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G-COMPLETE REDUCIBILITY AND SATURATION

MICHAEL BATE, SOREN BOHM, ALASTAIR LITTERICK, BENJAMIN MARTIN,
AND GERHARD ROHRLE

ABSTRACT. Let H C G be connected reductive linear algebraic groups defined over an
algebraically closed field of characteristic p > 0. In our first principal theorem we show
that if a closed subgroup K of H is H-completely reducible, then it is also G-completely
reducible in the sense of Serre, under some restrictions on p, generalising the known case for
G = GL(V). Our second main theorem shows that if K is H-completely reducible, then the
saturation of K in G is completely reducible in the saturation of H in G (which is again a
connected reductive subgroup of G), under suitable restrictions on p, again generalising the
known instance for G = GL(V'). We also study saturation of finite subgroups of Lie type in
G. Here we generalise a result due to Nori from 1987 in case G = GL(V).

1. INTRODUCTION AND MAIN RESULTS

Let G be a connected reductive linear algebraic group over an algebraically closed field & of
characteristic p > 0. Let H be a closed subgroup of G. Following Serre [19], we say that H is
G-completely reducible (G-cr for short) provided that whenever H is contained in a parabolic
subgroup P of G, it is contained in a Levi subgroup of P. Further, H is G-irreducible (G-ir
for short) provided H is not contained in any proper parabolic subgroup of G at all. Clearly,
if H is G-irreducible, it is trivially G-completely reducible; for an overview of this concept
see [2], [18] and [19]. Note in case G = GL(V) a subgroup H is G-cr exactly when V is a
semisimple H-module and it is G-ir precisely when V' is an irreducible H-module. The same
equivalence applies to G = SL(V).

The notion of G-complete reducibility is a powerful tool for investigating the subgroup
structure of G. Any connected G-completely reducible subgroup H of G is reductive [19,
Prop. 4.1]. The converse can fail in small characteristic, but it is true if p is sufficiently large.
To be precise, we have the following theorem due to Serre.

Theorem 1.1 ([19, Thm. 4.4]). Suppose p > a(G) and (H : H°) is prime to p. Then H® is
reductive if and only if H is G-completely reducible.

Here the invariant a(G) of G is defined as follows [19, §5.2]. For G simple, set a(G) =
rk(G)+1, where rk(G) is the rank of G. For G reductive, let a(G) = sup(1, a(Gy), ..., a(G,)),
where G, ..., G, are the simple components of G. In the special case G = GL(V') we have
a(G) = dim(V'), and a subgroup H of G is G-cr if and only if V' is a semisimple H-module.
We recover a basic result of Jantzen [, Prop. 3.2]: if p: H — GL(V) is a representation of
a connected reductive group H and p > dim(V') then p is completely reducible.

In this paper we explore variations of Theorem 1.1 for non-connected reductive subgroups
K of G when (K : K°) is not prime to p. One cannot expect Theorem 1.1 to carry over
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completely, even with extra restrictions on p: for instance, a non-trivial finite unipotent
subgroup of G can never be G-cr, [19, Prop. 4.1]. Here is a version which does work.

Theorem 1.2 ([, Thm. 1.3]). Let H be a connected reductive subgroup of GL(V') and let
K be a closed subgroup of H. Suppose p > dim (V). If K is H-completely reducible then K
is GL(V')-completely reducible.

We define an invariant d(G) of G as follows. For G classical simple with natural module
V, set d(G) := dim(V'), and for G simple of exceptional type let d(G) be as follows:
G ‘ E6 E7 Eg F4 G2
d(G) 27 56 248 26 7
For G reductive, let d(G) = sup(1,d(G,),...,d(G,)), where G, ..., G, are the simple com-
ponents of G. For G simple and simply-connected of exceptional type and p good for G,
d(@) is the minimal possible dimension of a nontrivial irreducible G-module.
Our first result extends Theorem 1.2 from GL(V') to arbitrary connected reductive G.

Theorem 1.3. Let H C G be connected reductive groups and let K be a closed subgroup of
H. Suppose p > d(G). If K is H-completely reducible, then K is G-completely reducible.

We note that Theorems 1.2 and 1.3 are false without the bound on p, e.g. see [2, Ex. 3.44]
or Example 3.3.

Remark 1.4. Note that d(G) > a(G). Thus if K is H-cr, so that K° is reductive, and if the
index (K : K°) is prime to p, then Theorem 1.3 follows from Theorem 1.1 under the weaker
bound p > a(G). Thus Theorem 1.3 is only of interest when (K : K°) is not prime to p. For
an application in such an instance, see Corollary 1.6.

Recall that a Steinberg endomorphism of G is a surjective morphism o : G — G such
that the corresponding fixed point subgroup G, := {g € G | o(g) = g} of G is finite. The
latter are the finite groups of Lie type, see Steinberg [23] for a detailed discussion. The
set of all Steinberg endomorphisms of G is a subset of the set of all isogenies G — G (see
(23, 7.1(a)]) that encompasses in particular all (generalised) Frobenius endomorphisms, i.e.
endomorphisms of G some power of which are Frobenius endomorphisms corresponding to
some [, -rational structure on G.

The following is an immediate consequence of [22, III 1.19(a)] and [5, Thm. 1.3].

Lemma 1.5. Let 0 be a Steinberg endomorphism of G. Then G, is G-irreducible.

