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Abstract

This thesis consists of two research projects on the spin representation theory of the symmetric

group.

In Chapters 2 and 3, we determine the modular decomposition of the spin representa-

tion of Sn indexed by the partition (n − 2, 2). Whilst James provided a characteristic-free

construction of the linear representations of the symmetric group Sn, there is no analogous

construction for the spin (or projective) representations of Sn, i.e. the linear representations

of a double cover S+
n of Sn. The most crucial open problem in the spin representation theory

of Sn is determining the number of times each prime characteristic irreducible appears in

the decomposition of the modular reduction of a characteristic 0 irreducible. Inspired by

James’ description of the linear representations of Sn in terms of submodules and induced

modules, recovering the Specht modules, Wales showed that inducing the basic representa-

tion from S+
n−1 to S+

n provides an irreducible 2-modular representation other than the basic

representation, leading to a description of the modular decomposition of the spin representa-

tions denoted by the partitions (n) and (n− 1, 1). We extend this method to determine the

decomposition of the spin representation corresponding to (n− 2, 2).

In Chapter 4, we establish combinatorial results about bar-core partitions. When p and

q are coprime odd integers no less than 3, Olsson proved that if λ is a p-bar-core partition,

then the q-bar-core of λ is again a p-bar-core. We establish a generalisation of this theorem:

that the p-bar-weight of the q-bar-core of any bar partition λ is at most the p-bar-weight of

λ. We go on to study the set of bar partitions for which equality holds and show that it is a

union of orbits for an action of a Coxeter group of type C̃(p−1)/2× C̃(q−1)/2. We also provide an

algorithm for constructing a bar partition in this set with a given p-bar-core and q-bar-core.
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Chapter 1

Introduction

The modular representation theory of the symmetric group Sn and its double covers S±
n can be under-

stood through the combinatorics of partitions. In the linear representation theory of Sn, the combina-

torics of rim s-hooks and s-core partitions classifies the s-blocks of modular irreducible representations

of Sn. In the projective representation theory of Sn, there is an analogous theory of p-bars first realised

by Morris [19], and Humphreys [9] proved that p-bar-cores classify the p-blocks of modular irreducible

spin representations of Sn. We will see that much of the linear representation theory of Sn is parallel to

the spin representation theory.

Our first chapter will begin with James’ construction of the Specht modules [11], providing a complete

set of irreducible linear representations of Sn over a field of arbitrary characteristic. We then describe the

theory of spin representations of Sn, i.e. the linear representations of a double cover S+
n of Sn sending

the element z ∈ S+
n to −1, which are equivalent to projective representations of Sn. A complete set

of ordinary irreducible spin representations is labelled by the set of bar partitions [25], i.e. partitions

with distinct parts (or simply finite subsets of N), and the combinatorics of removing bars determines

the modular structure of the algebra arising from S+
n . We will state the modular branching rules of

Brundan and Kleshchev [2], who showed that the irreducible spin representations of Sn in characteristic

p are labelled by restricted p-strict partitions, as well as the theorems of Wales [26] and Morotti [18],

who determine the modular decomposition factors of the ordinary irreducible spin representations of

Sn labelled by partitions of n into 1 or 2 parts. We will apply all of these theorems to obtain a new

result: the precise decomposition of the ordinary irreducible spin representation labelled by (n− 2, 2) in

arbitrary characteristic p > 0, with the exception when p = 3 and n is a multiple of 3. This exceptional

case is the motivation for the second chapter.

Whilst spin decomposition numbers have been calculated for n ≤ 18 by Maas [16], we are still

a long way from understanding them in general. A construction for the spin representations of Sn

over a field of arbitrary characteristic, analogous to James’ construction of the Specht modules, is still

out of reach. We can, however, emulate James’ methods to provide a characteristic-free construction
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of the spin representation corresponding to (n − 2, 2). In the second chapter, we will induce a basic

spin representation of S+
n−1, labelled by the partition (n − 1), and we will construct a copy of the

ordinary irreducible spin representation S((n − 2, 2)) inside the induced module. Our construction

will allow us to identify the p-modular irreducible spin representation D((n)R) as the quotient of two

submodules of S((n − 2, 2)) when p = 3 and n is a multiple of 3, hence showing that the multiplicity

[S((n− 2, 2)) : D((n)R)] is positive.

In our final chapter, we continue to use the linear representation theory as a guide for the spin repre-

sentation theory of Sn and establish analogues for bar partitions of the results in Fayers’ ‘A generalisation

of core partitions’ [6]. Fayers proved that for coprime positive integers s, t, the s-weight of the t-core of a

partition α is at most the s-weight of α, generalising Olsson’s result that the t-core of an s-core is again

an s-core [24]. We generalise another result established by Olsson in [24], which says that for coprime odd

integers p, q ≥ 3, the q-bar-core of a p-bar-core is again a p-bar-core, by showing that the p-bar-weight

of the q-bar-core of any bar partition λ is at most the p-bar-weight of λ. We further investigate the set

Cp,q of bar partitions λ which have p-bar-weight equal to that of their q-bar-core, just as in [6], Fayers

studies the set CS:t of partitions α which have s-weight equal to that of their t-core, and find that Cp,q

has analogous properties to those of Cs:t. By considering a natural action of the affine Weyl group Wp

of type C̃(p−1)/2 and its invariants, we prove that the two sets Cp,q and Cq,p are equal, that any bar

partition in this set is a pq-bar-core, and that the p-bar-core of the q-bar-core of λ ∈ Cp,q is equal to the

q-bar-core of the p-bar-core of λ. Finally, we provide an algorithm to determine the bar partition in Cp,q

with a given p-bar-core µ and q-bar-core σ such that the q-bar-core of µ is equal to the p-bar-core of σ,

and construct a bijection between the Wp ×Wq-orbit containing Υp,q, the maximal bar partition which

is both a p-bar-core and a q-bar-core, and the direct product of the power set of {1, . . . , (p−1)
2 } with the

set of p-bar-cores and the set of q-bar-cores.
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Chapter 2

The projective representation theory

of the symmetric group

2.1 Linear representations of Sn

Irreducible FSn-modules, for a field F of characteristic p > 0, were classified by James [11], who did so

by constructing the Specht modules in a characteristic-free way. For the benefit of readers unfamiliar

with James and Kerber’s work, we outline the theory of rim-hooks and cores here.

We may visually represent a partition α = (α1, α2, . . . , αr), i.e. a decreasing sequence of (not neces-

sarily distinct) positive integers α1 ≥ α2 ≥ · · · ≥ αr, by its Young diagram [α], which has αi nodes

in the ith row, for each i ∈ {1, . . . , r}, with each row starting in the first column. The hook-length hij

of the (i, j)-node, in the ith row and jth column of [α], is found by adding the number of (k, j)-nodes

with k ≥ i to the number of (i, l)-nodes with l > j. We refer to the (i, j)-nodes with (i+ 1, j + 1) ̸∈ [α]

as the rim of [α]. The hij pairwise adjacent nodes along the rim of [α] from the lowest node in the jth

column, i.e. the (k, j)-node with k maximal, to the (i, αi)-node are collectively called a rim hij-hook

and denoted by Rij . Whenever a diagram [α] has an (i, j)-node with hook-length s := hij , we may

remove a rim s-hook from [α] to obtain the Young diagram of a different partition α\Rij of Sn−s. If

instead [α] has no nodes with hook-length s, then we say that the partition α is an s-core.

Example. Below is the Young diagram [(4, 4, 2, 1)], which has just one 5-hook. The (1, 2)-node is high-

lighted with a •, the (1, 2)-hook R12 is highlighted in red, and the removable nodes of the corresponding

rim 5-hook are highlighted with ×’s:

• ×
× × ×
×

Adopting the convention that αi = 0 for each i greater than some fixed r ∈ N, the strictly decreasing
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sequence of integers α1 − 1+ k > α2 − 2+ k > . . . , for some k ∈ Z, is called a beta-set for the partition

α = (α1, α2, . . . ), and is denoted by Bα
k .

James’ s-abacus has s runners extending infinitely in both directions, with the leftmost runner labelled

by multiples of s, and the position directly to the right of i labelled by i + 1. A bead configuration is

associated with a partition α via the beta-set Bα := Bα
0 by placing a bead at the position labelled by

αi − i for each i ∈ N.

Removing a rim s-hook from [α] then corresponds to removing an element x ∈ Bα such that x− s ̸∈ Bα

and replacing x with x − s. Thus we obtain the bead configuration for an s-core by moving the beads

in the configuration for α on the s-abacus up their runners as far as possible. Since the order in which

we move the beads is irrelevant, there is only one s-core which can be obtained from a partition α by

removing rim s-hooks, and we denote the s-core of α by α̃s. The number of moves needed to reach

the bead configuration of α̃s from the configuration of α, or equivalently, the number of rim s-hooks

which can be successively removed from the diagram [α], is the s-weight of α; we denote this quantity

by wts(α).

The s-quotient of α is the s-tuple of partitions corresponding to the bead configuration of each runner

of the s-abacus as s separate 1-abaci. Each partition α is uniquely determined by its s-core α̃s and its

s-quotient.

Example. Below are the configurations of the partition α := (4, 4, 2, 1) (on the left), and α̃5 = (3, 1, 1, 1)

(on the right), on James’ 5-abacus. As noted in the previous example, the 5-weight of α is 1. A beta-set

for α is Bα
0 = {3, 2,−1,−3,−5,−6, . . . }, we have Bα̃5

0 = {2,−1,−2,−3,−5,−6, . . . }, and the 5-quotient

of α is (∅,∅,∅, (1),∅) (where ∅ denotes the empty partition).

Removing rim s-hooks has a strong connection with the modular representation theory of the sym-

metric group, as the two ordinary irreducible representations corresponding to the partitions α and β

belong to the same s-block of s-modular irreducible constituents if and only if α̃s = β̃s. This important

result was first conjectured by Nakayama, and should be referred to as the Brauer—Robinson Theorem

after those who first proved it in 1947. There also exists a recursive formula to determine the values of

the irreducible character ⟨α⟩ of Sn on the conjugacy classes of Sn, both of which are indexed by partitions

of n.

Theorem (The Murnaghan—Nakayama formula). For partitions α and σ of n, if σ has s as a part,

and σ′ is the partition obtained by removing s from σ, then

⟨α⟩(σ) =
∑
i,j

(−1)αi+j+k+1⟨α\Rij⟩(σ′)
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where the sum is taken over all nodes (i, j) of α such that hij = s (and ⟨∅⟩ = 1).

Example.

⟨(42, 1)⟩((4, 3, 2)) =− ⟨(32, 1)⟩((4, 3)) + ⟨(4, 2, 1)⟩((4, 3))

=⟨(3)⟩((3))− ⟨(13)⟩((3))

=1− 1 = 0.

Now we will outline James’ construction of the Specht modules. For a partition α = (α1, . . . , αr) of

n, an α-tableau t is obtained by placing each of the numbers 1, . . . , n in different boxes of the Young

diagram [α]. If t is an α-tableau, then t denotes an α-tabloid, an α-tableau with unordered row entries.

We draw an α-tabloid as a Young diagram without vertical lines. There is a natural action of Sn on the

set of α-tableaux, and therefore on the set of α-tabloids. The stabiliser of any α-tabloid is a conjugate

of a Young subgroup

Sα
∼= Sα1

× · · · × Sαr
.

The FSn-module Mα spanned by α-tabloids is isomorphic to the permutation representation of Sn on

the cosets of a Young subgroup Sα. An α-polytabloid is an element of Mα of the form

et :=
∑

π∈V (t)

sgn(π)πt,

where t is an α-tableau and V (t) is the column stabiliser of t.

Example. If

t = 1 2 5 6

3 4

then V (t) = {1, (1 3), (2 4), (1 3)(2 4)} and

et =
1 2 5 6

3 4
− 3 2 5 6

1 4
− 1 4 5 6

3 2
+

3 4 5 6

1 2
.

We define the Specht module Sα to be the subspace of Mα spanned by polytabloids. Since πet =

eπt for each α-tableau t and π ∈ Sn, the Specht module Sα is an FSn-submodule of Mα, and it is

generated by any one polytabloid. We say that an α-tableau t is standard if the numbers are strictly

increasing from left to right along the rows and down the columns of t. Over any field, we can take

{et|t is a standard α-tableau} as a basis for Sα.

In characteristic 0, the Specht modules Sα, indexed by partitions α of n, give a complete set of (ordi-

nary) irreducible representations of Sn. Moreover, since permutation modules have the same definition

over any field, this construction makes it possible to determine the irreducible representations of Sn over

a field F of arbitrary characteristic p > 0.

Define an Sn-invariant bilinear form on Mα: for α-tabloids s, t, let

f(s, t) :=


1 if s = t

0 if s ̸= t

.
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Then for every pair of α-polytaboids es, et, writing zj for the number of parts of α equal to j, the integer

zj ! divides f(es, et) for all j > 0. Hence, in positive characteristic p, the restriction of f to Sα is non-zero

if and only if α is p-regular, i.e. zj < p for all j. It follows that the module

Dα := Sα/(Sα ∩ Sα⊥)

is non-zero if and only if α is p-regular, where

Sα⊥ = {a ∈Mα|f(a, et) = 0 for all α-tableaux t}.

Now by the Submodule Theorem [11, Theorem 7.1.7], for each partition α of n, every FSn-submodule

of Mα either contains Sα, or is contained in Sα⊥. When α is p-regular, the radical Sα ∩ Sα⊥ of f is a

maximal proper submodule, and Dα is therefore an irreducible FSn-module. In fact,

{Dα|α is a p-regular partition of n}

is a complete set of irreducible FSn-modules.

Example. When α = (n), the Specht module Sα is just the trivial FSn-module, and when α = (1n),

Mα is isomorphic to the regular representation module, and Sα the alternating representation.

If α = (n− 1, 1), then α-tabloids are uniquely defined by the number in their second row. The action

of the standard generating transpositions si := (i, i+ 1) of Sn on the α-tabloid tk with k in the second

row is given by

siti = ti+1

siti+1 = ti

sitj = tj if j ̸= i, i+ 1

so Mα is the natural module where elements of Sn act by permuting basis vectors, or equivalently, it is

the trivial module induced from Sn−1. In this case, standard α-tableaux are also uniquely defined by the

number in their second row, which must be one of 2, . . . , n. Thus {e2, . . . , en} is a basis for Sα, where

ek is the polytabloid with the number k in the second row of the tabloid with a positive sign:

ek =
1 · · · k − 1 k + 1 · · · n

k

−
2 · · · n

1

.

Note that this is well-defined because we can always take standard tableaux as an index for the basis of

Sα so that the tabloid with a negative sign in ek will always have 1 in the second row.

Now suppose α = (n − 2, 2). Then Mα can be thought of as the permutation module on 2-subsets

of {1, . . . , n}, or as the trivial module induced from the Young subgroup Sn−2 × S2. We can take as a

basis for Sα the set of polytabloids {eij} where eij = eji is indexed by the standard α-tableau with i, j
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in its second row (so that i < j ⇒ 2 ≤ i ≤ n− 1 and 4 ≤ j ≤ n). If we write tij for the α-tabloid with

i, j in its second row, then

eij = tij − t1j − tik + t1k,

where k = 3 if i = 2, or k = 2 otherwise.

We will adopt similar methods in Chapter 3 in order to construct the spin representation of Sn

corresponding to the partition (n− 2, 2).

2.2 Spin representations

A projective representation of a group G on a finite-dimensional vector space V over a field F is

a function ρ : G → GL(V ) such that ρ(1) = 1 and for each pair of elements x, y ∈ G, there exists a

non-zero σ(x, y) ∈ F with

ρ(x)ρ(y) = σ(x, y)ρ(xy).

Equivalently, we can think of projective representations as a homomorphism from G to PGL(V ), the

projective general linear group acting on V . By the associative law in G and GL(V ), for all x, y, z ∈ G,

the function σ must satisfy

σ(x, 1) = 1 = σ(1, x)

σ(x, yz)σ(y, z) = σ(x, y)σ(xy, z)

and σ is called a 2-cocycle [8, p. 1]. Then a linear representation of G is a projective representation

with trivial 2-cocycle: σ(x, y) = 1 for all x, y ∈ G.

Two 2-cocycles σ, θ are said to be cohomologous if there exists a function f : G → F such that

f(1) = 1, f(x) ̸= 0 for all x ∈ G, and for each pair x, y ∈ G,

θ(x, y) = f(x)f(y)(f(xy))−1σ(x, y)

and we call the set [σ] of 2-cocycles related to σ in this way the cohomology class of σ. The set of

cohomology classes [σ] for 2-cocycles σ forms a finite abelian group M(G) under the operation

[σ][θ] = [σθ],

and is called the Schur multiplier of G. Now projective representations of G can be viewed as linear

representations of a central extension of M(G) by G which contains M(G) in its commutator subgroup.

We call this extension a representation group for G.

When G = Sn is the symmetric group, the Schur multiplier M(G) has order 2 if n ≥ 4 and is trivial

otherwise [8, Theorem 2.9]. We call a representation group of Sn a double cover of Sn. When n ≥ 4,

Sn has two proper double covers, often denoted by S+
n and S−

n , and the linear representation theory of
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each group is equivalent to the projective representation theory of Sn. Each has a centre {e, z} of order

2 contained in the commutator subgroup, making the exact sequence

1 → {e, z} → S±
n → Sn → 1.

The two groups S±
n are distinguished by the order of the element corresponding to a transposition in Sn:

order 4 in S−
n and order 2 in S+

n . We will restrict our attention to S+
n , whose generators t1, . . . , tn−1 are

lifted from the generating transpositions of Sn and satisfy the relations

t2i = 1 = z2, titi+1ti = ti+1titi+1,

zti = tiz, titj = ztjti for |i− j| > 1.

Note that Sn
∼= S+

n /{e, z}, and representations of S+
n that send the element z to the identity are precisely

the linear representations of Sn. If z is not in the kernel of an irreducible representation ρ of S+
n then

we say that ρ is a spin representation of Sn, and we necessarily have ρ(z) = −1.

Schur determined the irreducible spin characters of Sn [25], giving a method for finding character

values with recursive functions that generate shifted λ-tableau, obtained by filling the nodes of the

shifted diagram {(i, j)|1 ≤ i ≤ j < λi} of λ with the numbers 1, . . . , n. The ordinary irreducible spin

characters of Sn are labelled by the set Pn of bar partitions λ of n, decreasing sequences of distinct

positive integers

λ = (λ1, λ2, . . . , λr)

that sum to n (often referred to as strict partitions).

Denoting by l(λ) = r the length of λ, we say that λ is even if n− l(λ) is even, and odd if n− l(λ)

is odd. Define the sign representation sgn on S+
n by sgn(ti) = −1 for i = 1, . . . , n− 1 and sgn(z) = 1.

Then we say that two spin representations ρ, φ are associate when φ = sgn⊗ ρ.

If λ is even, then there is one self-associate ordinary irreducible spin character ⟨λ⟩ labelled by λ. If λ is

odd, then there are two associate ordinary irreducible spin characters ⟨λ⟩0, ⟨λ⟩1 labelled by λ.

A conjugacy class of Sn corresponding to a partition α (giving the cycle shape of the permutations in

that class) either lift to one conjugacy class in the double cover S+
n , or split into two conjugacy classes

of S+
n . Schur showed that the elements in S+

n corresponding to a partition α split into two conjugacy

classes if and only if α is either a bar partition with an odd number of even parts, or α has no even parts.

Note that spin characters vanish on the non-split conjugacy classes.

Example. The conjugacy classes of S+
4 are as follows:

• Two conjugacy classes of size 1: {1} and {z};

• One conjugacy class of size 12, consisting of elements corresponding to transpositions in S4;

• One conjugacy class of size 6 corresponding to the partition (22);

• Two conjugacy classes of size 8, each corresponding to the partition (3, 1);
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• Two conjugacy classes of size 6 corresponding to (4).

There are three irreducible spin characters of S+
4 with characters (2,−2, 0, 0,−1, 1,±

√
−2,∓

√
−2), and

(4,−4, 0, 0, 1,−1, 0, 0). The other irreducible representations of S+
4 are lifted from linear representations

of S4.

Throughout this chapter, we will denote by F an algebraically closed field of odd positive characteristic

p. Note that spin representations do not exist in characteristic 2, and if p > n, then FS+
n is semisimple,

so we need only consider p ≤ n.

A partition µ is p-strict if any repeated parts are divisible by p. When µ is p-strict we say that µ is

restricted p-strict if for each i = 1, . . . , l(µ) − 1, the parts of µ satisfy µi − µi+1 < p when p|µi, and

µi − µi+1 ≤ p when p ∤ µi.

Over F , the irreducible spin characters of Sn are labelled by the set Pp
n of restricted p-strict partitions

µ. This labelling was established by Brundan and Kleshchev [2], who also provided branching rules

for the induction and restriction of irreducible spin representations using the link between modular

representation theory and the combinatorial theory of crystal bases. Thus the main problem in the spin

representation theory of the symmetric group is determining the multiplicity of p-modular irreducible spin

representations, labelled by restricted p-strict partitions µ, in the decomposition of ordinary irreducible

spin representations, labelled by bar partitions λ, in odd positive characteristic p.

For a partition α, define the p-residue of the (r, c)-node of [α] to be the number in the rth row and

cth column of the diagram of α when we fill each row with the repeating sequence of numbers

0, 1, . . . , (p−3)/2, (p−1)/2, (p−3)/2, . . . , 1, 0, 0, 1, . . .

We say that µ ∈ Pp
n is p-even/odd if the number of non-zero residues in [µ] is even/odd. If µ is p-even,

then there is one irreducible spin character of Sn labelled by µ; if µ is p-odd, there are two irreducible

spin characters labelled by µ [2].

Example. The partition λ := (9, 2) is 5-odd as the number of non-zero residues in the following diagram

is odd

0 1 2 1 0 0 1 2 1

0 1

so there are two associate irreducible spin characters labelled by λ.

As we saw in the previous section, the irreducible linear representations of Sn in characteristic p fall

into blocks which are indexed by p-cores, and there is a rich, developed theory of p-hooks and p-cores

of partitions revealing a great deal of information about the linear representation theory of Sn. The

p-blocks of irreducible spin representations of Sn are indexed by p-bar-cores, and there is a theory based

on the combinatorics of removing p-bars from bar partitions that is parallel to the linear theory of hooks.

For odd integers p ≥ 1, removing a p-bar from a bar partition λ means either

(i) removing x ∈ λ such that 0 ≤ x− p ̸∈ λ, and replacing x with x− p if x ̸= p; or
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(ii) removing two parts x, p− x ∈ λ (where 0 < x < p).

(p must be odd because of the incompatible possibility that a bar partition could have a 2p-bar but not

a p-bar, e.g. p = 4 and the partition (6, 2).)

Morris was the first to realise that bars were the appropriate analogue to hooks for the spin repre-

sentation theory of Sn, and established a spin analogue of the Murnaghan—Nakayama formula, giving

a recursive method for calculating the values of the irreducible spin characters ⟨λ⟩ of S+
n [19]. In [25],

Schur showed that for a bar partition λ and partition σ of n, if σ has at least one even part, then the

irreducible character(s) labelled by λ vanish on the conjugacy class(es) of S+
n projecting to the conjugacy

class of Sn indexed by σ except when λ is odd and σ = λ. In this exceptional case, the character value is

±i(n−l(λ)+3)/2
√

λ1λ2···λl

2 .

Otherwise, when σ has only odd parts and λ is odd, we have ⟨λ⟩0(σ) = ⟨λ⟩1(σ) and can therefore denote

this value simply by ⟨λ⟩(σ). In order to state Morris’ recursive formula for ⟨λ⟩(σ), we first need a couple

of definitions.

The double of a bar partition λ = (λ1, . . . , λr) is the partition λ+ whose Young diagram is obtained

by amalgamating the shifted diagram of λ, which has λi nodes in the ith row, with the left-most in the

ith column, and its reflection along the top left to bottom right diagonal. Equivalently, [λ+] is the union

of [(λ1 + 1, λ2 + 2, . . . , λr + r)] and [(λ1, λ2 + 1, . . . , λr + r − 1)′] [17, p. 14].

Example. (7, 4, 3)+ = (8, 6, 6, 3, 3, 1, 1):

+ =

= ∪

Now we define, for each (i, j)-node in the shifted diagram of a bar partition λ, the bar-length bij to

be the hook-length of the corresponding node in the Young diagram of λ+. Nodes (i, j) in the shifted

diagram of λ with bij = p correspond to p-bars removable from λ and to removable 2p-hooks in the

Young diagram of λ+. This correspondence between p-bars of λ and p-hooks of λ+ means that when λ

is a p-bar-core, λ+ must be a p-core. The leg-length L(bij) of the (i, j)-node is the number of nodes in

the jth column of [λ+] beneath row i.
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Example. The bar-lengths of (7, 4, 3) are obtained from the hook-lengths of its double (8, 6, 6, 3, 3, 1, 1):

11 10 7 6 5 2 1

7 4 3 2

3 2 1

The leg-lengths of the nodes in the first row of the shifted diagram of λ are:

L(b11) = L(b12) = 4, L(b13) = L(b14) = L(b15) = 2, L(b16) = L(b17) = 0.

Now we can state Morris’ spin analogue of the Murnaghan—Nakayama formula. Note that we must

distinguish the two conjugacy classes of S+
n corresponding to a partition σ of n into odd parts, as the

values of an irreducible spin character on these two conjugacy classes are additive inverses. We will

essentially fix one of the two conjugacy classes of S+
n which project to cycle shape σ in Sn by choosing

the conjugacy class on which the basic spin character (that of the basic spin representation, which we

will define later) takes a positive value [8, p. 110]. Thus, for the following formula, we may identify

conjugacy classes of S+
n with partitions σ of n into odd parts.

Theorem (Morris’ recursion formula). Let λ be a bar partition of n, σ a partition of n with the odd

integer p as a part and with no even parts, and σ′ the partition obtained by removing p from σ. Denote

by λ\b the bar partition obtained by removing the p-bar b from λ. Then

⟨λ⟩(σ) =
∑
b

(−1)L(b)2m(b)⟨λ\b⟩(σ′),

where the sum is taken over all p-bars b removable from λ, and

m(b) =


1 if λ is even and λ\b is odd,

0 otherwise.

Example. The value of the characters labelled by the bar partition (7, 4, 3) on the conjugacy class of

S+
14 projecting to cycle shape (52, 3, 1) on which the basic spin character takes a positive value is

⟨(7, 4, 3)⟩((52, 3, 1)) =⟨(7, 4)⟩((52, 1))− ⟨(7, 3, 1)⟩((52, 3, 1))

=− ⟨(4, 2)⟩((5, 1)) + 2⟨(3, 2, 1)⟩((5, 1))

=0 + 2⟨(1)⟩((1))

=2.

A p-bar-core is a bar partition with no removable p-bars, and the (unique) p-bar-core obtained by

successively removing p-bars from λ is called the p-bar-core of λ. Morris and Yaseen showed that two

bar partitions λ, ν have the same p-bar-core if and only if they have the same multiset of p-residues [20,
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Theorem 5]. The number of p-bars removed from λ in order to obtain its p-bar-core is called the p-bar-

weight of λ. Morris showed that the p-bar-weight and the p-bar-core of a bar partition are well-defined,

and we will give a proof of this in Chapter 4.

Example. The bar partition (11, 9, 4, 3, 2) has 5-bar-core (9, 4, 1) and 5-bar-weight 3. The three remov-

able 5-bars are highlighted in red in the diagram below: we can remove two 5 bars from the first row,

and a split 5-bar from the third and fourth rows, but we cannot remove a 5-bar from the second row as

this would leave us with two parts equal to 4.

The following theorem provides a spin version of the Brauer—Robinson Theorem. It was first con-

jectured by Morris [19], and later proved by Humphreys [9, Theorem 1.1].

Theorem 2.2.1. The ordinary irreducible spin representations labelled by bar partitions λ and ν belong

to the same p-block of modular irreducibles if and only if λ and ν have the same p-bar-core and λ is not

an odd p-bar-core equal to ν.

2.3 Induction and restriction of spin modules

Whilst there is a general construction of the ordinary irreducible spin representations of Sn due to

Nazarov [22], a construction over a field of arbitrary characteristic analogous to the Specht modules

does not yet exist. However, there do exist certain branching rules which can help us to determine

the modular decomposition of ordinary irreducible spin representations in positive characteristic via

combinatorial formulae for decomposition factors that depend on adding and removing nodes from the

corresponding partitions. These branching rules, established by Brundan and Kleshchev [2], are based on

the crystal graph of the basic representation for the Kac-Moody algebra of type A
(2)
p−1, and are analogous

to Kleshchev’s branching rules for Sn (which correspond to the Kac-Moody algebra of type A
(1)
p−1). This

connection between the modular branching graph of S+
n and the Kac-Moody algebra of type A

(2)
p−1 was

first suggested by Leclerc and Thibon [14].

Due to the splitting pairs of associate irreducible spin modules, Brundan and Kleshchev work in

the setting of a superalgebra, i.e. a Z/2Z-graded algebra A = A0 ⊕ A1 where ai ∈ Ai, aj ∈ Aj

⇒ aiaj ∈ Ai+j (mod 2). Since z ∈ S+
n acts as 1 on representations of S+

n that are equivalent to linear

representations of Sn, and z acts as −1 on spin representations, the group algebra FS+
n decomposes

as the direct sum (1+z)/2FS+
n ⊕ (1−z)/2FS+

n , where (1+z)/2FS+
n

∼= FSn and (1−z)/2FS+
n is the twisted

group algebra Tn with generators t1, . . . , tn−1 satisfying the relations

t2i = 1, titi+1ti = ti+1titi+1,
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titj = −tjti for |i− j| > 1.

The spin representation theory of Sn is equivalent to the linear representation theory of Tn, which we

can view as a superalgebra where the generators t1, . . . tn−1 all lie in (Tn)1.

There are two types of irreducible supermodules:

(i) type M: the underlying module M is irreducible;

(ii) type Q: M is the direct sum of two irreducible modules.

Note that the underlying module M of an irreducible supermodule M is self-associate if M is of type

M, or the direct sum of two associate irreducible modules if M is of type Q.

We write S(λ) for the ordinary irreducible spin supermodule corresponding to the bar partition λ, so

from Schur’s classification [25] of the ordinary irreducible spin characters of S+
n , we get a complete set

of irreducible and pairwise non-isomorphic spin supermodules of Sn in characteristic 0:

{S(λ)|λ ∈ Pn}.

Over the field F of characteristic p > 2, we writeD(µ) for the irreducible spin supermodule corresponding

to the restricted p-strict partitions µ, so that

{D(µ)|µ ∈ Pp
n}

is a complete set of irreducible and pairwise non-isomorphic Tn-supermodules [2, Corollary 3.13].

If λ ∈ Pn is even (i.e. n − l(λ) is even), then the ordinary irreducible supermodule S(λ) is of type M

and we denote the underlying irreducible module by S(λ, 0). If λ is odd, then S(λ) is of type Q and the

underlying module decomposes into two irreducible modules S(λ,+) and S(λ,−).

Similarly, if µ ∈ Pp
n is p-even (i.e. the number of non-zero residues in [µ] is even), then the p-modular

irreducible supermodule D(µ) is of type M and we denote the underlying irreducible module by D(µ, 0).

If µ is p-odd, then D(µ) is of type Q and the underlying module decomposes into two irreducible

modules D(µ,+) and D(µ,−). Since p-blocks of Tn are indexed by multisets of p-residues, irreducible

supermodules belonging to the same block have the same type, so we may refer to the type of a block.

Hence a complete set of ordinary irreducible and pairwise non-isomorphic spin modules of Sn is given by

{S(λ, 0)|λ ∈ Pn is even} ∪ {S(λ,+), S(λ,−)|λ ∈ Pn is odd}.

Over F , a complete set of irreducible and pairwise non-isomorphic spin modules of Sn is given by

{D(µ, 0)|µ ∈ Pp
n is p-even} ∪ {D(µ,+), D(µ,−)|µ ∈ Pp

n is p-odd}.

We need a few more combinatorial definitions before we can state Brundan and Kleshchev’s modular

branching rules for the superalgebra Tn. A node (r, c) ∈ [µ] is called i-removable if it has residue i and

either:
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• removing the (r, c)-node from [µ] gives the diagram of a p-strict partition of n− 1; or

• (r, c+1) ∈ [µ] also has residue i and both the diagram obtained by removing the (r, c+1)-node and the

diagram obtained by removing the (r, c + 1)- and (r, c)-nodes correspond to p-strict partitions of n − 1

and n− 2, respectively.

Note that the second condition can only occur when i = 0.

A node (r, c) ̸∈ [µ] is called i-addable if it has residue i and either:

• adding (r, c) to [µ] gives the diagram of a p-strict partition of n+ 1; or

• (r, c − 1) ̸∈ [µ] also has residue i and both the diagrams [µ] ∪ {(r, c − 1)} and [µ] ∪ {(r, c − 1), (r, c)}

correspond to p-strict partitions (of n+ 1 and n+ 2, respectively).

Again, the second case can only occur when i = 0.

If we label all of the i-addable nodes of [µ] by + and all of the i-removable nodes by −, then the

i-signature of µ is obtained by reading all of these signs along the rim of [µ] from bottom left to top

right.

The reduced i-signature of µ is obtained by deleting all neighbouring pairs of the form +− from the

i-signature of µ. This will always be a sequence of −s followed by +s.

The nodes corresponding to a − in the reduced i-signature are called i-normal, and the rightmost

i-normal node is called i-good.

Nodes corresponding to a + in the reduced i-signature are called i-conormal, and the leftmost i-conormal

node is called i-cogood.

Example. The diagram below shows the 5-residues of µ := (6, 52, 3). There are two 0-removable nodes

in red and no i-removable nodes for i = 1, 2. The 0-signature of µ is + − − and therefore the reduced

0-signature is −, with the rightmost 0-removable node 0-good. In addition to the 0-addable node,

highlighted in blue below, there are two 1-addable nodes, and these are also blue in the diagram below.

0 1 2 1 0 0 1

0 1 2 1 0

0 1 2 1 0

0 1 2 1

0

Now adding i-cogood nodes to, or removing i-good nodes from, a restricted p-strict partition results

in another restricted p-strict partition. These operations turn the set Pp
n into a crystal [12] which

coincides with the induction and restriction of irreducible supermodules [2], a connection first suggested

in [14].

When we restrict a Tn-supermoduleM belonging to the block corresponding to the multiset of residues

R down to Tn−1, we can write

M ↓Tn−1= res0M ⊕ res1M ⊕ · · · ⊕ res(p−1)/2M

where resiM is the component of M ↓Tn−1
lying in the block with multiset of residues R\{i} if such a
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block exists, or resiM = 0 otherwise. This process is called i-restriction, and i-induction is defined

similarly [2].

Theorem 2.3.1. If M = S(λ) is an ordinary irreducible spin supermodule, then resiS(λ) has a filtration

with factors S(ν) for each bar partition ν obtained by removing a node of residue i from λ. The factor

S(ν) occurs twice in resiS(λ) if ν is even and λ is odd, and occurs once otherwise.

Theorem 2.3.2. Suppose D := D(µ) is a p-modular irreducible spin supermodule, and write

D ↓Tn−1
= res0D ⊕ res1D ⊕ · · · ⊕ res(p−1)/2D.

Then there exist supermodules e0D, . . . , e(p−1)/2D such that

resiD =


eiD if i = 0 or µ is p-even

eiD ⊕ eiD otherwise.

If µ has no i-good nodes, then eiD = 0. Otherwise, let ν ∈ Pp
n be the partition obtained by removing

the i-good node from µ. Then eiD is a self-associate indecomposable supermodule with irreducible socle

and head isomorphic to D(ν). Moreover, the multiplicity of D(ν) in eiD is equal to the number ϵi(µ) of

i-normal nodes in µ. For all other composition factors D(κ) of eiD, the restricted p-strict partition κ

has fewer than ϵi(µ)− 1 i-normal nodes, and eiD is irreducible if and only if ϵi(µ) = 1.

We will apply these branching rules later on to calculate the p-modular decomposition of S((n−2, 2)).

Example. Considering the (5-odd) restricted 5-strict partition µ = (6, 52, 3) from the previous example,

the 5-modular irreducible spin supermodule D := D(µ) satisfies eiD = 0 for i = 1, 2 and e0D =

D((53, 3)).

For linear representations of Sn in characteristic p > 0, James described the leading composition

factor Dβ of the Specht module Sα, in terms of a dominance order ≤ on the set of partitions, by defining

the regularisation αR of a partition α and the shadow sh(β) of a p-regular partition β, obtained by

removing the leftmost node of the outer ladder of β [10].

Theorem 2.3.3. (i) For all partitions α of n, DαR

appears as a composition factor of Sα with mul-

tiplicity 1, and for any other composition factor Dβ of Sα we have β > αR.

(ii) For all p-regular partitions β of n, Dsh(β) appears as a composition factor of the restriction

Dβ ↓Sn−1
with multiplicity equal to the size of the outer ladder of β. For any other composition

factor Dγ of Dβ ↓Sn−1
we have γ > sh(β).

The spin version of this result was established by Brundan and Kleshchev [3], giving the leading

composition factor of any ordinary irreducible spin supermodule over F .

Define a dominance ordering on the set of partitions of n by α = (α1, . . . ) ≥ β = (β1, . . . ) if and

only if
∑r

i=1 αi ≥
∑r

i=1 βi for all r ≥ 1.
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Define the residue of j ≥ 1 to be the residue of the nodes in the jth column of the diagram of a partition.

The jth ladder Lj is defined as follows. If j has non-zero residue, then

Lj = {(i, j − (i− 1)p)|1 ≤ i ≤ ⌈j/p⌉}.

If j has residue 0, then j = mp or mp+ 1 for some m ∈ Z, and Lj is defined by

Lj = {(i,mp− (i− 1)p)|1 ≤ i ≤ m} ∪ {(i,mp+ 1− (i− 1)p)|1 ≤ i ≤ m+ 1}.

Note that all nodes in the ladder Lj have the same residue as j. The outer ladder of λ is the ladder Lj

with j maximal such that λ ∩ Lj ̸= ∅. In this case, the rightmost node on λ ∩ Lj is called the shadow

node of λ. If λ ∈ Pp
n, then the partition ν obtained by removing the shadow node of λ is also restricted

p-strict.

For each p-strict partition λ, the regularisation λR of λ is the set of nodes such that for all j,

λR∩Lj consists of the leftmost |λ∩Lj | nodes on the ladder Lj . Thus we obtain λ
R by moving the nodes

of λ along the ladders to the left as far as possible.

Example. When p = 5, the regularisation of the bar partition (18, 1) is the partition µ = (6, 52, 3) =

(18, 1)R from our earlier example:

0 1 2 1 0 0 1 2 1 0 0 1 2 1 0 0 1 2

0

↓
0 1 2 1 0 0

0 1 2 1 0

0 1 2 1 0

0 1 2

For any p-strict partition λ of n, we have λR ∈ Pp
n, and λ = λR if and only if λ ∈ Pp

n.

Now we can state the regularisation theorem of Brundan and Kleshschev [3].

Theorem 2.3.4. (i) For any p-strict partition λ of n, D(λR) appears as a composition factor of S(λ)

with multiplicity 2(lp(λ)+x−y)/2, where lp(λ) denotes the number of parts of λ divisible by p,

x =


0 if λ is even,

1 if λ is odd,

and y =


0 if λ is p-even,

1 if λ is p-odd.

For any other composition factor D(µ) of S(λ) we have µ < λR.

(ii) For a restricted p-strict partition µ of n, D(sh(µ)) appears as a composition factor of the restriction

D(µ) ↓Tn−1 , and for any other composition factor D(ν) of D(µ) ↓Tn−1 we have ν < sh(µ).

Let n = bp+ c with 0 ≤ c < p. Define β0 := ∅ and for n > 0,

βn :=


(pb, c) if c > 0

(pb−1, p− 1, 1) if c = 0.
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Then βn = (n)R is a restricted p-strict partition and labels the basic spin representation S((n)) in

characteristic p [13, Lemma 22.3.3]. Wales [26] determined the modular decomposition of the basic spin

representation and the ordinary irreducible spin representation S((n−1, 1)) by inducing from S((n−1)),

a technique we will use in the next chapter to find the decomposition of S((n− 2, 2)) when n is divisible

by p = 3.

Before stating Wales’ theorems [26], we will introduce some notation. If we denote by C the module

category, then the Grothendieck group of C is an abelian group with elements [M ], for M ∈ C, where

[M ] = [N ] + [P ] ⇔ 0 → N →M → P → 0 is exact.

In particular,

[M ] = [N ] ⇔ M and N have the same composition factors.

Now we can define [eiM ], for an arbitrary supermodule M , to be the sum
∑

[M : D][eiD], summing over

all (irreducible) composition factors D of M .

Theorem 2.3.5. Suppose λ = (n). If n is even, then S(λ) = S(λ,+)⊕ S(λ,−) has dimension 2n/2 and

decomposes over F with dimension 2n/2 as

(i) [D(βn)] = [D(βn,+)⊕D(βn,−)], if p ∤ n;

(ii) 2[D(βn)] = 2[D(βn, 0)], if p|n.

If n is odd, then S(λ) = S(λ, 0) has dimension 2(n−1)/2 and decomposes over F with dimension 2(n−1)/2

as

(iii) [D(βn)] = [D(βn, 0)], if p ∤ n;

(iv) [D(βn)] = [D(βn,+)⊕D(βn,−)], if p|n.

Thus, the basic spin supermodule S((n)) is irreducible over F unless n is even and p|n, while the

underlying basic spin module S((n)) is irreducible over F unless n is odd and p|n.

Theorem 2.3.6. Suppose λ = (n − 1, 1) and n ≥ 6. If n is even, then S(λ) = S(λ, 0) has dimension

2(n−2)/2(n− 2) and decomposes over F with dimension 2(n−2)/2(n− 2) as

(i) [D(λR)] = [D(λR, 0)], if p ∤ n(n− 1);

(ii) [D(λR)] + [D(βn)] = [D(λR, 0)] + [D(βn, 0)], if p|n;

(iii) [D(λR)] + [D(βn)] = [D(λR,+)⊕D(λR,−)] + [D(βn,+)⊕D(βn,−)], if p|(n− 1).

If n is odd, then S(λ) = S(λ,+) ⊕ S(λ,−) has dimension 2(n−1)/2(n − 2) and decomposes over F with

dimension 2(n−1)/2(n− 2) as

(iv) [D(λR)] = [D(λR,+)⊕D(λR,−)], if p ∤ n(n− 1);
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(v) [D(λR)] + [D(βn)] = [D(λR,+)⊕D(λR,−)] + [D(βn,+)⊕D(βn,−)], if p|n;

(vi) 2[D(λR)] + 2[D(βn)] = 2[D(λR, 0)] + 2[D(βn, 0)], if p|(n− 1).

In the particular case of Tn-supermodules indexed by partitions with two parts, Morotti [18] describes

all of the possible composition factors of the ordinary irreducible S((λ1, λ2)), and also computes the

multiplicities of the composition factors of S((λ1, λ2)) which are not composition factors of an ordinary

irreducible S((µ1, µ2)) with µ1 + µ2 = λ1 + λ2 and µ1 > λ1. The three cases p = n, p = 3 < n, and

5 ≤ p < n are treated separately.

Theorem 2.3.7. Suppose p = n ≥ 3. Then [S((p − j, j))] = [Dj ] + [Dj−1] for 0 ≤ j ≤ (p−1)/2, where

D−1, D(p−1)/2 := 0, D0 := D((p− 1, 1)), and Dj = D((p− j − 1, j + 1)) for 1 ≤ j ≤ (p−3)/2.

Theorem 2.3.8. Suppose p = 3 < n and set either m = ⌊(n−1)/2⌋ − 2, if n ≡ 3 mod 6, or m =

⌊(n−1)/2⌋ − 1, otherwise. For 0 ≤ j ≤ m, define Dj := D(βn−j + βj). If λ = (λ1, λ2) with λ1 > λ2 ≥ 0,

then any composition factor of the reduction modulo 3 of S(λ) is of the form Dj with 0 ≤ j ≤ min{λ2,m}.

Further, if λ2 ≤ m, then [S(λ) : Dλ2
] = 2a with a = 1 if at least one of the following holds:

(i) λ1, λ2 > 0 are both divisible by 3;

(ii) at least one of λ1, λ2 > 0 is divisible by 3 and n is odd;

(iii) λ2 = 0 and n is divisible by 6;

or a = 0, otherwise.

For the case when 5 ≤ p < n, the following table defines the partitions µk for 1 ≤ k ≤ (p−1)/2,

depending on the integer 0 ≤ c < p such that n = bp+ c:

c k µk

0 1 (pb−2, p− 1, p− 2, 2, 1)

0 2 ≤ k ≤ (p−1)/2 (pb−1, p− k, k)

1 1 (pb−1, p− 2, 2, 1)

1 2 ≤ k ≤ (p−1)/2 (pb−1, p+ 1− k, k)

2 ≤ c ≤ p− 2 1 ≤ k ≤ ⌈c/2⌉ − 1 (pb, ⌊c/2⌋+ k, ⌈c/2⌉ − k)

2 ≤ c ≤ p− 2 ⌈c/2⌉ (pb−1, p− 1, c, 1)

2 ≤ c ≤ p− 2 ⌈c/2⌉+ 1 ≤ k ≤ (p−1)/2 (pb−1, p+ ⌈c/2⌉ − k, ⌊c/2⌋+ k)

p− 1 1 ≤ k ≤ (p−3)/2 (pb, (p−1+2k)/2, (p−1−2k)/2)

p− 1 (p−1)/2 (pb−1, p− 1, p− 2, 2)

When n > p ≥ 5 and 1 ≤ k ≤ (p−1)/2, or when n = p ≥ 5 and 2 ≤ k ≤ (p−1)/2, the partition µk is

restricted p-strict.
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Theorem 2.3.9. Suppose 5 ≤ p < n, and set either m = ⌊(n−1)/2⌋−1, if n ≡ p mod 2p, or m = ⌊(n−1)/2⌋,

otherwise. Let 0 ≤ c ≤ p− 1 such that n ≡ c mod p, and suppose λ = (λ1, λ2) with λ1 > λ2 ≥ 0. Then

any composition factor of the reduction modulo p of S(λ) is of the form Dj with 0 ≤ j ≤ min{λ2,m},

where

Dj :=


D(βn−j + βj), 0 ≤ j ≤ (2m−p+1)/2,

D(µm+1−j), (2m−p+1)/2 < j ≤ m, 2|(n+ c),

D(µ(p−2m+2j−1)/2), (2m−p+1)/2 < j ≤ m, 2 ∤ (n+ c).

Further, if λ2 ≤ m, then [S(λ) : Dλ2 ] = 2a with a = 1 if at least one of the following holds:

(i) λ1, λ2 > 0 are both divisible by p;

(ii) at least one of λ1, λ2 > 0 is divisible by p and n is odd;

(iii) λ2 = 0 and n is divisible by 2p;

(iv) λ = (n/2 + 1, n/2 − 1) and n is divisible by 2p;

or a = 0, otherwise.

Example. Suppose p = 3. Using all of the theorems in this section, we will try to find the decomposition

of the ordinary irreducible Tn-supermodules S(λ) over F for 3 ≤ n ≤ 9. These decomposition numbers

have already been determined by Morris and Yaseen [21] using different techniques, but we re-derive them

here to illustrate the use of Brundan and Kleshchev’s modular branching rules [2] and the theorems of

Wales [26] and Morotti [18].

n = 3: Using Theorem 2.3.4, we find

[S((3))] = [D((2, 1))]

[S((2, 1))] = [D((2, 1))].

n = 4: Again, by Theorem 2.3.4,

[S((4))] = [D((3, 1))]

[S((3, 1))] = [D((3, 1))].

n = 5: By Theorem 2.2.1, S((4, 1)) shares no composition factors with S((5)) or S((3, 2)). Using Theorem

2.3.8, we find

[S((5))] = [D((3, 2))]

[S((4, 1))] = [D((4, 1))]

[S((3, 2))] = 2[D((3, 2))].

n = 6: [S((6)) : D((6)R)] = 2 by Theorem 2.3.5, and we can find the decomposition of S((5, 1)) using

Theorem 2.3.6.
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By the Regularisation Theorem 2.3.4, we know [S((4, 2))] = [D((4, 2))]+m[D((3, 2, 1))] for some m ≥ 0.

The partition (4, 2) has one removable 0-node, so [e0S((4, 2))] = [S(3, 2)], and (3, 2, 1) has one 0-normal

node, so e0D((3, 2, 1)) = D(3, 2). Since we know [S((3, 2)) : D((3, 2))] = 2, and since e0D((4, 2)) = 0 (as

(4, 2) has no 0-good nodes), we find m = 2.

Finally, [S((3, 2, 1))] = 2[D((3, 2, 1))] by Theorem 2.3.4

[S((6))] = 2[D((3, 2, 1))]

[S((5, 1))] = [D((4, 2))] + [D((3, 2, 1))]

[S((4, 2))] = [D((4, 2))] + 2[D((3, 2, 1))]

[S((3, 2, 1))] = 2[D((3, 2, 1))].

n = 7: Using the p-block classification, the Regularisation Theorem, Wales’ and Morotti’s theorems, we

find

[S((7))] = [D((32, 1))]

[S((6, 1))] = 2[D((4, 2, 1))] + 2[D((32, 1))]

[S((5, 2))] = [D((5, 2))]

[S((4, 3))] = 2[D((4, 2, 1))] +m1[D((32, 1))]

[S((4, 2, 1))] = [D((4, 2, 1))] +m2[D((32, 1))].

Since (4, 3) is odd, and since (4, 2, 1) has two 0-removable nodes, we have

[e0S((4, 3))] = 2[S((4, 2))], and

[e0S((4, 2, 1))] = [S((4, 2))] + [S((3, 2, 1))].

Now (32, 1) has two 0-normal nodes, so [e0D((32, 1)) : D((3, 2, 1))] = 2, while e0D((4, 2, 1)) = D((4, 2)).

Hence

2m1 = [e0S((4, 3)) : D((3, 2, 1))] = 2[S((4, 2)) : D((3, 2, 1))] = 4,

2m2 = [e0S((4, 2, 1)) : D((3, 2, 1))] = [S((3, 2, 1)) : D((3, 2, 1))] + [S((4, 2)) : D((3, 2, 1))] = 4,

and therefore m1 = m2 = 2.

n = 8: Without i-induction, we can compute

[S((8))] = [D((32, 2))]

[S((7, 1))] = [D((4, 3, 1))]

[S((6, 2))] = [D((5, 2, 1))] +m1[D((32, 2))]

[S((5, 3))] = [D((5, 2, 1))] +m2[D((32, 2))]

[S((5, 2, 1))] = [D((5, 2, 1))] +m3[D((32, 2))]
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[S((4, 3, 1))] = 2[D((4, 3, 1))].

Since (6, 2) is even and (32, 2) is 3-odd, we find

[e1S((6, 2))] = [S((6, 1))],

e1D((32, 2)) = D((32, 1))⊕D((32, 1)).

Since e1D((5, 2, 1)) = D((4, 2, 1)), we find m1 = 1. Then

e1S((5, 3)) = S((4, 3))

gives m2 = 1. Moreover, (5, 2, 1) is odd and (4, 2, 1) is even, so

e1S((5, 2, 1)) = 2S((4, 2, 1))

and m3 = 2.

n = 9: Before using i-induction, we find

[S((9))] = [D((32, 2, 1))]

[S((8, 1))] = [D((4, 3, 2))] + [D((32, 2, 1))]

[S((7, 2))] = [D((5, 3, 1))] +m1[D((4, 3, 2))] +m2[D((32, 2, 1))]

[S((6, 3))] = 2[D((5, 3, 1))] +m3[D((4, 3, 2))] +m4[D((32, 2, 1))]

[S((5, 4))] = [D((5, 3, 1))] +m5[D((4, 3, 2))] +m6[D((32, 2, 1))]

[S((6, 2, 1))] = [D((5, 3, 1))] +m7[D((4, 3, 2))] +m8[D((32, 2, 1))]

[S((5, 3, 1))] = [D((5, 3, 1))] +m9[D((4, 3, 2))] +m10[D((32, 2, 1))]

[S((4, 3, 2))] = [D((4, 3, 2))] +m11[D((32, 2, 1))].

Using i-induction, we find

[e1S((7, 2))] = 2[S((7, 1))] = 2[D((4, 3, 1))] = [e1D((4, 3, 2))],

so m1 = [S((7, 2)) : D((4, 3, 2))] = 1.

In particular, we want to know the multiplicity m2 of the basic spin supermodule in S((7, 2)). Since

[e0S((7, 2))] = 2[S((6, 2))] = 2[(D((32, 2))] + [D((5, 2, 1)))],

[e0D((32, 2, 1))] = [D((32, 2))],

we know that m2 ≤ 2, but this is all we can say because (5, 3, 1) has two 0-normal nodes, so we cannot

compute e0D((n − 2, 2)R). Later we will see how an explicit construction of S((7, 2)) will allow us to

find the basic spin supermodule as a subquotient and conclude that m2 > 0.

For the remainder of this chapter, we will turn our attention to the ordinary irreducible Tn-supermodule

S((n−2, 2)), which is of type M when n is even, and of type Q when n is odd. By Morotti’s theorems, we
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know that the only possible decomposition factors of S((n− 2, 2)) over F (when p = 3 or 5 ≤ p ≤ n− 4)

are D((n− 2, 2)R), D((n− 1, 1)R) and D((n)R), but the multiplicities are unknown in general. We will

apply the theorems above to determine these multiplicities.

Theorem 2.3.10. Suppose p = 3, n > 6 with p ∤ n, and λ = (n− 2, 2). Then S(λ) decomposes over F

as

[S(λ)] =


[D(λR)] if n ≡ 1 (mod 3),

[D(λR)] + [D((n)R)] if n ≡ 2 (mod 6),

2[D(λR)] + 2[D((n)R)] if n ≡ 5 (mod 6).

Proof. The 3-bar-core of λ is (5, 2) if n ≡ 1 (mod 3), or (2) if n ≡ 2 (mod 3). In the first case, the 3-bar-

core of both (n) and (n− 1, 1) is (1), so by Humphrey’s Theorem 2.2.1, the only possible decomposition

factor of S(λ) over F is D(λR) = D((5, 3(n−7)/3, 2)). Moreover, the Regularisation Theorem 2.3.4 gives

the multiplicity of this factor: When n ≡ 1 (mod 3), we have lp(λ) = 0 and λ is even if and only if it is

3-even, so [S(λ) : D(λR)] = 1.

If n ≡ 2 (mod 3), then (n) also has 3-bar-core (2), but (n − 1, 1) has 3-bar-core (4, 1), so by The-

orem 2.2.1, S(λ) has two possible decomposition factors: D(λR) = D((5, 3(n−8)/3, 2, 1)) and D((n)R) =

D(βn) = D((3(n−2)/3, 2)). The multiplicity of the first factor is again given by the Regularisation The-

orem 2.3.4: When n ≡ 2 (mod 3), we have lp(λ) = 1, and when n is even, λ is even and 3-odd, so

[S(λ) : D(λR)] = 1; When n is odd, λ is odd and 3-even, so [S(λ) : D(λR)] = 2.

We can compute the multiplicity [S(λ) : D(βn)] using 1-restriction. There is a removable 1-node at

the end of the second row of λ, and removing it gives the partition (n− 2, 1). Since λ is even/odd when

n is even/odd, by Theorem 2.3.1, we have

[res1S(λ)] =


[S((n− 2, 1))] if n is even

2[S((n− 2, 1))] if n is odd,

so [e1S(λ)] = [S((n − 2, 1))]. Now βn = (3(n−2)/3, 2) has a 1-removable node at the end of the last row,

and since βn has no 1-addable nodes, it has 1-signature −, so the 1-removable node is 1-good. Thus,

Theorem 2.3.2 tells us that

e1D(βn) = D((3
(n−2)/3, 1)) = D((n− 1)R).

Since 3|(n− 2), by Theorem 2.3.6, we have

[S((n− 2, 1)) : D((n− 1)R)] =


2 if n is even

1 if n is odd.

Now λR = (5, 3(n−8)/3, 2, 1) when n ≡ 2 (mod 3), so λR has only one 1-removable node and it is 1-good.

Removing this node gives the partition (n − 2, 1)R, so we find [e1D(λR) : D((n − 1)R)] = 0. Hence

[S(λ) : D((n)R)] = 1 if n is even, or 2 if n is odd.
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Note that for p = 3 and n ≤ 6, we have [S((3, 2))] = 2[D((3, 2))] and [S((4, 2))] = [D((4, 2))] +

2[D((3, 2, 1))], as calculated in the example above.

Theorem 2.3.11. Suppose p = 3, n > 6 is a multiple of 3, and λ = (n− 2, 2). Then over F ,

[S(λ)] = [D(λR)] + [D((n− 1, 1)R)] +m[D((n)R)],

where the multiplicity m = [S(λ) : D((n)R)] is at most 2.

Proof. We know the possible composition factors of S((n − 2, 2)) by Morotti’s Theorem 2.3.8, and all

bar partitions of n have an empty 3-bar-core when 3 divides n. The multiplicity [S(λ) : D(λR)] is 1 by

the Regularisation Theorem 2.3.4, since lp(λ) = 0 and λ is even if and only if it is 3-even.

When 3|n, the 1st row of (n−2, 2) ends in two 0s and the second row is 0,1. Therefore we always have

(two) removable 0-nodes and a removable 1-node. Removing the rightmost 0 gives γ0 := (n− 3, 2), and

removing the 1 gives γ1 := (n− 2, 1), so we can find an upper bound for [S(λ) : D((n)R)] by considering

the decomposition of S((n− 3, 2)) and S((n− 2, 1)). Note that for i = 0, 1, we have

[resiS(λ)] =


[S(γi)] if n is even

2[S(γi)] if n is odd.

Now since 3|n, (n)R = βn = (3(n−3)/3, 2, 1) and D(βn) splits precisely when n is odd. The only

removable node leaving a 3-strict partition is the last part, which has 3-residue 0. We can add a 0-node

to obtain either (3n/3, 1) or (4, 3(n−3)/3, 2, 1), so the 0-signature of βn is − + + and the node in the last

row is 0-good. Hence

e0D(βn) = D((3
(n−3)/3, 2)) = D(βn−1).

By Theorem 2.3.10, when n ≡ 2 (mod 3) we know that [S(γ0) : D(βn−1)] = 2 if n is even, or 1 if n is

odd. Hence [e0S(λ) : D(βn−1)] = 2. However, since the partition (n − 2, 2)R has two 0-normal nodes,

we cannot compute [e0D((n− 2, 2)R)], so all we can say is that 0 ≤ [S(λ) : D((n)R)] ≤ 2.

Now it remains to compute the multiplicity [S(λ) : D((n − 1, 1)R)]. Since 3|n, (n − 1, 1)R =

(4, 3(n−6)/3, 2) has one 1-normal node, so e1D((n − 1, 1)R) = D((4, 3(n−6)/3, 1)) = D((n − 2, 1)R). Us-

ing Brundan and Kleshchev’s branching rules, since neither of λR and (n)R has a 1-good node, we find

[S((n − 2, 2)) : D((n − 1, 1)R)] = [S((n − 2, 1)) : D((n − 2, 1)R)]. Since (n − 2, 1) has no parts divisible

by 3 and is even if and only if it is 3-even, by the Regularisation Theorem, this multiplicity is 1.

When p = 3 and n > 6 is a multiple of 3, we will see in the following chapter that [S((n − 2, 2)) :

D((n)R)] > 0. To prove this, we will explicitly construct S((n − 2, 2)) and its submodules. In fact,

[S(λ) : D((n)R)] = 1 for all n ≤ 18 [16], so we expect that the multiplicity will always be 1.

We conclude this chapter by classifying the decomposition of S((n − 2, 2)) over a field of arbitrary

characteristic p ≥ 5. By Theorem 2.3.9, the only possible factors are D((n− 2, 2)R), D((n− 1, 1)R) and

D((n− 2, 2)R) when p ≤ n− 4. Firstly, we will consider n− 3 ≤ p ≤ n.
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Theorem. Suppose p ≥ 5, n− 3 ≤ p ≤ n and λ = (n− 2, 2). Then the decomposition of S(λ) over F is

[S(λ)] =


[D(λ)] if n = p+ 1, p+ 3

2[D(λ)] if n = p+ 2

[D(λ)] + [D((n− 3, 3))] if n = p.

Proof. If n = p+ 1, then λ is a p-bar-core and λR = λ, so by Theorems 2.2.1 and 2.3.4 we have

[S(λ)] = [D(λ)].

If n = p+2, then both (n) and λ have p-bar-core (2) and (n)R = λ = λR, while (n−1, 1) is a p-bar-core,

so by Theorems 2.2.1 and 2.3.4 we have

[S(λ)] = 2[D(λ)].

If n = p + 3, then both (n − 1, 1) and λ have p-bar-core (2, 1) and (n − 1, 1)R = λ = λR, while (n) has

p-bar-core (3), so by Theorems 2.2.1 and 2.3.4 we have

[S(λ)] = [D(λ)].

If n = p, then by Theorem 2.3.7 we have [S((3, 2))] = [D((3, 2))], and for n > 5,

[S(λ)] = [D(λ)] + [D((n− 3, 3))].

Theorem 2.3.12. Suppose 5 ≤ p ≤ n− 4 and λ = (n− 2, 2). Then the decomposition of S(λ) over F is

[S(λ)] =



[D(λR)] if n ̸≡ 0, 2, 3 (mod p)

[D(λR)] + [D((n)R)] if n ≡ 2 (mod 2p)

2[D(λR)] + 2[D((n)R)] if n ≡ p+ 2 (mod 2p)

[D(λR)] + [D((n− 1, 1)R)] if n ≡ 0, 3 (mod p).

