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1 Introduction
In the strict geometrical sense, a tetrahedron is a three-di-
mensional polyhedron consisting of four triangles (triangu-
lar faces) joined at their edges (six edges), and the edges are 
joined into vertices (four vertices).1 Therefore, geometry, 
as a mathematical discipline, is concerned with the shape 
of a tetrahedron, not with its internal structure. Geometry 
supposes that the entire tetrahedron is made of homoge-
neous matter. In the world of small molecules, the closest 
to a geometrical tetrahedron are tetrahedral homonuclear 
tetrameric species (neutral molecules or ions), whose four 
atoms are situated at the vertices, and covalent chemical 
bonds are the edges of the triangular faces. Within such 
a tetrahedron, there are no atoms, and these molecules 
can be called true tetrahedral molecules. They are not so 
much known among chemists. Chemistry textbooks at the 
university level usually illustrate a tetrahedral molecule 
of white phosphorus P4,2–4 while molecules As4 and Sb4 
are just mentioned as existing in the vapour phase,2,3 and 
As4 as molecules of yellow arsenic.3 What in chemistry is 
usually called a tetrahedron (tetrahedral structure5,6), is a 
molecule having four atoms at the four vertices and the 
fifth atom at the centre of a fictive geometrical tetrahe-
dron, while the chemical bonds exist only inside the tetra-

hedron, between the central atom and the vertex atoms. In 
such a case, edges of the tetrahedron do not exist, which is 
why the tetrahedron is fictive; in fact, the edges should be 
imagined as directional non-bonding interactions between 
two atoms bound to the central atom. Such tetrahedral 
molecules, starting with the tetrahedral carbon atom, were 
gradually accepted in chemistry during the 19th and 20th 
centuries,7–9 especially in organic chemistry and inorganic 
stereochemistry. Molecules CH4, CCl4, and CMe4 are di-
dactical examples of such tetrahedra.6,10,11

This work deals with true tetrahedra of chemical elements: 
explores their existence and occurrence in various forms, 
rationalizes their structures and properties, and seeks 
whether materials containing such tetrahedra have some 
technological importance. In the methodological sense, 
the research follows the sequence: database – dataset – 
analysis – interpretation.12,13 Firstly, the database of true 
tretrahedra was formed based on reliable literature sourc-
es. An appropriate dataset of molecular descriptors was 
then generated. Finally, the dataset was analysed by means 
of various statistical and chemometric methods, and inter-
preted in terms of both statistics and chemistry. An impor-
tant issue resulting from the analyses is the set of conditions 
the chemical elements must satisfy to form stable tetrahe-
dral species, capable of surviving for a significant period as 
independent species, and being able to transfer from one 
medium to another.
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2 Methods
2.1 Database and dataset formation for 

tetrahedral homonuclear tetramers

A database for tetrahedral homonuclear tetramers was 
created through an extensive literature search for known 
tetrahedral homonuclear tetrameric species (both neutral 
molecules and ions) that are stable and may exist inde-
pendently from other species. The existence of such te-
trameric species (regular or irregular tetrahedra) has been 
determined experimentally, and in special cases, theoret-
ical calculations were supported by strong experimental 
evidence that indicated the existence of the species in 
question. This way, the set of periodic groups of chemi-
cal elements was defined as the block of elements whose 
members may exist as tetrahedral species.

Once the database had been formed, a corresponding da-
taset was generated from steric and electronic descriptors 
for chemical elements of the aforementioned groups and 
two neighbouring groups. The descriptors were from rela-
tively novel and relevant literature. The dataset was creat-
ed with the purpose of rationalising the existence of stable 
tetrahedral homonuclear tetramers throughout the period-
ic table, by means of statistical and chemometric analysis 
of relevant descriptors.

2.2 Statistical and chemometric analyses

The descriptors dataset was analysed for mutual correla-
tions and their statistical significance using programming, 
numeric computing and graphics software Scilab14, and 
online statistical software Value from Pearson (R) Calcula-
tor.15 The dataset, in matrix form, was normalised using 
programmed autoscaling in Scilab,14 where the values for 
each descriptor were centred by subtracting its mean value 
and then divided by its standard deviation. Additionally, 
the values were divided by the square root of n–1 (n is 
the number of data, i.e. the number of tetrahedral spe-
cies). When such an autoscaled matrix is multiplied by its 
transpose, the correlation matrix is obtained,16 and this 
fact was used in further programming in Scilab.14 Each 
correlation coefficient, r, from the correlation matrix was 
then tested for its statistical significance using the online 
two-tailed t-test,15 with degrees of freedom df = n–2. The  
t-parameter was defined by Eq. (1).
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The online software for the t-test15 automatically calculates 
the t-parameter and then the probability for the null-hy-
pothesis, the hypothesis stating that the correlation coef-
ficient is not statistically significantly different from zero.

A sub-dataset in matrix form was made from moderately 
to highly correlated descriptors: the matrix X had n rows 
(samples, tetrahedral species) and m columns (variables, 
selected descriptors). It was then processed using data 
compression methods, hierarchical cluster analysis (HCA) 
and principal component analysis (PCA),17,18 which were 
carried out using chemometrics package Pirouette,19 a 

multivariate data analysis software. The software performs 
automatic calculations once methods and conditions are 
selected, and the results are presented in the form of tables 
and graphics. For the data preprocessing method, autos-
caling was selected, both for HCA and PCA, meaning that 
each column of the data matrix was mean-centred and 
divided by its respective standard deviation. HCA for sam-
ples (tetrahedral species) was conducted for all available 
connectivity schemes to determine which one would yield 
the best chemical clustering. Autoscaled data matrix is an 
m-dimensional space in which the objects (tetrahedral 
species) are points, among which Euclidean distances are 
calculated using Pirouette.19 The samples are then linked 
into clusters according to a selected connectivity scheme 
(linking criterion), starting from two-membered clusters 
and finishing with all the samples as the final cluster. The 
graphics output, the dendrogram of samples, is based on 
the calculation of the similarity index, SAB,17,18 among any 
pair of clusters A and B, as defined by Eq. (2):
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where dAB is the distance between the two clusters and dmax 
is the maximum distance among all clusters.

PCA is a data compression method in which m original var-
iables (columns of the data matrix X) are transformed into 
m principal components (PCs) through a series of matrix 
equations. The new variables are linear combinations of 
the old variables, and are arranged in descending order of 
importance, indicating their contribution to the total vari-
ance. PCA in Pirouette19 is based on SVD (singular value de-
composition) and NIPALS (nonlinear iterative partial least 
squares) algorithms.17 The final results of these procedures 
are variances and percent variances for all PCs, and coordi-
nates of the old variables (loadings) and samples (scores) in 
the space of the PCs, in tabular and graphic form. Howev-
er, Pirouette19 also generates matrix X̂ as the reconstruction 
of the original matrix X, using a definite number k of PCs, 
so that the residual matrix Ê is defined by Eq. (3).

ˆ ˆ= −E X X (3)

Furthermore, the residuals for the i-th sample form a row 
vector according to Eq. (4).

ˆ ˆi i i= −e x x (4)

The final measure of residuals for all n samples and k PCs 
is the predicted residual error sum of squares (PRESS), cal-
culated as the sum of products of these vectors with their 
respective transpose vectors, as defined by Eq. (5).

Tˆ  ̂PRESS n i i
i m k

=
−∑

e e (5)

PRESS and percent variance can be used to determine the 
optimal number of PCs, but they are not as sensitive as 
VPRESS (validated predicted residual error sum of squares), 
an analogue of PRESS. For this purpose, leave-one-out 
cross-validation was selected in Pirouette19 and VPRESS 
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values were obtained for all numbers of PCs. Leave-one-
out cross-validation is a procedure in which n reconstruc-
tions of the matrix X are obtained. In this process, the 
i-th sample is deleted from X, PCA is carried out, and the 
reconstructed cvX̂  is stored. At the end of leave-one-out 
cross-validation, the average cvX̂  is calculated, and the re-
siduals for the i-th sample form a row vector obtained using 
Eq. (6).

cv cvˆ ˆi i i= −e x x (6)

Finally, VPRESS is calculated using Eq. (7).

