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Abstract
Kinetic inductance travelling-wave parametric amplifiers (KITWPAs) have been demonstrated to
achieve high gain over broad bandwidths whilst achieving near quantum-limited noise performance,
properties which are extremely important formany ultra-sensitive experiments. In early KITWPA
designs, the requirement for phase-matching lead to the creation of a large zero-gain gap in the centre
of the gain profile where the peak gain is, which also slightly narrows down the operational bandwidth
of the device. This has beenmitigated inmore recent designs by introducing aDCbias to theKITWPA
device, which allows the gap to be tuned away from the amplification band.However, the addedDC
biasing requires amore complicated experimental setup and potentially leads to unwanted heat leak in
the cryogenic environment. Additionally, operationwith aDCbias also become challenging at higher
frequencies beyond themicrowave regime. In this paper, we present the concept of aKITWPA
operating in a non-degenerate-pump four-wavemixing (NP-4WM) regime, whereby the injection of
two pump tones alongwith aweak signal results in a broad,flat gain profile that removes the zero-gain
gap aswell as eliminates the need for aDCbias and the complexities associatedwith it.We
demonstrate how aNP-4WMKITWPA is feasible to achieve broadband amplification at a range of
frequencies, first in themicrowave rangewheremost KITWPAs reported to-date have been
successfully experimentally characterised.We then extend the designs to severalmillimetre (mm)
bands to illustrate howwe can use this technique to design a broadband front-end pre-amplifier that
covers several Atacama LargeMillimetre/sub-millimetre Array (ALMA)Bands.

1. Introduction

Broadband amplifierswith quantum-limitednoise performance and lowpower consumption are crucial for
applications involving ultra-sensitive cryogenic detection systems such as astronomical receivers [1–3], axiondark
matter search experiments [4–6], andquantumcomputation [7–9]. Kinetic inductance travelling-wave parametric
amplifiers (KITWPAs) [10–14] are quantumdevices, which can achievehigh gainover broad bandwidth by
efficiently transferring power froma strong pumpwave to the detectedweak signalwave via thewavemixing
mechanisms in a non-linearmediumcomprising a highkinetic inductancewire. They are typically realised as a
long superconducting transmission line utilising highnormal resistivityfilms. Theyhave been experimentally
verified to exhibit near quantum-limitednoise performance [15]with negligible heat dissipation,whilst their ease
of fabrication compared to other amplifier types, such as Josephson-junction travelling-wave parametric
amplifiers (JTWPAs),makes them readily scalable to arrays for large pixel count applications, such as the readout
of astronomical detector arrays and realistic large scale quantumcomputation platforms.

KITWPAs are still relatively young in their development process, and are yet to seewidespread use in
scientific experimental setups due to a number of operational obstacles thatmust be overcome, such as ripples in
the gain profile, the complicated pump injection and separation, signal-idler contamination, their reciprocity,
and the zero-gain gap at the centre gain profile. In this paper, we address the issue of the zero-gain gap, with
particular focus on high-frequencyKITWPAswhere they have the potential to be used for applications such as
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front-end receivers formm/sub-mmastronomy [1]. The remaining issues are to be discussed further in an
upcoming publication.

Early KITWPAdesigns amplified a signal at frequency, fs, using a single pump tone at frequency, fp, which
promotes a degenerate-pump four-wavemixing (DP-4WM)mode and produces an idler tone at frequency,
fi= 2fp− fs [10, 11, 13].Whilst simple to design and operate, themain downside to such a scheme is that the
necessary dispersion engineering that is required to satisfy the phase-matching condition results in a large zero-
gain gap in the centre of the gain profile, which also limits the operational frequency range of theKITWPA.
Additionally, the design simplicity is countered by the fact that the strong pump tone at the centre of the gain
profilemust be removed before the subsequent signal processing chain in order to prevent saturation of the
microwave components following theKITWPA, such as the cryogenic low-noise amplifiers (LNAs). For
example, in actual operation of aKITWPA, one needs to utilise a separate, phase-shifted pump tone to eliminate
the original pump,which demands additional RF components [16] and takes up valuable space in a cryogenic
environment. This solutionmay also incur additional unwanted losses in the detection chain, not tomention
complicating the experimental setup. The pump tone can also be removed via the use offilters placed after the
KITWPA, although it is difficult to engineer the frequency response of afilter to suppress the pump tone alone
without sacrificing any of the signal band.

