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ABSTRACT Large-scale quantum information processing requires the use of quantum error-correcting
codes to mitigate the effects of noise in quantum devices. Topological error-correcting codes, such as
surface codes, are promising candidates, as they can be implemented using only local interactions in a
2-D array of physical qubits. Procedures, such as defect braiding and lattice surgery, can then be used to
realize a fault-tolerant universal set of gates on the logical space of such topological codes. However, error
correction also introduces a significant overhead in computation time, the number of physical qubits, and the
number of physical gates. While optimizing fault-tolerant circuits to minimize this overhead is critical, the
computational complexity of such optimization problems remains unknown. This ambiguity leaves room
for doubt surrounding the most effective methods for compiling fault-tolerant circuits for a large-scale
quantum computer. In this article, we show that the optimization of a special subset of braided quantum
circuits is NP-hard by a polynomial-time reduction of the optimization problem into a specific problem
called PlanarRectilinear3SAT.

INDEX TERMS Braiding circuits, computational complexity, fault-tolerant quantum computation (FTQC),

NP-complete, PlanarRectilinear3SAT, quantum circuit optimization, surface code.

I. INTRODUCTION

Quantum information processing has many applications, in-
cluding quantum computation [1], [2], [3] and quantum com-
munication [4], [5]. Implementations of noisy intermediate
scale quantum systems already exist, but large-scale quan-
tum information processing is required for the majority of
proposed applications. Noise in these systems is an obstacle
to this, and quantum error-correcting codes (QECCs) are
the most promising methods to address this issue. QECCs
provide a way of detecting and correcting errors in quantum
systems by storing quantum information in a redundant sys-
tem [6]. The ability to perform reliable computation in the
presence of errors is called fault-tolerant quantum computa-
tion (FTQC) [7]. Topological stabilizer codes, such as sur-
face codes [8], are good candidates for implementing FTQC
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due to their high thresholds and low-weight local stabiliz-
ers [9], [10].

However, many additional resources are required to im-
plement fault-tolerant error correction, including in the case
of surface codes due to their low encoding rate [11], [12],
[13]. Furthermore, fault-tolerant quantum circuits are longer
than unencoded ones since it is only possible to implement a
finite set of gates fault-tolerantly within a given code and cir-
cuit depth increases significantly when continuous quantum
gates are decomposed into gates from such a set [14]. For
universal quantum computation, it is necessary to implement
a set of quantum gates called a universal gate set [15], [16],
[17], [18], [19], [20], [21], which must contain at least one
quantum gate for multiple qubits. Transversal implementa-
tions of these gates in 2-D topological codes require nonlocal
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FIGURE 1. Simple example of a quantum circuit with CX gates.

connectivity or higher dimensional architectures, and so al-
ternative techniques, such as defect braiding [22] and lattice
surgery [23], have been proposed. These operations can also
take a long time to perform compared to performing logic
on unencoded qubits, and therefore, optimization of these
quantum circuits can significantly reduce the overhead for
FTQC.

This project deals with the problem of optimizing defect
braiding circuits to achieve FTQC using surface codes. Sev-
eral practical optimizations for braiding circuits have been
proposed [24], [25], [26], [27], but in order to achieve fur-
ther optimizations, it is helpful to classify the optimiza-
tion problem and prove the computational complexity. This
allows us to estimate the cost of the optimization problem and
define the requirements for the computer architecture. Our
results show that the computational complexity for optimiz-
ing the depth of the defect braiding circuits by reordering is
NP-hard, which matches previously known results for lattice
surgery [28].

