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Abstract

Existential expressibility for all k-valued functions was pro-
posed by A. V. Kuznetsov and later was investigated in more
details by S. S. Marchenkov. In the present paper, we consider ex-
istential expressibility in the case of formulas defined by a logical
calculus and find out some conditions for a system of formulas to
be closed relative to existential expressibility. As a consequence,
it has been established some pre-complete as to existential ex-
pressibility classes of formulas in some finite extensions of the
paraconsistent modal logic S5.
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1 Introduction

It is a well known class of problems in logic, algebra, discrete mathe-
matics, and cybernetics dealing with the possibility of obtaining some
functions (operations, formulas) from other ones by means of a fixed
set of tools. The notion of expressibility of Boolean functions through
other ones by means of superpositions goes back to the works of E.
Post [1],[2]. He described all closed (with respect to superpositions)
classes of 2-valued Boolean functions. The problem of completeness
(with respect to expressibility), which requires to determine the nec-
essary and sufficient conditions for all formulas of the logic under in-
vestigation to be expressible via the given system of formulas, is also
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investigated. In 1956 ( [3, p. 54], |4]), A. V. Kuznetsov established the
theorem of completeness according to which we can build a finite set of
closed with respect to expressibility classes of functions in the k-valued
logics such that any system of functions of this logic is complete if and
only if it is not included in any of these classes. In 1965 [5], Rosen-
berg I. established the criterion of completeness in the k-valued logics
formulated in terms of a finite set of pre-complete classes of functions,
i.e., in terms of maximal, incomplete, and closed classes of functions.

In the present paper, we investigate necessary conditions of com-
pleteness with respect to existential expressibility of the systems of
formulas in some extensions of the modal logic S5.

The standard language of S5 is based on propositional variables
and logical connectives: &, V, —, -, O, and . We consider the para-
consistent negation ~ of S5 [6] as follows:

~ a4 =pes Oa.

The logic S5 can be considered, according to [6], as a para-consistent
logic since it contains a para-consistent negation. The logic S5 is char-
acterized by the axioms and rules of inference of the classical proposi-
tional logic, the following axioms (A and B are any valid formulas):

O0(A — B) — (0A — OB),

OA — A,
GA — OOA,
and the necessity rule of inference: from A infer [JA.
Consider the set Ej, of finite binary strings (a1, ..., ax), where a; €
{0,1},7=1,..., k. Define Boolean operations &, V, —, — over elements

of E}, component-wise, and consider J((1,...,1)) = (1,...,1), and put
O(aiy..., ar)) = (0,...,0) otherwise. Also, as usual, ¢z = -O—-z. It
is known |7] that (Ey;&,V,—,—,0, <) represents an algebraic model
for S5.

Kuznetsov A. V. proposed in [8] some generalizations of the notion
of expressibility of formulas in a superintuitionistic logic, namely the
parametric expressibility, and the existential expressibility.
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The formula F' is said to be expressible in the logic L via a system of
formulas X if F' can be obtained from propositional variables, constants,
and formulas of ¥ applying a finite number of times: a) the rule of
substitution of equivalent formulas in the logic L, and b) the rule of
weak substitution, which permits, being given formulas A and B, to
substitute one of them in another instead of a given corresponding
propositional variable [8]-]10].

A. V. Kuznetsov 9] extended the notion of (explicit) expressibility
from Boolean functions to formulas of the superintuitionistic proposi-
tional logics. He proposed the use of two rules (weak substitution and
replacement by equivalent formula in the given logic) instead of the
rule of superposition, and the problem of completeness with respect to
(explicit) expressibility was solved for intuitionistic propositional logic
and its extensions by M. F. Ratsa [10], [11].

In his work [§], A. V. Kuznetsov, among other things, extended
the notion of (explicit) expressibility by modifying the tools previously
used so as to obtain new formulas in superintuitionistic propositional
logics and in the general k-valued logic Px. Thus, he proposed the no-
tions of implicit expressibility, parametric expressibility, and existential
expressibility. The last one is similar to the notion of existential defin-
ability of predicates in arithmetics, examined by J. Robinson in [12].