Inmore recent designs, the KITWPAwas biasedwith aDC current, whichwas applied alongwith the pump
tone to operate the device in aDC-biased three-wavemixing (DC-3WM)mode [12, 14, 15], with the idler now
generated at fi= fp− fs. The advantage of such a scheme is that the pump is now shifted to twice the centre
frequency of the gain profile, hence displaces the zero-gain gap from the centre of the gain profile to the edges.
Thismeans that the pump can nowbe removedwith an additionalfilter or a diplexer without reducing the
operational bandwidth of theKITWPA. In practice, the need for aDC currentmeans additional bias tees andDC
lines are required, which complicates the experimental setup. Additionally, the requirement for the pump tone
to be at double the centre frequency of the amplifier gain band is inconvenient, as themaximum frequency
specification of the external RF cabling network and the finite bandwidth over which the transmission line is
matched to 50Ωmakes itmore difficult to efficiently couple the pumppower to the signal tone forDC-3WM; a
property that is exacerbated at higher operational frequencies. It is, therefore, desirable for the pump frequency
(ies) to be as close to the gain band as possible without lyingwithin it.

To overcome the operational restrictions of these regimes, we introduce here aKITWPAworking in a non-
degenerate-pump four-wavemixing (NP-4WM)mode, wherebywe inject two separate pump tones at
frequencies fp1

and fp2
, respectively, alongwith the signal tone, which subsequently generates an idler with

frequency, = + -f f f fi p p s1 2
, as highlighted by the energy diagram shown in figure 1. The advantages of such a

wavemixing regime is that we are able to eliminate the zero-gain gap in the gain profile, whilstmaximising the
total bandwidth of the device, as the two pump tones can be placed just to the upper and lower edges of the gain
profile such that they can be removed easily with a band-passfilter. This wavemixing regime has previously been
experimentally verified using JTWPAs [17, 18] and in the optical regime [19, 20]. In this paper, we extend the
concept toKITWPAs and demonstrate how aNP-4WMKITWPAcould be a feasible solution for high frequency
amplification by presenting a series of KITWPAdesigns, which could potentially be used to enhance the
performance ofmany currently availablemillimetre (mm) instruments such as the variousmm receivers of the
Atacama LargeMillimetre/sub-millimetre Array (ALMA).

2. Theory

As stated,NP-4WMKITWPAoperation involves coupling the detectedweak signal alongwith two pump tones
at two distinct frequencies into a long superconducting transmission line (STL). The behaviour of these tones

Figure 1.Energy diagram for non-degenerate-pump four-wavemixing (NP-4WM), where h is the Planck constant. In this process,
two pump photons at frequencies fp1

and fp2
, respectively, are converted into a signal photon at frequency, fs and an idler photon at fi.
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propagating along the STL, including the generated idler, can be described by a set of coupled ordinary
differential equations, known as the coupled-mode equations (CMEs) [21]. Here, we derive theCMEs forNP-
4WM, showing that they are in fact the general formwhich can be further reduced to describe other wavemixing
regimes i.e., theDP-4WMandDC-3WMschemes, as special cases to thismodel.

We begin the derivation of the generalisedCMEswith the telegrapher equations [22],

( )¶
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= - -
¶
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V

z
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which describe the current, I, and voltage,V, in a transmission line with a series inductance per unit length, L,
shunt capacitance per unit length,C, series resistance per unit length,R, and a shunt conductance per unit
length,G.

In an STL, the total inductance of the line contains the contributions fromboth the kinetic inductance of the
superconducting film, Lk, which arises from the inertia of themovingCooper pair carriers in the STL, and the
geometric inductance, Lg, which is dependent on the geometry of the STL. The relationship between Lk and I, in
the low current limit, can be approximated by a quadratic relation, hence the total inductance per unit length can
be given by,

*
⎜ ⎟
⎛
⎝

⎞
⎠

( )= + +L L
I

I
L1 , 3k0

2

2 g

where Lk0 is the zero-current kinetic inductance per unit length and I* is a scaling term that sets the strength of
the non-linearity.

Substituting (3) into (1)-(2), then differentiating and rearranging the equations, produces a non-linear wave
equation,

*

*

⎡
⎣⎢

⎤
⎦⎥

( )

( )

¶
¶

= + +
¶
¶

+
¶
¶

+
¶
¶

+
¶
¶

¶
¶

I

z
RGI L G RC

I

t
L G

I

I

I

t

L C
I

t
L C

t

I

I

I

t
, 4

k

k

2

2 0 0

2

2

0

2

2 0

2

2

which describes the behaviour of a current propagating along the low-loss STLwith a current-dependent kinetic
inductance, where L0= Lk0+ Lg. To obtain theCMEs from thewave equation, we can substitute in an ansatz of
the form,

( ) ( )å= +w g-I A z e c c
1

2
. ., 5i t z

j
j

j j

which is the sumof all the current contributions of the four tones propagating along the line, whereAj is the
slowly varying complex amplitude of the component,ωj is the (angular) frequency of the component,
γj= αj+ iβj is the complex propagation constant, j= p1, p2, s, i signify the two pumps, signal, and idler
components, respectively, and c. c. denotes the complex conjugate.

