Tipr - Toos((=Tn6 + Tns)(1 + TnaTp3) + Thoog — Tr3))

=2
:(TQ te Tn—6)2(71 + Tn—G(Tn—5(1 + Tn—4Tn—3) - Tn—3) + Tn—5(Tn—4 + Tn—S))
+ (_1)nT2(T3 e Tn—ﬁ)z(Tn—ﬁ(_l + Tn—4Tn—3) + Tn—4 - Tn—S)
+ (=)D Te6)* (L + Tpe6(Trs (=1 + TmaTr—3) + Tpo3) + Toe5(—Tp—sa + Tr—s) + TomaTr—3)

n—6

+Y (=) Ty 6T o1 Thogr -+ Tre6(Tn—6(—1 — Tn—aT—3) + Tnea + Tys)
k=2
n—"7 )

+ Y ()" Ty Ty 6To - Ti1Tig1 - Toe6(Tn—6(Tn—s(—Tn-a+ Tn-3) — Tp—aTn—3)
i=3

+ Tn75(_1 + Tn74Tn73) + Tn74>

n—=6

+Y (DR T 6T T 1 Thr - Tro(—1 4 To6(Tyos(1 — TraTp3) + To3) + Tr5(Tra — Tr3))

i
- w

+ ) (=) T 6Ty TimaTygr - T (Tn—6(Tnes(—1 + TpeaTy—3) + Tpa)
=3

~.

+ Tn75(_Tn74 + Tnf?)) - Tn74Tn73)
n—7
Y ()T T 6Ty Ty Tign - Toog(—1 + Tno(Tn—5Tn-aTn—3 + Tnoa — Tns) + Tn_s5Tp_3)
1=3
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n—6
Y ()T T 6Ty T Tigr - To6(To—6(1+ (Tns = Tn-a)Tns) + Tn5Tn—aTps — Tns)
k=3

n—"7
+ Z(—l)iT?, T¢Iy Ty Tip1 - Trme(Tn—6(—1 4+ T—sTp—a + Tpp—aTp—3) + Tr5 — Tpr_3)
=3

n—>5s
+ Z(_l)jTQ Ty oTy Ty yTo Ty
j=4

: (Tn—7Tn—6Tn—5(1 + Tn—4Tn—3) + Tn—6Tn—5(*Tn—4 + Tn—B) + (Tn—ﬁ - Tn—5)(1 + Tn—4Tn—3))
n—5n—8 o
+ Z Z(—l)nﬂﬂr& Ty 9Ty Ty T Ty 1Ty - Tye5(—Th6 + Tres) (1 + s Th—3) + Toms — Tho—3).

j=4 i=2

When n =9, we have

¢ =T3To(—1+ T5(Tu(1 + T5T6) — Ts) + Tu(T5 + T5))
—To(T5(—1+ T5Ts) + T5 — Tp)
+ (L4 T3(Tu(—1+ T5T6) + To) + Tu(—T5 + Ts) + T5T5)
—To(T5(—1 —T5Ts) + T5 + Tp)
+ TyT3To(T5(—1 — T5T6) + T5 + Tp)
Ty T (1 4 Ty(Tu(1 — TsT) + Ts) + To(Ts — Tp))
+ T5(T5(1 + (Tu — T5)Tg) + TuTsTs — Ts)
T TA T (ToTTa(1 + TsTs) + ToTa(—Ts + Ts) + (Ts — Tu)(1 + T Ts))

=0.
Now we assume that n > 12. Then

¢ =Ty Tn6)* (=14 Ty—6(Tn-s5(1 + Tp—sTp—3) — Trog) + Tns5(Tns + Tr_3))
+ (=D)"To(Ts -+ Ty—6)*(Tn-6(—1+ Tp—aTp—3) + Tpma — T—3)
+ ()" YTy Th6)?* (14 Te6(Tres(—1 4+ TnoaT—3) + Tpn3) + Trn5(—Trg + T3) + T aTr3)
+ ()" Th6Ts - Tn6(Tn—6(—1 —Tp-aTpn—3) + Tpoa+ Th_3)
+ Ty TheTo - Tpr(Th—6(—1—Tp_sTp—3)+Thna+Th_3)
+ ()" Tpo6Ts - Toor(=1+ Th6(Tn—s5(1 — TnoaTh—3) + Th—3) + Tn—5(Tn-a — Trr—3))

+ (=) Ty T 6T T (T (1 + (Tyes — Tpma)Tr—s) 4+ Te5Tn—aT—s — Tha)

n—"7
+ Z(-U"HTQ o TyeTo T Tip1 - T (Th—6(—1 4+ Tres(=Tn—a + Ty3) + Tro—aTp—3)
1=3
+ Tn—5(*1 + Tn—4Tn—3) - Tn—4 + Tn—3)
n—"7
+ Z(—l)lHTQ T ¢T3 Ty aTipr - T6(1 4+ Th6(Tn—5(1 = TnoaTn3) + Trog — Tr3)
i=3

+ Tn75(Tn74 - Tn73) - Tn74Tn73)

144



n—7
+3 ()" T 6T T Tigr - T (=14 T (Tn—s5Tn-aTp—3 + Tnea — Tpoz) + Tyo5T—3)

i=3
n—"7
+Y (=1)'T5 Tpe6Ts - Tio1Tig1 - Tpeg(Tr—6(1 + Tr5(Thma — Try3) — Tr—aTr—3)
i=3
S Tos(1 = TnsToos) + Tos — Tos)
n—>5
+ Z(_l)jTg Ty _oTy Ty gTo -+ T
=1
(TntTrn—6Tn—s5(1 +TyaTn3) + Trn6Tn—5(—Tn-a+Tp3) + (Th6 —Tns5)(1 +TpnuTn_3))
n—5n—8
YD (=0T T Ty Ty Ty Ty Tt - Tos (=T + Taes) (1 + TomaTos) + Toms — Tos)
j=4 i=2

:(T2 e Tn76)2(1 + Tn76(Tn75(1 + Tn74Tn73) + Tn74) + Tn75(Tn74 + Tn73) - Tn74Tn73)
+ (*1)nT2(T3 Tt Tn—6)2(Tn—6Tn—5(Tn—4 - Tn—S) + Tn—5(1 - Tn—4Tn—3) - Tn—4 + Tn—3)

+ (_1)n+1(T3 e Tn—6)2(_1 + Tn—G(Tn—ES(_l - Tn—4Tn—3) - Tn—4 + Tn—3) + Tn—5(_Tn—4 - Tn—3))

n—"7
+Y ()T TygTo - Tia Tipr -+ Tu6(Tu6(—1+ Tnos(—Tn—a + Tns) + Tn-sTn_3)
i=3
+ Tn—5(*]~ + Tn—4Tn—3) - Tn—4 + Tn—3)
n—"7 )
+ Z(—l)zHTz o TyeTs T Tig1 - Tre(1 + T (Trn—s5(1 — Tyi—aTyo—3) + Tms — Tri3)
i=3

+ Tn75(Tn74 - Tnfd) - Tn74Tn73)

n—"7
Y ()T T Ty Ty Tigy - Taoo(—1 4 Tu6(To—5Tn—aTs + Tns — To3) + T 5T s)
1=3

n—"7T
+ Y (—1)'Ts Ty 6Ts - TiaTigr - To6(To6(1+ Tns5(Tn—s — Tns) = Tn—aTps)
=3

+ Tn—5(1 - Tn—4Tn—3) + Tn—4 - Tn—3)

n—>5
+ Z(_l)jTQ Ty 9Ty Ty sTo -+ Trg
j=4
' (Tn,7Tn,6Tn,5(1 + Tn74Tn73> + Tn76Tnf5(_Tn74 + Tnf?)) + (Tnfﬁ - Tn75)(1 + Tn74Tn73))
n—5n—8 o
AN ()T Ty Ty T Ty Tima Tosr -+ T (=T + Toes) (1 + TneaTs) + Trms — Tnes).
j=4 i=2

Now

i
ot

(=1 Ty Tj 9Ty Ty sTo-Tpsg

Il
(S

3w

(_1)(n+1)jT3 o TioTy - TjoTj TyaTjn-Tposg
j=4

=(—1)"" 5 T g To - Tyt Ty—5Th—s

n—6
+ Z(*l)”ﬂnﬂ)jTg Ty ATy Ty oTy Ty 4Ty T
j=4
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n—6
+ Z(_l)n(j+1)T3 Ty oTy Ty yTj 1Ty g
j=4