Related to the problems of expressibility is the following one, which
requires finding a tool (property) X that will permit us to separate the
object A from the given system of objects > in the sense that if A
is not expressible via the objects of X, then the objects of ¥ possess
property X, and the object A does not possess it. In this case, we
speak about separability of A from ¥ by means of X, or we say that
A is detachable from ¥ by means of X. In [8], A. V. Kuznetsov stated
conditions of separability of a formula of the general k-valued logic
from a given set of formulas with respect to explicit, parametric, and
existential expressibility.

In the present paper, we specify the notion of existential expressibil-
ity to any algebra with a finite set of basic operations and we determine
sufficient conditions for a system of term functions to be closed with
respect to existential expressibility in the given algebra. As a conse-
quence, some pre-complete relative to existential expressibility classes
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of formulas in some tabular extensions of the logic S5 are identified.

2 Basic notions

Consider the set of variables Var, whose elements will usually be de-
noted by small italic letters a,b,d,p,q, ..., possibly with indices. Let
A= (E; Fy,...,F,) be an algebra with support E and basic operations
Fy, ..., F,. The elements of the support of 2 are denoted by small
Greek letters a, 3,7,9,.... Terms of A are defined as usual [13, p.62,
Def. 10.1] and are denoted by capital letters. In order to stress that the
variables pi,...,p, occur in the term A, we will write A(p1,...,pn).
We will usually write the fact that some variable p is substituted in
term A(p,p1,...,pn) by term B in the form A[p/B] or A[B] for short.
The same notation A[p/~], or A[y], or A(y) is used to denote the fact
that the variable p is evaluated on 2 by the element + of E.

The set of variables occurring in the term F is denoted by Var(F).
The set of terms of A is denoted by T'erm(2) or shortly by Term (if
there is no danger for confusion). The equality 2 F A ~ B of 2 terms A
and B on 2 is defined as usual [13], i.e., for any evaluation of variables
with elements from F, the values of the terms A and B coincide.

Definition 1. (compare with [§]) The term F € Term() is said to
be expressible via the system of terms 3 on 2 if it is equivalent to a
term G of the algebra (E;X) on 2.

Consider first-order formulas over Terms on 2l as usual, based on
first-order connectives =, V, A, —, and — (equality, conjunction, dis-
Junction, implication, and negation) and quantifiers V and 3, respec-
tively. Let ¥ be a first-order formula. The usual fact that ¥ is valid
on 2 will be denoted by 2l F ¥ or simply by F V.

Definition 2. A term A is said to be existentially expressible via the
system of terms 3 on A (see [§, p. 30] and take into consideration
18, p. 25]), if there exist: a) integer positive numbers I, m, and k;
b) m,m1,...,m € Var \ Var(A); ¢) B;j,Cij, Dy € Term (i=1,..,m;
j=1,...k; t=1,..,1) such that i) B;;, Ci; are expressible via 3 on 2A; ii)
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Ty, & Var(D;) (i=1,...,1); and iii)

F(Amm) = (Vi ALy (B = Cy))[m/Di] ... [m/Di), (1)
= (Vi Ay (Big = Cij)) — (A= ). (2)

Example 1. (compare with (8, p. 30]) Let us consider the Boolean
algebra < {0,1};&,V,—,0,1 >, where &,V,— are defined as usual.
Then boolean functions p&q and —p are existentially expressible via the
constants 0 and 1.

We have
F((p&q) = 1) = ((p~=0) A(g=0) A (r=0))
V((p=0)A(g=1)A(r=0)) 3)
V((p~1)A(g=0)A(r=0))
Vilp=1)A(g=1)A(r=1))).

The closure of the system X of terms relative to (existential) ex-
pressibility is defined as usual. In the present paper, only terms on 2
are considered.