T
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HCA and PCA, also known as exploratory data analysis,17,18 
are very useful for chemical interpretation of chemometric 
and statistical results. Some examples of the application of 
HCA and PCA include quantitative relationships between 
molecular structure and measured biological activity20,21 or 
physicochemical properties,22 structural features of mole-
cules,12,13,23 molecular modelling problems,24 and analysis 
of statistical results,25 among others.

Other analyses for nonlinear relationships between some 
variables included parabolic (second-order polynomial) 
regressions, tested graphically by online software Polyno-
mial Regression Data Fit,26 which uses the system of normal 
equations in matrix form, and the equations are solved via 
Gauss-Jordan elimination. There are no estimated stand-
ard deviations calculated for regression coefficients. That 
was the reason why the regression analyses with matrix 
inversion were carefully carried out by programming in 
Scilab.14 The vector y for a dependent variable and the 
matrix X for an independent variable (first column – ones, 
second column – values of the independent variable, third 
column – squares of these values) were defined for each 
regression. The matrix equation y = Xc, where c is the 
vector of regression coefficients, was solved with the set 
of matrix operations, and predicted ŷ was obtained, using 
Eqs. (8)–(12).

T=A X y (8)
T=B X X (9)

1−=D B (10)
= DAc (11)

ˆ = Xy c (12)

Estimated standard deviations for regression coefficients 
σ(ci) were calculated as diagonal elements of the variance 
– covariance matrix. This matrix is the product of matrix 
D with the estimated variance of residuals σ2 when the 
residuals follow a normal distribution.27 Starting with the 
column vector of residuals  and with k = 2 (number of 
variables in parabolic regression), the following expressions 
were programmed:

(13)

(14)

(15)

The coefficient of determination r2 and the F-ratio were 
determined for F-test for a regression equation, and t-pa-
rameter was calculated for each regression coefficient for 
t-test, using expressions (Eqs. (16)–(19)):
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where Δ is the deviation vector for y, and y  is the vec-
tor containing n times the mean value y  of y. The statisti-
cal significance of the obtained regression equations was 
checked via F-test using online software P-Value from F-Ra-
tio Calculator (ANOVA),28 with degrees of freedom equal 
to k for the numerator, and equal to n–k–1 for the denom-
inator of the F-ratio. Two-tailed t-tests with n–k–1 degrees 
of freedom for all regression coefficients were carried out 
in online package P Value Calculator (GraphPad).29 Statisti-
cal significance level for all statistical tests in this work was 
α = 0.05. In this manner, the null hypothesis was tested 
for each regression coefficient, asserting that a regression 
coefficient was not statistically significantly different from 
zero. This approach is more rigorous than the F-test, which 
tests the entire equation under the null hypothesis that the 
F-ratio is not statistically significantly different from zero. 
Confirmation of any null hypothesis means that the regres-
sion equation is not reliable.

3 Results and discussion
3.1  Database of stable tetrahedral 

homonuclear tetramers

Table 1 presents a list of tetrahedral molecules and ions 
as observed for Groups 13, 14, and 15 of chemicals ele-
ments, with relevant references.30–79 No elements in other 
groups were found to form stable tetrahedra that could ex-
ist independently and be transferred to another medium. 
Transition metals, for example Mo,80 Ru,81 Pt,82 and Au,83 
form tetrahedral units (clusters), but these are parts of more 
complicated species and cannot be isolated. Europium de-
posits on graphene exist in the form of separated tetrahe-
dral clusters,84 but these tetrahedra cannot be transferred 
to other media. Among the elements of Groups 13–15, 
the smallest atoms (B, C, and N) do not form tetrahedra 
(Table 1). Therefore, only 12 elements exist in tetrahedral 
form: in Group 13 – Al, Ga, In, and Tl as anions E4

8−; in 
Group 14 – Si, Ge, Sn, and Pb as anions E4

4−; and in Group 
15 – P, As, Sb, and Bi as neutral molecules E4 or cations E4

+.
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Tetrahedral species of Group 13 exist as Zintl phase anions 
in crystalline state. There is more diversity among tetra-
hedral anions of Group 14: they exist in crystalline Zintl 
phases, the anions are found in ammonia solution (ammo-
niates), in molten Zintl phases, and in some other forms 
(Table 1). Fig. 1 shows two examples of Zintl phase anions, 
based on crystal structure data retrieved from the Access 

Structures service of the Cambridge Structural Database 
(CSD) and Inorganic Crystal Structure Database (ICSD),85 
and presented by means of a molecular graphics software 
ViewerLite.86 Tl44− in a pure Zintl phase34 and Sn4

4− an-
ion in a Zintl phase ammoniate,48 are both shown with 
their coordination spheres within van der Waals contact 
distances.

Table 1 – Experimentally detected tetrahedral homonuclear tetrameric species (neutral molecules and ions) in Groups 13–15
Tablica 1 – Eksperimentalno opažene tetraedrijske homonuklearne tetramerne vrste (neutralne molekule i ioni) u skupinama 13–15

Element Species Form dXX/Å Ref.

B none --- --- ---

Al Al48− Zintl phase anion, crystalline state 2.72 30

Ga Ga4
8− Zintl phase anion, crystalline state 2.67 31

In In4
8− Zintl phase anion, crystalline state 3.11 32, 33

Tl Tl48− Zintl phase anion, crystalline state 3.23 34, 35

C none --- --- ---

Si Si44−

Zintl phase anion, crystalline state
solvated, liquid ammonia solution
interstitial hydride, crystalline state

Zintl phase anion, melt
Zintl phase anion, ammoniate, crystalline state

2.41
---

2.43
---
---

36, 37, 38, 39, 40
41
42
43
44

Ge Ge4
4− Zintl phase anion, crystalline state

Zintl phase anion, ammoniate, crystalline state
2.54
2.56

36, 39, 40, 45, 46
44

Sn Sn4
4−

Zintl phase anion, crystalline state
solvated, liquid ammonia solution

clathrate-Zintle phase intergrowth crystalline state
Zintl phase anion, ammoniate, crystalline state

2.93
2.94
2.89
2.94

36, 47, 48
41, 49, 50, 51

52
44, 48

Pb Pb4
4-

Zintl phase anion, crystalline state
Zintl phase anion, nanocrystals

solvated, liquid ammonia solution
Zintl phase anion, melt

Zintl phase anion, ammoniate, crystalline

3.10
---
---
---

3.09

36, 48, 53, 54, 55
56
49
57

44, 48

N none --- --- ---

P

P4

P4
+

white phosphorus, crystalline state, unstable
air-stable in organic cage, water solution

gas phase, vapour of white/red phosphorus
in organic supramolecular cage, crystalline state

in organic polymeric cage, crystalline state
in hydrophobic cage (carbon nanotube)

in superfluid helium, quenched
in intercalated system (fullerene), crystalline state

gas phase

2.21
---

2.21
2.16
2.17
---
---
---
---

58, 59, 60
61

59, 62, 63
63, 64, 65

66
67
68
69

59, 70

As

As4

As4
+

gas phase
in organic supramolecular cage, crystalline state

in hydrophobic cage (carbon nanotube)
yellow arsenic, solid state, unstable

thin film, stable at very low temperatures
gas phase

2.43
2.39
---
---

2.42
---

59, 60, 71, 72
63, 64

73
74, 75

75
59

Sb
Sb4

Sb4
+

thin film
gas phase
gas phase

2.68
---
---

59, 76, 77
77, 78

59

Bi Bi4+ gas phase 3.06 59, 79
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Fig. 1 – Two examples of tetrahedral Zintl phase anions with-
in coordination spheres. Left: Tl44− anion (brown) sur-
rounded by Na+ (purple) and Rb+ (red) cations in the 
crystal structure of Na7RbTl4 (CSD: 2208674).34 Right: 
Sn4

4− anion (green) surrounded by Rb+ cations (purple) 
and NH3 molecules (N – blue, H – white) in the crystal 
structure of Rb4Sn4·2NH3 (ICSD: 416976).48

Slika 1 – Dva primjera tetraedrijskih aniona Zintlovih faza unu-
tar koordinacijskih sfera. Lijevo: anion Tl44− (smeđe) 
okružen kationima Na+ (purpurno) i Rb+ (crveno) u 
kristalnoj strukturi Na7RbTl4 (CSD: 2208674).34 Desno: 
anion Sn4

4− (zeleno) okružen kationima Rb+ (purpurno) 
i molekulama NH3 (N – plavo, H – bijelo) u kristalnoj 
strukturi Rb4Sn4·2NH3 (ICSD: 416976).48

Among the Zintl phases cited in Table 1, one compound 
exhibits semi-metallic properties,34 a few Zintl phases 
are useful in synthesis of diverse materials,36-38 and some 
Zintl phases may serve as precursors for nanocrystalline 
elements, such as Si, Ge, and Pb.37,56 Zintl phases have 
generally gained a great deal of attention due to their ver-
satile properties and reactivity, leading to diverse applica-
tions:87–90 synthesis of new materials (compounds, crystal 
structures, allotropes; and nanostructured materials); ob-
taining new materials through solution chemistry; cataly-
sis; use as suitable thermoelectric, magnetic, insulator and 
semi-metal materials for various purposes; use in electro-
chemistry and photovoltaic technology, in energy storage 
and energy conversion technologies; surface modification 
of solids, and more.