The substitution of (5) into (4) can be simplified by using the slowly varying envelope approximation,

 gd A
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j and the relation, ( )( )g w w= + +R i L G i C . Performing the substitution results in a large

number of cross-terms that requires a non-trivial amount of algebraicmanipulation, which can be computed
using an algebramanipulation software such asMathematica. Collecting the relevant terms that oscillate at the
same frequencies, and following the procedure described in [23, 24], results in a set of four coupled differential
equations,
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Assuming that the amplitude of any pumpharmonics or othermixing terms are either very small or
suppressed via dispersion engineering (discussed further in Appendix C), (6a)-(6d) in fact describe a general
framework that can be configured to cover the different wavemixing schemes, as well as including the losses that
the pumps, signal, and idler experience whilst travelling along the line. There are some approximations,
however, that we canmake to (6a)-(6d) to simplify their solution. AsKITWPAs require superconducting films,
such as titaniumnitride (TiN) or niobium titaniumnitride (NbTiN) that exhibit very high kinetic inductance,
we can assume that Lk? Lg, hence L0= Lk0+ Lg≈ Lk0.We can also assume operation in the low-loss limit with
the use of superconducting films, hence the complex propagation constant can be Taylor expanded and

approximated as ⎡⎣ ⎤⎦( )g w» - +
w w

i LC 1 i R

L

G

C2
. This is further justified asmost KITWPA transmission lines

comprises a STL fabricated onto a high resistivity or ceramic substrate such as silicon or sapphire, hencewe can
assume thatR andG are very small compared to L andC, respectively. Additionally, as we are operating at high
frequencies, the relationG= ωC applies, so ηj≈ 1 for all j.

With these assumptions, (6a)-(6d) reduce to,
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which are theCMEs used to calculate theKITWPA gain profiles throughout this paper, where I[ ]b gºj j .

Additionally, this set of CMEs can be reformed straightforwardly into theCMEs for the other two distinct
wavemixing regimes discussed in this paper as special cases. For example, bymaking the substitutions

w w w= =p p p1 2
and = =A A

A
p p 21 2

p , (6a)–(6d) reduce to theCMEs forDP-4WM.Alternatively, if wemake the

substitutions, w w=p p1
, w = 0p2

, and =A Ap p1
, =A Ip DC2

, (6a)–(6d) reduce to theCMEs forDC-3WM.The
detailed derivation for this is presented in the appendices.

3.Design considerations

In this section, we present the design of aNP-4WMKITWPA,making use of a design centred at 9 GHz as an
example. To illustrate the advantages of aNP-4WMKITWPA,we compare the behaviour of theNP-4WM
design to a standardDP-4WMKITWPA, including some additional design considerations. As stated in [10], the
non-linearity of the transmission line forming theKITWPAnaturally leads to a phase-mismatch between the
various propagating tones that needs correcting in order tomaximise the gain. Furthermore, harmonics of the
pump tone are also generated in the non-linearmedium, which require suppression in order to prevent shock-
wave formation [25] and to ensuremaximumpower transfer from the pump to the signal tone. Both of these
effects would exist in aKITWPA regardless of the operationalmode i.e., DP-4WMorDC-3WM, and can be
suppressed via a technique called the dispersion engineering, where stopbands are created in the dispersion
relation of theKITWPAby periodicallymodulating the impedance of the transmission line along its lengthwith
discretely loaded short sections [10, 24, 26, 27].

The samewould be required for aNP-4WMKITWPA, however, there aremore considerations needed to be
taken into account to ensure proper operationwith two pump tones. Figure 2 compares the pumpharmonics
generated forDP-4WM,DC-3WM, andNP-4WMdevices. ForDP-4WM infigure 2(a), a strong third harmonic
of the pump tonewould be generated due to theKerr-3 non-linearity of the superconducting transmission line,
which is followed by further, subsequent odd harmonics of the pump tone. This is similar for the case ofDC-
3WMinfigure 2(b), except nowodd and even harmonics are both generated in this operationalmode. For the
NP-4WMcase illustrated infigure 2(c), we see that the two pump tones both create odd harmonics of
themselves, with the added complexity arising from the numerous cross terms generated by the two pumps
interactingwith each other. InDP-4WM, suppressing the third harmonic is sufficient to suppress all further
harmonics and to prevent shock-wave formation, which can easily be achieved by introducing periodic
stopbands starting at 3fp. For theNP-4WMcase, however, this becomes extremely difficult as there are now
many harmonics and cross terms that are not placed periodically. Aswewill discuss later, however, there are
some particular configurations of theNP-4WMregime thatwould allow for convenient suppression of all the
unwanted harmonics.

3.1.Harmonics suppression
Althoughfigure 2(c) shows that the pumpharmonics are positioned irregularly in theNP-4WMmode, there are
indeed cases where they can be lined up periodically, which allows the harmonic suppressionmechanism to
more easily utilise the standard periodic loading technique. Consider the case wherewe inject the two pump
tones into theKITWPAwith the second pumphaving approximately double the frequency of the first pump
tone i.e., » ´f f2p p2 1

as example. Table 1 summarises thefirst few generated harmonics when the two pump

tones are injected into aKITWPAwith =f 6 GHzp1
and =f 12 GHzp2

.We notice that in this case, the

harmonics are in fact all generated at integermultiples of 6 GHz,which provides uswith a convenient solution
i.e., we can engineer our periodic loading structures to create stopbands in the transmission profile at integer
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multiples of 6 GHz. Placing the two pump tones on the edge of the first and second stopbands, respectively, will
result in them acquiring the additional phase shift required for phasematching, while the harmonics of the
pump toneswill be attenuated by the larger subsequent stopbands at 18, 24, 30, 36 GHz etc.