For a Steinberg endomorphism o of G and a connected reductive o-stable subgroup H of
G, o is also a Steinberg endomorphism for H with finite fixed point subgroup H, = H NGy,
(23, 7.1(b)]. Thus, H, is H-ir, thanks to Lemma 1.5. The next result then follows from
Theorem 1.3.

Corollary 1.6. Let H C G be connected reductive groups. Let o: G — G be a Steinberg
endomorphism that stabilises H. Suppose p > d(G). Then the fized point subgroup H, is
G-completely reducible.

Note that Corollary 1.6 is false without the bound on p. See Example 3.3 for an instance,
when H is G-cr but H, is not, where p =3 < 8 = d(G).
Our next result gives a particular set of conditions on H, to guarantee that H, and H

belong to the same parabolic and the same Levi subgroups of G. Note that, if 0: H — H
2



is a Steinberg endomorphism of H, then o stabilises a maximal torus of H, [23, Cor. 10.10].
Also, for S a torus in G, we have Cg(S) = Cg(s) for some s € S, see [7, I1I Prop. 8.18].

Proposition 1.7. Let H C G be connected reductive groups. Let o: G — G be a Steinberg
endomorphism that stabilises H and a maximal torus T of H. Suppose

(i) Co(T) = Cq(t), for somet € T,, and

(ii) H, meets every T-root subgroup of H non-trivially.
Then H, and H belong to the same parabolic and the same Levi subgroups of G. In particular,
H is G-completely reducible if and only if H, is G-completely reducible; similarly, H is G-
wrreducible if and only if H, is G-irreducible.

In the presence of the conditions in Proposition 1.7 we can improve the bound in Corollary
1.6 considerably; the following is immediate from Theorem 1.1 and Proposition 1.7.

Corollary 1.8. Suppose G, H and o satisfy the hypotheses of Proposition 1.7. Suppose in
addition that p > a(G). Then H, is G-completely reducible.

Note that condition (ii) in Proposition 1.7 is automatically satisfied provided o induces a
standard Frobenius endomorphism on H. In that case Example 3.2 below demonstrates that
condition (i) above does hold generically. Nevertheless, Example 3.3 shows that Proposition
1.7 is false in general without condition (i) even when part (ii) is fulfilled.

Thanks to [19, Prop. 3.2], Levi subgroups L of G have the property that any subgroup
H of L is L-cr if and only if it is G-cr. More generally, owing to [2, Thm. 3.26], assuming
that p is good for G, a regular connected reductive subgroup (i.e. a subgroup normalised by
a maximal torus of (7) also satisfies this property. In our next result, we show that saturated
subgroups of G also share this feature, which is a consequence of a theorem of Serre, see
Theorem 4.9. For basics on the concept of saturation, see §4.

Proposition 1.9. Let p > h(G). Let K C H be closed subgroups of G with H connected
reductive and saturated. Then K is H-completely reducible if and only if K is G-completely
reducible.

Here the invariant h(G) denotes the upper bound of the Cozeter numbers of the simple
quotients of G, [19, (5.1)]. Recall that if G is simple, we have h(G) = dim(G)/ rk(G) — 1;
the values of h(G) for the various Dynkin types are as follows:

hG)|n+1 2n 2n—2 12 18 30 12 6

We thus have a(G) < h(G) < d(G) for any reductive G.

Our second main result is a consequence of Theorem 1.3 in the context of saturation It
was derived in [1, Cor. 4.2] in the special case when G = GL(V). Here H**" denotes the
saturation of H in G, see Definition 4.4.

Theorem 1.10. Let G, H and K be as in Theorem 1.3. Suppose p > d(G). If K is H-
completely reducible then K5 is H'-completely reducible and K is G-completely reducible.

Of particular interest in Theorem 1.10 is the case when K = H, for a Frobenius endomor-
phism o of G. The next result is immediate from Lemma 1.5 and Theorem 1.10.

Corollary 1.11. Let H C G be connected reductive groups. Suppose p > d(G). Let o: G —

G be a Steinberg endomorphism that stabilises H. Then (H,)** is H¥*-completely reducible.
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We can improve the bound on p in the last corollary at the expense of imposing the
conditions from Proposition 1.7, as follows.

Corollary 1.12. Suppose G, H and o satisfy the hypotheses of Proposition 1.7. Suppose in
addition that p > h(G). Then (H,)*' is H*"-completely reducible.

Proof. Since p > h(G) > a(G), H is G-cr, by Theorem 1.1. Thus H,, is G-cr, by Proposition
1.7. The result now follows from Corollary 4.11 below. U

Note that in Theorem 1.10 and Corollaries 1.11 and 1.12 H®*" is again connected reductive.
This follows from the fact that d(G) > h(G) > a(G), Theorems 1.1 and 4.9 and Remark
4.10.

Example 3.2 below shows that generically the conditions of Corollary 1.12 are fulfilled.
Nevertheless, Example 3.3 and Corollary 4.11 show that Corollary 1.12 is false if condition
(i) of Proposition 1.7 is not satisfied. In the settings of Corollaries 1.11 and 1.12, ((H,)%")°
is reductive.

In the context of saturation we also present a generalization of a theorem due to Nori [16,
Thm. B(2)], see Theorem 6.1(ii).

Theorem 1.13. Suppose G is simple. Let p > h(G). Let o be a standard Frobenius endo-
morphism of G and let H be a connected reductive, o-stable, and saturated subgroup of G.
Then (H, )" = H.