=(-1)""Ty - Ty Ty Tyq Ty 5T

+(=)"T3--- Ty 7T Ty 8T —6Tn—5Tn—4

3
|
-

+ (_1)(n+1)jT3 Ty TioTj - Tys Ty Trs

S .
Il
BN

(_1)”j+1T3 Ty 4Ty Ty g Ty Tsg

_|_
Y

+ (_1)n+jT2 o TyaTo - Tj3Tjq - Tog

=Ty Tr—6)*(Tn-7 = Tp—6)Tn—5Tn14

n—"7

4 (=1 Ty Tpr Ty TjoTj - Tpa
j=4
n—"7

+ Z(_l)n+jT2 o Ty T 9T Thg
j=4
n—=6

+ (_1)n+jT2 o TpaTo - Tj3Tjq - Tos
j=4

= - (TZ e Tn76)2Tnf7Tn75Tn74

+ ()" (Ts - Ty6)* (1 + T T—6) Tu—s5Tn—a
n—"7

+ Z(—l)nHHTz’) Tyl Ty aTjp1 - Th6Tn—7Th5Th—a.
=3

¢ =T Tp6)> (1 + Tr—6(Tn—s5(1 + TpoaTn—3) + Tn—s) + Tpne5(Tp—a + Tpo3) — Tp—aTy_3)
—(Ty---Tp6)*Tn 7Ty 5Th 4
(TotTn—6To5(1 4+ TpsTor—3) + To6To5(=Tos + o) + (Tt — Tos) (1 + Tor—aTp—3))
+ (=D)"To(Ts -+ Tr—6)*(Tn—6Tn—5Tn-a — Tn—3) + Tn—s5(1 — Ty—sT—3) — Tr—a + Tpr_3)
+ (=)™ (T -+ Te)* (1 + T Tr—6) TomsTr—s
(To—rTp—6Tn—5(1+ TpaTn3) + Trn6Tn—5(~Tn-a+Tyn-3) + (Tn-6 — Tn-s5)(1 + Tn—aTn—3))

+ (=) (T To6)? (=1 + Tye6(Tr—5(—1 — TpmaTy—3) — Tyea + Te3) + Te5(—Tpma — T—3))

n—"7
+ Z(-U"HTQ o TeTo T Tip1 - T (Th—6(—1 4+ Tres(=Tn—a + Ty—3) + Trn—aTp—3)
1=3
+ Tn—5(*1 + Tn—4Tn—3) - Tn—4 + Tn—3)
n—"7
+ Z(—l)ﬂrl:’é T ¢T3 Ty 1Ty Tn6(1 4+ Th6(Tn—5(1 = Tn—aTn—3) + Ty — T 3)
i=3

+ Tn75(Tn74 - Tn73) - Tn74Tn73)
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n—7
+3 ()" T 6T T Tigr - T (=14 T (Tn—s5Tn-aTp—3 + Tnea — Tpoz) + Tyo5T—3)

.
Il

9w

+ Y (=) T Ty Ty 1 Tjyr - T Ty Ty 5T

3

' (Tn77Tn76Tn75(1 + Tn74Tn73> + Tn76Tn75(_Tn74 + Tnf?)) + (Tnfﬁ - Tn75)(1 + Tn74Tn73))

n—"7
+ Z(—l)iTS o TpeTs T Tiv1 - Th6(Tn—6(1 + Tp—5(Th—a — Thn-3) — Tn—aTn_3)

1=3
+ Tn—5(1 - Tn—4Tn—3) + Tn—4 - Tn—3)
n—5n—38 o
+ Z Z(_l)nﬂﬂTz T 0Ty TaTo - Ty Ty - Tres((—Tn—6 + Tns5)(1 + TppoaTn—3) + Tra — T—3)
j=4 i=2

=Ty Tp—6)*(—=1+ Tn—7(Tn—6(—1+ Ty—5Tn—a + Tp—sTp—3) + Tros — Tp3)
+ T 6(Th-s5(—1—TpuaTp3) —Tpoa+Tp-3)+Tns(—Th-a—Th_3))
+ (=)"To (T Ty6)*(Tpor (=1 + Trr—6(Tp5 — Tp—3) + Trn5Tpa + TpnsTpu3) + Tro6(1 + T 5(Tpos + Th3))
+ Tons(1+Ty_4Ty—3) + Tps — Ty—3)

+ (=) (T Te6)* (=1 + Ty6(Tr—s5(—1 = TpyosTp—3) — Tys + Tr—s) + Tes(—Tra — T—3))

n—7
+ Z(—l)”HTQ o TyeTyTiaTipr - Tn6(Tn—6(=1+ Tns(=Tha+ Tp-3) + T—aTn—3)
i=3
+ T 5(=1+ Ty aTy3) = Thg+Th3)
n—"7
A (1) T Ty Ty 1 Togr -+ Tog(1 4 To6(Toos5(1 — TneaTs) + Tros — Tns)
i=3
+ Tn—5(Tn—4 - Tn—3) - Tn—4Tn—3)
n—"7
+ Z(—l)n“HT?, Ty T Tig1 - Tee (L + Thoeq(T—6(1 = Tho—sT—a — Trn—sTpn—3) — Tm5 + Tpi3)
i=3
+ Tn76(_Tn75 + Tn73) - Tn75Tn74 - Tn74Tn73)
n—"7T
+ Y (1) T5- Ty 6Ts - TiaTigr - Too6(Tn6(1 + Tn5(Tna — Tos) — Tn—aTn—3)
i=3
+ Tn75(1 - Tn74Tn73) + Tn74 - Tn73)
n—6n—=38 o
+ Z Z(il)rH»zJHTQ . ,Tj—lTj—l-l A Tn—GTQ e Ti—lﬂ—&-l e Tn—6
j=3 i=2

: (1 + Tn—6(_Tn—5 + Tn—3) - Tn—sTn—él - Tn—4Tn—3)-

It is still unclear how the remaining terms cancel, so we will have to write each term in standard form.

Considering the double sum, we have

n—6n—8
Z Z(—l)”“”Tg T Tjyr - To6To - Ti1Tir -+ Te

= (Z(—l)””“Tg T 1T ToeTo - Tio1Tip1 -+ Tns
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+ Z(—l)”“”Tz T Ty ToeTo - Tic1Tivr - Tos

+ (1) Ty Ty Tjir -+ ToeTo -+ Tye6(Tr7 + Tg)

+ (1) Ty Ty Ty - Tl - Tr)
n6j-1 . . .

=3 () (=)D Ty T2 T (T - - T 1)*(Tj - Tn-6)?Tn-s

j=3 i=2

+ Z DTy Ty (T T (T - Do)’

+ ()T - Ty )Ty - T6)*(1 = TorTns))
n—6 j—1

( (71)’L+(n+7‘+1)‘7T2(T2 - Ti)Q(Ti—i-l . Tj—1)2Tj (T7 . Tn—6)2

<
Il
@
«
||
N

j—1
D ()OI D)2 (T T Ty - T

=2

+ (=) Ty T )2 (T -+ Tre6)*(1 = Ty—7Tn—s))-
Now using the relation (T} - - - Ty)? = (—1)* 70"/ Hi;;(l—t—TxTxH) for j < k+1 (where we interpret
the empty product as the identity matrix), we have

n—6n—8
Z Z(_1>n+i+jT2 T Ty TeTo Ty - Ths
j=3 i=2
B )21/ n—6 /j—1 i—1 Jj—2 n—"7
=(-1) A TIO+ o) || T] A+ TyTyrn) ) [ JTO+ TeTera) | Tacs
J=3 =2 \z=2 y=i+1 z=j
j—1 i—1 j—1 n—"17
-3 (H 1+TITI+1)> ( IT a +TyTy+1)> ( I a +TZT2+1)>
1=2 x=2 y=i+1 z=j7+1

=J

Yy
n—7 n—~6 i—1 Jj—2 n—7
—(1)<"”<"2V2<Z > (H (1+ T Tt )T( IT @ +TyTy+1)> (H(l +Tsz+1)>Tn_6
1=2 j=1+1 x=2 y=i+1 z=j
n—"7

> (H +TIT$+1>>< ]:[ (1+TyTy+1)>< 1:[ (1+TZTZ+1)>
i=2 j=i+1 ]

n—"7
+ ( H 1+T, TIH)) < H (1+ TyTy+1)> (1- Tn_7Tn_6)>

y=i+1

z=7+1
i—1 n—"7
+ Z < [T+ TxTxH)) ( IT a+ TyTy+1)> (1- T,L_7Tn_6)> .
x=2 y=i+1

Applying the same technique to the other terms of ¢, we have

¢=(Ts Tp—6)*(—1+ Tp—7(Tn—6(—1+4 Tps5Tp—a+ Tn—sTn—3) + Tn-s — Tp—3)
+Th6(Tn-s5(—1 =T 4Ty 3) = Tna+Tn3) + T 5(-Ths—Tn 3))
+ (=) To(Ts -+ Ty6)*(Tn-7(=1 4 Te6(Tr—s — Ty—3) + Tn—sTr—a + Tp—aTy—3) + Tre6(1 + Tpo5(Trma + T—3))
+ T s(14+Th-aTh3)+Th—a—Th_3)
+ (=) (T T_6)? (=1 + Tp6(Tr—5(—1 — Ty sT—3) — Toos + Tro3) + Ty (—T—s — Th—3))
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n—"7
+ ) (=) Ty T Ty (T - - Ts)?