Tetrahedral species of Group 15 include tetrahedra of Sb 
and Bi mainly in gas phase, and diverse tetrahedra of P and 
As (Table 1). Molecules P4 and As4 exist in several forms 
besides the gas phase form: in crystalline phase, in thin 
films, in cage or intercalated compounds, and some other 
forms. Capturing P4 molecules by organic container mol-
ecules (supramolecular and polymeric)61,63,65,66 transforms 
white phosphorus into non-toxic forms that are air-stable 
and water-soluble. In other words, this is an efficient way 
to store white phosphorus, especially for various chemical 
syntheses. Encapsulation of white phosphorus molecules 
P4 by nanostructures, such as single-wall carbon nano-
tubes67 and C60 fullerene molecules69, is another way to 
obtain a stable form of phosphorus. Figure 2 shows two 
tetrahedral forms of phosphorus, in crystal structures ob-
tained from the Access Structures for the CSD and ICSD 
databases,85 and presented using the software ViewerLite:86 
P4 in white phosphorus58 and P4 captured by an organic 
tetrahedral cage,65 are both shown with their coordination 
spheres within van der Waals contacts.

Fig. 2 – Two examples of tetrahedral P4 molecules within co-
ordination spheres. Left: central P4 molecule (red) sur-
rounded by other P4 molecules (orange) in the crystal 
structure of white phosphorus (ICSD: 68326).58 Right: 
P4 molecule (orange) surrounded by a polyphenyl-pol-
yamine-based supramolecule (C – grey, N – blue, H – 
white) in the crystalline state (CSD: PELSOR).65

Slika 2 – Dva primjera tetraedrijskih molekula P4 unutar koordi-
nacijskih sfera. Lijevo: središnja molekula P4 (crveno) 
okružena drugim molekulama P4 (narančasto) u kristal-
noj strukturi bijelog fosfora (ICSD: 68326).58 Desno: 
molekula P4 (narančasto) okružena polifenolno-polia-
minskom supramolekulom (C – sivo, N – plavo, H – bi-
jelo) u kristalnom stanju (CSD: PELSOR).65

Capturing As4 molecules of yellow arsenic by organic su-
pramolecular containers63 resolves the problems of arse-
nic use in synthesis: toxicity, instability, and rapid polym-
erisation to grey arsenic which is unsuitable for chemical 
reactions. Single-wall carbon nanotubes have also shown 
to be effective in encapsulating As4 molecules of yellow 
arsenic.63 It is interesting to note that the carbon nanotubes 
act as catalysts in obtaining other, even new allotropes of 
arsenic or phosphorus.67,73

Tetrahedral forms of the twelve chemical elements (Ta-
ble 1) are of technological importance. Studying them is 
not just a matter of theoretical considerations; it implies 
gaining a better understanding of the structures, proper-
ties, and reactivity of materials containing tetrahedral ho-
monuclear species, which can have potential applications 
in chemical technology.

Table 1 contains the average tetrahedron dXX bond lengths 
for a particular tetrahedral form, based on the references 
used. The dXX values may aid in understanding how size of 
tetrahedra correlates with other properties of the elements 
across the periodic table. Notably, these values increase 
along the groups, and decrease along the periods, as ex-
pected. The trends are not always regular (compare Al and 
Ga). Small variations of the dXX values occur among differ-
ent forms of the same element.

3.2 Dataset of selected molecular descriptors

According to Table 1, it is clear that the first three groups 
of the p-block are characterised by tetrahedral species: all 
post-transitional metals (Al, Ga, In, Tl, Sn, Pb, Bi), some 
metalloids (Si, Ge, As, Sb), and a non-metal (P). What do 
all these elements have in common? A simple octet rule 
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may explain the need for three chemical bonds per atom 
in a tetrahedron species: 5 valence electrons in Group 15 
are enough to form neutral tetrahedra, but only 4 valence 
electrons in Group 14 are not sufficient – 4 more electrons 
are necessary so that anions with charge 4− are formed. 
Furthermore, Group 13 has 3 valence electrons, meaning 
that 8 more electrons must be gained to form a tetrahe-
dral anion with charge 8−. What about the neighbouring 
groups? The right neighbour, Group 16, contains more 
electronegative elements that should lose electrons so that 
a tetrahedral cation with charge 4+ may be formed, which 
is very unlikely. Vernon91 has shown various relationships 
in the periodic table. For example, he pointed out the 
Be-Al diagonal relationship and the placement of Mg di-
rectly in front of Al. He also suggested the possibility of 
treating the main group elements as one block. As a result, 
for the left neighbour, comparable with Group 13, Group 

2 of alkaline earth metals, an electropositive group, was 
considered. This group is not capable of capturing enough 
electrons to form a highly negative anion of charge 12−.

While the octet rule may appear quite reasonable, it is not 
adequate to rationalise the existence of stable elemental 
tetrahedra across the periodic table, including Groups 
13–15. This is why descriptors of chemical elements for 
the following five groups were collected, and a dataset 
was created (Table 2): Q – charge of tetrahedral species (in 
electron units), χ – Allen electronegativity,92 Rat – atomic ra-
dius93 (at density cutoff 0.001 e Bohr−3), χV – valence-state 
electronegativity,94 De – experimental bond dissociation 
energy of diatomics,94 R0 – ionisation radius,94 RvdW – van 
der Waals radius,95 Rcov – covalent radius,96 χP – Pauling 
electronegativity,97 and Class – the frequency and diversity 
class of tetrahedral species (carefully derived from the data 
in Table 1).

Table 2 – Descriptors of tetrahedral species: charges, elemental properties, and frequency and diversity class
Tablica 2 – Deskriptori tetraedrijskih vrsta: naboji, elementarna svojstva te razred učestalosti i raznolikosti

Species Q χ Rat ⁄ Å χV De ⁄ kJ mol−1 R0 ⁄ Å RvdW ⁄ Å Rcov ⁄ Å χP Class
Be4

12− −12 1.576 2.19 5.63 59 1.09 1.53 0.99 1.57 1
Mg4

12− −12 1.293 2.40 2.60 9 2.35 1.73 1.40 1.31 1
Ca4

12− −12 1.034 2.70 1.88 15 3.26 2.31 1.74 1.00 1
Sr4

12− −12 0.963 2.79 1.60 16 3.83 2.49 1.90 0.95 1
Ba4

12− −12 0.881 2.93 1.37 10 4.48 2.68 2.06 0.89 1
B4

8− −8 2.051 2.05 3.79 290 1.62 1.92 0.84 2.04 1
Al48− −8 1.613 2.39 2.35 133 2.61 1.84 1.24 1.61 2
Ga4

8− −8 1.756 2.33 1.86 138 3.29 1.87 1.23 1.81 2
In4

8− −8 1.656 2.46 1.73 100 3.55 1.93 1.42 1.78 4
Tl48− −8 1.789 2.42 1.61 63 3.82 1.96 1.44 1.80 4
C4