Definition 3. A term A(pi,...,pn) is said to conserve on 2
the relation R (compare with [9]) if, for any elements a;; € A
(i = 1,....,n; 7 = 1,...,8), the facts F R(a,...q;s) imply F
R(Flaq1y -y ainly .- Flast, ... asn])). Also, the system of terms %
1s said to conserve the relation R on 2 if any term of ¥ conserves
R on 2.

3 Preliminary results

The next theorem provides sufficient conditions for a system of terms
3’ to be closed relative to existential expressibility on 2.
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Theorem 1. Suppose a) 2 is an algebra with an arbitrary finite set
of operations; b) A; are subalgebras of A, i = 1,...,s; ¢) ® be any
mapping ® : A; — A; d) K is a set of terms of A that conserve on A
the relation R(y,x) of the type

y = 0(x). (5)
Then K is closed with respect to existential expressibility.

Proof. Let us suppose on the contrary that there exists a term A ¢
K and A is existentially expressible via terms of K. Let ay,...,a, €
Var(A).
Then, according to Definition there exist a) terms By, Chy,
.y Bk, Ck, and Dy, ..., Dy; b) variables a,dy,...,d; such that: i)
Bi1,C11, - .., Bk, Ci are expressible via K on 2; ii) a,dy,...,d; ¢
Var(D;) (i=1,...,1); and iii)

F(A=~a) = (ViZ ALy (By = zg))[dl/Dl] Adi/D], (6)
= (VEL ALy (Bij = Cy)) = (A= a). (7)
We can consider in the following that a,a,...,an,d1,...,d; € U2,

Uj_ 1{Va7“( i) U Var(Cy)}. So, since BZ],CU €K (i=1,...,m,
j=1,...,k), i.e., they conserve relation (b)), we have

F ®(Bjjloat, - - -1, 01,011, .., 01]) =
(3] } )

Bij[fb(an), ey ‘I)(Oznl), @(Oq), @((511), e ,q)
|=@(Cij[au,...,anl,al,éu,...,éll]): (9)
Cij[‘I)(OéH), e ,CI)(anl), (I)(Oq), @(511), ceey CI)((SH)],

where a1, 1,01 €A, u=1,...,nyw=1,...,1
It follows from A(ay,...,a,) ¢ K that A does not conserve relation
. This means that there exist elements 5,1, u = 1,...,n such that
(I)(A[/Blla s 7/8111]7) 7é A[q)(ﬁll)a ceey (I)(Bnl)] (10)

Let us denote

AlBir, -, Bl = B (11)
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So, we have:

':A[Bllw"aﬁnl] %61- (12)
Substituting in , we get:
®(B1) # A[®(B11),- -, ®(Bn1)]- (13)

Let us expand the relation @:

F(A(a1,...,an) = a) —
(VE_y A%y (Bijlas, . . an, a,dy, ... dp) & (14)
Cijlai,...,an,a,d1,...,d;)))[di1/D1]...[d/Dy.

The last relation takes place for any elements of . In particular, we
have

F (A[ﬁll) ) Bnl] ~ ﬂl) —
(VE_y ALy (Bij[Buns - - Bty Buoda, - di) =
Cij[ﬁlla ey Bnla Bla d17 sy dl]))
[di/D1[Br1s- -+ Buall - - - [di/ Di[Bra, - - -, Brall-
(15)
Since relations are true, we have from the following:
F (\/?:1 /\:Lril (Bij[ﬁlla e 7677,1’ 617 dla ey dl] ~
CijlB11s - -+, Bn1, Pr,du, ..., di])) (16)
[di/D1[Br1s- -y Buall - - - [di/ Di[Bua, - - -, Bral-

Let us denote the elements Dy, 811, - .., Bn1] by Twi1 forany w=1,...,1.
Then from we have:

E (VL AT (Bij[Bits - - B, Buy Tt i & (17)
CiilB1s -+ Bnts P15 TiLy - -5 T11]))-

Let us look now at relation @ For any elements v,7v1,...,7, € 2,
we get:

': (\/?:1 /\anl (Bl][’YL .. ,’)/n,’)/7d]_,. . 'adl] ~ } (18)
Cz‘j[’}/l,.. . ,’yn,’y,dl,... ,dl])) — (A[’yl,... ,’}/n] ~ 'y).
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So, is also true for particular elements v,v1,...,v, € A, where
v =®(B1), 1 = ®(B11),- -, = (Bn1), and we get:

F (Vo AT (sz [@(B11),-- - @ (Bn1), (B1), du, - .., di] =
[(I)(Bll) ) (/Bnl)a (/31),d1,...,dl])) — (19)
(A[®(B11), ..., 2(Bn1)] = 2(B1)).