Note that [16, Thm. B(2)] is the counterpart of Theorem 1.13 for G = GL,, and 0 = 0,
the standard Frobenius endomorphism of G raising the matrix coefficients to the p-th power.

Theorem 1.3 and Proposition 1.7 are proved in Section 3. Results on saturation are treated
in Section 4. Here we also prove Theorem 1.10. Section 5 then explores the connection
between saturation and the concept of a semisimplification of a subgroup of G from [4].
Finally, in Section 6 we study saturation of finite subgroups of Lie type of G. Here we derive
Theorem 1.13 among other results.

2. PRELIMINARIES

Throughout, we work over an algebraically closed field k of characteristic p > 0. All affine
varieties are considered over k and are identified with their k-points.

A linear algebraic group H over k has identity component H®; if H = H°, then we say
that H is connected. We denote by R,(H) the unipotent radical of H; if R,(H) is trivial,
then we say H is reductive.

Throughout, G denotes a connected reductive linear algebraic group over k. All subgroups
of G that are considered are closed.

2.1. Good and very good primes. Suppose G is simple. Fix a Borel subgroup B of G
containing a maximal torus 7. Let ¥ = (G, T) be the root system of G with respect to
T, let WT = WU(B,T) be the set of positive roots of G, and let ¥ = ¥(G,T) be the set of
simple roots of the root system W of (¢ defined by B. For 8 € U write 8 = ) . copar with
cap € No. A prime p is said to be good for G if it does not divide c,4 for any a and 5. A
prime p is said to be very good for GG if p is a good prime for G and in case G is of type A,
then p does not divide n + 1. For G reductive p is good (very good) for G if p is good (very

good) for every simple component of G.
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2.2. Limits and parabolic subgroups. Let ¢ : k* — X be a morphism of algebraic
varieties. We say lin% ¢(a) exists if there is a morphism ¢ : k& — X (necessarily unique)
a—

whose restriction to k* is ¢; if the limit exists, then we set liII(l) d(a) = (0). As a direct
a—r

consequence of the definition we have the following:

Remark 2.1. If ¢ : k* — X and h : X — Y are morphisms of varieties and z := 1iII(1) o(a)
a—
exists then lir%(h o ¢)(a) exists, and lirré(h o @)(a) = h(x).
a— a—

For an algebraic group G we denote by Y (G) the set of cocharacters of G. For A € Y(G)
we define Py := {g € G| lim Aa)gA(a)™! exists}.
a—

Lemma 2.2 ([2, Lem. 2.4]). Given a parabolic subgroup P of G and any Levi subgroup L of
P, there exists a A € Y(G) such that the following hold:
(i) P = P,.
(iii) The map cy : Py — Ly defined by

cx(g) = lim A(a)gA(a) ™

1s a surjective homomorphism of algebraic groups. Moreover, Ly is the set of fixed
points of ¢y and R, (Py) is the kernel of c,.

Conversely, given any X\ € Y (G) the subset Py defined above is a parabolic subgroup of G,
Ly is a Levi subgroup of Py and the map cy as defined in (iii) has the described properties.

2.3. G-complete reducibility, products and epimorphisms. Let f : G; — G5 be a
homomorphism of algebraic groups. We say that f is non-degenerate provided (kerf)° is a
torus, cf. [19, Cor. 4.3]. In particular, f is non-degenerate if f is an isogeny.

Lemma 2.3 (cf. [2, Lem. 2.12]). Let Gy and G4 be reductive groups.

(i) Let H be a closed subgroup of G1 x Gy. Let m; : G1 x Go — G; be the canonical
projection for i = 1,2. Then H is (G1 x Gs)-cr if and only if m;(H) is Gi-cr for
i=1,2.

(ii) Let f : G1 — Go be an epimorphism. Let Hy and Hy be closed subgroups of G1 and
G, respectively.

(a) If Hy is Gy-cr, then f(Hy) is Gy-cr.
(b) If f is non-degenerate, then Hy is Gi-cr if and only if f(Hy) is Go-cr, and Ho
is Gia-cr if and only if f~1(Hy) is Gy-cr.

2.4. G-complete reducibility, separability and reductive pairs. Now we consider the
interaction of subgroups of G with the Lie algebra Lie G = g of G. Much of this material is
taken from [2].

Definition 2.4 ([2, Def. 3.27]). For a closed subgroup H of G, we always have Lie(Co(H)) C
¢g(H). In case of equality (that is, if the scheme-theoretic centralizer of H in G is smooth),
we say that H is separable in G; else H is non-separable in G.

Of central importance is the following observation.
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Example 2.5 ([2, Ex. 3.28]). Any closed subgroup H of G = GL(V) is separable in G. For
separability means precisely that the centralizers of H in GL(V') and in Lie GL(V') have the
same dimension. For GL(V') this holds, because the centralizer of H in GL(V) is the open
subset of invertible elements of the centralizer of H in Lie GL(V) = End V.

Remark 2.6 ([2, Rem. 3.32]). The terminology in Definition 2.4 is motivated as follows.
Suppose that H is topologically generated by x1,...,x, in G. Then the orbit map

G— G- (xr1,...,2,)
is separable if and only if
¢g(H) =c;({z1,...,2,}) = LieCe((z1,...,2,)) = LieCq(H)
(cf. [7, Prop. 6.7]), i.e., if and only if H is separable in G.