Proof. When p ≥ 5, the possible composition factors of S(λ) are given by Theorem 2.3.9. When p ≤ n−4,

these composition factors are D((n − 2, 2)R), D((n − 1, 1)R) and D((n)R). Writing n = pb + c with

0 ≤ c ≤ p− 1, we will determine the multiplicities of these factors for each possible value of c.

First suppose c = 0, so that all bar partitions of n have empty p-bar-core. Then since p ≤ n − 4,

the regularisation of λ = (n− 2, 2) is λR = (p+ 2, p(n−2p)/p, p− 2), which has one 2-normal node but no

i-normal nodes for i ̸= 2. The regularisation of (n− 1, 1) is (n− 1, 1)R = (p+ 1, p(n−2p)/p, p− 1), which

has one 1-normal node in the last row so that e1D((n−1, 1)R) = D((p+1, pb−2, p−2)) = D((n−2, 1)R).

The regularisation of (n) is (n)R = βn = (p(n−p)/p, p−1, 1), which has one 0-normal node but no i-normal

nodes for i ̸= 0. We can remove a 2-node from the end of the first row of λ to obtain γ2 := (n− 3, 2), or
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we can remove the 1-node in the second row to obtain γ1 := (n− 2, 1), and by Theorem 2.3.1, we have

[resiS(λ)] =


[S(γi)] if n is even

2[S(γi)] if n is odd

for i = 1, 2, and resiS(λ) = 0 for i ̸= 1, 2. In particular, since λ has no removable 0-node (while

(n)R = (pb−1, p−1, 1) has no i-good node for i ̸= 0), the branching rules tell us that [S(λ) : D((n)R)] = 0.

By the Regularisation Theorem 2.3.4, since p|n we have

[S((n− 2, 1)) : D((n− 2, 1)R)] = [S(λ) : D(λR)] = 1.

Since D((n− 1, 1)R) is of type M if and only if n is even, we find that [S(λ) : D((n− 1, 1)R)] = 1.

Next, suppose c ̸= 0, 2, 3. Then the p-bar-core of λ is (p − 1, 2) if c = 1, or (c − 2, 2) if c > 1, so by

Theorem 2.2.1 we have [S(λ) : D((n)R)] = [S(λ) : D((n − 1, 1)R)] = 0. Hence, by the Regularisation

Theorem 2.3.4, [S(λ)] = [D(λR)].

If c = 2, then the p-bar-core of both λ and (n) is (2), while (n− 1, 1) has p-bar-core (p+1, 1) so that

[S(λ) : D((n− 1, 1)R)] = 0. Using the Regularisation Theorem, we have

[S(λ) : D(λR)] =


1 if n is even

2 if n is odd.

Now λ has one removable 0-node in the first row and one removable 1-node in the second row. Set

γ0 = (n− 3, 2) and γ1 = (n− 2, 1), so that again by Theorem 2.3.1, for i = 0, 1, we have

[resiS(λ)] =


[S(γi)] if n is even

2[S(γi)] if n is odd

and resiS(λ) = 0 for i ≥ 2. The restricted p-strict partition (n)R = βn = (pb, 2) has one 1-removable

node in the last row and there are no 1-addable nodes so the 1-removable node is 1-good. Hence

e1D((n)R) = D((n− 1)R). By Theorem 2.3.6, we have

[S((n− 2, 1)) : D((n− 1)R)] =


2 if n is even

1 if n is odd.

Now λR = (p + 2, pb−2, p − 1, 1) has one 1-normal node at the end of the first row, so e1D(λR) =

D((p+ 1, pb−2, p− 1, 1)) = D((n− 2, 1)R) and it follows that [S(λ) : D((n)R)] = 1 if n is even, or 2 if n

is odd.

If c = 3, then the p-bar-core of both λ and (n− 1, 1) is (2, 1), while (n) has p-bar-core (3). We find

[S(λ) : D(λR)] = 1 using the Regularisation Theorem, and [S(λ) : D((n)R)] = 0 by Theorem 2.2.1. To

compute [S(λ) : D((n − 1, 1)R)], we observe that the only nodes we can remove from λ have residue 1,

so by Theorem 2.3.1,

[res1S(λ)] =


[S((n− 2, 1))] + [S((n− 3, 2))] if n is even

2[S((n− 2, 1))] + 2[S((n− 3, 2))] if n is odd
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and resiS(λ) = 0 if i ̸= 1. The partition (n − 1, 1)R = (p + 1, pb−1, 2) has one 1-normal node in the

last row, so e1D((n− 1, 1)R) = D((p+ 1, pb−1, 1)) = D((n− 2, 1)R). Since λR = (p+ 2, pb−1, 1) has no

1-normal nodes and [S((n − 3, 2)) : D((n − 2, 1)R)] = 0 by the proof of the case c = 2, using Theorem

2.3.2, we find [S(λ) : D((n− 1, 1)R)] = [S((n− 2, 1)) : D((n− 2, 1)R)] = 1.

We have now calculated the decomposition of the ordinary irreducible Tn-supermodule S((n− 2, 2))

over a field of arbitrary characteristic p, except when p = 3 and n is divisible by 3, where we only able

to prove that the multiplicity [S((n − 2, 2)) : D((n)R)] is either 0, 1 or 2. In the next chapter we will

explicitly construct S((n − 2, 2)) and show that the basic spin supermodule D((n)R) appears at least

once as a composition factor when p = 3 and 3 divides n.
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Chapter 3

Induction of the basic spin module

3.1 A construction of the basic spin module

In this chapter we will emulate James’ technique of inducing modules to construct the Tn-supermodule

S((n − 2, 2)). Wales [26] used this method to determine the modular decomposition of the spin repre-

sentation labelled by (n− 1, 1) by inducing the basic spin representation labelled by (n). The dimension

of the basic spin module is given by

d(n, p) :=


2(n−2)/2 n is even

2(n−3)/2 n is odd and p|n

2(n−1)/2 n is odd and p ∤ n,

and Wales showed that on the basic spin module the element z ∈ S+
n acts as −1 and the generators ti

satisfy

titi+1 + ti+1ti + 1 = 0.

The basic spin representation was originally constructed by Schur [25], but we will instead use the

construction of the basic spin representation of S−
n by Maas [15], adapted to the double cover S+

n that

we have been working with.

We recursively define matrices T
(n)
1 , . . . , T

(n)
n−1 giving the action of the generators t1, . . . , tn−1 of S+

n

on the basic spin module. For n = 2, set T
(2)
1 := 1. For n ≥ 3, we consider four separate cases.

Case 1: either n is odd and p ∤ n, or n is even and p|(n− 1)

In this case, we have d(n, p) = 2d(n− 1, p). Denoting by I and 0 the d(n− 1, p)× d(n− 1, p) identity

and zero matrices, we define T
(n)
1 , . . . , T

(n)
n−1 to be the block matrices

T
(n)
i :=

T (n−1)
i 0

0 −T (n−1)
i

 for i = 1, . . . , n− 3,

T
(n)
n−2 :=

T (n−1)
n−2 −I

0 −T (n−1)
n−2

 ,
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T
(n)
n−1 :=

0 I

I 0

 .

In all of the remaining cases, the dimension d(n, p) of the basic spin module is equal to d(n − 1, p).

In these cases, we will set T
(n)
i := T

(n−1)
i for i = 1, . . . , n− 2, and it remains to construct T

(n)
n−1.

Case 2: p|n

When n is divisible by p, we set

T
(n)
n−1 :=

n−2∑
i=1

iT
(n−1)
i .

Case 3: n is even and p ∤ n(n− 1)(n− 2)

Since n − 1 is odd and p ∤ (n − 1), we can assume that the matrices T
(n−1)
1 , . . . , T

(n−1)
n−2 have been

constructed as in Case 1 from the matrices T
(n−2)
1 , . . . , T

(n−2)
n−3 of size d(n− 2, p) = d(n,p)/2. We define

a :=
−1+

√
n/(2−n)

n−1 , J :=

n−3∑
i=1

iT
(n−2)
i

and set

T
(n)
n−1 :=

 aJ (−1 + (2− n)a)I

(n− 2)aI −aJ

 .

Case 4: n ≡ 2 (mod 2p)

Since n − 1 ≡ 1 (mod 2p) (so that n − 1 is odd and p ∤ (n − 1)), n − 2 is divisible by p, and

n− 3 ≡ −1 (mod 2p), here we can assume that T
(n−1)
1 , . . . , T

(n−1)
n−2 have been constructed from matrices

T
(n−4)
1 , . . . , T

(n−4)
n−5 of size d(n− 4, p) = d(n,p)/4 using Case 1, then Case 2, then Case 1 again. We define

J :=
√
−1

∑n−5
i=1 iT

(n−4)
i 2I

−2I −
∑n−5

i=1 iT
(n−4)
i


and set

T
(n)
n−1 :=

J −I

0 −J

 .

Now we have an explicit construction of the basic spin module in arbitrary characteristic. In the next

section we will induce this module to obtain a construction of the spin representation labelled by the

partition (n− 2, 2).

3.2 Constructing the spin supermodule S((n− 2, 2))

We want to show that when p = 3 and n ≥ 6 is a multiple of 3, the irreducible basic spin supermodule

S((n)) appears in the decomposition of S((n − 2, 2)) over F . To do this, we are going to induce from

a subalgebra of Tn analogous to the Young subgroup Sn−2 × S2 and find a copy of S((n − 2, 2)) in the

induced module. This construction will be in arbitrary characteristic p and will allow us to work around

the splitting irreducible spin supermodules, as the basic spin module M that we start with does not

necessarily need to be irreducible, just a module satisfying the following relations adapted from Maas.
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Therefore M will be a combination of copies of the irreducible basic spin module, as Wales showed in

[26, Theorem 8.1]. We will refer to any module on which the generators t1, . . . , tn−3, tn−1 of Tn act as

matrices T1, . . . , Tn−3, Tn−1 satisfying

T 2
i = I for i = 1, . . . , n− 1, TiTj = −TjTi for |i− j| > 1,

TiTi+1 + Ti+1Ti + I = 0 for i = 1, . . . , n− 2.

as a basic spin module. We call these conditions the basic spin relations and define, for i = 1, . . . , n−1,

the operator

δi := titi+1 + ti+1ti + 1

which annihilates basic spin modules. Note that in the basic spin module M , thanks to the third

basic spin relation, we can write any combination of the matrices Ti as a linear combination of terms

of the form Ti0Ti1 · · ·Tik with i0 < i1 < · · · < ik. We call this standard form. When the indices

i0, . . . , ik are consecutive integers, we will write Ti0 · · ·Tik to denote the product Ti0Ti0+1 · · ·Ti0+k, and

set Ti · · ·Ti−1 = I.

We are going to induce a basic spin moduleM of the subgroup of S+
n generated by t1, . . . , tn−3 and tn−1,

and find a copy of S((n− 2, 2)) as a submodule of the induced module M ↑Tn .

When n is even, the dimension of S((n)) = S((n),+)⊕ S((n),−) is 2n/2. In this case, we will construct

a module which is a sum of copies of the module S((n− 2, 2), 0) of dimension 2(n−4)/2(n− 1)(n− 4).

When n is odd, the dimension of S((n)) = S((n), 0) is 2(n−1)/2, and the module we construct will be a sum

of copies of S((n− 2, 2),+) and S((n− 2, 2),−), where S((n− 2, 2)) = S((n− 2, 2),+)⊕S((n− 2, 2),−)

has dimension 2(n−3)/2(n− 1)(n− 4).

Before we construct S((n− 2, 2)), we’ll begin with the more straightforward construction of S((n−

1, 1)). LetM be a (sum of copies of the irreducible) basic spin module S((n−1)) of Tn−1. If {x1, . . . , xr}

is a basis for M , then a basis for the induced module M ↑Tn is given by the elements

(xj)i := titi+1 · · · tn−1xj

for 1 ≤ j ≤ r and i = 1, . . . n (where (b)n := b, for each b ∈M). We can explicitly write down the action

of S+
n on these elements:

ti(b)j = (−1)n+j(Tib)j if i < j − 1

ti(b)i+1 = (b)i

ti(b)i = (b)i+1

ti(b)j = (−1)n+j(Ti−1b)j if i > j.

By considering this action, we can find a basis for a copy of the module labelled by (n− 1, 1) inside the

induced module by defining for each b ∈M and 1 ≤ i ≤ n− 2

P (b)i := (b)i + (−1)n+i(Tib)i+1 + (b)i+2.
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Theorem 3.2.1. Suppose M is a basic spin representation of S+
n−1 with a basis {x1, . . . , xr}. Then the

copy of S((n− 1, 1)) inside the induced module M ↑Tn has a basis

{P (xj)i|1 ≤ i ≤ n− 2, 1 ≤ j ≤ r}.

For each b ∈M , j = 1, . . . , n− 2 and i = 1, . . . , n− 1, we have

tiP (b)j =



(−1)n+jP (Tib)j i < j − 1

P (b)i + (−1)n+i+1P (Tib)i+1 i = j − 1

(−1)n+jP (Tjb)j i = j, j + 1

(−1)n+iP (Ti−1b)i−2 + P (b)i−1 i = j + 2

(−1)n+jP (Ti−1b)j i > j + 2.

Proof. If i < j − 1, then

tiP (b)j = (−1)n+j(Tib)j + (TjTib)j+1 + (−1)n+j(Tib)j+2;

tiP (b)i+1 =(b)i + ((1 + Ti+1Ti)b)i+2 + (−1)n+i+1(Tib)i+3

=P (b)i + (−1)n+i+1(Tib)i+1 + (Ti+1Tib)i+2 + (−1)n+i+1(Tib)i+3

=P (b)i + (−1)n+i+1P (Tib)i+1;

tiP (b)i = (b)i+1 + (−1)n+i(Tib)i + (−1)n+i(Tib)i+2;

tiP (b)i−1 = (−1)n+i+1(Ti−1b)i−1 + (−1)n+i+1(Ti−1b)i+1 + (b)i;

tiP (b)i−2 =(−1)n+i(Ti−1b)i−2 + (−Ti−1Ti−2b)i−1 + (b)i+1

=(−1)n+iP (Ti−1b)i−2 + (b)i−1 + (−1)n+i+1(Ti−1b)i + (b)i+1.

Finally, when i > j + 2, we have

tiP (b)j = (−1)n+j(Ti−1b)j + (TjTi−1b)j+1 + (−1)n+j(Ti−1b)j+2.

This shows that the elements P (b)i are analogous to the polytabloids ek that span the Specht module

S(n−1,1). Next we will construct a module N which will be a sum of copies of S((n− 2, 2)) (the number

of copies will depend on the choice of the basic spin representation M we start with).

Let M be a basic spin representation of the subgroup of S+
n generated by t1, . . . , tn−3 and tn−1:

this means t1, . . . , tn−3, tn−1 act via T1, . . . , Tn−3, Tn−1 satisfying the basic spin relations. Given a basis

{x1, . . . , xr} for M , there is a basis for the induced module M ↑Tn given by the elements

(xk)ij := tjtj+1 · · · tn−1titi+1 · · · tn−2xk
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for each 1 ≤ k ≤ r and 1 ≤ i < j ≤ n. (There are n(n−1)/2 distinct (b)ij for each b ∈ M ; by convention,

tjtj+1 · · · tn−1 = 1 when j = n, and (b)n−1,n := b.)

Lemma 3.2.2. For 1 ≤ i < j ≤ n, the action of the generators t1, . . . , tn−1 ∈ Tn on (b)ij is given by

tk(b)ij =



(−1)i+j+1(Tkb)ij k < i− 1,

(−1)n+j(b)i−1,j k = i− 1,

(−1)n+j(b)i+1,j k = i < j − 1,

(Tn−1b)ij k = i = j − 1,

(−1)i+j+1(Tk−1b)ij i < k < j − 1,

(b)i,j−1 i < k = j − 1,

(b)i,j+1 k = j,

(−1)i+j+1(Tk−2b)ij k > j.

Proof. When k + 1 < i < j, we have

tk(b)ij = (−1)n+jtjtj+1 · · · tn−1tktiti+1 · · · tn−2b

= (−1)i+j+1tjtj+1 · · · tn−1titi+1 · · · tn−2tkb

= (−1)i+j+1(Tkb)ij ; when k + 1 = i < j,

ti−1(b)ij = (−1)n+jtjtj+1 · · · tn−1ti−1titi+1 · · · tn−2b

= (−1)n+j(b)i−1,j .

Suppose 1 ≤ i ≤ n− 3 and n+ i is even. Then

ti(b)i,i+1 = titi+1 · · · tn−1titi+1 · · · tn−2b

= −titi+1titi+2ti+1ti+3ti+4 · · · tn−1ti+2ti+3 · · · tn−2b

= ti+1ti+2titi+1ti+2ti+3ti+4 · · · tn−1ti+2ti+3 · · · tn−2b

= ti+1ti+2ti+3ti+4titi+1ti+2ti+3ti+4ti+5 · · · tn−1ti+4ti+5 · · · tn−2b

= · · ·

= ti+1ti+2 · · · tn−4titi+1 · · · tn−1tn−4tn−3tn−2b

= ti+1ti+2 · · · tn−4tn−3tn−2titi+1 · · · tn−3tn−2tn−1tn−2b

= ti+1ti+2 · · · tn−4tn−3tn−2titi+1 · · · tn−3tn−1tn−2tn−1b

= ti+1ti+2 · · · tn−1titi+1 · · · tn−2tn−1b.

If 1 ≤ i ≤ n− 3 and n+ i is odd, then

ti(b)i,i+1 = titi+1 · · · tn−1titi+1 · · · tn−2b
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= ti+1ti+2titi+1 · · · tn−1ti+2ti+3 · · · tn−2b

= ti+1ti+2ti+3ti+4titi+1 · · · tn−1ti+4ti+5 · · · tn−2b

= · · ·

= ti+1ti+2 · · · tn−3titi+1 · · · tn−1tn−3tn−2b

= ti+1ti+2 · · · tn−3tn−2tn−1titi+1 · · · tn−2tn−1b.

Hence, for i ∈ {1, . . . , n− 3} ∪ {n− 1}, we have

ti(b)i,i+1 = (Tn−1b)i,i+1

(as by definition (b)in = titi+1 · · · tn−2b, for 1 ≤ i < n − 1, and (b)n−1,n = b). Moreover, when

1 ≤ i < j − 1 < n, we have

ti(b)ij = titjtj+1 · · · tn−1titi+1 · · · tn−2b

= (−1)n+jtjtj+1 · · · tn−1t
2
i ti+1ti+2 · · · tn−2b

= (−1)n+j(b)i+1,j .

When 1 ≤ i < k < j − 1 < n, we have

tk(b)ij = (−1)n+jtjtj+1 · · · tn−1tktiti+1 · · · tn−2b

= (−1)n+i+j+k+1tjtj+1 · · · tn−1titi+1 · · · tk−2tktk−1tktk+1 · · · tn−2b

= (−1)i+j+1tjtj+1 · · · tn−1titi+1 · · · tk−2tk−1tktk+1tk+2 · · · tn−2tk−1b

= (−1)i+j+1(Tk−1b)ij .

If 1 ≤ i < j − 1 < n, then

tj−1(b)ij = tj−1tjtj+1 · · · tn−1titi+1 · · · tn−2b

= (b)i,j−1.

(If i = j − 1, then tj−1(b)ij = ti(b)i,i+1.)

When 1 ≤ i < j < n,

tj(b)ij = t2j tj+1tj+2 · · · tn−1titi+1 · · · tn−2b

= tj+1tj+2 · · · tn−1titi+1 · · · tn−2b

= (b)i,j+1.

When 1 ≤ i < j < k, we have

tk(b)ij = tktjtj+1 · · · tn−1titi+1 · · · tn−2b

= (−1)j+k+1tjtj+1 · · · tk−2tktk−1tktk+1 · · · tn−1titi+1 · · · tn−2b

= (−1)j+k+1tjtj+1 · · · tk−2tk−1tktk−1tk+1tk+2 · · · tn−1titi+1 · · · tn−2b
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= (−1)j+k+1(−1)n+k+1tjtj+1 · · · tn−1tk−1titi+1 · · · tn−2b

= (−1)n+j(−1)i+ktjtj+1 · · · tn−1titi+1 · · · tk−3tk−1tk−2tk−1tk · · · tn−2b

= (−1)n+i+j+ktjtj+1 · · · tn−1titi+1 · · · tk−3tk−2tk−1tk−2tktk+1 · · · tn−2b

= (−1)n+i+j+k(−1)n+k+1tjtj+1 · · · tn−1titi+1 · · · tn−2tk−2b

= (−1)i+j+1(Tk−2b)ij .

We want to find (a sum of copies of) S((n− 2, 2)) as a submodule of this induced module. In order

to find this submodule N , we will need a spin analogue of James’ construction of the Specht module

S(n−2,2). Recall that for a bar partition λ = (λ1, . . . ) of n, we obtain a shifted λ-tableau by filling the

nodes of the diagram {(i, j)|1 ≤ i ≤ j < λi} with the numbers 1, . . . , n. We say that a shifted λ-tableau

is reverse standard when the numbers are decreasing along each row and down each column. Clearly,

the number of reverse standard shifted λ-tableaux is equal to the number of standard shifted λ-tableaux,

for all bar partitions λ. We will show that for all n ≥ 5, by inducing the basic spin module M with basis

{x1, . . . , xr}, we can find a basis for N inside M ↑Tn with size equal to r times (n−1)(n−4)/2, the number

of standard shifted (n− 2, 2)-tableaux.

Example. The submodule labelled by (4, 2) is spanned by elements

P (b) := (b)14 + (T3b)15 + (b)16 + (T1b)24 + (T1T3b)25 + (T1b)26 + (b)34 + (T3b)35 + (b)36

for each element b in the basic spin module M . For each b ∈ M , the action of the generators t1, . . . , t5

is given by

t1P (b) = P (T1b) = t2P (b);

t3P (b) = (b)13 − (T2T3b)15 + (T2b)16 + (T1b)23 − (T2T3T1b)25 − (T2T1b)26

+ (T5b)34 − (T3b)45 + (b)46;

t4P (b) = P (T3b) = t5P (b);

t2t3P (b) = (b)12 + (T1T2T3b)15 + (T1T2b)16 + (T5T1b)23 + (T5b)24 + (T2T3T1b)35

− (T2T1b)36 − (T2T3b)45 − (T2b)46;

t4t3P (b) = −(T2b)13 − (T2T3b)14 + (T3T2b)16 + (T2T1b)23 − (T2T3T1b)24

+ (T3T2T1b)26 + (T5b)35 − (T5T3b)45 + (b)56;

t1t2t3P (b) = (T5b)12 − (T5T1b)13 + (T5b)14 − (T1T2T3b)25 + (T1T2b)26

− (T1T2T3T1b)35 − (T1T2T1b)36 − (T1T2T3b)45 + (T1T2b)46;

t4t2t3P (b) = (T2b)12 + (T1T2T3b)14 + (T3T1T2b)16 − (T5T2T1b)23 + (T5b)25

+ (T2T3T1b)34 − (T3T2T1b)36 − (T5T2T3b)45 − (T2b)56;
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t5t4t3P (b) = (T3T2b)13 − (T2T3T2b)14 + (T3T2b)15 + (T3T2T1b)23 + (T2T3T2T1b)24

+ (T3T2T1b)25 + (T5b)36 − (T5T3b)46 + (T5b)56;

t4t1t2t3P (b) = −(T5T2b)12 − (T5T2T1b)13 + (T5b)15 − (T1T2T3b)24 − (T3T1T2b)26

− (T1T2T3T1b)34 − (T3T1T2T1b)36 − (T5T1T2T3b)45 + (T1T2b)56;

t3t4t2t3P (b) = (T1T2b)12 + (T1T2T3b)13 + (T2T3T1T2b)16 − (T5T2T1b)24 − (T5T2b)25

+ (T5T2T3T1b)34 + (T5T2T3b)35 − (T3T2T1b)46 − (T3T2b)56

= −P (T2T1T3T2b)− t3P (T2T1T3b)− t2t3P (T2T1b) + t4t3P (T2T3b)− t4t2t3P (T2b);

t5t4t2t3P (b) = (T3T2b)12 + (T3T1T2T3b)14 + (T3T1T2b)15 + (T5T3T2T1b)23 + (T5b)26

+ (T2T3T2T1b)34 − (T3T2T1b)35 − (T5T2T3b)46 − (T5T2b)56;

t3t4t1t2t3P (b) = (T5T1T2b)12 − (T5T2T1b)14 + (T5T2b)15 − (T1T2T3b)23 + (T2T3T1T2b)26

− (T5T1T2T3T1b)34 + (T5T1T2T3b)35 − (T3T1T2T1b)46 + (T3T1T2b)56

= −t5t4t2t3P (T2T1T3T2T5b);

t5t4t1t2t3P (b) = (T5T3T2b)12 − (T5T3T2T1b)13 + (T5b)16 + (T3T1T2T3b)24 − (T3T1T2b)25

− (T3T1T2T3T1b)34 − (T3T1T2T1b)35 − (T5T1T2T3b)46 + (T5T1T2b)56

= −t3t4t2t3P (T2T3T1T2T5b);

t2t3t4t2t3P (b) = (T1T2T3b)12 + (T1T2b)13 + (T1T2T3T1T2b)16 + (T5T2T3T1b)24

− (T5T2T3b)25 − (T5T2T1b)34 + (T5T2b)35 + (T2T3T2T1b)46 − (T2T3T2b)56

= t5t4t1t2t3P (T1T2T1T3T2T5b);

t5t3t4t2t3P (b) = (T3T1T2b)12 − (T3T1T2T3b)13 + (T2T3T1T2b)15 − (T5T3T2T1b)24 − (T5T2b)26

− (T5T2T3T2T1b)34 + (T5T2T3b)36 − (T3T2T1b)45 − (T5T3T2b)56

= −t4t1t2t3P (T2T1T3T2T5b).

This shows that the action of any product of 5 or more generators ti is equivalent to the action of a

product of 4 or less generators on P (b). Further, using Gaussian elimination, we find

t5t4t2t3P ((1 + T2T5)b) =P ((1− T1T2T3T2 + T2T1T3T5)b) + t3P (T2T3T2b) + t2t3P (T3(T2 + T5)b)

+ t4t3P ((T3 − T5)T2b)− t5t4t3P (T2T3T5b);

t4t1t2t3P (b) =P (−(T1 + T2)(T3 + T5)b) + t3P (−(T1 + T2)(1 + T3T5)b)

+ t2t3P ((T1 − T5)T2b) + t4t3P ((1 + T3T5)T1T2b)

+ t5t4t2t3P (T2T1T3T2b).

Hence, starting with a basis {x1, . . . , xr} for the basic spin module M , we have a basis for S((4, 2)):

r⋃
i=1

{P (xi), t3P (xi), t2t3P (xi), t4t3P (xi), t1t2t3P (xi), t4t2t3P (xi), t5t4t3P (xi)}.

Now we can generalise this construction for (4, 2) to n ≥ 6, but this will not include n = 5. However,
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we can find a linear combination of these ‘spin polytabloids’ in the span of the element P (b) such that

the terms (b)1j , for j = 2, . . . , 6, are all zero:

P (T2T3T2b) + t3P (b) + t4t3P (T2b)

= −(T2b)23 − (T3T2b)24 − (T3b)25 + ((1− T3T2)b)26 + ((T2T3T2 + T5)b)34

+ (T2(T3 − T5)b)35 + (T2T3T2b)36 − (T3(1− T2T5)b)45 + (b)46 + (T2b)56.

When we reduce all of the numbers above by 1, we obtain

P5(b) :=− (T1b)12 − (T2T1b)13 − (T2b)14 + ((1− T2T1)b)15 + ((T4 − T1 − T2)b)23

+ ((T1T2 − T1T4)b)24 + ((−T1 − T2)b)25 + ((−T2 − T2T1T4)b)34

+ (b)35 + (T1b)45.

When n = 5, since t1P5(b) and P5(b) are linearly independent,

t2P5(b) = −P5(T1b)− P5(T2b), t3P5(b) = P5(T1b),

2t4P5(b) = P5(T1T2T4b)− P5(T2b) + t1P5(T1T2T1T4b) + t1P5(T1T2b)− t1P5(T1T4b),

and t2t1P5(b) = −P5(T2T1b)− t1P5(T1b),

so the submodule generated by elements P5(b) for b ∈M has dimension 2dimM under the action of S+
5

(the number of standard shifted (3, 2)-tableaux is 2). This leads us to define

Pn(b) :=(Tn−4b)n−1,n

+ (b)n−2,n

+ ((−Tn−3 + Tn−1 + Tn−4Tn−3Tn−1)b)n−2,n−1

+ ((−Tn−4 − Tn−3)b)n−3,n

+ ((Tn−4Tn−3 − Tn−4Tn−1)b)n−3,n−1

+ ((−Tn−4 − Tn−3 + Tn−1)b)n−3,n−2

+ ((2 + Tn−4Tn−3)b)n−4,n

+ (−Tn−3b)n−4,n−1

+ ((1 + Tn−4Tn−3)b)n−4,n−2

+ (−Tn−4b)n−4,n−3,

for n ≥ 5. The action of the generators t1, . . . , tn−1 on Pn(b) is given by:

For n > k + 5,

tkPn(b) =(TkTn−4b)n−1,n

+ (−Tkb)n−2,n

+ (Tk(−Tn−3 − Tn−1 − Tn−4Tn−3Tn−1)b)n−2,n−1
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+ (Tk(−Tn−4 − Tn−3)b)n−3,n

+ (TkTn−4(−Tn−3 + Tn−1)b)n−3,n−1

+ (Tk(−Tn−4 − Tn−3 + Tn−1)b)n−3,n−2

+ (Tk(−2− Tn−4Tn−3)b)n−4,n

+ (−TkTn−3b)n−4,n−1

+ (Tk(−1− Tn−4Tn−3)b)n−4,n−2

+ (−TkTn−4b)n−4,n−3

= Pn(−Tkb);

For n > 5,

tn−5Pn(b) =(Tn−5Tn−4b)n−1,n

+ (−Tn−5b)n−2,n

+ (Tn−5(−Tn−3 + Tn−1 + Tn−4Tn−3Tn−1)b)n−2,n−1

+ (Tn−5(−Tn−4 − Tn−3)b)n−3,n

+ (Tn−5Tn−4(−Tn−3 + Tn−1)b)n−3,n−1

+ (Tn−5(−Tn−4 − Tn−3 + Tn−1)b)n−3,n−2

+ ((2 + Tn−4Tn−3)b)n−5,n

+ (Tn−3b)n−5,n−1

+ ((1 + Tn−4Tn−3)b)n−5,n−2

+ (Tn−4b)n−5,n−3;

For n > 4,

tn−4Pn(b) =(b)n−1,n

+ (−Tn−4b)n−2,n

+ ((−Tn−4Tn−3 + Tn−4Tn−1 + Tn−3Tn−1)b)n−2,n−1

+ ((2 + Tn−4Tn−3)b)n−3,n

+ (Tn−3b)n−3,n−1

+ ((1 + Tn−4Tn−3)b)n−3,n−2

+ ((−Tn−4 − Tn−3)b)n−4,n

+ (Tn−4(−Tn−3 + Tn−1)b)n−4,n−1

+ ((−Tn−4 − Tn−3 + Tn−1)b)n−4,n−2

+ (Tn−4Tn−1b)n−4,n−3;

tn−3Pn(b) =((−1− Tn−4Tn−3)b)n−1,n
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+ ((−Tn−4 − Tn−3)b)n−2,n

+ (Tn−4(−Tn−3 + Tn−1)b)n−2,n−1

+ (b)n−3,n

+ ((Tn−3 − Tn−1 − Tn−4Tn−3Tn−1)b)n−3,n−1

+ ((1 + Tn−4Tn−1 + Tn−3Tn−1)b)n−3,n−2

+ ((−2Tn−4 − Tn−3)b)n−4,n

+ (−Tn−4Tn−3b)n−4,n−1

+ (−Tn−4b)n−4,n−2

+ ((1 + Tn−4Tn−3)b)n−4,n−3

= Pn((−Tn−4 − Tn−3)b);

tn−2Pn(b) =(b)n−1,n

+ (Tn−4b)n−2,n

+ ((1 + Tn−4Tn−3 + Tn−3Tn−1)b)n−2,n−1

+ (Tn−4Tn−3b)n−3,n

+ ((−Tn−4 − Tn−3 + Tn−1)b)n−3,n−1

+ (Tn−4(Tn−3 − Tn−1)b)n−3,n−2

+ ((Tn−4 − Tn−3)b)n−4,n

+ ((1 + Tn−4Tn−3)b)n−4,n−1

+ (−Tn−3b)n−4,n−2

+ (−b)n−4,n−3

= Pn(Tn−4b);

tn−1Pn(b) =(−Tn−4Tn−1b)n−1,n

+ ((−Tn−3 + Tn−1 + Tn−4Tn−3Tn−1)b)n−2,n

+ (b)n−2,n−1

+ (Tn−4(Tn−3 − Tn−1)b)n−3,n

+ ((−Tn−4 − Tn−3)b)n−3,n−1

+ ((Tn−4Tn−3 + Tn−3Tn−1)b)n−3,n−2

+ (−Tn−3b)n−4,n

+ ((2 + Tn−4Tn−3)b)n−4,n−1

+ (Tn−4b)n−4,n−2

+ ((1 + Tn−4Tn−3)b)n−4,n−3
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= Pn((−Tn−3 + Tn−4Tn−3Tn−1)b)− tn−1Pn(b)

+ tn−4Pn((Tn−4Tn−3 − 2Tn−4Tn−1 − Tn−3Tn−1)b).

Hence the set {Pn(b)|b ∈M} is fixed under left multiplication by ti for i ∈ {1, . . . , n− 1}\{n− 5, n− 4}.

Note that the following contains no (b)n−4,n−3:

Pn(Tn−1b) + tn−4Pn(b) =((1 + Tn−4Tn−1)b)n−1,n

+ ((−Tn−4 + Tn−1)b)n−2,n

+ ((1 + Tn−4Tn−1)b)n−2,n−1

+ ((2 + Tn−4Tn−3 − Tn−4Tn−1 − Tn−3Tn−1)b)n−3,n

+ ((−Tn−4 + Tn−3 + Tn−4Tn−3Tn−1)b)n−3,n−1

+ ((2 + Tn−4Tn−3 − Tn−4Tn−1 − Tn−3Tn−1)b)n−3,n−2

+ ((−Tn−4 − Tn−3 + 2Tn−1 + Tn−4Tn−3Tn−1)b)n−4,n

+ ((−Tn−4Tn−3 + Tn−4Tn−1 − Tn−3Tn−1)b)n−4,n−1

+ ((−Tn−4 − Tn−3 + 2Tn−1 + Tn−4Tn−3Tn−1)b)n−4,n−2.

We have

Pn(Tn−1b) + tn−4Pn(b) =(Tn−1(−Tn−4 + Tn−1)b)n−1,n

+ ((−Tn−4 + Tn−1)b)n−2,n

+ (Tn−1(−Tn−4 + Tn−1)b)n−2,n−1

+ ((−Tn−4 + Tn−1 + Tn−4Tn−3Tn−1)(−Tn−4 + Tn−1)b)n−3,n

+ ((1 + Tn−4(Tn−3 − Tn−1))(−Tn−4 + Tn−1)b)n−3,n−1

+ ((−Tn−4 + Tn−1 + Tn−4Tn−3Tn−1)(−Tn−4 + Tn−1)b)n−3,n−2

+ ((1− Tn−3Tn−1)(−Tn−4 + Tn−1)b)n−4,n

+ ((−Tn−3 + Tn−1)(−Tn−4 + Tn−1)b)n−4,n−1

+ ((1− Tn−3Tn−1)(−Tn−4 + Tn−1)b)n−4,n−2.

So that

P (b) := 1
2 (Pn((Tn−4 + Tn−1)b) + tn−4Pn((1− Tn−4Tn−1)b))

=(b)n−1,n

+(Tn−1b)n−2,n

+(b)n−2,n−1

+((1 + Tn−4(Tn−3 − Tn−1))b)n−3,n

+((−Tn−4 + Tn−1 + Tn−4Tn−3Tn−1)b)n−3,n−1
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+((1 + Tn−4(Tn−3 − Tn−1))b)n−3,n−2

+((−Tn−3 + Tn−1)b)n−4,n

+((1− Tn−3Tn−1)b)n−4,n−1

+((−Tn−3 + Tn−1)b)n−4,n−2.

Then tkP (b) = P (Tkb) for all k ∈ {1, . . . , n − 1}\{n − 5, n − 3, n − 2}, tn−2P (b) = P (Tn−1b), and the

two polytabloids

tn−5P (b) =(Tn−5b)n−1,n

+(−Tn−5Tn−1b)n−2,n

+(Tn−5b)n−2,n−1

+(Tn−5(1 + Tn−4(Tn−3 − Tn−1))b)n−3,n

+(Tn−5(Tn−4 − Tn−1 − Tn−4Tn−3Tn−1)b)n−3,n−1

+(Tn−5(1 + Tn−4(Tn−3 − Tn−1))b)n−3,n−2

+((−Tn−3 + Tn−1)b)n−5,n

+((−1 + Tn−3Tn−1)b)n−5,n−1

+((−Tn−3 + Tn−1)b)n−5,n−2

and

tn−3P (b) =(Tn−3b)n−1,n

+((1 + Tn−4(Tn−3 − Tn−1))b)n−2,n

+((Tn−4 − Tn−1 − Tn−4Tn−3Tn−1)b)n−2,n−1

+(Tn−1b)n−3,n

+(−b)n−3,n−1

+((Tn−4 + Tn−1 + Tn−4Tn−3Tn−1)b)n−3,n−2

+(Tn−4(Tn−3 − Tn−1)b)n−4,n

+(Tn−4(1− Tn−3Tn−1)b)n−4,n−1

+((−Tn−3 + Tn−1)b)n−4,n−3

are clearly linearly independent from each other and from P (b).

We define the action of the generator ti on a reverse standard shifted (n − 2, 2)-tableau to be the

shifted tableau with the numbers i and i − 1 transposed. We associate to P (b) the reverse standard

shifted (n− 2, 2)-tableau

n n− 1 n− 3 n− 5 n− 6 . . . 1

n− 2 n− 4
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so that only the actions of t3 and t5 give reverse standard shifted (n− 2, 2)-tableaux.

Now titjP (b) is linearly independent from {P (b), tn−5P (b), tn−3P (b)} only when

(i, j) ∈ {(6, 5), (3, 5), (5, 3)}, as

tn−6tn−5P (b) =(Tn−6Tn−5b)n−1,n

+(Tn−6Tn−5Tn−1b)n−2,n

+Tn−6(Tn−5b)n−2,n−1

+(Tn−6Tn−5(1 + Tn−4(Tn−3 − Tn−1))b)n−3,n

+(Tn−6Tn−5(−Tn−4 + Tn−1 + Tn−4Tn−3Tn−1)b)n−3,n−1

+(Tn−6Tn−5(1 + Tn−4(Tn−3 − Tn−1))b)n−3,n−2

+((−Tn−3 + Tn−1)b)n−6,n

+((1− Tn−3Tn−1)b)n−6,n−1

+((−Tn−3 + Tn−1)b)n−6,n−2;

tn−4tn−5P (b) =((−1− Tn−5Tn−4)b)n−1,n

+((−1− Tn−5Tn−4)Tn−1b)n−2,n

+((−1− Tn−5Tn−4)b)n−2,n−1

+(Tn−5(1 + Tn−4(Tn−3 − Tn−1))b)n−4,n

+(Tn−5(−Tn−4 + Tn−1 + Tn−4Tn−3Tn−1)b)n−4,n−1

+(Tn−5(1 + Tn−4(Tn−3 − Tn−1))b)n−4,n−2

+(Tn−5(−Tn−3 + Tn−1)b)n−5,n

+(Tn−5(1− Tn−3Tn−1)b)n−5,n−1

+(Tn−5(−Tn−3 + Tn−1)b)n−5,n−2

= −P (Tn−5Tn−4b)− tn−5P (Tn−5b);

tn−3tn−5P (b) =(−Tn−5Tn−3b)n−1,n

+(Tn−5(1 + Tn−4(Tn−3 − Tn−1))b)n−2,n

+(Tn−5(−Tn−4 + Tn−1 + Tn−4Tn−3Tn−1)b)n−2,n−1

+(−Tn−5Tn−1b)n−3,n

+(−Tn−5b)n−3,n−1

+(Tn−5(−Tn−4 − Tn−1 − Tn−4Tn−3Tn−1)b)n−3,n−2

+(Tn−4(−Tn−3 + Tn−1)b)n−5,n

+(Tn−4(1− Tn−3Tn−1)b)n−5,n−1

+((−Tn−3 + Tn−1)b)n−5,n−3;
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tn−4tn−3P (b) =(Tn−4Tn−3b)n−1,n

+((−Tn−4 − Tn−3 + Tn−1)b)n−2,n

+((1− (Tn−4 + Tn−3)Tn−1)b)n−2,n−1

+(Tn−4(Tn−3 − Tn−1)b)n−3,n

+(Tn−4(−1 + Tn−3Tn−1)b)n−3,n−1

+(Tn−1b)n−4,n

+(b)n−4,n−1

+((Tn−4 + Tn−1 + Tn−4Tn−3Tn−1)b)n−4,n−2

+((1 + Tn−3Tn−1)b)n−4,n−3

= P ((1 + Tn−4Tn−3)b)− tn−3P (Tn−3b);

tn−2tn−3P (b) =((1 + Tn−4(Tn−3 − Tn−1)b)n−1,n

+(Tn−3b)n−2,n

+((−1− Tn−4(Tn−3 + Tn−1))b)n−2,n−1

+(Tn−3Tn−1b)n−3,n

+((Tn−4 + Tn−1 + Tn−4Tn−3Tn−1)b)n−3,n−1

+(−b)n−3,n−2

+((Tn−4 + Tn−3 − (1 + Tn−4Tn−3)Tn−1)b)n−4,n

+(Tn−4(1− Tn−3Tn−1)b)n−4,n−2

+(Tn−4(−Tn−3 + Tn−1)b)n−4,n−3

= 1
2 (P ((1− 2Tn−4Tn−1 − Tn−3Tn−1)b) + tn−3P ((−2Tn−4 − Tn−3 + Tn−1)b)).

By looking at the second row of each tableau, there is a bijection between the set of reverse standard

shifted (n− 2, 2)-tableaux and the set

{(x, y) ∈ Z2 : 1 ≤ y ≤ n− 4, y < x ≤ n− 2}.

Using this bijection, we have a bijection between the sets

{(n− 2, y) : y ∈ Z, 1 ≤ y ≤ n− 4} ↔ {titi+1 · · · tn−5P (b) : 1 ≤ i ≤ n− 4}.

This leads to a bijection

{(x, y) ∈ Z2 : 1 ≤ y < x ≤ n− 2}\{(n− 2, n− 3)} ↔

{tjtj+1 · · · tn−3titi+1 · · · tn−5P (b) : 1 ≤ i < j ≤ n− 2, (j, i) ̸= (n− 2, n− 3)}.

Now all that is left is to inductively prove that this set of spin polytabloids is linearly independent.

Suppose b ∈M and i, j are integers satisfying 1 ≤ i ≤ n− 4, i < j ≤ n− 2. Then we define

Pij := tjtj+1 · · · tn−3titi+1 · · · tn−5P (b),
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and set Pn−3,n−2(b) = 0. We have

Pi,n−2(b) = titi+1 · · · tn−5P (b)

=(Ti · · ·Tn−5b)n−1,n

+((−1)n+iTi · · ·Tn−5Tn−1b)n−2,n

+(Ti · · ·Tn−5b)n−2,n−1

+(Ti · · ·Tn−5(1 + Tn−4Tn−3 − Tn−4Tn−1)b)n−3,n

+((−1)n+iTi · · ·Tn−5(−Tn−4 + Tn−1 + Tn−4Tn−3Tn−1)b)n−3,n−1

+(Ti · · ·Tn−5(1 + Tn−4Tn−3 − Tn−4Tn−1)b)n−3,n−2

+((−Tn−3 + Tn−1)b)i,n

+((−1)n+i(1− Tn−3Tn−1)b)i,n−1

+((−Tn−3 + Tn−1)b)i,n−2,

and for 1 ≤ i < j ≤ n− 3,

Pij(b) := tjtj+1 · · · tn−3titi+1 · · · tn−5P (b)

=(Tj · · ·Tn−3Ti · · ·Tn−5b)n−1,n

+((−1)n+j+1Tj · · ·Tn−4Ti · · ·Tn−5(1 + Tn−4Tn−3 − Tn−4Tn−1)b)n−2,n

+((−1)n+iTj · · ·Tn−4Ti · · ·Tn−5(Tn−4 − Tn−1 − Tn−4Tn−3Tn−1)b)n−2,n−1

+((−1)n+iTi · · ·Tn−5Tn−1b)j,n

+((−1)n+jTi · · ·Tn−5b)j,n−1

+((−1)n+iTi · · ·Tn−5(Tn−4 + Tn−1 + Tn−4Tn−3Tn−1)b)j,n−2

+((−1)(n+i+1)(n+j)Tj−1 · · ·Tn−4(−Tn−3 + Tn−1)b)i,n

+((−1)(n+i)(n+j+1)Tj−1 · · ·Tn−4(1− Tn−3Tn−1)b)i,n−1

+((−Tn−3 + Tn−1)b)i,j .

Remark. For all i, j ∈ {1, 2, . . . , n− 3} ∪ {n− 1},

(Ti ± Tj)
2 = 2I ± (TiTj + TjTi) =


2I |i− j| > 1;

2I ∓ I |i− j| = 1;

2I ± 2I i = j.

Since we are not considering fields of characteristic 2, and since (−Tn−3 + Tn−1)
2 = 2I, we see that

we have indeed found a linearly independent set of spin polytabloids in the orbit of P (b) that has the

same size as the set of standard shifted (n− 2, 2)-tableaux. Thus we have a basis for the submodule N .

Theorem 3.2.3. SupposeM is a basic spin representation of S+
n−1 with a given basis {x1, . . . , xr}. Then

the set

{Pij(xk)|1 ≤ i ≤ n− 4, i < j ≤ n− 2, 1 ≤ k ≤ r}
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is a basis for the submodule N corresponding to a sum of copies of S((n − 2, 2)) in the induced module

M ↑Tn over F . For each b ∈M and k = 1, . . . , n−1, the action of the generator tk of S+
n on the element

Pij(b) in the induced module is given by the values of tkPij(b) in the following table:

Case tkPij(b)

1 k < i− 1

2 k = i = n− 4 = j − 2 (−1)i+jPij(Tkb)

3 k = n− 1

4 k = i− 1 (−1)n+jPi−1,j(b)

5 k = i < n− 4, i < j − 1 (−1)n+jPi+1,j(b)

6 k = i = j − 1 Pi,i+1(−Tn−3b) + Pi,n−2(−Ti · · ·Tn−5Tn−3Tn−4b)

+Pi+1,n−2(−Ti · · ·Tn−3Tn−4b)

7 i < k < j − 1, k < n− 4 (−1)i+jPij(Tk−1b)

8 i < k = n− 4 = j − 2 (−1)n+i(Pi,n−2(Tn−5b) + P (Ti · · ·Tn−4b))

9 i < k = j − 1 Pi,j−1(b)

10 k = j < n− 2 Pi,j+1(b)

11 k = j = n− 2 (−1)n+iPi,n−2(Tn−1b)

12 j < k < n− 3 (−1)i+jPij(Tk−2b)

13 j < k = n− 3 (−1)i+jPij(Tn−5b) + Pj,n−3(−Ti · · ·Tn−5Tn−3Tn−4b)

+(−1)i+j+1Pj,n−2(Ti · · ·Tn−6(1 + (Tn−5 + Tn−4)Tn−3)b)

(−1)i+j

2 (Pij((2Tn−4 + Tn−3 − Tn−1)b)

14 j < k = n− 2 +(−1)(n+i)(n+j)Pi,n−2(Tj−1 · · ·Tn−5(−1 + (2Tn−4 + Tn−3)Tn−1)b)

+Pj,n−2(Ti · · ·Tn−5(−Tn−4 + 2Tn−1 + Tn−4Tn−3Tn−1)b))

Proof. Case 1-3: If 0 < k < i− 1 and b ∈M , then by definition of Pij(b), we have

tkPij(b) = (−1)i+jPij(Tkb);

tn−4Pn−4,n−2(b) = P (Tn−4b);

and

tn−1Pij(b) = (−1)i+jPij(Tn−1b).

Case 4:

ti−1Pij(b) = (−1)n+jPi−1,j(b).

Case 5: If i < j − 1 and i < n− 4, then

tiPij(b) = (−1)n+jtjtj+1 · · · tn−3ti+1ti+2 · · · tn−5P (b)

= (−1)n+jPi+1,j(b).
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Case 6: For 1 ≤ i ≤ n− 4, we have

Pi,i+1(b) = ti+1 · · · tn−3titi+1 · · · tn−5P (b)

= (Ti+1 · · ·Tn−3Ti · · ·Tn−5b)n−1,n

+((−1)n+iTi+1 · · ·Tn−4Ti · · ·Tn−5(1 + Tn−4Tn−3 − Tn−4Tn−1)b)n−2,n

+((−1)n+iTi+1 · · ·Tn−4Ti · · ·Tn−5(Tn−4 − Tn−1 − Tn−4Tn−3Tn−1)b)n−2,n−1

+((−1)n+iTi · · ·Tn−5Tn−1b)i+1,n

+((−1)n+i+1Ti · · ·Tn−5b)i+1,n−1

+((−1)n+iTi · · ·Tn−5(Tn−4 + Tn−1 + Tn−4Tn−3Tn−1)b)i+1,n−2

+((−1)n+iTi · · ·Tn−4(Tn−3 − Tn−1)b)i,n

+((−1)n+iTi · · ·Tn−4(1− Tn−3Tn−1)b)i,n−1

+((−Tn−3 + Tn−1)b)i,i+1;

Thus, the action of ti on Pi,i+1(b) is given by

tiPi,i+1(b) = titi+1 · · · tn−3titi+1 · · · tn−5P (b)

= (Ti · · ·Tn−3Ti · · ·Tn−5b)n−1,n

+((−1)n+iTi · · ·Tn−4Ti · · ·Tn−5(−1− Tn−4Tn−3 + Tn−4Tn−1)b)n−2,n

+((−1)n+iTi · · ·Tn−4Ti · · ·Tn−5(Tn−4 − Tn−1 − Tn−4Tn−3Tn−1)b)n−2,n−1

+((−1)n+iTi · · ·Tn−4(Tn−3 − Tn−1)b)i+1,n

+((−1)n+iTi · · ·Tn−4(−1 + Tn−3Tn−1)b)i+1,n−1

+((−1)n+iTi · · ·Tn−5Tn−1b)i,n

+((−1)n+iTi · · ·Tn−5b)i,n−1

+((−1)n+iTi · · ·Tn−5(Tn−4 + Tn−1 + Tn−4Tn−3Tn−1)b)i,n−2

+((1 + Tn−3Tn−1)b)i,i+1;

Adding Pi,i+1(Tn−3b), we get

tiPi,i+1(b) + Pi,i+1(Tn−3b)

= ((Ti · · ·Tn−3Ti · · ·Tn−5 + Ti+1 · · ·Tn−3Ti · · ·Tn−5Tn−3)b)n−1,n

+((−1)n+i(Ti · · ·Tn−4Ti · · ·Tn−5(−1− Tn−4Tn−3 + Tn−4Tn−1)

+ Ti+1 · · ·Tn−4Ti · · ·Tn−5(Tn−4 + Tn−3 + Tn−4Tn−3Tn−1))b)n−2,n

+((−1)n+i(Ti · · ·Tn−4Ti · · ·Tn−5(Tn−4 − Tn−1 − Tn−4Tn−3Tn−1)

+ Ti+1 · · ·Tn−4Ti · · ·Tn−5(Tn−4Tn−3 + Tn−4Tn−1 + Tn−3Tn−1))b)n−2,n−1

+((−1)n+iTi · · ·Tn−5(Tn−4Tn−3 − Tn−4Tn−1 − Tn−3Tn−1)b)i+1,n

+((−1)n+iTi · · ·Tn−5(−Tn−4 − Tn−3 + Tn−4Tn−3Tn−1)b)i+1,n−1
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+((−1)n+iTi · · ·Tn−5(Tn−4Tn−3 − Tn−4Tn−1 − Tn−3Tn−1)b)i+1,n−2

+((−1)n+iTi · · ·Tn−5(Tn−4 + Tn−1 + Tn−4Tn−3Tn−1)b)i,n

+((−1)n+iTi · · ·Tn−5(1 + Tn−4Tn−3 + Tn−4Tn−1)b)i,n−1

+((−1)n+iTi · · ·Tn−5(Tn−4 + Tn−1 + Tn−4Tn−3Tn−1)b)i,n−2;

For each i = 1, . . . , n− 4, we have

Pi,n−2(Ti · · ·Tn−5(−1− Tn−4Tn−3)b)

= (Ti · · ·Tn−5Ti · · ·Tn−5(−1− Tn−4Tn−3)b)n−1,n

+(Ti · · ·Tn−5Ti · · ·Tn−5(−Tn−1 − Tn−4Tn−3Tn−1)b)n−2,n

+(Ti · · ·Tn−5Ti · · ·Tn−5(−1− Tn−4Tn−3)b)n−2,n−1

+(Ti · · ·Tn−5(−1− Tn−4Tn−3 + Tn−4Tn−1)Ti · · ·Tn−5(1 + Tn−4Tn−3)b)n−3,n

+((−1)n+iTi · · ·Tn−5(Tn−4 − Tn−1 − Tn−4Tn−3Tn−1)Ti · · ·Tn−5(1 + Tn−4Tn−3)b)n−3,n−1

+(Ti · · ·Tn−5(−1− Tn−4Tn−3 + Tn−4Tn−1)Ti · · ·Tn−5(1 + Tn−4Tn−3)b)n−3,n−2

+((−1)n+iTi · · ·Tn−5(−Tn−4 − Tn−1 − Tn−4Tn−3Tn−1)b)i,n

+((−1)n+iTi · · ·Tn−5(−1− Tn−4Tn−3 − Tn−4Tn−1)b)i,n−1

+((−1)n+iTi · · ·Tn−5(−Tn−4 − Tn−1 − Tn−4Tn−3Tn−1)b)i,n−2;

Adding this, we get

tiPi,i+1(b) + Pi,i+1(Tn−3b)− Pi,n−2(Ti · · ·Tn−5(1 + Tn−4Tn−3)b)

= ((Ti · · ·Tn−3Ti · · ·Tn−5 + Ti+1 · · ·Tn−3Ti · · ·Tn−5Tn−3

+ Ti · · ·Tn−5Ti · · ·Tn−5(−1− Tn−4Tn−3))b)n−1,n

+(((−1)n+iTi · · ·Tn−4Ti · · ·Tn−5(−1− Tn−4Tn−3 + Tn−4Tn−1)

+ (−1)n+iTi+1 · · ·Tn−4Ti · · ·Tn−5(Tn−4 + Tn−3 + Tn−4Tn−3Tn−1)

+ Ti · · ·Tn−5Ti · · ·Tn−5(−Tn−1 − Tn−4Tn−3Tn−1))b)n−2,n

+(((−1)n+iTi · · ·Tn−4Ti · · ·Tn−5(Tn−4 − Tn−1 − Tn−4Tn−3Tn−1)

+ (−1)n+iTi+1 · · ·Tn−4Ti · · ·Tn−5(Tn−4Tn−3 + Tn−4Tn−1 + Tn−3Tn−1)

+ Ti · · ·Tn−5Ti · · ·Tn−5(−1− Tn−4Tn−3))b)n−2,n−1

+(Ti · · ·Tn−5(−1− Tn−4Tn−3 + Tn−4Tn−1)Ti · · ·Tn−5(1 + Tn−4Tn−3)b)n−3,n

+((−1)n+iTi · · ·Tn−5(Tn−4 − Tn−1 − Tn−4Tn−3Tn−1)Ti · · ·Tn−5(1 + Tn−4Tn−3)b)n−3,n−1

+(Ti · · ·Tn−5(−1− Tn−4Tn−3 + Tn−4Tn−1)Ti · · ·Tn−5(1 + Tn−4Tn−3)b)n−3,n−2

+((−1)n+iTi · · ·Tn−5(Tn−4Tn−3 − Tn−4Tn−1 − Tn−3Tn−1)b)i+1,n

+((−1)n+iTi · · ·Tn−5(−Tn−4 − Tn−3 + Tn−4Tn−3Tn−1)b)i+1,n−1

+((−1)n+iTi · · ·Tn−5(Tn−4Tn−3 − Tn−4Tn−1 − Tn−3Tn−1)b)i+1,n−2;
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Now when i = n− 4, we get

tn−4Pn−4,n−3(b) = P ((1 + Tn−4Tn−3)b)− Pn−4,n−3(Tn−3b);

For 1 ≤ i ≤ n− 5, we have

(Ti · · ·Tn−5)
2 = Ti+1 · · ·Tn−5Ti · · ·Tn−6,

and using this relation, we get

tiPi,i+1(b) + Pi,i+1(Tn−3b)− Pi,n−2(Ti · · ·Tn−5(1 + Tn−4Tn−3)b)

= ((Ti · · ·Tn−3Ti · · ·Tn−5 + (−1)n+iTi+1 · · ·Tn−4Ti · · ·Tn−5

+ Ti · · ·Tn−5Ti · · ·Tn−5(−1− Tn−4Tn−3))b)n−1,n

+(((−1)n+iTi · · ·Tn−4Ti · · ·Tn−5(−1− Tn−4Tn−3 + Tn−4Tn−1)

+ (−1)n+iTi+1 · · ·Tn−4Ti · · ·Tn−5(Tn−4 + Tn−3 + Tn−4Tn−3Tn−1)

+ Ti · · ·Tn−5Ti · · ·Tn−5(−Tn−1 − Tn−4Tn−3Tn−1))b)n−2,n

+(((−1)n+iTi · · ·Tn−4Ti · · ·Tn−5(Tn−4 − Tn−1 − Tn−4Tn−3Tn−1)

+ (−1)n+iTi+1 · · ·Tn−4Ti · · ·Tn−5(Tn−4Tn−3 + Tn−4Tn−1 + Tn−3Tn−1)

+ Ti · · ·Tn−5Ti · · ·Tn−5(−1− Tn−4Tn−3))b)n−2,n−1

+(Ti · · ·Tn−5Ti · · ·Tn−6(Tn−4 + Tn−1 − Tn−5Tn−4Tn−3 + Tn−5Tn−4Tn−1

+ Tn−5Tn−3Tn−1 + Tn−4Tn−3Tn−1)b)n−3,n

+(Ti · · ·Tn−5Ti · · ·Tn−6(−1− Tn−5Tn−4 − Tn−5Tn−3 − Tn−4Tn−3

− Tn−4Tn−1 − Tn−5Tn−4Tn−3Tn−1)b)n−3,n−1

+(Ti · · ·Tn−5Ti · · ·Tn−6(Tn−4 + Tn−1 − Tn−5Tn−4Tn−3 + Tn−5Tn−4Tn−1

+ Tn−5Tn−3Tn−1 + Tn−4Tn−3Tn−1)b)n−3,n−2

+((−1)n+iTi · · ·Tn−5(Tn−4Tn−3 − Tn−4Tn−1 − Tn−3Tn−1)b)i+1,n

+((−1)n+iTi · · ·Tn−5(−Tn−4 − Tn−3 + Tn−4Tn−3Tn−1)b)i+1,n−1

+((−1)n+iTi · · ·Tn−5(Tn−4Tn−3 − Tn−4Tn−1 − Tn−3Tn−1)b)i+1,n−2

= Pi+1,n−2(Ti · · ·Tn−5(Tn−4 + Tn−3)b).

Case 7: If i < k < j − 1 and k < n− 4, then

tkPij(b) = (−1)n+jtjtj+1 · · · tn−3tktiti+1 · · · tn−5P (b)

= (−1)n+i+j+k+1tjtj+1 · · · tn−3titi+1 · · · tk−2tk−1tktk−1tk+1 · · · tn−5P (b)

= (−1)i+jtjtj+1 · · · tn−3titi+1 · · · tn−5tk−1P (b)

= (−1)i+jPij(Tk−1b).

Case 8: For i < n− 4,

tn−4Pi,n−2(b) = tn−4titi+1 · · · tn−5P (b)
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= (−1)n+i+1titi+1 · · · tn−6tn−4tn−5P (b)

= (−1)n+ititi+1 · · · tn−6(tn−5P (Tn−5b) + P (Tn−5Tn−4b))

= (−1)n+i(Pi,n−2(Tn−5b) + P (Ti · · ·Tn−4b)).

Case 9: If i < j − 1, then

tj−1Pij(b) = Pi,j−1(b).

Case 10: If j < n− 2, then

tjPij(b) = tj+1 · · · tn−3titi+1 · · · tn−5P (b)

= Pi,j+1(b).

Case 11:

tn−2Pi,n−2(b) = (−1)n+iPi,n−2(Tn−1b).

Case 12: If j < k < n− 3, then

tkPij(b) = tktjtj+1 · · · tn−3titi+1 · · · tn−5P (b)

= (−1)j+k+1tjtj+1 · · · tk−2tktk−1tktk+1 · · · tn−3titi+1 · · · tn−5P (b)

= (−1)n+jtjtj+1 · · · tn−3tk−1titi+1 · · · tn−5P (b)

= (−1)i+jPij(Tk−2b).