According to , we have:
7 A[®(B11), ..., P(Bn1)] = ©(B1). (20)
Then it follows that relation holds if the next one is true:

V (\/?:1 /\;‘11 (Bij [(I)(ﬁll)a SRR (I)(Bnl)a (I)(ﬁl)’ dla s adl] %} (21)
Cij[®(B11), -, P(Bn1), ®(B1),di, ..., di])).

Observe that the last relation takes place for any variables
di,...,d;. So, for any elements 1, ...,0; € A, we have:

7 (VE_) ALy (Bij[@(B11)s - - - ®(Bn1), ®(B1), 61, ..., 6] & (22
Clj[q)(ﬁll)a ey (b(ﬁnl)a (I)(ﬁl)a 515 e aél]))
Let us consider the following elements of algebra :
6w = (D(Twl)a (23)

where 7,1 = DylB11,--.,0n1], w = 1,...,1. Now, substituting
into , we also get:

F (VE AT (
Bz‘j[q)(ﬁn),...,@(5711),(1)(51),@(7'1 )
Cij[®(B11), -, ®(Bn1), ®(B1), P(T11), )

From this last relation , since B;;,Cij € K, i =1,...,m, j =
.,k and according to relatlons and @ we have that

# VR AL ((Bij[But, - - Bty BraTit, - - 1) %} (25)
O(Cyi[B11s- -5 P, P15 Tits - -, 1))
402
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This means that for any j =1,...,k, we have:
7 N2 (®(Bij[Bi1s - - -5 B, Br, Tans - - Ti1]) = (26)
O(Cij[Br1s- -5 Bn1s By Tity - -5 7i1]))-
Further it follows that there exists i;, i; € {1,...,m}, such that
7 (®(Bi,j[B11s - - -5 Bat, B1, T11,5 - -, Ti1]) =
®(Cyj5B115 -+ -5 But, B1, 7115 - -, 1))
From the last relation it follows that there exist rj, r; € {1,...,s},
such that:
E{B’i]‘j[ﬁlmw cee 7Bnrju6rj’7—1rj> ey TZT]-] ~ (27)
Cijj[ﬁlf’j; oo 767”“]"67"]‘77-17“]‘7 ceey Tl?“j]'
The last relation implies also the following:
t?/ /\gilBij[ﬁlrja oo 7ﬂnTjaBTj77—1Tja e aTlTj] ~ (28)

C’L‘j[/gl'l‘ja MR} 7’LTj757’j7T17’]‘7' . '77_lT‘j]'

Let us remark that the relations and hold forany j =1, ..., k.
Therefore, the following relation is true:

k
';Z vj:l/\gllBij[/BlTja s 76%7’3'7/37‘1')7_17']'7 v 77_lT‘j] ~

(29)
Cij[/BIT'ja oo 76%1‘j7ﬁ7‘ja7-17“j7 e 77—17”3']'

Comparing relations and , we conclude that we get a contra-
diction.
The theorem is proved.

Theorem 2. Suppose A is an algebra and b € A. Then the set K of
terms of 2 that conserve on 2 the relation x = b is closed relative to
existential expressibility on 2.

The proof of this theorem is almost obvious if we consider in The-
orem [l| the mapping ®(z) = b.
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4 Main results

Consider logics LB;, ¢ = 1,2, 3 of the corresponding algebras 5;, known
also as extensions of the logic S5.

Consider classes of formulas I, II;, II5, that conserve on algebra
B the relations x =0, x = 1, and -z = y.

