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mental investigation for decades. On the other hand, particle-

particle collisions play a significant role in particulate turbu-

lent flows even in relatively diluted suspensions. The effect of

collision has been under investigation since the state-of-the-

art work of Saffman [1]. For instance, collisions between wa-

ter droplets in clouds are a necessary condition for precipi-

tation formation from cloud droplets and ice crystals, while,

particle-particle collisions have a profound impact on the on-

set and evolution of sandstorms [2]. In these processes, the

background turbulence of the carrier flow favors inter-particle

collisions. The mechanisms of the collision rate enhancement

by background turbulence have only become clear in the past

few years, and the underlying physics is currently qualitatively

well understood, although quantifying the rate of small parti-

cles collisions suspended in a turbulent flowmay requiremore

advancement. As a pioneering work on the collision effect in

particle-laden turbulent flows, Saffman et al., developed the

theory of collision of water droplet in cloud physics and they

could formulate the droplet collision rates for identical small

low-inertial droplets in terms of droplet dimension and tur-

bulence characteristics (the rate of turbulent kinetic energy

dissipation and the kinematic viscosity of fluid ). Their find-

ings suggested that the collision frequency of the small droplet

suspended in clouds is independent of droplet properties [1].

However, in the subsequent works like the work of Sundaram

et al., it was found that droplet properties also influence the

collision rate. The results of Sundaram et al., showed that par-

ticle parameters such as particle response time, number den-

sity and size can impact collision frequency as well as back-

ground turbulence. They showed the significant dependency

of the collision rate on the droplet Stokes number [3]. There

have also been detailed theoretical investigations of the colli-

sion rate, a particularly effective description of the collision-

rate enhancement in terms of a stochastic model for the prob-

Abstract - In this research, we undertake an investigation of a tur-
bulent flow seeded with heavy inertial particles, employing Eulerian-
Lagrangian point-particle direct numerical simulations in the two-
way coupling regime. The primary objective of our investigation is to 
assess the influence of inter-particle collisions on heat transfer within 
the time-evolving thermal mixing layer that develops between two 
regions with distinct temperatures in a homogeneous and isotropic 
turbulent flow. Our findings encompass a range of Stokes numbers 
spanning from 0.2 to 3, while maintaining a thermal Stokes number to 
Stokes number ratio of 4.43, at a Taylor microscale Reynolds number 
up to 124. Our results reveal that particle collisions tend to diminish 
the correlation between particle temperature and velocity, conse-
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when compared to a collisionless regime at higher Stokes numbers.
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1. Introduction
Numerous natural and industrial phenomena contain 

a turbulent flow whose dynamical and thermal evolution is 
highly coupled with the solid particles that are carried by the 
flow. Such complex flow regime can be seen in chemical pro-
cesses, pollutant dispersion in atmosphere, particle transport 
systems, clouds, plumes, industrial separators, cyclones and 
sediment transport systems. Therefore, the ubiquity of this pe-
culiar flow has made it an active area of research in many var-
ious applications and it has been under numerical and experi-
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ability distribution function (pdf) of pairs of particles has been

proposed by Zaichik et al. [7]. They have studied collision

rate enhancement resulting from two different mechanisms

for high and low inertial particles. Recently, the effect of par-

ticle high inertia on collision rate which is understood as sling

effect has been studied by [8, 9, 10]. This effect at high par-

ticle inertia can cause finite time singularities in particle ve-

locity tensor leading to a multi-valued particle velocity. As a

results of this effect, collision rate can be increased due to the

particle trajectories crossing at high Stokes number. Despite

the numerous experimental works which have been done on

single-phase turbulent flows, very little experimental investi-

gations exist concerning particle-laden flow and collisions of

suspended particles, primarily due to the difficulties in La-

grangian measurements. The problem is even worse when

other phenomena, like fluid-particle heat transfer or particle

collisions, are studied [2]. In fact, the long-standing experi-

mental tools for investigating turbulent flows, such as hot-wire

anemometry, at best only provide data on the velocity field and

its spatial correlation function. Over thepast fewdecades, new

techniqueshavebeendeveloped, employingon fast-imaging to

follow particles in turbulent flows. Such developments in ex-

perimental tools andmethods have led to collecting a verynew

information about the motion of particles in turbulent flows,

yet detecting collisions between a large number of tiny par-

ticles in a well-controlled laboratory experiment is not pos-

sible [4]. For instance, near-wall interaction of particles in

wall-bounded flows has been investigated recently by [5, 6]