4− −4 2.544 1.90 3.83 596 1.60 1.70 0.75 2.55 1
Si44− −4 1.916 2.32 2.56 310 2.40 2.10 1.14 1.90 5
Ge4

4− −4 1.994 2.34 2.09 274 2.94 2.11 1.20 2.01 4
Sn4

4− −4 1.824 2.48 1.88 195 3.26 2.17 1.40 1.96 5
Pb4

4− −4 1.854 2.49 1.77 87 3.47 2.02 1.45 1.80 5
N4 0 3.066 1.79 3.93 857 1.56 1.55 0.71 3.04 1
P4 0 2.253 2.23 2.79 485 2.20 1.80 1.09 2.19 5
P4

+ 1 2.253 2.23 2.79 485 2.20 1.80 1.09 2.19 2
As4 0 2.211 2.31 2.26 382 2.62 1.85 1.20 2.01 5
As4

+ 1 2.211 2.31 2.26 382 2.62 1.85 1.20 2.01 2
Sb4 0 1.984 2.46 2.04 299 3.01 2.06 1.40 2.05 3
Sb4

+ 1 1.984 2.46 2.04 299 3.01 2.06 1.40 2.05 2
Bi4+ 1 2.01 2.50 1.92 197 3.19 2.07 1.50 1.90 2
O4

4+ 4 3.610 1.71 4.23 498 1.45 1.52 0.64 3.44 1
S4

4+ 4 2.589 2.14 2.99 425 2.05 1.80 1.04 2.58 1
Se4

4+ 4 2.424 2.24 2.56 331 2.40 1.90 1.18 2.55 1
Te4

4+ 4 2.158 2.42 2.18 258 2.81 2.06 1.37 2.10 1
Po4

4+ 4 2.19 2.50 2.06 186 3.14 1.97 1.42 2.00 1
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By inspecting correlations among these 10 descriptors in 
terms of the Pearson correlation coefficients and corre-
sponding probabilities (Table 3), it becomes clear that the 
dataset is neither homogeneous (all high positive or nega-
tive correlations) nor heterogeneous (all low correlations). 
Variable Class has only low and statistically insignificant 
correlations, while all correlations among the other nine 
variables are moderate to high and statistically significant. 
Therefore, these variables should undergo procedures of 
data compression via dimensionality reduction.

3.3 Hierarchical Cluster Analysis

Selecting the best linkage in Hierarchical Cluster Anal-
ysis (HCA) is usually a trial-and-error method.98 Among 
various methods (single, incremental, complete, centroid, 
median, group average, and flexible) available in Pirou-
ette19, the best clustering pattern of samples (i.e., of the 
tetrahedra from Table 2) was obtained using the complete 
linkage clustering, known also as the farthest neighbour 
method (Fig. 3). Distances between cluster pairs in the 
complete linkage are calculated as the distances between 
the two farthest samples in the two clusters. The com-
plete linkage has two peculiar characteristics:17 genera-
tion of more compact clusters, and the maximum sensi-
tivity to outliers.

Chemical interpretation of a HCA plot (dendrogram) 
for samples is possible when clusters and sub-clusters 
are inspected together with their similarity indices, and 
chemical characteristics (structural features, substance 
properties, reactivity, etc.) are assigned to samples in 
the dendrogram using suitable marks, colours, and sym-
bols.13,23–25 In Fig. 3, P*, As*, Sb*, and Bi* denote cations 
P4

+, As4
+, Sb4

+ and Bi4+, respectively. Other species are 
E4

8−, E4
4−, and E4, same as in Table 1. The dXX values from 

Table 1 were used with less precision in Fig. 3, and for 
other elements, known bond lengths99 were added with 
the same precision.
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Fig. 3 – Dendrogram of samples (tetrahedral species) with com-
plete linkage: red – real tetrahedra, blue – fictive tet-
rahedra not well-separated from the real tetrahedra, 
black – fictive tetrahedra well-separated from the real 
tetrahedra

Slika 3 – Dendrogram uzoraka (tetraedrijskih vrsta) s potpunom 
povezanošću: crveno – pravi tetraedri, plavo – fiktivni 
tetraedri koji nisu dobro razdvojeni od pravih tetraeda-
ra, crno – fiktivni tetraedri koji su dobro razdvojeni od 
pravih tetraedara

Table 3 – Correlation matrix (top and right), and probability matrix (bottom and left) for the dataset from Table 2
Tablica 3 – Korelacijska matrica (gore i desno) i vjerojatnosna matrica (dolje i lijevo) za skup podataka iz tablice 2

Q χ Rat χV De R0 RvdW Rcov χP Class
Q 0.7898 −0.4246 0.0737 0.6551 –0.2849 –0.3304 −0.4162 0.7643 0.0281
χ <0.0001 −0.8622 0.5001 0.8478 −0.6398 −0.6913 −0.8229 0.9881 –0.0496
Rat 0.0243 <0.0001 −0.7788 −0.7865 0.8719 0.8651 0.9815 −0.8690 0.1384
χV 0.7094 0.0067 <0.0001 0.4702 −0.9227 −0.7409 −0.7877 0.4972 –0.3538
De 0.0002 <0.0001 <0.0001 0.0116 −0.6364 −0.5571 −0.7615 0.8443 –0.0426
R0 0.1417 0.0002 <0.0001 <0.0001 0.0003 0.8235 0.8971 −0.6342 0.2722

RvdW 0.0859 <0.0001 <0.0001 <0.0001 0.0021 <0.0001 0.8690 −0.6857 0.1028
Rcov 0.0276 <0.0001 <0.0001 <0.0001 <0.0001 <0.0001 <0.0001 −0.8296 0.0663
χP <0.0001 <0.0001 <0.0001 0.0071 <0.0001 0.0003 0.0001 <0.0001 –0.0382

Class 0.8871 0.8021 0.4825 0.0647 0.8296 0.1611 0.6027 0.7375 0.8470
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There are seven main clusters in the HCA dendrogram 
(clusters A–F, Fig. 3). Red clusters and sub-clusters are for 
elements having true tetrahedral species (Table 1), blue 
sub-clusters are for elements that are not well separable 
from the red sub-clusters (B, S, Se, Te, Po), and the black 
clusters are for other elements (C, N, O and Group 2). The 
blue sub-clusters and black clusters are fictive tetrahedra. 
The more similar the tetrahedra are in terms of their dxx 
values, the more defined sub-clusters they tend to form 
indicated by higher similarity indices. This is why several 
two-membered sub-clusters appear at similarity indices 
above 0.9. Tetrahedra of Group 13 and Group 14 elements 
are mixed, so that heavier elements appear in cluster B as 
sub-clusters B1 (Group 13) and B2 (Group 14), and lighter 
elements are in cluster C as sub-clusters C1 (Group 13) and 
C2 (Group 14). This fact aligns with Table 1, where two 
groups are known for their Zintl phase anions. However, 
Group 15 elements are divided into two parts within clus-
ters A and D: sub-cluster A1 contains heavier elements, 
while lighter elements are found in sub-cluster D2.

Why are blue sub-clusters not well-separated from the red 
ones, contrary to expectations (Fig. 3)? Firstly, HCA den-
drogram is only a one-dimensional presentation of simi-
larities and differences among samples, meaning that, in 
some cases, distinction among samples cannot be visual-
ised. Secondly, there are certain structural similarities 
between the red and blue sub-clusters within the same 
cluster. Group 16 contains stable homonuclear tetrameric 
species: S4

2+and Se4
2+ (square planar),100,101 S4 (trigonal),102 

Te4
2+ (square planar),101,103 Se4

2− and Se4
2− (bent)101 spe-

cies (Po probably forms such species). This fact explains 
why Group 16 is divided into heavy elements (sub-cluster 
A2) and light elements (sub-cluster D3), and is mixed with 
Group 15. Furthermore, boron forms B4 tetrahedra within 
simple molecules, such as B4Cl4 and B4

tBu4.104–106 There are 
also free rhombus-shaped and square planar homonuclear 
species of B (B4, B4

+, B4
−, B4

2−).107 This situation with boron 
explains why sub-cluster D1 is not well distinguished from 
sub-cluster D2.