=3
(Th—6(=14+ Tp—s5(—Tn—s + Tp3) + Tn—sTp—3) + Tp—s5(—1+ Ty _4T,—3) — Tpo—s + T —3)
n—"7
+ Z(_l)(n+1)(i+1)TZ(T3 T2 Ty(Tigy -+ Trg)?
=3
: (1 + Tn—ﬁ(Tn—5(1 - Tn—4Tn—3) + Tn—4 - Tn—3) + Tn—5(Tn—4 - Tn—S) - Tn—4Tn—3)
n—"7
+ Y (=)MEHEDIT, TP (Tigs - Te)?
=3
: (1 + Tn—’?(Tn—G(l - Tn—5Tn—4 - Tn—4Tn—3) - Tn—5 + Tn—S) + Tn—6(*Tn—5 + Tn—S) - Tn—BTn—4 - Tn—4Tn—3)
n—"7 .
+ Z(_l)n+(n+1)1(T3 L. Ti)QTi(Ti-i-l . Tn—6)2
=3
: (Tn76(1 + Tn75(Tn74 - Tn73) - Tn74Tn73) + Tn75(1 - Tn74Tn73) + Tn74 - Tnf.?))
n—6n—8 o
+ Z Z(—l)nﬂﬂTQ T T TheTo - Ti1Tir1 - Thg
j=3 i=2

' (1 - Tn—7Tn—6)(1 + Tn—6(_Tn—5 + Tn—3) - Tn—STn—4 - Tn—4Tn—3)

n—"7
:(_1)n(n+l)/2 < H (1 + Tsz+1)> (—1 + Tn77(Tn76(_1 + TnfsTn,4 + Tnf4Tn73) + Tnfs - Tn73)
=2
+ Tn76(Tn75(_1 - Tn74Tn73) - Tn74 + Tnf?)) + Tn75(_Tn74 - Tn73))
n—"7
+ (1)l ( [[a+ TmeH)) (Tr—r(=1+ To—6(Tr—s — Tn—3) + Tn5Tn—s + T_sTp_3)

r=3

+ Tn,G(l + Tn75(Tn74 + Tn73)) + Tn75(1 + Tn74Tn73) + Tn74 - Tn73)

n—"7
+ (_1)(71,—2)(71,—1)/2 ( H (1 + TxTx+1)> (—1 + Tn_ﬁ(Tn_g)(—l — Tn_4Tn_3) —Th_ 4+ Tn_3) + Tn_5(—Tn_4 — Tn_g))

=3
n—"7 i—1 n—"7
n Z(_l)n<n+1>/2 ( H(1 + TITIH))Ti ( H 1+ TyTyH))
i=3 r=2 y=i+1

. (Tnfﬁ(—]. + Tn,5(—Tn74 + Tnfg) + Tn74Tn73) + Tn75(_]~ + Tn74Tn73) - Tn74 + Tn73)
n—7 i—1 n—"7
+ ) (=TT, ( [T+ TITIH)) T( IT a+ TyTyH))
=3 =3 y=i+1
. (1 + Tn*G(Tn75(]— - Tn74Tn73) + Tn74 - Tn73) + Tn75(Tn74 - Tn73) - Tn74Tn73)
n—"7 i—1 n—"7
+) ()T < ITa+ TzT:erl)) ( IT a+ TyTy+1)>
i=3 =2 y=i+1
: (]- + Tn77(Tn76(1 - Tn75Tnf4 - Tn74Tn73) - Tn75 + Tnfd) + Tnfﬁ(_TnfE) + Tnfd) - Tn75Tn74 - Tn74Tn73)
n—"7 i—1 n—"7
+ Y (=) ( [Ta+ TxTerl))Ti( IT a+ TyTyH))
=3 =3 y=i+1

: (Tn76(1 + Tn75(Tn74 - Tn73) - Tn74Tn73) + Tn75(1 - Tn74Tn73) + Tn74 - Tnf‘i)
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n—7 n—6 i—1 j—2 n—"7
H(=nTITEEY N (H 1+T2Tw+1)>Ti< 11 (1+TyTy+1>> <H(1+T2Tz+1)>
=2 j=i+41 y=i+1 z=j
T

n— 6(1 + Tn76(_Tn75 + Tn73) - Tn75Tn74 - Tn74Tn73)

n—7 n—6 A

-1 j=1 n—7
— (eSS (T 1+T$Tx+l)>< II (1+TyTy+1>>< I1 <1+Tsz+1>>

=2 j=i+1 \z=2 y=i+1 z=j+1
. (1 + Tn—G(_Tn—S + Tn—S) - Tn—5 n—4 — Tn—4Tn—3)
n—7 [/i—1 n—"7
4 (_1)(w,—1)(n—2)/2 Z ( H(l + TxTx+1)> < H (1 + TyTy+1)>
=2 =2 y=i+1

(1 =T rTh—6)1 +Tp-6(—Tn-5+Tpn-3) — Tpn—s5Tp—a — Tp—aTp_3).

Rearranging and multiplying by (—1)""2" Y2 we get
n—_8
(1 - TZTS) ( H (1 + T;cTz+1)> (1 + T7L—7(Tn—6(1 - Tn—5Tn—4 - T7L—4Tn—3) - Tn—5 + Tn—3)
r=3

+ Tn—ﬁ(_Tn—5 + Tn—S) - Tn—5Tn—4 - Tn—4Tn—3)
n—"7 1—1 n—17
o (Mo rm)( T avnno)
=3 =2 y=i+1

! (_1 + Tn—ﬁ(Tn—5 - Tn—3) + Tn—STn—4 + Tn—4Tn—3)

n—"7
+ T ( [Ta+ TwTw-‘rl))

=3
: (Tn—6(1 + Tn—5(Tn—4 - Tn—S) - Tn—4Tn—3) + Tn—5(1 - Tn—4Tn—3) + Tn—4 - Tn—3)>

n—7 n—=6 i—1 Jj—2 n—"7
+3) (H(l +Tme+1)> (T( I a +TyTy+1))Tj < [Ta +TZTZ+1)>

i=2 j=i+1 \a=2 y=i+1 z=j

A+ T6(=Tn-s +Thn-3) = Tn—s5Tn—ua — Tpn—sTy_3)
—1

J n—7
- ( (1 JrTyTy+1)> ( H (1 +Tsz+1)>
y=1+1

z=j+1

. (1 + Tn—ﬁ(*Tn—5 + Tn—3) - Tn—5Tn—4 - Tn—4Tn—3)> .

n—"7
:(1 - TZTS) ( H (1 + T.LT.LJFI)) (1 + Tn—G(_Tn—S + Tn—3) — T sTha— TrL—4Tn—3)
=3
n—"7
+ Z ( [Ja+ TszH)) ( IT a+ TyTyH))
=3 =2 y=i+1

: (*1 + Tn—G(Tn—S - Tn—3) + Tn—STn—4 + Tn—4Tn—3)

n—7 n—~6 i—1 Jj—2 n—"7
+> 0N (H(I—FTITIH)) (T( 11 (1+TyTy+1)>Tj<H(1+TZTZ+1)>

i=2 j=i+1 \z=2 y=i+1 z=j

: (1 + Tn76(_Tn75 + Tn73) - Tn75Tn74 - Tn74Tn73)
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Since the matrix (1 + T,,—¢(—Th

that the following basic spin element 1 is equal to 0:

1/) ::(*1)(”/—2)("_1)/2926(,1%—6 - Tn—4)(Tn—5

)
(T

n—7T
=(1 — TuT3) ( [[a+7Top
=3
n—7Tn-—7 :
S (H ST
=2 j=1t r=2

-5 +

H (1+ TyTyta

( Il
y=i+1

)

n—"7

H (1 + Tsz-‘rl))

z=j+1

. (1 + Tn—G(_Tn—S + Tn—S) - Tn—STn—4 - Tn—4Tn—3)> .