to study of particle-wall interaction in configuration which a

solid wall is present. Therefore, direct numerical simulations

(DNSs) have been always an important tool to obtain detailed

results on features which cannot be directly measured. In fact,

DNS provides a powerful tool to extend the existing insights

into complex flow regimes like particle-laden turbulent flows,

even if it is still limited to relatively low to medium Reynolds

numbers due to the need for huge computational resources. In

non-isothermal turbulent flows, the interaction between fluid

and particles in terms of thermal properties has been explored

in severalworks,mainly using thepoint-particle approach that

applies to small sub-Kolmogorov particles. Most of the re-

search has focused on channel flows [11, 12, 13, 14, 15] and

homogeneous turbulence [16, 17, 18, 19]. However, recently,

a few studies have examined the fluid-particle thermal interac-

tion in the time-evolving shearless thermalmixing layer gener-

ated at the interface between two fluid regions with different

temperatures. This configuration can serve also as a bench-

mark for turbulence models. The studies investigated both

one-way and two-way coupling regimes [20, 21], with a focus

on collisionless suspensions and the impact of particle inertia

and Reynolds number.

Furthermore, collisions between particles play a cru-

cial role in heat transfer in fluidized beds because heavy par-

ticles are able to cross the wall thermal layer, thus transfer-

ring heat between the wall and the core region of the pipe.

However, in such applications, volume fractions are high, usu-

ally on the order of 10−2 [22], well above the limit of two-

way coupling between point particles. Only a few theoretical

works have considered the effect of collisions on heat trans-

fer, such as [23], who studied the heat transferred between

elastically colliding spherical particles. Collisions are usually

not taken into account when analyzing heat transfer by parti-

cles in a turbulent flow, despite their increased frequencywith

higher volume fractions. Carbone et al. [17] studied the ef-

fect of particle-particle collisions on temperature statistics in

homogeneous and isotropic turbulence in the one-way cou-

pling regime at low Reynolds numbers, finding a minor effect

on small-scale temperature statistics. However, collisions can

decelerate small particleswhile accelerating largeones, result-

ing in an enhanced velocity scattering that can affect particles’

ability to carry enthalpy over long distances in the presence of

a strong temperature gradient. This scattering impacts how

the presence of particle particles can enhance heat transfer

compared to an unseeded flow [20, 21].

To investigate how inter-particle collisions impact heat

transfer and fluid-particle correlations, we expanded on our

previous research by examining the effect of elastic collisions

in the simplest inhomogeneous flow configuration already

considered in [20, 21]. In this configuration, heat is trans-

ferred between two regions at different temperatures through

a statistically steady homogeneous and isotropic velocity field,

creating a mixing layer at the boundary between the two re-

gions where fluctuations of temperature and velocities corre-

late. We compare single-point statistics with the collisionless

regime in the same overall flow configuration [20, 21]. In sec-

tion 2, we provide a detailed description of the physical model

and numerical methods used to simulate the collisional turbu-

lent gas-particle flow. In section 3, we discuss the results from

our simulations. A comparison between the relative particle-

to-fluid velocity-temperature correlation variation in terms of

Stokes number and Taylor micro-scale Reynolds number for

collisional and collisionless flow regimes, as well as an analy-

sis of the temperature of colliding particles is included. Finally,

in section 4, we provide a brief summary of the main conclu-

sions.

2. Physical model

2.1 Governing equations

In this study, we use an Eulerian-Lagrangian approach

to model the dynamics of a non-homothermal incompressible

flow seeded with particles. We distinguish between the con-
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tinuous fluid phase and the discrete particle phase, with tem-

perature variations assumed to be small enough to not signif-

icantly change fluid density. Therefore, within these hypothe-

ses, the fluid phase is represented by the following system of

equations:

∇ · u = 0, (1)

∂u

∂t
+ u · ∇u =

1

ρ0
∇p+ ν∇2u+ fu, (2)

∂T

∂t
+ u · ∇T = κ∇2T +

1

ρ0cp0
CT , (3)

whereu(t,x), T (t,x), and p(t,x) are the fluid velocity, tem-

perature, and pressure fields, respectively. The constants ρ0,
cp0, ν , and κ represent the fluid density, isobaric specific heat

capacity, kinematic viscosity, and thermal diffusivity, respec-

tively. The body force fu is introduced to maintain turbulent

fluctuations in a statistically steady state, and CT is the heat

exchanged per unit time and unit mass with particles, repre-

senting the particle thermal back reaction on the flow. Simi-

larly to previousworks (e.g. [17, 18, 20, 21]), we assume a one-

way coupling regime formomentumexchange, so that no force

is exerted by particles on the fluid. This assumption holds true

in dilute regimes, as previous works have found that momen-

tum feedback has a minor thermal effect on fluid temperature

statistics [17].