To demonstrate the feasibility of this configuration, herewe present a 6–12 GHzNP-4WMKITWPAdesign
simulated using the procedure described in [24]. Figure 3 shows a drawing of theKITWPAdesign, which
comprises an invertedmicrostrip transmission line comprising 650 unit cells to give a total transmission line
length of 49.6mm. The 250 nmwide invertedmicrostrip is formedwith awiring layer of 35 nmNbTiN (normal-

Figure 2.An illustrative comparison of the pumpharmonics generated forDP-4WM (a), DC-3WM (b), andNP-4WM (c). The blue
arrows indicate the the incoming pump tones, the yellow arrows indicate the harmonics of the pump tones and the red arrows indicate
the cross-harmonics between the pump tones inNP-4WM.

Table 1. Frequencies of the pump
tones and their harmonics forNP-
4WM in the casewhere

=f 6 GHzp1
and =f 12 GHzp2

.

Term Frequency [GHz]

fp1
6

fp2
12

-f f2 p p1 2
0

-f f2 p p2 1
18

f3 p1
18

+f f2 p p1 2
24

+f f2 p p2 1
30

f3 p2
36

-f f3 2p p1 2
6

-f f3 2p p2 1
24

+f f3 2p p1 2
42

+f f3 2p p2 1
48

-f f4 3p p1 2
12

-f f4 3p p2 1
30

+f f4 3p p1 2
60

+f f4 3p p2 1
66

-f f5 4p p1 2
18
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state resistivity, ρN= 200μΩ cm and critical temperature,Tc= 15K), which is deposited onto a 675 μmthick
high-resistivity silicon substrate. Thewiring layer is then covered by a 100 nm-thick amorphous silicon (a-Si)
dielectric, topped by another 200 nmNb sky-plane.

To achieve a 50Ω transmission line, the conducting strip of the invertedmicrostrip is shuntedwith
additional stubs, which increase the capacitance per unit length to balance the high kinetic inductance of the
NbTiNfilm. To create the desired stopbands, periodic loadings sections were created by altering the
characteristic impedance of the transmission line by changing the length of the shunted stubs as shown in the
inset offigure 3. The physical dimensions of the transmission linemaking up theKITWPAare summarised in
table 2.

Figure 4 shows the simulated |S21| transmission spectrum for the 6–12 GHzNP-4WMdevice showing the
stopbands at the integermultiples of∼6 GHz, as generated by the periodic loadings.With the placement of

=f 6.148 GHzp1
and =f 12.30 GHzp2

pumps on the leading edges of the first and second stopbands,

respectively, we show that the pumpharmonics and their cross-termswould fall into the subsequent stopbands
at higher frequencies. The |S21| spectrumpresented here has been simulated using the realisticmodelling
technique described in [24], which has been shown to accurately predict themeasured performance of
KITWPAswhen the surface resistance of the superconducting film is calibrated to be close to negligible
compared to the BCS prediction [28] at cryogenic temperature. Figure 5(a) shows the gain-bandwidth profile for
theKITWPA,whichwas calculated by numerically solving theCMEs in (8a)–(8d), and demonstrates a gain
greater than 20 dB over the frequency band from6–12 GHzwith the pump currents set at *= =I I I0.0725p p1 2

.
Comparing this gain curve to an equivalentDP-4WMKITWPAoperating in the same frequency range, we

can see a number of improvements in theNP-4WMcurve. First, the gain of theNP-4WMKITWPA remains

Figure 3. Layout of the 6–12 GHzKITWPAdesign showing thewiring layer (blue) of the invertedmicrostrip, which is wound into a
‘hairpin’ pattern tofit the design onto a compact configuration. The substrate is shown in grey and the dielectric and sky planes are not
shown for clarity. The inset highlights one of the periodic loading sections of the transmission line.

Table 2. Summary of physical design parameters for the
6–12 GHzNP-4WMKITWPA.

Description Parameter Value

Chip length a 40.0 mm

Chipwidth b 3.0 mm

Microstripwidth w 250 nm

Stub gap g 500 nm

Stub length (50 Ω) l0 13.0 μm

Stub length (1st loading) l1 8.8 μm

Stub length (3rd loading) l3 6.4 μm

No. of stubs (50 Ω section) n0 82

No. of stubs (1st loading) n1 10

No. of stubs (3rd loading) n3 10

Total no. of cells ntot 650
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roughly constant over the targeted band, which is in stark contrast to theDP-4WMgain curvewhere the gain
rolls off severely towards the edges of the band i.e., the target gain of 20 dB is only achieved for a very small region
towards the centre of the gain profile. Second, theNP-4WMcurve also eliminates the central zero-gain region.
Additionally, theNP-4WMdevice can also be operated in theDP-4WMmode, as shown in figure 5(b), to cover
bandwidth below 6 GHz and above 12 GHz, albeit with the pump frequencies and currents tuned to satisfy the
different phasematching conditions for theDP-4WMmode.