Case 13: If j < n− 3, then

tn−3Pi,j(b) = (−1)n+jtjtj+1 · · · tn−4tn−3tn−4titi+1 · · · tn−5P (b)

= (−1)i+j+1tjtj+1 · · · tn−3titi+1 · · · tn−6tn−4tn−5P (b)

= (−1)i+jtjtj+1 · · · tn−3titi+1 · · · tn−6(P (Tn−5Tn−4b) + tn−5P (Tn−5b))

= (−1)i+j(Pij(Tn−5b) + tjtj+1 · · · tn−3P (Ti · · ·Tn−4b))

= (−1)i+j(Pij(Tn−5b) + tjtj+1 · · · tn−5(P ((1 + Tn−4Tn−3)Ti · · ·Tn−4b)

− tn−3P (Tn−3Ti · · ·Tn−4b)))

= (−1)i+jPj,n−2(Ti · · ·Tn−6(−1− Tn−5Tn−3 − Tn−4Tn−3)b)

+ Pj,n−3(Ti · · ·Tn−5(1 + Tn−4Tn−3)b) + (−1)i+jPij(Tn−5b).

Case 14: If j < n− 2, then

tn−2Pij(b) = (−1)n+j+1tjtj+1 · · · tn−4tn−2tn−3titi+1 · · · tn−5P (b)

= (−1)n+j+1tjtj+1 · · · tn−4titi+1 · · · tn−5tn−2tn−3P (b)

= 1
2 (−1)n+j+1tjtj+1 · · · tn−4titi+1 · · · tn−5(P ((1− 2Tn−4Tn−1 − Tn−3Tn−1)b)
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+ tn−3P ((−2Tn−4 − Tn−3 + Tn−1)b))

= 1
2 ((−1)n+jtjtj+1 · · · tn−4Pi,n−2((−1 + 2Tn−4Tn−1 + Tn−3Tn−1)b)

+ (−1)i+jPij((2Tn−4 + Tn−3 − Tn−1)b));

When j = n− 3, we are done. For j < n− 3, the action of tjtj+1 · · · tn−4 on Pi,n−2 is given by

tjtj+1 · · ·tn−4Pi,n−2(b)

= (Tj · · ·Tn−4Ti · · ·Tn−5b)n−1,n

+((−1)i+j+1Tj · · ·Tn−4Ti · · ·Tn−5Tn−1b)n−2,n

+(Tj · · ·Tn−4Ti · · ·Tn−5b)n−2,n−1

+(Ti · · ·Tn−5(1 + Tn−4Tn−3 − Tn−4Tn−1)b)j,n

+((−1)i+jTi · · ·Tn−5(Tn−4 − Tn−1 − Tn−4Tn−3Tn−1)b)j,n−1

+(Ti · · ·Tn−5(1 + Tn−4Tn−3 − Tn−4Tn−1)b)j,n−2

+((−1)(n+i+1)(n+j+1)Tj−1 · · ·Tn−5(−Tn−3 + Tn−1)b)i,n

+((−1)(n+i)(n+j)Tj−1 · · ·Tn−5(1− Tn−3Tn−1)b)i,n−1

+((−1)(n+i+1)(n+j+1)Tj−1 · · ·Tn−5(−Tn−3 + Tn−1)b)i,n−2;

Now

(−1)(n+i)(n+j+1)+1Pi,n−2(Tj−1 · · ·Tn−5b)

= (Tj · · ·Tn−5Ti · · ·Tn−6b)n−1,n

+((−1)n+jTj · · ·Tn−5Ti · · ·Tn−6Tn−1b)n−2,n

+((−1)n+i+1Tj · · ·Tn−5Ti · · ·Tn−6b)n−2,n−1

+((−1)n+iTj · · ·Tn−5Ti · · ·Tn−6(1 + (Tn−5 + Tn−4)(Tn−3 − Tn−1))b)n−3,n

+((−1)n+jTj · · ·Tn−5

+((−1)(n+i+1)(n+j+1)Tj−1 · · ·Tn−5(Tn−3 − Tn−1)b)i,n−2;

Adding these together, we get

tjtj+1 · · · tn−4Pi,n−2(b) + (−1)(n+i)(n+j+1)+1Pi,n−2(Tj−1 · · ·Tn−5b)

= ((−1)n+iTj · · ·Tn−5Ti · · ·Tn−4b)n−1,n

+((−1)n+j+1Tj · · ·Tn−5Ti · · ·Tn−4Tn−1b)n−2,n

+((−1)n+iTj · · ·Tn−5Ti · · ·Tn−4b)n−2,n−1

+((−1)n+iTj · · ·Tn−5Ti · · ·Tn−6(−1 + (Tn−5 + Tn−4)(−Tn−3 + Tn−1))b)n−3,n

+((−1)n+jTj · · ·Tn−5Ti · · ·Tn−6(−Tn−5 − Tn−4 + Tn−1 + Tn−5Tn−3Tn−1 + Tn−4Tn−3Tn−1)b)n−3,n−1

+((−1)n+iTj · · ·Tn−5Ti · · ·Tn−6(−1 + (Tn−5 + Tn−4)(−Tn−3 + Tn−1))b)n−3,n−2
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+(Ti · · ·Tn−5(1 + Tn−4Tn−3 − Tn−4Tn−1)b)j,n

+((−1)i+jTi · · ·Tn−5(Tn−4 − Tn−1 − Tn−4Tn−3Tn−1)b)j,n−1

+(Ti · · ·Tn−5(1 + Tn−4Tn−3 − Tn−4Tn−1)b)j,n−2

= (−1)n+iPj,n−2(Ti · · ·Tn−4b).

Whilst we are still a long way off a construction of S(λ) for arbitrary bar partitions λ, analogous to

the Specht modules in the linear case, the methods we used in our construction of S((n − 2, 2)) could

potentially be extended further to apply to all two-part bar partitions.

3.3 Constructing submodules

Now we have a construction of the submodule N of the induced basic spin representation which is

spanned by the elements Pij(b). Next we want to consider its 3-modular decomposition, so we will set

p = 3 and assume n ≥ 6 is a multiple of 3 for the rest of this chapter. We will give a general construction

for the (n− 3)r- and (n− 2)r-dimensional submodules of N , where r is the dimension of the basic spin

module M . Thus, we will prove the following theorem.

Theorem 3.3.1. Suppose p = 3, n ≥ 6 is a multiple of 3, M is a basic spin representation of S+
n−1

with basis {x1, . . . , xr}, and N is the submodule of dimension (n−1)(n−4)r/2 in the induced module M ↑Tn

spanned by the elements Pij(b). Then N has submodules L and K of dimensions (n− 2)r and (n− 3)r.

Moreover, the larger submodule L contains the smaller one K, and the quotient of the two submodules

is a basic spin module.

Recall that when p|n, the basic spin module S((n)) has dimension

d(n, 3) :=


2(n−2)/2 n is even

2(n−3)/2 n is odd

but in general, our basic spin module M will be a sum of copies of S((n)), and dimM will be a multiple

of d(n, 3).

To construct a basis for the (n − 3)d-dimensional submodule K of N , we define the matrix ζn :=∑n−4
k=1(k − 1)Tk satisfying the following Lemma.

Lemma 3.3.2. For 0 ≤ j ≤ n− 5,

ζnT1 · · ·Tj =
j∑

k=1

(−1)kT1 · · ·Tk−1Tk+1 · · ·Tj + (−1)j
n−4∑

k=j+1

(k − 1)T1 · · ·TjTk.

The proof of this lemma is in the appendix.
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Now set

Bn−3(b) := P1,n−2(b) +

n−4∑
j=2

(−1)(n+1)(j+1)Pj,n−2(ζnT1 · · ·Tj−2b)

for each b ∈ M , and for i = 2, . . . , n − 3, inductively define Bi−1(b) := tiBi(b). Then in general, for all

i = 1, . . . , n− 3, we have

Bi(b) := ti+1ti+2 · · · tn−3Bn−3(b)

= P1,i+1(b) +

n−4∑
j=2

(−1)(n+1)(j+1)ti+1ti+2 · · · tn−3Pj,n−2(ζnT1 · · ·Tj−2b)

= P1,i+1(b) +

i∑
j=2

(−1)(n+1)(j+1)Pj,i+1(ζnT1 · · ·Tj−2b)

+

n−4∑
j=i+1

(−1)(n+1)(j+1)ti+1ti+2 · · · tn−3Pj,n−2(ζnT1 · · ·Tj−2b)

= P1,i+1(b) +

i∑
j=2

(−1)(n+1)(j+1)Pj,i+1(ζnT1 · · ·Tj−2b)

+

n−3∑
j=i+2

(−1)(n+1)jti+1ti+2 · · · tn−3Pj−1,n−2(ζnT1 · · ·Tj−3b)

= P1,i+1(b) +

i∑
j=2

(−1)(n+1)(j+1)Pj,i+1(ζnT1 · · ·Tj−2b)

+

n−3∑
j=i+2

(−1)(n+1)jti+1ti+2 · · · tj−1Pj−1,j(ζnT1 · · ·Tj−3b)

= P1,i+1(b) +

i∑
j=2

(−1)(n+1)(j+1)Pj,i+1(ζnT1 · · ·Tj−2b)

+

n−3∑
j=i+2

(−1)(n+1)jti+1ti+2 · · · tj−2(Pj−1,j(−Tn−3ζnT1 · · ·Tj−3b)

+ Pj−1,n−2(−Tj−1 · · ·Tn−5Tn−3Tn−4ζnT1 · · ·Tj−3b)

+ Pj,n−2(Tj−1 · · ·Tn−5(Tn−4 + Tn−3)ζnT1 · · ·Tj−3b))

= P1,i+1(b) +

i∑
j=2

(−1)(n+1)(j+1)Pj,i+1(ζnT1 · · ·Tj−2b)

+

n−3∑
j=i+2

((−1)(n+1)j+(n+j)(i+j)+1Pi+1,j(Tn−3ζnT1 · · ·Tj−3b)

+ (−1)(n+1)jti+1ti+2 · · · tj−2(Pj−1,n−2(−Tj−1 · · ·Tn−5Tn−3Tn−4ζnT1 · · ·Tj−3b)

+ Pj,n−2(Tj−1 · · ·Tn−5(Tn−4 + Tn−3)ζnT1 · · ·Tj−3b)))

= P1,i+1(b) +

i∑
j=2

(−1)(n+1)(j+1)Pj,i+1(ζnT1 · · ·Tj−2b)

+

n−3∑
j=i+2

((−1)i(n+j)+1Pi+1,j(Tn−3ζnT1 · · ·Tj−3b)

+ (−1)(n+1)j+1Pi+1,n−2(Tj−1 · · ·Tn−5Tn−3Tn−4ζnT1 · · ·Tj−3b)
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+ (−1)(n+1)j+1ti+1ti+2 · · · tj−2Pj,n−2(Tj−1 · · ·Tn−5Tn−4Tn−3Tn−4ζnT1 · · ·Tj−3b))

= P1,i+1(b) +

i∑
j=2

(−1)(n+1)(j+1)Pj,i+1(ζnT1 · · ·Tj−2b)

−
n−3∑

j=i+2

((−1)i(n+j)Pi+1,j(Tn−3ζnT1 · · ·Tj−3b)

+ (−1)(n+1)jPi+1,n−2(Tj−1 · · ·Tn−5Tn−3Tn−4ζnT1 · · ·Tj−3b)

+ (−1)i(n+j)Pj,n−2(Ti+1 · · ·Tn−3Tn−4ζnT1 · · ·Tj−3b)).

Theorem 3.3.3. Suppose {x1, . . . , xr} is a basis for a basic spin representation M of S+
n−1, and N

is the (n−1)(n−4)r/2-dimensional submodule of M ↑Tn spanned by the elements Pij(b). Then there is a

submodule K of N with basis {Bi(xj)|1 ≤ i ≤ n− 3, 1 ≤ j ≤ r} and the action of S+
n on Bi(b) is given

by the values of tkBi(b) in the following table:

Case tkBi(b)

B1(−Tn−3b) +Bn−3(−T1 · · ·Tn−5Tn−3Tn−4b)

1 k = i = 1 +
∑n−4

j=2 (Bj(−Tn−3ζnT1 · · ·Tj−2b)

+(−1)(n+1)(j+1)Bn−3(−Tj · · ·Tn−5Tn−3Tn−4ζnT1 · · ·Tj−2b))

2 k = 1 < i (−1)iBi(ζnb)

3 1 < k < i (−1)iBi(Tk−1b)

4 k = i Bi−1(b)

5 k = i+ 1 < n− 2 Bi+1(b)

6 i+ 1 < k ≤ n− 3 (−1)iBi(Tk−2b)

7 i+ 1 < k = n− 2 (−1)iBi((Tn−4 − Tn−3 + Tn−1)b)

+(−1)n(i+1)+1Bn−3(Ti · · ·Tn−5(1 + (Tn−4 − Tn−3)Tn−1)b)

8 k = i+ 1 = n− 2

9 k = n− 1 (−1)iBi(Tn−1b)

The proof of this result is in the appendix.

Now that we have a basis for the (n− 3)r-dimensional submodule K of N in characteristic 3 (where

r is the dimension of the basic spin module M and n is divisible by 3), we will extend this to a basis for

the (n− 2)r-dimensional submodule L of N .

Set χn := ζn − Tn−3, which satisfies the following Lemma.

Lemma 3.3.4. For j = 1, . . . , n− 3, 2 ≤ i ≤ j + 1,

Ti · · ·Tjχn =

i−1∑
k=2

(−1)i+j+1(k − 1)TkTi · · ·Tj

+

j∑
k=i

(−1)j+kTi · · ·Tk−1Tk+1 · · ·Tj
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+

n−3∑
k=j+1

(k − 1)Ti · · ·TjTk.

The proof of this lemma is in the appendix.

We define

Bn−1(b) :=

n−2∑
j=4

(−1)n+1P2j(T2 · · ·Tj−3χnb)

+

n−2∑
j=4

P3j(−Tn−3T2 · · ·Tj−3χnb)

+

n−4∑
i=4

n−2∑
j=i+1

(−1)n(i+1)Pij((1 + T2Tn−3)T3 · · ·Ti−2T2 · · ·Tj−3χnb)

+

n−4∑
i=4

i∑
x=4

Pi,n−2(((−1)ni+x+1T3 · · ·Ti−2T2 · · ·Tx−3Tx−1 · · ·Tn−3Tn−4

+ (−1)(n+1)(i+1)+xT2 · · ·Ti−2T2 · · ·Tx−3Tx−1 · · ·Tn−5Tn−3Tn−4)χnb),

and Bn−2(b) := t3Bn−1. Then

Bn−2(b) =(−1)n+1P23(χnb) +

n−2∑
j=5

(−1)n+j+1P2j(T3 · · ·Tj−3χnb)

+ P34(χnb) +

n−2∑
j=5

(−1)jP3j((1 + T2Tn−3)T2 · · ·Tj−3χnb)

+ (−1)n+1P3,n−2(T2 · · ·Tn−5Tn−3Tn−4χnb)

+

n−2∑
j=5

(−1)n+j+1P4j(Tn−3T2 · · ·Tj−3χnb)

+ P4,n−2(T3 · · ·Tn−5Tn−3Tn−4χnb)

+

n−4∑
i=5

n−2∑
j=i+1

(−1)n+(n+1)i+jPij((1 + (T2 + T3)Tn−3)T4 · · ·Ti−2T2 · · ·Tj−3χnb)

+

n−4∑
i=5

i∑
x=4

Pi,n−2(((−1)(n+1)(i+1)+xT4 · · ·Ti−2T2 · · ·Tx−3Tx−1 · · ·Tn−3Tn−4

+ (−1)ni+x+1T3T2 · · ·Ti−2T2 · · ·Tx−3Tx−1 · · ·Tn−5Tn−3Tn−4)χnb).

Adding an r-dimensional basis for the span of Bn−2(x1), . . . , Bn−2(xr) and Bn−1(x1), . . . , Bn−1(xr) to

our basis

{Bi(xj)|1 ≤ i ≤ n− 3, 1 ≤ j ≤ r}

for the (n−3)r-dimensional submodule K of N , we obtain a basis for the (n−2)r-dimensional submodule

L of N .

Theorem 3.3.5. Suppose {x1, . . . , xr} is a basis for a basic spin representation M of S+
n−1 and N is

the (n−1)(n−4)r/2-dimensional submodule of M ↑Tn spanned by the elements Pij(b). Then there is an

(n− 2)r-dimensional submodule L of N spanned by the set

{Bi(xj)|1 ≤ i ≤ n− 1, 1 ≤ j ≤ r}.
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The action of S+
n on Bn−1(b) and Bn−2(b), for b ∈M , is given in the following table:

Case 1 ≤ k ≤ n− 1 tkBn−1(b) tkBn−2(b)

1 k = 1 Bn−1(−Tn−3b) Bn−2(Tn−3b)

+
∑n−3

j=3 (−1)jBj(T2 · · ·Tj−2χnb) +
∑n−3

j=3 (−1)j+1t3Bj(T2 · · ·Tj−2χnb)

2 k = 2 Bn−1(−Tn−3b) Bn−2(Tn−3b) +Bn−1(−b)

3 k = 3 Bn−2(b) Bn−1(b)

4 k = 4 Bn−1(−T2b) Bn−2(T2b) +Bn−1(−b)

5 5 ≤ k ≤ n− 3 Bn−1(−Tk−2b) Bn−2(Tk−2b)

6 k = n− 2 Bn−1((−Tn−4 + Tn−3 − Tn−1)b) Bn−2((Tn−4 − Tn−3 + Tn−1)b)

7 k = n− 1 Bn−1(−Tn−1b) Bn−2(Tn−1b)

The proof of this theorem is in the appendix.

Now we can find a basic spin representation as a quotient of the submodules L and K of N by

using Theorems 3.3.3 and 3.3.5 to compute the action of the operators δi := titi+1 + ti+1ti + 1, for

i = 1, . . . , n− 2, on Bn−1(b), thus proving Theorem 3.3.1.

Proof of Theorem 3.3.1:

Proof. The action of δi on Bn−2(b) and Bn−1(b), for b ∈M and i = 1, . . . , n− 2, is given by:

δ1Bn−1(b) =t1Bn−1(−Tn−3b) + t2Bn−1(−Tn−3b) +

n−3∑
j=3

(−1)jt2Bj(T2 · · ·Tj−2χnb) +Bn−1(b)

=

n−3∑
j=3

(−1)j(Bj(−T2 · · ·Tj−2χnTn−3b) + t2Bj(T2 · · ·Tj−2χnb);

δ2Bn−1(b) =t2Bn−2(b) + t3Bn−1(−Tn−3b) +Bn−1(b) = 0;

δ3Bn−1(b) =t3Bn−1(−T2b) + t4Bn−2(b) +Bn−1(b) = 0;

If 4 ≤ k ≤ n− 4 then

δkBn−1(b) =tkBn−1(−Tk−1b) + tk+1Bn−1(−Tk−2b) +Bn−1(b)

=Bn−1((1 + Tk−2Tk−1 + Tk−1Tk−2)b) = 0;

δn−3Bn−1(b) =tn−3Bn−1((−Tn−4 + Tn−3 − Tn−1)b) + tn−2Bn−1(−Tn−5b) +Bn−1(b)

=Bn−1((1 + Tn−5(Tn−4 − Tn−3 + Tn−1) + (Tn−4 − Tn−3 + Tn−1)Tn−5)b) = 0;

δn−2Bn−1(b) =tn−2Bn−1(−Tn−1b) + tn−1Bn−1((−Tn−4 + Tn−3 − Tn−1)b) +Bn−1(b)

=Bn−1((1 + (Tn−4 − Tn−3 + Tn−1)Tn−1 + Tn−1(Tn−4 − Tn−3 + Tn−1))b) = 0;

δ1Bn−2(b) =Bn−2(b) + t1Bn−2(Tn−3b) + t1Bn−1(−b) + t2Bn−2(Tn−3b)

+

n−3∑
j=3

(−1)j+1t2t3Bj(T2 · · ·Tj−2χnb)

=

n−3∑
j=3

(−1)j+1(t3Bj(T2 · · ·Tj−2χnTn−3b) +Bj(T2 · · ·Tj−2χnb));
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δ2Bn−2(b) =t2Bn−1 + t3Bn−2(Tn−3b) + t3Bn−1(−b) +Bn−2(b) = 0;

δ3Bn−2(b) =t3Bn−2(T2b) + t3Bn−1(−b) + t4Bn−1(b) +Bn−2(b) = 0;

δ4Bn−2(b) =(−t4t3t5 + t5t4t3 + t3)Bn−1(b)

=t4Bn−2(T3b) +Bn−2(T3T2b) +Bn−1(T3b) +Bn−2(b) = 0;

If k ≥ 5 then

δkBn−2(b) =t3δkBn−1(b) = 0.

Since δi annihilates Bn−2(b) and Bn−1(b) for i > 1, and δ1Bn−2(b), δ1Bn−1(b) belong to the smaller

subsupermodule K, it follows that the quotient of L and K is a basic spin supermodule.
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Chapter 4

Bar-core partitions

4.1 Properties of bar partitions

We have already seen the importance of the combinatorics of bars for the spin representation of the

symmetric group. In this chapter we will provide further results on bar partitions that serve as spin

analogues to all of Fayers’ results in [6], and may help us to uncover more of the modular structure of

Tn.

Note that while our results on simultaneous p- and q-bar-cores give spin analogues of Fayers’ results

on simultaneous s- and t-core partitions, called (s, t)-cores, there also exist results on (s, t, u, . . . )-cores

which currently have no spin analogue, providing a potential avenue for further research.

Recall that a bar partition λ ∈ Pn is a decreasing sequence of distinct positive integers summing

to n. For odd integers p ≥ 3, the p-runner abacus [4] has p infinite vertical runners numbered from

left to right (p+1)/2, (p+3)/2, . . . , p − 1, 0, 1, . . . , (p−1)/2, with the positions on runner i labelled with the

integers with p residue i, increasing down the runner, so that position x+1 appears directly to the right

of position x (for x ̸≡ (p−1)/2 mod p). We obtain a visual representation of λ on the p-runner abacus by

placing a bead on position x for each x ∈ λ and each integer x < 0 such that −x ̸∈ λ; position 0 remains

empty.

This differs from the way that Olsson, for example, represents bar partitions and bar-cores, but this

p-runner abacus will be more useful for our purposes.

Example. The bar partition (9, 8, 7, 5, 3) has the following bead configuration on the 5-runner abacus

(we indicate the zero position with a white bead):
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Let A(λ) denote the set containing all integers that label positions occupied by beads in the bead

configuration for λ ∈ Pn on the p-runner abacus:

x ∈ A(λ) ⇔


x ∈ λ, x > 0, or

−x ̸∈ λ, x < 0.

Note that this is independent from the choice of p.

Recall that for odd integers p ≥ 3, removing a p-bar from λ ∈ Pn means either

(i) removing x ∈ λ such that 0 ≤ x− p ̸∈ λ, and replacing x with x− p if x ̸= p; or

(ii) removing two parts x, p− x ∈ λ (where 0 < x < p).

In terms of the abacus, removing a p-bar from λ corresponds to moving a bead at position x to position

x− p (replacing x ∈ A(λ) with x− p), then moving the bead at position p− x to position −x (replacing

p− x ∈ A(λ) with −x).

When it is not possible to remove any p-bars from λ, i.e. when x − p ∈ A(λ) for all x ∈ A(λ), we say

that λ is a p-bar-core, and we denote the set of p-bar-cores by Cp.

Since removing a p-bar always corresponds to moving beads up on their runners to unoccupied positions,

we have reached the bead configuration of a p-bar-core when all beads are moved up their runners as far

as possible. The order in which these moves are made is irrelevant; we always end up at the same bead

configuration. Hence we may define the p-bar-core of a bar partition λ, which we denote by λp. The

number of p-bars which can be successively removed from λ is the p-bar-weight of λ, and we denote this

quantity by wtp(λ); denoting by |µ| the sum of the parts of the bar partition µ,

wtp(λ) :=
|λ|−|λp|

p .

The number of bead moves needed to reach the bead configuration for λp from the bead configuration

for λ is equal to twice the p-bar-weight of λ, because removing a p-bar corresponds to two moves of the

beads. The p-bar-weight of λ is therefore equal to half the number of pairs (x, a) ∈ A(λ)× N such that

x− ap ̸∈ A(λ).

Example. The 5-bar-core of the bar partition from the previous example is

(9, 8, 7, 5, 3)5 = (4, 3),

and has the following bead configuration on the 5-runner abacus:

We are now equipped with tools analogous to those James and Kerber used in their seminal book

on the representation theory of the symmetric group via the combinatorics of (not necessarily strict)
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partitions [11]. Next, we introduce a useful way to encode bar partitions, just as the s-core and s-

quotient encode partitions [11].

Define the p-set [5] of a bar partition λ to be the set {∆i mod pλ|i ≡ 0, 1, . . . , p− 1}, where ∆i mod pλ

is the smallest integer x ≡ i modulo p such that x ̸∈ A(λp). Since x ∈ A(λp) ⇔ −x ̸∈ A(λp), for any bar

partition λ and k ̸≡ 0 (mod p) we have ∆k mod pλ+∆−k mod pλ = p, so all of the elements in the p-set

of any bar partition sum to p(p−1)/2.

Next we will introduce the p-quotient of λ ∈ Pn [23], which is the p-tuple

Qp(λ) := (λ(0 mod p), . . . , λ(p−1 mod p)).

(We will drop the ‘mod p’ in our notation for both the p-set and p-quotient when it is clear which p we

are referring to.) Note that this differs from the s-quotient of a partition we defined in Chapter 2.

The parts of the bar partition λ(0 mod p) are the elements of the set {x/p|x ∈ λ, x ∈ pZ}.

For j ̸≡ 0 (mod p), the ith part of the (not necessarily strict) partition λ(j mod p) is equal to the number

of empty spaces above the ith lowest bead on runner j in the bead configuration for λ on the p-runner

abacus.

It follows from the definition of the p-runner abacus that for each j ̸≡ 0 (mod p), the partition λ(−j mod p)

is equal to (λ(j mod p))′, the conjugate of the partition λ(j mod p), the parts of which are the lengths of

the columns in the Young diagram for λ(j mod p).

Each p-set corresponds to a unique p-bar-core, and Olsson proved that every bar partition is uniquely

determined by its p-bar-core and p-quotient [23, Proposition 2.2].

Example. The bar partition (9, 8, 7, 5, 3) has 5-set {0,−4,−3, 8, 9} as its 5-bar-core is (4, 3) (see earlier

example). While the 5-quotient Q5((4, 3)) contains only empty partitions (as all p-quotients of p-bar-

cores do), the 5-quotient of λ := (9, 8, 7, 5, 3) is ((1), (1), (3), (1, 1, 1), (1)). As remarked above, we have

λ(j mod p) = (λ(−j mod p))′ for j ̸≡ 0 (mod p), and this is illustrated below with the Young diagrams

of the conjugate partitions λ(3 mod 5) = (1, 1, 1) and λ(2 mod 5) = (3) = (1, 1, 1)′, and the self-conjugate

partition λ(1 mod 5) = (1) = (1)′ = λ(4 mod 5), which also happens to be the bar partition λ(0 mod 5):

Recall that the s-weight of a partition α, i.e. the number of rim s-hooks which can be successively

removed from α, is denoted by wts(α), an s-core is a partition with s-weight 0, and the beta-set Bα
k is

the sequence of integers (αi − i+ k)i∈N. Later we will utilise the following properties of Qp(λ) which are

analogous to properties of the s-quotient in the non-spin case [6, Lemma 2.5].
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Lemma 4.1.1. Suppose λ ∈ Pn and c, p are odd postive integers, with p ≥ 3.

(i) wtcp(λ) = wtc(λ
(0 mod p)) + 1

2

∑p−1
j=1 wtc(λ

(j mod p)); in particular, λ is a cp-bar-core if and only if

λ(0 mod p) is a c-bar-core and every other component of the p-quotient of λ is a c-core.

(ii) (λ(0 mod p))c = (λcp)
(0 mod p), and for j ̸≡ 0(mod p), the c-core of λ(j mod p) is equal to (λcp)

(j mod p).

Proof. Removing a cp-bar from λ means replacing an element x ∈ λ with x− cp (when x− cp ̸∈ A(λ)),

then replacing cp− x ∈ A(λ) with −x.

If x ≡ 0 (mod p), then this is equivalent to replacing x/p ∈ A(λ(0)) with (x−cp)/p = x/p− c, and replacing

(cp−x)/p ∈ A(λ(0)) with −x/p = (cp−x)/p − c, i.e. removing a c-bar from λ(0).

If x ≡ j (mod p), then this is equivalent to replacing (x−j)/p ∈ Bλ(j)

r with ((x−cp)−j)/p = (x−j)/p − c, and

then replacing ((cp−x)−(p−j))/p ∈ Bλ(p−j)

r with (−x−(p−j))/p = ((cp−x)−(p−j))/p − c, thus removing a rim

c-hook from both λ(j) and λ(p−j).

Remark. Note that since λ(−j mod p) = (λ(j mod p))′ for j ̸≡ 0 (mod p), we can rewrite the first part of

the previous lemma as

wtcp(λ) = wtc(λ
(0 mod p)) +

(p−1)/2∑
j=1

wtc(λ
(j mod p)).

Now we will consider an action of Wp, the affine Coxeter group of type C̃(p−1)/2, with generators

g0, . . . , g(p−1)/2 and relations

g2i = 1 for 0 ≤ i ≤ p−1
2 ,

gigj = gjgi for 0 ≤ i < j − 1 ≤ p−3
2 ,

gigi+1gi = gi+1gigi+1 for 1 ≤ i ≤ p−5
2 ,

g0g1g0g1 = g1g0g1g0 if p > 3,

g(p−3)/2g(p−1)/2g(p−3)/2g(p−1)/2 = g(p−1)/2g(p−3)/2g(p−1)/2g(p−3)/2 if p > 3.

For coprime odd integers p, q ≥ 3, we define a level q action of Wp on Z [5]:

g0x =


x− 2q if x ≡ q (mod p),

x+ 2q if x ≡ −q (mod p),

x otherwise;

gix =


x− q if x ≡ (i+ 1)q,−iq (mod p),

x+ q if x ≡ iq,−(i+ 1)q (mod p),

x otherwise,

for 1 ≤ i ≤ p−1
2 .

This natural action of Wp will serve a similar purpose to the natural action of the Coxeter group Ws of

type Ãs−1 that Fayers exploits in [6].

For the rest of this paper, we will assume that p and q are coprime odd integers no less than 3.
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Lemma 4.1.2. The above defines a group action of Wp on Z, and this can be extended to an action on

Pn.

Proof. We must have p > 3 for the fourth and fifth relations of the generators of Wp to hold for the

group action. The first relation g2i = 1 is clear for all i. Moreover, the generators gi, gj commute when

0 ≤ i < j − 1 ≤ (p−3)/2 because they act on distinct congruence classes of integers modulo p. For the

third relation, when 1 ≤ i ≤ (p−5)/2 and x ∈ Z we have

gigi+1gix =



gi(x− 2q) x ≡ −iq

gi(x+ 2q) x ≡ iq

gi(x− q) x ≡ (i+ 1)q, (i+ 2)q

gi(x+ q) x ≡ −(i+ 1)q,−(i+ 2)q

gix otherwise


=


x− 2q x ≡ (i+ 2)q,−iq

x+ 2q x ≡ iq,−(i+ 2)q

x otherwise

=



gi+1(x− 2q) x ≡ (i+ 2)q

gi+1(x+ 2q) x ≡ −(i+ 2)q

gi+1(x− q) x ≡ −iq,−(i+ 1)q

gi+1(x+ q) x ≡ iq, (i+ 1)q

gi+1x otherwise


= gi+1gigi+1x.

For the fourth and fifth relations, assuming p > 3,

(g0g1)
2x =



g0g1(x− 3q) x ≡ 2q

g0g1(x+ 3q) x ≡ −2q

g0g1(x− q) x ≡ −q

g0g1(x+ q) x ≡ q

g0g1x otherwise


=



x− 4q x ≡ 2q

x+ 4q x ≡ −2q

x− 2q x ≡ q

x+ 2q x ≡ −q

x otherwise

=



g1g0(x− 3q) x ≡ q

g1g0(x+ 3q) x ≡ −q

g1g0(x− q) x ≡ 2q

g1g0(x+ q) x ≡ −2q

g1g0x otherwise


= (g1g0)

2x,

(g(p−3)/2g(p−1)/2)
2x =



g(p−3)/2g(p−1)/2(x− 2q) x ≡ (p+1)q
2

g(p−3)/2g(p−1)/2(x+ 2q) x ≡ (p−1)q
2

g(p−3)/2g(p−1)/2(x− q) x ≡ (p+3)q
2

g(p−3)/2g(p−1)/2(x+ q) x ≡ (p−3)q
2

g(p−3)/2g(p−1/2x otherwise


=



x− 3q x ≡ (p+3)q
2

x+ 3q x ≡ (p−3)q
2

x− q x ≡ (p+1)q
2

x+ q x ≡ (p−1)q
2

x otherwise
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=



g(p−1)/2g(p−3)/2(x− 2q) x ≡ (p+3)q
2

g(p−1)/2g(p−3)/2(x+ 2q) x ≡ (p−3)q
2

g(p−1)/2g(p−3)/2(x− q) x ≡ (p−1)q
2

g(p−1)/2g(p−3)/2(x+ q) x ≡ (p+1)q
2

g(p−1)/2g(p−3)/2x otherwise


= (g(p−1)/2g(p−3)/2)

2x.

If X is a subset of Z\{0} that is bounded above, and its complement in Z is bounded below, then

it is easy to see that the same is true for aX := {ax|x ∈ X}, for any a ∈ Wp. Moreover, when

x ∈ X ⇔ −x ̸∈ X, for all x ∈ Z\{0}, then the set aX also satisfies this rule (since if x, y ∈ X and

gix = y, then giy = x). Hence, this action can be extended to an action on bar partitions λ by defining

giλ to be the bar partition with A(giλ) = giA(λ).

Example. In the first example of this chapter, with p = 5, we illustrated the bead configuration

A((9, 8, 7, 5, 3)) = {9, 8, 7, 5, 3,−1,−2,−4,−6,−10,−11,−12, . . . }.

We obtain the bead configuration of the bar partition (13, 6, 5, 2) = (g0g2)(9, 8, 7, 5, 3) by first subtracting

q := 3 from each element in A((9, 8, 7, 5, 3)) that is congruent to 4 (mod 5), and adding 3 to each element

congruent to 1 (mod 5), then subtracting 6 from each element congruent to 3 (mod 5), and adding 6 to

each element congruent to 2 (mod 5). We thus obtain the set

{13, 6, 5, 2,−1,−3,−4,−7,−8,−9,−10,−11,−12,−14,−15, . . . } = A((13, 6, 5, 2))

illustrated on the abacus below:

g2−→ g0−→

Notice that both bar partitions have the same q-bar-core; this will always be the case, as the level q

action defined on the generators ofWp always corresponds to adding or removing q-bars. On the 3-runner

abacus, the action of g0g2 ∈ W5 has the following effect on the bead configuration of (9, 8, 7, 5, 3).

g0g2−→
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We now give some invariants of the level q action of Wp which we will later use to give an explicit

criterion for when two bar partitions lie in the same orbit under the level q action, which we refer to as

a level q orbit.

Lemma 4.1.3. Suppose λ ∈ Pn and a ∈ Wp, and define aλ using the level q action.

(i) (aλ)q = λq;

(ii) Qp(aλ) is the same as Qp(λ) with the components reordered;

(iii) wtp(aλ) = wtp(λ);

(iv) (aλ)p = a(λp).

Proof. The relations occurring in all four parts are transitive, so we need only prove them in the case

where a is simply a generator gi of Wp.

(i) An element x ∈ A(λ) is fixed by the level q action of g0 if and only if

x ̸≡ q,−q (mod p); x ≡ q (mod p), x− 2q ∈ A(λ); or x ≡ −q (mod p), x+ 2q ∈ A(λ).

If x ∈ A(λ), x ≡ q (mod p) and x−2q ̸∈ A(λ), then g0 sends x to x−2q, and sends 2q−x ∈ A(λ) to −x.

If x ∈ A(λ), x ≡ −q (mod p) and x+ 2q ̸∈ A(λ), then g0 sends x to x+ 2q, and sends −x− 2q ∈ A(λ)

to −x. Thus the action of g0 on A(λ) corresponds to removing 2q-bars from or adding 2q-bars to λ.

For i ∈ {1, . . . , (p−1)/2}, the level q action of gi fixes x ∈ A(λ) if and only if

x ̸≡ (i+ 1)q,−iq, iq,−(i+ 1)q (mod p); x ≡ (i+ 1)q,−iq (mod p), x− q ∈ A(λ);

or x ≡ iq,−(i+ 1)q (mod p), x+ q ∈ A(λ).

If x ∈ A(λ), x ≡ (i + 1)q or −iq (mod m) and x − q ̸∈ A(λ), then gi sends x to x − q, and sends

q − x ∈ A(λ) to −x. If x ∈ A(λ), x ≡ iq or −(i + 1)q (mod p) and x + q ̸∈ A(λ), then gi sends x to

x + q, and sends −x − q ∈ A(λ) to −x. Thus the action of gi on A(λ) corresponds to removing q-bars

from or adding q-bars to λ.

Moreover, since there are only finitely many x ∈ A(λ) such that at least one of x− 2q, x+ 2q, x− q

or x + q is not in A(λ), we obtain A(giλ) := giA(λ) from A(λ) via a finite number of changes. Hence

(giλ)q = λq.

(ii) When x ̸≡ ±q (mod p), we have x ∈ A(g0λ) ⇔ x ∈ A(λ), so (g0λ)
(j) = λ(j) for all j ̸≡ ±q

(mod p). If instead x ≡ q (mod p), then x ∈ A(g0λ) ⇔ x + 2q ∈ A(λ), or if x ≡ −q (mod p), then

x ∈ A(g0λ) ⇔ x− 2q ∈ A(λ); hence (g0λ)
(q) = λ(−q) = (λ(q))′ and (g0λ)

(−q) = λ(q) = (λ(−q))′.

If i ∈ {1, . . . , (p−1)/2} and x ̸≡ (i + 1)q,−iq, iq,−(i + 1)q (mod p), then x ∈ A(giλ) ⇔ x ∈ A(λ), so

(giλ)
(j) = λ(j) for all j ̸≡ (i + 1)q,−iq, iq,−(i + 1)q (mod p). If instead x ≡ (i + 1)q or −iq (mod p),

then x ∈ A(giλ) ⇔ x+ q ∈ A(λ), and if x ≡ iq or −(i+ 1)q (mod p), then x ∈ A(giλ) ⇔ x− q ∈ A(λ);

hence if j ≡ (i+ 1)q or −iq (mod p), then (giλ)
(j) = λ(j−q) and (giλ)

(−j) = λ(j+q).
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(iii) This follows from (ii) and Lemma 4.1.1(i) (taking c = 1): the bead configuration for giλ on the

p-runner abacus is the same as that of λ but with the runners reordered, so the p-bar-weights of the two

bar partitions are equal.

(iv) We need to show that ∆j mod p(giλ) = gi(∆k mod pλ), for each i ∈ {0, . . . , (p−1)/2} and j ≡ gik (mod

p). We suppose the contrary.

When i = 0, we may assume that j ≡ ±q ≡ −k (mod p), as otherwise j = k and

∆j(g0λ) = ∆jλ = ∆kλ = g0(∆kλ).

But

j ≡ ±q ≡ −k ⇒ ∆j(g0λ) = ∆kλ± 2q = g0(∆kλ),

so we must have i > 0, and we may also assume that j ≡ ±iq or ±(i+ 1)q, and j ≡ k ± q (mod p). But

then

∆j(giλ) = ∆gi(j)λ = gi(∆jλ),

so in fact, the p-set of giλ is equal to the image of the p-set of λ under the action of gi. Hence

(giλ)p = gi(λp), for all i ∈ {0, . . . , (p−1)/2}.

Next we will give a criterion for when two bar partitions lie in the same level q orbit; to this end, we

will first establish a condition for two p-bar-cores to lie in the same level q orbit.

Proposition 4.1.4. Suppose λ, µ ∈ Cp, and that the multisets

[∆iλ (mod q)|i ≡ 0, . . . , p− 1 (mod p)], [∆iµ (mod q)|i ≡ 0, . . . , p− 1 (mod p)]

are equal. Then λq = µq, and λ and µ lie in the same level q orbit (of p-bar-cores).

Proof. The fact that λ and µ have the same q-bar-core is established by Fayers’ [5, Proposition 4.1], and

by Lemma 4.1.3(i), the level q action of Wp on the set of p-bar-cores preserves the q-bar-core of a bar

partition as by definition gi does not change the multiset of residues modulo q of the elements of the

p-set. Therefore each orbit of the level q action on Cp can contain at most one q-bar-core.

In the same paper [5], Fayers proves the following result:

Suppose O is a level q orbit. Let ν be an element of O for which the sum
∑p−1

i=0 (∆i mod pν − p/2)2 is

minimised. Then ν is a q-bar-core.

This ν is uniquely defined as each level q orbit contains no more than one q-bar-core. Thus letting ν be

the q-bar-core of both λ and µ, it must be contained in both the level q orbit containing λ and the level

q orbit containing µ; so these orbits coincide.

For the more general result, we define the q-weighted p-quotient of λ ∈ Pn with p-set {∆0λ, . . . ,∆p−1λ}

and p-quotient Qp(λ) = (λ(0), . . . , λ(p−1)) to be the multiset

Qq
p(λ) := [(∆iλ (mod q), λ(i))|i ≡ 0, 1, . . . , p− 1].
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Example. We have already seen that the bar partition (9, 8, 7, 5, 3) has 5-set {0,−4,−3, 8, 9} and 5-

quotient ((1), (1), (3), (13), (1)), so Q3
5((9, 8, 7, 5, 3)) is the multiset

[(0 (mod 3), (1)), (2 (mod 3), (1)), (0 (mod 3), (3)), (2 (mod 3), (13)), (0 (mod 3), (1))].

Proposition 4.1.5. Suppose λ, µ ∈ Pn. Then λ and µ lie in the same level q orbit of Wp if and only

if they have the same q-weighted p-quotient.

Proof. Firstly suppose that λ and µ lie in the same level q orbit; we may assume that µ = giλ for some

i ∈ {0, . . . , (p−1)/2}. Then we get Qq
p(λ) = Qq

p(µ) from the proof of Lemma 4.1.3: when µ = g0λ, we have

(∆jµ, µ
(j)) =


(∆−jλ+ 2q, λ(−j)) for j ≡ q (mod p),

(∆−jλ− 2q, λ(−j)) for j ≡ −q (mod p),

(∆jλ, λ
(j)) otherwise,

and when µ = giλ for some i ∈ {1, . . . , (p−1)/2}, we have

(∆jµ, µ
(j)) =


(∆j−qλ+ q, λ(j−q)) for j ≡ (i+ 1)q or − iq (mod p),

(∆j+qλ− q, λ(j+q)) for j ≡ iq or − (i+ 1)q (mod p),

(∆jλ, λ
(j)) otherwise.

For the other direction, suppose that λ and µ share the q-weighted p-quotient Qq
p(λ) = Qq

p(µ). By the

definition of the p-set, and since all components of the p-quotient of a p-bar-core are equal to the empty

bar partition, the p-bar-cores of λ and µ must have the same q-weighted p-quotient Qq
p(λp) = Qq

p(µp).

Thus, by Proposition 4.1.4 we may find a, b ∈ Wp such that a(λp) = b(µp) = σ, where σ is the q-bar-core

of both λp and µp. Then by Lemma 4.1.3(iv) we have (aλ)p = (bµ)p = σ, so using Lemma 4.1.3(i) we

see that σ is the p-bar-core and the q-bar-core of both aλ and bµ; in particular, aλ and bµ have the same

p-set. Moreover, by our assumption and the proof of the only ‘only if’ part of the proposition above both

aλ and bµ have q-weighted p-quotient Qq
p(λ).

Since σ ∈ Cp ∩ Cq, by [5, Lemma 4.2] the elements xi := ∆iqσ in the p-set (of σ, aλ and bµ) satisfy

xi+1 ≤ xi + q for each i = 0, . . . , p − 2: x1 ≤ q, as otherwise q ∈ σ, and if xi+1 > xi + q for some

i = 1, . . . , p − 2, then it can be shown that σ must have a removable q-bar. Since xi = p − xp−i for

i = 1, . . . , p− 1, and therefore xp−1 + q ≥ p, we may write a sequence S of p+ q − 1 integers as follows:

q, q − p, q − 2p, . . . , x1,

x1 + q, x1 + q − p, x1 + q − 2p, . . . , x2,

x2 + q, x2 + q − p, x2 + q − 2p, . . . , x3,

...

xp−2 + q, xp−2 + q − p, xp−2 + q − 2p, . . . , xp−1,

xp−1 + q, xp−1 + q − p, xp−1 + q − 2p, . . . , p.
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As in the proof of [5, Proposition 4.1], for each k ∈ {0, . . . , q−1} the integers in S congruent to k modulo

q must be consecutive in S as there are only q − 1 steps equal to −p. It follows that the elements in the

p-set of σ that are congruent to k modulo q form an arithmetic progression with common difference q.

By the first paragraph of this proof we can therefore apply the level q action to aλ and arbitrarily

reorder the elements (aλ)(j) ∈ Qp(aλ) such that j ≡ k (mod q), for each k, without affecting the

q-weighted p-quotient.

Thus we can apply elements of Wp to transform aλ to bµ, as Qq
p(aλ) = Qq

p(bµ) if and only if the

multisets [(aλ)(j)|∆jσ ≡ k (mod q)] and [(bµ)(j)|∆jσ ≡ k (mod q)] are equal for each k ∈ {0, . . . , q− 1},

and it follows that λ and µ lie in the same level q orbit.

Remark. The invariants of the natural action ofWp on bar partitions are spin analogues of the invariants

of the Coxeter group Ws of type Ãs−1 on partitions established by Fayers in [6], providing further

motivation for applying the techniques used in the linear theory to the spin representation theory of Sn.

4.2 Results on bar-cores

Now that we have covered all of the necessary definitions and basic results relating to the action of Wp,

we arrive at the first of our main results on bar partitions. The following theorem is a generalisation of a

theorem by Olsson [24, Theorem 4] which states that the q-bar-core of a p-bar-core is again a p-bar-core,

or in the notation used above,

wtp(λ) = 0 ⇒ wtp(λq) = 0.

Note that Gramain and Nath proved that the condition that p and q are coprime in Olsson’s theorem

is unnecessary [7, Theorem 2.4]. We show that the p-bar-weight of any bar partition is at least the

p-bar-weight of its q-bar-core, providing a spin analogue of Fayers’ result which says that the s-weight

of any partition is at least the s-weight of its t-core [6, Theorem 4.2].

Theorem 4.2.1. For all bar partitions λ,

wtp(λq) ≤ wtp(λ).

Proof. We use induction on wtq(λ), with the trivial case being that λ is a q-bar-core. Assuming that

this is not the case, we may find a removable q-bar: y ∈ λ such that y − q ̸∈ A(λ). We will describe

how to remove q-bars from λ to obtain a new partition with the same q-bar-core as λ, with q-bar-weight

strictly less than wtq(λ), and with p-bar-weight no more than wtp(λ).

Let y be any part of λ such that y− q ̸∈ A(λ). For any x ∈ A(λ) congruent to y modulo p such that

x− q ̸∈ A(λ), replace x with x− q, then replace q − x ∈ A(λ) with −x. We keep repeating this process

until there are no more such x (the process will terminate because λ has finitely many removable q-bars),

then we name our new bar partition ν. Since each action corresponds to removing a q-bar from λ, and
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since we have removed at least one q-bar (replacing y with y − q, and q − y with −y, in A(λ)), we have

νq = λq and wtq(ν) < wtq(λ).

We remarked earlier that the p-bar-weight of a bar partition λ is equal to half the number of pairs

(x, a) ∈ A(λ) × N such that x − ap ̸∈ A(λ). We will call such a pair (x, a) a p-bar-weight pair for

λ. It follows from our construction of ν that for any x ̸≡ y, y − q, q − y,−y (mod p) and a ∈ N, (x, a)

is a p-bar-weight pair for ν if and only if it is a p-bar-weight pair for λ. We will consider the remaining

possibilities for the residue of y modulo p and show that in each case ν has no more p-bar-weight pairs

than λ, hence wtp(ν) ≤ wtp(λ).

First suppose that y ≡ q (mod p), so that we obtain A(ν) by repeatedly replacing each x ∈ A(λ)

such that x ≡ q (mod p) and q − x ∈ A(λ) with x− q, then replacing q − x with −x, until there are no

more such x. Since in this case y − q ≡ 0 ≡ q − y (mod p), we may compare the p-bar-weights of λ and

ν by counting how many of the three pairs (x, a), (x− q, a), (x− 2q, a) are p-bar-weight pairs for each of

the two bar partitions when x ≡ q (mod p) and a ∈ N. We will do this by considering each of the four

possibilities for the size of X := A(λ) ∩ {x, x− q, x− 2q}.

|X| = 3: If x, x− q, x− 2q ∈ A(λ), then x, x− q, x− 2q ∈ A(ν), so the number of p-bar-weight pairs for

λ, and for ν, amongst the three pairs (x, a), (x− q, a), and (x− 2q, a) is equal to

3− |A(λ) ∩ {x− ap, x− ap− q, x− ap− 2q}|.

|X| = 2: We have A(ν) ∩ {x, x− q, x− 2q} = {x− q, x− 2q}, so clearly (x, a) is not a p-bar-weight pair

for ν. If only one of the three pairs is a p-bar-weight pair for ν, it must be (x− q, a) as necessarily

A(ν) ∩ {x− ap, x− ap− q, x− ap− 2q} = {x− ap− 2q}. If (x− q, a) and (x− 2q, a) are both

p-bar-weight pairs for ν, then we must have A(λ) ∩ {x− ap, x− ap− q, x− ap− 2q} = ∅, so λ also has

two p-bar-weight pairs out of the three.

|X| = 1: We have A(ν) ∩ {x, x− q, x− 2q} = {x− 2q}, so neither of (x, a), (x− q, a) can be

p-bar-weight pairs for ν. If A(λ) ∩ {x− ap, x− ap− q, x− ap− 2q} = ∅, then exactly one of (x, a),

(x− q, a), (x− 2q, a) is a p-bar-weight pair for λ. If |A(λ) ∩ {x− ap, x− ap− q, x− ap− 2q}| ≥ 1, then

none of (x, a), (x− q, a), (x− 2q, a) can be p-bar-weight pairs for ν as x− ap− 2q ∈ A(ν).

|X| = 0: Since A(ν) ∩ {x, x− q, x− 2q} = ∅, none of (x, a), (x− q, a), (x− 2q, a) are p-bar-weight pairs

for ν.

Next suppose that y ≡ 0 (mod p), so that we obtain A(ν) by repeatedly replacing each x ∈ A(λ) such

that p|x and q−x ∈ A(λ) with x−q, then replacing q−x with −x, until there are no much such x. Since

y ≡ −y (mod p), we can apply the same argument as above, when y ≡ q (mod p), and conclude that ν

has no more p-bar-weight pairs than λ amongst (x+ q, a), (x, a), (x− q, a), and thus wtp(ν) ≤ wtp(λ).

Finally, suppose that y ̸≡ q, 0 (mod p), so that y ̸≡ −y and y − q ̸≡ q − y. In this case, we need

only consider replacing all pairs x, q − x ∈ A(λ) such that x ≡ y (mod p) with x− q,−x, so we are in a
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simpler situation; wtp(ν) ≤ wtp(λ) since for any x ≡ y (mod p) and a ∈ N, ν has no more p-bar-weight

pairs than λ amongst (x, a) and (x− q, a).

Hence ν has no more p-bar-weight pairs than λ, and therefore has p-bar-weight no more than the

p-bar-weight of λ. The result follows by induction.

From this purely combinatorial result we obtain an interesting algebraic corollary.

Corollary 4.2.2. If w is the weight of the p-block containing S(µ), a spin representation of the symmetric

group Sn, then any spin representation of Sn+iq, for i ∈ N, corresponding to a bar partition λ obtained

by adding q-bars to µ belongs to a p-block of weight ≥ w.

In particular, if S(µ) belongs to a p-block of weight w > 0, then S(λ) belongs to a block of positive weight.

Next we will consider the set Cp,q containing all bar partitions λ which satisfy

wtp(λ) = wtp(λq).

We find that Cp,q behaves very similarly to the set Cs:t of partitions α such that wts(α) = wt(α̃t) that

Fayers studies in [6].

Lemma 4.2.3. For all λ ∈ Pn, the equality wtp(λq) = wtp(λ) holds if and only if there do not exist

integers a, b, c such that:

a ≡ b (mod p);

a ≡ c (mod q);

a, b+ c− a ∈ A(λ);

b, c ̸∈ A(λ).

Proof. Say that (a, b, c) is a bad triple for λ if a, b, c satisfy the conditions above. When (a, b, c) is bad,

either a > c or b+ c− a > b; either way, since a ≡ c (mod q) we find that λ has a removable q-bar and

is thus not a q-bar-core. Hence the lemma is true when λ ∈ Cq.

Now we assume λ is not a q-bar-core, and choose y ∈ λ such that y− q ̸∈ A(λ). We define a new bar

partition ν as in the proof of Theorem 4.2.1: by repeatedly replacing pairs x, q − x ∈ A(λ) with x − q

and −x, respectively, when x ≡ y (mod p).

By induction it suffices to show that either:

wtp(ν) = wtp(λ), and there is a bad triple for ν if and only if there is a bad triple for λ; or

wtp(ν) < wtp(λ), and there is a bad triple for λ.

Suppose first that there are no pairs x, q − x satisfying

x, q − x ̸∈ A(λ) and x ≡ y (mod p). (4.1)

We first assume that y ≡ q (mod p), and let x ≡ q (mod p). Then there are eight different possibilities

for the intersection of A(λ) and {x, x− q, x− 2q}:

x, x− q, x− 2q ∈A(λ);
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x, x− q ∈A(λ) ̸∋ x− 2q;

x ∈A(λ) ̸∋ x− q, x− 2q;

A(λ) ̸∋ x, x− q, x− 2q;

x, x− 2q ∈A(λ) ̸∋ x− q;

x− q, x− 2q ∈A(λ) ̸∋ x;

x− q ∈A(λ) ̸∋ x, x− 2q;

x− 2q ∈A(λ) ̸∋ x, x− q.

However, the last four possibilities are all excluded by our assumption that there are no pairs x, q − x

satisfying (4.1), so we find that ν = g0λ. Therefore wtp(ν) = wtp(λ) by Lemma 4.1.3(iii), and (a, b, c) is

bad for λ exactly when (g0a, g0b, g0c) is bad for ν, since a ≡ b (mod p) ⇒ g0(b+ c− a) = g0b+ g0c− g0a.

If y ≡ 0 (mod p) we are in an identical situation to the above: ν = g0λ.

When y ̸≡ q, 0 (mod p), we have a similar situation: since there are no pairs x, q − x satisfying

(4.1), we have ν = giλ, where (i + 1)q ≡ y (mod p). Hence wtp(ν) = wtp(λ), and (a, b, c) is bad for

λ⇔ (gia, gib, gic) is bad for ν.

Finally, we assume that there is a pair x, q− x satisfying (4.1), so that (y, x, y− q) is a bad triple for

λ. We argue that wtp(ν) < wtp(λ), as in the proof of Theorem 4.2.1:

If y ≡ q (mod p) and we let z := max{x, y}, l := |x−y|/p, then exactly one of (z, l), (z − q, l) is a

p-bar-weight pair for λ ((z, l) if x < y, or (z − q, l) if x > y). If (z − 2q, l) is a p-bar-weight pair for λ,

then (z − q, l) is a p-bar-weight pair for ν but neither of (z, l), (z − 2q, l) are; and if (z − 2q, l) is not a

p-bar-weight pair for λ, then none of (z, l), (z − q, l), (z − 2q, l) are p-bar-weight pairs for ν.

If instead we have y ≡ 0 (mod p), and again let z := max{x, y} and l := |x−y|/p, then exactly one of

(z, l), (z − q, l) is a p-bar-weight pair for λ. Now if (z + q, l) is a p-bar-weight pair for λ, then (z, l) is a

p-bar-weight pair for ν but neither of (z + q, l), (z − q, l) are; and if (z + q, l) is not a p-bar-weight pair

for λ, then none of (z + q, l), (z, l), (z − q, l) are p-bar-weight pairs for ν.

If y ̸≡ q, 0 (mod p) then we define z and l as above so that exactly one of (z, l), (z− q, l) is a p-bar-weight

pair for λ and neither is a p-bar-weight pair for ν.

It follows that there are fewer p-bar-weight pairs for ν than there are p-bar-weight pairs for λ, hence

wtp(ν) < wtp(λ).

Theorem 4.2.4. Cp,q = Cq,p.

Proof. The condition in Lemma 4.2.3 is symmetric in p and q.

While the last result may seem surprising given the definition of Cp,q, this symmetry is the motivation

behind the study of this set. Furthermore, the next result shows that Cp,q is closed under the level q

action of Wp.

Proposition 4.2.5. For any λ ∈ Pn and a ∈ Wp, if λ ∈ Cp,q, then aλ ∈ Cp,q.
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Proof. Using Lemma 4.1.3(1, 3) and the fact that λ ∈ Cp,q, we have

wtp((aλ)q) = wtp(λq) = wtp(λ) = wtp(aλ).

Interchanging p and q and appealing to Theorem 4.2.4, we see that Cp,q is also a union of orbits for

the level p action of Wq. The actions of Wp and Wq clearly commute because the action of Wp on an

integer does not change its residue modulo q, and the action of Wq does not change its residue modulo

p. Hence Cp,q is a union of orbits for the action of Wp×Wq. We will look at these orbits in more detail,

first by considering just the level q action of Wp.

Proposition 4.2.6. Suppose λ ∈ Pn, and let O be the orbit containing λ under the level q action of

Wp. Then the following are equivalent:

(i) λ ∈ Cp,q;

(ii) O contains a q-bar-core;

(iii) O contains λq.

Proof. Since Cq ⊂ Cp,q, Proposition 4.2.5 shows that if O contains a q-bar-core, then λ ∈ Cp,q. Hence

the second statement implies the first. Trivially the third statement implies the second, so it remains

to show that the first implies the third. So suppose that λ ∈ Cp,q, and we can assume that λ is not

a q-bar-core or the third statement is trivial. Thus we may find a pair y, q − y ∈ A(λ). By the proof

of Lemma 4.2.3, there are no pairs x, q − x ̸∈ A(λ) with either x or q − x ≡ y (mod p), and if we

take i ∈ {0, . . . , (p−1)/2} such that iq ≡ y (mod p), then the bar partition ν = giλ satisfies νq = λq

and wtq(ν) < wtq(λ). Since wtp(ν) = wtp(giλ) = wtp(λ), ν is also in Cp,q, and by induction the orbit

containing ν contains νq.

The next result demonstrates that the connection between Cp,q and simultaneous p- and q-bar-cores

mirrors the connection between Cs:t and simultaneous s- and t-core partitions [6, Corollary 4.7].

Corollary 4.2.7. Let O be an orbit of Wp ×Wq consisting of bar partitions in Cp,q. Then O contains

exactly one bar partition that is both a p-bar-core and a q-bar-core.

Proof. Let λ be a bar partition in O. Then by Proposition 4.2.6, λq ∈ O, and by the same result with p

and q interchanged, the bar partition ν = (λq)p lies in O. Obviously ν is a p-bar-core, and by Theorem

4.2.1, it is also a q-bar-core.

Now suppose that there is another bar partition in O that is both a p-bar-core and a q-bar-core. We

can write this as baν, with a ∈ Wp and b ∈ Wq. Since wtq(gjλ) = wtq(λ) for any j ∈ {0, . . . , (q−1)/2}

(by interchanging p and q in the proof of Proposition 4.2.5), it follows that

wtq(aν) = wtq(baν) = 0,
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hence it follows from (giλ)q = λq (for any i ∈ {0, . . . , (p−1)/2}) that

aν = aνq = νq = ν.

Similarly bν = ν, and thus baν = ν.

Remark. From Proposition 4.2.6 and Corollary 4.2.7, we see that two bar partitions λ, µ ∈ Cp,q lie in

the same orbit of Wp ×Wq if and only if the p-bar-cores of (λq) and (νq) are equal. However, it does

not seem to be easy to tell when two arbitrary bar partitions lie in the same orbit.

Corollary 4.2.8. Suppose λ ∈ Cp,q. Then λ is a pq-bar-core, and (λq)p = (λp)q.

Proof. If we can remove a pq-bar from λ to obtain a new bar partition ν, then we can also remove q

successive p-bars, or p successive q-bars, to obtain ν from λ. Thus νq = λq and wtp(ν) ≤ wtp(λ)− q, so

we have

wtp(λq) = wtp(νq) ≤ wtp(ν) < wtp(λ);

hence wtpq(λ) > 0 ⇒ λ ̸∈ Cp,q.

It follows from Theorem 4.2.1 that (λq)p and (λp)q are both p-bar-cores and q-bar-cores, and by

Proposition 4.2.6 they both lie in the same orbit as λ under the action of Wp ×Wq. Hence the result

follows from Corollary 4.2.7.

4.3 The sum of a p-bar-core and a q-bar-core

In the present section we will give a constructive method for determining the bar partition in Cp,q with

a given p-bar-core µ and q-bar-core σ such that µq = σp. The resulting bar partition can be interpreted

as the ‘sum’ of µ and σ, analogous to the partition in Cs:t with a specified s-core and t-core that is

constructed in [6].