Clusters A, B, C, and D make a macro-cluster at similari-
ty index 0.61 (Fig. 3). The dXX values for existing tetrahe-
dral species (the red sub-clusters) range from 2.2 to 3.2 Å, 

which can be considered as a condition for existence of 
stable true tetrahedral species. The second empirical role 
is that small two-membered red sub-clusters have differ-
ences in dXX values ranging from 0 to 0.2 Å, while blue 
sub-clusters have somewhat greater differences (0.3 and 
0.4)

The black clusters are well separated from the macro-clus-
ter and from each other (Fig. 3). The smallest dXX values 
belong to cluster F, to the smallest atoms of C, N, and O. 
Tetrameric homonuclear species are known for these el-
ements: tetracarbon C4 (square planar and linear),108,109 
C4

− (square planar),109 tetranitrogen N4 and N4
+ (bent 

structures),110 metastable tetraoxygen O4 and O4
+ (square 

planar structures),111 and octaoxygen O8 which appears to 
consist of two parallel square planar structures.112 Carbon 
tetrahedron exists within a molecule of C4

tBu4.113 Group 2 
is divided into cluster E (light elements, hexagonal crystal 
structures109), and cluster G (heavy elements, face-centred 
and body-centred cubic structures109). The only “tetrahe-
dra” to be discussed in such cases, are numerous imaginary 
species formed from four atoms belonging to two or three 
different layers of the crystal structure of a pure metallic 
element.

Group 17 was not included in this study. Two heavier ele-
ments, Br and I, are known for their tetrameric species: Br 
for Br4

2− (linear),114 and I for I4
2+ (square planar)115,116 and 

I4
2− (trigonal).117 If included in the dataset, fictive tetrahe-

dra of Br and I would probably mix with the red sub-clus-
ters from Fig. 3.

3.4 Principal component analysis

Table 4 contains the basic statistics for Principal Compo-
nent Analysis (PCA). For each number of principal com-
ponents (PC) used, five quantities are shown: variance, 
percent variance, cumulative percent variance, VPRESS for 
validation, and PRESS for data reconstruction, using the 
selected number of PCs. The first three principal compo-
nents, PC1, PC2, and PC3, which account for over 94 % of 
the total variance, were selected as sufficient for a model of 
reasonable quality and simplicity in terms of chemical in-

Table 4 – Basic PCA statistics for selection of essential principal components
Tablica 4 – Osnovna statistika PCA za odabir esencijalnih glavnih komponenata

PC Variance Percent variance Cumulative percent variance VPRESS PRESS
PC1 181.082169 74.519409 74.519409 78.720467 61.917835
PC2 40.131596 16.515060 91.034470 36.402351 21.786240
PC3 8.373278 3.445793 94.480263 28.569954 13.412962
PC4 6.811586 2.803122 97.283386 16.357193 6.601376
PC5 3.928029 1.616473 98.899857 9.576053 2.673347
PC6 1.838977 0.756781 99.656639 3.463926 0.834369
PC7 0.480591 0.197774 99.854416 2.772244 0.353778
PC8 0.286725 0.117994 99.972412 0.304943 0.067052
PC9 0.067074 0.027602 100.000015 0.000000 0.000000
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terpretation of loadings and scores. Further PCs make only 
a small contribution to the variance (below 3 %) and lead 
to model overfitting both in reconstruction and cross-vali-
dation, evident in reduced VPRESS and PRESS values.

Chemical interpretation of PCA results for selected PCs 
can be performed using two- or three-dimensional scores 
plots, loading plots or the loadings matrix, and marks and 
colours for various chemical characteristics of samples in 
the plots, as well as by labelling HCA clusters or some other 
groups in the PCA plots.12,13,20–25

The scores plot in three dimensions (Fig. 4) features tetra-
hedra with their Class value (Table 2): red (1 – for non-ex-
isting or fictive tetrahedra), green (2), blue (3), pink (4), 
and black (5). A higher Class value indicates greater fre-
quency and diversity of materials in which the tetrahedra 
were identified. The scores plot reveals significant differ-
ences compared to the HCA dendrogram (Fig. 3). Firstly, all 
real tetrahedra (green, blue, pink, and black) are separated 
from all fictive tetrahedra (red), while in the HCA dendro-
gram, some mixing occurs. Secondly, the space of the real 
tetrahedra may be contoured by an ellipse-like shape in 
the plane of the projection; the real tetrahedra are close to 
Group 16 and boron. Thirdly, mixing within the ellipse-like 
shape is minimal – Groups 13 and 14 are not mixed as in 
HCA, except in one case – Pb is positioned among Group 
13 elements.

The ellipse-like shape in Fig. 4 exhibits several distinctions 
among the tetrahedra, which are not apparent in HCA, 
and cannot be explained by the simple octet rule. There 
are three clusters in Fig. 4 separated by straight brown 

lines: Group 13 with Pb, Group 14 without Pb, and Group 
15. Furthermore, Group 15 contains tetrahedra with no 
charge or small positive charge (1+), and the other two 
clusters comprise tetrahedra with high negative charges 
(4− and 8−). With respect to the Class values, there is 
some regularity within the ellipse-like shape: low Class val-
ues (green and blue) occupy mainly the central part of the 
shape, and high Class values (pink and black) are divided 
into left and right branches. There is also some intermixing 
of these areas around species of As and P. It is interesting 
to note that the metal – metalloid – non-metal character 
can also be observed within the ellipse-like shape and its 
surroundings. Species of metalloids As, Sb, Ge, and Si form 
a diagonal line in purple which continues to include red 
Te, Se, and B. To the right of the metalloid species, the 
non-metallic P species  create a continuous space with oth-
er red non-metal species. To the left of the metalloid spe-
cies are metal species of Sn, Pb, and metals of Group 13, 
and outside of the ellipse-like shape are species of other 
red metals of Group 2 and Po.

The scores plot (Fig. 4) and its chemical meaning confirm 
that indeed three principal components are required to 
describe the data from Table 2. How can we understand 
the PCA scores in terms of the original descriptors used? 
Table 4 contains the loadings matrix for the first three prin-
cipal components. Loadings for each PC are divided into 
two groups: PC1 – electronic (italics), and steric (bold) 
descriptors; PC2 – valence state (bold-underlined), and 
other (plain) descriptors; PC3 – non-bonding (plain-under-
lined), and bonding interaction (italics-bold) descriptors. 
PC1 is a general PC, a stereoelectronic property, taking 
into account atomic size and electronic content. PC2 is 
a property which distinguishes valence state from ground 
state descriptors; in other words, PC2 accounts for elec-
tron acceptance/release or reduction/oxidation property. 
The meaning of PC3 according to the loadings (Table 5) is 
rather uncertain, due to its small contribution to the total 
variance (3.4 %). Two-dimensional scores plots may aid in 
understanding the nature of this PC.

Table 5 – Loadings for the selected principal components and 
descriptor types

Tablica 5 – Koeficijenti odabranih glavnih komponenata i vrste 
deskriptora

Descriptor PC1 (74.5 %) PC2 (16.5 %) PC3 (3.4 %)
Q 0.229113 0.600628 −0.217356
χ 0.355625 0.288983 −0.094717
χV 0.292143 −0.471973 0.190372
χP 0.354645 0.279951 −0.075934
De 0.327023 0.245703 0.672473
Rat −0.375484 0.110281 −0.014299
R0 −0.337997 0.329011 −0.142657

RvdW −0.331101 0.231474 0.654964
Rcov −0.371639 0.142279 0.004964
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Fig. 4 – Tetrahedral species in the space defined by the first 
three principal components, coloured according to their 
Class values from 1 to 5: 1 – red, 2 – green, 3 – blue, 
4 – pink, and 5 – black. Real tetrahedra are grouped in 
three parts of the ellipse-like shape. Tetrahedra of met-
alloids are positioned along the purple diagonal line.