It should be noted that whilst the previous analysis explained that we have chosen a regimewhere =f f2p p2 1
,

there is in fact some tolerance in this, i.e., it is not crucial that fp2
is exactly double fp1

, just that it is close to it. In

this particular example, therefore, we have tuned the pump values to fp1
= 6.148 GHz and fp2

= 12.30 GHz as

Figure 4.Transmission spectrumof the 6–12 GHzNP-4WMKITWPA, highlighting the positions of the pump tones and the
generated harmonics, which can be suppressed by the engineered higher frequency stopbands.

Figure 5. (a)Gain-bandwidth profile for aKITWPAoperating in theNP-4WMregime (dark blue) highlighting the broad, flat gain
profile compared to aDP-4WMKITWPA (light blue) operating in the same frequency range. (b)DP-4WMgain-bandwidth profiles
for the 6–12 GHzKITWPAdesign, highlighting how this design is not restricted to operation in theNP-4WMmode. (c)Gain profiles
of the continuously tunable 6–34 GHzNP-4WMTWPA.
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this produces the optimumphasematching and the desired gain performance, yet the pumpharmonics and
cross terms are still attenuated by the engineered stopbands.

A further advantage of this dual-pump configuration is the possibility to substantially widen the bandwidth
by re-configuring the frequencies of the pump tones, similar to pumping at different stopbands in theDP-4WM
scheme. As the periodic loading creates stopbands at the integermultiples of∼6 GHz, we can place the pump
tones on the edges of different stopbands to operate ourKITWPAover different frequency bands. This is
demonstrated infigure 5(c)wherewe alter thewidth of every sixth loading section instead of every third, and
showhow the pump frequencies can be adjusted to potentially produce an enormous continuous 6–34 GHz
tunable bandwidth of theKITWPAusing exactly the same design as presented figure 3.

4.Millimetre wave TWPA

In section 3we presented the design for amicrowaveNP-4WMKITWPAoperating over the frequency range
6–12 GHz.Despite themany advantages this design presents over aKITWPAoperating in theDP-4WMregime,
it remains that theDC-3WMKITWPAcould offer similar broadband performance apart from the roll-off of the
gain profile near the edges of the band, and the need for aDC-biasing current. However, at higher operational
frequencies such as in the regime ofmm/sub-mmwavelength, the use of aDC-3WMKITWPAmay become
challengingwith the need forDC-biasing current thatmay also incur additional heating effect through theDC
wires to the cryogenic stages. In this sense, we argue that themain avenuewhere aNP-4WMKITWPA ismost
advantageous compared to other options is when theKITWPA is needed for high-frequency operation beyond
themicrowave range, where RF signal transmission is reliant onwaveguides instead of coaxial cabling. At these
high frequencies, the non-linear dispersion of the STL inevitably becomes stronger as the signal frequency
becomes a significant fraction of the superconducting gap frequency. In this section, we present a series ofNP-
4WMdesigns operating atmm-wave frequencies covering ALMABands 1–5 to demonstrate this advantage,
alongwith several other design considerations required for KITWPAoperating in awaveguide environment.

4.1. ALMAband-1KITWPA
ALMABand-1 covers a frequency range of 35–50 GHz [29], and is currently the lowest frequency band in
operation at the ALMAobservatory. The current technology used in the Band-1 signal detection scheme utilises
high electronmobility transistor (HEMT) amplifiers asfirst-stage detectors with a receiver noise temperature
approaching 32K [29], which is still slightly higher than the ultimate quantumnoise limit.

Within the Band-1 range, it is in principle possible to drive the first-stage amplifier via ‘v’-connectors rated
for operation up to 70 GHz. This implies that it is possible to replace theHEMTamplifiers withDC-3WM
KITWPAs, providing that similarly broadband bias-tees are available.However, this also requires the pump
frequency to be set at least twice the centre frequency of the gain profile i.e., close to 90 GHz. But a pump at such
high frequency is beyond the operational range of ‘v’-connectors, hence the operation of Band-1TWPAmay
require the entire ALMABand-1 RF-signal cabling network be replacedwith 1.35 mmor 1.0 mm (‘w’)
connectors, which complicates the design and increases the cost. Even if one replaces the coaxial connections
withwaveguides, it is still very challenging to construct an ultra broadbandwaveguide probe antenna that can
cover suchwide (close to 3:1) bandwidth. Given that the pump frequencies for aNP-4WMKITWPA aremuch
closer to the operational bandwidth, it implies that both the signal and the pumps can be transmitted using
either a common coaxial cable or awaveguide probewith reasonable bandwidth performance.