We consider the motion of a set of identical small, rigid

spherical particles. The particles are assumed to have a radius

R much smaller than the Kolmogorov length-scale η so that

they are consideredmaterial points. They have amass density

much greater than the fluid density, making the Stokes drag

force the dominant term in the Maxey-Riley equation [24]. An

equation for the particle temperature can be derived under the

same assumptions. Thus, the dynamics of each particle can be

described by the following equations:

dxp(t)

dt
= vp, (4)

dvp(t)

d t
=

u(t,xp)− vp(t)

τv
, (5)

dϑp(t)

d t
=

T (t,xp)− ϑp(t)

τϑ
, (6)

where xp(t), vp(t), and ϑp(t) are the position, velocity, and

temperature of the p-th particle, respectively. The momentum

and thermal relaxation times τv and τϑ are given by

τv =
2

9

ρp
ρ0

R2

ν
, τϑ =

1

3

ρpcpp
ρ0cp0

R2

κ
, (7)

where ρp and cpp denote the particle density and spe-

cific heat at constant pressure. Particle-particle interactions,

other than collisions, are not considered. The particle thermal

feedback per unit time and unit volume in equation (2) is given

by

CT (t,x) =
4

3
πR3ρpcpp

Np∑
p=1

dϑp(t)

dt
δ[x− xp(t)]. (8)

where δ(·) is the Dirac delta function.

2.2 Flow setup and numerical method

We investigate the heat transfer between two homoge-

neous regions with different temperatures, T1 and T2 < T1,

in a homogeneous and isotropic velocity field. To simulate

this phenomenon, we solve the governing equations described

in Section 2.1 in a parallelepiped domain with dimensions

L1 = L2 and L3 = 2L1 along the x1, x2, and x3 directions.
The initial temperature distribution is set to T1 in the half-

domain where x3 < L3/2 and T2 in the half-domain where

x3 > L3/2.
We apply periodic boundary conditions to the velocity

field on all faces of the domain, while for temperature, we de-

compose it into a mean linear field and a fluctuating part, as

described in [20, 21]. This allows us to apply periodic bound-

ary conditions to the fluctuating part of the temperature field.

Any particles that exit the domain are reintroduced on the op-

posite side.

The governing equations (1-8) aremade dimensionless

by using L1/2π as length scale, a velocity scale deduced from

the imposed kinetic energy dissipation rate ε, and the tem-

perature difference T1 − T2 as temperature scale [20, 21].

To make the results more physically significant, the Taylor-

microscale is used as the reference length in the definition of

the Reynolds number. In the dimensionless form, the flow is

governed by the Reynolds number Re = u′λ/ν , the Prandtl

number Pr = ν/κ, and the particle-to-fluid heat capacity ratio
ϕϑ = ϕ(ρpcpp)/(ρ0cp0), where ϕ is the particle volume frac-

tion. The particle dynamics are described by the Stokes num-

bers, which represent the ratio between their relaxation times

and the flow timescales. To characterize the particle dynam-

ics in terms of local fluctuations of fluid state, the Kolmogorov

timescale τη = (ν/ε)1/2 is used instead of the large-scale

time used in the adimensionalization. Thus, the Stokes num-

ber St = τv/τη and the thermal Stokes number Stϑ = τϑ/τη
are used to describe the particle dynamics. All relevant flow

parameters are listed in table 1.

A fully dealiased pseudospectralmethod, using the 3/2-

rule, was employed to discretize the spatial domain of the fluid

phase equations (1–3). The forcing function fu was defined in
Fourier space as

f̂u,i(t,κ) = ε
ûi(t,κ)∑

||κ||=κf
||ûi(t,κ)||2

δ(||κ|| − κf ), (9)
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Table 1: Dimensionless flow parameters.