The surface code can be defined by placing qubits on
the edges of a regular square lattice. Error detection is then
achieved by the measurement of multiqubit Pauli operators
localized at the nodes and across the faces of this lattice,
which define the encoded subspace. Logical qubits are typi-
cally associated with lattice defects, such as boundaries or
punctures, which correspond to regions of the lattice re-
maining unmeasured. In this work, we consider an encod-
ing where a logical qubit is encoded with a pair of such
punctures. Logical operations between pairs of logical qubits
can then be performed via braiding of these pairs. Some
restrictions are imposed on the braiding operations that can
be performed, both by the topological nature of the surface
code and the requirement to maintain a sufficient degree of
error correction. For the purpose of our problem, the relevant
restrictions are that defects must be separated by a minimum
distance and that braiding operations do not commute. Note
that in our analysis, we do not allow techniques, such as
bridge compression [29], which may be used to obtain more
compact braided quantum circuits in some circumstances.

A simple quantum circuit is presented in Fig. 1 as an
example. Fig. 2 then shows a braided implementation as a
3-D space-time diagram, with a 1-D arrangement of logi-
cal qubits, while Fig. 3 shows a corresponding simplified
diagram that we call the “1-D braiding circuit” representa-
tion. More generally, braiding circuits can be implemented
in a high-dimensional representational space, and by im-
posing the constraints we obtain the 1-D braiding circuit.
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FIGURE 2. Defect braiding operation that implements the circuit of

Fig. 1. Time flows from left to right, and the gray bars labeled with letters
A to D are the defect pairs corresponding to the logical qubits. The black
loops 1 and 2 correspond to the braiding operations (CX gates).

A B C D

LWl
I

FIGURE 3. Simplified diagram (1-D braiding circuit representation) of
Fig. 2. We ignore the direction of the CX gate for simplicity. Time flows
from top to bottom. Vertical gray bars correspond to the logical qubits
(pairs of punctures) and the black boxes correspond to the logical gate
operations.

Although one might think the dimensional constraint in this
representation is rather artificial, in some quantum computer
architectures, the data logical qubits may be arranged in a
quasi 1-D array. This may be due to the large distillation
factory associated with this code implementation [30] or due
to physical constraints in some architectures (for example, in
quantum dot qubits in silicon and gallium arsenide, a quasi
one-dimensional qubit arrangement may be required to ac-
commodate the necessary control wiring).

In this article, we investigate the computational complex-
ity of the problem of minimizing the depth of the 1-D braid-
ing circuit. For this purpose, we formulate an optimization
problem MinBraiding, which asks whether there exists an
arrangement of qubits and gates that attains the required
processing time.

Il. PROBLEM DEFINITION

Let [n] = {1, 2, ..., n} denote the set of n logical qubits.
We are given a family R of controlled-NOT gates, where
each gate is represented by X € R, a subset of [n] cor-
responding to the set of qubits to which the gate is ap-
plied. We are also given a partial order > on R, which
represents the order of operators on the same qubit. Some-
times gate operators on the same qubit are commutative,
but for simplicity we ignore such commutativity in this
article. Therefore, two gates X, X’ € R are comparable if
and only if they share a qubit. That is, we have X >
X or X' =X if XNX' #£@. We write X = X" if X > X’
and X # X’. For a permutation 7 : [n] — [n] of logical
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qubits, we say that gates X, ..., X, € R can be arranged
into one row with respect to 7 if, for any distinct i, j €
{1,2,...,¢}, either max{mw(x) | x € X;} + 1 < min{m (X') |
¥ e X;} or max{r(x) |x € X;} + 1 < min{m(x) | x € X;}
holds. This condition means that any pair of gates in the
same row have no overlap, and furthermore there is a margin
between them.

We say that the family R of gates can be packed with
height 2 € Z according to a partial order > if there exists
a pair (;r, u) of a permutation r : [n] — [n] and a function
W R — [h] satisfying the following two conditions:

i) for each i € [h], the gates in {X | u(X) =i} can be
arranged into one row with respect to a permutation
7 i [n] = [n];

ii) forany two distinct gates X, X’ € R,if X N X’ # @and
X > X', then u(X) > u(X’).

For m and u satisfying (i) and (ii), a pair (7, ) is called
a packing of (R, >) with height 4. We call condition (i) the
horizontal condition, and condition (ii) the vertical condi-
tion. For a packing (, 1t), we call u(X) the level of X € R.