Definition 2.7. Following Richardson [17], we call (G, H) a reductive pair provided H is a
reductive subgroup of G and Lie G decomposes as an H-module into a direct sum

LieG = Lie H ® m,
where H acts via the adjoint action Adg.

For a list of examples of reductive pairs we refer to P. Slodowy’s article [20, 1.3]. For
further examples, see [2, Ex. 3.33, Rem. 3.34].

Theorem 2.8 ([2, Thm. 3.35]). Suppose that (G, H) is a reductive pair. Let K be a closed
subgroup of H such that K is a separable subgroup of G. If K is G-completely reducible,
then it is also H-completely reducible.

Example 2.5 shows that the separability hypothesis is automatically satisfied for the case
G = GL(V). We obtain an immediate consequence of Theorem 2.8, which is in the spirit of
a result of Serre [19, Thm. 5.4].

Corollary 2.9 ([2, Cor. 3.36]). Suppose that (GL(V), H) is a reductive pair and K is a
closed subgroup of H. If V is a semisimple K-module, then K is H-completely reducible.

In our next example we look at the special case of the adjoint representation.

Example 2.10 ([2, Ex. 3.37]). Let H be a simple group of adjoint type and let G =
GL(Lie H). We have a symmetric non-degenerate Ad-invariant bilinear form on Lie G =
End(Lie H) given by the usual trace form and its restriction to Lie H is just the Killing form
of Lie H. Since H is adjoint and Ad is a closed embedding, ad : Lie H — Lie Ad(H) is
surjective. Thus it follows from the arguments in [2, Rem. 3.34] that if the Killing form of
Lie H is non-degenerate, then (G, H) is a reductive pair.

Suppose first that H is a simple classical group of adjoint type and p > 2. The Killing
form is non-degenerate for sl(V'), so(V'), or sp(V) if and only if p does not divide 2dim V/,
dimV — 2, or dimV + 2, respectively, cf. [10, Ex. Ch. VIII, §13.12]. In particular, for H
adjoint of type A,, B,, C,, or D,, the Killing form is non-degenerate if p > 2 and p does
not divide n + 1, 2n — 1, n + 1, or n — 1, respectively.

Now suppose that H is a simple exceptional group of adjoint type. If p is good for H,
then the Killing form of Lie H is non-degenerate; this was noted by Richardson (see [17, §5]).
Thus if p satisfies the appropriate condition, then (GL(Lie H), H) is a reductive pair and

Corollary 2.9 applies.
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Theorem 2.11. For a simply connected simple algebraic group G in characteristic p > 0,
consider the following conditions:

(i) (GL(V),G) is a reductive pair, where V is an untwisted irreducible G-module of least
dimension;

(i) (GL(V), p(G)) is a reductive pair, for some irreducible representation p : G — GL(V)
with central kernel;

(iii) p is very good for G;

(iv) (GL(Lie(G)), Ad(G)) is a reductive pair;

v) the Killing form on Lie(G) is non-degenerate;
(vi) p is very good for G and, if G has classical type, then pte(G) as follows:

e(G)| 2 2n—1 n+1 n—-1

Then (i) & (i) & (i) < (iv) < (v) <(vi).
For G of exceptional type, all these conditions are equivalent.

Proof. 1t is clear that (i) implies (ii). If (ii) holds, then every subgroup of p(G) is separable,
since every subgroup of GL(V) is separable, by Example 2.5, and this descends through
reductive pairs. This means that p is pretty good for p(G), cf. [13, Def. 2.11], which is
the same as p being very good for p(G) since G is simple. Note that p being very good is
insensitive to the isogeny type of G, so (ii) implies (iii).

Next, the implication (iii) = (i) for G of type B, C,, and D,, is [17, Lem. 5.1]. For SL(V),
it is well-known that the traceless matrices sl(V') and the scalar matrices ¢(gl(V')) are the
only proper, nonzero GL(V')-submodules (and SL(V')-submodules) of gl(V'). Now (iii) means
that p is coprime to dim V', which implies that these submodules intersect trivially, so that
s[(V) is complemented by ¢(gl(V')). So (i) holds in type A,.

[t remains to consider the exceptional cases (G, V) = (Go, V7), (Fy, Vag), (Eg, Var), (E7, Vae)
and (Ejg, Vaus) where V; is the appropriate minimal dimensional module in each case. Now
Lie(GL(V)) = V; ® V" contains Lie(G) as a submodule, which is irreducible since (iii) holds.
The known weights of low-dimensional irreducible G-modules, given for instance in [15], now
allow one to calculate the weights of V; ® V;* and determine its G-composition factors. In
each case, it transpires that Lie(G) is in fact the unique composition factor with a particular
highest weight. Since Lie(G) is a submodule and V; @ V* is self-dual, Lie(G) also occurs as
a quotient of this, and the kernel of this quotient map is then a complement to Lie(G), so
that (i) indeed holds. We illustrate the details in case G is of type Gy in Remark 2.12(iv).