Proposition 4.3.1. Suppose µ ∈ Cp and σ ∈ Cq, and that µq = σp. Then there is a unique bar partition

λ ∈ Cp,q with λp = µ and λq = σ. Moreover,

|λ| = |µ|+ |σ| − |σp|,

and λ is the unique smallest bar partition with p-bar-core µ and q-bar-core σ.

Proof. Let τ = µq, and consider the action of Wp×Wq on Pn. By Proposition 4.2.6 we can find a ∈ Wp

and b ∈ Wq such that aτ = µ and bτ = σ, and we let λ = aσ, so that λ ∈ Cp,q (as it lies in the same

orbit as the q-bar-core σ). Then we have λq = σq = σ, and by the proof of Proposition 4.2.5, we have

λp = (abτ)p = (baτ)p = (bµ)p = µp = µ.

Moreover, we have

|λ| = |λp|+ p · wtp(λ)
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= |µ|+ p · wtp(aσ)

= |µ|+ p · wtp(σ)

= |µ|+ |σ| − |σp|.

Now suppose ν is a bar partition distinct from λ with νp = µ and νq = σ, and let a, b be as above.

Then we have (a−1ν)q = νq = σ, but a−1ν ̸= a−1λ = σ, so |a−1ν| > |σ|. Hence, again using the proof

of Proposition 4.2.5, we have

wtp(ν) = wtp(a
−1ν) = |a−1ν|−|τ |

p > |σ|−|τ |
p = wtp(σ)

which means that ν ̸∈ Cp,q. Furthermore, we see that wtp(ν) > wtp(λ), so |ν| > |λ|. Hence λ is the

unique smallest bar partition with p-bar-core µ and q-bar-core σ.

Remark. For µ, σ ∈ Pn with µq = σp, we denote by µ ⊞ σ the unique bar partition λ in Cp,q with

λp = µ and λq = σ. We have shown that λ is the smallest bar partition with p-bar-core µ and q-bar-core

σ in terms of the sum of its parts. However, it is not the case that any other bar partition ν with

νp = µ and νq = σ has a Young diagram containing the diagram of λ, i.e. that λ := {λ1, λ2, . . . } and

ν = {λ1 + a1, λ2 + a2, . . . } for some a1, a2, · · · ∈ Z≥0; If we take µ = (4, 1) and σ = (3), then µ5 = σ3,

λ = (4, 3, 1) ∈ C3,5, λ3 = µ, and λ5 = σ, but ν = (13, 10) also has 3-bar-core µ and 5-bar-core σ, and ν

does not contain λ.

Proposition 4.3.2. Suppose λ ∈ Pn is such that |λ| = N . Then λ ∈ Cp,q if and only if there is no

ν ∈ Pn\{λ} with |ν| = N , νp = λp and νq = λq.

Proof. Suppose λ ∈ Cp,q and let µ = λp, σ = λq. Then by Proposition 4.3.1, λ is the unique smallest

bar partition in Cp,q with p-bar-core µ and q-bar-core σ, and therefore the only one whose parts sum to

N .

Conversely, suppose λ ̸∈ Cp,q. Then we can find integers a, b, c such that a ≡ b (mod p), a ≡ c (mod

q), a, b+ c− a ∈ A(λ) and b, c ̸∈ A(λ) (by Lemma 4.2.3).

We first assume that a, b, c, b+ c− a,−a,−b,−c and a− b− c are distinct integers. Define a new bar

partition ν by its bead configuration on the p-runner abacus,

A(ν) = {−a, b, c, a− b− c} ∪ A(λ)\{a,−b,−c, b+ c− a}.

Then ν can be obtained from λ by removing a |b− a|-bar and adding a |b− a|-bar, so |ν| = |λ| and since

p|(a− b), we have νp = λp. Alternatively, we can obtain ν from λ by removing a |c−a|-bar and adding a

|c−a|-bar, so it follows from the divisibility of a− c by q that νq = λq. Hence λ is not the only partition

with p-bar-core µ and q-bar-core σ whose parts sum to N .

If instead the integers a, b, c and b + c − a are not distinct, i.e. if a = b + c − a or b = c, then they

must all be congruent modulo pq, and λ therefore cannot be a pq-bar-core. By adding and removing the

same number of pq-bars, we can obtain a new partition ν from λ with νpq = λpq, |ν| = |λ|, and ν ̸= λ.
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Then it is easy to see that νp = µ and νq = σ, as removing a pq-bar is the same as removing p q-bars or

q p-bars.

Now we may assume that a, b, c, b+ c− a are distinct but

{a, b, c, b+ c− a} ∩ {−a,−b,−c, a− b− c} ≠ ∅.

However, −a = a⇒ a = 0 ̸∈ A(λ), a contradiction;

a− b− c = a⇒ b = −c ∈ A(λ), or b = c = 0 and b+ c− a = −a ∈ A(λ), both contradictions;

and a− b− c = b+ c− a⇒ b+ c− a = 0 ̸∈ A(λ), a contradiction;

so we need to consider six separate cases (or three, up to symmetry):

(i) a = −b;

then −b = a ≡ b (mod p) ⇒ p|2b ⇒ p|b and p|a, and b + c − a = c − 2a. If c − a ∈ A(λ), then we

may define A(ν) = {−a, c, a − c} ∪ A(λ)\{a,−c, c − a} so that we can obtain ν from λ by removing

and adding |a|-bars, or by removing and adding |c − a|-bars, and thus ν has the same size, p-bar-core,

and q-bar-core as λ, since p|a and q|(a − c), but is distinct from λ. If instead a − c ∈ A(λ), defining

A(ν) = {−a, c− a, 2a− c} ∪ A(λ)\{a, a− c, c− 2a}, we also have |ν| = |λ|, and we can obtain ν from λ

by adding and removing |a|-bars, or by adding and removing |c− a|-bars.

(ii) a = −c ≡ 0 mod q;

let A(ν) =


{−a, b, a− b} ∪ A(λ)\{a,−b, b− a}, if b− a ∈ A(λ);

{−a, b− a, 2a− b} ∪ A(λ)\{a, a− b, b− 2a}, if a− b ∈ A(λ).

(iii) b = −b;

if we let A(ν) = {−a, c, a−c}∪A(λ)\{a,−c, c−a}, then we can obtain ν from λ by removing and adding

|a|-bars, or by removing and adding |c− a|-bars, and thus ν meets our criteria since 0 = b ≡ a mod p.

(iv) c = −c;

let A(ν) = {−a, b, a− b} ∪ A(λ)\{a,−b, b− a}.

(v) b = a− b− c;

we have q|(a − c) = 2b, so q|b = a−c
2 , and p|(a − b) = a+c

2 . If a − a−c
2 = a+c

2 ∈ A(λ), then letting

A(ν) = {a−c
2 , c,−a+c

2 } ∪ A(λ)\{ c−a
2 ,−c, a+c

2 }, we have a bar partition ν that can be obtained from λ

by adding and removing a−c
2 -bars, or by adding and removing a+c

2 -bars. If −a+c
2 ∈ A(λ), and we let

A(ν) = {−a, a−c
2 , a+c

2 } ∪ A(λ)\{a, c−a
2 ,−a+c

2 }, then ν can be obtained from λ by adding and removing

a−c
2 -bars, or by adding and removing a+c

2 -bars.

(vi) c = a−b
2 ;

let A(ν) =


{a−b

2 , b,−a+b
2 } ∪ A(λ)\{ b−a

2 ,−b, a+b
2 }, if a+b

2 ∈ A(λ);

{−a, a−b
2 , a+b

2 } ∪ A(λ)\{a, b−a
2 ,−a+b

2 }, if − a+b
2 ∈ A(λ).

Hence, we have proved that a bar partition λ of N has p-bar-weight equal to the p-bar-weight of its

q-bar-core precisely when there is no other bar partition of N with p-bar-core λp and q-bar-core λq.

We will now give a method for constructing µ ⊞ σ for a given p-bar-core µ and q-bar-core σ with

µq = σp. In theory one can do this as in the proof of Proposition 4.3.1: find a ∈ Wp such that aµq = µ,
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and then compute aσ. But in practice, the method we give here will prove much more efficient. We will

need the following lemma.

Lemma 4.3.3. Suppose that λ ∈ Cq and j, k ̸≡ 0 (mod p). Then

∆j mod pλ ≡ ∆k mod pλ (mod q) ⇒ λ(j mod p) = λ(k mod p).

Proof. Without loss of generality, suppose ∆kλ > ∆jλ. We have that

{x ∈ A(λ)|x ≡ j (mod p)} = {p(λ(j)i − i) + ∆jλ|i ∈ N},

where λ
(j)
i = 0 for i > l, if l is the number of (positive) parts of λ(j), since

r := |{x ∈ λ|x ≡ j (mod p)}| − |{x ∈ λ|x ≡ −j (mod p)}| = ∆jλ−j
p .

If λ(j) ̸= λ(k), then Bλ(k)

0 ̸⊆ Bλ(j)

0 , by the following result [6, Lemma 2.1]:

Suppose τ and ρ are partitions and r ∈ Z. If Bτ
r ⊆ Bρ

r , then τ = ρ.

The proof of this is simple: Choose N sufficiently large that τN = ρN = 0. Then Bτ
r and Bρ

r both contain

all integers less than or equal to r − N . Moreover, Bτ
r contains exactly N − 1 elements greater than

r − N , namely τ1 − 1 + r, . . . , τN−1 − (N − 1) + r, and similarly Bρ
r contains exactly N − 1 elements

greater than r −N . Since Bτ
r ⊆ Bρ

r , we get Bτ
r = Bρ

r , and hence τ = ρ.

Thus there is an i with λ
(k)
i − i ̸∈ Bλ(j)

0 , or equivalently, λ
(k)
i − i + r ̸∈ Bλ(j)

r , and it follows that

m(λ
(k)
i − i) +∆jλ ̸∈ A(λ). Since m(λ

(k)
i − i) +∆kλ ∈ A(λ), λ cannot be a (∆kλ−∆jλ)-bar-core and is

therefore not a q-bar-core; a contradiction.

Note that since ∆0λ = 0 for all bar partitions λ, it is not necessary that λ(0) and λ(j) are equal when

∆jλ ≡ 0 (mod q).

Proposition 4.3.4. Suppose µ ∈ Cp and σ ∈ Cq are such that µq = σp. Then there is a unique λ ∈ Pn

with p-bar-core µ and with the same q-weighted p-quotient as σ.

Proof. Let ν = µq. Then by Proposition 4.2.6 µ and ν lie in the same level q orbit of Wp, so there is a

permutation ϕ on {0, . . . , p − 1} such that ∆jµ ≡ ∆ϕ(j)ν (mod n) for each j ∈ {0, . . . , p − 1}. Thus by

Lemma 4.3.3 ν must have the same q-weighted p-quotient as µ. Since ν = σp, we may construct λ by

taking the bar partition with p-bar-core µ and λ(j) = σ(ϕ(j)) for each j ∈ {0, . . . , p− 1}.

By Lemma 4.3.3 we have σ(j) = σ(k) whenever ∆jσ ≡ ∆kσ (mod q), i.e. whenever ∆ϕ−1(j)µ ≡

∆ϕ−1(k)µ (mod q), so the λ we construct is unique (as it is uniquely determined by its p-bar-core and

p-quotient).

Corollary 4.3.5. Suppose µ ∈ Cp and σ ∈ Cq are such that µq = σp, and let λ be the bar partition with

p-bar-core µ and with the same q-weighted p-quotient as σ. Then λ = µ⊞ σ.
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Proof. By Proposition 4.1.5 λ and σ lie in the same level q orbit of Wp. Hence it follows from Proposition

4.2.6 that λ ∈ Cp,q and λq = σ.

Example.

µ = (27,22, 17, 12, 7, 4, 2) = µ5 σ = (11, 8, 5, 2) = σ3

µ3 = (1) = σ5

Q3
5(µ) = [(0,∅), (2,∅), (2,∅), (0,∅), (0,∅)]

Q3
5(σ) =[(0, (1)), (0, (2)), (2, (12)), (0, (2)), (2, (12))]

Using our algorithm, we will obtain the bead configuration for µ⊞ σ:

We first replace the 0-runner with the 0-runner from the configuration for σ. Next, we have ∆1 mod 5σ ≡ 0

(mod 3) so for each runner j ∈ {1, . . . , 4} such that ∆j mod 5µ ≡ 0 (mod 3), in this case runners

3 and 4, since σ(1 mod 5) = (2), we move the lowest bead on the runner upwards 2 spaces. Finally,

∆2 mod 5σ ≡ 2 ≡ ∆1 mod 5µ ≡ ∆2 mod 5µ (mod 3) and σ(2 mod 5) = (12), so we move the second lowest

beads up by two spaces on runners 1 and 2.

−→ −→ −→

Thus we obtain the bar partition µ⊞ σ = (32, 27, 17, 14, 12, 7, 5, 2).

This method for constructing µ⊞ σ is very similar to the algorithm given in [6, Proposition 5.5] for

constructing the partition in the set Cs:t with a given s-core and t-core, which is done in terms of the

s-quotient of a partition from the linear theory.
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In [1], Bessenrodt & Olsson showed that there is a maximal bar partition Υmin{p,q},max{p,q} which is

both a p-bar-core and a q-bar-core, where Υp,q is the Yin/Yang partition, with parts

(p−1
2 − k)q − (l + 1)p, for k, l ∈ Z≥0.

It is maximal in the sense that whenever λ := {λ1, λ2, . . . } is both a p-bar-core and a q-bar-core, we may

write Υmin{p,q},max{p,q} = {λ1 + a1, λ2 + a2, . . . } with a1, a2, · · · ∈ Z≥0. When p < q, Υp,q is called the

Yin partition, and Υq,p the Yang partition.

Since Υp,q ∈ Cp ∩ Cq, its p-set is {0, q, . . . , q(p−1)/2} ∪ {p − q, p − 2q, . . . , p − q(p−1)/2}, and its q-set

is {0} ∪ {q(p+1)/2 − kp|k = 1, . . . , q − 1}. Thus, the p-set of Υp,q consists of (p+1)/2 elements divisible by

q and (p−1)/2 elements congruent to p modulo q, while the q-set of Υp,q consists of 0 and q − 1 integers

congruent to q(p+1)/2 modulo p.

Example. The bar partition

Υ5,11 = (17, 12, 7, 6, 2, 1)

has 5-set {0, 11, 22,−17,−6}, and 11-set {0, 23, 13, 3,−7,−17, 28, 18, 8,−2,−12}, while

Υ11,5 = (14, 9, 4, 3)

has 5-set {0,−14,−3, 8, 19}, and 11-set {0, 1,−9, 25, 15, 5, 6,−4,−14, 20, 10}.

To conclude, we will consider C
Υ

p,q, the Υ-orbit of the set Cp,q, which we define to be the Wp ×Wq-

orbit containing Υp,q. Our final result will establish a bijection between C
Υ

p,q and the direct product of

the power set 2{1,...,(p−1)/2} and Cp × Cq. This result provides a spin analogue of [6, Proposition 6.5],

which gives a bijection between the direct product of the set of s-cores and the set of t-cores and an orbit

of an action of the group Ws ×Wt (where Ws denotes the Coxeter group of type Ãs−1) containing the

unique largest partition which is simultaneously an s-core and a t-core.

Lemma 4.3.6. Suppose that σ ∈ Cq. If σp = Υp,q, then σ
(0 mod p) is a q-bar-core and there is a q-core

g such that

σ(j mod p) =


g, for j ≡ kq, k ∈ {1, . . . , p−1

2 },

g′, for j ≡ kq, k ∈ {p+1
2 , . . . , p− 1}.

If instead σp = Υq,p, then σ(0 mod p) is a q-bar-core and there is a self-conjugate q-core γ such that

σ(j mod p) = γ = γ′, for all j ̸≡ 0 (mod p).

Proof. When σp = Υp,q, the non-zero elements of the shared p-set of Υp,q and σ belong to two congruence

classes modulo p, so by Lemmas 4.1.1(i) and 4.3.3, Qp(σ) consists of a q-bar-core σ
(0 mod p) and at most

two distinct q-cores. Moreover, since (σ(j mod p))′ = σ(−j mod p) for each j ̸≡ 0 (mod p), the p-quotient

of σ consists of σ(0 mod p) (the parts of σ which are multiples of p, divided by p) and either p− 1 other

empty bar partitions (when σ = Υp,q), or (p−1)/2 copies each of two conjugate partitions.
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When σp = Υq,p, all of the non-zero elements in the p-set of σ are congruent modulo p, so again

by Lemmas 4.1.1(i) and 4.3.3, the q-quotient Qq(σ) simply consists of a q-bar-core σ(0 mod p) and p− 1

copies of a self-conjugate q-core.

The above lemma means that the construction of µ⊞ σ becomes even more straightforward when µ

and σ are contained in the Υ-orbit.

Proposition 4.3.7. Suppose µ ∈ Cp and σ ∈ Cq are such that µq = σp = Υp,q. Then µ⊞ σ is the bar

partition λ with λp = µ, λ(0 mod p) = σ(0 mod p), and

λ(j mod p) =


σ(j mod p) if ∆j mod pµ ≡ ∆j mod pΥp,q (mod q),

(σ(j mod p))′ otherwise.

Moreover, µ⊞ σ is also the bar partition with q-bar-core σ and the same q-quotient as µ.

Proof. There are (p+1)/2 elements in the p-set of both Υp,q = σp and σ that are divisible by q, and

the other (p−1)/2 elements are congruent to p modulo q. Hence, it follows from Proposition 4.3.4 that

µ⊞σ = λ. The elements ∆1 mod qσ, . . . ,∆p−1 mod qσ of the q-set of σ are all congruent modulo p, so the

p-quotients of the two bar partitions σ and µ⊞ σ are exactly the same.

Example. When µ = (21, 16, 11, 7, 6, 2, 1) ∈ C5 and σ = (19, 12, 5, 4) ∈ C7, so that µ7 = σ5 =

(9, 4, 2) = Υ5,7, we find that the 5-set of µ and µ ⊞ σ is {0, 26, 12,−7,−21}, the 5-set of Υ5,7 and σ is

{0,−9, 7,−2, 14},

Q7
5(Υ5,7) = [(0,∅), (5,∅), (0,∅), (5,∅), (0,∅)],

Q7
5(µ) = [(0,∅), (5,∅), (5,∅), (0,∅), (0,∅)],

Q7
5(σ) = [(0, (1)), (5, (12)), (0, (2)), (5, (12)), (0, (2))], and

Q7
5(µ⊞ σ) = [(0, (1)), (5, (12)), (5, (12)), (0, (2)), (0, (2))];

using our algorithm we obtain

µ⊞ σ = (26, 21, 12, 11, 7, 6, 5, 1).

But with ν = (21, 16, 11, 6, 2, 1) = ν5, so that ν7 = Υ5,7, and σ = (19, 12, 5, 4) again, we find that the

5-set of ν and ν ⊞ σ is {0, 26, 7,−2,−21},

Q7
5(ν) = [(0,∅), (5,∅), (0,∅), (5,∅), (0,∅)] = Q7

5(Υ5,7), and

Q7
5(σ) = [(0, (1)), (5, (12)), (0, (2)), (5, (12)), (0, (2))] = Q7

5(ν ⊞ σ), so we instead get

ν ⊞ σ = (26, 21, 12, 11, 6, 5, 1).
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µ σ µ⊞ σ

ν ν ⊞ σ

Next we will consider the 5-weighted 7-quotient, so whichever 5-bar-core µ and 7-bar-core σ with µ7 =

σ5 = Υ5,7 we choose, we will find that the 7-set of σ contains ∆0σ = 0 and 6 elements in the same

congruence class modulo 5. This is because µ7 = Υ5,7 so that the corresponding elements in the 7-sets

of the two bar partitions can only differ by multiples of 5, and as discussed above, Υ5,7 has a 7-set of

this form.

Let µ = (16, 11, 7, 6, 2, 1) = µ5 and σ = (19, 12, 5, 4) = σ7, so that µ7 = σ5 = (9, 4, 2) = Υ5,7. The 7-set

of Υm,n and µ is {0, 1, 16,−4, 11,−9, 6}, the 7-set of σ and µ⊞ σ is {0, 1,−19,−4, 11, 26, 6},

Q5
7(Υ5,7) = [(0,∅), (1,∅), (1,∅), (1,∅), (1,∅), (1,∅), (1,∅)] = Q5

7(σ), and

Q5
7(µ) = [(0, (1)), (1, (1)), (1, (1)), (1, (1)), (1, (1)), (1, (1)), (1, (1))] = Q5

7(µ⊞ σ),

so we obtain

µ⊞ σ = (26, 12, 11, 7, 6, 5, 1).

With σ = (19, 12, 5, 4) again and ν = (23, 18, 13, 9, 8, 4, 3) = ν5, so that ν7 = Υ5,7, we find the 7-set of

Υm,n and ν is {0, 1, 16,−4, 11,−9, 6},

the 7-set of ν ⊞ σ is again {0, 1,−19,−4, 11, 26, 6},

Q5
7(σ) = [(0,∅), (1,∅), (1,∅), (1,∅), (1,∅), (1,∅), (1,∅)], and
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Q5
7(ν ⊞ σ) = Q5

7(ν) = [(0, (2, 1)), (1, (1, (2, 1)), (1, (2, 1)), (1, (2, 1)), (1, (2, 1)), (1, (2, 1)), (1, (2, 1))],

so we obtain

ν ⊞ σ = (33, 19, 18, 13, 8, 5, 4, 3).

µ σ µ⊞ σ

ν ν ⊞ σ

The next result gives the converse to Lemma 4.3.6, establishes that q-bar-cores σ are uniquely deter-

mined by σ(0 mod p) when σp = Υp,q, and gives the number of q-bar-cores µ with p-bar-core Υq,p when

µ(0 mod p) is fixed. First it is necessary to recall the definition of the beta-set Bα
r := {αi − i+ r|i ∈ Z>0}

of a partition α, and that the double λ+ of a bar partition λ is the partition whose Young diagram

is obtained by amalgamating the shifted diagram of λ, which has λi nodes in the ith row, with the

left-most in the ith column, and its reflection along the top left to bottom right diagonal. Also recall

the correspondence between p-bars of λ and p-hooks of λ+ which means that λ+ is a p-core when λ is a

p-bar-core.

Proposition 4.3.8. (i) Suppose µ ∈ Pn and µq = Υp,q. Then µ ∈ Cp if and only if α := µ(0 mod q)

is a p-bar-core, there is a self-conjugate p-core γ with γ = µ(j mod q) for all j ̸≡ 0 (mod q), and

Bγ
(1−p)/2 ⊆ A(α) = {x

q |x ∈ A(µ) ∩ qZ} ⊆ Bγ
(p+1)/2.

Moreover, for each α ∈ Pn, there are 2(p−1)/2 p-bar-cores µ with µq = Υp,q and µ(0 mod q) = α.

81



(ii) Suppose σ ∈ Pn and σp = Υp,q. Then

σ ∈ Cq ⇔ ∃β ∈ Cq, σ
(j mod p) =


β if j ≡ 0 (mod p),

β+ if j ≡ iq (mod p) for some 1 ≤ i ≤ p−1
2 ,

(β+)′ otherwise.

Proof. (i) First suppose that Qq(µ) consists of a p-bar-core α := µ(0 mod q) and q − 1 copies of a self-

conjugate p-core γ such that

Bγ
(1−p)/2 ⊆ A(α) ⊆ Bγ

(p+1)/2.

Since the q-set of Υp,q and µ is {0} ∪ {q(p+1)/2 − np|n = 1, 2, . . . , q − 1}, for each n ∈ {1, . . . , q − 1} we

have

{x ∈ A(µ)|x ≡ np (mod q)} = {(γi − i− p−1
2 )q + np|i ∈ N},

so clearly x− p ∈ A(µ) whenever n ∈ {2, . . . , q − 1}, x ∈ A(µ), x ≡ np (mod q). Furthermore, from the

assumed inclusions involving A(α) and beta-sets for γ,

x ∈ A(µ) ∩ qZ ⇒ ∃j, x− p = (γj − j + p+1
2 )q − p

= (γj − j − p−1
2 )q + (q − 1)p ∈ A(µ);

x ∈ A(µ), x ≡ p (mod q) ⇒ ∃i, x− p = (γi − i− p−1
2 )q + p− p

= (γi − i+ 1−p
2 )q ∈ A(µ);

hence µp = µ.

Now suppose µ ∈ Cp. Then, again by Lemma 4.3.6, Qq(µ) consists of a p-bar-core α = µ(0 mod q)

and a self-conjugate p-core γ, so

{x ∈ A(µ)|x ≡ np (mod q)} = {(γi − i− (p−1)/2)q + np|i ∈ N}

for each n ∈ {1, . . . , q − 1}. Thus

∀k ∈ N, αkq − p ∈ A(µ) ⇒ ∃j, αk = γj − j + p+1
2 ;

∀i ∈ N, (γi − i− p−1
2 )q ∈ A(µ) ⇒ ∃h, γi − i+ 1−p

2 = αh;

hence

Bγ
(1−p)/2 ⊆ A(α) ⊆ Bγ

(p+1)/2.

Let z be the largest element of A(α) (i.e. z := −1 if α = ∅, or z := α1 is the largest part of α,

otherwise). If µ ∈ Cp, then for each m ∈ N and n ∈ {0, 1, . . . , q− 1} we have (z+m)q+np ̸∈ A(µ) (and

−(z +m)q − np ∈ A(µ)). Since µq = Υp,q, ∆np mod qµ = q(p+1)/2 − (q − n)p for n ∈ {1, . . . , q − 1}, so

the number of integers x ∈ A(µ) such that x ≡ np (mod q) and −zq − (q − n)p < x < (z + 1)q + np is

1
q (

q(p+1)/2 − (q − n)p − (−zq − (q − n)p)) = z + (p+1)/2. The partition γ must be self-conjugate, so for

each m ∈ Z and n ∈ {1, . . . , q − 1}, we have

(z + 1)q + np− (z + p+1
2 )q +m = np− p−1

2 q +m ∈ A(µ) ⇔ np− p+1
2 q −m ̸∈ A(µ).
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Moreover, we must have yq − p ∈ A(µ) (and p − yq ̸∈ A(µ)) for all y ∈ A(α) ∪ {0}, so for each

n ∈ {1, . . . , q − 1}, there are z + 1 elements in {x ∈ A(µ)|x ≡ np (mod q)} which are fixed by α, and

z + (p+1)/2 − (z + 1) = (p−1)/2 integers which are free to either belong in this set or not. Hence the

number of possible partitions γ, and therefore the number of p-bar-cores µ with q-bar-core Υp,q and

µ(0 mod q) = α, is 2(p−1)/2.

(ii) Next, suppose β := σ(0 mod p) is a q-bar-core, and for j ̸≡ 0 (mod p),

σ(j mod p) =


β+ if j ≡ iq (mod p) for some 1 ≤ i ≤ p−1

2 ,

(β+)′ otherwise.

Since the p-set of Υp,q and σ is {nq|n = 0, 1, . . . , (p−1)/2} ∪ {p − nq|n = 1, 2, . . . , (p−1)/2}, for each

n ∈ {1, . . . , (p−1)/2}, (adopting the convention that for a partition λ, we put λi = 0 for all i > λ′1) we

have

{x ∈ A(σ)|x ≡ nq (mod p)} = {((β+)i − i)p+ nq|i ∈ N};

{x ∈ A(σ)|x ≡ −nq (mod p)} = {((β+)′j − j + 1)p− nq|j ∈ N}.

It follows that x−q ∈ A(σ) whenever x ∈ A(σ), n ∈ {2, . . . , p−1}\{(p+1)/2} and x ≡ nq (mod p). We also

have x− q ∈ A(σ) for each x ≡ 0, q (mod p) by the definition of β+: for each part βk of β = (β1, . . . , βr),

(β+)′k − k + 1 = βk = β+
k − k. Since β is a q-bar-core, β+ is a q-core, so when 1 ≤ k ≤ r we have

(β+)′k − k + 1− q = βk − q = β+
k − k − q ∈ B(β+).

It therefore follows from the symmetry of A(σ) that

x ≡ p+1
2 q (mod p) ⇒ ∃j, x− q = ((β+)′j − j + 1)p− p+1

2 q

= ((β+)′j − j + 1− q)p+ p−1
2 q

⇒ ∃i, x− q = (β+
i − i)p+ p−1

2 q ∈ A(σ);

hence σq = σ.

Conversely, suppose σ ∈ Cq. Then since σ shares the p-set of Υp,q, by Lemma 4.3.6 the p-quotient

Qp(σ) must consist of a q-bar-core β = σ(0 mod p) and two q-cores g and g′, where

σ(j mod p) =


g j ≡ iq mod p, i ∈ {1, . . . , p−1

2 },

g′ j ≡ −iq mod p, i ∈ {1, . . . , p−1
2 }.

For each n ∈ {1, . . . , (p−1)/2}, we therefore have

{x ∈ A(σ)|x ≡ nq (mod p)} = {(gi − i)p+ nq|i ∈ N}

{x ∈ A(σ)|x ≡ −nq (mod p)} = {(g′j − j + 1)p− nq|j ∈ N}.

Since σq = σ,

∀k ∈ N, βkp− q ∈ A(σ) ⇒ ∃j, βk = g′j − j + 1;
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∀i ∈ N, (gi − i)p ∈ A(σ) ⇒ ∃h, gi − i = βh;

thus Bg ⊆ A(β) ⊆ Bg′
. Since yp − q ∈ A(σ) for each y ∈ A(β) ∪ {0}, and since ∆−q mod pσ = p − q, it

follows that

{x ∈ A(σ)|x ≡ −q (mod p)} = {yp− q|y ∈ A(β)} ∪ {−q} = {(g′j − j + 1)p− q|j ∈ N};

hence σ(−q mod p) = (β+)′.

Example. There are 2 possibilities for µ ∈ C3 when µ5 = Υ3,5 = (2) and µ(0 mod 5) = (5, 2):

µ = (25, 22, 19, 16, 13, 10, 7, 4, 1) and µ = (37, 34, 31, 28, 25, 22, 19, 16, 13, 10, 7, 4, 1),

shown in the second and third configurations below, respectively.

Example. If σ ∈ C5, σ3 = Υ3,5 = (2), and σ(0 mod 3) = (7, 4, 2) =: β, then σ(5 mod 3) = β+ =

(8, 6, 5, 3, 2, 1, 1), so σ(−5 mod 3) = (β+)′ = (7, 5, 4, 3, 3, 2, 1, 1).

The configurations for Υ3,5 = (2) and σ = (26, 21, 17, 16, 12, 11, 7, 6, 2, 1) :
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Our final result establishes that as a Wp ×Wq set, C
Υ

p,q is isomorphic to (2{1,...,(p−1)/2} × Cp) × Cq,

where Wp and Wq act at level 1 on Cp and Cq.

Theorem 4.3.9. (i) There is a bijection

C
Υ

p,q → 2{1,...,
(p−1)/2} × Cp × Cq

λ 7→ ({i ∈ {1, . . . , (p−1)/2}|λ(0 mod q)
i q + p ∈ A(λ)}, λ(0 mod q), λ(0 mod p)).

(ii) Suppose λ ∈ Pn and a ∈ Wp. Then (aλ)(0 mod q) = a(λ(0 mod q)), where a acts at level q on Pn

and at level 1 on Cp.

Proof. (i) Denote the map by Φ. If λ belongs to the orbit of Υp,q under the action of Wp ×Wq, then by

Corollary 4.2.8, λ is a pq-bar-core. Thus, by Lemma 4.1.1(i), λ(0 mod q) is a p-bar-core, and λ(0 mod p) is

a q-bar-core, so Φ is well-defined. To show that Φ is a bijection, we construct an inverse.

When X ⊆ {1, . . . , (p−1)/2}, α ∈ Cp, and β ∈ Cq, we let µ be the bar partition with µq = Υp,q,

µ(0 mod q) = α, and µ(j mod q) = γ when j ̸≡ 0 (mod q), for some self-conjugate p-core partition γ such

that

Bγ
(1−p)/2 ⊆ A(α) ⊆ Bγ

(p+1)/2 and αiq + p ∈ A(µ), i ∈ {1, . . . , (p−1)/2} ⇔ i ∈ X.

We let σ be the bar partition with σp = Υp,q and

σ(j mod p) =


β if j ≡ 0 (mod p),

β+ if j ≡ iq (mod p) for some 1 ≤ i ≤ p−1
2 ,

(β+)′ otherwise.

Then µ ∈ Cp and σ ∈ Cq by Proposition 4.3.8, so we can define Ψ(X,α, β) to be the bar partition µ⊞σ,

which is contained in the orbit of Υp,q under the action of Wp ×Wq by Proposition 4.1.5.
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Suppose λ ∈ C
Υ

p,q, and let Φ(λ) = (X,α, β). We need to show that Ψ((X,α, β)) = λ. By Corollary

4.2.7, λq has p-bar-core Υp,q. Since λ and λq lie in the same level q orbit of Wp, they have the same

p-quotient up to reordering. Thus (λq)
(0 mod p) = β = λ(0 mod p), and λq is the unique q-bar-core σ

with p-bar-core Υp,q and p-quotient consisting of β, β+, and (β+)′ (by Proposition 4.3.8). Similarly,

λp is one of 2(p−1)/2 bar partitions with q-bar-core Υp,q and q-quotient Qq(λ) consisting of α ∈ Cp and

a self-conjugate p-core γ such that Bγ
(1−p)/2 ⊆ A(α) ⊆ Bγ

(p+1)/2. If we denote by µ the unique such bar

partition with αiq + p ∈ A(µ), i ∈ {1, . . . , (p−1)/2} ⇔ i ∈ X, then Ψ((X,α, β)) = µ⊞ σ = λ.

Finally, let (X,α, β) ∈ 2{1,...,(p−1)/2}×Cp×Cq, so that Ψ(X,α, β) = µ⊞σ, where µ is the bar partition

with µq = Υp,q, µ
(0 mod q) = α, and µ(j mod q) = γ when j ̸≡ 0 (mod q), for some self-conjugate p-core

partition γ such that

Bγ
(1−p)/2 ⊆ A(α) ⊆ Bγ

(p+1)/2 and αiq + p ∈ A(µ), i ∈ {1, . . . , (p−1)/2} ⇔ i ∈ X,

and σ is the bar partition with σp = Υp,q and

σ(j mod p) =


β if j ≡ 0 (mod p),

β+ if j ≡ iq (mod p) for some 1 ≤ i ≤ p−1
2 ,

(β+)′ otherwise.

Then since µ⊞ σ shares a q-quotient with µ and has the same p-quotient as σ up to reordering, we find

that Φ(µ⊞ σ) = (X,α, β). Hence Φ and Ψ are mutual inverses, and thus bijections.

(ii) Let ρ = λ(0 mod q), so that A(λ) ∩ qZ = {xq|x ∈ A(ρ)}. Since xq ≡ iq (mod p) ⇔ x ≡ i (mod p),

for each i ∈ {0, . . . , (p−1)/2}, by the definition of the Wp-action we have

A(giλ) ∩ qZ = giA(λ) ∩ qZ = {(gix)q|x ∈ A(ρ)} = {xq|x ∈ A(giρ)},

thus (giλ)
(0 mod q) = gi(λ

(0 mod q)) for each i, where gi acts at level q on λ, and at level 1 on ρ. The

result follows for all a ∈ Wp.

Example. We calculate part of C
Υ

3,5, the orbit of Υ3,5 = (2) under the action of W3 ×W5, to illustrate

the bijection between this orbit and the set 2{1} × C3 × C5. The top part of the diagram Figure 4.1

shows the level 1 action of W5 = ⟨g0, g1, g2⟩ on C5, and the left part of the diagram shows the level 1

action of W3 = ⟨h0, h1⟩ on C3:

g0x =


x− 2 x ≡ 1 (mod 5),

x+ 2 x ≡ 4 (mod 5),

x otherwise;

g1x =


x− 1 x ≡ 2, 4 (mod 5),

x+ 1 x ≡ 1, 3 (mod 5),

x otherwise;

g2x =


x− 1 x ≡ 3 (mod 5),

x+ 1 x ≡ 2 (mod 5),

x otherwise;

86



h0x =


x− 2 x ≡ 1 (mod 3),

x+ 2 x ≡ 2 (mod 3),

x otherwise;

h1x =


x− 1 x ≡ 2 (mod 3),

x+ 1 x ≡ 1 (mod 3),

x otherwise.

The edges in the main part of the diagram represent the level 3 action of the generators g0, g1, g2 of W5,

and the level 5 action of the generators h0, h1 of W3:

g0x =


x− 6 x ≡ 3 (mod 5),

x+ 6 x ≡ 2 (mod 5),

x otherwise;

g1x =


x− 3 x ≡ 1, 2 (mod 5),

x+ 3 x ≡ 3, 4 (mod 5),

x otherwise;

g2x =


x− 3 x ≡ 4 (mod 5),

x+ 3 x ≡ 1 (mod 5),

x otherwise;

h0x =


x− 10 x ≡ 2 (mod 3),

x+ 10 x ≡ 1 (mod 3),

x otherwise;

h1x =


x− 5 x ≡ 1 (mod 3),

x+ 5 x ≡ 2 (mod 3),

x otherwise.

Below are some abacus displays to illustrate the bijection C
Υ

3,5 → 2{1} × C3 × C5:

(X ∈ 2{1},∅,∅) : Υ3,5 = (2) (7, 4, 1)

(X ∈ 2{1}, (1), (2)) : (11, 6, 5, 2, 1) (26, 17, 11, 8, 6, 5)
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(1)

h0

∅

h1

∅

h0

(1)

h1

(2)

g0 g1 g0g0 g1 g0

g2g2 g2g2

∅ (1) (2) (2, 1)

g0g0

g1g1

(3) (3, 1)

(4)

h0

h1

h0

h1

h0

h1

h0

h1

g0 g1 g0g0 g1 g0

g2g2 g2g2

(17, 14, 11, 8, 5, 2) (23, 14, 11, 8, 5, 3, 2) (26, 17, 11, 8, 6, 5) (26, 23, 11, 6, 5, 3, 2)

(7, 4, 1) (13, 4, 3, 1) (16, 7, 6, 1) (16, 13, 6, 3, 1)

Υ3,5 = (2) (8, 3) (11, 6, 2, 1) (11, 8, 6, 3, 1)

(5, 2) (8, 5, 3) (11, 6, 5, 2, 1) (11, 8, 6, 5, 3, 1)

(10, 7, 4, 1) (13, 10, 4, 3, 1) (16, 10, 7, 6, 1) (16, 13, 10, 6, 3, 1)

g0g0

g1g1

(29, 17, 14, 9, 8, 5)

(19, 9, 7, 4)

(14, 9, 4, 2)

(14, 9, 5, 4, 2)

(19, 10, 9, 7, 4)

(29, 23, 14, 9, 5, 3, 2)

(19, 13, 9, 4, 3)

(14, 9, 8, 4, 3)

(14, 9, 8, 5, 4, 3)

(19, 13, 10, 9, 4, 3)

(32, 17, 14, 12, 11, 5, 2, 1)

(22, 12, 7, 4, 2, 1)

(17, 12, 7, 2)

(17, 12, 7, 5, 2)

(22, 12, 10, 7, 4, 2, 1)

Figure 4.1: The bijection between C
Υ

3,5 and 2{1} × C3 × C5
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The following abacus displays illustrate the bijection C
Υ

5,3 → 2{1,2} × C5 × C3:

(X ∈ 2{1,2},∅,∅) : Υ5,3 = (1) (4) (7, 2, 1) (7, 4, 2)

(X ∈ 2{1,2}, (2),∅) : (6, 1) (7, 6, 2, 1) (16, 11, 6, 1) (16, 11, 7, 6, 2, 1)

The orbit of Υ5,3 = (1) under the action of W3 ×W5 is in bijection with the set 2{1,2} × C3 × C5.

In Figure 4.2, we illustrate part of this orbit; the edges in this diagram represent the level 3 action of

W5 = ⟨g0, g1, g2⟩, and for each λ ∈ Pn in the diagram, λ(0 mod 5) = ∅.
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g2

g1

g2

g2

g1

g2

g2g2

g2g2

g0 g1 g0g0 g1 g0

g0 g1 g0g0 g1 g0

g0 g1 g0g0 g1 g0

g0 g1 g0g0 g1 g0

g2g2

g2g2

g2g2

g2g2

g2g2

g2g2

g2g2

g2g2

Υ5,3 = (1) (3, 1) (6, 1) (6, 3, 1)

(4) (4, 3) (7, 6, 2, 1) (13, 8, 6, 3, 1)

(7, 2, 1) (13, 8, 3, 1) (16, 11, 6, 1) (16, 11, 6, 3, 1)

(7, 4, 2) (13, 8, 4, 3) (16, 11, 7, 6, 2, 1) (16, 13, 11, 8, 6, 3, 1)

g0g0

g0g0

g0g0

g0g0

g1g1

g1g1

g1g1

g1g1

(9, 4)

(9, 7, 4, 2)

(19, 14, 9, 4)

(19, 14, 13, 9, 8, 4, 3)

(9, 4, 3)

(13, 9, 8, 4, 3)

(19, 14, 9, 4, 3)

(19, 14, 13, 9, 8, 4, 3)

(12, 7, 2, 1)

(12, 7, 4, 2)

(22, 17, 12, 7, 2, 1)

(22, 17, 12, 7, 4, 2)

Figure 4.2: The branch of C
Υ

5,3 corresponding to the 3-bar-core ∅

90



Bibliography

[1] C. Bessenrodt and J. Olsson. Spin block inclusions. J. Algebra, 306:3–16, 2006.

[2] J. Brundan and A. Kleshchev. Representation theory of the symmetric groups and their double

covers. In Groups, combinatorics & geometry (Durham, 2001), pages 31–53. World Sci. Publishing,

River Edge, NJ, 2003.

[3] J. Brundan and A. Kleshchev. James’ regularization theorem for double covers of symmetric groups.

J. Algebra, 306:128–137, 2006.

[4] M. Fayers. Defect 2 spin blocks of symmetric groups and canonical basis coefficients.

https://webspace.maths.qmul.ac.uk/m.fayers/papers/spin wt2.pdf, 2010.

[5] M. Fayers. The n-bar-core of an m-bar-core.

https://webspace.maths.qmul.ac.uk/m.fayers/papers/barcores.pdf, 2010.

[6] M. Fayers. A generalisation of core partitions. J. Combinatorial Theory Series A, 127:58–84, 2014.

[7] J.-B. Gramain and R. Nath. On core and bar-core partitions. Ramanujan J., 27:229–233, 2012.

[8] P. Hoffman and J. Humphreys. Projective representations of the symmetric groups. Oxford Mathe-

matical Monographs. Clarendon Press, 1992.

[9] J. F. Humphreys. Blocks of projective representations of the symmetric groups. J. London Math.

Soc., 33:441–452, 1986.

[10] G. James. On the decomposition matrices of the symmetric groups. II. Journal of Algebra, 43:45–54,

1976.

[11] G. James and A. Kerber. The representation theory of the symmetric group, volume 16 of Ency-

clopædia of Mathematics and its Applications. Cambridge University Press, 1981.

[12] S.-J. Kang. Crystal bases for quantum affine algebras and combinatorics of Young walls. Proc.

London Math. Soc. (3), 86:29–69, 2003.

[13] A. Kleshchev. Linear and projective representations of symmetric groups, volume 163 of Cambridge

Tracts in Mathematics. Cambridge University Press, 2005.

91



[14] B. Leclerc and J.-Y. Thibon. q-deformed Fock spaces and modular representations of spin symmetric

groups. J. Physics A, 30:6163–6176, 1997.

[15] L. Maas. On a construction of the basic spin representations of symmetric groups. Comm. Algebra,

38:4545–4552, 2010.

[16] L. Maas. Modular spin characters of symmetric groups. PhD thesis, Universität Duisburg–Essen,

2011.

[17] I. Macdonald. Symmetric functions and Hall polynomials 2nd edition. Oxford Mathematical Mono-

graphs. Oxford University Press, 1998.

[18] L. Morotti. Composition factors of 2-parts spin representations of symmetric groups. Algebraic

Combinatorics, 3:1283–1291, 2020.

[19] A. Morris. The spin representation of the symmetric group. Canad. J. Math., 17:543–549, 1965.

[20] A. Morris and A. Yaseen. Some combinatorial results involving shifted Young diagrams. Math.

Proc. Cambridge Philos. Soc., 99:23–31, 1986.

[21] A. Morris and A. Yaseen. Decomposition matrices for spin characters of symmetric groups. Proc.

Royal Soc. Edinburgh, 108A:145–164, 1988.

[22] M. Nazarov. Young’s orthogonal form of irreducible projective representations of the symmetric

group. J. London Math. Soc. (2), 42:437–451, 1990.

[23] J. Olsson. Frobenius symbols for partitions and degrees of spin characters. Mathematica Scandi-

navica, 61:223–247, 1987.

[24] J. Olsson. A theorem on the cores of partitions. J. Combinatorial Theory Series A, 116:733–740,

2009.
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Appendix A

Proofs

To prove Theorem 3.3.3, we will need the identity involving ζn :=
∑n−4

k=1(k− 1)Tk given in Lemma 3.3.2:

For 0 ≤ j ≤ n− 5,

ζnT1 · · ·Tj =
j∑

k=1

(−1)kT1 · · ·Tk−1Tk+1 · · ·Tj + (−1)j
n−4∑

k=j+1

(k − 1)T1 · · ·TjTk.

Note that if n ≥ 6 is a multiple of 3, then in characteristic 3, the matrix ζn also satisfies the following:

ζ2n =

n−5∑
k=1

(k2I + k(k − 1)(TkTk−1 + Tk−1Tk)

=

n−5∑
k=1

kI = −2I = I.

ζnT1 + T1ζn = T1T2 + T2T1 = −I.

If 1 < i < n− 4, then

ζnTi + Tiζn =

n−4∑
k=1

(k − 1)(TkTi + TiTk)

= (i− 2)(Ti−1Ti + TiTi−1) + 2(i− 1)I + i(Ti+1Ti + TiTi+1)

= (2− i+ 2i− 2− i)I = 0.

ζnTn−4 + Tn−4ζn = 2I = −I.

ζnTn−3 + Tn−3ζn = Tn−4Tn−3 + Tn−3Tn−4 = −I.

ζnTn−2 + Tn−2ζn = ζnTn−1 + Tn−1ζn = 0.

Hence TjζnTj = −ζn − Tj = ζnTjζn for j = 1, n− 4, n− 3.

Proof of Lemma 3.3.2:

Proof. Trivially, when j = 0 we have

ζnT1 · · ·T0 = ζn =

n−4∑
k=1

(k − 1)Tk =

0∑
k=1

(−1)kT1 · · ·Tk−1Tk+1 · · ·T0 +
n−4∑
k=1

(k − 1)T1 · · ·T0Tk.
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Now assume that the relation holds for all some j < n− 5. Then

ζnT1 · · ·Tj+1 =

j∑
k=1

(−1)kT1 · · ·Tk−1Tk+1 · · ·TjTj+1 + (−1)j
n−4∑

k=j+1

(k − 1)T1 · · ·TjTkTj+1

=

j+1∑
k=1

(−1)kT1 · · ·Tk−1Tk+1 · · ·Tj+1

+ (−1)jT1 · · ·Tj

+ (−1)jjT1 · · ·Tj

+ (−1)j(j + 1)T1 · · ·TjTj+2Tj+1

+ (−1)j(j + 1)T1 · · ·Tj+2

+ (−1)j+1
n−4∑

k=j+2

(k − 1)T1 · · ·Tj+1Tk

=

j+1∑
k=1

(−1)kT1 · · ·Tk−1Tk+1 · · ·Tj+1

+ (−1)j(j + 1)T1 · · ·Tj(1 + Tj+1Tj+2 + Tj+2Tj+1)

+ (−1)j+1
n−4∑

k=j+2

(k − 1)T1 · · ·Tj+1Tk

=

j+1∑
k=1

(−1)kT1 · · ·Tk−1Tk+1 · · ·Tj+1 + (−1)j+1
n−4∑

k=j+2

(k − 1)T1 · · ·Tj+1Tk.

Proof of Theorem 3.3.3:

Proof. We first verify that for i = 1, . . . , n− 3, we have

Bi(b) = P1,i+1(b) +

i∑
j=2

(−1)(n+1)(j+1)Pj,i+1(ζnT1 · · ·Tj−2b)

−
n−3∑

j=i+2

((−1)i(n+j)Pi+1,j(Tn−3ζnT1 · · ·Tj−3b)

+ (−1)(n+1)jPi+1,n−2(Tj−1 · · ·Tn−5Tn−3Tn−4ζnT1 · · ·Tj−3b)

+ (−1)i(n+j)Pj,n−2(Ti+1 · · ·Tn−3Tn−4ζnT1 · · ·Tj−3b)).

Case 4: For 1 < i ≤ n− 3,

tiBi(b) = tiP1,i+1(b) +

i∑
j=2

(−1)(n+1)(j+1)tiPj,i+1(ζnT1 · · ·Tj−2b)

−
n−3∑

j=i+2

((−1)i(n+j)tiPi+1,j(Tn−3ζnT1 · · ·Tj−3b)

+ (−1)(n+1)jtiPi+1,n−2(Tj−1 · · ·Tn−5Tn−3Tn−4ζnT1 · · ·Tj−3b)

+ (−1)i(n+j)tiPj,n−2(Ti+1 · · ·Tn−3Tn−4ζnT1 · · ·Tj−3b))
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= P1,i(b) +

i−1∑
j=2

(−1)(n+1)(j+1)Pj,i(ζnT1 · · ·Tj−2b)

+ (−1)n(i+1)+iPi,i+1(Tn−3ζnT1 · · ·Ti−2b)

+ (−1)n(i+1)+iPi,n−2(Ti · · ·Tn−5Tn−3Tn−4ζnT1 · · ·Ti−2b)

+ (−1)n(i+1)+iPi+1,n−2(Ti · · ·Tn−5Tn−3Tn−4Tn−3ζnT1 · · ·Ti−2b)

−
n−3∑

j=i+2

((−1)(i+1)(n+j)Pi,j(Tn−3ζnT1 · · ·Tj−3b)

+ (−1)(n+1)jPi,n−2(Tj−1 · · ·Tn−5Tn−3Tn−4ζnT1 · · ·Tj−3b)

+ (−1)(i+1)(n+j)Pj,n−2(Ti · · ·Tn−5Tn−4Tn−3Tn−4ζnT1 · · ·Tj−3b))

= P1,i(b) +

i−1∑
j=2

(−1)(n+1)(j+1)Pj,i(ζnT1 · · ·Tj−2b)

−
n−3∑

j=i+1

((−1)(i+1)(n+j)Pi,j(Tn−3ζnT1 · · ·Tj−3b)

+ (−1)(n+1)jPi,n−2(Tj−1 · · ·Tn−5Tn−3Tn−4ζnT1 · · ·Tj−3b)

+ (−1)(i+1)(n+j)Pj,n−2(Ti · · ·Tn−5Tn−4Tn−3Tn−4ζnT1 · · ·Tj−3b))

= Bi−1(b).

Case 5: It follows that for 1 ≤ i < n− 4,

ti+1Bi(b) = t2i+1Bi+1(b) = Bi+1(b).

Case 1:

t1B1(b) =t1P12(b)

−
n−3∑
j=3

((−1)(n+j)t1P2j(Tn−3ζnT1 · · ·Tj−3b)

+ (−1)(n+1)jt1P2,n−2(Tj−1 · · ·Tn−5Tn−3Tn−4ζnT1 · · ·Tj−3b)

+ (−1)(n+j)t1Pj,n−2(T2 · · ·Tn−3Tn−4ζnT1 · · ·Tj−3b))

=P12(−Tn−3b) + P1,n−2(−T1 · · ·Tn−5Tn−3Tn−4b) + P2,n−2(−T1 · · ·Tn−3Tn−4)

−
n−3∑
j=3

(P1j(Tn−3ζnT1 · · ·Tj−3b)

+ (−1)(n+1)jP1,n−2(Tj−1 · · ·Tn−5Tn−3Tn−4ζnT1 · · ·Tj−3b)

+ Pj,n−2(T1 · · ·Tn−3Tn−4ζnT1 · · ·Tj−3b))

=P12(−Tn−3b) + P1,n−2(−T1 · · ·Tn−5Tn−3Tn−4b)

+

n−4∑
j=2

(P1,j+1(−Tn−3ζnT1 · · ·Tj−2b)

+ (−1)(n+1)(j+1)P1,n−2(−Tj · · ·Tn−5Tn−3Tn−4ζnT1 · · ·Tj−2b)
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+ Pj+1,n−2(−T1 · · ·Tn−3Tn−4ζnT1 · · ·Tj−2b))

+ P2,n−2(−T1 · · ·Tn−3Tn−4b).

Looking at the coefficients of the terms P1j , it is clear that this expression should be equal to the

combination of

B1(−Tn−3b) +Bn−3(−T1 · · ·Tn−5Tn−3Tn−4b)

+

n−4∑
j=2

(Bj(−Tn−3ζnT1 · · ·Tj−2b)

+ (−1)(n+1)(j+1)Bn−3(−Tj · · ·Tn−5Tn−3Tn−4ζnT1 · · ·Tj−2b))

=P12(−Tn−3b)

+

n−3∑
j=3

((−1)(n+j)P2j(Tn−3ζnT1 · · ·Tj−3Tn−3b)

+ (−1)(n+1)jP2,n−2(Tj−1 · · ·Tn−5Tn−3Tn−4ζnT1 · · ·Tj−3Tn−3b)

+ (−1)(n+j)Pj,n−2(T2 · · ·Tn−3Tn−4ζnT1 · · ·Tj−3Tn−3b))

+ P1,n−2(−T1 · · ·Tn−5Tn−3Tn−4b)

+

n−4∑
j=2

(−1)(n+1)(j+1)Pj,n−2(−ζnT1 · · ·Tj−2T1 · · ·Tn−5Tn−3Tn−4b)

+

n−4∑
j=2

(P1,j+1(−Tn−3ζnT1 · · ·Tj−2b)

+

j∑
k=2

(−1)(n+1)(k+1)Pk,j+1(−ζnT1 · · ·Tk−2Tn−3ζnT1 · · ·Tj−2b)

+

n−3∑
k=j+2

((−1)j(n+k)Pj+1,k(Tn−3ζnT1 · · ·Tk−3Tn−3ζnT1 · · ·Tj−2b)

+ (−1)(n+1)kPj+1,n−2(Tk−1 · · ·Tn−5Tn−3Tn−4ζnT1 · · ·Tk−3Tn−3ζnT1 · · ·Tj−2b)

+ (−1)j(n+k)Pk,n−2(Tj+1 · · ·Tn−3Tn−4ζnT1 · · ·Tk−3Tn−3ζnT1 · · ·Tj−2b))

+ (−1)(n+1)(j+1)P1,n−2(−Tj · · ·Tn−5Tn−3Tn−4ζnT1 · · ·Tj−2b)

+

n−4∑
k=2

(−1)(n+1)(j+k)Pk,n−2(−ζnT1 · · ·Tk−2Tj · · ·Tn−5Tn−3Tn−4ζnT1 · · ·Tj−2b))

=P12(−Tn−3b) + P1,n−2(−T1 · · ·Tn−5Tn−3Tn−4b)

+

n−4∑
j=2

(P1,j+1(−Tn−3ζnT1 · · ·Tj−2b)

+ (−1)(n+1)(j+1)P1,n−2(−Tj · · ·Tn−5Tn−3Tn−4ζnT1 · · ·Tj−2b)

+ (−1)n+j+1P2,j+1(Tn−3ζnT1 · · ·Tj−2Tn−3b)

+ (−1)(n+1)(j+1)P2,n−2(Tj · · ·Tn−5Tn−3Tn−4ζnT1 · · ·Tj−2Tn−3b)

+ (−1)(n+1)(j+1)Pj,n−2(−ζnT1 · · ·Tj−2T1 · · ·Tn−5Tn−3Tn−4b)
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+ (−1)n+j+1Pj+1,n−2(T2 · · ·Tn−3Tn−4ζnT1 · · ·Tj−2Tn−3b)

+

n−3∑
k=j+2

((−1)(n+1)kPj+1,n−2(Tk−1 · · ·Tn−5Tn−3Tn−4ζnT1 · · ·Tk−3Tn−3ζnT1 · · ·Tj−2b)

+ (−1)j(n+k)Pj+1,k(Tn−3ζnT1 · · ·Tk−3Tn−3ζnT1 · · ·Tj−2b)

+ (−1)j(n+k)Pk,n−2(Tj+1 · · ·Tn−3Tn−4ζnT1 · · ·Tk−3Tn−3ζnT1 · · ·Tj−2b))

+

n−4∑
k=2

(−1)(n+1)(j+k)Pk,n−2(−ζnT1 · · ·Tk−2Tj · · ·Tn−5Tn−3Tn−4ζnT1 · · ·Tj−2b)

+

j∑
k=2

(−1)(n+1)(k+1)Pk,j+1(−ζnT1 · · ·Tk−2Tn−3ζnT1 · · ·Tj−2b)).

Subtracting t1B1(b), we get

P2,n−2(T1 · · ·Tn−3Tn−4b)

+

n−4∑
j=2

((−1)n+j+1P2,j+1(Tn−3ζnT1 · · ·Tj−2Tn−3b)

+ (−1)(n+1)(j+1)P2,n−2(Tj · · ·Tn−5Tn−3Tn−4ζnT1 · · ·Tj−2Tn−3b)

+ (−1)(n+1)(j+1)Pj,n−2(−ζnT1 · · ·Tj−2T1 · · ·Tn−5Tn−3Tn−4b)

+ (−1)n+j+1Pj+1,n−2(T2 · · ·Tn−3Tn−4ζnT1 · · ·Tj−2Tn−3b)

+ Pj+1,n−2(T1 · · ·Tn−3Tn−4ζnT1 · · ·Tj−2b)

+

n−3∑
k=j+2

((−1)(n+1)kPj+1,n−2(Tk−1 · · ·Tn−5Tn−3Tn−4ζnT1 · · ·Tk−3Tn−3ζnT1 · · ·Tj−2b)

+ (−1)j(n+k)Pj+1,k(Tn−3ζnT1 · · ·Tk−3Tn−3ζnT1 · · ·Tj−2b)

+ (−1)j(n+k)Pk,n−2(Tj+1 · · ·Tn−3Tn−4ζnT1 · · ·Tk−3Tn−3ζnT1 · · ·Tj−2b))

+

n−4∑
k=2

(−1)(n+1)(j+k)Pk,n−2(−ζnT1 · · ·Tk−2Tj · · ·Tn−5Tn−3Tn−4ζnT1 · · ·Tj−2b)

+

j∑
k=2

(−1)(n+1)(k+1)Pk,j+1(−ζnT1 · · ·Tk−2Tn−3ζnT1 · · ·Tj−2b)).

Now this expression should be zero, so we need to rearrange the terms so that they all cancel. As the

first step, we change summation variables so that all related terms are written in the same way, and we

collect all related terms.

P2,n−2((T1 · · ·Tn−3Tn−4 + (−1)nζnT1 · · ·Tn−5Tn−3Tn−4)b)

+

n−4∑
j=2

((−1)(n+1)(j+1)P2,n−2((Tj · · ·Tn−5Tn−3Tn−4ζnT1 · · ·Tj−2Tn−3

+ (−1)nζnTj · · ·Tn−5Tn−3Tn−4ζnT1 · · ·Tj−2)b)

+ (−1)nP2,j+1(((−1)j+1Tn−3ζnT1 · · ·Tj−2Tn−3

+ ζnTn−3ζnT1 · · ·Tj−2)b)

+ Pj+1,n−2(((−1)(n+1)j+1ζnT1 · · ·Tj−1T1 · · ·Tn−5Tn−3Tn−4
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+ (−1)n+j+1T2 · · ·Tn−3Tn−4ζnT1 · · ·Tj−2Tn−3

+ T1 · · ·Tn−3Tn−4ζnT1 · · ·Tj−2

+

n−3∑
k=j+2

(−1)(n+1)kTk−1 · · ·Tn−5Tn−3Tn−4ζnT1 · · ·Tk−3Tn−3ζnT1 · · ·Tj−2

+

n−4∑
k=2

(−1)n(j+k+1)+j+kζnT1 · · ·Tj−1Tk · · ·Tn−5Tn−3Tn−4ζnT1 · · ·Tk−2)b)

+

j∑
k=3

(−1)(n+j+1)(k+1)(Pj+1,n−2(Tk · · ·Tn−3Tn−4ζnT1 · · ·Tj−2Tn−3ζnT1 · · ·Tk−3b)

+ Pk,j+1((Tn−3ζnT1 · · ·Tj−2Tn−3ζnT1 · · ·Tk−3

+ (−1)j(k+1)+1ζnT1 · · ·Tk−2Tn−3ζnT1 · · ·Tj−2)b))).