Now, we define our problem, which we call MinBraiding.

Problem 1 (MinBraiding): Given a set R of gates, a partial
order > on R, and a positive integer 4, output Yes if R can
be packed according to > with height at most /.

In particular, if there is a packing (r, n) of (R, >) with
height % but no packing with height ' < h, then we call
(7, ) a minimum packing.

1Il. HARDNESS RESULT

In this section, we show that MinBraiding is NP-complete.
Clearly, MinBraiding is in NP. Therefore, we devote this
section to showing the polynomial-time reduction from Pla-
narRectilinear3S AT, which is explained as follows.

A 3-CNF Boolean formula ¢ consists of n variables X =
{x1,...,x,} and m clauses C = {cy, ..., ¢;} such that each
clause ¢; contains at most three literals Eil, E%, Z?. Here,
tefxy, .. xp g, ) forl <i<mand 1 < j <
3. Given a 3-CNF Boolean formula ¢, 3SAT asks to de-
cide whether there exists a satisfying assignment for ¢. In
the following, we consider the drawing of the graph cor-
responding to an instance of 3SAT in the plane. The as-
sociated graph G(¢) = (V(¢), E(¢)) of ¢ is a graph such
that V() =X UC,E(¢p) = {{x,c} e X xC|x € cor—x €
c}. PLANAR3SAT is a restriction of 3SAT such that the asso-
ciated graph of a given formula has a planar embedding; that
is, we can draw the graph in the plane in such a way that no
edges cross each other. It is shown in [31] and [32] that any
instance of PLANAR3SAT has a rectilinear representation,
where a rectilinear representation of ¢ is a planar drawing
of the graph G(¢) satisfying the following conditions:

1) vertices in G(¢) are drawn by rectangles whose sides
are parallel to axis;

2) rectangles corresponding to variables are drawn on a
horizontal line;
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FIGURE 4. Example of the rectilinear representation of an instance
¢1 = C1 A G, A Cs of PlanarRectilinear3SAT, where C; = (—x; VX,),C =
(X2 v x3),Cs = (X2 V X3 V —Xa).

FIGURE 5. Variable gadgets. In this figure, the corresponding variable is
assigned to true.

3) edges in E(¢) are drawn by vertical segments;
4) edges do not cross each other.

See Fig. 4 for an example of a rectilinear representation.
The decision problem PlanarRectilinear3SAT is defined as
follows: Given a 3-CNF formula ¢ and its rectilinear rep-
resentation D, decide whether there exists a satisfying as-
signment for ¢. PlanarRectilinear3SAT is known to be NP-
complete [31].

To show the NP-completeness of MinBraiding, we constr-
uct the corresponding instance (R (¢, D), > (¢, D), h(¢, D))
of MinBraiding for an instance (¢, D) of PlanarRectilin-
ear3SAT so that (R(¢, D), = (¢, D), h(¢, D)) is a YEs-inst
ance of MinBraiding if and only if (¢, D) is a YEs-instance
of PlanarRectilinear3S AT. For the construction, we introduce
several gadgets.

Each gadget consists of two types of gates. A gate in a
gadget is fixed if for any packing of the gadget with min-
imum height, the level of the gate is the same. Otherwise,
a gate is said to be movable. Movable gates propagate the
choice of the assignment of a variable. On the other hand,
fixed gates restrict the placement of each movable gate. In
each gadget, we call the set of fixed gates the frame of the
gadget. In Figs. 5-10, the fixed gates are colored gray and
the topmost gate is the largest gate. In addition, for figures
of gadgets other than bending gadgets (see Fig. 9), we call
green gates on the left side inputs and those of the right side
outputs. Intuitively speaking, a gadget receives a variable
assignment from the inputs and propagates the information
to the outputs.

a) Variable gadgets: This gadget corresponds to a vari-
able in ¢. The variable gadget for a variable x; consists
of five gates RV (x;) = {X(x;), ..., X3 (x;)} defined as fol-
lows: XY (xi) = XY () = {12, 3}, X (x) = Xy (xi) = {1},
and X, (x;) = {3}. Moreover, X (x;) < X}/ (x;) for b > 1,
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FIGURE 6. Example of a clause gadget. In this example, all variables
appearing in the corresponding clause are assigned to true. If all
variables are assigned to false, the height of this gadget is at least 12.