We present here aNP-4WMKITWPAdesigned to cover the ALMABand-1 range using the ‘v’-type coaxial
connection similar to the design shown earlier infigure 3. The physical parameters of the Band-1KITWPA are
summarised in table 3 and echo those of table 2. Aswith the 6–12 GHzdesign, we use an invertedmicrostrip
structure fabricated from the same 35 nmNbTiNfilmpatterned onto the 675 μmsilicon substrate, with a
100 nma-Si dielectric, and 200 nmNb sky plane. Figure 6(a) shows the gain-bandwidth profile of theKITWPA
with aflat gain over 20 dB that comfortably covers the entire Band-1 bandwidth. The pump currents used to
simulate the gain profile are *= =I I I0.075p p1 2

with the pump frequencies =f 30.0 GHzp1
and

=f 57.7 GHzp2
, which in contrast to theDC-3WMcase, lie comfortably within the frequency specification of

‘v’-connectors. Figure 6(b) shows the |S21| transmission profile and the non-linear dispersion (βnl, the
wavevector of the non-linear line that diverges away from the otherwise linear relation) of the line, highlighting
the positions for the pump tones and the generated harmonics. Onewill notice that unlike the 6–12 GHz
KITWPA, the pumpharmonics do not line up exactly with the stopbands. This example was shownhere on
purpose to demonstrate that there is indeed another design scheme that one could utilise to produce an operable
NP-4WMKITWPA.

Onemay have noticed from table 3 that in this example, we do not alter the stub length to be abruptly
difference from that of the 6–12 GHzdesign. In section 3, we explained that the use of stubs shunted to themain
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conductor line allowed for 50Ω impedancematching, however, they have an additional effect i.e., creating a
resonance frequency at the very high frequency end of the transmission spectrum,which in this example is near
to 450 GHz for a stub length of 9 μm.Due to the closeness of the operational frequencies here to the resonance
frequency, the non-linear dispersion inevitably diverges away from the otherwise linear relationmuchmore
strongly than the case without any stubs. This subsequently results in the high frequency stopbands being packed
closer to each other, instead of at integermultiples of the primary stopband. This implies that the scheme
described abovemay not work to suppress the unwanted harmonics. Nevertheless, this highly non-linear
dispersion (βnl)would also cause a severe phasemismatch if uncorrected for, hence, we canmake use of this
property to prevent the unwanted harmonics frombeing generated.We, therefore, do not need to engineer the
harmonics to be placed directly into the stopbands in order to suppress them. It should also be noted that due to
this large non-linear dispersion being nearer to the gain band, we actually have to place the pump frequencies
above thefirst two stopbands in order to achieve phasematching and hence the high gain as shown infigure 6.

4.2. ALMAbands 2–5
ALMABands 2–5 cover the electromagnetic spectrumover the range of 67–211 GHz [29], and at these
frequencies, we can no longer use coaxial cables for signal transmission and are instead reliant onwaveguide
transmission. DC-biasing aKITWPAmountedwithin awaveguidemay be complicated as a pair of additional
DC lines would need to be connected electrically to the chip, which is nowmuch smaller in size at such high
frequency. For operation in this range, therefore, NP-4WM is preferable. In this section, we present two designs,
which cover theALMABands 2–3 and 4–5, respectively.

As stated earlier, signal coupling usingwaveguide structure necessitates the design of awaveguide-to-planar
circuit transition (or an op-chip antenna). It is, therefore, crucial that the design of the antenna is carried out
first, as this sets the limitations and restrictions on the transmission line dimensions andmaterials, as well as the
characteristic impedance of the line, which no longer needs to bematched to a 50Ω.

Figure 7(a) shows the layout of our antenna designed to couple the pumps and signal to ourKITWPA chips,
with the physical parameters specified in table 4 for both the Band 2–3 andBand 4–5KITWPAs. The probe

Figure 6. (a)Gain and (b) |S21| transmission and the non-linear dispersion characteristic of ALMABand-1NP-4WMKITWPA.

Table 3. Summary of physical design parameters for ALMA
Band-1KITWPA.

Description Parameter Value

Chip length a 6.5 mm

Chipwidth b 2.0 mm

Microstripwidth w 250 nm

Stub gap g 500 nm

Stub length (50 Ω) l0 12.8 μm

Stub length (1st loading) l1 9.0 μm

Stub length (3rd loading) l3 4.8 μm

No. of stubs (50 Ω section) n0 18

No. of stubs (1st loading) n1 2

No. of stubs (3rd loading) n3 2

Total no. of cells ntot 500
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antenna is expected to be formed using the same 35 nmNbTiNfilmused in previous designs, except it is now
deposited onto a 80 μmthick quartz substrate for the Band 2–3 and 40 μmfor the Band 4–5 design, as the lower
dielectric constant provides a better coupling to the antenna compared to a higher dielectric constant silicon
substrate. Figure 7(b) andfigure 7(c) show the antenna bandwidth for the Band 2–3 andBand 4–5 designs,
respectively. One immediately notices the finite bandwidth of the antenna, whichmakes it difficult to couple a
pump tone to theKITWPAat twice the central frequency, hencemaking operation in theDC-3WMmode
challenging.