Tn73) -

=3

—5Th—4 — Tp—4T,_3) is invertible, we are left to show

- Tn—3)

n—"7 —
= <H 14 TyThty

=2

H (1+T,Ty+

y=i+1

)

) < n—7
y=i+1

IT a+ TyTyH))
j—1
. ( I

y=i+1

J

(L4 Ty Tyt

)

H 1+ TzTZH)).

=j+1

The coefficient of the identity matrix in the standard form of ¢ is

n—"7 n—7n—-7
1—21—221—14—22—0
=3 =2 j=t

We need to show that the for each set I = {iq,...
Ty =T1T,T;, -

yim} with 2 < 43 < -+ < iy, < m— 6, the term
-+ T;,. has coefficient 0. We can assume that m is even (and > 2) since all of the terms in
1) have even length.

If 4,, = 3, then T7 = TyT3 has coefficient

n—7Tn—"7 n—"7

—1—Zl+1—221—2 (i—1)=0.
1=3 j=t =3
For k = 2,...n — 6, define ¥, to be the basic spin element equal to ¥ without any terms 7; with
[ITn{k+1,...,n—6} > 0. Then ¢» = 0 if and only if ¢y, = 0 for all k. We have already shown that

1o = 13 = 0. For k > 3, we can write

k—1
¥, =(1 — ToTh) ( [1a+ TmeH))

r=3
k=1 /i—1 k—1
_ (Ha —i—TszH)) ( I @ +TyTy+1)>
i=3 \z=2 y=i+1
n—7 [ k—1
- < (1 + TwTerl))
i=k r=2
k—1k—1 /i—1 j—1 j—1 k—1
S5 (T ) (s T aeninn)no- (1T aennn))( T aer
1=2 j=i \x=2 y=i+1 y=i+1 z=j+1
k—1n—-7 /i-1 k—1
ZZ( (1+Tsz+1)>< 11 (1+TTy+1)>
=2 j=k \z=2 y=i+1
n—7Tn-7 [/k-1
- ( (1 + TszJrl))
i=k j=1t =2
k—1
:(1 - T2T3) ( (1 + Tach+1)>
r=3
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k—l
+ k? ( 1+T, Ta:+1)>
k—1 I:zil k—1
-3 ( (1+ TszH)) ( I] a+ TyTyH))
=3 \zr=2 y=1i+1
k—1 k-1
s (H +m+1>) ( I « +TyTy+l>)
i= 2 y=i+1
k—1k—1 1—1 " j—1 Jj—1 k—1
+Y ) H(HTITIH)) (T( 11 (1+TyTy+1))Tj+1 — ( 11 (1+TyTy+1)>>< 11 (1+T2T2+1)>
=2 j=1t r=2 y=i+1 y=i+1 z=j+1
k—1
k—1 ::—:12 k—1
+ (k - 1) Z ( H(l + TrTr—&-l)) ( H (1 + TyTy-&-1>>
k—1k—1 Z_ifl o y;f; j—1 k—1
+> > []a +TmTz+1)> (T( II a +TyTy+1)>Tj+1 —~ ( IT a +TyTy+1)>> < IT @ +TZTZ+1)>
i=2 j=i \z=2 y=i+1 y=i+1 z=j+1

where we have used the fact that 7" E;’:—: 1="7(—i) = YF i = k(1 — k). Then the terms T;

in v with i,, = k are given by

k—1

)
n>- H1+TTI+1>< H 1+TyTy+1)>

1=2 szrl

k—1k—1 i
+ (

k—1
Ve — V-1 =( k+1(H 1+T,Tpi1)

1

y=1i+1 =j+1

1 k—1
(1+T, Tm)) ( IT a +TyTy+1)> ( II a +TZTz+1)>

y=i+1 z=j+1

(]

k—2
IT a +TyTy+1)>
y=i+1
-1
(
i+

||
- N

EN
|
e—_—
Il
=N

Y
|

i

k—1
(14 To Tyt )T( H 1+TT1,+1)>T+1< 11 (1+Tsz+1)>
z
Jj—

I|
N

j =1

«
U
N

<
I

x

?

2

k(k+1) 1+Tme+1)>

=2

k—2 i—1

—(k+1)> H 14 TpTot1)

1=2 =2

i—1
J

2k: 2 j k—2
( IT a+ TyTy+1)> Ty ( IT a+ Tsz+1)>
2 j=i x:? y=i+1 z=j+1
2k—=2 /i—1 j—1 k-2
+ (H (1 +T$Tx+1)> ( IT a +TyTy+1)> ( I a +TZTZ+1)>
=2 j=i r=2 y=i+1 z=j+1
k—
=k(k+1) ( (1+ Tme+1)> T 1T
r=2
k=2 /i—1 k—2
i=2 \z=2 y=i+1
k—2k—2 /i-1 j—1 k-2
+Y Y (1 +TITI+1))T¢< IT a +TyTy+1)> < IT a +T2Tz+1)>Tk
i=2 j=i \r=2 y=i+1 z=j+1
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k—2k—2 i—1 j—1 k—2
-3y ( [Ja+ TxTIH)) ( IT a+ TyTy+1)> ( IT a+ TZTZH))Tk_lTk.

y=i+1 z=j+1

Then we have

k—1
(Vr41 = ) Thyr =(k = 1)(k + 1) < [T+ Tach+1)> Tk
=2
k—1 i—1
+(k—1)Z<H(1+T$Tz+1)>< (1+T,Tyin )Tk
=2 =2 y=i+1
k—1k—1 /i-1 k—1
+ZZ<H(1+T$Tx+1)>T< 1+TTy+1>< 11 1+TTZ+1>
=2 j=1 r=2 y=i+1 z=j+1
k—1k—1 i—1 7j—1 k—1
> ( (1 +TmTz+1)> ( I] a+m TyH)) ( (14T, TZH)) T
=2 j=1 \z=2 y=i+1 =j+1
=(k—1)(k+1) H1+TTI+1>T1€ 1+ Tk)

k—2
+(k—1) ( [Ja+ T:,;TwH)) Tk

k
+ (k 1) ( 14+ T,T > ( 1+TyTy >(Tk—1 +T%)
y=1i+1
k—2

+ <H 1+TT$+1> (H(l—kTTyH))

l\’)

y=1+1
k— k—2
Z( (14 TpTppr >< H (1+TyTy+1)>Tk
=2 = y=i+1

k—2k—-2 i—1

k—2
+Y ) H1+TTE+1>T< 1+TﬂJ+1>< 11 1+TT2+1>(1+Tk_1Tk)
y=i+1 J
k—

=2 j=1i r=2 i+1

2

k—2k—-2 /i—1 j—1
- (H 1+T1Tz+1)>< H (1+TTy+1)>< H (1+TTz+1)> (Th—1 + Ti)