This shows that (i), (ii) and (iii) are equivalent. Now it is clear that (iv) = (ii). The
equivalence of (v) and (vi) follows from Example 2.10. If (v) holds then the Killing form on
Lie(G) is, up to a non-zero scalar, the restriction of the trace form on Lie(GL(Lie(G))), and
hence Lie(G) has an orthogonal complement, so that (iv) holds. Also, (iii) coincides with
(vi) when G has exceptional type, which shows that all the conditions are equivalent in this
case. U

Remarks 2.12. (i). For exceptional groups in very good characteristic, one can also check,
just as in the case of the minimal module, that Lie(G) is the unique G-composition factor of
Lie(G) ® Lie(G)* having a particular high weight, so that (being a submodule) it is a direct
summand; this gives an alternative direct proof that (iii) = (iv) for exceptional G.
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(ii). For type A,, when p = 2{n+1, so that Lie(G) is simple and self-dual but the Killing
form is degenerate, evidence suggests that (GL(Lie(G)), G) is nevertheless a reductive pair.
For instance, if n = 2 or 4, the module V' = Lie(SL,.;) appears with multiplicity 2 as a
direct summand of V' ® V*; in fact

VeV eVaeVeWw

for some indecomposable module W. If the first summand is the Lie algebra itself, then the
kernel of the natural map (V ® V*)/V+ — V* is the sum of this and W,

(iii). For types B,, C,, D, with p odd but dividing 2n — 1, n + 1, n — 1 respectively,
considering such instances in rank up to 6 suggests that (GL(Lie((G)), G) is never a reductive
pair. In each case, it transpires that Hom(V,V ® V*) is 1-dimensional. This gives a unique
submodule isomorphic to V', which turns out to lie in a self-dual indecomposable direct
summand of V' ® V* which also has V' as its head.

(iv). To illustrate the argument in the proof above, when G has type Gy and p # 2,3 the
G-module V7 is irreducible of highest weight \s, and the 49-dimensional module V7 @ V' has
high weights 0, A;, Ao and 2\ when p # 7; or 0, 0, A\;, Ay and 2\ when p = 7. In either
case, we find a unique composition factor of high weight A;, which is Lie(G).

3. PROOFS OF THEOREM 1.3 AND PROPOSITION 1.7

Proof of Theorem 1.3. Let m: G — G/Z(G)° be the canonical projection. Owing to Lemma
2.3(ii)(b), we can replace G with G/Z(G)°, so without loss we can assume that G is semisim-
ple. Let Gi,...,G, be the simple factors of G. Multiplication gives an isogeny from
G1 x -+ x G, to G. Again by Lemma 2.3(ii)(b), we can replace G with Gy x --- x G,,
so we can assume G is the product of its simple factors. By Lemma 2.3(i) it is thus enough
to prove the result when G is simple and simply connected. Of course, as well as replacing
G with its (pre-)image under an isogeny, we also replace H and K with their (pre-)images
under that isogeny along the way.

Since p is very good for G, it follows from Theorem 2.11 that (GL(V), G) is a reductive pair,
where V' is an untwisted irreducible G-module of least dimension. Since p > d(G) = dim V,
V' is semisimple for K, thanks to Theorem 1.2, and thus K is G-cr, by Corollary 2.9. U

Remark 3.1. If G is simple of exceptional type, the bound p > d(G) from Theorem 1.3 can
be relaxed considerably in most instances. Suppose that G is simple of exceptional type and
p is good for G. We argue by induction on dim(G). We assume that Theorem 1.3 holds for
classical groups and for simple groups of exceptional type of dimension smaller than dim(G).
Suppose K is H-cr. If Z(H)® # 1 then H is contained in a proper Levi subgroup M of G.
Thus K is G-cr if and only if K is M-cr, thanks to [19, Prop. 3.2].

If H is semisimple and H is contained in a proper maximal rank reductive subgroup M of
G, then it follows from the algorithm of Borel and de Siebenthal (]3] or [9, Ex. Ch. VI §4.4])
and Carter’s criterion |11, Prop. 11] that M is the centraliser of a semisimple element in G.
Thus K is G-cr if and only if K is M-cr, thanks to [3, Prop. 2.11].

In both cases we have dim(M’) < dim(G) for every simple factor M’ of M, so K is M-cr
by induction on dim(G) and the argument in the first paragraph of the proof of Theorem
1.3. Hence K is G-cr.

Proof of Proposition 1.7. First assume H, C P for some parabolic subgroup P of G. Then

t lies in some maximal torus of P. So we can find a A € Y(G) such that P = P, and A
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centralizes t. But then A centralizes T', by (i), so T C P. Now we have a maximal torus T’
of H and a non-trivial part of each T-root group of H inside P, by (ii), so we can conclude

that all of H belongs to P. Similarly, if H, C L for some A € Y(G), we get H C Ly. The
reverse conclusions are obvious, since H, C H. U

The following example shows that the conditions in Proposition 1.7 do hold generically.

Example 3.2. Let o,: GL(V) — GL(V) be a standard Frobenius endomorphism that
stabilises the connected reductive subgroup H of GL(V') and a maximal torus 7" of H. Pick
[ € N so that firstly all the different T-weights of V' are still distinct when restricted to 7, ol
and secondly that there is a ¢ € T, such that Ce(T') = Cg(t). Then for every n > I, both
conditions in Proposition 1.7 are satisfied for o = o}'. Thus there are only finitely many
powers of ¢, for which part (i) can fail. The argument here readily generalises to a Steinberg

endomorphism of a connected reductive G which induces a generalised Frobenius morphism
on H.

In contrast to the setting in Example 3.2, our next example demonstrates that the conclu-
sion of Proposition 1.7 may fail, if condition (i) is not satisfied. Consequently, the conditions
in Theorems 1.2 and 1.3 and in Corollary 1.6 are needed in general.