Now we just need to cancel the coefficients of Pij(b), for each i, j. Using the identity, for 3 ≤ k ≤ j ≤ n−4,

T2 . . . Tk−2T1 · · ·Tj−2 = (−1)j(k+1)T1 · · ·Tj−2T1 · · ·Tk−3,

we see that the Pk,j+1 terms in our expression cancel, and we are left with

P2,n−2((T1 · · ·Tn−3Tn−4 + (−1)nζnT1 · · ·Tn−5Tn−3Tn−4)b)

+

n−4∑
j=2

((−1)n(j+1)P2,n−2(Tj · · ·Tn−5Tn−3ζnT1 · · ·Tj−2b)

+ Pj+1,n−2(((−1)(n+1)j+1ζnT1 · · ·Tj−1T1 · · ·Tn−5Tn−3Tn−4

+ (−1)n+j+1T2 · · ·Tn−3Tn−4ζnT1 · · ·Tj−2Tn−3

+ T1 · · ·Tn−3Tn−4ζnT1 · · ·Tj−2

+

n−3∑
k=j+2

(−1)(n+1)kTk−1 · · ·Tn−5Tn−3Tn−4ζnT1 · · ·Tk−3Tn−3ζnT1 · · ·Tj−2

+

n−4∑
k=2

(−1)n(j+k+1)+j+kζnT1 · · ·Tj−1Tk · · ·Tn−5Tn−3Tn−4ζnT1 · · ·Tk−2

+

j∑
k=3

(−1)(n+j+1)(k+1)Tk · · ·Tn−3Tn−4ζnT1 · · ·Tj−2Tn−3ζnT1 · · ·Tk−3)b)).

For 2 ≤ j < k − 1 < n− 3, we have

T1 · · ·Tk−3T1 · · ·Tj−2 = (−1)j(k+1)T2 · · ·Tj−1T1 · · ·Tk−3,

and for 2 ≤ k ≤ j − q ≤ n− 5, we have

Tk+1 · · ·Tn−5T2 · · ·Tj−2 = (−1)n(j+1)+jkT2 · · ·Tj−1Tk · · ·Tn−5.

Hence, we can rewrite our expression as

P2,n−2((T1 · · ·Tn−3Tn−4 + (−1)nζnT1 · · ·Tn−5Tn−3Tn−4)b)

+

n−4∑
j=2

((−1)n(j+1)P2,n−2(Tj · · ·Tn−5Tn−3ζnT1 · · ·Tj−2b)
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+ Pj+1,n−2(((−1)(n+1)j+1ζnT1 · · ·Tj−1T1 · · ·Tn−5Tn−3Tn−4

+ (−1)n+j+1T2 · · ·Tn−3Tn−4ζnT1 · · ·Tj−2Tn−3

+ T1 · · ·Tn−3Tn−4ζnT1 · · ·Tj−2

+

j∑
k=3

(−1)(n+j+1)(k+1)+jTk · · ·Tn−5Tn−4Tn−3Tn−4ζnTn−3T1 · · ·Tj−2ζnT1 · · ·Tk−3

+

n−3∑
k=j+2

(−1)(n+1)k+jk+1Tk−1 · · ·Tn−5Tn−3Tn−4Tn−3ζnTn−3T1 · · ·Tj−1ζnT1 · · ·Tk−3

+

n−4∑
k=2

(−1)n(j+k+1)+j+kζnT1 · · ·Tj−1Tk · · ·Tn−5Tn−3Tn−4ζnT1 · · ·Tk−2)b))

=P2,n−2((T1 · · ·Tn−3Tn−4 + (−1)nζnT1 · · ·Tn−5Tn−3Tn−4)b)

+

n−4∑
j=2

((−1)n(j+1)P2,n−2(Tj · · ·Tn−5Tn−3ζnT1 · · ·Tj−2b)

+ Pj+1,n−2(((−1)(n+1)j+1ζnT1 · · ·Tj−1T1 · · ·Tn−5Tn−3Tn−4

+ (−1)n+j+1T2 · · ·Tn−3Tn−4ζnT1 · · ·Tj−2Tn−3

+ T1 · · ·Tn−3Tn−4ζnT1 · · ·Tj−2

+

j−1∑
k=2

(−1)n(j+k)T1 · · ·Tj−1Tk · · ·Tn−5Tn−3ζnT1 · · ·Tk−2

+

n−4∑
k=j+1

(−1)n(j+k)T1 · · ·Tj−1Tk · · ·Tn−5Tn−3ζnT1 · · ·Tk−2

+

j−1∑
k=2

(−1)(n+1)(j+k+1)ζnT1 · · ·Tj−1Tk · · ·Tn−5Tn−3Tn−4ζnT1 · · ·Tk−2

+

n−4∑
k=j+1

(−1)(n+1)(j+k+1)ζnT1 · · ·Tj−1Tk · · ·Tn−5Tn−3Tn−4ζnT1 · · ·Tk−2

+

n−4∑
k=2

(−1)(n+1)(j+k+1)+1ζnT1 · · ·Tj−1Tk · · ·Tn−5Tn−3Tn−4ζnT1 · · ·Tk−2)b))

=P2,n−2((T1 · · ·Tn−3Tn−4 + (−1)nζnT1 · · ·Tn−5Tn−3Tn−4)b)

+

n−4∑
j=2

((−1)n(j+1)P2,n−2(Tj · · ·Tn−5Tn−3ζnT1 · · ·Tj−2b)

+ Pj+1,n−2(((−1)(n+1)j+1ζnT1 · · ·Tj−1T1 · · ·Tn−5Tn−3Tn−4

+ (−1)n+j+1T2 · · ·Tn−3Tn−4ζnT1 · · ·Tj−2Tn−3

+ T1 · · ·Tn−5Tn−4Tn−3Tn−4ζnT1 · · ·Tj−2

+

n−4∑
k=2

(−1)n(j+k)T1 · · ·Tj−1Tk · · ·Tn−5Tn−3ζnT1 · · ·Tk−2

− T1 · · ·Tn−5Tn−3ζnT1 · · ·Tj−2

+ (−1)nζnT1 · · ·Tn−5Tn−3Tn−4ζnT1 · · ·Tj−2)b))
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=P2,n−2((T1 · · ·Tn−3Tn−4 + (−1)nζnT1 · · ·Tn−5Tn−3Tn−4)b)

+

n−4∑
j=2

((−1)n(j+1)P2,n−2(Tj · · ·Tn−5Tn−3ζnT1 · · ·Tj−2b)

+ Pj+1,n−2(((−1)(n+1)j+1ζnT1 · · ·Tj−1T1 · · ·Tn−5Tn−3Tn−4

+ (−1)n+1T2 · · ·Tn−3Tn−4ζnTn−3T1 · · ·Tj−2

+ T1 · · ·Tn−5(Tn−3 − Tn−4)ζnT1 · · ·Tj−2

+ (−1)nζnT1 · · ·Tn−5Tn−3Tn−4ζnT1 · · ·Tj−2

+

n−4∑
k=2

(−1)n(j+k)T1 · · ·Tj−1Tk · · ·Tn−5Tn−3ζnT1 · · ·Tk−2)b)).

Since T1 · · ·Tj−1T1 · · ·Tn−5 = (−1)(n+1)jT2 · · ·Tn−5T1 · · ·Tj−2, we can express this element as

P2,n−2((T1 · · ·Tn−3Tn−4 + (−1)nζnT1 · · ·Tn−5Tn−3Tn−4)b)

+

n−4∑
j=2

((−1)n(j+1)P2,n−2(Tj · · ·Tn−5Tn−3ζnT1 · · ·Tj−2b)

+ Pj+1,n−2(((−1)nT2 · · ·Tn−5Tn−3T1 · · ·Tj−2

+ T1 · · ·Tn−5(Tn−3 − Tn−4)ζnT1 · · ·Tj−2

+ (−1)nζnT1 · · ·Tn−5Tn−3Tn−4ζnT1 · · ·Tj−2

+

n−4∑
k=2

(−1)n(j+k)T1 · · ·Tj−1Tk · · ·Tn−5Tn−3ζnT1 · · ·Tk−2)b))

=P2,n−2((T1 · · ·Tn−3Tn−4 + (−1)nζnT1 · · ·Tn−5Tn−3Tn−4)b)

+

n−4∑
j=2

((−1)n+jP2,n−2(Tn−3ζnT1 · · ·Tj−2Tj · · ·Tn−5b)

+ Pj+1,n−2(((−1)nT2 · · ·Tn−5Tn−3(1− Tn−4ζn)T1 · · ·Tj−2

− T1 · · ·Tn−5Tn−3Tn−4T1 · · ·Tj−2

+

n−4∑
k=2

(−1)nj+kT1 · · ·Tj−1Tn−3ζnT1 · · ·Tk−2Tk · · ·Tn−5)b)).

Now considering only the P2,n−2 term, applying Lemma 3.3.2, we have

T1 · · ·Tn−3Tn−4 + (−1)nζnT1 · · ·Tn−5Tn−3Tn−4

+

n−4∑
j=2

(−1)n(j+1)Tj · · ·Tn−5Tn−3ζnT1 · · ·Tj−2

=T1 · · ·Tn−3Tn−4

+

n−5∑
k=1

(−1)n+kT1 · · ·Tk−1Tk+1 · · ·Tn−5Tn−3Tn−4 − T1 · · ·Tn−5Tn−4Tn−3Tn−4

+

n−4∑
j=2

(

j−2∑
k=1

(−1)n(j+1)+kTj · · ·Tn−5Tn−3T1 · · ·Tk−1Tk+1 · · ·Tj−2
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+

n−4∑
k=j−1

(−1)n(j+1)+j(k − 1)Tj · · ·Tn−5Tn−3T1 · · ·Tj−2Tk)

=

n−5∑
k=1

(−1)n+kT1 · · ·Tk−1Tk+1 · · ·Tn−5Tn−3Tn−4

+

n−4∑
j=2

(

j−2∑
k=1

(−1)(n+1)(j+1)+kTj · · ·Tn−5T1 · · ·Tk−1Tk+1 · · ·Tj−2Tn−3

+

n−4∑
k=j−1

(−1)n+j+1(k − 1)T1 · · ·Tj−2Tj · · ·Tn−5TkTn−3)

=

n−4∑
j=2

(−1)n+j+1T1 · · ·Tj−2Tj · · ·Tn−5Tn−3Tn−4

+

n−4∑
j=2

((−1)n+jT1 · · ·Tj−2Tj · · ·Tn−5Tn−3Tn−4

+

j−2∑
k=1

(−1)j+k+1T1 · · ·Tk−1Tk+1 · · ·Tj−2Tj · · ·Tn−5Tn−3

+
n−5∑

k=j−1

(−1)n+j+1(k − 1)T1 · · ·Tj−2Tj · · ·Tn−5TkTn−3)

=

n−4∑
j=2

(

j−2∑
k=1

(−1)j+k+1T1 · · ·Tk−1Tk+1 · · ·Tj−2Tj · · ·Tn−5Tn−3

+

n−6∑
k=j−1

(−1)n+j+1(k − 1)T1 · · ·Tj−2Tj · · ·Tn−5TkTn−3)

=

n−4∑
j=2

(

j−2∑
k=1

(−1)j+k+1T1 · · ·Tk−1Tk+1 · · ·Tj−2Tj · · ·Tn−5Tn−3

+

n−6∑
k=j−1

(−1)j+k(k − 1)T1 · · ·Tj−2Tj · · ·TkTk+2 · · ·Tn−5Tn−3

+

n−6∑
k=j−1

(−1)j+k(k − 1)T1 · · ·Tj−2Tj · · ·TkTk · · ·Tn−5Tn−3)

=

n−4∑
j=2

(

j−2∑
k=1

(−1)j+k+1T1 · · ·Tk−1Tk+1 · · ·Tj−2Tj · · ·Tn−5Tn−3

+

n−6∑
k=j−1

(−1)j+k(k − 1)T1 · · ·Tj−2Tj · · ·TkTk+2 · · ·Tn−5Tn−3

+

n−6∑
k=j

(−1)j+k(k − 1)T1 · · ·Tj−2Tj · · ·Tk−1Tk+1 · · ·Tn−5Tn−3

− (j + 1)T1 · · ·Tn−5Tn−3)

=

n−4∑
j=2

(

j−2∑
k=1

(−1)j+k+1T1 · · ·Tk−1Tk+1 · · ·Tj−2Tj · · ·Tn−5Tn−3

+

n−5∑
k=j

(−1)j+k+1(k + 1)T1 · · ·Tj−2Tj · · ·Tk−1Tk+1 · · ·Tn−5Tn−3
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+

n−5∑
k=j

(−1)j+k(k − 1)T1 · · ·Tj−2Tj · · ·Tk−1Tk+1 · · ·Tn−5Tn−3

− (j + 1)T1 · · ·Tn−5Tn−3)

=

n−4∑
j=2

(

j−2∑
k=1

(−1)j+k+1T1 · · ·Tk−1Tk+1 · · ·Tj−2Tj · · ·Tn−5Tn−3

+

n−5∑
k=j

(−1)j+kT1 · · ·Tj−2Tj · · ·Tk−1Tk+1 · · ·Tn−5Tn−3

− (j + 1)T1 · · ·Tn−5Tn−3)

=

n−4∑
j=2

(

n−5∑
k=j

(−1)j+k+1T1 · · ·Tj−2Tj · · ·Tk−1Tk+1 · · ·Tn−5Tn−3

+

n−5∑
k=j

(−1)j+kT1 · · ·Tj−2Tj · · ·Tk−1Tk+1 · · ·Tn−5Tn−3

− (j + 1)T1 · · ·Tn−5Tn−3).

Since
∑n−4

j=2 (j+1) = 0 when 3 divides n (since we are in characteristic 3), we conclude that the coefficient

of P2,n−2(b) is 0.

Now we will again use Lemma 3.3.2 to show that the coefficient of Pi,n−2(b), for 3 ≤ i ≤ n− 4, is 0. We

will need the following identities:

Tk+1 · · ·Tn−5Tk = (−1)n+k+1Tk · · ·Tn−5 + (−1)n+k+1Tk+2 · · ·Tn−5;

(−1)(n+1)(i+1)T2 · · ·Tn−5T1 · · ·Ti−3 = T1 · · ·Ti−2T1 · · ·Tn−5 = T2 · · ·Ti−2T1 · · ·Ti−3Ti−1 · · ·Tn−5;

for 2 ≤ j ≤ i− 2, we have

T1 · · ·Ti−2T1 · · ·Tj−2Tj · · ·Tn−5 = (−1)n(i+1)+j+1

j∑
k=2

TkT2 · · ·Tn−5T1 · · ·Ti−3;

T2 · · ·Tn−5T1 · · ·Tj−2Tj · · ·Ti−3 = (−1)n+j

j∑
k=1

TkT2 · · ·Tn−5T1 · · ·Ti−3.

Thus, the coefficient of Pi,n−2(b), for 3 ≤ i ≤ n− 4, is

(−1)nT2 · · ·Tn−5Tn−3T1 · · ·Ti−3

− T1 · · ·Tn−5Tn−3Tn−4T1 · · ·Ti−3

+ (−1)n+1T2 · · ·Tn−5Tn−3Tn−4ζnT1 · · ·Ti−3

+

n−4∑
j=2

(−1)n(i+j)+jT1 · · ·Ti−2Tn−3Tj · · ·Tn−5ζnT1 · · ·Tj−2

=(−1)nT2 · · ·Tn−5Tn−3T1 · · ·Ti−3

− T1 · · ·Tn−5Tn−3Tn−4T1 · · ·Ti−3

+

i−3∑
k=1

(−1)n+k+1T2 · · ·Tn−5Tn−3Tn−4T1 · · ·Tk−1Tk+1 · · ·Ti−3
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+

n−4∑
k=i−2

(−1)n+i(k − 1)T2 · · ·Tn−5Tn−3Tn−4T1 · · ·Ti−3Tk

+

n−4∑
j=2

(

j−2∑
k=1

(−1)n(i+j)+j+kT1 · · ·Ti−2Tn−3Tj · · ·Tn−5T1 · · ·Tk−1Tk+1 · · ·Tj−2

+

n−4∑
k=j−1

(−1)n(i+j)(k − 1)T1 · · ·Ti−2Tn−3Tj · · ·Tn−5T1 · · ·Tj−2Tk)

=− T1 · · ·Tn−5T1 · · ·Ti−3Tn−3Tn−4

+

i−3∑
k=1

(−1)n+k+1T2 · · ·Tn−5T1 · · ·Tk−1Tk+1 · · ·Ti−3Tn−3Tn−4

+

n−6∑
k=i−2

(−1)ni+1(k − 1)T1 · · ·Ti−2T1 · · ·Tn−5TkTn−3Tn−4

+

n−4∑
j=2

(

j−2∑
k=1

(−1)ni+j+k+1T1 · · ·Ti−2T1 · · ·Tk−1Tk+1 · · ·Tj−2Tj · · ·Tn−5Tn−3

+

n−6∑
k=j−1

(−1)n(i+1)+j+1(k − 1)T1 · · ·Ti−2T1 · · ·Tj−2Tj · · ·Tn−5TkTn−3

+ (−1)n(i+j+1)T1 · · ·Ti−2Tj · · ·Tn−5T1 · · ·Tj−2Tn−3Tn−4)

=− T1 · · ·Tn−5T1 · · ·Ti−3Tn−3Tn−4

+

i−3∑
k=1

(−1)n+k+1T2 · · ·Tn−5T1 · · ·Tk−1Tk+1 · · ·Ti−3Tn−3Tn−4

+

n−6∑
k=i−2

(−1)n(i+1)+k(k − 1)T1 · · ·Ti−2T1 · · ·Tk(1 + TkTk+1)Tk+2 · · ·Tn−5Tn−3Tn−4

+

n−4∑
j=2

(

j−2∑
k=1

(−1)ni+j+k+1T1 · · ·Ti−2T1 · · ·Tk−1Tk+1 · · ·Tj−2Tj · · ·Tn−5Tn−3

+

n−6∑
k=j−1

(−1)ni+j+k(k − 1)T1 · · ·Ti−2T1 · · ·Tj−2Tj · · ·Tk(1 + TkTk+1)Tk+2 · · ·Tn−5Tn−3

+ (−1)n(i+j+1)T1 · · ·Ti−2Tj · · ·Tn−5T1 · · ·Tj−2Tn−3Tn−4)

=− T1 · · ·Tn−5T1 · · ·Ti−3Tn−3Tn−4

+

i−3∑
k=1

(−1)n+k+1T2 · · ·Tn−5T1 · · ·Tk−1Tk+1 · · ·Ti−3Tn−3Tn−4

+

n−6∑
k=i−2

(−1)n(i+1)+k+1T1 · · ·Ti−2T1 · · ·TkTk+2 · · ·Tn−5Tn−3Tn−4

+ (−1)n(i+1)+iiT1 · · ·Ti−2T1 · · ·Ti−3Ti−1 · · ·Tn−5Tn−3Tn−4

+

n−4∑
j=2

(

j−2∑
k=1

(−1)ni+j+k+1T1 · · ·Ti−2T1 · · ·Tk−1Tk+1 · · ·Tj−2Tj · · ·Tn−5Tn−3

+

n−6∑
k=j−1

(−1)ni+j+k+1T1 · · ·Ti−2T1 · · ·Tj−2Tj · · ·TkTk+2 · · ·Tn−5Tn−3

+ (−1)ni+1(j + 1)T1 · · ·Ti−2T1 · · ·Tn−5Tn−3
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+ (−1)n(i+j+1)T1 · · ·Ti−2Tj · · ·Tn−5T1 · · ·Tj−2Tn−3Tn−4)

=(−1)n(i+1)+iiT2 · · ·Ti−2T1 · · ·Tn−5Tn−3Tn−4

+ (−1)ni+1T1 · · ·Ti−2T1 · · ·Tn−5Tn−3(

n−4∑
j=2

(j + 1))

+

i−2∑
k=2

(−1)n+kT2 · · ·Tn−5T1 · · ·Tk−2Tk · · ·Ti−3Tn−3Tn−4

+

n−4∑
k=i

(−1)n(i+1)+k+1T1 · · ·Ti−2T1 · · ·Tk−2Tk · · ·Tn−5Tn−3Tn−4

+

i−2∑
j=2

(−1)n(i+1)+jT1 · · ·Ti−2T1 · · ·Tj−2Tj · · ·Tn−5Tn−3Tn−4

+

n−4∑
j=i

(−1)n(i+1)+jT1 · · ·Ti−2T1 · · ·Tj−2Tj · · ·Tn−5Tn−3Tn−4

+

n−4∑
j=2

j−2∑
k=1

(−1)ni+j+k+1T1 · · ·Ti−2T1 · · ·Tk−1Tk+1 · · ·Tj−2Tj · · ·Tn−5Tn−3

+

n−4∑
k=2

k−2∑
j=1

(−1)ni+j+kT1 · · ·Ti−2T1 · · ·Tj−1Tj+1 · · ·Tk−2Tk · · ·Tn−5Tn−3

=(−1)n(i+1)+iiT2 · · ·Ti−2T1 · · ·Tn−5Tn−3Tn−4

+

i−2∑
k=2

(−1)n+kT2 · · ·Tn−5T1 · · ·Tk−2Tk · · ·Ti−3Tn−3Tn−4

+

i−2∑
j=2

(−1)n(i+1)+jT1 · · ·Ti−2T1 · · ·Tj−2Tj · · ·Tn−5Tn−3Tn−4

=(−1)n(i+1)+iiT2 · · ·Ti−2T1 · · ·Tn−5Tn−3Tn−4

+

i−2∑
k=2

k∑
j=1

TjT2 · · ·Tn−5T1 · · ·Ti−3Tn−3Tn−4

−
i−2∑
j=2

j∑
k=2

TkT2 · · ·Tn−5T1 · · ·Ti−3Tn−3Tn−4

=(−1)n(i+1)+iiT2 · · ·Ti−2T1 · · ·Tn−5Tn−3Tn−4

+ (−1)(n+1)(i+1)
i−2∑
k=2

T2 · · ·Ti−2T1 · · ·Tn−5Tn−3Tn−4

=(−1)n(i+1)+iiT2 · · ·Ti−2T1 · · ·Tn−5Tn−3Tn−4

+ (−1)(n+1)(i+1)iT2 · · ·Ti−2T1 · · ·Tn−5Tn−3Tn−4 = 0.

Case 2: For 1 < i ≤ n− 3, since T1ζnT1 = ζnT1ζn,

t1Bi(b) = t1P1,i+1(b) +

i∑
j=2

(−1)(n+1)(j+1)t1Pj,i+1(ζnT1 · · ·Tj−2b)

−
n−3∑

j=i+2

((−1)i(n+j)t1Pi+1,j(Tn−3ζnT1 · · ·Tj−3b)
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+ (−1)(n+1)jt1Pi+1,n−2(Tj−1 · · ·Tn−5Tn−3Tn−4ζnT1 · · ·Tj−3b)

+ (−1)i(n+j)t1Pj,n−2(Ti+1 · · ·Tn−3Tn−4ζnT1 · · ·Tj−3b))

= (−1)n+i+1P2,i+1(b) + (−1)iP1,i+1(ζnb)

+

i∑
j=3

(−1)n(j+1)+iPj,i+1(T1ζnT1 · · ·Tj−2b)

−
n−3∑

j=i+2

((−1)i(n+j)+i+j+1Pi+1,j(T1Tn−3ζnT1 · · ·Tj−3b)

+ (−1)(n+1)j+n+i+1Pi+1,n−2(T1Tj−1 · · ·Tn−5Tn−3Tn−4ζnT1 · · ·Tj−3b)

+ (−1)(i+1)(n+j)Pj,n−2(T1Ti+1 · · ·Tn−5Tn−4Tn−3Tn−4ζnT1 · · ·Tj−3b))

= (−1)iP1,i+1(ζnb) +

i∑
j=2

(−1)(n+1)(j+1)+iPj,i+1(ζnT1 · · ·Tj−2ζnb)

−
n−3∑

j=i+2

((−1)i(n+j)+iPi+1,j(Tn−3ζnT1 · · ·Tj−3ζnb)

+ (−1)(n+1)j+iPi+1,n−2(Tj−1 · · ·Tn−5Tn−3Tn−4ζnT1 · · ·Tj−3ζnb)

+ (−1)i(n+j)+iPj,n−2(Ti+1 · · ·Tn−5Tn−4Tn−3Tn−4ζnT1 · · ·Tj−3ζnb))

= (−1)iBi(ζnb).

Case 3: For 1 < k < i ≤ n− 3,

tkBi(b) = tkP1,i+1(b) +

i∑
j=2

(−1)(n+1)(j+1)tkPj,i+1(ζnT1 · · ·Tj−2b)

−
n−3∑

j=i+2

((−1)i(n+j)tkPi+1,j(Tn−3ζnT1 · · ·Tj−3b)

+ (−1)(n+1)jtkPi+1,n−2(Tj−1 · · ·Tn−5Tn−3Tn−4ζnT1 · · ·Tj−3b)

+ (−1)i(n+j)tkPj,n−2(Ti+1 · · ·Tn−3Tn−4ζnT1 · · ·Tj−3b))

= (−1)iP1,i+1(Tk−1b) +

k−1∑
j=2

(−1)n(j+1)+iPj,i+1(Tk−1ζnT1 · · ·Tj−2b)

+ (−1)(n+1)k+iPk+1,i+1(ζnT1 · · ·Tk−2b)

+ (−1)(n+1)(k+1)+iPk,i+1(ζnT1 · · ·Tk−1b)

+

i∑
j=k+2

(−1)n(j+1)+iPj,i+1(TkζnT1 · · ·Tj−2b)

−
n−3∑

j=i+2

((−1)i(n+j)+i+j+1Pi+1,j(TkTn−3ζnT1 · · ·Tj−3b)

+ (−1)(n+1)(j+1)+iPi+1,n−2(TkTj−1 · · ·Tn−5Tn−3Tn−4ζnT1 · · ·Tj−3b)

+ (−1)(i+1)(n+j)Pj,n−2(TkTi+1 · · ·Tn−5Tn−4Tn−3Tn−4ζnT1 · · ·Tj−3b))

= (−1)iP1,i+1(Tk−1b) +

i∑
j=2

(−1)(n+1)(j+1)+iPj,i+1(ζnT1 · · ·Tj−2Tk−1b)

105



−
n−3∑

j=i+2

((−1)i(n+j)+iPi+1,j(Tn−3ζnT1 · · ·Tj−3Tk−1b)

+ (−1)(n+1)j+iPi+1,n−2(Tj−1 · · ·Tn−5Tn−3Tn−4ζnT1 · · ·Tj−3Tk−1b)

+ (−1)i(n+j)+iPj,n−2(Ti+1 · · ·Tn−5Tn−4Tn−3Tn−4ζnT1 · · ·Tj−3Tk−1b))

= (−1)iBi(Tk−1b).

Case 6: For i+ 1 < k < n− 4, since tk−1Bn−3(b) = (−1)n+1Bn−3(Tk−2b),

tkBi(b) =tkti+1ti+2 · · · tn−3Bn−3(b)

=(−1)i+kti+1ti+2 · · · tk−2tktk−1tktk+1tk+2 · · · tn−3Bn−3(b)

=(−1)i+kti+1ti+2 · · · tk−2tk−1tktk−1tk+1tk+2 · · · tn−3Bn−3(b)

=(−1)n+i+1ti+1ti+2 · · · tn−3tk−1Bn−3(b)

=(−1)iti+1ti+2 · · · tn−3Bn−3(Tk−2b)

=(−1)iBi(Tk−2b).

Case 7:

tn−2Bn−4(b) =tn−2P1,n−3(b) +

n−4∑
j=2

(−1)(n+1)(j+1)tn−2Pj,n−3(ζnT1 · · ·Tj−2b)

=(−1)nP1,n−3((Tn−4 − Tn−3 + Tn−1)b)

− P1,n−2((1 + (Tn−4 − Tn−3)Tn−1)b)

+

n−4∑
j=2

(−1)(n+1)(j+1)((−1)n+j+1Pj,n−3((Tn−4 − Tn−3 + Tn−1)ζnT1 · · ·Tj−2b)

− Pj,n−2((1 + (Tn−4 − Tn−3)Tn−1)ζnT1 · · ·Tj−2b))

=(−1)nP1,n−3((Tn−4 − Tn−3 + Tn−1)b)

− P1,n−2((1 + (Tn−4 − Tn−3)Tn−1)b)

+

n−4∑
j=2

(−1)(n+1)(j+1)((−1)nPj,n−3(ζnT1 · · ·Tj−2(Tn−4 − Tn−3 + Tn−1)b)

− Pj,n−2(ζnT1 · · ·Tj−2(1 + (Tn−4 − Tn−3)Tn−1)b)

=(−1)nBn−4((Tn−4 − Tn−3 + Tn−1)b)−Bn−3((1 + (Tn−4 − Tn−3)Tn−1)b).

It follows that, for 1 ≤ i < n− 4,

tn−2Bi(b) =tn−2ti+1ti+2 · · · tn−3Bn−3(b)

=(−1)n+iti+1ti+2 · · · tn−4tn−2tn−3Bn−3(b)

=(−1)n+iti+1ti+2 · · · tn−4tn−2Bn−4(b)

=(−1)iti+1ti+2 · · · tn−4Bn−4((Tn−4 − Tn−3 + Tn−1)b)

+ (−1)n+i+1ti+1ti+2 · · · tn−4Bn−3((1 + (Tn−4 − Tn−3)Tn−1)b)
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=(−1)iBi((Tn−4 − Tn−3 + Tn−1)b)

+ (−1)iti+1ti+2 · · · tn−5Bn−3(Tn−5(1 + (Tn−4 − Tn−3)Tn−1)b)

= . . .

=(−1)iBi((Tn−4 − Tn−3 + Tn−1)b)

+ (−1)n+i+1+(n+1)(n+i)Bn−3(Ti · · ·Tn−5(1 + (Tn−4 − Tn−3)Tn−1)b)

=(−1)iBi((Tn−4 − Tn−3 + Tn−1)b)

+ (−1)n(i+1)+1Bn−3(Ti · · ·Tn−5(1 + (Tn−4 − Tn−3)Tn−1)b).

Case 8:

tn−2Bn−3(b) = (−1)n+1P1,n−2(Tn−1b) +

n−4∑
j=2

(−1)nj+1Pj,n−2(Tn−1ζnT1 · · ·Tj−2b)

= (−1)n+1P1,n−2(Tn−1b) +

n−4∑
j=2

(−1)(n+1)jPj,n−2(ζnT1 · · ·Tj−2Tn−1b)

= (−1)n+1Bn−3(Tn−1b).

Case 9: For 1 ≤ i ≤ n− 3,

tn−1Bi(b) = (−1)iP1,i+1(Tn−1b) +

i∑
j=2

(−1)(n+1)(j+1)+i+j+1Pj,i+1(Tn−1ζnT1 · · ·Tj−2b)

−
n−3∑

j=i+2

((−1)i(n+j)+i+j+1Pi+1,j(Tn−1Tn−3ζnT1 · · ·Tj−3b)

+ (−1)(n+1)j+n+i+1Pi+1,n−2(Tn−1Tj−1 · · ·Tn−5Tn−3Tn−4ζnT1 · · ·Tj−3b)

+ (−1)(i+1)(n+j)Pj,n−2(Tn−1Ti+1 · · ·Tn−5Tn−4Tn−3Tn−4ζnT1 · · ·Tj−3b))

= (−1)iP1,i+1(Tn−1b) +

i∑
j=2

(−1)(n+1)(j+1)+iPj,i+1(ζnT1 · · ·Tj−2Tn−1b)

−
n−3∑

j=i+2

((−1)i(n+j+1)Pi+1,j(Tn−3ζnT1 · · ·Tj−3Tn−1b)

+ (−1)(n+1)j+iPi+1,n−2(Tj−1 · · ·Tn−5Tn−3Tn−4ζnT1 · · ·Tj−3Tn−1b)

+ (−1)i(n+j)+iPj,n−2(Ti+1 · · ·Tn−5Tn−4Tn−3Tn−4ζnT1 · · ·Tj−3Tn−1b))

= (−1)iBi(Tn−1b).

To prove Theorem 3.3.5, we will need the identity involving χn := ζn − Tn−3 given in Lemma 3.3.4:

For 1 ≤ i− 1 ≤ j ≤ n− 3,

Ti · · ·Tjχn =

i−1∑
k=2

(−1)i+j+1(k − 1)TkTi · · ·Tj

+

j∑
k=i

(−1)j+kTi · · ·Tk−1Tk+1 · · ·Tj
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+

n−3∑
k=j+1

(k − 1)Ti · · ·TjTk.

Note that χn anticommutes with Tj for all j ∈ {2, . . . , n− 1}\{n− 2} and χ2
n = 0. Moreover,

χnT1χn =(ζn − Tn−3)T1(ζn − Tn−3)

=ζnT1ζn − ζnT1Tn−3 − Tn−3T1ζn − T1

=− ζn + Tn−3 = −χn.

Proof of Lemma 3.3.4:

Proof. When i = 2, j = 1, we have

T2 · · ·Tjχn =

n−3∑
k=2

(k − 1)Tk

=

j∑
k=2

(−1)j+kT2 · · ·Tk−1Tk+1 · · ·Tj

+

n−3∑
k=j+1

(k − 1)T2 · · ·TjTk.

Now if the equality holds for 1 ≤ i− 1 ≤ j ≤ n− 4, then

Ti · · ·Tj+1χn =

i−1∑
k=2

(−1)i+j(k − 1)TkTi · · ·Tj+1

+

j∑
k=i

(−1)j+k+1Ti · · ·Tk−1Tk+1 · · ·Tj+1

+

n−3∑
k=j+1

(1− k)Ti · · ·TjTkTj+1

=

i−1∑
k=2

(−1)i+j(k − 1)TkTi · · ·Tj+1

+

j+1∑
k=i

(−1)j+k+1Ti · · ·Tk−1Tk+1 · · ·Tj+1

− (j + 1)Ti · · ·Tj

+

n−3∑
k=j+2

(1− k)Ti · · ·TjTkTj+1.

When j = n− 4, since 3|n (and we are in characteristic 3), we have

Ti · · ·Tn−3χn =

i−1∑
k=2

(−1)n+i(k − 1)TkTi · · ·Tn−3

+

n−3∑
k=i

(−1)n+k+1Ti · · ·Tk−1Tk+1 · · ·Tn−3.

If j < n− 4, then

Ti · · ·Tj+1χn =

i−1∑
k=2

(−1)i+j(k − 1)TkTi · · ·Tj+1
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+

j+1∑
k=i

(−1)j+k+1Ti · · ·Tk−1Tk+1 · · ·Tj+1

− (j + 1)Ti · · ·Tj

− (j + 1)Ti · · ·TjTj+2Tj+1

+

n−3∑
k=j+3

(k − 1)Ti · · ·Tj+1Tk

=

i−1∑
k=2

(−1)i+j(k − 1)TkTi · · ·Tj+1

+

j+1∑
k=i

(−1)j+k+1Ti · · ·Tk−1Tk+1 · · ·Tj+1

+

n−3∑
k=j+2

(k − 1)Ti · · ·Tj+1Tk.

We will also use the fact that when j ≤ k, we have

(Tj · · ·Tk)2 = (−1)(
k−j+1

2 )
∑
I

TI

where I ranges over all evenly sized subsets {i1, . . . , im} ⊆ {j, . . . , k} and TI is the product Ti1Ti2 · · ·Tim
with i1 < i2 < · · · < im, and therefore

Tj(Tj · · ·Tk)2 = (Tj · · ·Tk)2Tk.

We can prove this identity by induction on k: when j = k, both sides are equal since the only evenly sized

subset of {j, . . . , k} is ∅ and T∅ = T 2
j is the identity matrix. Now suppose j < k and (Tj · · ·Tk−1)

2 =

(−1)(
k−j
2 )∑

J TJ , where J is the set of all evenly sized subsets of {j, . . . , k − 1}. Then we have

(Tj · · ·Tk)2 =(−1)j+k(Tj · · ·Tk−1)
2(1 + Tk−1Tk)

=(−1)(
k−j+1

2 )
∑
I

TI

as desired. Alternatively, we can write

(Tj · · ·Tk)2 = (−1)(
k−j+1

2 )
k−1∏
i=j

(I + TiTi+1).

Proof of Theorem 3.3.5:

Proof. Case 1: Recall that for j = 1, . . . , n− 3, we have

Bj(b) = P1,j+1(b) +

j∑
k=2

(−1)(n+1)(k+1)Pk,j+1(ζnT1 · · ·Tk−2b)

−
n−3∑

k=j+2

((−1)j(n+k)Pj+1,k(Tn−3ζnT1 · · ·Tk−3b)
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+ (−1)(n+1)kPj+1,n−2(Tk−1 · · ·Tn−5Tn−3Tn−4ζnT1 · · ·Tk−3b)

+ (−1)j(n+k)Pk,n−2(Tj+1 · · ·Tn−3Tn−4ζnT1 · · ·Tk−3b)).

The action of t1 on Bn−1(b), for b ∈M , is given by

t1Bn−1(b) =

n−2∑
j=4

(−1)j+1P1j(T2 · · ·Tj−3χnb)

+

n−2∑
j=4

(−1)jP3j(T1Tn−3T2 · · ·Tj−3χnb)

+

n−4∑
i=4

n−2∑
j=i+1

(−1)n(i+1)+i+jPij(T1(1 + T2Tn−3)T3 · · ·Ti−2T2 · · ·Tj−3χnb)

+

n−4∑
i=4

i∑
x=4

Pi,n−2(((−1)(n+1)(i+1)+xT1T3 · · ·Ti−2T2 · · ·Tx−3Tx−1 · · ·Tn−3Tn−4

+ (−1)ni+x+1T1 · · ·Ti−2T2 · · ·Tx−3Tx−1 · · ·Tn−5Tn−3Tn−4)χnb)

=
n−3∑
j=3

((−1)jBj(T2 · · ·Tj−2χnb)

+

j∑
k=2

(−1)n+(n+1)k+jPk,j+1(ζnT1 · · ·Tk−2T2 · · ·Tj−2χnb)

+

n−3∑
k=j+2

((−1)(n+k+1)jPj+1,k(Tn−3ζnT1 · · ·Tk−3T2 · · ·Tj−2χnb)

+ (−1)(n+1)k+jPj+1,n−2(Tk−1 · · ·Tn−5Tn−3Tn−4ζnT1 · · ·Tk−3T2 · · ·Tj−2χnb)

+ (−1)(n+k+1)jPk,n−2(Tj+1 · · ·Tn−3Tn−4ζnT1 · · ·Tk−3T2 · · ·Tj−2χnb)))

+

n−2∑
j=4

(−1)jP3j(T1Tn−3T2 · · ·Tj−3χnb)

+
n−4∑
i=4

n−2∑
j=i+1

(−1)n(i+1)+i+jPij(T1(1 + T2Tn−3)T3 · · ·Ti−2T2 · · ·Tj−3χnb)

+

n−4∑
i=4

i∑
x=4

Pi,n−2(((−1)(n+1)(i+1)+xT1T3 · · ·Ti−2T2 · · ·Tx−3Tx−1 · · ·Tn−3Tn−4

+ (−1)ni+x+1T1 · · ·Ti−2T2 · · ·Tx−3Tx−1 · · ·Tn−5Tn−3Tn−4)χnb).

Adding Bn−1(Tn−3b) +
∑n−3

j=3 (−1)j+1Bj(T2 · · ·Tj−2χnb), we get

n−2∑
j=4

(−1)n+1P2j(T2 · · ·Tj−3χnTn−3b)

+

n−2∑
j=4

P3j(−Tn−3T2 · · ·Tj−3χnTn−3b)

+

n−4∑
i=4

n−2∑
j=i+1

(−1)n(i+1)Pij((1 + T2Tn−3)T3 · · ·Ti−2T2 · · ·Tj−3χnTn−3b)

+

n−4∑
i=4

i∑
x=4

Pi,n−2(((−1)ni+x+1T3 · · ·Ti−2T2 · · ·Tx−3Tx−1 · · ·Tn−3Tn−4
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+ (−1)(n+1)(i+1)+xT2 · · ·Ti−2T2 · · ·Tx−3Tx−1 · · ·Tn−5Tn−3Tn−4)χnTn−3b)

+

n−3∑
j=3

(

j∑
k=2

(−1)n+(n+1)k+jPk,j+1(ζnT1 · · ·Tk−2T2 · · ·Tj−2χnb)

+

n−3∑
k=j+2

((−1)(n+k+1)jPj+1,k(Tn−3ζnT1 · · ·Tk−3T2 · · ·Tj−2χnb)

+ (−1)(n+1)k+jPj+1,n−2(Tk−1 · · ·Tn−5Tn−3Tn−4ζnT1 · · ·Tk−3T2 · · ·Tj−2χnb)

+ (−1)(n+k+1)jPk,n−2(Tj+1 · · ·Tn−3Tn−4ζnT1 · · ·Tk−3T2 · · ·Tj−2χnb)))

+

n−2∑
j=4

(−1)jP3j(T1Tn−3T2 · · ·Tj−3χnb)

+

n−4∑
i=4

n−2∑
j=i+1

(−1)n(i+1)+i+jPij(T1(1 + T2Tn−3)T3 · · ·Ti−2T2 · · ·Tj−3χnb)

+

n−4∑
i=4

i∑
x=4

Pi,n−2(((−1)(n+1)(i+1)+xT1T3 · · ·Ti−2T2 · · ·Tx−3Tx−1 · · ·Tn−3Tn−4

+ (−1)ni+x+1T1 · · ·Ti−2T2 · · ·Tx−3Tx−1 · · ·Tn−5Tn−3Tn−4)χnb).

To show that this expression is equal to zero, we change summation variables and rearrange inside M .

The relations ζnT1χn = −(1 + T1Tn−3)χn and ζnχn = Tn−3χn are enough to cancel the P2j(b) and the

P3j(b) terms. We also need the identities T1 · · ·Tj−3T2 · · ·Ti−3 = (−1)i(j+1)T3 · · ·Ti−2T1 · · ·Tj−3, for

4 ≤ i < j ≤ n− 3, and χnT1 = −T1χn − I to cancel the Pij(b) terms. Then we have

n−2∑
j=4

(−1)n+1P2j((χnTn−3 + ζnχn)T2 · · ·Tj−3b) +

n−2∑
j=4

P3j((1 + ζnT1 + T1Tn−3)χnT2 · · ·Tj−3b)

+

n−4∑
i=4

n−2∑
j=i+1

(−1)n(i+1)+i+jPij((−T1(T2 + Tn−3)χn)T3 · · ·Ti−2T2 · · ·Tj−3χnb)

+
n−4∑
i=4

(−1)iPi,n−2(Tn−3ζnT1 · · ·Tn−5T2 · · ·Ti−3χnb)

+

n−4∑
i=4

n−3∑
j=i+1

(−1)(n+1)j+i+1Pi,n−2(Tj−1 · · ·Tn−5Tn−3Tn−4ζnT1 · · ·Tj−3T2 · · ·Ti−3χnb)

+

n−4∑
i=4

i−2∑
j=3

(−1)(n+i+1)jPi,n−2(Tj+1 · · ·Tn−3Tn−4ζnT1 · · ·Ti−3T2 · · ·Tj−2χnb)

+

n−4∑
i=4

i∑
x=4

Pi,n−2(((−1)n+(n+1)i+x(−T1 + T2)T3 · · ·Ti−2T2 · · ·Tx−3Tx−1 · · ·Tn−3Tn−4

+ (−1)ni+x(1− T1T2)T3 · · ·Ti−2T2 · · ·Tx−3Tx−1 · · ·Tn−5Tn−3Tn−4)χnb).

Since χ2
n = 0, we are left with only Pi,n−2(b) terms. Replacing each ζn with χn+Tn−3, using the relation

χnT1χn = −χn, and then rearranging the matrices Ti that anticommute, we get

n−4∑
i=4

Pi,n−2((−1)iTn−3χnT1 · · ·Tn−5T2 · · ·Ti−3

+ (−1)iT1 · · ·Tn−5T2 · · ·Ti−3
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+

n−3∑
j=i+1

((−1)(n+1)j+i+1Tj−1 · · ·Tn−5Tn−3Tn−4χnT1 · · ·Tj−3T2 · · ·Ti−3

+ (−1)(n+1)j+i+1Tj−1 · · ·Tn−3Tn−4T1 · · ·Tj−3T2 · · ·Ti−3)

+

i−2∑
j=3

((−1)(n+1)j+iTj+1 · · ·Tn−3Tn−4χnT1T3 · · ·Tj−1T2 · · ·Ti−3

+ (−1)(n+1)j+iTj+1 · · ·Tn−5Tn−3Tn−4T1T3 · · ·Tj−1T2 · · ·Ti−3)

+

i∑
j=4

((−1)n+(n+1)i+j(−T1 + T2)T3 · · ·Ti−2T2 · · ·Tj−3Tj−1 · · ·Tn−3Tn−4

+ (−1)ni+j(1− T1T2)T3 · · ·Ti−2T2 · · ·Tj−3Tj−1 · · ·Tn−5Tn−3Tn−4)χnb)

=

n−4∑
i=4

Pi,n−2((−1)i+1Tn−3T2 · · ·Tn−5T2 · · ·Ti−3

+ (−1)iT1 · · ·Tn−5T2 · · ·Ti−3

+

n−4∑
j=i

((−1)n+i+jT1 · · ·Tj−2Tj · · ·Tn−3Tn−4T2 · · ·Ti−3

+ (−1)i+j+1T2 · · ·Tj−2Tj · · ·Tn−5Tn−3Tn−4T2 · · ·Ti−3)

+

i−1∑
j=4

((−1)n+i+jT3 · · ·Tj−2Tj · · ·Tn−3Tn−4T2 · · ·Ti−3

+ (−1)i+j+1T1T3 · · ·Tj−2Tj · · ·Tn−5Tn−3Tn−4T2 · · ·Ti−3)

+

i∑
j=4

((−1)n+(n+1)i+j(−T1 + T2)T3 · · ·Ti−2T2 · · ·Tj−3Tj−1 · · ·Tn−3Tn−4

+ (−1)ni+j(1− T1T2)T3 · · ·Ti−2T2 · · ·Tj−3Tj−1 · · ·Tn−5Tn−3Tn−4)χnb).

For 4 ≤ j ≤ i ≤ n−4, the identity T1 · · ·Ti−2T2 · · ·Tj−3 = (−1)ijT3 · · ·Tj−2T1 · · ·Ti−2 used above implies

that T3 · · ·Ti−2T2 · · ·Tj−3Tj−1 · · ·Tn−5 = (−1)ijT2T1T3 · · ·Tj−2T1 · · ·Ti−2Tj−1 · · ·Tn−5. Then if i = j,

we have T1 · · ·Ti−2Tj−1 · · ·Tn−5 = T1 · · ·Tn−5 so that

T2T1T3 · · ·Ti−2T1 · · ·Ti−2Ti−1 · · ·Tn−5 =(−1)(n+1)iT3 · · ·Tn−5T2 · · ·Ti−3.

If i > j, then

T1 · · ·Ti−2Tj−1 · · ·Tn−5 =(−1)(n+j+1)(i+j+1)T1 · · ·Tj−2Tj · · ·Tn−5Tj−1 · · ·Ti−3

=(−1)ni+(i+1)(j+1)T1Tj · · ·Tn−5T2 · · ·Ti−3.

Hence, we are left to show that for each i = 4, . . . , n− 4, the following element of M is zero:

((−1)i(T1 − Tn−3)T2 · · ·Tn−5

+ (−1)n+i(−T1 + T2)T3 · · ·Tn−3Tn−4

+ (−1)i(1− T1T2)T3 · · ·Tn−5Tn−3Tn−4

+

n−4∑
j=4

((−1)n+i+jT1 · · ·Tj−2Tj · · ·Tn−3Tn−4
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+ (−1)i+j+1T2 · · ·Tj−2Tj · · ·Tn−5Tn−3Tn−4))T2 · · ·Ti−3χn.

If i = 4, using Lemma 3.3.4, we have

n−5∑
k=2

(−1)n+k+1(T1 − Tn−3)T2 · · ·Tk−1Tk+1 · · ·Tn−5

+ (T1 − Tn−3)T2 · · ·Tn−5(Tn−4 − Tn−3)

+ (1− T1T2)T3 · · ·Tn−3Tn−4

+

n−3∑
k=3

(−1)k+1(T1 − T2)T3 · · ·Tk−1Tk+1 · · ·Tn−3Tn−4

+ (−1)n(T1 − T2)T3 · · ·Tn−5Tn−3Tn−4

+

n−5∑
k=3

(−1)n+k+1(1− T1T2)T3 · · ·Tk−1Tk+1 · · ·Tn−5Tn−3Tn−4

+ (1− T1T2)T3 · · ·Tn−5(Tn−4 − Tn−3)

+

n−4∑
j=4

j−1∑
k=2

(1− k)T1 · · ·Tj−2TkTj · · ·Tn−3Tn−4

+

n−4∑
j=4

n−3∑
k=j

(−1)j+kT1 · · ·Tj−2Tj · · ·Tk−1Tk+1 · · ·Tn−3Tn−4

+

n−4∑
j=4

j−1∑
k=2

(−1)n+1(k − 1)T2 · · ·Tj−2TkTj · · ·Tn−5Tn−3Tn−4

+

n−4∑
j=4

n−5∑
k=j

(−1)n+j+kT2 · · ·Tj−2Tj · · ·Tk−1Tk+1 · · ·Tn−5Tn−3Tn−4

+

n−4∑
j=4

(−1)j+1T2 · · ·Tj−2Tj · · ·Tn−5(Tn−4 − Tn−3).

Now we rearrange each term into standard form using the basic spin relations, and get

n−5∑
k=2

(−1)n+k+1T1 · · ·Tk−1Tk+1 · · ·Tn−5

+

n−5∑
k=2

(−1)k+1T2 · · ·Tk−1Tk+1 · · ·Tn−5Tn−3

+ T1 · · ·Tn−5(Tn−4 − Tn−3)

+ (−1)n+1T2 · · ·Tn−5(1− Tn−4Tn−3)

+ (−1 + T1T2)T3 · · ·Tn−5(Tn−4 + Tn−3)

+

n−5∑
k=3

(−1)k(T1 − T2)T3 · · ·Tk−1Tk+1 · · ·Tn−5(Tn−4 + Tn−3)

+ (−1)n(T1 − T2)T3 · · ·Tn−5

+

n−5∑
k=3

(−1)n+k(1− T1T2)T3 · · ·Tk−1Tk+1 · · ·Tn−5(1 + Tn−4Tn−3)

+ (1− T1T2)T3 · · ·Tn−5(Tn−4 − Tn−3)

113



+

n−4∑
j=4

j−3∑
k=2

(−1)j+k(k − 1)T1 · · ·TkTk+2 · · ·Tj−2Tj · · ·Tn−5(Tn−4 + Tn−3)

+

n−4∑
j=4

j−3∑
k=2

(−1)j+k(k − 1)T1 · · ·Tk−1Tk+1 · · ·Tj−2Tj · · ·Tn−5(Tn−4 + Tn−3)

+

n−4∑
j=4

jT1 · · ·Tj−3Tj · · ·Tn−5(Tn−4 + Tn−3)

+ T1 · · ·Tn−5(−Tn−4 − Tn−3)

+

n−4∑
j=4

n−5∑
k=j

(−1)j+k+1T1 · · ·Tj−2Tj · · ·Tk−1Tk+1 · · ·Tn−5(Tn−4 + Tn−3)

+

n−4∑
j=4

(−1)n+j+1T1 · · ·Tj−2Tj · · ·Tn−5(−1 + Tn−4Tn−3)

+

n−4∑
j=4

j−3∑
k=2

(−1)n+j+k(k − 1)T2 · · ·TkTk+2 · · ·Tj−2Tj · · ·Tn−5(1 + Tn−4Tn−3)

+

n−4∑
j=4

j−3∑
k=2

(−1)n+j+k(k − 1)T2 · · ·Tk−1Tk+1 · · ·Tj−2Tj · · ·Tn−5(1 + Tn−4Tn−3)

+

n−4∑
j=4

(−1)njT2 · · ·Tj−3Tj · · ·Tn−5(1 + Tn−4Tn−3)

+ (−1)n+1T2 · · ·Tn−5(1 + Tn−4Tn−3)

+

n−4∑
j=4

n−5∑
k=j

(−1)n+j+k+1T2 · · ·Tj−2Tj · · ·Tk−1Tk+1 · · ·Tn−5(1 + Tn−4Tn−3)

+

n−4∑
j=4

(−1)j+1T2 · · ·Tj−2Tj · · ·Tn−5(Tn−4 − Tn−3).

Cancelling terms and reordering, we get

n−4∑
j=4

jT1 · · ·Tj−3Tj · · ·Tn−5(Tn−4 + Tn−3)

+

n−5∑
k=3

(−1)kT1T3 · · ·Tk−1Tk+1 · · ·Tn−5(Tn−4 + Tn−3)

+

n−4∑
j=4

(−1)njT2 · · ·Tj−3Tj · · ·Tn−5(1 + Tn−4Tn−3)

+

n−5∑
k=3

(−1)n+kT3 · · ·Tk−1Tk+1 · · ·Tn−5(1 + Tn−4Tn−3)

+

n−4∑
j=4

j−3∑
k=2

(−1)j+k(k − 1)T1 · · ·TkTk+2 · · ·Tj−2Tj · · ·Tn−5(Tn−4 + Tn−3)

+

n−4∑
j=4

j−3∑
k=2

(−1)j+k(k − 1)T1 · · ·Tk−1Tk+1 · · ·Tj−2Tj · · ·Tn−5(Tn−4 + Tn−3)

+

n−4∑
j=4

n−5∑
k=j

(−1)j+k+1T1 · · ·Tj−2Tj · · ·Tk−1Tk+1 · · ·Tn−5(Tn−4 + Tn−3)
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+

n−4∑
j=4

j−3∑
k=2

(−1)n+j+k(k − 1)T2 · · ·TkTk+2 · · ·Tj−2Tj · · ·Tn−5(1 + Tn−4Tn−3)

+

n−4∑
j=4

j−3∑
k=2

(−1)n+j+k(k − 1)T2 · · ·Tk−1Tk+1 · · ·Tj−2Tj · · ·Tn−5(1 + Tn−4Tn−3)

+

n−4∑
j=4

n−5∑
k=j

(−1)n+j+k+1T2 · · ·Tj−2Tj · · ·Tk−1Tk+1 · · ·Tn−5(1 + Tn−4Tn−3).

Rearranging sums, we get

n−4∑
j=4

(−1)njT2 · · ·Tj−3Tj · · ·Tn−5(1 + Tn−4Tn−3)

+

n−5∑
k=3

(−1)n+kT3 · · ·Tk−1Tk+1 · · ·Tn−5(1 + Tn−4Tn−3)

+

n−4∑
j=5

j−3∑
k=2

(−1)n+j+k(k − 1)T2 · · ·TkTk+2 · · ·Tj−2Tj · · ·Tn−5(1 + Tn−4Tn−3)

+

n−4∑
j=5

j−3∑
k=2

(−1)n+j+k(k − 1)T2 · · ·Tk−1Tk+1 · · ·Tj−2Tj · · ·Tn−5(1 + Tn−4Tn−3)

+

n−5∑
j=4

n−5∑
k=j

(−1)n+j+k+1T2 · · ·Tj−2Tj · · ·Tk−1Tk+1 · · ·Tn−5(1 + Tn−4Tn−3)

=(−1)nT4 · · ·Tn−5(1 + Tn−4Tn−3)

+

n−5∑
k=3

(−1)n+kT3 · · ·Tk−1Tk+1 · · ·Tn−5(1 + Tn−4Tn−3)

+

n−5∑
j=4

(−1)n+j+1T3 · · ·Tj−1Tj+1 · · ·Tn−5(1 + Tn−4Tn−3) = 0.

Now we use induction on i. If the following element is 0, for 4 < i ≤ n− 4,

((−1)i+1(T1 − Tn−3)T2 · · ·Tn−5

+ (−1)n+i+1(−T1 + T2)T3 · · ·Tn−3Tn−4

+ (−1)i+1(1− T1T2)T3 · · ·Tn−5Tn−3Tn−4

+

n−4∑
j=4

((−1)n+i+j+1T1 · · ·Tj−2Tj · · ·Tn−3Tn−4

+ (−1)i+jT2 · · ·Tj−2Tj · · ·Tn−5Tn−3Tn−4))T2 · · ·Ti−4χn,

then

((−1)i(T1 − Tn−3)T2 · · ·Tn−5

+ (−1)n+i(−T1 + T2)T3 · · ·Tn−3Tn−4

+ (−1)i(1− T1T2)T3 · · ·Tn−5Tn−3Tn−4

+

n−4∑
j=4

((−1)n+i+jT1 · · ·Tj−2Tj · · ·Tn−3Tn−4
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+ (−1)i+j+1T2 · · ·Tj−2Tj · · ·Tn−5Tn−3Tn−4))T2 · · ·Ti−3χn

=((−1)i+1(T1 − Tn−3)T2 · · ·Tn−5

+ (−1)n+i+1(−T1 + T2)T3 · · ·Tn−3Tn−4

+ (−1)i+1(1− T1T2)T3 · · ·Tn−5Tn−3Tn−4

+

n−4∑
j=4

((−1)n+i+j+1T1 · · ·Tj−2Tj · · ·Tn−3Tn−4

+ (−1)i+jT2 · · ·Tj−2Tj · · ·Tn−5Tn−3Tn−4))T2 · · ·Ti−4χnTi−3

=0.

For all k ̸= 2, 3, 4 we have

tkBn−2(b) = tkt3Bn−1(b) = t3tkBn−1(−b)

so we find

t1Bn−2(b) =t3t1Bn−1(−b)

=Bn−2(Tn−3b) +

n−3∑
j=3

(−1)j+1t3Bj(T2 · · ·Tj−2χnb).

Case 2:

t2Bn−1(b) =

n−2∑
j=4

(−1)j+1P3j(T2 · · ·Tj−3χnb)

+

n−2∑
j=4

(−1)n+j+1P2j(Tn−3T2 · · ·Tj−3χnb)

+

n−4∑
i=4

n−2∑
j=i+1

(−1)n+(n+1)i+jPij(T2(1 + T2Tn−3)T3 · · ·Ti−2T2 · · ·Tj−3χnb)

+

n−4∑
i=4

i∑
x=4

Pi,n−2(((−1)n+(n+1)i+x+1T2 · · ·Ti−2T2 · · ·Tx−3Tx−1 · · ·Tn−3Tn−4

+ (−1)ni+x+1T3 · · ·Ti−2T2 · · ·Tx−3Tx−1 · · ·Tn−5Tn−3Tn−4)χnb)

=

n−2∑
j=4

(−1)nP2j(T2 · · ·Tj−3χnTn−3b)

+

n−2∑
j=4

P3j(Tn−3T2 · · ·Tj−3χnTn−3b)

+

n−4∑
i=4

n−2∑
j=i+1

(−1)n(i+1)+1Pij((1 + T2Tn−3)T3 · · ·Ti−2T2 · · ·Tj−3χnTn−3b)

+

n−4∑
i=4

i∑
x=4

Pi,n−2(((−1)ni+xT3 · · ·Ti−2T2 · · ·Tx−3Tx−1 · · ·Tn−3Tn−4

+ (−1)n+(n+1)i+xT2 · · ·Ti−2T2 · · ·Tx−3Tx−1 · · ·Tn−5Tn−3Tn−4)χnTn−3b)

=Bn−1(−Tn−3b).
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t2Bn−2(b) =(−1)nP23(Tn−3χnb)

+ (−1)nP2,n−2(T2 · · ·Tn−5Tn−3Tn−4χnb)

+ (−1)nP3,n−2(T2 · · ·Tn−3Tn−4χnb)

+

n−2∑
j=5

P3j(−T3 · · ·Tj−3χnb)

+ (−1)nP24(χnb) +

n−2∑
j=5

(−1)nP2j((1 + T2Tn−3)T2 · · ·Tj−3χnb)

+ (−1)n+1P2,n−2(T2 · · ·Tn−5Tn−3Tn−4χnb)

+

n−2∑
j=5

(−1)nP4j(Tn−3T3 · · ·Tj−3χnb)

+ (−1)nP4,n−2(T2 · · ·Tn−5Tn−3Tn−4χnb)

+

n−4∑
i=5

n−2∑
j=i+1

(−1)n(i+1)Pij((T2 + (1 + T2T3)Tn−3)T4 · · ·Ti−2T2 · · ·Tj−3χnb)

+

n−4∑
i=5

i∑
x=4

Pi,n−2(((−1)ni+x+1T2T4 · · ·Ti−2T2 · · ·Tx−3Tx−1 · · ·Tn−3Tn−4

+ (−1)(n+1)(i+1)+xT3T2T4 · · ·Ti−2T2 · · ·Tx−3Tx−1 · · ·Tn−5Tn−3Tn−4)χnb)

=(−1)n+1P23(χnTn−3b) +

n−2∑
j=5

(−1)n+j+1P2j(T3 · · ·Tj−3χnTn−3b)

+ P34(χnTn−3b) +

n−2∑
j=5

(−1)jP3j((1 + T2Tn−3)T2 · · ·Tj−3χnTn−3b)

+ (−1)n+1P3,n−2(T2 · · ·Tn−5Tn−3Tn−4χnTn−3b)

+

n−2∑
j=5

(−1)n+j+1P4j(Tn−3T2 · · ·Tj−3χnTn−3b)

+ P4,n−2(T3 · · ·Tn−5Tn−3Tn−4χnTn−3b)

+

n−4∑
i=5

n−2∑
j=i+1

(−1)n+(n+1)i+jPij((1 + (T2 + T3)Tn−3)T4 · · ·Ti−2T2 · · ·Tj−3χnTn−3b)

+

n−4∑
i=5

i∑
x=4

Pi,n−2(((−1)(n+1)(i+1)+xT4 · · ·Ti−2T2 · · ·Tx−3Tx−1 · · ·Tn−3Tn−4

+ (−1)ni+x+1T3T2 · · ·Ti−2T2 · · ·Tx−3Tx−1 · · ·Tn−5Tn−3Tn−4)χnTn−3b)

+

n−2∑
j=4

(−1)nP2j(T2 · · ·Tj−3χnb)

+

n−2∑
j=4

P3j(Tn−3T2 · · ·Tj−3χnb)

+

n−4∑
i=4

n−2∑
j=i+1

(−1)n(i+1)+1Pij((1 + T2Tn−3)T3 · · ·Ti−2T2 · · ·Tj−3χnb)
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+

n−4∑
i=4

i∑
x=4

Pi,n−2(((−1)ni+xT3 · · ·Ti−2T2 · · ·Tx−3Tx−1 · · ·Tn−3Tn−4

+ (−1)n+(n+1)i+xT2 · · ·Ti−2T2 · · ·Tx−3Tx−1 · · ·Tn−5Tn−3Tn−4)χnb)

=Bn−2(Tn−3b) +Bn−1(−b).