1=2 j=¢ y=i+1 z=j+1

2

N

k—2 k=2
[0+ 7T )Tk_l +k(k+1) ( [Ja+ TwTIH)) T

r=2

k—2 i—1 k—2
+(k+1) Z ( H(l + TITIH)) ( H 1+ TyTyH)) (Th—1 + T)

i=2 \ z=2 y=i+1

2 /k—2
-l- ( (1+T, Tx+1)>Tk 1

k

r=2

>
|

> o
|
N N

|
N E-&

M

i—1 j—1 k—2
1 +TpTot ) < H (1+ TyTy-‘,-l)) Tjta ( H (1+ Tsz+1)> (Th—1 + Tk)

w:2 y=i+1 =j+1

i—1 Jj—1 k—2
<H (14 TpTpis >< 11 (1+TyTy+1)>< 11 (1+TZTZ+1)> (Th—1 + Ti)

y=i+1 =j+1

T
|
N N
E N
|
L1

A

2y

k
=k(k+1) (H 1+TTw+1> T—1+ Tk)

k— i—1 k—2
+(k+1) ( (1+ TmTz+1)> ( H (1+ TyTy_H)) (Ty—1 + Tx)
=2 r=2

y=1+1
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k—2k-2 /i—1 j—1 k—2
+ ( (1+Tme+1)>ﬂ< 1+T )E-‘,—l( H (1+Tsz+1)> (Tk—l +Tk)
=2 j=1 =2 y=1i+1 z=j+1
k—2k—-2 i—1 J—1 k—2
- ( H(l + Tsz+1)> ( (1+ TyTyH)) < H (1+ TZTZ+1)> (Th—1 + Tk)
=2 j=1i \z=2 y=i+1 z=j+1
k—2
:k(k‘ + 1) ( (1 + T, Tw+1)> ( T 1T Ty 1)
r=2
k=2 /i1 E_2
+(k+1) ( [Ta+ TITM)) ( IT a+ TyTyH)) (= Th1 T3 1)
=2 \r=2 y=i+1
k—2k—2 /i-1 j—1 k—2
+Y> (1+ TszH)) T; < IT a+ TyTy+1)> T ( IT a+ Tsz+1)> (=Thk—1T5Th—1)
i=2 j=i \az=2 y=i+1 2=j+1
k—2k—-2 /i-1 J—1 k—2
- ( 1+ TxTx+1)> ( I a+ T’yTy+1)> ( IT a+ Tsz+1)> (=T—1TkTy—1)
i=2 j=i \z=2 y=i+1 2=j+1

Hence ¥p1 — Yp = (Y — Yp—1)(—Tk—1Tk+1) for all 2 < k < n — 7. Since 13 — 1p2 = 0, by induction all
terms 77 have coefficient 0 in ¢. Hence t,,_4 B, —1(b) = Bp_1(—Tn—gb).

For k =n — 3, we have
tn—3Bn_1( Z )" Py (T 5Ty - - Tj—3Xnb)

+ > (-1)"Pjp_s(To- - ThosTp—3Tpn—aTo--Tj_3xnb)

+ Y (=)D o (Ty - Ty6(1 4 (Tes + Tea)Ty—3)To - - - Tj—3xnb)

+ (_1)n+1P2,n—2(T2 e Tn—Gan) + (_1)n+1P2,n—3(T2 e Tn—5an)

+ 3 (=1 P3;(Ty—5Tn—3Ts - Tj—3xnb)

3 .
|l
N

Pjn3(Ts ThsTh3Tn-aTy3To - Tj—3xnb)

_|_
3 .
N

+ ) (1P o(Ts - Tr6(1 4 (Tres + Tr—a)T3)Tn—3T2 - - Tj_3xnb)

<
S

+ Pspo(—Th—3T - Tp_xnb) + P3s n_3(—Tn—3T2 - Ty_5Xnb)
n—4 n—4
+ 3N ()P (T, 5(1+ Ty T—s) T - Ti—o Ty - Ty—5Xnb)
1=4 j=i+1
n—4 n—4
0N ()P, (T T 5T T (1 + 12T 3)Ts -+ Tio T - - Tj_3Xnb)
=4 j=i+1
n—4 n—4

+ Z Z n+1 (z+1)+Jp (Ti .. 'Tn—G(l =+ (Tn—s + Tn—4)Tn—3)
1=4 j=i+1

(I + 1T 3)Ts - TioTo - - Tj_3Xnb)
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n—

4
S (=0)"FIP, (14 ToT,3)Ts -+ Ty oTa -+ T Xnb)
=4

n—4
+ Z "R, s((1+ ToTys)Ts - TigTo -+~ To—5Xnb)

l

—I— Z i —s(=D)™ Ty Ty 9Ty - Ty 3Ty 1+ Tr3Tn s
i=4 v=4

+ ()DL 0Ty Ty 3T 1+ T 5Tn_3T0—4)Xnb).

Rearranging, we get

n—2

D (1) Py(Ty - Tj—3xnTn-5b)

j=4

n—2
+ Z P3j(Ty3Ts - Tj_3xnTn—5b)
j=4

—2 n—4
+ Z MDD (1 + ToTy—3)Ts - Ti—oTo - - T3 XnTn—5b)
1= 4] 1+1
+ Z Pip-3(To - TnosTn—3Tn-aTo - - Ti—3Xn)

+ P 3(Ts- - Tys5Ty—3Tn—aTy 3T - - - Ti_3xnb)

+Z ORP, (T ToosTo—3Tn—a(1+ ToTp ) Ts -+ Tj 2Ty - - Ti—gxnb)

+ Z P (1) Ty Ty 5Ty o+ Ty 5Ty - T3 Ts

+ (=1)EDEDHIT, T 5Ty Ty g Tjo1 - TresTr—3Tr—a) Xnb)
+ (*l)nHPz‘,n—z(Tz o Tpe(L4+ (Thes + Tnea)Tn—3)To - - - Ti—3Xnb)

+ (=1 P o (Ts -+ T6(1 + (T + Tr—a) Tn—3)Ty—3To - - Ty—3Xnb)
i—1
+ Y (=)D, (T T (14 (Tas + Toea)Tnos)

j=4

(I T1T, 3)T3 - - Tj_oT5 - - Ti—3xnb)).

Adding B,,—1(T,,—5b), we have

> (=1)"Pip—5(T2+ Tnos5Tn3Tn_aTs - T;_3Xnb)

+ P—s(Ts- - TpsTh—3Tp—aTp—3To- - Ti—3xnb)

i—1

+ Z(*l)n(j+1)+1pi,n—3(Tj Ty 5T 3T a(1+ 10T —3) T3 - - Tj_oTo - - - Tj_3xnb)
=

+ Z P (1) Ty Ty 5Ty e+ Ty 5Ty -+ T3 Ta

+ (—) VDRI, T 0Ty Ty 3Ty 1 - T 5T 3Tn—a)Xnb)
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+ (*1)n+ipi,n—2(T2 o Tpe(L4+ (Thes + Trnea)Thn—3)To- - T;—3Xnb)

+ (=) P o (T -+ T (1 + (T + Tnea) Tr—3) 3T - - - Ty_3Xnb)
1—1

+ ) (~)NEEDTD, (T To(1 4 (Toes + Tnea) Tas)
j=4

(1 + 1T 3)Ts - Tj_oTs - - Ti_3xnb)

+ Z Py o (=)™ Ty Ty 0Ty -+ Ty 3Ty -+ T3 Tya
=4

+ (=)D, T Ty Ty s Ty - Ty T3 T—a) Xn To—sb)).-

Hence, we are left to prove that for each i = 4,...,n —4, the following two elements of M are both equal
to 0: the coefficient of P; ,,_3(b)

(=)"Ty - Ty5Tp—3Tp—aTs--- T3

+ 13T 5T 3T 4Ty 3T T 3
i1

+ Z(—l)"(jH)HTj o Ty 5Ty 3Ty a(1 + ToT3)Ts - - Ty _oTo -+ T3
=4

+ Z((—l)mHHT:s o TioTy e Ty 3T 1 Th3Th—a
=4

+ (=)D, T Ty Ty s Ty - T sTresTh1))Xn
and the coefficient of P; ,,_2(b)
(=) Ty T+ (T + Tpea) L) o+ Ti—s

+ (1) Ty Ty6(1 + (Tyes + Tya)Tr—3) Tn—3To - - Ti—5
i—1

+ ) ()T T (1 (Tas + Toea) Tos) (1 + 1T g) Ty - Ty o T+ Ty
j=4

+ 3 (1) HTy - Tig Ty Tj—sTjr - ToesTo-aTuos
j=4

+ (=)D, T Ty Ty 3T Ty 5T 3Tn—aTn5)) Xn-

The coefficient of Py ,,_3(b) is

((_1)nT2 o Tn75Tn73Tnf4
+ T3 e Tn—5zrn—3Tn—4Tn—3
- T3 e Tn—3Tn—4

+ (_1)n+1T2 t Tn—5Tn—3Tn—4)Xn = 0.