Example 3.3. Let p = 3, ¢ = 9 and H = SL,. The simple H-module V = L(1 + q + ¢°)
is isomorphic to L(1) @ L(1) @ L(1)?] by Steinberg’s tensor product theorem, where the
superscripts denote g-twists. Thus, after identifying H with its image in G = GL(V), we
have H is G-cr. Let 0 = 0, be the standard Frobenius on G. Then H, = SL(9) is H-cr, by
Lemma 1.5. Now as an H,-module, V' is isomorphic to the H-module L(1)®L(1)®L(1) which
admits the non-simple indecomposable Weyl module of highest weight 3 as a constituent.
As the latter is not semisimple for H,, V is not semisimple as an H,-module and so H, is
not G-cr.

4. SATURATION

Let u € GL(V) be unipotent of order p. Then there is a nilpotent element ¢ € End(V)
with € = 0 such that u = 1 + €. For t € G, we define u! by

t t
t': t: 2 .. p—l
(4.1) u' = (1+¢€) 1+te+<2)6 + +(p_1)e :

cf. [18]. Then {u' |t € G,} is a closed connected subgroup of GL(V') isomorphic to G,.

Following [16] and [18], a subgroup H of GL(V) is saturated provided H is closed and for
any unipotent element u of H of order p and any ¢ € G, also u' given by (4.1) belongs to H.
The saturated closure H**' of H is the smallest saturated subgroup of GL(V') containing H.

There is a notion of saturation which applies to arbitrary connected reductive groups
which generalises the one just given for GL(V') which we recall next. Suppose that p > h(G)
(except in Example 4.12). Then every unipotent element of G has order p, cf. [24]. Let u
be a unipotent element of G. Then for ¢ € G, there is a canonical “t-th power” u’ of u such
that the map ¢t — u' defines a homomorphism of the additive group G, into G. We recall
some results from [18] and [19, §5].

For G semisimple (and simply connected) let U be the subvariety of G consisting of all
unipotent elements of G' and let N be the subvariety of Lie(G), consisting of all nilpotent

elements of Lie(G). Fix a maximal torus 7" of GG, a Borel subgroup B of G containing 7" and
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let U be the unipotent radical of B. Since p > h(G) and because the nilpotency class of
Lie(U) is at most h(G), we can view Lie(U) as an algebraic group with multiplication given
by the Campbell-Hausdorff formula (cf. [9, Ch. IT §6]).

Let @ be the root system of G with respect to T'. For a a root in ®, let z, : G, — U,
be a parametrization of the root subgroup U, of G. Let X, := < (z4(s))|s=o be a canonical
generator of Lie(U,). Further, by Aut(G) we denote the group of algebraic automorphisms
of G. We begin with the following result due to Serre.

Theorem 4.2 ([18, Thm. 3|). Let p > h(G) (resp. p > h(G) if G is not simply connected).
There is a unique isomorphism of varieties log : U — N such that the following hold:
(i) log(ou) = do(logu) for any o € Aut(G) and any u € U;
(ii) the restriction of log to U defines an isomorphism of algebraic groups U — Lie(U)
whose tangent map is the identity on Lie(U);
(iil) log(za(t)) = tX, for any o € ® and any t € G,.

Let exp : N'— U be the inverse morphism to log. We then define
(4.3) u' = exp(tlogu),
for any v € U and any t € G,.

Definition 4.4 ([10], [18]). A subgroup H of G is saturated (in G) provided H is closed and
for any unipotent element u of H and any t € G, also u' belongs to H. For a subgroup H,
its saturated closure H®* is the smallest saturated subgroup of G' containing H.

By Theorem 4.2, parabolic subgroups of G are saturated. The following confirms this
fact using the language of cocharacters. In particular, we see that “taking limits along
cocharacters” and saturation commute.

Proposition 4.5. Let A € Y(G) and let P = Py. Then for u € P unipotent and v :=
lin% Ma)uX(a)™!, we have liII(l) Ma)u'Xa)™! = v'. In particular, P is saturated.
a— a—

Proof. Observe that for any t € G, the map h; : U — U given on points by hy(u) :=
exp(tlog(u)) =: u' is an isomorphism of varieties, by Theorem 4.2. Furthermore, by Theorem
4.2(i) we have

(Ma)ur(@)™)" = Ma)u'A(a) ™,
since conjugation with A(a) is an automorphism of G for all a € k*. The result now follows
from Remark 2.1 and elementary limit calculations. U
We record another immediate consequence of Theorem 4.2.

Corollary 4.6. Let p > h(G). For S a subgroup of Aut(G), Cq(S) is saturated in G.

Thus, by Corollary 4.6, centralizers of subgroups of GG are saturated; this applies in particu-
lar to Levi subgroups of parabolic subgroups of GG. Also centralizers of graph automorphisms
of G are saturated.

We require further observations due to Serre.

Theorem 4.7 ([18, Property 2, Thm. 4]). Let p > h(G). Let H be a closed connected
reductive subgroup of G. Then

(i) h(G) > h(H); thus saturation in both H and G makes sense;
10



(i) for H saturated and w € H unipotent, the element u', with respect to H, coincides
with u®, with respect to G, i.e. saturation in H coincides with saturation in G.

Proposition 4.8 ([19, Prop. 5.2]). If H is saturated in G, then (H : H°) is prime to p.

Theorem 4.9 ([19, Thm. 5.3]). Let p > h(G). For a closed subgroup H of G, the following
are equivalent:
(i) H is G-completely reducible;
(i) H*®" is G-completely reducible;
(iil) (H®%)° is reductive.