Theorem 3. The classes of formulas Iy,I11, Iy of the logic LB, are
pre-complete relative to existential expressibility in LB.

According to Theorem (1| these classes are closed as to existential
expressibility. By E. Post’s results [1],[2], these classes are pre-complete
as to expressibility. So, they are also pre-complete as to existential
expressibility, too.

Consider elements {(0,0),(0,1),(1,0),(1,1)} of By denoted by
0, p, 0,1, respectively. Consider mapping fig : Bo — Bs defined by
relations: fio(x) =0, if z € {0, p} and fio(z) =1, if z € {0,1}.

Consider classes of formulas Ilg, Ilg, IT1y that conserve on the al-
gebra By the relations Oz = y, Oz = y, fio(z) = y. Similar to the
previous theorem, we have:

Theorem 4. The classes of formulas Ilg, Ilg, I11g of the logic LB2 are
pre-complete relative to existential expressibility in LBs.

The proof is similar to the proof of the previous theorem.

Consider algebra %3. Denote its elements {(0,0,0), (0,0,1),
(O’ 17 0)7 (1? 07 0)7 (1? 17 0)7 (1? 07 1)7 (0? 17 1)’ (1? 1’ 1)} by {Oa Py E,0,V,
w, 1}.

Consider mappings fa, f3, f1 : B3 — B3 defined in tabular form as
in Table [1] below (see [10, p. 168]).

p |0 p puw e w v ol
J2{0 0 o o p p p 1
f310 p v w e pu o 1
fil0 o w v pu e p 1

Table 1. Functions on B3 [10, p. 168]
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Consider [10] classes of formulas Ila1, Ilag, Ilog that conserve on the
algebra B3 the relations fa(z) = vy, f3(z) =y, fi(z) =v.

Theorem 5. The classes of formulas 1oy, Tlao, Tlog of the logic L33
are pre-complete relative to existential expressibility in LB3.

Remark 1. Only the class formulas Ils from the above-mentioned
classes contain the para-consistent negation. So, if a system X of for-
mulas containing para-consistent negation is complete as to existential
expressibility in S5, it should satisfy the relation: ¥ ¢ Ils.

Now we can give necessary and sufficient conditions for a system of
boolean functions to be complete relative to existential expressibility
mentioned in [§].

Theorem 6. Consider the Boolean algebra 81 = ({0,1};&,V,—,0,1).
The system 3 of boolean functions is complete relative existential ex-
pressibility if and only if it conserves mone of the relations on Bi:
r=0,z=1, and xr = —y.

Proof. Each class of functions that conserve the corresponding re-
lation is closed (according to Theorem as to existential expressibility.
It is also known that these classes are distinct [1], and according to [3],
the constants 0 and 1 are expressible via X. By force of the Example
we conclude the system ¥ is complete as to existential expressibility.

5 Conclusions

Conditions for a system of formulas containing para-consistent nega-
tions to be existential expressible in the logic S5 are only necessary
conditions.

The discovery of all necessary and sufficient conditions for a system
of formulas of S5 to be complete as to existential expressibility may
follow the following procedure:

o Consider possible classes of formulas as possible candidates that
comply with the conditions stated in Theorem
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o Apply the principle from simple to complex, i.e., start with the
corresponding 2-, 4-, 8-valued algebras.

e Examine initially classes defined by 1-valued functions ®.

e As the dimension of the algebraic model of the logic under con-
sideration may increase (2-valued, 4-valued, 8-valued, 16-valued,
32-valued), it is useful to filter the possible ® functions mentioned
above. A relatively simple way is to consider different ® functions
and examine the relation of the formulas of the logic on the cor-
responding algebraic model relative to classes defined by those ®
functions. This will allow establishing a possible inclusion of the
classes defined by ® functions in each other. So, a software, for
example, something similar to http://tinyurl.com/4ut3f7em,
after some adaptation, may help in filtering unnecessary classes
of formulas. The above theorems are useful to assure the closure
of the corresponding classes relative to existential expressibility.

This paper is the extended and revised version of the conference
paper [14] presented at WIIS 2023.
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