Slika 4 – Tetraedrijske vrste u prostoru definiranom prvim trima glav-
nim komponentama, s bojanjem prema pripadnim Class 
vrijednostima od 1 do 5: 1 – crveno, 2 – zeleno, 3 – plavo,  
4 – ružičasto i 5 – crno. Pravi tetraedri su grupirani u tri 
dijela elipsi sličnog lika. Tetraedri metaloida nalaze se 
uzduž purpurnog dijagonalnog pravca.
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Two-dimensional PCA scores plots (Figs. 5–7, with the 
same colouring as in Fig. 4), illustrate the meanings of the 
PCs in terms of positions and grouping of samples (tetrahe-
dral species). Green confidence ellipses represent the 95 % 
confidence level. Trends observed in Fig. 4 are not so well 
visible in Figs. 5–7 due to the loss of one PC.
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Fig. 5 – Tetrahedral species in the space defined by principal 
components PC1 and PC2, coloured according to their 
Class values from 1 to 5: 1 – red, 2 – green, 3 – blue, 
4 – pink, and 5 – black

Slika 5 – Tetraedrijske vrste u prostoru definiranom glavnim kom-
ponentama PC1 i PC2, s bojanjem prema pripadnim 
Class vrijednostima od 1 do 5: 1 – crveno, 2 – zeleno, 
3 – plavo, 4 – ružičasto i 5 - crno

In the PC1-PC2 space (Fig. 5), real tetrahedral species are 
well grouped within a central brown ellipse, clearly sep-
arated from all fictive tetrahedra. Upon a detailed analy-
sis of Fig. 5, one can derive a condition for real tetrahe-
dra, PC2 ≤ 1.25, and another condition derived from the 
inequality of the ellipse: PC1 + 4PC2 ≤ 6.34. Although 
the ellipse was drawn arbitrarily, it is useful for qualitative 
considerations. For a more rigorous and quantitative ap-
proach, many chemical elements should be included in 
PCA to construct an exact ellipse. When analysing the po-
sitions of samples with respect to the coordinate axes, it is 
evident that smaller atoms, which are more electronegative 
and non-metallic elements, are located at high positive val-
ues of PC1. The positive end of PC1 is also characterised 
by positive contributions of electronegativity descriptors, 
charge Q, and dimer dissociation energy De to PC1 (Ta-
ble 5). In other words, high values of these descriptors de-
scribe the elements at the positive end of PC1. In contrast, 
at high negative values of PC1, there are larger atoms, more 
electropositive metallic elements, because this end of PC1 
is determined by negative contributions of radii descriptors 
to PC1 (Table 5), meaning that atoms with small radii are 
placed at this end of PC1. Practically the same trend along 
PC1 exists within the central ellipse, clearly visible because 
PC1 contains the largest fraction of total variance (74.5 %). 
Tetrahedra of metalloids are positioned in the central and 
upper part of the small ellipse. Samples (tetrahedral spe-
cies) at negative values of PC2 are usually of electron-defi-

cient elements that either receive electrons in forming co-
valent bonds (B, C, Be) or tetrahedral anions (Al, Ga, In), or 
ionise (Mg, Ca, Sr, and Be as an anomalous sample). This 
trend is caused by the high negative contribution of the 
valence-state electronegativity χV to PC2 (Table 6); thus, the 
mentioned elements are well-described by greater values 
of χV . Tetrahedra at the positive end of PC2 are of elements 
which are mainly richer in valence electrons, so that they 
do not receive electrons to form tetrahedra (Sb, As, P) or 
other covalent structures (Group 16). The loadings matrix 
(Table 6) shows positive contribution of most descriptors, 
especially of charge Q to PC2. In other words, high values 
of these descriptors characterise the mentioned species at 
the positive end of PC2. PC2 contains a smaller fraction of 
total variance (16.5 %), which is why the samples’ trends 
along it are somewhat less clear than in the case of PC1. 
Interesting trends can be noticed when inspecting whether 
the chemical elements along PC1 and along PC2 follow the 
same order as in their respective groups in the periodic ta-
ble, i.e., in the sense of increasing atomic numbers. Along 
PC1, from its positive end toward its negative end, all ele-
ments follow the same order as in the periodic table. The 
same can be said for PC2, when observing the elements 
from the negative end of PC2 to its positive end. Such ar-
rangement of the elements means that Groups 2, 13–16 are 
positioned in diagonal directions, almost mutually parallel.
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Fig. 6 – Tetrahedral species in the space defined by principal 
components PC1 and PC3, coloured according to their 
Class values from 1 to 5: 1 – red, 2 – green, 3 – blue, 
4 – pink, and 5 – black

Slika 6 – Tetraedrijske vrste u prostoru definiranom glavnim kom-
ponentama PC1 i PC3, s bojanjem prema pripadnim 
Class vrijednostima od 1 do 5: 1 – crveno, 2 – zeleno, 
3 – plavo, 4 – ružičasto i 5 - crno

Existing tetrahedral species in the PC1-PC3 space (Fig. 6) 
form a retort-shaped space, which is obviously less regu-
lar than the ellipse in Fig. 5. It is impossible to determine 
a condition for real tetrahedra from this figure. In Fig. 7, 
the samples are situated in a complicated kidney-shaped 
space, with mixing of real and red tetrahedra to its right. 
Trends along PC2, as mentioned previously for Fig. 5, are 
somewhat clearer in Fig. 7, because PC2 is now the hori-
zontal axis defining the direction of the major axis of the 



37R. KIRALJ: Tetrahedral Homonuclear Tetrameric Species: Occurrence, Forms, Structures..., Kem. Ind. 73 (1-2) (2024) 27−44  

confidence ellipse. Notably, descriptors that account for 
non-bonding interactions (De and RvdW) show high positive 
contributions to PC3, while other descriptors show small 
positive and negative contributions to this PC (Table 6). 
PC3 contains a small fraction of total variance (only 3.4 %), 
and trends along it are not clear in the scores plots. It may 
be said that PC3 discriminates elements with respect to 
the size of species that the elements form in compounds, 
in a very general sense. The size of species is always relat-
ed to the intensity of non-bonding interactions. Samples 
at high positive values of PC3 represent two types of el-
ements which form greater species (Figs. 6 and 7): very 
large cations (Ba, Ca, Sr), and complicated molecules with 
several homonuclear covalent bonds (B, C, N). At nega-
tive values of PC3 are elements that form smaller species, 
smaller cations (Mg, Tl, Po, In, Pb, Ga). Group 16 ele-
ments build less complicated molecules (only two covalent 
bonds per atom); thus, corresponding samples are placed 
at less negative values of PC3. Contrary to PC1 and PC2, 
PC3 introduces some distinction among the five groups of 
chemical elements. Moving from the positive to the nega-
tive end of PC3, Groups 13–15 maintain their order as in 
the periodic table, with the exception of Sb and As, which 
have swapped places. However, Group 2 and Group 16 
are oriented contrary to their order in the periodic table, 
exhibiting some irregularities such as Mg and Be swapping 
places and O appearing between Se and Po. Therefore, 
PC3 can serve as a discriminating factor between Groups 
13–15 (where real tetrahedra exist) and Groups 2 and 16 
(where real tetrahedra do not exist).

3.5 Parabolic regression modelling

Table 3 shows that variable Class has statistically no sig-
nificant correlations with the other nine variables. The 

relationships between Class and other descriptors were 
reinvestigated for eventual non-linearities, with special em-
phasis on Groups 13–15. The same was done with the re-
lationship between Class and the selected PCs. The results 
are summarised in Table 6, and they are surprising and un-
expected. Parabolic (second-order polynomial) regression 
models y = a + bx + cx2 with estimated standard deviations 
σa, σb, and σc for regression coefficients, were constructed, 
and showed some statistical significance for relationships 
between Class and eight descriptors and PC1, only for 

Table 6 – Parabolic regression modelling of PC1 and descriptors as functions of variable Class
Tablica 6 – Parabolično regresijsko modeliranje PC1 i deskriptora kao funkcija varijable Class