Case 3: t3Bn−1(b) =: Bn−2(b) by definition and therefore t3Bn−2(b) = t23Bn−1(b) = Bn−1(b).

Case 4:

t4Bn−2(b) =(−1)nP23(T2χnb) + (−1)nP24(χnb)

+

n−2∑
j=6

(−1)n+1P2j(T4 · · ·Tj−3χnb)

+ P35(χnb) + P34(−(1 + T2Tn−3)T2χnb)

+

n−2∑
j=6

P3j(−T3(1 + T2Tn−3)T2 · · ·Tj−3χnb)

+ P3,n−2(T3T2 · · ·Tn−5Tn−3Tn−4χnb)

+ (−1)nt4P45(Tn−3T2χnb)

+

n−2∑
j=6

P5j(−Tn−3T2 · · ·Tj−3χnb)

+ P5,n−2(T3 · · ·Tn−5Tn−3Tn−4χnb)

+

n−2∑
j=6

(−1)n+1P4j((1 + (T2 + T3)Tn−3)T2 · · ·Tj−3χnb)

+

n−4∑
i=6

n−2∑
j=i+1

(−1)n(i+1)Pij(T4(1 + (T2 + T3)Tn−3)T4 · · ·Ti−2T2 · · ·Tj−3χnb)

+

5∑
x=4

P4,n−2(((−1)xT2 · · ·Tx−3Tx−1 · · ·Tn−3Tn−4

+ (−1)n+x+1T3T2T3T2 · · ·Tx−3Tx−1 · · ·Tn−5Tn−3Tn−4)χnb)

+

n−4∑
i=6

i∑
x=4

Pi,n−2(((−1)ni+x+1T5 · · ·Ti−2T2 · · ·Tx−3Tx−1 · · ·Tn−3Tn−4

+ (−1)(n+1)(i+1)+xT4T3T2 · · ·Ti−2T2 · · ·Tx−3Tx−1 · · ·Tn−5Tn−3Tn−4)χnb)

=(−1)n+1P23(χnT2b) +

n−2∑
j=5

(−1)n+j+1P2j(T3 · · ·Tj−3χnT2b)

+ P34(χnT2b) +

n−2∑
j=5

(−1)jP3j((1 + T2Tn−3)T2 · · ·Tj−3χnT2b)

+ (−1)n+1P3,n−2(T2 · · ·Tn−5Tn−3Tn−4χnT2b)

+

n−2∑
j=5

(−1)n+j+1P4j(Tn−3T2 · · ·Tj−3χnT2b)

+ P4,n−2(T3 · · ·Tn−5Tn−3Tn−4χnT2b)
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+

n−4∑
i=5

n−2∑
j=i+1

(−1)n+(n+1)i+jPij((1 + (T2 + T3)Tn−3)T4 · · ·Ti−2T2 · · ·Tj−3χnT2b)

+

n−4∑
i=5

i∑
x=4

Pi,n−2(((−1)(n+1)(i+1)+xT4 · · ·Ti−2T2 · · ·Tx−3Tx−1 · · ·Tn−3Tn−4

+ (−1)ni+x+1T3T2 · · ·Ti−2T2 · · ·Tx−3Tx−1 · · ·Tn−5Tn−3Tn−4)χnT2b)

+

n−2∑
j=4

(−1)nP2j(T2 · · ·Tj−3χnb)

+

n−2∑
j=4

P3j(Tn−3T2 · · ·Tj−3χnb)

+

n−4∑
i=4

n−2∑
j=i+1

(−1)n(i+1)+1Pij((1 + T2Tn−3)T3 · · ·Ti−2T2 · · ·Tj−3χnb)

+

n−4∑
i=4

i∑
x=4

Pi,n−2(((−1)ni+xT3 · · ·Ti−2T2 · · ·Tx−3Tx−1 · · ·Tn−3Tn−4

+ (−1)n+(n+1)i+xT2 · · ·Ti−2T2 · · ·Tx−3Tx−1 · · ·Tn−5Tn−3Tn−4)χnb)

=Bn−2(T2b) +Bn−1(−b).

Case 5: Suppose 4 ≤ k ≤ n− 5. Then we separate out the calculation tkBn−1(b). Firstly, the action

of tk on the P2j and P3j terms of Bn−1:

n−2∑
j=4

(−1)n+1tkP2j(T2 · · ·Tj−3χnb)

+

n−2∑
j=4

tkP3j(−Tn−3T2 · · ·Tj−3χnb)

=

k−1∑
j=4

(−1)n+j+1P2j(Tk−2T2 · · ·Tj−3χnb)

+ (−1)n+1P2,k+1(T2 · · ·Tk−3χnb)

+ (−1)n+1P2k(T2 · · ·Tk−2χnb)

+

n−2∑
j=k+2

(−1)n+j+1P2j(Tk−1T2 · · ·Tj−3χnb)

+

k−1∑
j=4

(−1)jP3j(Tk−2Tn−3T2 · · ·Tj−3χnb)

+ P3,k+1(−Tn−3T2 · · ·Tk−3χnb)

+ P3k(−Tn−3T2 · · ·Tk−2χnb)

+

n−2∑
j=k+2

(−1)jP3j(Tk−1Tn−3T2 · · ·Tj−3χnb)

=

n−2∑
j=4

(−1)nP2j(T2 · · ·Tj−3χnTk−2b)

+

n−2∑
j=4

P3j(Tn−3T2 · · ·Tj−3χnTk−2b).
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Next we calculate the action of tk on the sum

n−4∑
i=4

n−2∑
j=i+1

(−1)n(i+1)Pij((1 + T2Tn−3)T3 · · ·Ti−2T2 · · ·Tj−3χnb)

using the fact that for all k > 3

T2 · · ·Tk−2T2 · · ·Tk−3 = T3 · · ·Tk−2T2 · · ·Tk−2

to rearrange the Pk,k+1 term:

k−1∑
i=4

k−1∑
j=i+1

(−1)n(i+1)tkPij((1 + T2Tn−3)T3 · · ·Ti−2T2 · · ·Tj−3χnb)

+

k−1∑
i=4

(−1)n(i+1)tkPik((1 + T2Tn−3)T3 · · ·Ti−2T2 · · ·Tk−3χnb)

+

k−1∑
i=4

(−1)n(i+1)tkPi,k+1((1 + T2Tn−3)T3 · · ·Ti−2T2 · · ·Tk−2χnb)

+

k−1∑
i=4

n−2∑
j=k+2

(−1)n(i+1)tkPij((1 + T2Tn−3)T3 · · ·Ti−2T2 · · ·Tj−3χnb)

+ (−1)n(k+1)tkPk,k+1((1 + T2Tn−3)T3 · · ·Tk−2T2 · · ·Tk−2χnb)

+

n−2∑
j=k+2

(−1)n(k+1)tkPkj((1 + T2Tn−3)T3 · · ·Tk−2T2 · · ·Tj−3χnb)

+

n−2∑
j=k+2

(−1)nktkPk+1,j((1 + T2Tn−3)T3 · · ·Tk−1T2 · · ·Tj−3χnb)

+

n−4∑
i=k+2

n−2∑
j=i+1

(−1)n(i+1)tkPij((1 + T2Tn−3)T3 · · ·Ti−2T2 · · ·Tj−3χnb)

=

n−4∑
i=4

n−2∑
j=i+1

(−1)n(i+1)+1Pij((1 + T2Tn−3)T3 · · ·Ti−2T2 · · ·Tj−3χnTk−2b)

+ (−1)n(k+1)+1Pk,n−2(Tk · · ·Tn−5Tn−3Tn−4(1 + T2Tn−3)T3 · · ·Tk−2T2 · · ·Tk−2χnb)

+ (−1)n(k+1)+1Pk+1,n−2(Tk · · ·Tn−3Tn−4(1 + T2Tn−3)T3 · · ·Tk−2T2 · · ·Tk−2χnb).

Finally, we calculate the action of tk on the sum

n−4∑
i=4

i∑
x=4

Pi,n−2(((−1)ni+x+1T3 · · ·Ti−2T2 · · ·Tx−3Tx−1 · · ·Tn−3Tn−4

+ (−1)(n+1)(i+1)+xT2 · · ·Ti−2T2 · · ·Tx−3Tx−1 · · ·Tn−5Tn−3Tn−4)χnb)

and we get

k−1∑
i=4

i∑
x=4

tkPi,n−2(((−1)ni+x+1T3 · · ·Ti−2T2 · · ·Tx−3Tx−1 · · ·Tn−3Tn−4

+ (−1)(n+1)(i+1)+xT2 · · ·Ti−2T2 · · ·Tx−3Tx−1 · · ·Tn−5Tn−3Tn−4)χnb)

+

k∑
x=4

tkPk,n−2(((−1)nk+x+1T3 · · ·Tk−2T2 · · ·Tx−3Tx−1 · · ·Tn−3Tn−4
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+ (−1)(n+1)(k+1)+xT2 · · ·Tk−2T2 · · ·Tx−3Tx−1 · · ·Tn−5Tn−3Tn−4)χnb)

+

k+1∑
x=4

tkPk+1,n−2(((−1)n(k+1)+x+1T3 · · ·Tk−1T2 · · ·Tx−3Tx−1 · · ·Tn−3Tn−4

+ (−1)(n+1)k+xT2 · · ·Tk−1T2 · · ·Tx−3Tx−1 · · ·Tn−5Tn−3Tn−4)χnb)

+

n−4∑
i=k+2

i∑
x=4

tkPi,n−2(((−1)ni+x+1T3 · · ·Ti−2T2 · · ·Tx−3Tx−1 · · ·Tn−3Tn−4

+ (−1)(n+1)(i+1)+xT2 · · ·Ti−2T2 · · ·Tx−3Tx−1 · · ·Tn−5Tn−3Tn−4)χnb)

=

k−1∑
i=4

i∑
x=4

Pi,n−2(((−1)(n+1)(i+1)+xTk−1T3 · · ·Ti−2T2 · · ·Tx−3Tx−1 · · ·Tn−3Tn−4

+ (−1)ni+x+1Tk−1T2 · · ·Ti−2T2 · · ·Tx−3Tx−1 · · ·Tn−5Tn−3Tn−4)χnb)

+

k∑
x=4

Pk+1,n−2(((−1)nk+x+1T3 · · ·Tk−2T2 · · ·Tx−3Tx−1 · · ·Tn−3Tn−4

+ (−1)(n+1)(k+1)+xT2 · · ·Tk−2T2 · · ·Tx−3Tx−1 · · ·Tn−5Tn−3Tn−4)χnb)

+

k+1∑
x=4

Pk,n−2(((−1)n(k+1)+x+1T3 · · ·Tk−1T2 · · ·Tx−3Tx−1 · · ·Tn−3Tn−4

+ (−1)(n+1)k+xT2 · · ·Tk−1T2 · · ·Tx−3Tx−1 · · ·Tn−5Tn−3Tn−4)χnb)

+

n−4∑
i=k+2

i∑
x=4

Pi,n−2(((−1)(n+1)(i+1)+xTkT3 · · ·Ti−2T2 · · ·Tx−3Tx−1 · · ·Tn−3Tn−4

+ (−1)ni+x+1TkT2 · · ·Ti−2T2 · · ·Tx−3Tx−1 · · ·Tn−5Tn−3Tn−4)χnb).

To rearrange these terms, we use the identity, for 4 ≤ x ≤ n− 4:

Tk−1T2 · · ·Tx−3Tx−1 · · ·Tn−5 =



(−1)n+1T2 · · ·Tx−3Tx−1 · · ·Tn−5Tk−2 x ̸= k, k + 1

(−1)nT2 · · ·Tk−2Tk · · ·Tn−5Tk−2 x = k

(−1)n+1T2 · · ·Tk−2Tk · · ·Tn−5Tk−2

+(−1)k+1T2 · · ·Tn−5 x = k + 1

and we get

n−4∑
i=4

i∑
x=4

Pi,n−2(((−1)ni+xT3 · · ·Ti−2T2 · · ·Tx−3Tx−1 · · ·Tn−3Tn−4

+ (−1)n+(n+1)i+xT2 · · ·Ti−2T2 · · ·Tx−3Tx−1 · · ·Tn−5Tn−3Tn−4)χnTk−2b)

+ Pk,n−2(((−1)n(k+1)+1T3 · · ·Tk−2T2 · · ·Tk−3Tk · · ·Tn−3Tn−4

+ (−1)(n+1)kT2 · · ·Tk−2T2 · · ·Tk−3Tk · · ·Tn−5Tn−3Tn−4)χnb)

+ Pk+1,n−2(((−1)(n+1)k+1T3 · · ·Tk−2T2 · · ·Tk−2Tk · · ·Tn−3Tn−4

+ (−1)n(k+1)+1T2 · · ·Tk−2T2 · · ·Tk−2Tk · · ·Tn−5Tn−3Tn−4)χnb).

Adding all of the terms of tkBn−1(b) and again using the identity

T2 · · ·Tk−2T2 · · ·Tk−3 = T3 · · ·Tk−2T2 · · ·Tk−2,
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we get

n−2∑
j=4

(−1)nP2j(T2 · · ·Tj−3χnTk−2b)

+

n−2∑
j=4

P3j(Tn−3T2 · · ·Tj−3χnTk−2b)

+

n−4∑
i=4

n−2∑
j=i+1

(−1)n(i+1)+1Pij((1 + T2Tn−3)T3 · · ·Ti−2T2 · · ·Tj−3χnTk−2b)

+

n−4∑
i=4

i∑
x=4

Pi,n−2(((−1)ni+xT3 · · ·Ti−2T2 · · ·Tx−3Tx−1 · · ·Tn−3Tn−4

+ (−1)n+(n+1)i+xT2 · · ·Ti−2T2 · · ·Tx−3Tx−1 · · ·Tn−5Tn−3Tn−4)χnTk−2b)

+ (−1)n(k+1)+1Pk,n−2(Tk · · ·Tn−5Tn−3Tn−4(1 + T2Tn−3)T3 · · ·Tk−2T2 · · ·Tk−2χnb)

+ Pk,n−2(((−1)n(k+1)+1T3 · · ·Tk−2T2 · · ·Tk−3Tk · · ·Tn−3Tn−4

+ (−1)(n+1)kT2 · · ·Tk−2T2 · · ·Tk−3Tk · · ·Tn−5Tn−3Tn−4)χnb)

+ (−1)n(k+1)+1Pk+1,n−2(Tk · · ·Tn−3Tn−4(1 + T2Tn−3)T3 · · ·Tk−2T2 · · ·Tk−2χnb)

+ Pk+1,n−2(((−1)(n+1)k+1T3 · · ·Tk−2T2 · · ·Tk−2Tk · · ·Tn−3Tn−4

+ (−1)n(k+1)+1T2 · · ·Tk−2T2 · · ·Tk−2Tk · · ·Tn−5Tn−3Tn−4)χnb)

=Bn−1(−Tk−2b).

Recall that Pn−4,n−2(b) := P (b) and Pn−3,n−2(b) := 0. When k = n− 4, we have

tn−4Bn−1(b) =

n−5∑
j=4

(−1)n+1tn−4P2j(T2 · · ·Tj−3χnb)

+ (−1)n+1tn−4P2,n−4(T2 · · ·Tn−7χnb)

+ (−1)n+1tn−4P2,n−3(T2 · · ·Tn−6χnb)

+ (−1)n+1tn−4P2,n−2(T2 · · ·Tn−5χnb)

+

n−5∑
j=4

tn−4P3j(−Tn−3T2 · · ·Tj−3χnb)

+ tn−4P3,n−4(−Tn−3T2 · · ·Tn−7χnb)

+ tn−4P3,n−3(−Tn−3T2 · · ·Tn−6χnb)

+ tn−4P3,n−2(−Tn−3T2 · · ·Tn−5χnb)

+

n−6∑
i=4

n−5∑
j=i+1

(−1)n(i+1)tn−4Pij((1 + T2Tn−3)T3 · · ·Ti−2T2 · · ·Tj−3χnb)

+

n−5∑
i=4

(−1)n(i+1)tn−4Pi,n−4((1 + T2Tn−3)T3 · · ·Ti−2T2 · · ·Tn−7χnb)

+

n−5∑
i=4

(−1)n(i+1)tn−4Pi,n−3((1 + T2Tn−3)T3 · · ·Ti−2T2 · · ·Tn−6χnb)
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+

n−5∑
i=4

(−1)n(i+1)tn−4Pi,n−2((1 + T2Tn−3)T3 · · ·Ti−2T2 · · ·Tn−5χnb)

+ tn−4Pn−4,n−3((1 + T2Tn−3)T3 · · ·Tn−6T2 · · ·Tn−6χnb)

+ tn−4Pn−4,n−2((1 + T2Tn−3)T3 · · ·Tn−6T2 · · ·Tn−5χnb)

+

n−5∑
i=4

i∑
x=4

tn−4Pi,n−2(((−1)ni+x+1T3 · · ·Ti−2T2 · · ·Tx−3Tx−1 · · ·Tn−3Tn−4

+ (−1)(n+1)(i+1)+xT2 · · ·Ti−2T2 · · ·Tx−3Tx−1 · · ·Tn−5Tn−3Tn−4)χnb)

+

n−4∑
x=4

tn−4Pn−4,n−2(((−1)n+x+1T3 · · ·Tn−6T2 · · ·Tx−3Tx−1 · · ·Tn−3Tn−4

+ (−1)n+x+1T2 · · ·Tn−6T2 · · ·Tx−3Tx−1 · · ·Tn−5Tn−3Tn−4)χnb)

=

n−5∑
j=4

(−1)n+j+1P2j(Tn−6T2 · · ·Tj−3χnb)

+ (−1)n+1P2,n−3(T2 · · ·Tn−7χnb)

+ (−1)n+1P2,n−4(T2 · · ·Tn−6χnb)

+ P2,n−2(−Tn−5T2 · · ·Tn−5χnb)

+ P (−T2 · · ·Tn−4T2 · · ·Tn−5χnb)

+

n−5∑
j=4

(−1)jP3j(Tn−6Tn−3T2 · · ·Tj−3χnb)

+ P3,n−3(−Tn−3T2 · · ·Tn−7χnb)

+ P3,n−4(−Tn−3T2 · · ·Tn−6χnb)

+ (−1)nP3,n−2(Tn−5Tn−3T2 · · ·Tn−5χnb)

+ (−1)nP (T3 · · ·Tn−3T2 · · ·Tn−5χnb)

+

n−6∑
i=4

n−5∑
j=i+1

(−1)n(i+1)+i+jPij(Tn−6(1 + T2Tn−3)T3 · · ·Ti−2T2 · · ·Tj−3χnb)

+

n−5∑
i=4

(−1)n(i+1)Pi,n−3((1 + T2Tn−3)T3 · · ·Ti−2T2 · · ·Tn−7χnb)

+

n−5∑
i=4

(−1)n(i+1)Pi,n−4((1 + T2Tn−3)T3 · · ·Ti−2T2 · · ·Tn−6χnb)

+

n−5∑
i=4

(−1)(n+1)iPi,n−2(Tn−5(1 + T2Tn−3)T3 · · ·Ti−2T2 · · ·Tn−5χnb)

+

n−5∑
i=4

(−1)(n+1)iP (Ti · · ·Tn−4(1 + T2Tn−3)T3 · · ·Ti−2T2 · · ·Tn−5χnb)

+ Pn−4,n−3(−Tn−3(1 + T2Tn−3)T3 · · ·Tn−6T2 · · ·Tn−6χnb)

+ P (−Tn−3Tn−4(1 + T2Tn−3)T3 · · ·Tn−6T2 · · ·Tn−6χnb)

+ P (Tn−4(1 + T2Tn−3)T3 · · ·Tn−6T2 · · ·Tn−5χnb)
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+

n−5∑
i=4

i∑
x=4

Pi,n−2(((−1)(n+1)(i+1)+xTn−5T3 · · ·Ti−2T2 · · ·Tx−3Tx−1 · · ·Tn−3Tn−4

+ (−1)ni+x+1Tn−5T2 · · ·Ti−2T2 · · ·Tx−3Tx−1 · · ·Tn−5Tn−3Tn−4)χnb)

+

n−5∑
i=4

i∑
x=4

P (((−1)(n+1)(i+1)+xTi · · ·Tn−4T3 · · ·Ti−2T2 · · ·Tx−3Tx−1 · · ·Tn−3Tn−4

+ (−1)ni+x+1Ti · · ·Tn−4T2 · · ·Ti−2T2 · · ·Tx−3Tx−1 · · ·Tn−5Tn−3Tn−4)χnb)

+

n−4∑
x=4

P (((−1)n+x+1Tn−4T3 · · ·Tn−6T2 · · ·Tx−3Tx−1 · · ·Tn−3Tn−4

+ (−1)n+x+1Tn−4T2 · · ·Tn−6T2 · · ·Tx−3Tx−1 · · ·Tn−5Tn−3Tn−4)χnb)

=

n−2∑
j=4

(−1)nP2j(T2 · · ·Tj−3χnTn−6b)

+

n−2∑
j=4

P3j(Tn−3T2 · · ·Tj−3χnTn−6b)

+

n−5∑
i=4

n−2∑
j=i+1

(−1)n(i+1)+1Pij((1 + T2Tn−3)T3 · · ·Ti−2T2 · · ·Tj−3χnTn−6b)

+ Pn−4,n−3(−(1 + T2Tn−3)T3 · · ·Tn−6T2 · · ·Tn−6χnTn−6b)

+

n−5∑
i=4

i∑
x=4

Pi,n−2(((−1)ni+xT3 · · ·Ti−2T2 · · ·Tx−3Tx−1 · · ·Tn−3Tn−4

+ (−1)n+(n+1)i+xT2 · · ·Ti−2T2 · · ·Tx−3Tx−1 · · ·Tn−5Tn−3Tn−4)χnTn−6b)

+ P (−T2 · · ·Tn−4T2 · · ·Tn−5χnb)

+ (−1)nP (T3 · · ·Tn−3T2 · · ·Tn−5χnb)

+

n−5∑
i=4

(−1)(n+1)iP (Ti · · ·Tn−4(1 + T2Tn−3)T3 · · ·Ti−2T2 · · ·Tn−5χnb)

+ P (−Tn−3Tn−4(1 + T2Tn−3)T3 · · ·Tn−6T2 · · ·Tn−6χnb)

+ P (Tn−4(1 + T2Tn−3)T3 · · ·Tn−6T2 · · ·Tn−5χnb)

+

n−5∑
i=4

i∑
x=4

P (((−1)(n+1)(i+1)+xTi · · ·Tn−4T3 · · ·Ti−2T2 · · ·Tx−3Tx−1 · · ·Tn−3Tn−4

+ (−1)ni+x+1Ti · · ·Tn−4T2 · · ·Ti−2T2 · · ·Tx−3Tx−1 · · ·Tn−5Tn−3Tn−4)χnb)

+

n−4∑
x=4

P (((−1)n+x+1Tn−4T3 · · ·Tn−6T2 · · ·Tx−3Tx−1 · · ·Tn−3Tn−4

+ (−1)n+x+1Tn−4T2 · · ·Tn−6T2 · · ·Tx−3Tx−1 · · ·Tn−5Tn−3Tn−4)χnb)

where we have used the fact that Tj(Tj · · ·Tk)2 = (Tj · · ·Tk)2Tk for j ≤ k to show that

Pn−4,n−3(−Tn−3(1+T2Tn−3)T3 · · ·Tn−6T2 · · ·Tn−6χnb) = Pn−4,n−3(−(1+T2Tn−3)T3 · · ·Tn−6T2 · · ·Tn−6χnTn−6b).

Now we observe that the coefficient of Pij(b) in tn−4Bn−1(b) is equal to the coefficient of Pij(b) in

Bn−1(−Tn−6b) when (i, j) ̸= (n− 4, n− 2). Thus the element ϕ ∈M satisfying P (ϕb) = tn−4Bn−1(b) +
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Bn−1(Tn−6b) can be written as

ϕ :=− T2 · · ·Tn−4T2 · · ·Tn−5χn

+ (−1)nT3 · · ·Tn−3T2 · · ·Tn−5χn

− Tn−3Tn−4(1 + T2Tn−3)T3 · · ·Tn−6T2 · · ·Tn−6χn

+ Tn−4(1 + T2Tn−3)T3 · · ·Tn−6T2 · · ·Tn−5χn

+ (−1)n+1(1 + T2Tn−3)T3 · · ·Tn−5T2 · · ·Tn−5χn

+

n−5∑
i=4

(−1)(n+1)iTi · · ·Tn−4(1 + T2Tn−3)T3 · · ·Ti−2T2 · · ·Tn−5χn

+

n−4∑
x=4

((−1)n+x+1Tn−4T3 · · ·Tn−6T2 · · ·Tx−3Tx−1 · · ·Tn−3Tn−4

+ (−1)n+x+1Tn−4T2 · · ·Tn−6T2 · · ·Tx−3Tx−1 · · ·Tn−5Tn−3Tn−4)χn

+

n−4∑
i=4

(−1)n+i(T3 · · ·Tn−6T2 · · ·Ti−3Ti−1 · · ·Tn−3Tn−4Tn−6

+ T2 · · ·Tn−6T2 · · ·Tx−3Tx−1 · · ·Tn−5Tn−3Tn−4Tn−6)χn

+

n−5∑
i=4

i∑
x=4

(−1)ni+x+1((−1)n+iTi · · ·Tn−4T3 · · ·Ti−2T2 · · ·Tx−3Tx−1 · · ·Tn−3Tn−4

+ Ti · · ·Tn−4T2 · · ·Ti−2T2 · · ·Tx−3Tx−1 · · ·Tn−5Tn−3Tn−4)χn.

First we will rearrange to write this element in the simplest way with χn still factored on the right, then

we will use Lemma 3.3.4 to show that ϕ, and therefore tn−4Bn−1(b) + Bn−1(Tn−6b), is equal to zero.

First, we arrange the double sums:

n−5∑
i=4

i∑
x=4

(−1)ni+x+1((−1)n+iTi · · ·Tn−4T3 · · ·Ti−2T2 · · ·Tx−3Tx−1 · · ·Tn−3Tn−4

+ Ti · · ·Tn−4T2 · · ·Ti−2T2 · · ·Tx−3Tx−1 · · ·Tn−5Tn−3Tn−4)χn

=

n−5∑
i=4

i∑
x=4

(−1)n+i+x(−T3 · · ·Ti−2Ti · · ·Tn−4T2 · · ·Tx−3Tx−1 · · ·Tn−4Tn−3Tn−4

+ T2 · · ·Ti−2Ti · · ·Tn−4T2 · · ·Tx−3Tx−1 · · ·Tn−5Tn−3Tn−4)χn.

Using the relation for x = 3, . . . , n− 5, 3 ≤ k ≤ n− 4,

TkT2 · · ·Tx−2Tx · · ·Tn−4 =


(−1)nT2 · · ·Tx−2Tx · · ·Tn−4Tx−2 + (−1)x+1T2 · · ·Tn−4 k = x− 1

(−1)nT2 · · ·Tx−2Tx · · ·Tn−4Tx−1 + (−1)xT2 · · ·Tn−4 k = x

(−1)nT2 · · ·Tx−2Tx · · ·Tn−4Tk−1 k ̸=, x− 1, x,

we have

n−5∑
i=4

i∑
x=4

(−1)n+i+x+1T3 · · ·Ti−2Ti · · ·Tn−4T2 · · ·Tx−3Tx−1 · · ·Tn−4Tn−3Tn−4χn

=

n−5∑
i=4

i−1∑
x=3

(−1)n+i+xT3 · · ·Ti−2Ti · · ·Tn−4T2 · · ·Tx−2Tx · · ·Tn−4Tn−3Tn−4χn
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=

n−5∑
i=4

i−1∑
x=3

(−1)n+(n+1)i+xT3 · · ·Ti−2T2 · · ·Tx−2Tx · · ·Tn−4Ti−1 · · ·Tn−5Tn−3Tn−4χn

=

n−5∑
i=5

i−2∑
x=3

(−1)n+(n+1)i+xT3 · · ·Ti−2T2 · · ·Tx−2Tx · · ·Tn−4Ti−1 · · ·Tn−5Tn−3Tn−4χn

+

n−5∑
i=4

(−1)n(i+1)+1T3 · · ·Ti−2T2 · · ·Ti−3Ti−1 · · ·Tn−4Ti−1 · · ·Tn−5Tn−3Tn−4χn

=

n−5∑
i=5

i−2∑
x=3

(−1)n+i+(n+1)xT3 · · ·TxT2 · · ·Tx−2Tx · · ·Tn−4Tx · · ·Ti−3Ti−1 · · ·Tn−5Tn−3Tn−4χn

+

n−5∑
i=4

(−1)n(i+1)+1T2 · · ·Ti−2T2 · · ·Tn−4Ti−1 · · ·Tn−5Tn−3Tn−4χn

=

n−5∑
i=5

i−2∑
x=3

(−1)i+(n+1)xT3 · · ·Tx−1T2 · · ·Tx−2Tx · · ·Tn−4Tx−1 · · ·Ti−3Ti−1 · · ·Tn−5Tn−3Tn−4χn

+

n−5∑
i=5

i−2∑
x=3

(−1)n+i+nxT3 · · ·Tx−1T2 · · ·Tn−4Tx · · ·Ti−3Ti−1 · · ·Tn−5Tn−3Tn−4χn

+

n−5∑
i=4

(−1)n+i+1T3 · · ·Tn−4T2 · · ·Ti−3Ti−1 · · ·Tn−5Tn−3Tn−4χn

=

n−5∑
i=6

i−2∑
x=4

(−1)i+(n+1)xT3 · · ·Tx−1T2 · · ·Tx−2Tx · · ·Tn−4Tx−1 · · ·Ti−3Ti−1 · · ·Tn−5Tn−3Tn−4χn

+

n−5∑
i=5

(−1)n+i+1T3 · · ·Tn−4T2 · · ·Ti−3Ti−1 · · ·Tn−5Tn−3Tn−4χn

+

n−5∑
i=5

i−2∑
x=3

(−1)i+x+1T2 · · ·Tn−4T2 · · ·Tx−2Tx · · ·Ti−3Ti−1 · · ·Tn−5Tn−3Tn−4χn

+

n−5∑
i=4

(−1)n+i+1T3 · · ·Tn−4T2 · · ·Ti−3Ti−1 · · ·Tn−5Tn−3Tn−4χn

=

n−5∑
i=6

i−2∑
x=4

(−1)n+i+(n+1)xT3 · · ·Tx−2T2 · · ·Tx−2Tx · · ·Tn−4Tx−2 · · ·Ti−3Ti−1 · · ·Tn−5Tn−3Tn−4χn

+

n−5∑
i=6

i−2∑
x=4

(−1)i+nx+1T3 · · ·Tx−2T2 · · ·Tn−4Tx−1 · · ·Ti−3Ti−1 · · ·Tn−5Tn−3Tn−4χn

+

n−5∑
i=5

(−1)n+iT3 · · ·Tn−4T2 · · ·Ti−3Ti−1 · · ·Tn−5Tn−3Tn−4χn

+ (−1)n+1T3 · · ·Tn−4T3 · · ·Tn−5Tn−3Tn−4χn

+

n−5∑
i=5

i−2∑
x=3

(−1)i+x+1T2 · · ·Tn−4T2 · · ·Tx−2Tx · · ·Ti−3Ti−1 · · ·Tn−5Tn−3Tn−4χn

=

n−5∑
i=6

i−2∑
x=4

(−1)n+i+(n+1)xT3 · · ·Tx−2T2 · · ·Tx−2Tx · · ·Tn−4Tx−2 · · ·Ti−3Ti−1 · · ·Tn−5Tn−3Tn−4χn

+

n−5∑
i=6

i−2∑
x=4

(−1)i+x+1T2 · · ·Tn−4T2 · · ·Tx−3Tx−1 · · ·Ti−3Ti−1 · · ·Tn−5Tn−3Tn−4χn

+

n−5∑
i=5

i−1∑
x=4

(−1)i+xT2 · · ·Tn−4T2 · · ·Tx−3Tx−1 · · ·Ti−3Ti−1 · · ·Tn−5Tn−3Tn−4χn
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+

n−5∑
i=5

(−1)n+iT3 · · ·Tn−4T2 · · ·Ti−3Ti−1 · · ·Tn−5Tn−3Tn−4χn

+ (−1)n+1T3 · · ·Tn−4T3 · · ·Tn−5Tn−3Tn−4χn

=

n−5∑
i=6

i−2∑
x=4

(−1)n+i+xT2 · · ·Tx−2Tx · · ·Tn−4T2 · · ·Ti−3Ti−1 · · ·Tn−5Tn−3Tn−4χn

−
n−5∑
i=5

T2 · · ·Tn−4T2 · · ·Ti−4Ti−1 · · ·Tn−5Tn−3Tn−4χn

+

n−5∑
i=5

(−1)n+iT3 · · ·Tn−4T2 · · ·Ti−3Ti−1 · · ·Tn−5Tn−3Tn−4χn

+ (−1)n+1T3 · · ·Tn−4T3 · · ·Tn−5Tn−3Tn−4χn,

where we have also used the fact that Tj · · ·TkT2 · · ·Tn−4 = (−1)(n+1)(j+k+1)T2 · · ·Tn−4Tj−1 · · ·Tk−1,

for 3 ≤ j ≤ k ≤ n− 4. Hence

n−5∑
i=4

i∑
x=4

(−1)n+i+x(−T3 · · ·Ti−2Ti · · ·Tn−4T2 · · ·Tx−3Tx−1 · · ·Tn−4Tn−3Tn−4

+ T2 · · ·Ti−2Ti · · ·Tn−4T2 · · ·Tx−3Tx−1 · · ·Tn−5Tn−3Tn−4)χn

=

n−5∑
i=6

i−2∑
x=4

(−1)n+i+xT2 · · ·Tx−2Tx · · ·Tn−4T2 · · ·Ti−3Ti−1 · · ·Tn−5Tn−3Tn−4χn

+

n−5∑
i=4

i∑
x=4

(−1)n+i+xT2 · · ·Ti−2Ti · · ·Tn−4T2 · · ·Tx−3Tx−1 · · ·Tn−5Tn−3Tn−4χn

−
n−5∑
i=5

T2 · · ·Tn−4T2 · · ·Ti−4Ti−1 · · ·Tn−5Tn−3Tn−4χn

+

n−5∑
i=5

(−1)n+iT3 · · ·Tn−4T2 · · ·Ti−3Ti−1 · · ·Tn−5Tn−3Tn−4χn

+ (−1)n+1T3 · · ·Tn−4T3 · · ·Tn−5Tn−3Tn−4χn

=

n−5∑
i=6

i−2∑
x=4

(−1)n+i+xT2 · · ·Tx−2Tx · · ·Tn−4T2 · · ·Ti−3Ti−1 · · ·Tn−5Tn−3Tn−4χn

+

n−5∑
x=4

n−5∑
i=x

(−1)n+i+xT2 · · ·Ti−2Ti · · ·Tn−4T2 · · ·Tx−3Tx−1 · · ·Tn−5Tn−3Tn−4χn

−
n−5∑
i=5

T2 · · ·Tn−4T2 · · ·Ti−4Ti−1 · · ·Tn−5Tn−3Tn−4χn

+

n−5∑
i=5

(−1)n+iT3 · · ·Tn−4T2 · · ·Ti−3Ti−1 · · ·Tn−5Tn−3Tn−4χn

+ (−1)n+1T3 · · ·Tn−4T3 · · ·Tn−5Tn−3Tn−4χn

=

n−5∑
i=6

i−2∑
x=4

(−1)n+i+xT2 · · ·Tx−2Tx · · ·Tn−4T2 · · ·Ti−3Ti−1 · · ·Tn−5Tn−3Tn−4χn

+

n−5∑
x=4

n−5∑
i=x−1

(−1)n+i+xT2 · · ·Ti−2Ti · · ·Tn−4T2 · · ·Tx−3Tx−1 · · ·Tn−5Tn−3Tn−4χn
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+

n−5∑
i=5

(−1)nT2 · · ·Ti−3Ti−1 · · ·Tn−4T2 · · ·Ti−3Ti−1 · · ·Tn−5Tn−3Tn−4χn

−
n−5∑
i=5

T2 · · ·Tn−4T2 · · ·Ti−4Ti−1 · · ·Tn−5Tn−3Tn−4χn

+

n−5∑
i=5

(−1)n+iT3 · · ·Tn−4T2 · · ·Ti−3Ti−1 · · ·Tn−5Tn−3Tn−4χn

=

n−5∑
i=4

n−5∑
x=4

(−1)n+i+xT2 · · ·Tx−2Tx · · ·Tn−4T2 · · ·Ti−3Ti−1 · · ·Tn−5Tn−3Tn−4χn

+ (−1)n+1T3 · · ·Tn−4T3 · · ·Tn−5Tn−3Tn−4χn

+

n−5∑
i=5

((−1)nT2 · · ·Ti−3Ti−1 · · ·Tn−4T2 · · ·Ti−3

− T2 · · ·Tn−4T2 · · ·Ti−4

+ (−1)n+iT3 · · ·Tn−4T2 · · ·Ti−3)Ti−1 · · ·Tn−5Tn−3Tn−4χn.

Substituting this into ϕ, we get

ϕ =− T2 · · ·Tn−4T2 · · ·Tn−5χn

+ (−1)nT3 · · ·Tn−3T2 · · ·Tn−5χn

− Tn−3Tn−4(1 + T2Tn−3)T3 · · ·Tn−6T2 · · ·Tn−6χn

+ Tn−4(1 + T2Tn−3)T3 · · ·Tn−6T2 · · ·Tn−5χn

+ (−1)n+1(1 + T2Tn−3)T3 · · ·Tn−5T2 · · ·Tn−5χn

+ (−1)n+1T3 · · ·Tn−4T3 · · ·Tn−5Tn−3Tn−4χn

+

n−5∑
i=4

(−1)(n+1)iTi · · ·Tn−4(1 + T2Tn−3)T3 · · ·Ti−2T2 · · ·Tn−5χn

+

n−4∑
x=4

((−1)n+x+1Tn−4T3 · · ·Tn−6T2 · · ·Tx−3Tx−1 · · ·Tn−3Tn−4

+ (−1)n+x+1Tn−4T2 · · ·Tn−6T2 · · ·Tx−3Tx−1 · · ·Tn−5Tn−3Tn−4)χn

+

n−4∑
i=4

(−1)n+i(T3 · · ·Tn−6T2 · · ·Ti−3Ti−1 · · ·Tn−3Tn−4Tn−6

+ T2 · · ·Tn−6T2 · · ·Tx−3Tx−1 · · ·Tn−5Tn−3Tn−4Tn−6)χn

+

n−5∑
i=5

((−1)nT2 · · ·Ti−3Ti−1 · · ·Tn−4T2 · · ·Ti−3

− T2 · · ·Tn−4T2 · · ·Ti−4

+ (−1)n+iT3 · · ·Tn−4T2 · · ·Ti−3)Ti−1 · · ·Tn−5Tn−3Tn−4χn

+

n−5∑
i=4

n−5∑
x=4

(−1)n+i+xT2 · · ·Tx−2Tx · · ·Tn−4T2 · · ·Ti−3Ti−1 · · ·Tn−5Tn−3Tn−4χn.
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Next we want to simplify the single sums. Rearranging, we have

n−5∑
i=4

(−1)(n+1)iTi · · ·Tn−4(1 + T2Tn−3)T3 · · ·Ti−2T2 · · ·Tn−5χn

+

n−4∑
i=4

((−1)n+i+1Tn−4T3 · · ·Tn−6T2 · · ·Ti−3Ti−1 · · ·Tn−3Tn−4

+ (−1)n+i+1Tn−4T2 · · ·Tn−6T2 · · ·Ti−3Ti−1 · · ·Tn−5Tn−3Tn−4)χn

+

n−4∑
i=4

(−1)n+i(T3 · · ·Tn−6T2 · · ·Ti−3Ti−1 · · ·Tn−3Tn−4Tn−6

+ T2 · · ·Tn−6T2 · · ·Ti−3Ti−1 · · ·Tn−5Tn−3Tn−4Tn−6)χn

+

n−5∑
i=5

((−1)nT2 · · ·Ti−3Ti−1 · · ·Tn−4T2 · · ·Ti−3

− T2 · · ·Tn−4T2 · · ·Ti−4

+ (−1)n+iT3 · · ·Tn−4T2 · · ·Ti−3)Ti−1 · · ·Tn−5Tn−3Tn−4χn

=

n−5∑
i=4

(−1)(n+1)iTi · · ·Tn−4T3 · · ·Ti−2T2 · · ·Tn−5χn

+

n−5∑
i=4

(−1)(n+1)iTi · · ·Tn−4T2Tn−3T3 · · ·Ti−2T2 · · ·Tn−5χn

+

n−4∑
i=4

(−1)n+i+1Tn−4T3 · · ·Tn−6T2 · · ·Ti−3Ti−1 · · ·Tn−3Tn−4χn

+

n−4∑
i=4

(−1)n+i+1Tn−4T2 · · ·Tn−6T2 · · ·Ti−3Ti−1 · · ·Tn−5Tn−3Tn−4χn

+

n−4∑
i=4

(−1)n+iT3 · · ·Tn−6T2 · · ·Ti−3Ti−1 · · ·Tn−3Tn−4Tn−6χn

+

n−4∑
i=4

(−1)n+iT2 · · ·Tn−6T2 · · ·Ti−3Ti−1 · · ·Tn−5Tn−3Tn−4Tn−6χn

+

n−5∑
i=5

(−1)nT2 · · ·Ti−3Ti−1 · · ·Tn−4T2 · · ·Ti−3Ti−1 · · ·Tn−5Tn−3Tn−4χn

−
n−5∑
i=5

T2 · · ·Tn−4T2 · · ·Ti−4Ti−1 · · ·Tn−5Tn−3Tn−4χn

+

n−5∑
i=5

(−1)n+iT3 · · ·Tn−4T2 · · ·Ti−3Ti−1 · · ·Tn−5Tn−3Tn−4χn

=

n−5∑
i=4

(−1)iT3 · · ·Ti−2Ti · · ·Tn−4T2 · · ·Tn−5χn

+

n−5∑
i=4

(−1)i+1T2 · · ·Ti−2Ti · · ·Tn−4T2 · · ·Tn−5Tn−3χn

+

n−4∑
i=4

(−1)n+i+1T3 · · ·Tn−6T2 · · ·Ti−3Ti−1 · · ·Tn−4Tn−5Tn−3Tn−4χn

+

n−4∑
i=4

(−1)n+iT2 · · ·Tn−6T2 · · ·Ti−3Ti−1 · · ·Tn−6Tn−4Tn−5Tn−3Tn−4χn
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+

n−4∑
i=4

(−1)n+i+1T3 · · ·Tn−6T2 · · ·Ti−3Ti−1 · · ·Tn−5Tn−6Tn−4Tn−3Tn−4χn

+

n−4∑
i=4

(−1)n+iT2 · · ·Tn−6T2 · · ·Ti−3Ti−1 · · ·Tn−5Tn−6Tn−3Tn−4χn

+

n−5∑
i=5

(−1)(n+1)(i+1)(T2 · · ·Ti−3)
2(Ti−1 · · ·Tn−4)

2(Tn−4 + Tn−3)χn

−
n−5∑
i=5

T2 · · ·Tn−4T2 · · ·Ti−4Ti−1 · · ·Tn−5Tn−3Tn−4χn

+

n−5∑
i=5

(−1)n+iT3 · · ·Tn−4T2 · · ·Ti−3Ti−1 · · ·Tn−5Tn−3Tn−4χn

=

n−5∑
i=4

(−1)iT3 · · ·Ti−2Ti · · ·Tn−4T2 · · ·Tn−5χn

+

n−4∑
i=4

(−1)n+iT2 · · ·Tn−6T2 · · ·Ti−3Ti−1 · · ·Tn−6(Tn−4Tn−5 + Tn−5Tn−6)Tn−3Tn−4χn

+

n−5∑
i=4

(−1)i+1T2 · · ·Ti−2Ti · · ·Tn−4T2 · · ·Tn−5Tn−3χn

+

n−4∑
i=4

(−1)n+i+1T3 · · ·Tn−6T2 · · ·Ti−3Ti−1 · · ·Tn−5(Tn−4Tn−5 − Tn−6Tn−5)Tn−3Tn−4χn

+

n−5∑
i=5

(−1)(n+1)(i+1)(T2 · · ·Ti−3)
2(Ti−1 · · ·Tn−4)

2(Tn−4 + Tn−3)χn

−
n−5∑
i=5

T2 · · ·Tn−4T2 · · ·Ti−4Ti−1 · · ·Tn−5Tn−3Tn−4χn

+ (−1)nT3 · · ·Tn−6T3 · · ·Tn−5Tn−6Tn−4Tn−5Tn−4Tn−3Tn−4χn

+ T3 · · ·Tn−6T2 · · ·Tn−7Tn−5Tn−6Tn−4Tn−5Tn−4Tn−3Tn−4χn.

Using the relation for i = 3, . . . , n− 5, k = 2, . . . , n− 5,

T2 · · ·Ti−2Ti · · ·Tn−4Tk =


(−1)nTk+1T2 · · ·Ti−2Ti · · ·Tn−4 + (−1)n+iT2 · · ·Tn−4 k = i− 2

(−1)nTk+1T2 · · ·Ti−2Ti · · ·Tn−4 + (−1)n+i+1T2 · · ·Tn−4 k = i− 1

(−1)nTk+1T2 · · ·Ti−2Ti · · ·Tn−4 k ̸= i− 2, i− 1,

we have

n−5∑
i=4

(−1)iT2 · · ·Ti−2Ti · · ·Tn−4T2 · · ·Tn−5χn

=

n−5∑
i=4

(−1)(n+1)iT3 · · ·Ti−2T2 · · ·Ti−2Ti · · ·Tn−4Ti−2 · · ·Tn−5χn

=

n−5∑
i=4

(−1)n+(n+1)iT3 · · ·Ti−1T2 · · ·Ti−2Ti · · ·Tn−4Ti−1 · · ·Tn−5χn

+

n−5∑
i=4

(−1)n(i+1)T3 · · ·Ti−2T2 · · ·Tn−4Ti−1 · · ·Tn−5χn
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=

n−5∑
i=4

(−1)(n+1)iT3 · · ·TiT2 · · ·Ti−2Ti · · ·Tn−4Ti · · ·Tn−5χn

+

n−5∑
i=4

(−1)ni+1T3 · · ·Ti−1T2 · · ·Tn−4Ti · · ·Tn−5χn

+

n−5∑
i=4

(−1)n(i+1)T3 · · ·Ti−2T2 · · ·Tn−4Ti−1 · · ·Tn−5χn

=

n−5∑
i=4

(−1)n+iT3 · · ·Tn−4T2 · · ·Ti−2Ti · · ·Tn−4χn

+

n−5∑
i=4

(−1)n+iT2 · · ·Tn−4T2 · · ·Ti−2Ti · · ·Tn−5χn

+

n−5∑
i=4

(−1)n+iT2 · · ·Tn−4T2 · · ·Ti−3Ti−1 · · ·Tn−5χn

=

n−5∑
i=4

(−1)n+iT3 · · ·Tn−4T2 · · ·Ti−2Ti · · ·Tn−4χn

+

n−5∑
i=4

(−1)n+iT2 · · ·Tn−4T2 · · ·Ti−2Ti · · ·Tn−5χn

+

n−6∑
i=3

(−1)n+i+1T2 · · ·Tn−4T2 · · ·Ti−2Ti · · ·Tn−5χn

=

n−5∑
i=4

(−1)n+iT3 · · ·Tn−4T2 · · ·Ti−2Ti · · ·Tn−4χn

− T2 · · ·Tn−4T2 · · ·Tn−7Tn−5χn

+ (−1)nT2 · · ·Tn−4T3 · · ·Tn−5χn.

Moreover, we have

n−5∑
i=5

(−1)(n+1)(i+1)(T2 · · ·Ti−3)
2(Ti−1 · · ·Tn−4)

2(Tn−4 + Tn−3)χn

=

n−5∑
i=5

(−1)n+(n+1)iT2 · · ·Ti−3T2 · · ·Ti−3Ti−1 · · ·Tn−4Ti−1 · · ·Tn−5Tn−3Tn−4χn

=

n−5∑
i=5

(−1)n+ni+1T2 · · ·Ti−2T2 · · ·Ti−4Ti−2Ti−3Ti−1 · · ·Tn−4Ti−1 · · ·Tn−5Tn−3Tn−4χn

=

n−5∑
i=5

(−1)n+niT2 · · ·Ti−2T2 · · ·Ti−4Ti−1 · · ·Tn−4Ti−1 · · ·Tn−5Tn−3Tn−4χn

+

n−5∑
i=5

(−1)n+niT2 · · ·Ti−2T2 · · ·Tn−4Ti−1 · · ·Tn−5Tn−3Tn−4χn

=

n−5∑
i=5

T2 · · ·Tn−4T2 · · ·Ti−4Ti−1 · · ·Tn−5Tn−3Tn−4χn

+

n−5∑
i=5

(−1)n+iT3 · · ·Tn−4T2 · · ·Ti−3Ti−1 · · ·Tn−5Tn−3Tn−4χn.

Hence we can express ϕ as

ϕ =− T2 · · ·Tn−4T2 · · ·Tn−5χn
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+ (−1)nT3 · · ·Tn−3T2 · · ·Tn−5χn

− Tn−3Tn−4(1 + T2Tn−3)T3 · · ·Tn−6T2 · · ·Tn−6χn

+ Tn−4(1 + T2Tn−3)T3 · · ·Tn−6T2 · · ·Tn−5χn

+ (−1)n+1(1 + T2Tn−3)T3 · · ·Tn−5T2 · · ·Tn−5χn

+ (−1)n+1T3 · · ·Tn−4T3 · · ·Tn−5Tn−3Tn−4χn

+ (−1)nT3 · · ·Tn−6T3 · · ·Tn−5Tn−6Tn−4Tn−5Tn−4Tn−3Tn−4χn

+ T3 · · ·Tn−6T2 · · ·Tn−7Tn−5Tn−6Tn−4Tn−5Tn−4Tn−3Tn−4χn

− T3 · · ·Tn−4T2 · · ·Tn−7Tn−5χn

+ (−1)nT3 · · ·Tn−4T3 · · ·Tn−5χn

+ T2 · · ·Tn−4T2 · · ·Tn−7Tn−5Tn−3χn

+ (−1)n+1T2 · · ·Tn−4T3 · · ·Tn−5Tn−3χn

+
n−5∑
i=4

(−1)n+iT2 · · ·Tn−4T2 · · ·Ti−2Ti · · ·Tn−4χn

+

n−4∑
i=4

(−1)n+iT2 · · ·Tn−6T2 · · ·Ti−3Ti−1 · · ·Tn−6(Tn−4Tn−5 + Tn−5Tn−6)Tn−3Tn−4χn

+

n−5∑
i=4

(−1)n+i+1T3 · · ·Tn−4T2 · · ·Ti−2Ti · · ·Tn−3χn

+

n−4∑
i=4

(−1)n+i+1T3 · · ·Tn−6T2 · · ·Ti−3Ti−1 · · ·Tn−5(Tn−4Tn−5 − Tn−6Tn−5)Tn−3Tn−4χn

+

n−5∑
i=5

(−1)n+iT3 · · ·Tn−4T2 · · ·Ti−3Ti−1 · · ·Tn−5Tn−3Tn−4χn

+

n−5∑
i=4

n−5∑
j=4

(−1)n+i+jT2 · · ·Tj−2Tj · · ·Tn−4T2 · · ·Ti−3Ti−1 · · ·Tn−5Tn−3Tn−4χn

and rearranging using the identity Tj(Tj · · ·Tk)2 = (Tj · · ·Tk)2Tk, we have

ϕ =− T2 · · ·Tn−4T2 · · ·Tn−5χn

+ (−1)nT3 · · ·Tn−3T2 · · ·Tn−5χn

− Tn−3Tn−4(1 + T2Tn−3)T3 · · ·Tn−6T2 · · ·Tn−6χn

+ Tn−4(1 + T2Tn−3)T3 · · ·Tn−6T2 · · ·Tn−5χn

+ (−1)n+1(1 + T2Tn−3)T3 · · ·Tn−5T2 · · ·Tn−5χn

+ (−1)n+1T3 · · ·Tn−4T3 · · ·Tn−5Tn−3Tn−4χn

+ (−1)nT3 · · ·Tn−6T3 · · ·Tn−5Tn−6Tn−4Tn−5Tn−4Tn−3Tn−4χn

+ T3 · · ·Tn−6T2 · · ·Tn−7Tn−5Tn−6Tn−4Tn−5Tn−4Tn−3Tn−4χn

− T3 · · ·Tn−4T2 · · ·Tn−7Tn−5χn

+ (−1)nT3 · · ·Tn−4T3 · · ·Tn−5χn
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+ T2 · · ·Tn−4T2 · · ·Tn−7Tn−5Tn−3χn

+ (−1)n+1T2 · · ·Tn−4T3 · · ·Tn−5Tn−3χn

+

n−5∑
i=5

(−1)n+iT2 · · ·Tn−6T2 · · ·Ti−3Ti−1 · · ·Tn−6((Tn−4Tn−5 + Tn−5Tn−6)Tn−3Tn−4 + Tn−5Tn−6Tn−4Tn−5)χn

− T2 · · ·Tn−4T2 · · ·Tn−7Tn−5Tn−4χn

+ (−1)nT2 · · ·Tn−6T3 · · ·Tn−6(Tn−4Tn−5 + Tn−5Tn−6)Tn−3Tn−4χn

+ T2 · · ·Tn−6T2 · · ·Tn−7(Tn−4Tn−5 + Tn−5Tn−6)Tn−3Tn−4χn

+

n−5∑
i=5

(−1)n+i+1T3 · · ·Tn−6T2 · · ·Ti−3Ti−1 · · ·Tn−5(Tn−6Tn−4Tn−5Tn−3 + (Tn−4Tn−5 − Tn−6Tn−5)Tn−3Tn−4

+ Tn−6Tn−4Tn−5Tn−3Tn−4Tn−3)χn

+ T3 · · ·Tn−4T2 · · ·Tn−7Tn−5Tn−4Tn−3χn

+ (−1)n+1T3 · · ·Tn−6T3 · · ·Tn−5(Tn−4Tn−5 − Tn−6Tn−5)Tn−3Tn−4χn

− T3 · · ·Tn−6T2 · · ·Tn−7Tn−5(Tn−4Tn−5 − Tn−6Tn−5)Tn−3Tn−4χn

+

n−5∑
i=4

n−5∑
j=4

(−1)n+i+jT2 · · ·Tj−2Tj · · ·Tn−4T2 · · ·Ti−3Ti−1 · · ·Tn−5Tn−3Tn−4χn

=(T2 · · ·Tn−6)
2(Tn−6(1 + Tn−4Tn−3)− Tn−4 − Tn−3)χn

+ (−1)n(T3 · · ·Tn−6)
2(Tn−6(1 + (Tn−5 − Tn−4)Tn−3) + Tn−5Tn−4Tn−3 − Tn−4)χn

+ (−1)nT2(T3 · · ·Tn−6)
2(−1 + Tn−6(Tn−5(1− Tn−4Tn−3) + Tn−3) + Tn−5(Tn−4 − Tn−3))χn

+

n−5∑
i=5

(−1)n+iT2 · · ·Tn−6T2 · · ·Ti−3Ti−1 · · ·Tn−6(Tn−6(Tn−5(−1 + Tn−4Tn−3) + Tn−4)

+ Tn−5(−Tn−4 + Tn−3)− Tn−4Tn−3)χn

+
n−5∑
i=5

(−1)n+iT3 · · ·Tn−6T2 · · ·Ti−3Ti−1 · · ·Tn−6(Tn−6(−1 + Tn−5Tn−4 + Tn−4Tn−3) + Tn−5 − Tn−3)χn

+

n−5∑
i=4

n−5∑
j=4

(−1)n+i+jT2 · · ·Tj−2Tj · · ·Tn−4T2 · · ·Ti−3Ti−1 · · ·Tn−5Tn−3Tn−4χn.