FIGURE 7. Not gadget. The level of the green gates is not the same.

Xy (x;) < X5 (x;) for a < 5 and X' (x;) < X3 (x;). See Fig. 5
for the detail. Note that there is no input in variable gadgets.
Clearly, the height of a minimum packing of RV (x;) is four.
In addition, we have only two minimum packings of RV (x;);
we can put X' (x;) at level 2 or 3. Note that the level is counted
from bottom to top. Deciding the level of X,/ (x;) corresponds
to an assignment of the variable x;. If X" (x;) is on level 3, then
we assign x; to true. On the other hand, if X}’ (x;) is on level
2, then we assign x; to false.

b) Clause gadgets: The clause gadget for a clause ¢, con-
sists of 29 gates. See Fig. 6 for the detail. The partial order
on those gates are defined to be consistent with this figure.
Note that there is no output in clause gadgets. In the gadget,
three green gates X;, X;, and X correspond to variable as-
signments. For any minimum packing, there are no options
for the level of each gray gate. On the other hand, we have
two options for the level of X;, X;, and Xi; 9 and 10 for X;,
6 and 7 for X;, and 2 and 3 for X;. If we, respectively, place
X;, X;, and X; on level 9, 6, and 2, then there is no packing of
the gadget with height 11. Otherwise, there is a packing with
height 11. This implies that at least one literal x;, x;, and xi
must be on the upper level. That is, to obtaining a minimum
packing with height 11, ¢, must be true.
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FIGURE 8. Copy gadget. If the left green gate is on the upper (resp.
bottom) level, then the right green gates are on the upper (resp. bottom)
level.

X0 (x;) - — I | .
I | D | B |
I | N | B |
X2 (x;) | | N | S |
I | B | D | S
I | B —

FIGURE 9. Bending gadget. If a green gate in the gadget is on the upper
(resp. bottom) level, then the other green gate is also on the upper (resp.
bottom) level. This gadget changes the direction of the propagation of
the information for a variable assignment.

FIGURE 10. Gadget for fixing the ordering of six logical qubits.

¢) Nor gadgets: To negate a variable, we use a not gadget.
See Fig. 7, which represents gates constituting the gadget and
a partial order defined on them. The height of the minimum
packing of this gadget is clearly four. If the left green gate is
on the upper level of possible choices, that is, assigning true
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FIGURE 11. Corresponding instance of ¢; = C; A G, A G; in Fig. 4, where C; = (=x; V X2), G, = (X2 V X3), CGs = (X2 V X3 V —X3). The figure depicts the case
when (xq, X2, X3, X3) = (F, T, F, T). A blue area surrounded by a dotted line corresponds to a variable, and a yellow are surrounded by a dashed line
corresponds to a clause. To propagate the information of the assignment of a variable gadget to a clause gadget, we use copying gadgets and bending
gadgets, and extend these gadgets. Additionally, as C; and C, contain only two literals, we add dummy variable gadgets to force the third variable to be
assigned false. C; and C; are adjacent to not gadgets since they contain negative literals.

to the corresponding variable, then the right green gate is on
the lower level, that is, assigning false.

d) Copying gadgets: Copying gadgets are used to copy the
assignment of a variable x;. See Fig. 8, which represents gates
constituting the gadget and a partial order defined on them.
As before, we do not have options for the level of each gray
gate. In addition, clearly, the height of a minimum packing
of the gadget is 10. For any minimum packing of the gadget,
if the green left gate Xf (x;) is on the upper level of possible
choices, then the other green gates Xf (x;) and Xf (x;) are also
on the upper level. Similarly, if the left green gate is on the

VOLUME 4, 2023

lower level of possible choices, then the other green gates are
also on the lower level. These are the only two packings of
the gadgets with height 10.