Descriptor r F p c, σc b, σb a, σa tc, pc tb, pb ta, pa

χ 0.6696 6.1 0.0115 3.228
0.353

−0.840
0.271

0.120
0.043

9.135
<0.0001

−3.094
0.0074

2.800
0.0134

χV 0.8917 29.1 <0.0001 5.735
0.461

−2.355
0.354

0.334
0.056

12.446
<0.0001

−6.656
<0.0001

5.986
<0.0001

χP 0.6699 6.1 0.0115 3.126
0.330

−0.771
0.253

0.109
0.040

9.474
<0.0001

−3.042
0.0082

2.733
0.0154

De 0.6429 5.3 0.0183 967.76
213.28

−469.70
163.81

66.92
25.83

4.538
0.0004

−2.867
0.0117

2.590
0.0205

Rat 0.8442 18.6 <0.0001 1.445
0.150

0.606
0.115

−0.086
0.018

9.636
<0.0001

5.262
<0.0001

−4.711
0.0003

R0 0.8191 15.3 0.0002 −0.118
0.542

2.024
0.416

−0.288
0.066

-0.219
0.8299

4.865
0.0002

−4.391
0.0005

RvdW 0.6257 4.8 0.0241 1.477
0.172

0.293
0.132

−0.039
0.021

8.586
<0.0001

2.221
0.0421

−1.852
0.0839

Rcov 0.8317 16.8 0.0001 0.193
0.183

0.724
0.141

−0.103
0.022

1.054
0.3087

5.136
0.0001

−4.647
0.0003

PC1 0.7984 13.2 0.0005 7.883
1.575

−5.368
1.210

0.758
0.191

5.005
0.0002

−4.438
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3.976
0.0012
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Fig. 7 – Tetrahedral species in the space defined by principal 
components PC2 and PC3, coloured according to their 
Class values from 1 to 5: 1 – red, 2 – green, 3 – blue, 
4 – pink, and 5 – black

Slika 7 – Tetraedrijske vrste u prostoru definiranom glavnim kom-
ponentama PC2 i PC3, s bojanjem prema pripadnim 
Class vrijednostima od 1 do 5: 1 – crveno, 2 – zeleno, 
3 – plavo, 4 – ružičasto i 5 – crno
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Groups 13–15. Using other PCs and Groups 2 and 16 did 
not yield sensible non-linear models. It was not expect-
ed that Class would be the independent variable, but on 
the contrary, the modelled variable. F-test parameters are:  
r – Pearson correlation coefficient, F – F-ratio, and p – cor-
responding probability. Student test parameters: ta, tb, and 
tc are t-parameters for a, b, and c, respectively, and pa, pb, 
and pc are the corresponding probabilities. Values of t-pa-
rameters and probabilities in Table 6 are typed bold in case 
of statistical significance, and in italics in case of borderline 
statistical significance.

All nine parabolic models are statistically very or extremely 
significant in the F-test (Table 6). However, six out of nine 
models are statistically very or extremely significant in the 
t-test for all regression coefficients: the models for three 
electronegativity variables and the models for PC1, atomic 
radius Rat and for bond dissociation energy De. The mod-
els for the other three radii descriptors fail in the t-test for 
only one regression coefficient. These facts indicate that 
non-linear relationships between Class and the nine de-
scriptors are important and thus, cannot be ignored. All 
radii descriptors as functions of Class have maxima, while 
other descriptors and PC1 have minima (Fig. 8). Scilab14 
was used to plot the data points for Class, PC1, and for the 
squared function from regression analysis. Upon detailed 
analysis of Fig. 8, one obtains a condition for PC1 for real 
tetrahedra: PC1 ≤ 1.69, meaning that Class > 1.

Class was generated from data in Table 1, and was based 
on literature: Class is a measure of both frequency and 
diversity of tetrahedral forms reported in literature. How-
ever, its modelled relationships (Table 6) indicate that Class 
reflects some intrinsic, basic property for Groups 13–15, 
well-correlated to the general principal component PC1 
and eight descriptors, and not correlated to PC2 and PC3. 
The Class – PC1 relationship includes in fact three quanti-

ties - Class, square of Class, and PC1, which again confirms 
that the real tetrahedra are well-described in a three-di-
mensional space.

4 Conclusion
This work deals with identification of chemical elements 
that occur as stable tetrahedral homonuclear tetramers 
(neutral molecules and ions) and their forms of appear-
ance. Furthermore, rationalisation of tetrahedral structures 
and properties with certain limits to distinguish these el-
ements from the other elements is given. A database for 
tetrahedral homonuclear species was formed with a da-
taset of elemental descriptors. The dataset was then ana-
lysed using correlation analysis, hierarchical cluster analy-
sis, principal component analysis, and parabolic regression 
with appropriate statistical tests. The results can be sum-
marised as follows.

1)    In literature, tetrahedral species were experimentally 
identified for 12 chemical elements. These elements 
are from Groups 13–15 and from Periods 3-6: Al, Ga, 
In, Tl, Si, Ge, Sn, Pb, P, As, Sb, and Bi.

2)    These elements compose 39 forms of tetrahedral oc-
currence (gas phase, solid Zintl phase, thin films, Zintl 
phase ammoniates, cage compounds, and other).

3)    A simple octet rule for p-elements explains that only 
Groups 13–15 with 3–5 valence electrons may form 
such tetrahedra.

4)    Hierarchical cluster analysis distinguishes well the 12 
elements from Group 2, C, N, and O, but does not 
separate them from Group 16 and B.

5)    The average tetrahedral bond length should be 
2.2 Å < dXX < 3.2 Å.

6)    Principal component analysis with parabolic regression 
yield approximate conditions for principal compo-
nents: PC1 ≤ 1.69, PC2 ≤ 1.25, PC1 + 4PC2 ≤ 6.34.

7)    Principal component analysis with two and three prin-
cipal components explains rather well various proper-
ties and groupings of the tetrahedra. PC3 discriminates 
Groups 13–15 from Groups 2 and 16 in terms of the 
elements’ order with respect to their order in the pe-
riodic table.

8)    The tetrahedra are shown to be a three-dimensional 
phenomenon, because three quantities are required to 
describe the set of tetrahedra.

9)    The frequency and diversity Class is shown to reflect a 
basic property on which PC1 and eight descriptors de-
pend in parabolic regression, which should be further 
investigated.

10)  Class, its square, and PC1 reconfirm that real tetrahe-
dral species are a three-dimensional phenomenon.

Many of the tetrahedral forms belong to materials of di-
verse technological importance. Therefore, gaining a deep-
er understanding of the structures and properties of these 
tetrahedra at a more advanced level is crucial, and more 
such studies should be conducted in the future.
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Fig. 8 – Parabolic regression model for PC1 as a function of var-
iable Class

Slika 8 – Parabolični regresijski model za PC1 kao funkciju vari-
jable Class
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List of abbreviations and symbols 
Popis kratica i simbola

a  – free regression coefficient in parabolic regression
 – slobodan regresijski koeficijent u paraboličnoj regresiji
α  – significance level
 – razina značajnosti
A  – matrix obtained as XTy in regression analysis
 – matrica dobivena kao XTy u regresijskoj analizi
b  –  regression coefficient for the linear independent 

variable in parabolic regression
 –  regresijski koeficijent za linearnu nezavisnu varijablu u 

paraboličnoj regresiji
B  – matrix obtained as XTX in regression analysis
 – matrica dobivena kao XTX u regresijskoj analizi
c  –  regression coefficient for the squared independent 

variable in parabolic regression
 –  regresijski koeficijent za kvadrat nezavisne varijable u 

paraboličnoj regresiji
c  –  vector of regression coefficients in regression analysis, 

obtained as the product DA
 –  vektor regresijskih koeficijenata u regresijskoj analizi, 

dobiven kao produkt DA
ci  – i-th regression coefficient ci in regression model
 – i-ti regresijski koeficijent ci u regresijskom modelu
Class  – frequency and diversity class of tetrahedral species
 – razred učestalosti i raznolikosti tetraedrijskih vrsta
CSD  –  Cambridge Structural Database, a crystallographic 

database for organic compounds
 –  kristalografska baza podataka za organske spojeve 