Next we want to substitute for χn on the right of each term. We start with the double sum. Using

Lemma 3.3.4, when n ≥ 12 we have

n−5∑
i=4

n−5∑
j=4

(−1)n+i+jT2 · · ·Tj−2Tj · · ·Tn−4T2 · · ·Ti−3Ti−1 · · ·Tn−5Tn−3Tn−4χn

=

n−5∑
i=4

n−5∑
j=4

i−2∑
k=2

(−1)j+1(k − 1)T2 · · ·Tj−2Tj · · ·Tn−4T2 · · ·Ti−3TkTi−1 · · ·Tn−5Tn−3Tn−4

+

n−5∑
i=4

n−5∑
j=4

n−5∑
k=i−1

(−1)i+j+k+1T2 · · ·Tj−2Tj · · ·Tn−4T2 · · ·Ti−3Ti−1 · · ·Tk−1Tk+1 · · ·Tn−5Tn−3Tn−4

+

n−5∑
i=4

n−5∑
j=4

(−1)n+i+jT2 · · ·Tj−2Tj · · ·Tn−4T2 · · ·Ti−3Ti−1 · · ·Tn−5(Tn−4 − Tn−3)Tn−3Tn−4
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=

n−5∑
i=5

n−5∑
j=4

i−3∑
k=2

(−1)j+1(k − 1)T2 · · ·Tj−2Tj · · ·Tn−4T2 · · ·Ti−3TkTi−1 · · ·Tn−5Tn−3Tn−4

+

n−5∑
i=4

n−5∑
j=4

(−1)j+1iT2 · · ·Tj−2Tj · · ·Tn−4T2 · · ·Tn−5Tn−3Tn−4

+

n−5∑
i=4

n−5∑
j=4

n−5∑
k=i−1

(−1)i+j+k+1T2 · · ·Tj−2Tj · · ·Tn−4T2 · · ·Ti−3Ti−1 · · ·Tk−1Tk+1 · · ·Tn−5Tn−3Tn−4

+

n−5∑
i=4

n−5∑
j=4

(−1)n+i+jT2 · · ·Tj−2Tj · · ·Tn−4T2 · · ·Ti−3Ti−1 · · ·Tn−5(Tn−4 − Tn−3)

=

n−5∑
i=6

n−5∑
j=4

i−4∑
k=2

(−1)j+1(k − 1)T2 · · ·Tj−2Tj · · ·Tn−4T2 · · ·Ti−3TkTi−1 · · ·Tn−5Tn−3Tn−4

+

n−5∑
i=5

n−5∑
j=4

(−1)j+1(i− 1)T2 · · ·Tj−2Tj · · ·Tn−4T2 · · ·Ti−4Ti−1 · · ·Tn−5Tn−3Tn−4

+

n−5∑
i=4

n−5∑
j=4

(−1)j+1iT2 · · ·Tj−2Tj · · ·Tn−4T2 · · ·Tn−5Tn−3Tn−4

+

n−5∑
i=4

n−5∑
j=4

n−5∑
k=i−1

(−1)i+j+k+1T2 · · ·Tj−2Tj · · ·Tn−4T2 · · ·Ti−3Ti−1 · · ·Tk−1Tk+1 · · ·Tn−5Tn−3Tn−4

+

n−5∑
i=4

n−5∑
j=4

(−1)n+i+jT2 · · ·Tj−2Tj · · ·Tn−4T2 · · ·Ti−3Ti−1 · · ·Tn−5(Tn−4 − Tn−3)

=

n−5∑
i=6

n−5∑
j=4

i−4∑
k=2

(−1)i+j+k(k − 1)T2 · · ·Tj−2Tj · · ·Tn−4T2 · · ·Tk−1(Tk + Tk+1)Tk+2 · · ·Ti−3Ti−1 · · ·Tn−5Tn−3Tn−4

+

n−5∑
i=5

n−5∑
j=4

(−1)j+1(i− 1)T2 · · ·Tj−2Tj · · ·Tn−4T2 · · ·Ti−4Ti−1 · · ·Tn−5Tn−3Tn−4

+

n−5∑
j=4

(−1)j+1T2 · · ·Tj−2Tj · · ·Tn−4T2 · · ·Tn−5Tn−3Tn−4

+

n−5∑
i=4

n−5∑
j=4

n−5∑
k=i−1

(−1)i+j+k+1T2 · · ·Tj−2Tj · · ·Tn−4T2 · · ·Ti−3Ti−1 · · ·Tk−1Tk+1 · · ·Tn−5Tn−3Tn−4

+

n−5∑
i=4

n−5∑
j=4

(−1)n+i+jT2 · · ·Tj−2Tj · · ·Tn−4T2 · · ·Ti−3Ti−1 · · ·Tn−5(Tn−4 − Tn−3)

=

n−5∑
i=6

n−5∑
j=4

i−4∑
k=2

(−1)i+j+k(k − 1)T2 · · ·Tj−2Tj · · ·Tn−4T2 · · ·TkTk+2 · · ·Ti−3Ti−1 · · ·Tn−5Tn−3Tn−4

+

n−5∑
i=6

n−5∑
j=4

i−4∑
k=2

(−1)i+j+k(k − 1)T2 · · ·Tj−2Tj · · ·Tn−4T2 · · ·Tk−1Tk+1 · · ·Ti−3Ti−1 · · ·Tn−5Tn−3Tn−4

+

n−5∑
i=5

n−5∑
j=4

(−1)j+1(i− 1)T2 · · ·Tj−2Tj · · ·Tn−4T2 · · ·Ti−4Ti−1 · · ·Tn−5Tn−3Tn−4

+

n−5∑
j=4

(−1)j+1T2 · · ·Tj−2Tj · · ·Tn−4T2 · · ·Tn−5Tn−3Tn−4

+

n−5∑
i=4

n−5∑
j=4

n−5∑
k=i−1

(−1)i+j+k+1T2 · · ·Tj−2Tj · · ·Tn−4T2 · · ·Ti−3Ti−1 · · ·Tk−1Tk+1 · · ·Tn−5Tn−3Tn−4

134



+

n−5∑
i=4

n−5∑
j=4

(−1)n+i+jT2 · · ·Tj−2Tj · · ·Tn−4T2 · · ·Ti−3Ti−1 · · ·Tn−5(Tn−4 − Tn−3)

=

n−5∑
i=6

n−5∑
j=4

i−3∑
k=3

(−1)i+j+k+1(k + 1)T2 · · ·Tj−2Tj · · ·Tn−4T2 · · ·Tk−1Tk+1 · · ·Ti−3Ti−1 · · ·Tn−5Tn−3Tn−4

+

n−5∑
i=7

n−5∑
j=4

i−4∑
k=3

(−1)i+j+k(k − 1)T2 · · ·Tj−2Tj · · ·Tn−4T2 · · ·Tk−1Tk+1 · · ·Ti−3Ti−1 · · ·Tn−5Tn−3Tn−4

+

n−5∑
i=6

n−5∑
j=4

(−1)i+jT2 · · ·Tj−2Tj · · ·Tn−4T3 · · ·Ti−3Ti−1 · · ·Tn−5Tn−3Tn−4

+

n−5∑
i=5

n−5∑
j=4

(−1)j+1(i− 1)T2 · · ·Tj−2Tj · · ·Tn−4T2 · · ·Ti−4Ti−1 · · ·Tn−5Tn−3Tn−4

+

n−5∑
j=4

(−1)j+1T2 · · ·Tj−2Tj · · ·Tn−4T2 · · ·Tn−5Tn−3Tn−4

+

n−5∑
i=4

n−5∑
j=4

n−5∑
k=i−1

(−1)i+j+k+1T2 · · ·Tj−2Tj · · ·Tn−4T2 · · ·Ti−3Ti−1 · · ·Tk−1Tk+1 · · ·Tn−5Tn−3Tn−4

+

n−5∑
i=4

n−5∑
j=4

(−1)n+i+jT2 · · ·Tj−2Tj · · ·Tn−4T2 · · ·Ti−3Ti−1 · · ·Tn−5(Tn−4 − Tn−3)

=

n−5∑
i=7

n−5∑
j=4

i−4∑
k=3

(−1)i+j+k+1(k + 1)T2 · · ·Tj−2Tj · · ·Tn−4T2 · · ·Tk−1Tk+1 · · ·Ti−3Ti−1 · · ·Tn−5Tn−3Tn−4

+

n−5∑
i=6

n−5∑
j=4

(−1)j(i+ 1)T2 · · ·Tj−2Tj · · ·Tn−4T2 · · ·Ti−4Ti−1 · · ·Tn−5Tn−3Tn−4

+

n−5∑
i=7

n−5∑
j=4

i−4∑
k=3

(−1)i+j+k(k − 1)T2 · · ·Tj−2Tj · · ·Tn−4T2 · · ·Tk−1Tk+1 · · ·Ti−3Ti−1 · · ·Tn−5Tn−3Tn−4

+

n−5∑
i=6

n−5∑
j=4

(−1)i+jT2 · · ·Tj−2Tj · · ·Tn−4T3 · · ·Ti−3Ti−1 · · ·Tn−5Tn−3Tn−4

+

n−5∑
i=5

n−5∑
j=4

(−1)j+1(i− 1)T2 · · ·Tj−2Tj · · ·Tn−4T2 · · ·Ti−4Ti−1 · · ·Tn−5Tn−3Tn−4

+

n−5∑
j=4

(−1)j+1T2 · · ·Tj−2Tj · · ·Tn−4T2 · · ·Tn−5Tn−3Tn−4

+

n−5∑
i=4

n−5∑
j=4

n−5∑
k=i−1

(−1)i+j+k+1T2 · · ·Tj−2Tj · · ·Tn−4T2 · · ·Ti−3Ti−1 · · ·Tk−1Tk+1 · · ·Tn−5Tn−3Tn−4

+

n−5∑
i=4

n−5∑
j=4

(−1)n+i+jT2 · · ·Tj−2Tj · · ·Tn−4T2 · · ·Ti−3Ti−1 · · ·Tn−5(Tn−4 − Tn−3)

=

n−5∑
i=7

n−5∑
j=4

i−4∑
k=3

(−1)i+j+kT2 · · ·Tj−2Tj · · ·Tn−4T2 · · ·Tk−1Tk+1 · · ·Ti−3Ti−1 · · ·Tn−5Tn−3Tn−4

+

n−5∑
i=6

n−5∑
j=4

(−1)j(i+ 1)T2 · · ·Tj−2Tj · · ·Tn−4T2 · · ·Ti−4Ti−1 · · ·Tn−5Tn−3Tn−4

+

n−5∑
i=6

n−5∑
j=4

(−1)i+jT2 · · ·Tj−2Tj · · ·Tn−4T3 · · ·Ti−3Ti−1 · · ·Tn−5Tn−3Tn−4
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+

n−5∑
i=6

n−5∑
j=4

(−1)j+1(i− 1)T2 · · ·Tj−2Tj · · ·Tn−4T2 · · ·Ti−4Ti−1 · · ·Tn−5Tn−3Tn−4

+

n−5∑
j=4

(−1)j+1T2 · · ·Tj−2Tj · · ·Tn−4T4 · · ·Tn−5Tn−3Tn−4

+

n−5∑
j=4

(−1)j+1T2 · · ·Tj−2Tj · · ·Tn−4T2 · · ·Tn−5Tn−3Tn−4

+

n−5∑
i=4

n−5∑
j=4

n−5∑
k=i−1

(−1)i+j+k+1T2 · · ·Tj−2Tj · · ·Tn−4T2 · · ·Ti−3Ti−1 · · ·Tk−1Tk+1 · · ·Tn−5Tn−3Tn−4

+

n−5∑
i=4

n−5∑
j=4

(−1)n+i+jT2 · · ·Tj−2Tj · · ·Tn−4T2 · · ·Ti−3Ti−1 · · ·Tn−5(Tn−4 − Tn−3)

=

n−5∑
i=7

n−5∑
j=4

i−4∑
k=3

(−1)i+j+kT2 · · ·Tj−2Tj · · ·Tn−4T2 · · ·Tk−1Tk+1 · · ·Ti−3Ti−1 · · ·Tn−5Tn−3Tn−4

+

n−5∑
i=6

n−5∑
j=4

(−1)j+1T2 · · ·Tj−2Tj · · ·Tn−4T2 · · ·Ti−4Ti−1 · · ·Tn−5Tn−3Tn−4

+

n−5∑
i=6

n−5∑
j=4

(−1)i+jT2 · · ·Tj−2Tj · · ·Tn−4T3 · · ·Ti−3Ti−1 · · ·Tn−5Tn−3Tn−4

+

n−5∑
j=4

(−1)j+1T2 · · ·Tj−2Tj · · ·Tn−4T4 · · ·Tn−5Tn−3Tn−4

+

n−5∑
j=4

(−1)j+1T2 · · ·Tj−2Tj · · ·Tn−4T2 · · ·Tn−5Tn−3Tn−4

+

n−5∑
i=4

n−5∑
j=4

n−5∑
k=i−1

(−1)i+j+k+1T2 · · ·Tj−2Tj · · ·Tn−4T2 · · ·Ti−3Ti−1 · · ·Tk−1Tk+1 · · ·Tn−5Tn−3Tn−4

+

n−5∑
i=4

n−5∑
j=4

(−1)n+i+jT2 · · ·Tj−2Tj · · ·Tn−4T2 · · ·Ti−3Ti−1 · · ·Tn−5(Tn−4 − Tn−3).

Now we will change the order of summation in the triple sums so that they cancel. Reordering, we get

n−5∑
i=4

n−5∑
j=4

(−1)n+i+jT2 · · ·Tj−2Tj · · ·Tn−4T2 · · ·Ti−3Ti−1 · · ·Tn−5Tn−3Tn−4χn

=

n−5∑
j=4

(−1)j+1T2 · · ·Tj−2Tj · · ·Tn−4T2 · · ·Tn−5Tn−3Tn−4

+

n−5∑
j=4

(−1)j+1T2 · · ·Tj−2Tj · · ·Tn−4T4 · · ·Tn−5Tn−3Tn−4

+

n−5∑
j=4

n−5∑
i=4

(−1)n+i+jT2 · · ·Tj−2Tj · · ·Tn−4T2 · · ·Ti−3Ti−1 · · ·Tn−5(Tn−4 − Tn−3)

+

n−5∑
j=4

n−5∑
i=6

(−1)j+1T2 · · ·Tj−2Tj · · ·Tn−4T2 · · ·Ti−4Ti−1 · · ·Tn−5Tn−3Tn−4

+

n−5∑
j=4

n−5∑
i=6

(−1)i+jT2 · · ·Tj−2Tj · · ·Tn−4T3 · · ·Ti−3Ti−1 · · ·Tn−5Tn−3Tn−4

+

n−5∑
j=4

n−7∑
i=5

i−2∑
k=3

(−1)i+j+kT2 · · ·Tj−2Tj · · ·Tn−4T2 · · ·Tk−1Tk+1 · · ·Ti−1Ti+1 · · ·Tn−5Tn−3Tn−4
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+

n−5∑
j=4

n−7∑
i=2

n−5∑
k=i+1

(−1)i+j+k+1T2 · · ·Tj−2Tj · · ·Tn−4T2 · · ·Ti−1Ti+1 · · ·Tk−1Tk+1 · · ·Tn−5Tn−3Tn−4

=

n−5∑
j=4

(−1)j+1T2 · · ·Tj−2Tj · · ·Tn−4T2 · · ·Tn−5Tn−3Tn−4

+

n−5∑
j=4

(−1)j+1T2 · · ·Tj−2Tj · · ·Tn−4T4 · · ·Tn−5Tn−3Tn−4

+

n−5∑
j=4

n−5∑
i=4

(−1)n+i+jT2 · · ·Tj−2Tj · · ·Tn−4T2 · · ·Ti−3Ti−1 · · ·Tn−5(Tn−4 − Tn−3)

+

n−5∑
j=4

n−5∑
i=6

(−1)j+1T2 · · ·Tj−2Tj · · ·Tn−4T2 · · ·Ti−4Ti−1 · · ·Tn−5Tn−3Tn−4

+

n−5∑
j=4

n−5∑
i=6

(−1)i+jT2 · · ·Tj−2Tj · · ·Tn−4T3 · · ·Ti−3Ti−1 · · ·Tn−5Tn−3Tn−4

+

n−5∑
j=4

n−9∑
i=3

n−7∑
k=i+2

(−1)i+j+kT2 · · ·Tj−2Tj · · ·Tn−4T2 · · ·Ti−1Ti+1 · · ·Tk−1Tk+1 · · ·Tn−5Tn−3Tn−4

+

n−5∑
j=4

n−7∑
i=2

n−5∑
k=i+1

(−1)i+j+k+1T2 · · ·Tj−2Tj · · ·Tn−4T2 · · ·Ti−1Ti+1 · · ·Tk−1Tk+1 · · ·Tn−5Tn−3Tn−4

=

n−5∑
j=4

(−1)j+1T2 · · ·Tj−2Tj · · ·Tn−4T2 · · ·Tn−5Tn−3Tn−4

+

n−5∑
j=4

(−1)j+1T2 · · ·Tj−2Tj · · ·Tn−4T4 · · ·Tn−5Tn−3Tn−4

+

n−5∑
j=4

n−5∑
i=4

(−1)n+i+jT2 · · ·Tj−2Tj · · ·Tn−4T2 · · ·Ti−3Ti−1 · · ·Tn−5(Tn−4 − Tn−3)

+

n−5∑
j=4

n−5∑
i=6

(−1)j+1T2 · · ·Tj−2Tj · · ·Tn−4T2 · · ·Ti−4Ti−1 · · ·Tn−5Tn−3Tn−4

+

n−5∑
j=4

n−5∑
i=6

(−1)i+jT2 · · ·Tj−2Tj · · ·Tn−4T3 · · ·Ti−3Ti−1 · · ·Tn−5Tn−3Tn−4

+

n−5∑
j=4

n−7∑
k=4

(−1)j+k+1T2 · · ·Tj−2Tj · · ·Tn−4T3 · · ·Tk−1Tk+1 · · ·Tn−5Tn−3Tn−4

+

n−5∑
j=4

n−7∑
i=2

(−1)jT2 · · ·Tj−2Tj · · ·Tn−4T2 · · ·Ti−1Ti+2 · · ·Tn−5Tn−3Tn−4

+

n−5∑
j=4

n−8∑
i=2

(−1)n+i+j+1T2 · · ·Tj−2Tj · · ·Tn−4T2 · · ·Ti−1Ti+1 · · ·Tn−7Tn−5Tn−3Tn−4

+

n−5∑
j=4

n−7∑
i=2

(−1)n+i+jT2 · · ·Tj−2Tj · · ·Tn−4T2 · · ·Ti−1Ti+1 · · ·Tn−6Tn−3Tn−4

=

n−5∑
j=4

(−1)j+1T2 · · ·Tj−2Tj · · ·Tn−4T2 · · ·Tn−5Tn−3Tn−4

+

n−5∑
j=4

(−1)j+1T2 · · ·Tj−2Tj · · ·Tn−4T4 · · ·Tn−5Tn−3Tn−4
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+

n−5∑
j=4

n−7∑
i=2

(−1)n+i+jT2 · · ·Tj−2Tj · · ·Tn−4T2 · · ·Ti−1Ti+1 · · ·Tn−5(Tn−4 − Tn−3)

+

n−5∑
j=4

n−8∑
i=2

(−1)n+i+j+1T2 · · ·Tj−2Tj · · ·Tn−4T2 · · ·Ti−1Ti+1 · · ·Tn−7Tn−5Tn−3Tn−4

+

n−5∑
j=4

n−7∑
i=2

(−1)n+i+jT2 · · ·Tj−2Tj · · ·Tn−4T2 · · ·Ti−1Ti+1 · · ·Tn−6Tn−3Tn−4

+

n−5∑
j=4

n−8∑
i=3

(−1)j+1T2 · · ·Tj−2Tj · · ·Tn−4T2 · · ·Ti−1Ti+2 · · ·Tn−5Tn−3Tn−4

+

n−5∑
j=4

n−7∑
i=2

(−1)jT2 · · ·Tj−2Tj · · ·Tn−4T2 · · ·Ti−1Ti+2 · · ·Tn−5Tn−3Tn−4

+

n−5∑
j=4

n−7∑
i=4

(−1)i+jT2 · · ·Tj−2Tj · · ·Tn−4T3 · · ·Ti−1Ti+1 · · ·Tn−5Tn−3Tn−4

+

n−5∑
j=4

n−7∑
k=4

(−1)j+k+1T2 · · ·Tj−2Tj · · ·Tn−4T3 · · ·Tk−1Tk+1 · · ·Tn−5Tn−3Tn−4

=

n−5∑
j=4

(−1)j+1T2 · · ·Tj−2Tj · · ·Tn−4T2 · · ·Tn−5Tn−3Tn−4

+

n−5∑
j=4

(−1)j+1T2 · · ·Tj−2Tj · · ·Tn−4T4 · · ·Tn−5Tn−3Tn−4

+

n−5∑
j=4

(−1)j+1T2 · · ·Tj−2Tj · · ·Tn−4T2 · · ·Tn−8Tn−6Tn−5(Tn−4 − Tn−3)

+

n−5∑
j=4

(−1)j+1T2 · · ·Tj−2Tj · · ·Tn−4T2 · · ·Tn−8Tn−6Tn−3Tn−4

+

n−5∑
j=4

(−1)jT2 · · ·Tj−2Tj · · ·Tn−4T4 · · ·Tn−5Tn−3Tn−4

+

n−5∑
j=4

(−1)jT2 · · ·Tj−2Tj · · ·Tn−4T2 · · ·Tn−8Tn−5Tn−3Tn−4

+

n−5∑
j=4

n−8∑
i=2

(−1)n+i+jT2 · · ·Tj−2Tj · · ·Tn−4T2 · · ·Ti−1Ti+1 · · ·Tn−5((−Tn−6 + Tn−5)(1 + Tn−4Tn−3) + Tn−4 − Tn−3)

=

n−5∑
j=4

(−1)jT2 · · ·Tj−2Tj · · ·Tn−4(

T2 · · ·Tn−8(Tn−7Tn−6Tn−5(1 + Tn−4Tn−3) + Tn−6Tn−5(−Tn−4 + Tn−3) + (Tn−6 − Tn−5)(1 + Tn−4Tn−3))

+

n−8∑
i=2

(−1)n+iT2 · · ·Ti−1Ti+1 · · ·Tn−5((−Tn−6 + Tn−5)(1 + Tn−4Tn−3) + Tn−4 − Tn−3)).

When n = 9 we have

n−5∑
j=4

(−1)jT2 · · ·Tj−2Tj · · ·Tn−4(

T2 · · ·Tn−8(Tn−7Tn−6Tn−5(1 + Tn−4Tn−3) + Tn−6Tn−5(−Tn−4 + Tn−3) + (Tn−6 − Tn−5)(1 + Tn−4Tn−3))
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+

n−8∑
i=2

(−1)n+iT2 · · ·Ti−1Ti+1 · · ·Tn−5((−Tn−6 + Tn−5)(1 + Tn−4Tn−3) + Tn−4 − Tn−3))

=T2T4T5(T2T3T4(1 + T5T6) + T3T4(−T5 + T6) + (T3 − T4)(1 + T5T6))

and

n−5∑
i=4

n−5∑
j=4

(−1)n+i+jT2 · · ·Tj−2Tj · · ·Tn−4T2 · · ·Ti−3Ti−1 · · ·Tn−5Tn−3Tn−4χn

=− T2T4T5T3T4T6T5(T2 − T3 + T5 − T6)

=T2T4T5(T2T3T4(1 + T5T6) + T3T4(−T5 + T6) + (T3 − T4)(1 + T5T6)).

Hence we can make the substitution for all n ≥ 9 and ϕ becomes

ϕ =(T2 · · ·Tn−6)
2(Tn−6(1 + Tn−4Tn−3)− Tn−4 − Tn−3)χn

+ (−1)n(T3 · · ·Tn−6)
2(Tn−6(1 + (Tn−5 − Tn−4)Tn−3) + Tn−5Tn−4Tn−3 − Tn−4)χn

+ (−1)nT2(T3 · · ·Tn−6)
2(−1 + Tn−6(Tn−5(1− Tn−4Tn−3) + Tn−3) + Tn−5(Tn−4 − Tn−3))χn

+

n−5∑
i=5

(−1)n+iT2 · · ·Tn−6T2 · · ·Ti−3Ti−1 · · ·Tn−6(Tn−6(Tn−5(−1 + Tn−4Tn−3) + Tn−4)

+ Tn−5(−Tn−4 + Tn−3)− Tn−4Tn−3)χn

+

n−5∑
i=5

(−1)n+iT3 · · ·Tn−6T2 · · ·Ti−3Ti−1 · · ·Tn−6(Tn−6(−1 + Tn−5Tn−4 + Tn−4Tn−3) + Tn−5 − Tn−3)χn

+

n−5∑
j=4

(−1)jT2 · · ·Tj−2Tj · · ·Tn−4(

T2 · · ·Tn−8(Tn−7Tn−6Tn−5(1 + Tn−4Tn−3) + Tn−6Tn−5(−Tn−4 + Tn−3) + (Tn−6 − Tn−5)(1 + Tn−4Tn−3))

+

n−8∑
i=2

(−1)n+iT2 · · ·Ti−1Ti+1 · · ·Tn−5((−Tn−6 + Tn−5)(1 + Tn−4Tn−3) + Tn−4 − Tn−3)).

Next we need to expand χn in the single sums. Using Lemma 3.3.4, we have

n−5∑
i=5

(−1)iT3 · · ·Tn−6T2 · · ·Ti−3Ti−1 · · ·Tn−6χn

=

n−5∑
i=5

i−2∑
k=2

(−1)n(k − 1)T3 · · ·Tn−6T2 · · ·Ti−3TkTi−1 · · ·Tn−6

+

n−5∑
i=5

n−6∑
k=i−1

(−1)n+i+kT3 · · ·Tn−6T2 · · ·Ti−3Ti−1 · · ·Tk−1Tk+1 · · ·Tn−6

+

n−5∑
i=5

(−1)iT3 · · ·Tn−6T2 · · ·Ti−3Ti−1 · · ·Tn−6(Tn−4 − Tn−3)

=

n−5∑
i=6

i−4∑
k=2

(−1)n+i+k+1(k − 1)T3 · · ·Tn−6T2 · · ·Tk−1(Tk + Tk+1)Tk+2 · · ·Ti−3Ti−1 · · ·Tn−6

+

n−5∑
i=5

(−1)n(i− 1)T3 · · ·Tn−6T2 · · ·Ti−4Ti−1 · · ·Tn−6

+

n−5∑
i=5

(−1)niT3 · · ·Tn−6T2 · · ·Tn−6
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+

n−5∑
i=5

n−6∑
k=i−1

(−1)n+i+kT3 · · ·Tn−6T2 · · ·Ti−3Ti−1 · · ·Tk−1Tk+1 · · ·Tn−6

+

n−5∑
i=5

(−1)iT3 · · ·Tn−6T2 · · ·Ti−3Ti−1 · · ·Tn−6(Tn−4 − Tn−3)

=

n−5∑
i=6

i−3∑
k=3

(−1)n+i+k(k + 1)T3 · · ·Tn−6T2 · · ·Tk−1Tk+1 · · ·Ti−3Ti−1 · · ·Tn−6

+

n−5∑
i=6

i−4∑
k=2

(−1)n+i+k+1(k − 1)T3 · · ·Tn−6T2 · · ·Tk−1Tk+1 · · ·Ti−3Ti−1 · · ·Tn−6

+

n−5∑
i=5

(−1)n(i− 1)T3 · · ·Tn−6T2 · · ·Ti−4Ti−1 · · ·Tn−6

+

n−5∑
i=5

(−1)niT3 · · ·Tn−6T2 · · ·Tn−6

+

n−5∑
i=5

n−6∑
k=i−1

(−1)n+i+kT3 · · ·Tn−6T2 · · ·Ti−3Ti−1 · · ·Tk−1Tk+1 · · ·Tn−6

+

n−5∑
i=5

(−1)iT3 · · ·Tn−6T2 · · ·Ti−3Ti−1 · · ·Tn−6(Tn−4 − Tn−3)

=

n−5∑
i=7

i−4∑
k=3

(−1)n+i+k+1T3 · · ·Tn−6T2 · · ·Tk−1Tk+1 · · ·Ti−3Ti−1 · · ·Tn−6

+

n−5∑
i=6

(−1)n+1(i+ 1)T3 · · ·Tn−6T2 · · ·Ti−4Ti−1 · · ·Tn−6

+

n−5∑
i=6

(−1)n+i+1T3 · · ·Tn−6T3 · · ·Ti−3Ti−1 · · ·Tn−6

+

n−5∑
i=5

(−1)n(i− 1)T3 · · ·Tn−6T2 · · ·Ti−4Ti−1 · · ·Tn−6

+

n−5∑
i=5

n−6∑
k=i−1

(−1)n+i+kT3 · · ·Tn−6T2 · · ·Ti−3Ti−1 · · ·Tk−1Tk+1 · · ·Tn−6

+

n−5∑
i=5

(−1)iT3 · · ·Tn−6T2 · · ·Ti−3Ti−1 · · ·Tn−6(Tn−4 − Tn−3)

=

n−5∑
i=7

i−4∑
k=3

(−1)n+i+k+1T3 · · ·Tn−6T2 · · ·Tk−1Tk+1 · · ·Ti−3Ti−1 · · ·Tn−6

+

n−5∑
i=6

(−1)n+i+1T3 · · ·Tn−6T3 · · ·Ti−3Ti−1 · · ·Tn−6

+

n−5∑
i=6

(−1)nT3 · · ·Tn−6T2 · · ·Ti−4Ti−1 · · ·Tn−6

+ (−1)nT3 · · ·Tn−6T4 · · ·Tn−6

+

n−5∑
i=5

n−6∑
k=i−1

(−1)n+i+kT3 · · ·Tn−6T2 · · ·Ti−3Ti−1 · · ·Tk−1Tk+1 · · ·Tn−6

+

n−5∑
i=5

(−1)iT3 · · ·Tn−6T2 · · ·Ti−3Ti−1 · · ·Tn−6(Tn−4 − Tn−3)
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=(−1)nT3 · · ·Tn−6T4 · · ·Tn−6

+

n−5∑
i=5

(−1)iT3 · · ·Tn−6T2 · · ·Ti−3Ti−1 · · ·Tn−6(Tn−4 − Tn−3)

+

n−5∑
i=6

(−1)nT3 · · ·Tn−6T2 · · ·Ti−4Ti−1 · · ·Tn−6

+

n−5∑
i=6

(−1)n+i+1T3 · · ·Tn−6T3 · · ·Ti−3Ti−1 · · ·Tn−6

+

n−9∑
k=3

n−7∑
i=k+2

(−1)n+i+k+1T3 · · ·Tn−6T2 · · ·Tk−1Tk+1 · · ·Ti−1Ti+1 · · ·Tn−6

+

n−7∑
i=3

n−6∑
k=i+1

(−1)n+i+kT3 · · ·Tn−6T2 · · ·Ti−1Ti+1 · · ·Tk−1Tk+1 · · ·Tn−6

=(−1)nT3 · · ·Tn−6T4 · · ·Tn−6

+

n−5∑
i=5

(−1)iT3 · · ·Tn−6T2 · · ·Ti−3Ti−1 · · ·Tn−6(Tn−4 − Tn−3)

+

n−5∑
i=6

(−1)nT3 · · ·Tn−6T2 · · ·Ti−4Ti−1 · · ·Tn−6

+

n−5∑
i=6

(−1)n+i+1T3 · · ·Tn−6T3 · · ·Ti−3Ti−1 · · ·Tn−6

+

n−7∑
i=3

(−1)n+1T3 · · ·Tn−6T2 · · ·Ti−1Ti+2 · · ·Tn−6

+

n−8∑
i=3

(−1)iT3 · · ·Tn−6T2 · · ·Ti−1Ti+1 · · ·Tn−7

+

n−9∑
k=3

n−7∑
i=k+2

(−1)n+i+k+1T3 · · ·Tn−6T2 · · ·Tk−1Tk+1 · · ·Ti−1Ti+1 · · ·Tn−6

+

n−9∑
i=3

n−7∑
k=i+2

(−1)n+i+kT3 · · ·Tn−6T2 · · ·Ti−1Ti+1 · · ·Tk−1Tk+1 · · ·Tn−6

=(−1)nT3 · · ·Tn−6T4 · · ·Tn−6

+

n−5∑
i=5

(−1)iT3 · · ·Tn−6T2 · · ·Ti−3Ti−1 · · ·Tn−6(Tn−4 − Tn−3)

+

n−6∑
i=5

(−1)iT3 · · ·Tn−6T2 · · ·Ti−3Ti−1 · · ·Tn−7

+

n−5∑
i=6

(−1)nT3 · · ·Tn−6T2 · · ·Ti−4Ti−1 · · ·Tn−6

+

n−4∑
i=6

(−1)n+1T3 · · ·Tn−6T2 · · ·Ti−4Ti−1 · · ·Tn−6

+

n−5∑
i=6

(−1)n+i+1T3 · · ·Tn−6T3 · · ·Ti−3Ti−1 · · ·Tn−6

=(−1)nT3 · · ·Tn−6T4 · · ·Tn−6
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+ (−1)n+1T3 · · ·Tn−6T2 · · ·Tn−8Tn−6(Tn−4 − Tn−3)

+ (−1)n+1T3 · · ·Tn−6T2 · · ·Tn−8

+

n−6∑
i=5

(−1)iT3 · · ·Tn−6T2 · · ·Ti−3Ti−1 · · ·Tn−7(1 + Tn−6(Tn−4 − Tn−3))

+

n−5∑
i=6

(−1)n+i+1T3 · · ·Tn−6T3 · · ·Ti−3Ti−1 · · ·Tn−6

=

n−5∑
i=5

(−1)iT3 · · ·Tn−6T2 · · ·Ti−3Ti−1 · · ·Tn−6(Tn−6 + Tn−4 − Tn−3)

+

n−5∑
i=5

(−1)n+i+1T3 · · ·Tn−6T3 · · ·Ti−3Ti−1 · · ·Tn−6.

Hence, again using Lemma 3.3.4 to expand the remaining terms with χn on the right, we can write

ϕ =(T2 · · ·Tn−6)
2(Tn−6(1 + Tn−4Tn−3)− Tn−4 − Tn−3)χn

+ (−1)n(T3 · · ·Tn−6)
2(Tn−6(1 + (Tn−5 − Tn−4)Tn−3) + Tn−5Tn−4Tn−3 − Tn−4)χn

+ (−1)nT2(T3 · · ·Tn−6)
2(−1 + Tn−6(Tn−5(1− Tn−4Tn−3) + Tn−3) + Tn−5(Tn−4 − Tn−3))χn

+

n−5∑
i=5

(−1)n+iT2 · · ·Tn−6T2 · · ·Ti−3Ti−1 · · ·Tn−6(Tn−6 + Tn−4 − Tn−3)(Tn−6(Tn−5(−1 + Tn−4Tn−3) + Tn−4)

+ Tn−5(−Tn−4 + Tn−3)− Tn−4Tn−3)

+

n−5∑
i=5

(−1)i+1T2 · · ·Tn−6T3 · · ·Ti−3Ti−1 · · ·Tn−6(Tn−6(Tn−5(−1 + Tn−4Tn−3) + Tn−4)

+ Tn−5(−Tn−4 + Tn−3)− Tn−4Tn−3)

+

n−5∑
i=5

(−1)n+i+1T3 · · ·Tn−6T2 · · ·Ti−3Ti−1 · · ·Tn−6(Tn−6 + Tn−4 − Tn−3)

· (Tn−6(−1 + Tn−5Tn−4 + Tn−4Tn−3) + Tn−5 − Tn−3)

+

n−5∑
i=5

(−1)iT3 · · ·Tn−6T3 · · ·Ti−3Ti−1 · · ·Tn−6(Tn−6(−1 + Tn−5Tn−4 + Tn−4Tn−3) + Tn−5 − Tn−3)

+
n−5∑
j=4

(−1)jT2 · · ·Tj−2Tj · · ·Tn−4(

T2 · · ·Tn−8(Tn−7Tn−6Tn−5(1 + Tn−4Tn−3) + Tn−6Tn−5(−Tn−4 + Tn−3) + (Tn−6 − Tn−5)(1 + Tn−4Tn−3))

+

n−8∑
i=2

(−1)n+iT2 · · ·Ti−1Ti+1 · · ·Tn−5((−Tn−6 + Tn−5)(1 + Tn−4Tn−3) + Tn−4 − Tn−3))

=

n−6∑
k=2

(−1)n+kT2 · · ·Tn−6T2 · · ·Tk−1Tk+1 · · ·Tn−6(Tn−6(−1− Tn−4Tn−3) + Tn−4 + Tn−3)

+ T2 · · ·Tn−6T2 · · ·Tn−6(Tn−4 − Tn−3)(Tn−6(−1− Tn−4Tn−3) + Tn−4 + Tn−3)

− T3 · · ·Tn−6T2 · · ·Tn−6(Tn−6(1 + (Tn−5 − Tn−4)Tn−3) + Tn−5Tn−4Tn−3 − Tn−4)

+

n−6∑
k=3

(−1)k+1T3 · · ·Tn−6T3 · · ·Tk−1Tk+1 · · ·Tn−6(Tn−6(1 + (Tn−5 − Tn−4)Tn−3) + Tn−5Tn−4Tn−3 − Tn−4)
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+ (−1)n+1T3 · · ·Tn−6T3 · · ·Tn−6(Tn−4 − Tn−3)(Tn−6(1 + (Tn−5 − Tn−4)Tn−3) + Tn−5Tn−4Tn−3 − Tn−4)

+ T2 · · ·Tn−6T2 · · ·Tn−6(−1 + Tn−6(Tn−5(1− Tn−4Tn−3) + Tn−3) + Tn−5(Tn−4 − Tn−3))

+

n−6∑
k=3

(−1)kT2 · · ·Tn−6T3 · · ·Tk−1Tk+1 · · ·Tn−6(−1 + Tn−6(Tn−5(1− Tn−4Tn−3) + Tn−3) + Tn−5(Tn−4 − Tn−3))

+ (−1)nT2 · · ·Tn−6T3 · · ·Tn−6(Tn−4 − Tn−3)(−1 + Tn−6(Tn−5(1− Tn−4Tn−3) + Tn−3) + Tn−5(Tn−4 − Tn−3))

+

n−5∑
i=5

(−1)n+iT2 · · ·Tn−6T2 · · ·Ti−3Ti−1 · · ·Tn−6(Tn−6 + Tn−4 − Tn−3)(Tn−6(Tn−5(−1 + Tn−4Tn−3) + Tn−4)

+ Tn−5(−Tn−4 + Tn−3)− Tn−4Tn−3)

+

n−5∑
i=5

(−1)i+1T2 · · ·Tn−6T3 · · ·Ti−3Ti−1 · · ·Tn−6(Tn−6(Tn−5(−1 + Tn−4Tn−3) + Tn−4)

+ Tn−5(−Tn−4 + Tn−3)− Tn−4Tn−3)

+

n−5∑
i=5

(−1)n+i+1T3 · · ·Tn−6T2 · · ·Ti−3Ti−1 · · ·Tn−6(Tn−6 + Tn−4 − Tn−3)

· (Tn−6(−1 + Tn−5Tn−4 + Tn−4Tn−3) + Tn−5 − Tn−3)

+

n−5∑
i=5

(−1)iT3 · · ·Tn−6T3 · · ·Ti−3Ti−1 · · ·Tn−6(Tn−6(−1 + Tn−5Tn−4 + Tn−4Tn−3) + Tn−5 − Tn−3)

+

n−5∑
j=4

(−1)jT2 · · ·Tj−2Tj · · ·Tn−4(

T2 · · ·Tn−8(Tn−7Tn−6Tn−5(1 + Tn−4Tn−3) + Tn−6Tn−5(−Tn−4 + Tn−3) + (Tn−6 − Tn−5)(1 + Tn−4Tn−3))

+

n−8∑
i=2

(−1)n+iT2 · · ·Ti−1Ti+1 · · ·Tn−5((−Tn−6 + Tn−5)(1 + Tn−4Tn−3) + Tn−4 − Tn−3))

=(T2 · · ·Tn−6)
2(−1 + Tn−6(Tn−5(1 + Tn−4Tn−3)− Tn−3) + Tn−5(Tn−4 + Tn−3))

+ (−1)nT2(T3 · · ·Tn−6)
2(Tn−6(−1 + Tn−4Tn−3) + Tn−4 − Tn−3)

+ (−1)n+1(T3 · · ·Tn−6)
2(1 + Tn−6(Tn−5(−1 + Tn−4Tn−3) + Tn−3) + Tn−5(−Tn−4 + Tn−3) + Tn−4Tn−3)

+

n−6∑
k=2

(−1)n+kT2 · · ·Tn−6T2 · · ·Tk−1Tk+1 · · ·Tn−6(Tn−6(−1− Tn−4Tn−3) + Tn−4 + Tn−3)

+

n−7∑
i=3

(−1)n+iT2 · · ·Tn−6T2 · · ·Ti−1Ti+1 · · ·Tn−6(Tn−6(Tn−5(−Tn−4 + Tn−3)− Tn−4Tn−3)

+ Tn−5(−1 + Tn−4Tn−3) + Tn−4)

+

n−6∑
k=3

(−1)kT2 · · ·Tn−6T3 · · ·Tk−1Tk+1 · · ·Tn−6(−1 + Tn−6(Tn−5(1− Tn−4Tn−3) + Tn−3) + Tn−5(Tn−4 − Tn−3))

+

n−7∑
i=3

(−1)i+1T2 · · ·Tn−6T3 · · ·Ti−1Ti+1 · · ·Tn−6(Tn−6(Tn−5(−1 + Tn−4Tn−3) + Tn−4)

+ Tn−5(−Tn−4 + Tn−3)− Tn−4Tn−3)

+

n−7∑
i=3

(−1)n+i+1T3 · · ·Tn−6T2 · · ·Ti−1Ti+1 · · ·Tn−6(−1 + Tn−6(Tn−5Tn−4Tn−3 + Tn−4 − Tn−3) + Tn−5Tn−3)
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+

n−6∑
k=3

(−1)k+1T3 · · ·Tn−6T3 · · ·Tk−1Tk+1 · · ·Tn−6(Tn−6(1 + (Tn−5 − Tn−4)Tn−3) + Tn−5Tn−4Tn−3 − Tn−4)

+

n−7∑
i=3

(−1)iT3 · · ·Tn−6T3 · · ·Ti−1Ti+1 · · ·Tn−6(Tn−6(−1 + Tn−5Tn−4 + Tn−4Tn−3) + Tn−5 − Tn−3)

+

n−5∑
j=4

(−1)jT2 · · ·Tj−2Tj · · ·Tn−4T2 · · ·Tn−8

· (Tn−7Tn−6Tn−5(1 + Tn−4Tn−3) + Tn−6Tn−5(−Tn−4 + Tn−3) + (Tn−6 − Tn−5)(1 + Tn−4Tn−3))

+

n−5∑
j=4

n−8∑
i=2

(−1)n+i+jT2 · · ·Tj−2Tj · · ·Tn−4T2 · · ·Ti−1Ti+1 · · ·Tn−5((−Tn−6 + Tn−5)(1 + Tn−4Tn−3) + Tn−4 − Tn−3).

When n = 9, we have

ϕ =T3T2(−1 + T3(T4(1 + T5T6)− T6) + T4(T5 + T6))

− T2(T3(−1 + T5T6) + T5 − T6)

+ (1 + T3(T4(−1 + T5T6) + T6) + T4(−T5 + T6) + T5T6)

− T2(T3(−1− T5T6) + T5 + T6)

+ T2T3T2(T3(−1− T5T6) + T5 + T6)

− T2T3(−1 + T3(T4(1− T5T6) + T6) + T4(T5 − T6))

+ T3(T3(1 + (T4 − T5)T6) + T4T5T6 − T5)

+ T2T4T5(T2T3T4(1 + T5T6) + T3T4(−T5 + T6) + (T3 − T4)(1 + T5T6))

=0.

Now we assume that n ≥ 12. Then

ϕ =(T2 · · ·Tn−6)
2(−1 + Tn−6(Tn−5(1 + Tn−4Tn−3)− Tn−3) + Tn−5(Tn−4 + Tn−3))

+ (−1)nT2(T3 · · ·Tn−6)
2(Tn−6(−1 + Tn−4Tn−3) + Tn−4 − Tn−3)

+ (−1)n+1(T3 · · ·Tn−6)
2(1 + Tn−6(Tn−5(−1 + Tn−4Tn−3) + Tn−3) + Tn−5(−Tn−4 + Tn−3) + Tn−4Tn−3)

+ (−1)nT2 · · ·Tn−6T3 · · ·Tn−6(Tn−6(−1− Tn−4Tn−3) + Tn−4 + Tn−3)

+ T2 · · ·Tn−6T2 · · ·Tn−7(Tn−6(−1− Tn−4Tn−3) + Tn−4 + Tn−3)

+ (−1)nT2 · · ·Tn−6T3 · · ·Tn−7(−1 + Tn−6(Tn−5(1− Tn−4Tn−3) + Tn−3) + Tn−5(Tn−4 − Tn−3))

+ (−1)n+1T3 · · ·Tn−6T3 · · ·Tn−7(Tn−6(1 + (Tn−5 − Tn−4)Tn−3) + Tn−5Tn−4Tn−3 − Tn−4)

+

n−7∑
i=3

(−1)n+iT2 · · ·Tn−6T2 · · ·Ti−1Ti+1 · · ·Tn−6(Tn−6(−1 + Tn−5(−Tn−4 + Tn−3) + Tn−4Tn−3)

+ Tn−5(−1 + Tn−4Tn−3)− Tn−4 + Tn−3)

+

n−7∑
i=3

(−1)i+1T2 · · ·Tn−6T3 · · ·Ti−1Ti+1 · · ·Tn−6(1 + Tn−6(Tn−5(1− Tn−4Tn−3) + Tn−4 − Tn−3)

+ Tn−5(Tn−4 − Tn−3)− Tn−4Tn−3)
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+

n−7∑
i=3

(−1)n+i+1T3 · · ·Tn−6T2 · · ·Ti−1Ti+1 · · ·Tn−6(−1 + Tn−6(Tn−5Tn−4Tn−3 + Tn−4 − Tn−3) + Tn−5Tn−3)

+

n−7∑
i=3

(−1)iT3 · · ·Tn−6T3 · · ·Ti−1Ti+1 · · ·Tn−6(Tn−6(1 + Tn−5(Tn−4 − Tn−3)− Tn−4Tn−3)

+ Tn−5(1− Tn−4Tn−3) + Tn−4 − Tn−3)

+

n−5∑
j=4

(−1)jT2 · · ·Tj−2Tj · · ·Tn−4T2 · · ·Tn−8

· (Tn−7Tn−6Tn−5(1 + Tn−4Tn−3) + Tn−6Tn−5(−Tn−4 + Tn−3) + (Tn−6 − Tn−5)(1 + Tn−4Tn−3))

+

n−5∑
j=4

n−8∑
i=2

(−1)n+i+jT2 · · ·Tj−2Tj · · ·Tn−4T2 · · ·Ti−1Ti+1 · · ·Tn−5((−Tn−6 + Tn−5)(1 + Tn−4Tn−3) + Tn−4 − Tn−3)

=(T2 · · ·Tn−6)
2(1 + Tn−6(Tn−5(1 + Tn−4Tn−3) + Tn−4) + Tn−5(Tn−4 + Tn−3)− Tn−4Tn−3)

+ (−1)nT2(T3 · · ·Tn−6)
2(Tn−6Tn−5(Tn−4 − Tn−3) + Tn−5(1− Tn−4Tn−3)− Tn−4 + Tn−3)

+ (−1)n+1(T3 · · ·Tn−6)
2(−1 + Tn−6(Tn−5(−1− Tn−4Tn−3)− Tn−4 + Tn−3) + Tn−5(−Tn−4 − Tn−3))

+

n−7∑
i=3

(−1)n+iT2 · · ·Tn−6T2 · · ·Ti−1Ti+1 · · ·Tn−6(Tn−6(−1 + Tn−5(−Tn−4 + Tn−3) + Tn−4Tn−3)

+ Tn−5(−1 + Tn−4Tn−3)− Tn−4 + Tn−3)

+

n−7∑
i=3

(−1)i+1T2 · · ·Tn−6T3 · · ·Ti−1Ti+1 · · ·Tn−6(1 + Tn−6(Tn−5(1− Tn−4Tn−3) + Tn−4 − Tn−3)

+ Tn−5(Tn−4 − Tn−3)− Tn−4Tn−3)

+

n−7∑
i=3

(−1)n+i+1T3 · · ·Tn−6T2 · · ·Ti−1Ti+1 · · ·Tn−6(−1 + Tn−6(Tn−5Tn−4Tn−3 + Tn−4 − Tn−3) + Tn−5Tn−3)

+

n−7∑
i=3

(−1)iT3 · · ·Tn−6T3 · · ·Ti−1Ti+1 · · ·Tn−6(Tn−6(1 + Tn−5(Tn−4 − Tn−3)− Tn−4Tn−3)

+ Tn−5(1− Tn−4Tn−3) + Tn−4 − Tn−3)

+

n−5∑
j=4

(−1)jT2 · · ·Tj−2Tj · · ·Tn−4T2 · · ·Tn−8

· (Tn−7Tn−6Tn−5(1 + Tn−4Tn−3) + Tn−6Tn−5(−Tn−4 + Tn−3) + (Tn−6 − Tn−5)(1 + Tn−4Tn−3))

+

n−5∑
j=4

n−8∑
i=2

(−1)n+i+jT2 · · ·Tj−2Tj · · ·Tn−4T2 · · ·Ti−1Ti+1 · · ·Tn−5((−Tn−6 + Tn−5)(1 + Tn−4Tn−3) + Tn−4 − Tn−3).

Now

n−5∑
j=4

(−1)jT2 · · ·Tj−2Tj · · ·Tn−4T2 · · ·Tn−8

=

n−5∑
j=4

(−1)(n+1)jT3 · · ·Tj−2T2 · · ·Tj−2Tj · · ·Tn−4Tj−2 · · ·Tn−8

=(−1)n+1T3 · · ·Tn−7T2 · · ·Tn−7Tn−5Tn−4

+

n−6∑
j=4

(−1)n+(n+1)jT3 · · ·Tj−1T2 · · ·Tj−2Tj · · ·Tn−4Tj−1 · · ·Tn−8
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+

n−6∑
j=4

(−1)n(j+1)T3 · · ·Tj−2T2 · · ·Tn−4Tj−1 · · ·Tn−8

=(−1)n+1T3 · · ·Tn−7T2 · · ·Tn−7Tn−5Tn−4

+ (−1)nT3 · · ·Tn−7T2 · · ·Tn−8Tn−6Tn−5Tn−4

+

n−7∑
j=4

(−1)(n+1)jT3 · · ·TjT2 · · ·Tj−2Tj · · ·Tn−4Tj · · ·Tn−8

+

n−7∑
j=4

(−1)nj+1T3 · · ·Tj−1T2 · · ·Tn−4Tj · · ·Tn−8

+

n−6∑
j=4

(−1)n+jT2 · · ·Tn−4T2 · · ·Tj−3Tj−1 · · ·Tn−8

=(T2 · · ·Tn−6)
2(Tn−7 − Tn−6)Tn−5Tn−4

+

n−7∑
j=4

(−1)jT3 · · ·Tn−7T2 · · ·Tj−2Tj · · ·Tn−4

+

n−7∑
j=4

(−1)n+jT2 · · ·Tn−4T2 · · ·Tj−2Tj · · ·Tn−8

+

n−6∑
j=4

(−1)n+jT2 · · ·Tn−4T2 · · ·Tj−3Tj−1 · · ·Tn−8

=− (T2 · · ·Tn−6)
2Tn−7Tn−5Tn−4

+ (−1)n+1T2(T3 · · ·Tn−6)
2(1 + Tn−7Tn−6)Tn−5Tn−4

+

n−7∑
j=3

(−1)n+j+1T3 · · ·Tn−6T2 · · ·Tj−1Tj+1 · · ·Tn−6Tn−7Tn−5Tn−4.

Hence

ϕ =(T2 · · ·Tn−6)
2(1 + Tn−6(Tn−5(1 + Tn−4Tn−3) + Tn−4) + Tn−5(Tn−4 + Tn−3)− Tn−4Tn−3)

− (T2 · · ·Tn−6)
2Tn−7Tn−5Tn−4

· (Tn−7Tn−6Tn−5(1 + Tn−4Tn−3) + Tn−6Tn−5(−Tn−4 + Tn−3) + (Tn−6 − Tn−5)(1 + Tn−4Tn−3))

+ (−1)nT2(T3 · · ·Tn−6)
2(Tn−6Tn−5(Tn−4 − Tn−3) + Tn−5(1− Tn−4Tn−3)− Tn−4 + Tn−3)

+ (−1)n+1T2(T3 · · ·Tn−6)
2(1 + Tn−7Tn−6)Tn−5Tn−4

· (Tn−7Tn−6Tn−5(1 + Tn−4Tn−3) + Tn−6Tn−5(−Tn−4 + Tn−3) + (Tn−6 − Tn−5)(1 + Tn−4Tn−3))

+ (−1)n+1(T3 · · ·Tn−6)
2(−1 + Tn−6(Tn−5(−1− Tn−4Tn−3)− Tn−4 + Tn−3) + Tn−5(−Tn−4 − Tn−3))

+

n−7∑
i=3

(−1)n+iT2 · · ·Tn−6T2 · · ·Ti−1Ti+1 · · ·Tn−6(Tn−6(−1 + Tn−5(−Tn−4 + Tn−3) + Tn−4Tn−3)

+ Tn−5(−1 + Tn−4Tn−3)− Tn−4 + Tn−3)

+

n−7∑
i=3

(−1)i+1T2 · · ·Tn−6T3 · · ·Ti−1Ti+1 · · ·Tn−6(1 + Tn−6(Tn−5(1− Tn−4Tn−3) + Tn−4 − Tn−3)

+ Tn−5(Tn−4 − Tn−3)− Tn−4Tn−3)
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+

n−7∑
i=3

(−1)n+i+1T3 · · ·Tn−6T2 · · ·Ti−1Ti+1 · · ·Tn−6(−1 + Tn−6(Tn−5Tn−4Tn−3 + Tn−4 − Tn−3) + Tn−5Tn−3)

+

n−7∑
j=3

(−1)n+j+1T3 · · ·Tn−6T2 · · ·Tj−1Tj+1 · · ·Tn−6Tn−7Tn−5Tn−4

· (Tn−7Tn−6Tn−5(1 + Tn−4Tn−3) + Tn−6Tn−5(−Tn−4 + Tn−3) + (Tn−6 − Tn−5)(1 + Tn−4Tn−3))

+

n−7∑
i=3

(−1)iT3 · · ·Tn−6T3 · · ·Ti−1Ti+1 · · ·Tn−6(Tn−6(1 + Tn−5(Tn−4 − Tn−3)− Tn−4Tn−3)

+ Tn−5(1− Tn−4Tn−3) + Tn−4 − Tn−3)

+

n−5∑
j=4

n−8∑
i=2

(−1)n+i+jT2 · · ·Tj−2Tj · · ·Tn−4T2 · · ·Ti−1Ti+1 · · ·Tn−5((−Tn−6 + Tn−5)(1 + Tn−4Tn−3) + Tn−4 − Tn−3)

=(T2 · · ·Tn−6)
2(−1 + Tn−7(Tn−6(−1 + Tn−5Tn−4 + Tn−4Tn−3) + Tn−5 − Tn−3)

+ Tn−6(Tn−5(−1− Tn−4Tn−3)− Tn−4 + Tn−3) + Tn−5(−Tn−4 − Tn−3))

+ (−1)nT2(T3 · · ·Tn−6)
2(Tn−7(−1 + Tn−6(Tn−5 − Tn−3) + Tn−5Tn−4 + Tn−4Tn−3) + Tn−6(1 + Tn−5(Tn−4 + Tn−3))

+ Tn−5(1 + Tn−4Tn−3) + Tn−4 − Tn−3)

+ (−1)n+1(T3 · · ·Tn−6)
2(−1 + Tn−6(Tn−5(−1− Tn−4Tn−3)− Tn−4 + Tn−3) + Tn−5(−Tn−4 − Tn−3))

+

n−7∑
i=3

(−1)n+iT2 · · ·Tn−6T2 · · ·Ti−1Ti+1 · · ·Tn−6(Tn−6(−1 + Tn−5(−Tn−4 + Tn−3) + Tn−4Tn−3)

+ Tn−5(−1 + Tn−4Tn−3)− Tn−4 + Tn−3)

+

n−7∑
i=3

(−1)i+1T2 · · ·Tn−6T3 · · ·Ti−1Ti+1 · · ·Tn−6(1 + Tn−6(Tn−5(1− Tn−4Tn−3) + Tn−4 − Tn−3)

+ Tn−5(Tn−4 − Tn−3)− Tn−4Tn−3)

+

n−7∑
i=3

(−1)n+i+1T3 · · ·Tn−6T2 · · ·Ti−1Ti+1 · · ·Tn−6(1 + Tn−7(Tn−6(1− Tn−5Tn−4 − Tn−4Tn−3)− Tn−5 + Tn−3)

+ Tn−6(−Tn−5 + Tn−3)− Tn−5Tn−4 − Tn−4Tn−3)

+

n−7∑
i=3

(−1)iT3 · · ·Tn−6T3 · · ·Ti−1Ti+1 · · ·Tn−6(Tn−6(1 + Tn−5(Tn−4 − Tn−3)− Tn−4Tn−3)

+ Tn−5(1− Tn−4Tn−3) + Tn−4 − Tn−3)

+

n−6∑
j=3

n−8∑
i=2

(−1)n+i+jT2 · · ·Tj−1Tj+1 · · ·Tn−6T2 · · ·Ti−1Ti+1 · · ·Tn−6

· (1 + Tn−6(−Tn−5 + Tn−3)− Tn−5Tn−4 − Tn−4Tn−3).

It is still unclear how the remaining terms cancel, so we will have to write each term in standard form.

Considering the double sum, we have

n−6∑
j=3

n−8∑
i=2

(−1)n+i+jT2 · · ·Tj−1Tj+1 · · ·Tn−6T2 · · ·Ti−1Ti+1 · · ·Tn−6

=

n−6∑
j=3

(

j−1∑
i=2

(−1)n+i+jT2 · · ·Tj−1Tj+1 · · ·Tn−6T2 · · ·Ti−1Ti+1 · · ·Tn−6
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+

n−6∑
i=j

(−1)n+i+jT2 · · ·Tj−1Tj+1 · · ·Tn−6T2 · · ·Ti−1Ti+1 · · ·Tn−6

+ (−1)j+1T2 · · ·Tj−1Tj+1 · · ·Tn−6T2 · · ·Tn−6(Tn−7 + Tn−6)

+ (−1)j+1T2 · · ·Tj−1Tj+1 · · ·Tn−6T2 · · ·Tn−7)

=

n−6∑
j=3

(

j−1∑
i=2

(−1)i+(n+i+1)j(T2 · · ·Ti)2Ti(Ti+1 · · ·Tj−1)
2(Tj · · ·Tn−6)

2Tn−6

+

n−6∑
i=j

(−1)n+(n+j)i(T2 · · ·Tj−1)
2(Tj · · ·Ti)2(Ti+1 · · ·Tn−6)

2

+ (−1)nj+1(T2 · · ·Tj−1)
2(Tj · · ·Tn−6)

2(1− Tn−7Tn−6))

=

n−6∑
j=3

(

j−1∑
i=2

(−1)i+(n+i+1)jT2(T2 · · ·Ti)2(Ti+1 · · ·Tj−1)
2Tj(Tj · · ·Tn−6)

2

+

j−1∑
i=2

(−1)n+(n+i+1)j(T2 · · ·Ti)2(Ti+1 · · ·Tj)2(Tj+1 · · ·Tn−6)
2

+ (−1)nj+1(T2 · · ·Tj−1)
2(Tj · · ·Tn−6)

2(1− Tn−7Tn−6)).

Now using the relation (Tj · · ·Tk)2 = (−1)(k−j+1)(k−j)/2
∏k−1

x=j (1+TxTx+1) for j ≤ k+1 (where we interpret

the empty product as the identity matrix), we have

n−6∑
j=3

n−8∑
i=2

(−1)n+i+jT2 · · ·Tj−1Tj+1 · · ·Tn−6T2 · · ·Ti−1Ti+1 · · ·Tn−6

=(−1)
(n−1)(n−2)/2

n−6∑
j=3

(
j−1∑
i=2

(
i−1∏
x=2

(1 + TxTx+1)

)
Ti

(
j−2∏

y=i+1

(1 + TyTy+1)

)(
n−7∏
z=j

(1 + TzTz+1)

)
Tn−6

−
j−1∑
i=2

(
i−1∏
x=2

(1 + TxTx+1)

)(
j−1∏

y=i+1

(1 + TyTy+1)

)(
n−7∏

z=j+1

(1 + TzTz+1)

)

+

(
j−2∏
x=2

(1 + TxTx+1)

)(
n−7∏
y=j

(1 + TyTy+1)

)
(1− Tn−7Tn−6)

)

=(−1)
(n−1)(n−2)/2

(
n−7∑
i=2

n−6∑
j=i+1

(
i−1∏
x=2

(1 + TxTx+1)

)
Ti

(
j−2∏

y=i+1

(1 + TyTy+1)

)(
n−7∏
z=j

(1 + TzTz+1)

)
Tn−6

−
n−7∑
i=2

n−6∑
j=i+1

(
i−1∏
x=2

(1 + TxTx+1)

)(
j−1∏

y=i+1

(1 + TyTy+1)

)(
n−7∏

z=j+1

(1 + TzTz+1)

)

+

n−7∑
i=2

(
i−1∏
x=2

(1 + TxTx+1)

)(
n−7∏

y=i+1

(1 + TyTy+1)

)
(1− Tn−7Tn−6)

)
.

Applying the same technique to the other terms of ϕ, we have

ϕ =(T2 · · ·Tn−6)
2(−1 + Tn−7(Tn−6(−1 + Tn−5Tn−4 + Tn−4Tn−3) + Tn−5 − Tn−3)

+ Tn−6(Tn−5(−1− Tn−4Tn−3)− Tn−4 + Tn−3) + Tn−5(−Tn−4 − Tn−3))

+ (−1)nT2(T3 · · ·Tn−6)
2(Tn−7(−1 + Tn−6(Tn−5 − Tn−3) + Tn−5Tn−4 + Tn−4Tn−3) + Tn−6(1 + Tn−5(Tn−4 + Tn−3))

+ Tn−5(1 + Tn−4Tn−3) + Tn−4 − Tn−3)

+ (−1)n+1(T3 · · ·Tn−6)
2(−1 + Tn−6(Tn−5(−1− Tn−4Tn−3)− Tn−4 + Tn−3) + Tn−5(−Tn−4 − Tn−3))
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+

n−7∑
i=3

(−1)n(i+1)(T2 · · ·Ti)2Ti(Ti+1 · · ·Tn−6)
2

· (Tn−6(−1 + Tn−5(−Tn−4 + Tn−3) + Tn−4Tn−3) + Tn−5(−1 + Tn−4Tn−3)− Tn−4 + Tn−3)

+

n−7∑
i=3

(−1)(n+1)(i+1)T2(T3 · · ·Ti)2Ti(Ti+1 · · ·Tn−6)
2

· (1 + Tn−6(Tn−5(1− Tn−4Tn−3) + Tn−4 − Tn−3) + Tn−5(Tn−4 − Tn−3)− Tn−4Tn−3)

+

n−7∑
i=3

(−1)n(i+1)+1(T2 · · ·Ti)2(Ti+1 · · ·Tn−6)
2

· (1 + Tn−7(Tn−6(1− Tn−5Tn−4 − Tn−4Tn−3)− Tn−5 + Tn−3) + Tn−6(−Tn−5 + Tn−3)− Tn−5Tn−4 − Tn−4Tn−3)

+

n−7∑
i=3

(−1)n+(n+1)i(T3 · · ·Ti)2Ti(Ti+1 · · ·Tn−6)
2

· (Tn−6(1 + Tn−5(Tn−4 − Tn−3)− Tn−4Tn−3) + Tn−5(1− Tn−4Tn−3) + Tn−4 − Tn−3)

+

n−6∑
j=3

n−8∑
i=2

(−1)n+i+jT2 · · ·Tj−1Tj+1 · · ·Tn−6T2 · · ·Ti−1Ti+1 · · ·Tn−6

· (1− Tn−7Tn−6)(1 + Tn−6(−Tn−5 + Tn−3)− Tn−5Tn−4 − Tn−4Tn−3)

=(−1)
n(n+1)/2

(
n−7∏
x=2

(1 + TxTx+1)

)
(−1 + Tn−7(Tn−6(−1 + Tn−5Tn−4 + Tn−4Tn−3) + Tn−5 − Tn−3)

+ Tn−6(Tn−5(−1− Tn−4Tn−3)− Tn−4 + Tn−3) + Tn−5(−Tn−4 − Tn−3))

+ (−1)
n(n+1)/2T2

(
n−7∏
x=3

(1 + TxTx+1)

)
(Tn−7(−1 + Tn−6(Tn−5 − Tn−3) + Tn−5Tn−4 + Tn−4Tn−3)

+ Tn−6(1 + Tn−5(Tn−4 + Tn−3)) + Tn−5(1 + Tn−4Tn−3) + Tn−4 − Tn−3)

+ (−1)
(n−2)(n−1)/2

(
n−7∏
x=3

(1 + TxTx+1)

)
(−1 + Tn−6(Tn−5(−1− Tn−4Tn−3)− Tn−4 + Tn−3) + Tn−5(−Tn−4 − Tn−3))

+

n−7∑
i=3

(−1)
n(n+1)/2

(
i−1∏
x=2

(1 + TxTx+1)

)
Ti

(
n−7∏

y=i+1

(1 + TyTy+1)

)

· (Tn−6(−1 + Tn−5(−Tn−4 + Tn−3) + Tn−4Tn−3) + Tn−5(−1 + Tn−4Tn−3)− Tn−4 + Tn−3)

+

n−7∑
i=3

(−1)
(n−2)(n−1)/2T2

(
i−1∏
x=3

(1 + TxTx+1)

)
Ti

(
n−7∏

y=i+1

(1 + TyTy+1)

)

· (1 + Tn−6(Tn−5(1− Tn−4Tn−3) + Tn−4 − Tn−3) + Tn−5(Tn−4 − Tn−3)− Tn−4Tn−3)

+

n−7∑
i=3

(−1)
(n−2)(n−1)/2

(
i−1∏
x=2

(1 + TxTx+1)

)(
n−7∏

y=i+1

(1 + TyTy+1)

)

· (1 + Tn−7(Tn−6(1− Tn−5Tn−4 − Tn−4Tn−3)− Tn−5 + Tn−3) + Tn−6(−Tn−5 + Tn−3)− Tn−5Tn−4 − Tn−4Tn−3)

+

n−7∑
i=3

(−1)
n(n+1)/2

(
i−1∏
x=3

(1 + TxTx+1)

)
Ti

(
n−7∏

y=i+1

(1 + TyTy+1)

)

· (Tn−6(1 + Tn−5(Tn−4 − Tn−3)− Tn−4Tn−3) + Tn−5(1− Tn−4Tn−3) + Tn−4 − Tn−3)
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+ (−1)
(n−1)(n−2)/2

n−7∑
i=2

n−6∑
j=i+1

(
i−1∏
x=2

(1 + TxTx+1)

)
Ti

(
j−2∏

y=i+1

(1 + TyTy+1)

)(
n−7∏
z=j

(1 + TzTz+1)

)

· Tn−6(1 + Tn−6(−Tn−5 + Tn−3)− Tn−5Tn−4 − Tn−4Tn−3)

− (−1)
(n−1)(n−2)/2

n−7∑
i=2

n−6∑
j=i+1

(
i−1∏
x=2

(1 + TxTx+1)

)(
j−1∏

y=i+1

(1 + TyTy+1)

)(
n−7∏

z=j+1

(1 + TzTz+1)

)

· (1 + Tn−6(−Tn−5 + Tn−3)− Tn−5Tn−4 − Tn−4Tn−3)

+ (−1)
(n−1)(n−2)/2

n−7∑
i=2

(
i−1∏
x=2

(1 + TxTx+1)

)(
n−7∏

y=i+1

(1 + TyTy+1)

)

· (1− Tn−7Tn−6)(1 + Tn−6(−Tn−5 + Tn−3)− Tn−5Tn−4 − Tn−4Tn−3).