Having designed theKITWPAantennae, we can nowproceed to the design of theKITWPA itself. From
table 4, we notice that the output impedance for both antennae is approximately 70Ω, meaning that wewould
need tomatch the characteristic impedance of themain sections of the TWPA itself to this value, instead of the
usual 50Ω. Figure 8 shows a drawing of theKITWPAdesign used for both frequency bands, which are identical
in form except the physical dimensions vary between each design, as summarised in table 5. Contrary to the
lower frequencyKITWPAdevices, these devices comprise a regular (non-inverted)microstrip design, which is
formed by depositing a 200 nmground plane onto an 80 μmquartz substrate for the Band 2–3 and a 40 μm
quartz substrate for the Band 4–5 design, followed by a 100 nma-Si dielectric, which is topped by the 35 nm
NbTiNwiring layer. The reason for swapping the invertedmicrostrip structure with a regularmicrostrip is
becausewith such a thin substrate with lower dielectric constant, when the device ismounted into ametallic
block, the invertedmicrostrip line would support a stripline propagationmode as the current carrying line now
‘sees’ themetallic surface as another ‘ground’ plane. Thismode has a completely different characteristic
impedance to themicrostrip propagationmode, hence virtually no powerwould be coupled into the
transmission line from the antenna.

Additionally, onewill notice from figure 8 that the Band 2–5microstrips do not use the shunted stubs to
achieve the desired impedance, and instead rely solely on thewidth of themain strip. This is due to the fact that
the shunted stubs’ resonant frequency alters the transmission profile significantly towards higher frequencies, as

Figure 7. (a)CAD (computer-aided design)model of antenna used inmmNP-4WMKITWPA,with parameters specified in table 4.
Antenna bandwidth for Band 2–3 (b) andBand 4-5 (c) designs.

Table 4. Summary of physical design parameters
for ALMABand 2–5KITWPAantennae.

Band 60–120 GHz 120–240 GHz

awg (mm) 2.60 1.50

bwg (mm) 1.30 0.65

lbs (mm) 0.80 0.42

tsub (μm) 80.0 40.0

wsub (μm) 216.2 115.6

rpr (μm) 690.0 380.0

wpr (μm) 196.2 95.6

θpr (°) 41.7 45.4

Zant (Ω) 70.6 67.7
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discussed previously,meaning that the use of the stubswouldmake theKITWPA far too lossy at high
frequencies and substantially narrowdown the operational bandwidth. Figure 9 shows the gain-bandwidth
profile for the Band 2–3KITWPAdevice, and clearly shows a relatively flat gain curve above 25 dB over a
bandwidth of 60–120 GHz, which comfortably covers the entirety of ALMABands 2 and 3. This gain profile is
achievedwith pump currents of *= =I I I0.07p p1 2

and pump frequencies set at =f 60.34 GHzp1
and

=f 119.74 GHzp2
, with the generated harmonic frequencies falling neatly into higher subsequent stopbands.

Similarly, figure 10 shows the gain-bandwidth profile for the Band 4–5KITWPAdevice, again showing a flat
gain curve above 25 dB over a bandwidth of 120–240 GHz, which comfortably covers the entirety of ALMA
Bands 4 and 5, as well as the lower half of Band 6. This gain profile is achieved for pump currents of

*= =I I I0.085p p1 2
and pump frequencies of =f 118.0 GHzp1

and =f 236.0 GHzp2
, with themajority of the

Figure 8.The common layout used for Bands 2–3&4–5KITWPAdesigns, showing thewiring layer (blue) of themicrostrip, which is
wound into a ‘hairpin’ pattern to fit the design onto a single chip. The substrate is shown in grey and the dielectric and ground planes
are not shown for clarity. The inset highlights the periodic loading structure of the transmission line.

Figure 9.Gain and |S21| transmission of ALMABand 2–3KITWPA.

Table 5. Summary of physical design
parameters for ALMABand 2-5KITWPAs.

Band 60-120 GHz 120-240 GHz

a (mm) 17.5 9.5

b (mm) 2.0 2.0

w0 (μm) 1.02 1.06

w1 (μm) 0.18 1.15

w3 (μm) 1.25 1.19

l0 (μm) 32.3 16.4

l1 (μm) 0.6 1.8

l3 (μm) 3.6 1.8

ntot 500 500
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generated harmonic frequencies either falling into the subsequent stopbands or suppressed via the large non-
linear dispersion at high frequencies.