Since T3 . ‘TZ‘_QTQ s Tj_3 = (—1)(i+1)jT2 s Tj_QTQ s Ti_g, for 4 < j < ) <n-— 4, the coefficient of
Pim_g(b) iS

(=)™ Ty5Ty 3Ty —aTo - - T3

156



+ 15Ty 5Ty 3Ty 4Ty 315 T;_3
i—1 ‘

n Z(_l)n(g+1)+1Tj Ty 5T 3T a(L+ ToTy3) T3 - Tj_oTo - Ty
j=4

+ Z((—l)(nﬂ)iﬂﬂ Ty oTo Ty 9Ty 1 Ty 5T aTh 3Th 4
j=4

+ ()DL Ty Ty 0Ty 1+ Tr5Tr—3T—4)) X
=((=1)"Ty Ty 5Ty 3T5 4

+ Ty TusTasTuaToms

i-1

) (=) T ST 5T s (14 ToTys)Ts - Ty o
=4

— T Tyh3Th-s

+ (=) Ty T 5Ty 3Ty
i—1

+ Z((_l)jTQ v T 0Ty Ty3Th—a
j=4

+ (71)n+jT3 T ZFJI*QT]' T Tn75Tn73Tn74))T2 < T 3Xn.
Suppose ¢ > 4 and the coefficient of P,_1 ,_3(b) is 0. Then the coeflicient of P; ,,_3(b) is

((_1)n+1T2 o Tn—5Tn—3Tn—4

=I5 Ty 5Th 3T uTh 3
i—2

+ ) (=) T 5T 5T a(1 4 ToT3)Ts - - Ty
j=4

T3+ Th 3Th 4

_|_

+ (_1)'ILT2 . Tn75Tn73Tn74
i—2
Z((_WHB Loy T 3T —a

Jj=4

<

+

+ (_1)n+j+1T3 Ty 9T - To—5Tn—3T_4)
+ (=) Ty Ty 3Tiq - To5Tp—3Ty—a T3
+ (=0T Ty—3T;—1 + Tp—3T—24
+ ()" T 8Ty - Ty 5T 3T 4
+ (=) Ty Ty gTyq - T 5Ty—3T—a)To -+ - Ty—aXnTi—s.
The last four terms cancel and the remaining terms correspond to the coefficient of P;_1 ,,_3(b) multiplied

by —T;_3 on the right, and therefore 0.

Similarly, the coefficient of Py ,_2(b) is

((_1)nT2 e Tn76(1 + (Tn75 + Tn74)Tn73)
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— T3 Typ6(Tn—s + Tosg + T_s)
+ T3 e Tn_GTn—5Tn—4Tn—3Tn_4Tn_5

=+ (_1)nT2 ce Tn—GTn—5Tn—3Tn—4Tn—5)Xn =0
and the coefficient of P, ,,_2(b) can be written as

()" Ty Tme(1 + (Tym5 + Ty—a)Tr—3)

+ (=) Ty T 6 (L+ (Tyes + Trea)Tr3) Trs
+ Zi((*l)("ﬂ)ml)HTj o Tyo(1+ (Tnes + Tn-a)Tn—3)(1 + ToTn—3)T5 - Tjo
j=4
+ (=) Ty Ty Ty Ty 3T s T
+ (=) Iy T T Ty 5T 3T —a T s)
+(=1)'T5 - Ty 3Ty aTn s

+ (=) Ty Ty 5T 3Ty aT—5)To - Ti_3Xn-
If ¢ > 4 and the coefficient of P;_1 ,_2(b) is 0, then the coefficient of P; ,_2(b) is

(=)™ Ty Ty (1 + (Tyes + Tnea)Tps)

+ (=15 Ty (1 + (T + Tpa)Tn_3)Th_3
i—2

+ Z((—l)("H)UH)HHT;‘ o Tp(L+ (Thes + Tpea)Tn3) (1 + o1 3) T3 - - Tj
j=4

+ (_1)i+jT2 - Tj,gTj co T s3T T s
+ (=) Ty Ty 5Ty Th5Ty—3Ty—aTr—5)
+ () Ty Ty Ty Tos
+ (=) Ty T 5T 3T —aTy—5)To - - - Ty—axnTis
+ (D™ Ti1 -+ Too6(1+ (Tns + Tr-a)Tn—3) (1 + ToT—3)T5 - - Ti_3
+ Ty T 3Ty 1 Ty 3T 4Th s
+ (=) T 3T 1 T 5Tn 3Ty aTn5)T2 - Ti—3Xn
=((—=1)"" Ty Tpo6(L+ (T + Tn-a)Tn—3)T5 -+ - Tj_3
+ (=)™ Ty To6Tp—5Tn—3Tp—aTn5T5- - T;_3
+ (=)™ T T (Tos + Toea + Too3)To - Tivs

+ (=) T;—1+ Tye6Tn—5Tn—aTp—3Tp—aTy5To - Tj—3)To - Ti_3xn = 0.
For 5 <k <n-3,
tkBn—2(b) = t3tpBy—1(=b) = t3By_1(Tk—2b) = Bp—2(Ti—2b).
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Case 6: In characteristic 3, when 2 <i<n—4,i < j <n— 3, we have

tn—2Pyj(b) =(—1)™ Pyj((Ts — Tos + To1)b)
+ (_1)n+(n+l)(i+j)+ijpi,n_2(Tj_l T s(1+ (Typ—g — Tpp—3)T—1)b)

+ (=) Py o (T -+ Te5(Ty—a(1 = Tpy—3Ty—1) + Tp—1)b).

Thus the action of ¢,,_2 on B,_1(b) is given by

tn—2Bn—1(b) =

n—3 )

Z(—l)nﬂHP%((Tn% —Th-3+Th1)T2 - Tj—3xnb)

j=4
n—3 .

A (=), o o(Tyy -+ Taes (14 (Tnea — Toes)To1)T2 - Ti—sxnb)
j=4
n—3 )

+ Y (1) o (Ty - T (Toea(1 = Tym3Tno1) + T1)To - Tj—3Xnb)
=4

+ Py o(=Tn1To- - Th_5xnb)
n—3 ]

+ 3 (~1Y Pyj((To—s — Tues + Tne1)TosTo - Tj_3Xnb)
=4
n—3 .

+ Z(_l)anS,nf2(ijl o Tyes(1+ (Th—s — Ty—3)Tri—1)Tr—3T2 - - - Tj_3Xnb)
=4
n—3

+ > (1Y Pjpno(T5- Tnes(Tn—a(l = Tp—3Tp—1) + Tpo1)Tr—3T2 - - Tj_3xnb)
j=4

(—1) AP o (Tyq -+ Toos(1 4 (Tyeg — Ty3) Ty 1) (1 + ToTp3)Ts - - TioTo - - - Tj_3Xnb)

() HADHIp o (Ty - Tos(Toea(1 = Ty 3T 1) + To1) (1 + ToT3)T3 - Ty_oTs - - - Tj_3xnb))

+ (_1)(n+1)iPi,n72(Tnfl(]- + 15T, 3)T5- - Ti—oTs - - Tr_5Xnb)

W~

=4
n—4 1

AN P ()OI Ty T 0Ty Ty g Ty -+ To3T s
i=4 rz=4

+ (=) Ty TioTo - T3 To1 -+ Tre5T—3Tn—4) Xnb).

Rearranging, we get

n—2
th2Bn_1(b) =) (=1)"Po(To---Tj_sxn(Tn—4 — Tn—3 + Tn-1)b)
J
+ (=1)"Pyp—o(To - T_sxn(—=Tn—s + Tr—3)b)
n—3

+ Z(*l)jﬂpz,n—z(ﬂ Ty 3Tj1 - Tpos(1+ (T—a — Tym3)Tr—1)Xnb)
=4

Il
kS
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n—2

+ Z P3j(Ty—3T2 - Tj3Xn(Th—a — T3+ Ty, —1)b)
=4

+ PB,n—2(Tn—3T2 tee Tn—5Xn(*Tn—4 + Tn—3)b)

n—3
+ ) (1P o(To - Tj_3Tj—1 -+ Toes(—Tn—aTn—3Tn—1 + Tz + Tn_1)Xnb)
j=4
n—4 n—2 )
+ Z (=)D (14 ToTo—3)Ts - Ti—2To - Tj—aXn(Tn—a — Tn— + Tn-1)b)
i=4 j=it+1
n—4 )
Y (1), (L4 ToT0—3)T5 - TioTa -+ Tom5Xn(—Tms + Ts)b)
i=4
n—4

(=) P o (To -+ TrsTo - Tj—3(Tr—a(1 — Tr—3Ty—1) + True1)Xnb)

+
(]

3 .
|l
NS

(=1 Pjpo(Ts -+ TysTo - Tj—3(Ty—a(T—3 + Tn—1) — Tn—3Tn—1)Xnb)

+
3 Q.
NG
3
|
w

(1) NIp o (Ty g TesTs - Ti—oTo - Tj_3(1 + (Tr—g — Tp—3)Tru—1) Xn)
1

+
™

-~
Il
S

F

J=1

3
&
3
w

(—0)"HIp (T g TsTo - TioTo - Tj_3(—Tn—aTr3Tp1 + Tnz + Tp1)Xnb)
1

+
1]
(]