Rearranging and multiplying by (−1)(n−2)(n−1)/2, we get

(1− T2T3)

(
n−8∏
x=3

(1 + TxTx+1)

)
(1 + Tn−7(Tn−6(1− Tn−5Tn−4 − Tn−4Tn−3)− Tn−5 + Tn−3)

+ Tn−6(−Tn−5 + Tn−3)− Tn−5Tn−4 − Tn−4Tn−3)

+

n−7∑
i=3

((
i−1∏
x=2

(1 + TxTx+1)

)(
n−7∏

y=i+1

(1 + TyTy+1)

)

· (−1 + Tn−6(Tn−5 − Tn−3) + Tn−5Tn−4 + Tn−4Tn−3)

+ T2

(
n−7∏
x=3

(1 + TxTx+1)

)

· (Tn−6(1 + Tn−5(Tn−4 − Tn−3)− Tn−4Tn−3) + Tn−5(1− Tn−4Tn−3) + Tn−4 − Tn−3)

)

+

n−7∑
i=2

n−6∑
j=i+1

(
i−1∏
x=2

(1 + TxTx+1)

)(
Ti

(
j−2∏

y=i+1

(1 + TyTy+1)

)
Tj

(
n−7∏
z=j

(1 + TzTz+1)

)

· (1 + Tn−6(−Tn−5 + Tn−3)− Tn−5Tn−4 − Tn−4Tn−3)

−

(
j−1∏

y=i+1

(1 + TyTy+1)

)(
n−7∏

z=j+1

(1 + TzTz+1)

)

· (1 + Tn−6(−Tn−5 + Tn−3)− Tn−5Tn−4 − Tn−4Tn−3)

)
.

=(1− T2T3)

(
n−7∏
x=3

(1 + TxTx+1)

)
(1 + Tn−6(−Tn−5 + Tn−3)− Tn−5Tn−4 − Tn−4Tn−3)

+

n−7∑
i=3

(
i−1∏
x=2

(1 + TxTx+1)

)(
n−7∏

y=i+1

(1 + TyTy+1)

)

· (−1 + Tn−6(Tn−5 − Tn−3) + Tn−5Tn−4 + Tn−4Tn−3)

+

n−7∑
i=2

n−6∑
j=i+1

(
i−1∏
x=2

(1 + TxTx+1)

)(
Ti

(
j−2∏

y=i+1

(1 + TyTy+1)

)
Tj

(
n−7∏
z=j

(1 + TzTz+1)

)

· (1 + Tn−6(−Tn−5 + Tn−3)− Tn−5Tn−4 − Tn−4Tn−3)
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−

(
j−1∏

y=i+1

(1 + TyTy+1)

)(
n−7∏

z=j+1

(1 + TzTz+1)

)

· (1 + Tn−6(−Tn−5 + Tn−3)− Tn−5Tn−4 − Tn−4Tn−3)

)
.

Since the matrix (1 + Tn−6(−Tn−5 + Tn−3) − Tn−5Tn−4 − Tn−4Tn−3) is invertible, we are left to show

that the following basic spin element ψ is equal to 0:

ψ :=(−1)
(n−2)(n−1)/2ϕ(Tn−6 − Tn−4)(Tn−5 − Tn−3)

=(1− T2T3)

(
n−7∏
x=3

(1 + TxTx+1)

)
−

n−7∑
i=3

(
i−1∏
x=2

(1 + TxTx+1)

)(
n−7∏

y=i+1

(1 + TyTy+1)

)

+

n−7∑
i=2

n−7∑
j=i

(
i−1∏
x=2

(1 + TxTx+1)

)(
Ti

(
j−1∏

y=i+1

(1 + TyTy+1)

)
Tj+1 −

(
j−1∏

y=i+1

(1 + TyTy+1)

))(
n−7∏

z=j+1

(1 + TzTz+1)

)
.

The coefficient of the identity matrix in the standard form of ψ is

1−
n−7∑
i=3

1−
n−7∑
i=2

n−7∑
j=i

1 = 1 +

n−7∑
i=2

i = 0.

We need to show that the for each set I = {i1, . . . , im} with 2 ≤ i1 < · · · < im ≤ n − 6, the term

TI := Ti1Ti2 · · ·Tim has coefficient 0. We can assume that m is even (and ≥ 2) since all of the terms in

ψ have even length.

If im = 3, then TI = T2T3 has coefficient

−1−
n−7∑
i=3

1 + 1−
n−7∑
i=3

n−7∑
j=i

1 =

n−7∑
i=3

(i− 1) = 0.

For k = 2, . . . n − 6, define ψk to be the basic spin element equal to ψ without any terms TI with

|I ∩ {k + 1, . . . , n − 6}| > 0. Then ψ = 0 if and only if ψk = 0 for all k. We have already shown that

ψ2 = ψ3 = 0. For k > 3, we can write

ψk =(1− T2T3)

(
k−1∏
x=3

(1 + TxTx+1)

)

−
k−1∑
i=3

(
i−1∏
x=2

(1 + TxTx+1)

)(
k−1∏

y=i+1

(1 + TyTy+1)

)

−
n−7∑
i=k

(
k−1∏
x=2

(1 + TxTx+1)

)

+

k−1∑
i=2

k−1∑
j=i

(
i−1∏
x=2

(1 + TxTx+1)

)(
Ti

(
j−1∏

y=i+1

(1 + TyTy+1)

)
Tj+1 −

(
j−1∏

y=i+1

(1 + TyTy+1)

))(
k−1∏

z=j+1

(1 + TzTz+1)

)

−
k−1∑
i=2

n−7∑
j=k

(
i−1∏
x=2

(1 + TxTx+1)

)(
k−1∏

y=i+1

(1 + TyTy+1)

)

−
n−7∑
i=k

n−7∑
j=i

(
k−1∏
x=2

(1 + TxTx+1)

)

=(1− T2T3)

(
k−1∏
x=3

(1 + TxTx+1)

)
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+ k2

(
k−1∏
x=2

(1 + TxTx+1)

)

−
k−1∑
i=3

(
i−1∏
x=2

(1 + TxTx+1)

)(
k−1∏

y=i+1

(1 + TyTy+1)

)

+ k

k−1∑
i=2

(
i−1∏
x=2

(1 + TxTx+1)

)(
k−1∏

y=i+1

(1 + TyTy+1)

)

+

k−1∑
i=2

k−1∑
j=i

(
i−1∏
x=2

(1 + TxTx+1)

)(
Ti

(
j−1∏

y=i+1

(1 + TyTy+1)

)
Tj+1 −

(
j−1∏

y=i+1

(1 + TyTy+1)

))(
k−1∏

z=j+1

(1 + TzTz+1)

)

=(k − 1)(k + 1)

(
k−1∏
x=2

(1 + TxTx+1)

)

+ (k − 1)

k−1∑
i=2

(
i−1∏
x=2

(1 + TxTx+1)

)(
k−1∏

y=i+1

(1 + TyTy+1)

)

+

k−1∑
i=2

k−1∑
j=i

(
i−1∏
x=2

(1 + TxTx+1)

)(
Ti

(
j−1∏

y=i+1

(1 + TyTy+1)

)
Tj+1 −

(
j−1∏

y=i+1

(1 + TyTy+1)

))(
k−1∏

z=j+1

(1 + TzTz+1)

)

where we have used the fact that
∑n−7

i=k

∑n−7
j=i 1 =

∑n−7
i=k (−i) =

∑k−1
i=1 i = k(1− k). Then the terms TI

in ψ with im = k are given by

ψk − ψk−1 =(k − 1)(k + 1)

(
k−1∏
x=2

(1 + TxTx+1)

)

+ (k − 1)

k−1∑
i=2

(
i−1∏
x=2

(1 + TxTx+1)

)(
k−1∏

y=i+1

(1 + TyTy+1)

)

+

k−1∑
i=2

k−1∑
j=i

(
i−1∏
x=2

(1 + TxTx+1)

)
Ti

(
j−1∏

y=i+1

(1 + TyTy+1)

)
Tj+1

(
k−1∏

z=j+1

(1 + TzTz+1)

)

−
k−1∑
i=2

k−1∑
j=i

(
i−1∏
x=2

(1 + TxTx+1)

)(
j−1∏

y=i+1

(1 + TyTy+1)

)(
k−1∏

z=j+1

(1 + TzTz+1)

)

− k(k + 1)

(
k−2∏
x=2

(1 + TxTx+1)

)

− (k + 1)

k−2∑
i=2

(
i−1∏
x=2

(1 + TxTx+1)

)(
k−2∏

y=i+1

(1 + TyTy+1)

)

−
k−2∑
i=2

k−2∑
j=i

(
i−1∏
x=2

(1 + TxTx+1)

)
Ti

(
j−1∏

y=i+1

(1 + TyTy+1)

)
Tj+1

(
k−2∏

z=j+1

(1 + TzTz+1)

)

+

k−2∑
i=2

k−2∑
j=i

(
i−1∏
x=2

(1 + TxTx+1)

)(
j−1∏

y=i+1

(1 + TyTy+1)

)(
k−2∏

z=j+1

(1 + TzTz+1)

)

=k(k + 1)

(
k−2∏
x=2

(1 + TxTx+1)

)
Tk−1Tk

+ (k + 1)

k−2∑
i=2

(
i−1∏
x=2

(1 + TxTx+1)

)(
k−2∏

y=i+1

(1 + TyTy+1)

)
Tk−1Tk

+

k−2∑
i=2

k−2∑
j=i

(
i−1∏
x=2

(1 + TxTx+1)

)
Ti

(
j−1∏

y=i+1

(1 + TyTy+1)

)(
k−2∏

z=j+1

(1 + TzTz+1)

)
Tk
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−
k−2∑
i=2

k−2∑
j=i

(
i−1∏
x=2

(1 + TxTx+1)

)(
j−1∏

y=i+1

(1 + TyTy+1)

)(
k−2∏

z=j+1

(1 + TzTz+1)

)
Tk−1Tk.

Then we have

(ψk+1 − ψk)Tk+1 =(k − 1)(k + 1)

(
k−1∏
x=2

(1 + TxTx+1)

)
Tk

+ (k − 1)

k−1∑
i=2

(
i−1∏
x=2

(1 + TxTx+1)

)(
k−1∏

y=i+1

(1 + TyTy+1)

)
Tk

+

k−1∑
i=2

k−1∑
j=i

(
i−1∏
x=2

(1 + TxTx+1)

)
Ti

(
j−1∏

y=i+1

(1 + TyTy+1)

)(
k−1∏

z=j+1

(1 + TzTz+1)

)

−
k−1∑
i=2

k−1∑
j=i

(
i−1∏
x=2

(1 + TxTx+1)

)(
j−1∏

y=i+1

(1 + TyTy+1)

)(
k−1∏

z=j+1

(1 + TzTz+1)

)
Tk

=(k − 1)(k + 1)

(
k−2∏
x=2

(1 + TxTx+1)

)
(Tk−1 + Tk)

+ (k − 1)

(
k−2∏
x=2

(1 + TxTx+1)

)
Tk

+ (k − 1)

k−2∑
i=2

(
i−1∏
x=2

(1 + TxTx+1)

)(
k−2∏

y=i+1

(1 + TyTy+1)

)
(Tk−1 + Tk)

+

k−1∑
i=2

(
i−1∏
x=2

(1 + TxTx+1)

)
Ti

(
k−2∏

y=i+1

(1 + TyTy+1)

)

−
k−1∑
i=2

(
i−1∏
x=2

(1 + TxTx+1)

)(
k−2∏

y=i+1

(1 + TyTy+1)

)
Tk

+

k−2∑
i=2

k−2∑
j=i

(
i−1∏
x=2

(1 + TxTx+1)

)
Ti

(
j−1∏

y=i+1

(1 + TyTy+1)

)(
k−2∏

z=j+1

(1 + TzTz+1)

)
(1 + Tk−1Tk)

−
k−2∑
i=2

k−2∑
j=i

(
i−1∏
x=2

(1 + TxTx+1)

)(
j−1∏

y=i+1

(1 + TyTy+1)

)(
k−2∏

z=j+1

(1 + TzTz+1)

)
(Tk−1 + Tk)

=k2

(
k−2∏
x=2

(1 + TxTx+1)

)
Tk−1 + k(k + 1)

(
k−2∏
x=2

(1 + TxTx+1)

)
Tk

+ (k + 1)

k−2∑
i=2

(
i−1∏
x=2

(1 + TxTx+1)

)(
k−2∏

y=i+1

(1 + TyTy+1)

)
(Tk−1 + Tk)

+

k−2∑
i=2

(
k−2∏
x=2

(1 + TxTx+1)

)
Tk−1

+

k−2∑
i=2

k−2∑
j=i

(
i−1∏
x=2

(1 + TxTx+1)

)
Ti

(
j−1∏

y=i+1

(1 + TyTy+1)

)
Tj+1

(
k−2∏

z=j+1

(1 + TzTz+1)

)
(Tk−1 + Tk)

−
k−2∑
i=2

k−2∑
j=i

(
i−1∏
x=2

(1 + TxTx+1)

)(
j−1∏

y=i+1

(1 + TyTy+1)

)(
k−2∏

z=j+1

(1 + TzTz+1)

)
(Tk−1 + Tk)

=k(k + 1)

(
k−2∏
x=2

(1 + TxTx+1)

)
(Tk−1 + Tk)

+ (k + 1)

k−2∑
i=2

(
i−1∏
x=2

(1 + TxTx+1)

)(
k−2∏

y=i+1

(1 + TyTy+1)

)
(Tk−1 + Tk)
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+

k−2∑
i=2

k−2∑
j=i

(
i−1∏
x=2

(1 + TxTx+1)

)
Ti

(
j−1∏

y=i+1

(1 + TyTy+1)

)
Tj+1

(
k−2∏

z=j+1

(1 + TzTz+1)

)
(Tk−1 + Tk)

−
k−2∑
i=2

k−2∑
j=i

(
i−1∏
x=2

(1 + TxTx+1)

)(
j−1∏

y=i+1

(1 + TyTy+1)

)(
k−2∏

z=j+1

(1 + TzTz+1)

)
(Tk−1 + Tk)

=k(k + 1)

(
k−2∏
x=2

(1 + TxTx+1)

)
(−Tk−1TkTk−1)

+ (k + 1)

k−2∑
i=2

(
i−1∏
x=2

(1 + TxTx+1)

)(
k−2∏

y=i+1

(1 + TyTy+1)

)
(−Tk−1TkTk−1)

+

k−2∑
i=2

k−2∑
j=i

(
i−1∏
x=2

(1 + TxTx+1)

)
Ti

(
j−1∏

y=i+1

(1 + TyTy+1)

)
Tj+1

(
k−2∏

z=j+1

(1 + TzTz+1)

)
(−Tk−1TkTk−1)

−
k−2∑
i=2

k−2∑
j=i

(
i−1∏
x=2

(1 + TxTx+1)

)(
j−1∏

y=i+1

(1 + TyTy+1)

)(
k−2∏

z=j+1

(1 + TzTz+1)

)
(−Tk−1TkTk−1)

=(−ψk + ψk−1)Tk−1.

Hence ψk+1 − ψk = (ψk − ψk−1)(−Tk−1Tk+1) for all 2 ≤ k ≤ n− 7. Since ψ3 − ψ2 = 0, by induction all

terms TI have coefficient 0 in ψ. Hence tn−4Bn−1(b) = Bn−1(−Tn−6b).

For k = n− 3, we have

tn−3Bn−1(b) =

n−4∑
j=4

(−1)n+j+1P2j(Tn−5T2 · · ·Tj−3χnb)

+

n−4∑
j=4

(−1)nPj,n−3(T2 · · ·Tn−5Tn−3Tn−4T2 · · ·Tj−3χnb)

+

n−4∑
j=4

(−1)n+i+jPj,n−2(T2 · · ·Tn−6(1 + (Tn−5 + Tn−4)Tn−3)T2 · · ·Tj−3χnb)

+ (−1)n+1P2,n−2(T2 · · ·Tn−6χnb) + (−1)n+1P2,n−3(T2 · · ·Tn−5χnb)

+

n−4∑
j=4

(−1)jP3j(Tn−5Tn−3T2 · · ·Tj−3χnb)

+

n−4∑
j=4

Pj,n−3(T3 · · ·Tn−5Tn−3Tn−4Tn−3T2 · · ·Tj−3χnb)

+

n−4∑
j=4

(−1)j+1Pj,n−2(T3 · · ·Tn−6(1 + (Tn−5 + Tn−4)Tn−3)Tn−3T2 · · ·Tj−3χnb)

+ P3,n−2(−Tn−3T2 · · ·Tn−6χnb) + P3,n−3(−Tn−3T2 · · ·Tn−5χnb)

+

n−4∑
i=4

n−4∑
j=i+1

(−1)n(i+1)+i+jPij(Tn−5(1 + T2Tn−3)T3 · · ·Ti−2T2 · · ·Tj−3χnb)

+

n−4∑
i=4

n−4∑
j=i+1

(−1)n(i+1)+1Pj,n−3(Ti · · ·Tn−5Tn−3Tn−4(1 + T2Tn−3)T3 · · ·Ti−2T2 · · ·Tj−3χnb)

+

n−4∑
i=4

n−4∑
j=i+1

(−1)(n+1)(i+1)+jPj,n−2(Ti · · ·Tn−6(1 + (Tn−5 + Tn−4)Tn−3)

· (1 + T2Tn−3)T3 · · ·Ti−2T2 · · ·Tj−3χnb)
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+

n−4∑
i=4

(−1)n(i+1)Pi,n−2((1 + T2Tn−3)T3 · · ·Ti−2T2 · · ·Tn−6χnb)

+

n−4∑
i=4

(−1)n(i+1)Pi,n−3((1 + T2Tn−3)T3 · · ·Ti−2T2 · · ·Tn−5χnb)

+

n−4∑
i=4

i∑
x=4

Pi,n−3(((−1)ni+x+1T3 · · ·Ti−2T2 · · ·Tx−3Tx−1 · · ·Tn−3Tn−4

+ (−1)(n+1)(i+1)+xT2 · · ·Ti−2T2 · · ·Tx−3Tx−1 · · ·Tn−5Tn−3Tn−4)χnb).

Rearranging, we get

n−2∑
j=4

(−1)nP2j(T2 · · ·Tj−3χnTn−5b)

+

n−2∑
j=4

P3j(Tn−3T2 · · ·Tj−3χnTn−5b)

+

n−2∑
i=4

n−4∑
j=i+1

(−1)n(i+1)+1Pij((1 + T2Tn−3)T3 · · ·Ti−2T2 · · ·Tj−3χnTn−5b)

+

n−4∑
i=4

((−1)nPi,n−3(T2 · · ·Tn−5Tn−3Tn−4T2 · · ·Ti−3χnb)

+ Pi,n−3(T3 · · ·Tn−5Tn−3Tn−4Tn−3T2 · · ·Ti−3χnb)

+

i−1∑
j=4

(−1)n(j+1)+1Pi,n−3(Tj · · ·Tn−5Tn−3Tn−4(1 + T2Tn−3)T3 · · ·Tj−2T2 · · ·Ti−3χnb)

+

i∑
j=4

Pi,n−3(((−1)ni+j+1T3 · · ·Ti−2T2 · · ·Tj−3Tj−1 · · ·Tn−3Tn−4

+ (−1)(n+1)(i+1)+jT2 · · ·Ti−2T2 · · ·Tj−3Tj−1 · · ·Tn−5Tn−3Tn−4)χnb)

+ (−1)n+iPi,n−2(T2 · · ·Tn−6(1 + (Tn−5 + Tn−4)Tn−3)T2 · · ·Ti−3χnb)

+ (−1)i+1Pi,n−2(T3 · · ·Tn−6(1 + (Tn−5 + Tn−4)Tn−3)Tn−3T2 · · ·Ti−3χnb)

+

i−1∑
j=4

(−1)(n+1)(j+1)+iPi,n−2(Tj · · ·Tn−6(1 + (Tn−5 + Tn−4)Tn−3)

· (1 + T2Tn−3)T3 · · ·Tj−2T2 · · ·Ti−3χnb)).

Adding Bn−1(Tn−5b), we have

n−4∑
i=4

((−1)nPi,n−3(T2 · · ·Tn−5Tn−3Tn−4T2 · · ·Ti−3χnb)

+ Pi,n−3(T3 · · ·Tn−5Tn−3Tn−4Tn−3T2 · · ·Ti−3χnb)

+

i−1∑
j=4

(−1)n(j+1)+1Pi,n−3(Tj · · ·Tn−5Tn−3Tn−4(1 + T2Tn−3)T3 · · ·Tj−2T2 · · ·Ti−3χnb)

+

i∑
j=4

Pi,n−3(((−1)ni+j+1T3 · · ·Ti−2T2 · · ·Tj−3Tj−1 · · ·Tn−3Tn−4

+ (−1)(n+1)(i+1)+jT2 · · ·Ti−2T2 · · ·Tj−3Tj−1 · · ·Tn−5Tn−3Tn−4)χnb)
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+ (−1)n+iPi,n−2(T2 · · ·Tn−6(1 + (Tn−5 + Tn−4)Tn−3)T2 · · ·Ti−3χnb)

+ (−1)i+1Pi,n−2(T3 · · ·Tn−6(1 + (Tn−5 + Tn−4)Tn−3)Tn−3T2 · · ·Ti−3χnb)

+

i−1∑
j=4

(−1)(n+1)(j+1)+iPi,n−2(Tj · · ·Tn−6(1 + (Tn−5 + Tn−4)Tn−3)

· (1 + T2Tn−3)T3 · · ·Tj−2T2 · · ·Ti−3χnb)

+

i∑
j=4

Pi,n−2(((−1)ni+j+1T3 · · ·Ti−2T2 · · ·Tj−3Tj−1 · · ·Tn−3Tn−4

+ (−1)(n+1)(i+1)+jT2 · · ·Ti−2T2 · · ·Tj−3Tj−1 · · ·Tn−5Tn−3Tn−4)χnTn−5b)).

Hence, we are left to prove that for each i = 4, . . . , n−4, the following two elements of M are both equal

to 0: the coefficient of Pi,n−3(b)

((−1)nT2 · · ·Tn−5Tn−3Tn−4T2 · · ·Ti−3

+ T3 · · ·Tn−5Tn−3Tn−4Tn−3T2 · · ·Ti−3

+

i−1∑
j=4

(−1)n(j+1)+1Tj · · ·Tn−5Tn−3Tn−4(1 + T2Tn−3)T3 · · ·Tj−2T2 · · ·Ti−3

+

i∑
j=4

((−1)ni+j+1T3 · · ·Ti−2T2 · · ·Tj−3Tj−1 · · ·Tn−3Tn−4

+ (−1)(n+1)(i+1)+jT2 · · ·Ti−2T2 · · ·Tj−3Tj−1 · · ·Tn−5Tn−3Tn−4))χn

and the coefficient of Pi,n−2(b)

((−1)n+iT2 · · ·Tn−6(1 + (Tn−5 + Tn−4)Tn−3)T2 · · ·Ti−3

+ (−1)i+1T3 · · ·Tn−6(1 + (Tn−5 + Tn−4)Tn−3)Tn−3T2 · · ·Ti−3

+

i−1∑
j=4

(−1)(n+1)(j+1)+iTj · · ·Tn−6(1 + (Tn−5 + Tn−4)Tn−3)(1 + T2Tn−3)T3 · · ·Tj−2T2 · · ·Ti−3

+

i∑
j=4

((−1)ni+jT3 · · ·Ti−2T2 · · ·Tj−3Tj−1 · · ·Tn−3Tn−4Tn−5

+ (−1)n+(n+1)i+jT2 · · ·Ti−2T2 · · ·Tj−3Tj−1 · · ·Tn−5Tn−3Tn−4Tn−5))χn.

The coefficient of P4,n−3(b) is

((−1)nT2 · · ·Tn−5Tn−3Tn−4

+ T3 · · ·Tn−5Tn−3Tn−4Tn−3

− T3 · · ·Tn−3Tn−4

+ (−1)n+1T2 · · ·Tn−5Tn−3Tn−4)χn = 0.

Since T3 · · ·Ti−2T2 · · ·Tj−3 = (−1)(i+1)jT2 · · ·Tj−2T2 · · ·Ti−2, for 4 ≤ j ≤ i ≤ n − 4, the coefficient of

Pi,n−3(b) is

((−1)nT2 · · ·Tn−5Tn−3Tn−4T2 · · ·Ti−3
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+ T3 · · ·Tn−5Tn−3Tn−4Tn−3T2 · · ·Ti−3

+

i−1∑
j=4

(−1)n(j+1)+1Tj · · ·Tn−5Tn−3Tn−4(1 + T2Tn−3)T3 · · ·Tj−2T2 · · ·Ti−3

+

i∑
j=4

((−1)(n+j)i+1T2 · · ·Tj−2T2 · · ·Ti−2Tj−1 · · ·Tn−5Tn−4Tn−3Tn−4

+ (−1)(n+1)(i+1)+ijT3 · · ·Tj−2T2 · · ·Ti−2Tj−1 · · ·Tn−5Tn−3Tn−4))χn

=((−1)nT2 · · ·Tn−5Tn−3Tn−4

+ T3 · · ·Tn−5Tn−3Tn−4Tn−3

+

i−1∑
j=4

(−1)n(j+1)+1Tj · · ·Tn−5Tn−3Tn−4(1 + T2Tn−3)T3 · · ·Tj−2

− T3 · · ·Tn−3Tn−4

+ (−1)n+1T2 · · ·Tn−5Tn−3Tn−4

+
i−1∑
j=4

((−1)jT2 · · ·Tj−2Tj · · ·Tn−3Tn−4

+ (−1)n+jT3 · · ·Tj−2Tj · · ·Tn−5Tn−3Tn−4))T2 · · ·Ti−3χn.

Suppose i > 4 and the coefficient of Pi−1,n−3(b) is 0. Then the coefficient of Pi,n−3(b) is

((−1)n+1T2 · · ·Tn−5Tn−3Tn−4

− T3 · · ·Tn−5Tn−3Tn−4Tn−3

+

i−2∑
j=4

(−1)n(j+1)Tj · · ·Tn−5Tn−3Tn−4(1 + T2Tn−3)T3 · · ·Tj−2

+ T3 · · ·Tn−3Tn−4

+ (−1)nT2 · · ·Tn−5Tn−3Tn−4

+

i−2∑
j=4

((−1)j+1T2 · · ·Tj−2Tj · · ·Tn−3Tn−4

+ (−1)n+j+1T3 · · ·Tj−2Tj · · ·Tn−5Tn−3Tn−4)

+ (−1)i+1T2 · · ·Ti−3Ti−1 · · ·Tn−5Tn−3Tn−4Tn−3

+ (−1)iT2 · · ·Ti−3Ti−1 · · ·Tn−3Tn−4

+ (−1)n+i+1T3 · · ·Ti−3Ti−1 · · ·Tn−5Tn−3Tn−4

+ (−1)n+iT3 · · ·Ti−3Ti−1 · · ·Tn−5Tn−3Tn−4)T2 · · ·Ti−4χnTi−3.

The last four terms cancel and the remaining terms correspond to the coefficient of Pi−1,n−3(b) multiplied

by −Ti−3 on the right, and therefore 0.

Similarly, the coefficient of P4,n−2(b) is

((−1)nT2 · · ·Tn−6(1 + (Tn−5 + Tn−4)Tn−3)
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− T3 · · ·Tn−6(Tn−5 + Tn−4 + Tn−3)

+ T3 · · ·Tn−6Tn−5Tn−4Tn−3Tn−4Tn−5

+ (−1)nT2 · · ·Tn−6Tn−5Tn−3Tn−4Tn−5)χn = 0

and the coefficient of Pi,n−2(b) can be written as

((−1)n+iT2 · · ·Tn−6(1 + (Tn−5 + Tn−4)Tn−3)

+ (−1)i+1T3 · · ·Tn−6(1 + (Tn−5 + Tn−4)Tn−3)Tn−3

+

i−1∑
j=4

((−1)(n+1)(j+1)+iTj · · ·Tn−6(1 + (Tn−5 + Tn−4)Tn−3)(1 + T2Tn−3)T3 · · ·Tj−2

+ (−1)i+j+1T2 · · ·Tj−2Tj · · ·Tn−3Tn−4Tn−5

+ (−1)n+i+j+1T3 · · ·Tj−2Tj · · ·Tn−5Tn−3Tn−4Tn−5)

+ (−1)iT3 · · ·Tn−3Tn−4Tn−5

+ (−1)n+iT2 · · ·Tn−5Tn−3Tn−4Tn−5)T2 · · ·Ti−3χn.

If i > 4 and the coefficient of Pi−1,n−2(b) is 0, then the coefficient of Pi,n−2(b) is

((−1)n+i+1T2 · · ·Tn−6(1 + (Tn−5 + Tn−4)Tn−3)

+ (−1)iT3 · · ·Tn−6(1 + (Tn−5 + Tn−4)Tn−3)Tn−3

+

i−2∑
j=4

((−1)(n+1)(j+1)+i+1Tj · · ·Tn−6(1 + (Tn−5 + Tn−4)Tn−3)(1 + T2Tn−3)T3 · · ·Tj−2

+ (−1)i+jT2 · · ·Tj−2Tj · · ·Tn−3Tn−4Tn−5

+ (−1)n+i+jT3 · · ·Tj−2Tj · · ·Tn−5Tn−3Tn−4Tn−5)

+ (−1)i+1T3 · · ·Tn−3Tn−4Tn−5

+ (−1)n+i+1T2 · · ·Tn−5Tn−3Tn−4Tn−5)T2 · · ·Ti−4χnTi−3

+ ((−1)niTi−1 · · ·Tn−6(1 + (Tn−5 + Tn−4)Tn−3)(1 + T2Tn−3)T3 · · ·Ti−3

+ T2 · · ·Ti−3Ti−1 · · ·Tn−3Tn−4Tn−5

+ (−1)nT3 · · ·Ti−3Ti−1 · · ·Tn−5Tn−3Tn−4Tn−5)T2 · · ·Ti−3χn

=((−1)niTi−1 · · ·Tn−6(1 + (Tn−5 + Tn−4)Tn−3)T3 · · ·Ti−3

+ (−1)niTi−1 · · ·Tn−6Tn−5Tn−3Tn−4Tn−5T3 · · ·Ti−3

+ (−1)ni+1Ti−1 · · ·Tn−6(Tn−5 + Tn−4 + Tn−3)T2 · · ·Ti−3

+ (−1)niTi−1 · · ·Tn−6Tn−5Tn−4Tn−3Tn−4Tn−5T2 · · ·Ti−3)T2 · · ·Ti−3χn = 0.

For 5 ≤ k ≤ n− 3,

tkBn−2(b) = t3tkBn−1(−b) = t3Bn−1(Tk−2b) = Bn−2(Tk−2b).
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Case 6: In characteristic 3, when 2 ≤ i ≤ n− 4, i < j ≤ n− 3, we have

tn−2Pij(b) =(−1)i+jPij((Tn−4 − Tn−3 + Tn−1)b)

+ (−1)n+(n+1)(i+j)+ijPi,n−2(Tj−1 · · ·Tn−5(1 + (Tn−4 − Tn−3)Tn−1)b)

+ (−1)i+jPj,n−2(Ti · · ·Tn−5(Tn−4(1− Tn−3Tn−1) + Tn−1)b).

Thus the action of tn−2 on Bn−1(b) is given by

tn−2Bn−1(b) =

n−3∑
j=4

(−1)n+j+1P2j((Tn−4 − Tn−3 + Tn−1)T2 · · ·Tj−3χnb)

+

n−3∑
j=4

(−1)(n+1)j+1P2,n−2(Tj−1 · · ·Tn−5(1 + (Tn−4 − Tn−3)Tn−1)T2 · · ·Tj−3χnb)

+

n−3∑
j=4

(−1)n+j+1Pj,n−2(T2 · · ·Tn−5(Tn−4(1− Tn−3Tn−1) + Tn−1)T2 · · ·Tj−3χnb)

+ P2,n−2(−Tn−1T2 · · ·Tn−5χnb)

+

n−3∑
j=4

(−1)jP3j((Tn−4 − Tn−3 + Tn−1)Tn−3T2 · · ·Tj−3χnb)

+

n−3∑
j=4

(−1)njP3,n−2(Tj−1 · · ·Tn−5(1 + (Tn−4 − Tn−3)Tn−1)Tn−3T2 · · ·Tj−3χnb)

+

n−3∑
j=4

(−1)jPj,n−2(T3 · · ·Tn−5(Tn−4(1− Tn−3Tn−1) + Tn−1)Tn−3T2 · · ·Tj−3χnb)

+ (−1)nP3,n−2(Tn−1Tn−3T2 · · ·Tn−5χnb)

+

n−4∑
i=4

n−3∑
j=i+1

((−1)n+(n+1)i+jPij((Tn−4 − Tn−3 + Tn−1)(1 + T2Tn−3)T3 · · ·Ti−2T2 · · ·Tj−3χnb)

+ (−1)i+(n+i+1)jPi,n−2(Tj−1 · · ·Tn−5(1 + (Tn−4 − Tn−3)Tn−1)(1 + T2Tn−3)T3 · · ·Ti−2T2 · · ·Tj−3χnb)

+ (−1)n+(n+1)i+jPj,n−2(Ti · · ·Tn−5(Tn−4(1− Tn−3Tn−1) + Tn−1)(1 + T2Tn−3)T3 · · ·Ti−2T2 · · ·Tj−3χnb))

+

n−4∑
i=4

(−1)(n+1)iPi,n−2(Tn−1(1 + T2Tn−3)T3 · · ·Ti−2T2 · · ·Tn−5χnb)

+

n−4∑
i=4

i∑
x=4

Pi,n−2((−1)(n+1)(i+1)+xTn−1T3 · · ·Ti−2T2 · · ·Tx−3Tx−1 · · ·Tn−3Tn−4

+ (−1)ni+x+1Tn−1T2 · · ·Ti−2T2 · · ·Tx−3Tx−1 · · ·Tn−5Tn−3Tn−4)χnb).

Rearranging, we get

tn−2Bn−1(b) =

n−2∑
j=4

(−1)nP2j(T2 · · ·Tj−3χn(Tn−4 − Tn−3 + Tn−1)b)

+ (−1)nP2,n−2(T2 · · ·Tn−5χn(−Tn−4 + Tn−3)b)

+

n−3∑
j=4

(−1)j+1P2,n−2(T2 · · ·Tj−3Tj−1 · · ·Tn−5(1 + (Tn−4 − Tn−3)Tn−1)χnb)
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+

n−2∑
j=4

P3j(Tn−3T2 · · ·Tj−3χn(Tn−4 − Tn−3 + Tn−1)b)

+ P3,n−2(Tn−3T2 · · ·Tn−5χn(−Tn−4 + Tn−3)b)

+

n−3∑
j=4

(−1)jP3,n−2(T2 · · ·Tj−3Tj−1 · · ·Tn−5(−Tn−4Tn−3Tn−1 + Tn−3 + Tn−1)χnb)

+

n−4∑
i=4

n−2∑
j=i+1

(−1)n(i+1)+1Pij((1 + T2Tn−3)T3 · · ·Ti−2T2 · · ·Tj−3χn(Tn−4 − Tn−3 + Tn−1)b)

+

n−4∑
i=4

(−1)n(i+1)+1Pi,n−2((1 + T2Tn−3)T3 · · ·Ti−2T2 · · ·Tn−5χn(−Tn−4 + Tn−3)b)

+

n−4∑
j=4

(−1)n+1Pj,n−2(T2 · · ·Tn−5T2 · · ·Tj−3(Tn−4(1− Tn−3Tn−1) + Tn−1)χnb)

+

n−4∑
j=4

(−1)jPj,n−2(T3 · · ·Tn−5T2 · · ·Tj−3(Tn−4(Tn−3 + Tn−1)− Tn−3Tn−1)χnb)

+

n−4∑
i=4

n−3∑
j=i+1

(−1)i+(n+i+1)jPi,n−2(Tj−1 · · ·Tn−5T3 · · ·Ti−2T2 · · ·Tj−3(1 + (Tn−4 − Tn−3)Tn−1)χnb)

+

n−4∑
i=4

n−3∑
j=i+1

(−1)(n+i)jPi,n−2(Tj−1 · · ·Tn−5T2 · · ·Ti−2T2 · · ·Tj−3(−Tn−4Tn−3Tn−1 + Tn−3 + Tn−1)χnb)

+

n−4∑
i=4

n−4∑
j=i+1

(−1)n+i+jPj,n−2(T3 · · ·Ti−2Ti · · ·Tn−5(Tn−4(1− Tn−3Tn−1) + Tn−1)T2 · · ·Tj−3χnb)

+

n−4∑
i=4

n−4∑
j=i+1

(−1)i+j+1Pj,n−2(T2 · · ·Ti−2Ti · · ·Tn−5(Tn−4(Tn−3 + Tn−1)− Tn−3Tn−1)T2 · · ·Tj−3χnb)

+

n−4∑
i=4

i∑
x=4

Pi,n−2((−1)ni+x+1T3 · · ·Ti−2T2 · · ·Tx−3Tx−1 · · ·Tn−3Tn−4Tn−1

+ (−1)(n+1)(i+1)+xT2 · · ·Ti−2T2 · · ·Tx−3Tx−1 · · ·Tn−5Tn−3Tn−4Tn−1)χnb).

Adding Bn−1((Tn−4 − Tn−3 + Tn−1)b), and changing summation variables, we get

tn−4Bn−1(b) +Bn−1((Tn−4 − Tn−3 + Tn−1)b)

=(−1)nP2,n−2(T2 · · ·Tn−5χn(−Tn−4 + Tn−3)b)

+

n−5∑
j=2

(−1)j+1P2,n−2(T2 · · ·Tj−1Tj+1 · · ·Tn−5(1 + (Tn−4 − Tn−3)Tn−1)χnb)

+ P3,n−2(Tn−3T2 · · ·Tn−5χn(−Tn−4 + Tn−3)b)

+

n−5∑
j=2

(−1)jP3,n−2(T2 · · ·Tj−1Tj+1 · · ·Tn−5(−Tn−4Tn−3Tn−1 + Tn−3 + Tn−1)χnb)

+

n−4∑
i=4

(−1)n(i+1)+1Pi,n−2((1 + T2Tn−3)T3 · · ·Ti−2T2 · · ·Tn−5χn(−Tn−4 + Tn−3)b)

+

n−4∑
i=4

(−1)n+1Pi,n−2(T2 · · ·Tn−5T2 · · ·Ti−3(Tn−4(1− Tn−3Tn−1) + Tn−1)χnb)
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+

n−4∑
i=4

(−1)iPi,n−2(T3 · · ·Tn−5T2 · · ·Ti−3(Tn−4(Tn−3 + Tn−1)− Tn−3Tn−1)χnb)

+

n−4∑
i=4

n−3∑
j=i+1

(−1)i+(n+i+1)jPi,n−2(Tj−1 · · ·Tn−5T3 · · ·Ti−2T2 · · ·Tj−3(1 + (Tn−4 − Tn−3)Tn−1)χnb)

+

n−4∑
i=4

n−3∑
j=i+1

(−1)(n+i)jPi,n−2(Tj−1 · · ·Tn−5T2 · · ·Ti−2T2 · · ·Tj−3(−Tn−4Tn−3Tn−1 + Tn−3 + Tn−1)χnb)

+

n−4∑
i=5

i−1∑
j=4

(−1)n+i+jPi,n−2(T3 · · ·Tj−2Tj · · ·Tn−5(Tn−4(1− Tn−3Tn−1) + Tn−1)T2 · · ·Ti−3χnb)

+

n−4∑
i=5

i−1∑
j=4

(−1)i+j+1Pi,n−2(T2 · · ·Tj−2Tj · · ·Tn−5(Tn−4(Tn−3 + Tn−1)− Tn−3Tn−1)T2 · · ·Ti−3χnb)

+

n−4∑
i=4

i∑
j=4

Pi,n−2((−1)ni+j+1T3 · · ·Ti−2T2 · · ·Tj−3Tj−1 · · ·Tn−3Tn−4(−Tn−4 + Tn−3)

+ (−1)(n+1)(i+1)+jT2 · · ·Ti−2T2 · · ·Tj−3Tj−1 · · ·Tn−5Tn−3Tn−4(−Tn−4 + Tn−3))χnb).

First we will show that the coefficient of P2,n−2(b) in tn−2Bn−1(b) +Bn−1((Tn−4 − Tn−3 + Tn−1)b) is 0.

Using Lemma 3.3.4 and the relation

n−5∑
j=2

(−1)jT2 · · ·Tj−1Tj+1 · · ·Tn−5χn =

n−5∑
j=2

(−1)jT2 · · ·Tj−1Tj+1 · · ·Tn−5(Tn−4 − Tn−3)

(and (Tn−4 − Tn−3)
2 = 0), we can write the coefficient of P2,n−2(b) as

(−1)nT2 · · ·Tn−5χn(−Tn−4 + Tn−3) +

n−5∑
j=2

(−1)j+1T2 · · ·Tj−1Tj+1 · · ·Tn−5χn(1 + (Tn−4 − Tn−3)Tn−1)

=

n−5∑
k=2

(−1)k+1T2 · · ·Tk−1Tk+1 · · ·Tn−5(−Tn−4 + Tn−3)

+

n−3∑
k=n−4

(−1)n(k − 1)T2 · · ·Tn−5Tk(−Tn−4 + Tn−3)

+

n−5∑
j=2

(−1)jT2 · · ·Tj−1Tj+1 · · ·Tn−5(−Tn−4 + Tn−3)(1 + (Tn−4 − Tn−3)Tn−1)

=

n−5∑
k=2

(−1)k+1T2 · · ·Tk−1Tk+1 · · ·Tn−5(−Tn−4 + Tn−3)

+ (−1)nT2 · · ·Tn−5(Tn−4 − Tn−3)(−Tn−4 + Tn−3)

+

n−5∑
j=2

(−1)jT2 · · ·Tj−1Tj+1 · · ·Tn−5(−Tn−4 + Tn−3)

=0.

Similarly, we can write the coefficient of P3,n−2(b) in tn−2Bn−1(b) +Bn−1((Tn−4 − Tn−3 + Tn−1)b) as

Tn−3T2 · · ·Tn−5χn(−Tn−4 + Tn−3) +

n−5∑
j=2

(−1)jT2 · · ·Tj−1Tj+1 · · ·Tn−5χn(Tn−4Tn−3Tn−1 − Tn−3 − Tn−1)

=

n−5∑
k=2

(−1)n+k+1Tn−3T2 · · ·Tk−1Tk+1 · · ·Tn−5(−Tn−4 + Tn−3)
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+ Tn−3T2 · · ·Tn−5(Tn−4 − Tn−3)(−Tn−4 + Tn−3)

+

n−5∑
j=2

(−1)jT2 · · ·Tj−1Tj+1 · · ·Tn−5(Tn−4 − Tn−3)(Tn−4Tn−3Tn−1 − Tn−3 − Tn−1)

=

n−5∑
k=2

(−1)kT2 · · ·Tk−1Tk+1 · · ·Tn−5(−1 + Tn−4Tn−3)

+

n−5∑
j=2

(−1)jT2 · · ·Tj−1Tj+1 · · ·Tn−5(1− Tn−4Tn−3)

=0.

Hence we are left with

tn−2Bn−1(b) +Bn−1((Tn−4 − Tn−3 + Tn−1)b)

=

n−4∑
i=4

(−1)n(i+1)+1Pi,n−2((1 + T2Tn−3)T3 · · ·Ti−2T2 · · ·Tn−5χn(−Tn−4 + Tn−3)b)

+

n−4∑
i=4

(−1)n+1Pi,n−2(T2 · · ·Tn−5T2 · · ·Ti−3(Tn−4(1− Tn−3Tn−1) + Tn−1)χnb)

+

n−4∑
i=4

(−1)iPi,n−2(T3 · · ·Tn−5T2 · · ·Ti−3(Tn−4(Tn−3 + Tn−1)− Tn−3Tn−1)χnb)

+

n−4∑
i=4

n−3∑
j=i+1

(−1)i+(n+i+1)jPi,n−2(Tj−1 · · ·Tn−5T3 · · ·Ti−2T2 · · ·Tj−3(1 + (Tn−4 − Tn−3)Tn−1)χnb)

+

n−4∑
i=4

n−3∑
j=i+1

(−1)(n+i)jPi,n−2(Tj−1 · · ·Tn−5T2 · · ·Ti−2T2 · · ·Tj−3(−Tn−4Tn−3Tn−1 + Tn−3 + Tn−1)χnb)

+

n−4∑
i=4

i−1∑
j=4

(−1)n+i+jPi,n−2(T3 · · ·Tj−2Tj · · ·Tn−5(Tn−4(1− Tn−3Tn−1) + Tn−1)T2 · · ·Ti−3χnb)

+

n−4∑
i=4

i−1∑
j=4

(−1)i+j+1Pi,n−2(T2 · · ·Tj−2Tj · · ·Tn−5(Tn−4(Tn−3 + Tn−1)− Tn−3Tn−1)T2 · · ·Ti−3χnb)

+

n−4∑
i=4

i∑
j=4

Pi,n−2((−1)ni+j+1T3 · · ·Ti−2T2 · · ·Tj−3Tj−1 · · ·Tn−3Tn−4(−Tn−4 + Tn−3)

+ (−1)(n+1)(i+1)+jT2 · · ·Ti−2T2 · · ·Tj−3Tj−1 · · ·Tn−5Tn−3Tn−4(−Tn−4 + Tn−3))χnb)

=

n−4∑
i=4

Pi,n−2(((−1)n(i+1)(1 + T2Tn−3)T3 · · ·Ti−2T2 · · ·Tn−5(−Tn−4 + Tn−3)

+ (−1)n+i+1T2 · · ·Tn−5(Tn−4(1− Tn−3Tn−1) + Tn−1)T2 · · ·Ti−3

+ (−1)iT3 · · ·Tn−5(Tn−4(Tn−3 + Tn−1)− Tn−3Tn−1)T2 · · ·Ti−3

+

n−3∑
j=i+1

(−1)i+(n+i+1)jTj−1 · · ·Tn−5T3 · · ·Ti−2T2 · · ·Tj−3(1 + (Tn−4 − Tn−3)Tn−1)

+

n−3∑
j=i+1

(−1)(n+i)jTj−1 · · ·Tn−5T2 · · ·Ti−2T2 · · ·Tj−3(−Tn−4Tn−3Tn−1 + Tn−3 + Tn−1)

+

i−1∑
j=4

(−1)n+i+jT3 · · ·Tj−2Tj · · ·Tn−5(Tn−4(1− Tn−3Tn−1) + Tn−1)T2 · · ·Ti−3
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+

i−1∑
j=4

(−1)i+j+1T2 · · ·Tj−2Tj · · ·Tn−5(Tn−4(Tn−3 + Tn−1)− Tn−3Tn−1)T2 · · ·Ti−3

+

i∑
j=4

(−1)ni+j+1T3 · · ·Ti−2T2 · · ·Tj−3Tj−1 · · ·Tn−3Tn−4(−Tn−4 + Tn−3)

+

i∑
j=4

(−1)(n+1)(i+1)+jT2 · · ·Ti−2T2 · · ·Tj−3Tj−1 · · ·Tn−5Tn−3Tn−4(−Tn−4 + Tn−3))χnb).

The coefficient of P4,n−2(b) is

=((−1)n(1 + T2Tn−3)T2 · · ·Tn−5(−Tn−4 + Tn−3)

+ (−1)n+1T2 · · ·Tn−5(Tn−4(1− Tn−3Tn−1) + Tn−1)

+ T3 · · ·Tn−5(Tn−4(Tn−3 + Tn−1)− Tn−3Tn−1)

+

n−3∑
j=5

(−1)(n+1)jTj−1 · · ·Tn−5T2 · · ·Tj−3(1 + (Tn−4 − Tn−3)Tn−1)

+

n−3∑
j=5

(−1)njTj−1 · · ·Tn−5T3 · · ·Tj−3(−Tn−4Tn−3Tn−1 + Tn−3 + Tn−1)

+ T3 · · ·Tn−3Tn−4(Tn−4 − Tn−3)

+ (−1)n+1T2 · · ·Tn−5Tn−3Tn−4(−Tn−4 + Tn−3))χn

=(−1)nT2 · · ·Tn−5χn(Tn−4 − Tn−3)

+ T3 · · ·Tn−5χn(−1 + Tn−4Tn−3)

+

n−5∑
j=2

(−1)jT2 · · ·Tj−1Tj+1 · · ·Tn−5χn(1 + (Tn−4 − Tn−3)Tn−1)

+

n−5∑
j=2

(−1)n+jT2T2 · · ·Tj−1Tj+1 · · ·Tn−5χn(−Tn−4Tn−3Tn−1 + Tn−3 + Tn−1)

=

n−5∑
k=2

(−1)k+1T2 · · ·Tk−1Tk+1 · · ·Tn−5(Tn−4 − Tn−3)

+ (−1)nT2 · · ·Tn−5(Tn−4 − Tn−3)(Tn−4 − Tn−3)

+ (−1)n+1T2 · · ·Tn−5(−1 + Tn−4Tn−3)

+

n−5∑
k=3

(−1)n+k+1T3 · · ·Tk−1Tk+1 · · ·Tn−5(−1 + Tn−4Tn−3)

+ T3 · · ·Tn−5(Tn−4 − Tn−3)(−1 + Tn−4Tn−3)

+

n−5∑
j=2

(−1)jT2 · · ·Tj−1Tj+1 · · ·Tn−5(Tn−4 − Tn−3)(1 + (Tn−4 − Tn−3)Tn−1)

+

n−5∑
j=2

(−1)n+jT2T2 · · ·Tj−1Tj+1 · · ·Tn−5(Tn−4 − Tn−3)(−Tn−4Tn−3Tn−1 + Tn−3 + Tn−1)

=

n−5∑
k=2

(−1)k+1T2 · · ·Tk−1Tk+1 · · ·Tn−5(Tn−4 − Tn−3)
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+

n−5∑
k=3

(−1)n+k+1T3 · · ·Tk−1Tk+1 · · ·Tn−5(−1 + Tn−4Tn−3)

+

n−5∑
j=2

(−1)jT2 · · ·Tj−1Tj+1 · · ·Tn−5(Tn−4 − Tn−3)

+

n−5∑
j=3

(−1)n+jT3 · · ·Tj−1Tj+1 · · ·Tn−5(−1 + Tn−4Tn−3)

=0.

To prove that the coefficient of Pi,n−2(b) in tn−2Bn−1(b) + Bn−1((Tn−4 − Tn−3 + Tn−1)b) is 0 for i =

5, . . . n− 4, we will use induction on i. We can write the coefficient of Pi,n−2(b) for 4 ≤ i ≤ n− 4 as

((−1)n(i+1)(1 + T2Tn−3)T3 · · ·Ti−2T2 · · ·Tn−5(−Tn−4 + Tn−3)

+ (−1)n+i+1T2 · · ·Tn−5(Tn−4(1− Tn−3Tn−1) + Tn−1)T2 · · ·Ti−3

+ (−1)iT3 · · ·Tn−5(Tn−4(Tn−3 + Tn−1)− Tn−3Tn−1)T2 · · ·Ti−3

+
n−3∑

j=i+1

(−1)i+(n+i+1)jTj−1 · · ·Tn−5T3 · · ·Ti−2T2 · · ·Tj−3(1 + (Tn−4 − Tn−3)Tn−1)

+

n−3∑
j=i+1

(−1)(n+i)jTj−1 · · ·Tn−5T2 · · ·Ti−2T2 · · ·Tj−3(−Tn−4Tn−3Tn−1 + Tn−3 + Tn−1)

+

i−1∑
j=4

(−1)n+i+jT3 · · ·Tj−2Tj · · ·Tn−5(Tn−4(1− Tn−3Tn−1) + Tn−1)T2 · · ·Ti−3

+

i−1∑
j=4

(−1)i+j+1T2 · · ·Tj−2Tj · · ·Tn−5(Tn−4(Tn−3 + Tn−1)− Tn−3Tn−1)T2 · · ·Ti−3

+

i−2∑
j=2

(−1)ni+j+1T3 · · ·Ti−2T2 · · ·Tj−1Tj+1 · · ·Tn−3Tn−4(−Tn−4 + Tn−3)

+

i−2∑
j=2

(−1)(n+1)(i+1)+jT2 · · ·Ti−2T2 · · ·Tj−1Tj+1 · · ·Tn−5Tn−3Tn−4(−Tn−4 + Tn−3))χn

=((−1)n+i(1 + T2Tn−3)T2 · · ·Tn−5(−Tn−4 + Tn−3)

+ (−1)n+i+1T2 · · ·Tn−5(Tn−4(1− Tn−3Tn−1) + Tn−1)

+ (−1)iT3 · · ·Tn−5(Tn−4(Tn−3 + Tn−1)− Tn−3Tn−1)

+

n−3∑
j=i+1

(−1)i+(n+1)jTj−1 · · ·Tn−5T2 · · ·Tj−3(1 + (Tn−4 − Tn−3)Tn−1)

+

n−3∑
j=i+1

(−1)nj+iTj−1 · · ·Tn−5T2T2 · · ·Tj−3(−Tn−4Tn−3Tn−1 + Tn−3 + Tn−1)

+

i−1∑
j=4

(−1)n+i+jT3 · · ·Tj−2Tj · · ·Tn−5(Tn−4(1− Tn−3Tn−1) + Tn−1)

+

i−1∑
j=4

(−1)i+j+1T2 · · ·Tj−2Tj · · ·Tn−5(Tn−4(Tn−3 + Tn−1)− Tn−3Tn−1)

+

i−2∑
j=2

(−1)i+j+1T2 · · ·Tj−1Tj+1 · · ·Tn−3Tn−4(−Tn−4 + Tn−3)
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+

i−2∑
j=2

(−1)n+i+j+1T2T2 · · ·Tj−1Tj+1 · · ·Tn−5Tn−3Tn−4(−Tn−4 + Tn−3))T2 · · ·Ti−3χn.

Now suppose 5 ≤ i ≤ n−4 and the coefficient of Pi−1,n−2(b) in tn−2Bn−1(b)+Bn−1((Tn−4−Tn−3+Tn−1)b)

is 0. Then the coefficient of Pi,n−2(b) is

((−1)n+i+1(1 + T2Tn−3)T2 · · ·Tn−5(−Tn−4 + Tn−3)

+ (−1)n+iT2 · · ·Tn−5(Tn−4(1− Tn−3Tn−1) + Tn−1)

+ (−1)i+1T3 · · ·Tn−5(Tn−4(Tn−3 + Tn−1)− Tn−3Tn−1)

+

n−3∑
j=i

(−1)i+(n+1)j+1Tj−1 · · ·Tn−5T2 · · ·Tj−3(1 + (Tn−4 − Tn−3)Tn−1)

+

n−3∑
j=i

(−1)nj+i+1Tj−1 · · ·Tn−5T2T2 · · ·Tj−3(−Tn−4Tn−3Tn−1 + Tn−3 + Tn−1)

+

i−2∑
j=4

(−1)n+i+j+1T3 · · ·Tj−2Tj · · ·Tn−5(Tn−4(1− Tn−3Tn−1) + Tn−1)

+

i−2∑
j=4

(−1)i+jT2 · · ·Tj−2Tj · · ·Tn−5(Tn−4(Tn−3 + Tn−1)− Tn−3Tn−1)

+

i−3∑
j=2

(−1)i+jT2 · · ·Tj−1Tj+1 · · ·Tn−3Tn−4(−Tn−4 + Tn−3)

+

i−3∑
j=2

(−1)n+i+jT2T2 · · ·Tj−1Tj+1 · · ·Tn−5Tn−3Tn−4(−Tn−4 + Tn−3))T2 · · ·Ti−4χnTi−3

((−1)ni+1Ti−1 · · ·Tn−5T2 · · ·Ti−3(1 + (Tn−4 − Tn−3)Tn−1)

+ (−1)(n+1)i+1Ti−1 · · ·Tn−5T3 · · ·Ti−3(−Tn−4Tn−3Tn−1 + Tn−3 + Tn−1)

+ (−1)n+1T3 · · ·Ti−3Ti−1 · · ·Tn−5(Tn−4(1− Tn−3Tn−1) + Tn−1)

+ T2 · · ·Ti−3Ti−1 · · ·Tn−5(Tn−4(Tn−3 + Tn−1)− Tn−3Tn−1)

− T2 · · ·Ti−3Ti−1 · · ·Tn−3Tn−4(−Tn−4 + Tn−3)

+ (−1)n+1T3 · · ·Ti−3Ti−1 · · ·Tn−5Tn−3Tn−4(−Tn−4 + Tn−3))T2 · · ·Ti−3χn

=(−T2 · · ·Ti−3Ti−1 · · ·Tn−5(1 + (Tn−4 − Tn−3)Tn−1)

+ (−1)nT3 · · ·Ti−3Ti−1 · · ·Tn−5(−Tn−4Tn−3Tn−1 + Tn−3 + Tn−1)

+ (−1)n+1T3 · · ·Ti−3Ti−1 · · ·Tn−5(−Tn−4Tn−3Tn−1) + Tn−3 + Tn−1)

+ T2 · · ·Ti−3Ti−1 · · ·Tn−5(1 + Tn−4Tn−1 − Tn−3Tn−1))T2 · · ·Ti−3χn

=0.

We have

tn−2Bn−2(b) = t3tn−2Bn−1(−b) = t3Bn−1((Tn−4 − Tn−3 + Tn−1)b) = Bn−2((Tn−4 − Tn−3 + Tn−1)b).
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Case 7:

tn−1Bn−1(b) =

n−2∑
j=4

(−1)n+j+1P2j(Tn−1T2 · · ·Tj−3χnb)

+

n−2∑
j=4

(−1)jP3j(Tn−1Tn−3T2 · · ·Tj−3χnb)

+

n−4∑
i=4

n−2∑
j=i+1

(−1)n+(n+1)i+jPij(Tn−1(1 + T2Tn−3)T3 · · ·Ti−2T2 · · ·Tj−3χnb)

+

n−4∑
i=4

i∑
j=4

Pi,n−2(((−1)(n+1)(i+1)+jTn−1T3 · · ·Ti−2T2 · · ·Tj−3Tj−1 · · ·Tn−3Tn−4

+ (−1)ni+j+1Tn−1T2 · · ·Ti−2T2 · · ·Tj−3Tj−1 · · ·Tn−5Tn−3Tn−4)χnb)

=

n−2∑
j=4

(−1)nP2j(T2 · · ·Tj−3χnTn−1b)

+

n−2∑
j=4

P3j(Tn−3T2 · · ·Tj−3χnTn−1b)

+

n−4∑
i=4

n−2∑
j=i+1

(−1)n(i+1)+1Pij((1 + T2Tn−3)T3 · · ·Ti−2T2 · · ·Tj−3χnTn−1b)

+

n−4∑
i=4

i∑
x=4

Pi,n−2(((−1)ni+xT3 · · ·Ti−2T2 · · ·Tx−3Tx−1 · · ·Tn−3Tn−4

+ (−1)n+(n+1)i+xT2 · · ·Ti−2T2 · · ·Tx−3Tx−1 · · ·Tn−5Tn−3Tn−4)χnTn−1b)

=Bn−1(−Tn−1b).

tn−1Bn−2(b) = t3tn−1Bn−1(−b) = t3Bn−1(Tn−1b) = Bn−2(Tn−1b).
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