5. Conclusion

In this paper, we have presented a series of KITWPAdesigns operating in theNP-4WMregime, whereby the
injection of two pump tones alongwith a detected signal results in a broad, flat gain profile which removes the
zero-gain gap that plagues other KITWPAdevices and eliminates the need for aDCbias and the complexities
associatedwith it.Wefirst presented a design concept atmicrowave frequencies, before extending tomm
frequencies, where this solution presents itself as a preferred solution for highmm-wave frequencies compared
to theDP-4WMandDC-3WMmodes.Work is under progress to fabricate themicrowaveNP-4WMKITWPAs
for experimental verification of the design concept.
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AppendixA. CME reduction toDP-4WM

Here, we demonstrate how theNP-4WMCMEs in (8a)–(8d) can be reduced to theCMEs for the other wave
mixing regimes commonly reported in the literature, beginningwithDP-4WM.

As stated, DP-4WM is a particular case ofNP-4WMwhere the two pump tones are equal in frequency and
magnitude, and is arguably themost straightforwardwavemixing example for aKITWPA. Recall from section 1
that the energy conservation relation forDP-4WM is 2ωp= ωs+ ωi, hence the values of j used for the substituted
ansatz are j= p, s, i. TheCMEs forDP-4WMcan be obtained simply by substituting theDP-4WM
specialisation, i.e. w w w= =p p p1 2

and = =A A Ap p p1 2
into theNP-4WMCMEs. TheCMEs in (8a)–(8d),

therefore, reduce to the lossy CMEs forDP-4WM,
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Figure 10.Gain and |S21| transmission and non-linear dispersion profile of the ALMABand 4-5KITWPA.
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which are equivalent to theCMEs reported in [30].
Taking the fully lossless limit where γ= α+ iβ→ iβ recovers the lossless CMEs forDP-4WM,
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s i p, which are identical to theCMEs reported in [21].

Appendix B. CME reduction toDC-3WM

If aDC signal is passed along the STL, the symmetry of the line is broken andDC-3WMmode can take place.
Recall from section 1 that the energy conservation relation forDC-3WM isωp= ωs+ ωi, hence the values of j
used for the substituted ansatz are j= p, s, i. DC-3WMcan be considered as a specialisation ofNP-4WM,where
theDC tone is represented by one of the pump tones having a frequency of 0 and can be achieved bymaking the
transformations: w  0p2

, g  0p2
, w wp p1

, g gp p1
, A Ap p1

, and *= A A Ip p DC2 2
, it can be shown

that CMEs in (8a)-(8d) reduce to,
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with (8b) reducing to the trivial = 0dI

dz
DC . These are the lossy CMEs forDC-3WM. For completeness, the CMEs

for the lossless DC-3WMregime are given by,
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AppendixC. Analysis of parasitic DP-4WMmodes

The simulations presented in this paper assume that the onlywavemixing process taking place is theNP-4WM
process, with the relation given by ( ) = + --f f f f

i
NP 4WM

p p s1 2
, although there could also be otherDP-4WM

processes taking place, such as those described by ( ) = --f f f2
i

DP 4WM , 1
p s1

and ( ) = --f f f2
i

DP 4WM , 2
p s2

. In

general, the phasematching condition for theseDP-4WMmodes will be different to that of theNP-4WMmode,
hence it is assumed theywill be suppressedwhen aKITWPA is operating in theNP-4WM.To investigate the
validity of this assumptionwe have simulated the performance of these parasitic DP-4WMmodes relative to the
NP-4WMmode for some of theKITWPAdesigns discussed in themain body of this article.

Figure C1 compares the strength of the variouswavemixingmodes for the 6-12 GHzKITWPAdesign by
plotting the output amplitudes for the signal tone produced for eachmode. This plot clearly shows that whilst
the amplitudes for the parasitic DP-4WMmodes are are non-zero, they are significantly weaker than theNP-
4WMmode, since they are suppressed due to being phasemismatched, hence they have a negligible effect on the
gain profile of a KITWPAoperating in aNP-4WMmode.

Figure C2 plots the same values as shown infigure C1, except this time for the ALMABand-1KITWPA. As
discussed in section 4.1, this KITWPAdesign utilises the curvature of the dispersion relation, rather than the
periodic stopbands to suppress the higher harmonics of the pump tones.We can see from figure C2, however,
that we observe very similar behaviour to that shown in figureC1, i.e., we observe that the parasitic DP-4WM
modes are suppressed and have very little effect on theNP-4WMgain profile.

The plots presented in this section, therefore, justify the assumption that theNP-4WMmode is the only
wavemixing process efficiently taking place along theKITWPAdevices in this paper, hence theCMEs presented
in (8a)-(8d) provide a good prediction of the real gain performance of aNP-4WMKITWPAdevice.

FigureC1.Transmission comparison betweenNP-4WM, andDP-4WMregimes for 6-12 GHzKITWPA.

FigureC2.Transmission comparison betweenNP-4WM, andDP-4WMregimes for ALMABand-1KITWPA.
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