Simulation I II III

Taylor microscale Reynolds number Reλ 56 86 124

Taylor microscale λ 0.226 0.29 0.35

Integral length scale ` 0.40 0.74 0.94

Root mean square of velocity fluctuations u′ 0.59 0.71 0.85

Forced wavenumber kf 5
√
6

√
3

Prandtl number Pr 0.71 0.71 0.71

mean turbulent kinetic energy dissipation rate ε 0.25 0.25 0.25

Kolmogorov length scale η 0.0153 0.0153 0.0153

Kolmogorov time scale τη 0.098 0.098 0.098

Particle volume fraction ϕ 4× 10−4

Density ratio ρp/ρ0 103

Stokes number ratio Stϑ/St 4.43

Stokes number St 0.2 ; 0.3 ; 0.5 ; 0.7 ; 0.8 ; 0.9 ; 1 ; 1.2 ; 1.5 ; 2 ; 2.5 ; 3

where ε denotes the energy injection rate, equal to the kinetic
energy dissipation in statistically steady conditions, and κf
is the forced wavenumber. Interpolation of fluid velocity and

temperature at particle positions, and computation of the par-

ticle thermal feedback (8), were carried out using a recent nu-

merical method [25, 26] based on inverse and forward non-

uniform fast Fourier transforms with a fourth-order B-spline

basis. Integration in time was performed for both the carrier

flow equations (1–3) and the particle equations (5)–(6) using

a second order exponential integrator.

2.3 Inter-particle collision model

In this study, we focus on elastic binary collisions that

occur when the distance between the centres of two particles

is equal to their diameter. To introduce these collisions into

the numerical simulation, a first-order particle trajectory re-

construction is performed after each time step. Therefore, a

collision between the p-th and q-th particles in a time step

t ∈ [tn, tn+1) occurs when the following equation,

||(1− t̃)(xp(tn)− (xq(tn)) + t̃(xp(tn+1)

− (xq(tn+1))|| = 2rp, (10)

where t̃ = (t−tn)/∆thas a real solution of (10) for t̃ ∈ [0, 1).
In such a case, the positions and velocities of the colliding par-

ticles at the end of the time step are obtained from momen-

tum and energy conservation, i.e. they move with the velocity

achieved after the collision for the remaining part of the time

step. It is assumed that no heat transfer occurs between col-

liding particles at the impact event and that no direct hydro-

dynamic interaction, except inter-particle collisions, is taken

into account [27]. However, direct collision detection is com-

putationally expensive and not feasible for a large number of

particlesNp because it requiresO(N2
p ) numerical operations.

To address this issue, the particles are grouped within small

boxes, and particle collisions are only detected between par-

ticles within the same box. This approach is more practical

and computationally efficient. The effect of the boxboundaries

can be eliminated by shifting the boxes and repeating the algo-

rithm [27].

3. Results

We present a comparison between the heat transfer in

the collisional and collisionless regimes in the two-way ther-

mally coupled regimes by carrying out in both regimes simu-

lations according to the parameters in table 1. We used a con-

stant thermal Stokesnumber to Stokesnumber ratio,whichwe

have set equal to 4.43, a value representative of water droplets

in air. We focus on single-point statistics of fluid and particle

temperature andvelocity. Since the velocity field is statistically

homogeneous and the temperature field is homogeneous in di-

rections x1 and x2, all the statistics here presented have been

obtained by averaging over planes normal to the inhomoge-

neous direction x3, i.e. on (x1, x2) planes, so that all statistics
are functions of (t, x3). Due to the finite size of the domain

and this plane averaging method, all statistics are affected by

some level of noise which produces an uncertainty over the

results. The level of uncertainty can be estimated from the

fluctuations in the statistics of the fluid and particle velocity

fields in the one-way coupling regime, since homogeneity and

implies uniform moments. From that we can estimate a rela-

tive error of less than 1% in themean temperature and around

6% in fluid second order moments, while it increases to about

8% in particle second order moments by considering a single

simulation. Conditional averages have a larger error, up to 8-
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Figure 1: Visualization of fluid fields and suspended particles at St = 1 in a small slab around a (x1, x3) plane after three eddy turnover
times `/u′ in collisional and collisionless regimes at different Reλ. Particles, out of scale, are coloured according to their temperature, the

red colour denotes the highest temperature in the domain, and the blue colour the lowest temperature.
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Figure 2: (a) Ratio between particle temperature variance and fluid temperature variance (b) particle-to-particle and fluid-to-fluid temper-

ature variance ratio in two-way coupling simulations with and without collisions. Variances are measure in the central part of the domain,

where heat transfer takes place.
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Figure 3: (a) Particle to fluid velocity-temperature correlation ratio as a function of the Stokes number at different Taylor microscale