The equivalence between (i) and (ii) stems from the fact that both parabolic and Levi
subgroups of G are saturated. Since h(G) > a(G), the equivalence between (ii) and (iii) is
an immediate consequence of Theorem 1.1 and Proposition 4.8.

Proof of Proposition 1.9. By Theorem 4.9, K is H-cr if and only if the connected component
of its saturation in H is reductive. Thanks to Theorem 4.7, saturation in H is the same as
saturation in G. Thus (K®*")° is reductive which is the case if and only if K is G-cr, again
by Theorem 4.9. U

Note that both implications in the equivalence in Proposition 1.9 may fail if p < h(G)
even when H is saturated in G, e.g. see [2, Ex. 3.45] and [0, Prop. 7.17].
For ease of reference, we recall a connectedness result for H%** from [1, Cor. 4.2].

Remark 4.10. Let p > h(G). If H is a closed connected subgroup of G, then so is H®*.
For, consider the subgroup M of G generated by H and the closed connected subgroups
{u'| t € G,} = G, of G for each unipotent element u € G. By definition, M C H®*. If
M # H*** then by repeating this process with M (possibly several times), we eventually
generate all of H**" by H and closed connected subgroups of G isomorphic to G,. It thus
follows from [21, Cor. 2.2.7] that H**" is connected.

Here is a further consequence of Theorem 4.9.

Corollary 4.11. Let p > h(G). Let K C H be closed subgroups of G with H connected
reductive. Then the following are equivalent:
(i) K is H®"-completely reducible;
(i) K™% s H5*-completely reducible;
(iii) (K™)° is reductive;
(iv) K is G-completely reducible;
(v) K is G-completely reducible.

Proof. Owing to Remark 4.10, H** is connected. Further, since h(G) > a(G), it follows
from Theorems 1.1 and 4.9 that H*?* is reductive.

The equivalence of (i) through (iii) follows from Theorem 4.9 applied to K C H®** and
Theorem 4.7 and the equivalence of (iii) through (v) is just Theorem 4.9. O

Proof of Theorem 1.10. Thanks to Remark 4.10, H*" is connected. Since d(G) > h(G) >
a(@), it follows from Theorems 1.1 and 4.9 that H**' is reductive.
If K is H-cr, then K is G-cr, by Theorem 1.3, and K®* is H**-cr, by Corollary 4.11. [

The following example illustrates that in general connected reductive subgroups are not

saturated.
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Example 4.12. With the explicit notion of saturation from (4.1) within GL(V) it is easy
to check that the image H of the adjoint representation of SL, in G := GL(Lie(SL,)) is not
saturated in characteristic p, cf [18]. Evidently, H is contained in the maximal parabolic
subgroup P of G which stabilises the H-submodule ¢(Lie(SL,)). Its saturation H*' in G
includes all of H but also part of the unipotent radical R,(P) of P. So H®** is of the form
H*" = XU, where X is a subgroup of the Levi subgroup SL,2 5 of P which contains H and
U belongs to R, (P). Since the abelian unipotent radical R, (P) is an irreducible SL,-module
(of highest weight Ay +\,_1, or 2\; when p = 2), being a non-zero SL,-submodule of R, (P),
U is in fact all of R,(P). So in particular H%* is not reductive in this case.

We briefly revisit Example 3.3 in the context of saturation.

Example 4.13. With the hypotheses and notation from Example 3.3, a non-trivial unipotent
element u from H, has order p = 3, so we can saturate v in H and in G, according to (4.1)
above. Likewise for non-trivial unipotent elements in H. It turns out that H is not saturated

in G. Let u = < (1) li ) be in SLy(9) = H, for a fixed b # 1. Then one can check that the

saturations of u in H and in G do not coincide. Thus, Theorem 4.7(ii) fails on two accounts,
for H is not saturated in G and p = 3 < h(G) = dimV = 8, while p > h(H) = 2.

5. SATURATION AND SEMISIMPLIFICATION

In this section we assume throughout p > h(G).

Definition 5.1 ([, Def. 4.1]). Let H be a subgroup of G. We say that a subgroup H' of G
is a semisimplification of H (for G) if there exists a parabolic subgroup P = Py of G and
a Levi subgroup L = L) of P such that H C Py and H' = ¢)\(H), and H' is G-completely
reducible. We say the pair (P, L) yields H'.

The following consequence of Proposition 4.5 shows that passing to a semisimplification
of a subgroup of G and saturation are naturally compatible.

Corollary 5.2. Let H' be a semisimplification of H yielded by (P, L). Then a semisimplifi-
cation of H?* is given by (H')*™ and is yielded also by (P, L).

Proof. By Lemma 2.2 there exists a A € Y/(G) such that P = P\, L = L, and H' = c,\(H).
According to Proposition 4.5, we have (H')* = (cx(H))™ = cx(H®). Since H' is G-cr, by
definition, (H')** is G-cr by Theorem 4.9. O

Example 5.3. We revisit Example 4.12. Here a semisimplification H’ of the image H of
the adjoint representation is the lower diagonal SLs, which is already saturated in G.

In Example 4.12, the subgroup H considered is connected, non-saturated and not G-cr.
In our next example, we give a connected, non-saturated but G-cr subgroup.