@
Il
kS

s

Jj=1

3
L
3
i

(_1)n+i+jpj,n72(T3 T 0Ty T (Th—a(1 = T3T—1) + Tooe1)To - - - Tj—3Xnb)
1

+
1]
(]

-
Il
=

T

Jj=1

3
IS
3
N

(=1)HHP; o o(To - Ty—o Ty T (T a(Tr—s + Tr1) — T3 Tr—1)To - Tj—3Xnb)

+
™

i=4 j=i+1
n—4 1

+ Py (1) T 5Ty Ty 3Ty - T3 Ty s Ty
1=4 r=4

+ (*1)(n+1)(i+1)+zT2 T 0T Ty 3Ty - TyesTh—3Th—aTh—1)Xnb).
Adding B,,—1 ((Th—4 — Tri—3 + T5,—1)b), and changing summation variables, we get

tn—4Bn—1(b) + Bn—l((Tn—4 - Tn—S + Tn—l)b)

=(=1)"Pyy2(To- - TpsXn(~Tn-a+ Tn_3)b)
n—>5
+ Z(—l)jHPz,nﬂ(Tz T Tjpr - Tes(1 4+ (Th—a — Ti—3)T—1) Xnb)
=
+ P3,n72(Tn73T2 e Tn75Xn(_Tn74 + Tn73)b)

n

+ (*1)jP3,n—2(T2 T T D5 (=Th—aT—3Th1 + T + T1) Xnb)

|
S

3 .
s N

(—)"EHDH P (14 ToTn_3)Ts - TioTo - TrsXn (=T + Tn_3)b)

+
LI

+3 (=1)"Po(To - TysTo - Tig(T—a(1 = To3Tpo1) + Tpm1) XnD)

<
Il
'S
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1
W

+ (=1)'P;po(Ts - TosTo - Ti—s(Ty—s(Tp—3 + Tn-1) — Tn—3Tn_1)Xnb)

3
ol
NG
3
|
w

(=)t HDIp o (Tyy - TosTs - TioTa - Tj—3(1 + (Ty—g — Tp3)Tr—1)Xnb)
1

+
™

-
Il
kS

<
I

j =1

w +

1
=~
3

(=) HIp, o (Ty_y - TsTo - Ti—oTo - Tj_3(~Tr—aTr3Tp—1 + Tnz + Tp1)Xnb)
1

+
™
=, Ti
e

3
|
IS
|
-

(=) TP, o(Ts - Tj—oTj -+ Ty (Tr—a(1 — Tre3Tro1) + Tpm1) T - - Ti—3Xnb)

+
N\g)
LIl

1
W

(=)D o(To - Tj—oTj Toes5(Tn—a(Tp—s + Tp—1) — Tn—3Ty—1)To - - Ti—3Xnb)

+
INg

=5 j=4
n—4 1

+ Py o (1) Ny Ty 0Ty Ty 3Ty - T3 Ty a(—T—a + Th3)
=4 j—4

+ ()DL T 0Ty Ty 3Ty - T sTn—3Tn—a(—Tn—a 4+ Tp3)) Xnb)-

First we will show that the coefficient of Ps ,,—2(b) in t,,—2Bn_1(b) + Bp—1((Th—4 — Tn—3 +Tr—1)b) is 0.

Using Lemma 3.3.4 and the relation

n—>5 n—>5
Z(—l)sz Ty aTjer - ThosXn = Z(—l)sz Ty Tjq1 - T (Th—s — Th—3)
= =2

(and (T},—4 — T,,—3)? = 0), we can write the coefficient of P ,,_2(b) as

n—>5
(=D)"Ty - TosXn(~Tnoa+ Tuoa) + Y (1) Ty Ty 1Ty -+ Taosxn (14 (Toea — To3)T1)
Jj=2
n—>5
=) (D) Ty Tigq - Toos (=T + Tos)
k=2
n—3
+ (=D)"(k = )Ty Tp 5Tk (=Tn—sa+ Tn-3)
k=n—4
n—>5
+ (_1)3T2 e Tj—ljjj—i-l T Tn—5(_Tn—4 + Tn—S)(l + (Tn—4 - Tn—3)Tn—1)
j=2
n—>5

=) (- Ty T 1 Thpr -+ T (=T + Ths)

k=2
+(-)"Ty - Th5(Th-a — Tn-3)(—Th—a +Th_3)
n—>5 )
+ Z(_l)jTQ o Tp Ty Tpos(=Tha +T-3)
=2
=0.

Similarly, we can write the coefficient of Ps ,,_2(b) in t,,—2B,—1(b) + Bp—1((Th—4 — Tn—g + Tn—_1)b) as

n—>5
T 3o TosXn(—Tn-a+ Tus) + D (=1 To- - Tj 1 Tji1 - TnosXn(TnaTn3Tn 1 — Tns — T 1)
j=2

n—>5
= ()T, 3Ty T Thgr -+ T (— T + Tus)
k=2
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+ sl Tys(Thos — Tn—3)(—Tp—s + T—3)

+ Z(_l)jT2 e Tj—lTj+1 e T7L—5(Tn—4 - Tn—3)(Tn—4Tn—3Tn—1 - Tn—3 - Tn—l)

Hence we are left with
tn72Bn71(b) + anl((Tn74 - Tn73 + Tnfl)b)

=2 (NP, (14 TaTo )T - T2 To - T X~ Tt + Ts)b)
+ Z(—l)”“PLn,Q(TQ o T 5Ty Ti_g(Tr—s(1 = Tp_3Tp_1) + Tpp1)Xnb)
+ Z(_l)ipi,n—Z(TS Ty 5Ty T 3(Th—a(Th—g + Th—1) — Tn—3Th—1)Xnb)
+ Z ‘ (=)t I P o(Ty oy TosTs - TioTo -+ Ty_3(1 + (Tr—s — Tne3)Tr—1)Xnb)
+ Z (=) FDIP, o (Tyy T sTo - Ty_oTo - Tj_3(—=To—sTp—3Tn—1 + T3+ Tn_1)Xnb)
+ Z S (1" IR o (Ty - Tyo Ty Toes(Tnea(L — TuesTno1) + Tom1)To -+ TisxXnb)
+ Z (—1)™ Py o (Ta - Tjo Ty Tnes(Tn—a(Tr—s + Tne1) — TsTn—1)T2 -+ Ti_sXnb)

+ Py o (1) Ty 0Ty Ty 3Ty1 - T3 Ty a(—T—a + Th3)

+ (71)(n+1)(i+1)+jT2 9Ty Tj_gTj_l cee Tn_5Tn_3Tn—4(*Tn—4 + Tn—3))an)

n—4

= Z P ()" (L4 ToTyy3) Ty -+ Ty—oTo - Tres(~Tma + Ths)
i—4

+ (=) T s (Tea(1 = T3Te1) + Tyt T Tig

+(=1)'T3 - Ts(Ty—a(Tr—3 + Tne1) — Tn—3Ty—1)T2---Ti—3

n—3
+ Z (=) NI T 5Ty TioTo - Tjoa(1 4 (Thea — Tn-3)Th—1)
j=it1
n—3
+ Z (=) Ty Ty 5Ty Ty T Ty (—T—aTp—3Tp—1 + Tz + Tp1)
j=it1

1—1
+ Z(*l)nHHTB T 0Ty Ty s (Th—a(1 = T3 Ty1) + Tt T - T3
j=4
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i—1

Sy

j=4

%

+ Z(*l)ni+j+1T3 .

Jj=4

+ Z(_l)("+1)(i+1)+jT2 .

j=4
The coefficient of Py ,,—2(b) is
=((-1)"(1 + T2T5—3)T2 - -

+ (71)n+1T2 .

+ Ty T (Toe

+ Z

- Z(—
j=5

("+1 JT

+ T3 o Tn73Tn74 (Tn74 - Tnf

+ (_1)"+1T2 .