Reynolds numbers. (Solid lines indicate the collisional regime, while dashed lines denote collisionless simulations.) (b) the ratio between

fluid velocity-temperature correlation in collisional and collisionless regimes.
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Figure 4: (a) Mean collision rate, number of collisions per unit time and volume in terms of Stokes number at different Taylor microscale

Reynolds numbers,(b) the normalized variance of particle temperature derivative as a function of St.

10% in the mean temperature difference at collisions, due to

the more limited sample size. This error is reduced when also

averages on more realizations are considered.

A visualization of the instantaneous temperature of the

carrier flow and particles in presented in Figure 1 in a plane

parallel to the mean temperature gradient after three eddy

turnover times. It shows themixing ofwarmer and colder fluid

by turbulent eddies aswell as particles as theymove across the

plane initially separating the two regions at different tempera-

tures, being heated or cooled by the fluid in the process. After a

transient of a few eddy turnover times, this flow configuration

quickly leads to a self-similar stage of evolution where all flow

and particle statistics collapse when rescaled with the mixing

layer thickness δ. The mixing layer thickness can be defined

as (T1 − T2)/max{|∂T/∂x3|} [20, 21, 28, 29] and exhibits

an almost diffusive time growth. This stage is reached after

a few eddy turnover times τ = `/u′, during which a high-

temperature variance region develops in the thermally inho-

mogeneous region.

During this self-similar stage of evolution, the particle-

to-fluid temperature variance ratio remains constant. It can

be observed from Figure 2(a) that collisions tend to slightly

reduce the variance of particle temperature compared to the

fluid temperature, especially at larger Stokes numbers. Due

to the particle thermal feedback, the fluid temperature vari-

ance increases more than the particle variance, particularly at

large Stokesnumbers, over the collisionless regime (seeFigure

2(b)). However, this difference is small and could only become

significant at higher volume fractions.

Figure 3 (a) shows the most important result, the cor-

relation between velocity and temperature fluctuations, which

is proportional to the mean heat transfer across the layer sep-

arating the two homothermal regions. Indeed, the mean heat

transfer in the inhomogeneous direction x3 is given by

q̇ = −λ
∂〈T 〉
∂x3

+ ρ0cp0〈u′3T ′〉+ ϕρpcpp〈v′3ϑ′〉 (11)

where the first term is the diffusive heat transfer, the second

one is the carrier flow convection, and the last one is the parti-

cle contribution. Accordingly, tobetter understand theparticle

contribution in themixing layer, turbulent heat flux in inhomo-

geneous directionx3 can be normalized by the heat transfer in

a static, non-moving system by using the definition of mixing

layer thickness δwhich is the only relevant length-scale in this
flow, i.e. by the heat transfer in a purely diffusive system.

The ratio 〈v′3ϑ′〉/〈u′3T ′〉 is the parameter which gives

a measure of the contribution of particles to the heat trans-

fer through the non homothermal layer with respect to the

convective heat flux due to fluid turbulent motions. Figure

3(a) shows this ratio for three different Reynolds numbers as a

function of the Stokes number. All quantities are computed in

the centre of the domain, where correlations have their max-

ima. During the self-similar stage of the mixing layer the ra-

tio 〈v′3ϑ′〉/〈u′3T ′〉 does not vary on time, because all fluxes

are proportional since they scale with the same δ(t). The ra-
tio has a maximum when the Stokes number is of order one,

that is, in correspondence of the highest particle clustering.