e) Bending gadgets: Bending gadgets are used to rotate
the direction of propagation of the assignment of a variable
x;. See Fig. 9, which represents gates constituting the gadget
and a partial order defined on them. The minimum height is
eight. As before, for any minimum packing, we have only
two options for the level of Xf’(xi); 6 or 7. If the left green
gate XP(x;) is at level 7, then the other green gate X2 (x;) is
also at the upper level. Similarly, if the left green gate X}D (x;)
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is on level 6, then the other green gate X; (x;) is also on the
lower level. Note that this gadget is utilized to propagate the
assignment of a variable to a different level by concatenating
two bending gadgets so that the new gadget is “S”-shaped.

f) Fixing gadget: To fix the left-right direction of logical
qubits, we add several gates on the bottom of the instance as
follows. See Fig. 10 for the case that the number of logical
qubits is six. Gates of this gadget are smaller than any gates in
other gadgets. Thus, in the packing of the instance, this gad-
get appears in the bottom. For 7 logical qubits, the minimum
height of this gadgetisn — 1. Fori=1,...,n — 2, at level
i, the gadget contains two gates XZf ) =1{1,...,1}, er (i) =
{i+1,...,n}. Any other ordering of logical qubits cannot
achieve this minimum height.

g) Construction: Now, we construct the corresponding in-
stance (R(¢), = (¢), h(¢)) for an instance ¢ of PlanarRec-
tilinear3SAT. We first rotate the rectilinear representation of
PlanarRectilinear3SAT by 90° in a clockwise manner. Next,
we replace each vertex in the representation with the frame
of the corresponding gadget. Then, we connect the gadgets
by using not gadgets, copying gadgets, and bending gad-
gets and fill the empty place other than the inside of each
frame by gray gates. Note that, to properly connect these
gadgets, we may slightly modify each gadget by inserting
gray gates and orange gates, and extending green gates.
Additionally, if a clause contains less than three literals, then
we use a dummy variable gadget to force a unused literal
to be assigned false. These modifications do not affect the
mechanism of each gadget. Once the placement of frames
are fixed, we can compute the possible minimum height z(¢)
of a packing and the number of vertical lines. Moreover, we
can give a partial order on gates according to the placement
of frames. Fig. 11 shows an example of the corresponding
instance of ¢ ;. Since the correctness is straightforward from
the construction, the following theorem is established.

Theorem 1 (R(¢), > (¢), h(¢)): is a Yes-instance of Min-
Braiding if and only if ¢ is satisfiable.

We should note that we can define a “2-D braiding circuit”
representation and the problem of minimizing the volume of
the 2-D braiding circuit in a similar way to the 1-D braiding
circuit representation. The 1-D representation is also appli-
cable to quasi 2-D arrangements, such as a bilinear array,
in some extent, however, the conditions of the margins and
overlap for the optimization problem become more complex
when one attempts to utilize quantum gates with a more
complex shape or to place qubits in a 2-D or 3-D arrange-
ment. While the complexity of this problem remains an open
question, we conjecture that optimization of 2-D circuits and
higher dimensional circuits is intractable as it is a generaliza-
tion of the 1-D braiding circuit representation.

IV. CONCLUSION

This article considers the computational complexity of the
problem that must be solved to optimize a quantum circuit
by changing the qubit order when using defect braiding, one
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of the FTQC methods needed for large-scale quantum infor-
mation processing using the surface code. We proved that
this problem is NP-complete by performing a polynomial-
time reduction to PlanarRectilinear3SAT, which corresponds
to the equivalent result for lattice surgery [28]. Taken to-
gether, these results suggest that optimizing FTQC circuits
is costly and that heuristic methods, including approximation
algorithms, are essential. As such, the development of such
heuristic methods will be important for the realization of
FTQC using the surface code, and for the comparison of
other error-correction codes and fault-tolerant procedures to
determine the most practical and lowest-overhead route to
large-scale quantum information processing.
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