=(=1)"Ty -

(T3 +Thot)

Tn_5T2 e

Lo Ty 5Ty

Tn75(_Tn74 + Tnf‘i)

Tn—5(Tn—4(1 - Tn—BTn—l) + Tn—l)

- Tn—3Tn—1)

Tj_3(14 (Th-a — Tn—3)Th-1)
Tj—3(—Tp—aTy—3Tn—1+Tpg+Th1)

3)

Tn75Tn73Tn74(_Tn74 + Tn73))Xn

Tn—5Xn (Tn—4 - Tn—B)

STy Ty gn(—1 4 TaaToca)

|
ot

n

Y (1T Ty T Tnesxn(1+ (Thea — Tn-3)Th—1)
Jj=2
n—>5
Y (-)"YTy - Tjo1 T TpesXn(—Tn—aTp—3Tn—1 + Tz + Tn-1)
=2
=Y ()" Ty 1 Togr - Tys(Trg — Tr3)
k=2

(_l)nTQ e Tn—5(Tn—4

+
+ (=) Ty T,

n—>5

Z(_1)7l+k+1T3 .

+

+ T3 e Tn—5(Tn—4 - Tn—S)(f

+Z 1)ITy Ty 1Ty
=2

Typ1Thtr- - Th-

: Tn—S(Tn—4 - Tn—

- Tn—B)(Tn—4 - Tn—3)

s(=14+Th_4Tp—3)

s(—1+T,_4T,—3)
1 + Tn—4Tn—3)

3)(1 + (Tn—4 - Tn—3)Tn—1)

+ Z(—l)"+jT2T2 Ty Tjyr - Tos(Tnea — Tn3) (=TT 3T 1 + T3+ Tn1)
=2
n—>5
= Z(—l)kHTz Ty Thgr - Tres (Tri—a — T—3)
k=2

163

Ti_oTj - Tps(Ty—a(Th—g + Tyim1) — Tn—sTp—1)To - Ti—3
TioTo- - Tj_ 3Ty TysTy_a(—Tn—s+ Th_3)
TioTo - Tj_3Tj 1 TrsTp—3Ty—a(=Thn—a+ Th-3))x

ab).



) ()T T T - Taes(—1 + TomaTss)
k=3
n—>»5

+Z(—1)JT2 Ty Ty Ty (Th—s — T—3)
=2
n—>5

+ ) (1) Ty Ty 4Ty - Toos(—1 4 ToaTy)
=3

=0.

To prove that the coefficient of P; ,,_2(b) in t,_2B,—1(b) + Bp—1((Th-4 — Tr—3 + Tp—1)b) is 0 for i =

5,...n —4, we will use induction on i. We can write the coefficient of P; ,,_o(b) for 4 <i <n —4 as

(=)™ 4 ToTy3)Ts -+ Ty—oTo - Tres(~Trma + Thus)
+ (=) Ty Ty 5 (Tya(1 = Ty 3Tp1) + Toa)To - - Ty
+ (=1)"T5 - Tpo5(Tpoa(Tp—g + Tpo1) — Tn—3Tp—1)To - Ti—3
+ Z DA I, T 5Ty Ty Ty Tyos(1+ (Tnea — To3)Tn1)
J=i+1
+ Z DI,y Ty 5Ty Ty Ty T (=T 4T 5Tt + Tos + Tn1)
Jj=i+1
1—1
Y ()T Ty o Ty Ty (Tooa(l = Ty —3Tp1) + Too1) T+ - Tig
j=4
i—1
+ Y ()T Ty Ty T (T -a(Tos + Too1) = TosTo1)To - Tios
j=4
i—2
+ Z(—l)mﬂHTa) T oDy Ty 1 Tjr - T 3Ty—a(—Th—g + T—3)
+ Z nH)(ZH My TyoTo - Tj1Tjg1 - T 5Ty 3Ty a(=Tra + Tr3)) X

=((=1)"" (1 + ToTp-3)To - Tpos(~Tr—a + Trm3)

+ (=) T 5 (Thea(1 = T3 1) + Thet)

+ (_1)ZT3 e Tn75(Tn74(Tn73 + Tnfl) - Tn73Tn71)
n—3
+ ) ()OI T 5Ty Tys(1+ (Taes — Toes) L)
j=i+1
n—3 o
+ > ()T g Ty s ToTy - Ty (=T aTy 3T 1 + Tuos + 1)
j=i+1
i—1
) ()T Ty Ty T (Toea(1 = TomsTooy) + Ton)
j=4
i—1
+ Z(_l)H_j—i_lTQ o E—QTj T Tn—S(Tn—4(Tn—3 + Tn—l) - Tn—3Tn—1)
Jj=4
1—2 o
+Y (=) T Tyr - T3 Ty a (T + Tes)
j=2
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i—2

+ Z(—l)"+i+j+1T2T2 Ty Ty TysTn 3Ty —a(—T—s + Ty—3)) T - - Ti_3Xn-

=2

Now suppose 5 < i < n—4 and the coefficient of P;_1 ,,—2(b) in t,,—2Bp_1(b)+Bn—1((Th—1

is 0. Then the coefficient of P; ,,_2(b) is

()" 1+ ToTy—3)To -+ Tyes(—Tp—a + Tn—3)

+(-

+(-

+Z

- Z(fl
s
+Z(—1>

+Z
+Z

+Z(—1
j=2

DTy Ty 5 (Tma(1 = T3 The1) + Tret)

1)i+1T3 T Tn75(Tn74(Tn73 + Tnfl) - Tn73Tn71)

e T Ty Ty 3(1+ (Ts — To3) 1)

z+]T2

2+jT2

(=)™ Ty -

+ (71)(n+1)i+1n_1

+ (=) Ty
+Ty - Ti3Tiq -
Ty Ty gTy q -
+ (-

=(-Ty--

+(=1)"T5 - T

+ (,1)”+1T3 -
+To- - Ti3Tiq -
=0.
We have

tn—QBn—Q(b) = t3tn—23n—1(7b) = t3Bn—1((Tn—4 - Tn—3 + Tn—l)b) = Bn—Q((Tn—4 - Tn—3 + Tn—l)b)-

TisTiq---

YTy Ty 5T T Ty (—Ty—aTn—3Ty—1 + Ty + T1)

n+i+j+1T3 e Tj7211j e Tn75(Tn74(]~ - Tn73Tn71> + Tnfl)

] 2T Tn—S(Tn—4(Tn—3 + Tn—l) - Tn—3Tn—1)

Tj1Tjpr- - TnsTy—a(—Tp—a+ Th_3)

VI Ty Ty Tygr -+ T Tr3Tn—a(=Tnea + T T -+ Ti—axnTi—3

Ton—sTo---Ti—3(1+ (Th—g — Tr—3)Tr—1)

cTsTs - Tig(—TaTp—3Tp—1 + T3 + Th1)

Ti3Ti1-Tpos(Tna(l =Ty 3Th—1) + Th1)

Tn—5(Tn—4(Tn—3 + Tn—l) - Tn—3Tn—1)

Tn—3Tn—4(_Tn—4 + Tn—3)

DMy T 8Ty - Ty 5Ty 3Tna(=Tnea + T To -+ Ti—3Xn

Tn75(1 + (Tn74 - Tn73)Tn71)

3Tt D5 (—TnaTp—3Tn-1+ Tho3z+Tph_1)

TisTiq - Ths5(—Tn-aTy—3Th—1) + Thn—g + Tn-1)

Tn—5(1 + Tn—4Tn—1 - Tn—BTn—l))TZ e Ti—SXn
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Case 7:

n—2
tn—1Bn—1(b) = Z(—l)n+j+lp2j (T—1T2 - Tj—3xnb)
=4
n—2
+ Z(*l)JP?,j (Tn—1Tn—3T> - Tj—3xnb)
=4
n—4 n—2
+ Z (—1) DI P (T, (1 + ToTn—3)Ts - Ti—oTh - - Tj—3Xnb)
i=4 j—it1
n—4 1
+ Pipo((—1) VDT Ty T Ty T 3T 1 Th3Th 4
i—4 j—4
+ (=), Ty Ty o Ty -+ Ty 8Ty - Toms T 3T —4) Xnb)
n—2
= Z(_I)HPQJ(TZ e Tj—SXnTn—lb)
=4
n—2
+ Y Py(Tu 5Ty TjsxnTn-1b)
=4
n—4 n—2
+ Z (=)D (14 ToT—3)Ts - - Ti—oTo - - Tj—sXnTr—1b)
=4 j—it1
n—4 1
+ P o(=1)" Ty Ty 9T Ty 3Ty Ty3Th—4
1=4 z=4
+ ()T T 0Ty Ty sToy -+ ToesTo—3Tn—4) XnTn—1b)
:anl(_Tnflb»

tnlen72(b) = t3tnlen71(_b) = tBanl(Tnflb) = Bn72(Tn71b)~
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