In the vanishing inertia limit, i.e. when the Stokes number

tends toward zero, particles move like passive tracers. How-

ever, since in our configuration also the thermal inertia tends
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Figure 5: Mean temperature difference between colliding particles∆ϑc = |ϑa−ϑb|, where ϑa and ϑb are the temperatures of the colliding

particles conditioned on the normalized position η in the x3 direction at collision: (a) Reλ = 56, (b) Reλ = 84, (c) Reλ = 124. (d) Maximum

of the mean temperature difference of colliding particles as a function of the Stokes number St.
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to vanish in this limit, because Stϑ/St has been kept constant,

thus we have 〈v′3ϑ′〉/〈u′3T ′〉 → 1 when St → 0+. On the

opposite limit of very large inertia, when St → ∞, particles

velocity and temperature tend to decorrelate from the fluid

velocity and temperature, leading to a gradual reduction of

〈v′3ϑ′〉/〈u′3T ′〉. The same trend can be observed at all the

simulatedReynolds numbers. Particle inertia graduallymodu-

lates the ratio 〈v′3ϑ′〉/〈u′3T ′〉, which increases with the Stokes

number. Since collisions produce a scattering of the particles,

in the two-way coupling regime this results in a differentmod-

ulation of fluid temperature fluctuations by particle feedback,

because collisions reduce the tendency of particles to con-

centrate in correspondence of large gradients of the advected

scalars [17]. However, as figure 4(b) shows, this effect is of mi-

nor importance and, at the volume fractions here considered,

negligible. Therefore, the variation of 〈v′3ϑ′〉/〈u′3T ′〉 can be

almost entirely be attributed to the attenuation of the parti-

cle temperature-velocity correlation. Indeed, themodification

of particle trajectories produces a scattering which decorre-

lates their velocity from their temperature and, as such, re-

duces their ability to transport heat over long distances. The

collision rate in a turbulent flow tends to be higher for larger

particles, because their inertia decorrelate their velocity from

the fluid velocity, thus allowing for large relative velocities be-

tween particles even at small separations. Coupled with the

particle clustering and preferential concentration, which in-

crease local particle densities in low strain regions, the colli-

sion rate has a maximum when the Stokes number is of or-

der one, as figure 4(a) shows. As St becomes larger the col-

lision rate slowly reduces and, in the limit St → ∞, would ap-

proach the ballistic limit. Anyway, only at large Stokes number,

St & 1.5, a significant attenuation can be observed, due to the
fact that, notwithstanding the collision rate reduces, the vari-

ance of the fluid-particle temperature difference grows much

faster with St. According to figure 4(b), τ2η 〈ϑ̇2〉 becomes con-

stant at low St and scales as Stα, with α ' −0.9, at high St,

so that 〈(T − ϑ)2〉 = τη〈ϑ̇2〉St2ϑ ∼ Stα+2. The behaviour of

particle temperature derivative in this inhomogeneous flow is

different fromwhat has beenobserved inhomogeneous turbu-

lence [16], due to the existence of a strong temperature gradi-

ent which dominate temperature variations over large scales.

This make large particles be able to travel further in the x3 di-
rection, thus easily enter regions with much different temper-

atures, so that this leads larger particles with a higher ther-

mal capacity to experience, in the mean, larger temperature

derivatives than in an homogeneous flow. While this allows

for an increase in the heat transfer, it is also responsible of

the more intense reduction of the temperature-velocity cor-

relation when collisions are taken into account. In fact, colli-

sions between particles with very different temperatures oc-

cur between particles coming from distant zones in the in-

homogeneous direction, which is possible only for large iner-

tia and thermal inertia, but collisions generates a scatter that

modifies their velocity in the x3 direction, not their tempera-

ture, thus reducing the 〈v′ϑ′〉 correlation. This is clearly visi-
ble in figure 5(a,b,c), which shows the mean temperature dif-

ference between colliding particles as a function of the nor-

malized position across the thermal mixing layer for different

inertia. Larger particles are more able to cross temperature

fronts [17], while their larger heat capacity allows them to re-

tain their own temperature, so that they can have very differ-

ent temperatures when they collide.

4. Conclusion

In this study,we investigated the impact of particle colli-

sions on heat transfer in a dilute particle-laden turbulent flow,

with a particle volume fraction kept constant atϕ = 4×10−4

so that the point-particle approach can be used. We have

shown that particle collisions have aminimal effect on the heat

transfer when the Stokes number is less than 1, but, when the

Stokes number is larger than 1, there is a slight reduction, of

about 10%, in the particle-velocity-temperature correlation in

the inhomogeneous region where heat transfer occurs. Nev-

ertheless, we can conclude that collisions do not significantly

affect the ability of particles to modulate large-scale fluid tem-

perature fluctuations. Based on these results, we infer that in-

corporating collisions into bulk models of heat transfer in di-

lute particle-laden flows is unnecessary.
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