Example 5.4. Consider the semisimple SLy-module L(1) @ L(p) = L(1) @ L(1)P), i.e. SLy
acting with a Frobenius twist on the second copy of the natural module and without such
on the first copy. This defines a diagonal embedding of SLy in M := SLy X SLy C G = GLy4.
While the image H of SLy in G is G-cr it is not saturated in G (and neither in the saturated
G-cr subgroup M of G.) The argument is similar to the one in Example 4.12. Note that M

is the saturation of H in . This is consistent with Corollary 5.2.
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We close this section by noting that in general homomorphisms are not compatible with
saturation. For instance, take the inclusion of a connected reductive, non-saturated subgroup
H in G. See also Examples 4.12 and 5.4.

6. SATURATION OF FINITE GROUPS OF LIE TYPE

In this section we discuss the saturation of finite subgroups of Lie type in G. Suppose
that G is simple unless specified otherwise. Then ¢ is a (generalized) Frobenius map, i.e. a
suitable power of which is a standard Frobenius map (e.g. see [12, Thm. 2.1.11]), and the
possibilities for o are well known ([23, §11]): o is conjugate to either o, 704, 7’0, or 7/, where
04 is a standard Frobenius morphism, 7 is an automorphism of algebraic groups coming from
a graph automorphism of types A,, D, or Eg, and 7’ is a bijective endomorphism coming
from a graph automorphism of type By (p = 2), Fy (p = 2) or Gy (p = 3). The latter
instances only occur in bad characteristic, so are not relevant here. If 7 = 1, then we say
that G, is untwisted, else G, is twisted. Note that, since G is simple, 7 and o, commute.

Theorem 6.1. Suppose G is simple. Let p > h(G). Let 0 = 70, be a Steinberg endomor-
phism of G and H is a connected reductive o-stable subgroup of G. We have

(i) if 7 =1, then (G, )** = G|

(ii) if 7 =1 and H is saturated in G, then (H,)*" = H;

o'((Hy)*™) fori >0 in G, then K C H and K, = H,.

Proof. There is no loss in assuming that both G and H are generated by their respective
root subgroups relative to some fixed maximal o-stable tori Ty C Tz = T.

(i) and (ii). If 7 = 1, i.e. if 0 = 0, is standard, then every root subgroup of G meets G,
non-trivially. (For, each root subgroup U, of G is o-stable and the o-stable maximal torus
T acts transitively on U,. So the result follows from the Lang-Steinberg Theorem.) It thus
follows from Theorem 4.2(iii) and (4.3) that (G,)*" contains each root subgroup of G; thus
(i) follows. The same argument applies for (ii) by considering the simple components of H
and the fact that saturation in H coincides with saturation in G, by Theorem 4.7(ii).

(iii). Since 7 and o, commute, we have G, = C(7),,. Since Cg(7) is saturated in G, by
Corollary 4.6, the result follows from part (ii).

(iv). Again, since 7 and o, commute, we have H, = Cy(7),,. Now Cy(7) is saturated in
H, by Corollary 4.6. But since H is saturated in GG, saturation in H coincides with saturation
in G, by Theorem 4.7(ii), so the result follows from part (ii).

(v). Since H is saturated in G, (H,)™ C H*" = H. Thus K C H, as H is o-stable. As
H, C K and K is o-stable, we have H, C K, C H,, so K, = H,, as claimed. O

We consider some explicit examples for Theorem 6.1.
Example 6.2. Let G = SL,,, and let ¢ be the Steinberg endomorphism of G given by

g og(no(‘g™)),
where ‘g denotes the transpose of the matrix g and ng is a representative in G of the
longest word in the Weyl group of G. Note that 7(g) = ng(*g~!) is the graph automorphism

of G. Then ¢ = 0, is a standard Frobenius map of G given by raising coefficients to
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the ¢*th power. Note that G, = SU(q) is the special unitary subgroup of G. We have
SU(¢q) = G» C G,2 = SL(F2), and since o, commutes with 7, we have (assuming p > n)
(G,)" = Cq(7), by Theorem 6.1(iii), while (G,2)**' = G, by Theorem 6.1(i).

In the case when G is no longer almost simple, additional kinds of Steinberg endomor-
phisms are possible.

Example 6.3. Let H be a connected reductive group defined over F, and let o, be the
corresponding standard Frobenius map of H. Let G = H x --- x H (r factors) and let AH
be the diagonal copy of H in GG. Let 7 be the r-cycle permuting the r direct copies of H of G
cyclically. Then o = mo, is a Steinberg endomorphism of G’ where 7 and o, do not commute.
We have G, = (AH),, and 0, is a standard Frobenius map on AH. (Note that (AH),,,
is isomorphic to H, , = H(F,r), as we may regard H to be defined over [F,-.) Now suppose
p > h(H) = h(G). Then AH is saturated in G. Thus (G,)** = ((AH)s, )" = AH, by
Theorem 6.1(ii).

We present an instance where Theorem 6.1(i) can be applied even though G is not simple
and o is a Steinberg endomorphism which is not a generalized Frobenius endomorphism.

Example 6.4. Let p > 2. Let 0, 0,2 be the standard Frobenius maps of SLy given by raising
coefficients to the pth and p?th powers, respectively. Let G = SLj x SLy. Then the map
o =0, X 0,2 : G — G is a Steinberg morphism of G that is not a (generalized) Frobenius
morphism (cf. the remark following [12, Thm. 2.1.11]). We have G, = SLy(F,) x SLo(F,2)
and by applying Theorem 6.1(i) to each factor of G, we get (G,)™" = G.
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