Cambridge Structural Database
D  – matrix obtained as B−1 in regression analysis
 – matrica dobivena kao B−1 u regresijskoj analizi
Δ  –  vector of deviations of observed values of the 

dependent variable y from its mean value
 –  vektor odstupanja opaženih vrijednosti zavisne 

varijable y od svoje srednje vrijednosti
dAB  – Euclidean distance between clusters A and B in HCA
 – euklidska udaljenost između klastera A i B u HCA
De  – experimental bond dissociation energy of diatomics
 –  eksperimentalna energija disocijacije veze diatomskih 

molekula
df  – degrees of freedom
 – broj stupnjeva slobode
dii  –  i-th element of the main diagonal of the matrix D in 

regression analysis
 –  i-ti element glavne dijagonale matrice D u regresijskoj 

analizi
dmax  – maximum Euclidean distance among clusters in HCA
 – najveća euklidska udaljenost među klasterima u HCA
ΔT  – transpose of the vector Δ
 – transponirani vektor vektora Δ
dXX  – average bond length in a tetrahedral species
 – prosječna duljina veze u tretraedrijskoj vrsti
Ê  – residual matrix in PCA
 – rezidualna matrica u PCA
  – vector of residuals in regression analysis

 – vektor reziduala u regresijskoj analizi
cvˆ ie   –  i-th row vector of the residuals from cross-validation 

in PCA, defined as − cvˆi ix x
 –  i-ti redčani vektor reziduala iz unakrsne validacije u 

PCA, definiran kao − cvˆi ix x
T
cvˆ ie   – transpose of the vector cvˆ ie

 – transponirani vektor vektora cvˆ ie
îe   – i-th row vector of the residuals matrix in PCA

 – i-ti redčani vektor rezidualne matrice u PCA
  –  transpose of the vector of residuals in regression 

analysis
 –  transponirani vektor vektora reziduala u regresijskoj 

analizi

T
îe   – tranpose of the vector îe

 – transponirani vektor vektora îe
E4

8−  – tetrahedral anions in Group 13
 – tetraedrijski anioni u Grupi 13
E4

4−  – tetrahedral anions in Group 14
 – tetraedrijski anioni u Grupi 14
E4  – tetrahedral molecules in Group 15
 – tetraedrijske molekule u Grupi 15
E4

+  – tetrahedral cations in Group 15
 – tetraedrijski kationi u Grupi 15
F  – F-ratio in F-test
 – F-omjer u F-testu
F-test  – Fisher’s test
 – Fisherov test
HCA  – hierarchical cluster analysis
 – hijerarhijska klasterska analiza
ICSD  –  Inorganic Crystal Structure Database, a 

crystallographic database for inorganic compounds
 –  kristalografska baza podataka Inorganic Crystal 

Structure Database za anorganske spojeve
k  –  number of principal components in data 

reconstruction in PCA; number of variables in 
regression analysis

 –  broj glavnih komponenata u rekonstrukciji podataka u 
PCA; broj varijabli u regresijskoj analizi

m  –  number of variables (descriptors) or the number of 
columns in a data matrix

 –  broj varijabli (deskriptora) ili broj stupaca u matrici 
podataka

n  –  number of samples (tetrahedral species) or the 
number of rows in a data matrix

 –  broj uzoraka (tetraedrijskih vrsta) ili broj redova u 
matrici podataka

NIPALS – nonlinear iterative partial least squares algorithm
 –  nelinearna iterativna metoda parcijalnih najmanjih 

kvadrata
Q  – charge of a tetrahedral species (in electron units)
 – naboj tetraedrijske vrste (u elektronskim jedinicama)
p  – probability in F-test
 – vjerojatnost u F-testu
pa  – probability in t-test for regression coefficient a
 – vjerojatnost u t-testu za regresijski koeficijent a
pb  – probability in t-test for regression coefficient b
 – vjerojatnost u t-testu za regresijski koeficijent b
pc  – probability in t-test for regression coefficient c
 – vjerojatnost u t-testu za regresijski koeficijent c
PCA  – principal component analysis
 – analiza glavnih komponenata
PC  – principal component
 – glavna komponenta
PC1  – first principal component
 – prva glavna komponenta
PC2  – second principal component
 – druga glavna komponenta
PC3  – third principal component
 – treća glavna komponenta
PDB  –  Protein Databank, a structural database for proteins 

and other macromolecules
 –  strukturna banka podataka za proteine i druge 

makromolekule Protein Databank
PRESS  –  predicted residual error sum of squares for 

reconstruction of the matrix X in PCA
 –  zbroj kvadrata prediktivnih rezidualnih pogrešaka u 

rekonstrukciji matrice X u PCA
r  – Pearson correlation coefficient
 – Pearsonov koeficijent korelacije
r2  – coefficient of determination
 – koeficijent determinacije
R0  – ionisation radius
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 – ionizacijski radijus
Rat  – atomic radius (at density cutoff 0.001 e Bohr−3)
 –  atomski radijus (kod granice gustoće od 0.001 e Bohr−3)
Rcov  – covalent radius
 – kovalentni radijus
RvdW  – van der Waals radius
  – van der Waalsov radijus
SAB  – similarity index for a pair of clusters A and B in HCA
 – indeks sličnosti za par klastera A i B u HCA
σa  –  estimated standard deviation  

for regression coefficient a
 –  procijenjeno standardno odstupanje  

za regresijski koeficijent a
σb  –  estimated standard deviation  

for regression coefficient b
 –  procijenjeno standardno odstupanje  

za regresijski koeficijent b
σc  –  estimated standard deviation  

for regression coefficient c
 –  procijenjeno standardno odstupanje  

za regresijski koeficijent c
σ2  – estimated variance of residuals in regression analysis
 – procijenjena varijancija reziduala u regresijskoj analizi
σ(ci)  –  estimated standard deviation  

for the i-th regression coefficients ci
 –  procijenjeno standardno odstupanje  

za i-ti regresijski koeficijent ci
SVD  – singular value decomposition algorithm
 – dekompozicija matrice na singularne vrijednosti
t-test  – Student’s test
 – Studentov test
t  – t-parameter for correlation coefficient r
 – t-parametar za koeficijent korelacije r
ta  –  t-parameter for regression coefficient a  

in parabolic regression
 –  t-parametar za regresijski koeficijent a  

u paraboličnoj regresiji
tb  –  t-parameter for regression coefficient b  

in parabolic regression
 –  t-parametar za regresijski koeficijent b  

u paraboličnoj regresiji
tc  –  t-parameter for regression coefficient c  

in parabolic regression
 –  t-parametar za regresijski koeficijent c  

u paraboličnoj regresiji
ti  –  t-parameter for the i-th regression coefficient ci in 

regression model
 –  t-parametar za i-ti regresijski koeficijent ci u 

regresijskom modelu
VPRESS –  predicted residual error sum of squares  

for validation in PCA
 –  zbroj kvadrata prediktivnih rezidualnih pogrešaka  

u validaciji u PCA
x  – independent variable in a regression model
 – nezavisna varijabla u regresijskom modelu
X  –  data matrix of independent variables in PCA or in 

regression analysis
 –  matrica podataka za nezavisne varijable u PCA ili u 

regresijskoj analizi
X̂  – reconstructed data matrix in PCA
 – rekonstruirana matrica podataka u PCA
χ  – Allen electronegativity
 – Allenova elektronegativnost

cvX̂   – average data matrix from crossvalidation in PCA
 –  prosječna matrica podataka iz  

unakrsne validacije u PCA
cvˆ ix   –  i-th row vector of the matrix cvX̂   

from crossvalidation in PCA
 –  i-ti redčani vektor matrice cvX̂  iz  

unakrsne validacije u PCA

ix   – i-th row vector of the data matrix X in PCA
 – i-ti redčani vektor matrice podataka X u PCA
ˆix   –  i-th row vector of the reconstructed data  

matrix X̂ in PCA
 –  i-ti redčani vektor rekonstruirane  

matrice podataka X̂ u PCA
χP  – Pauling electronegativity
 – Paulingova elektronegativnost
XT  – transpose of the matrix X
 – transponirana matrica matrice X
χV  – valence-state electronegativity
 – elektronegativnost valentnog stanja
y  – dependent (modelled) variable in a regression model
 – zavisna (modelirana) varijabla u regresijskom modelu
y   – mean value of the dependent variable y
 – srednja vrijednost zavisne varijable y
y  –  vector of observed values of the dependent variable 

in regression analysis
 –  vektor opaženih vrijednosti zavisne varijable u 

regresijskoj analizi
y   – vector containing n times the mean value of y
 – vektor koji n puta sadrži srednju vrijednost od y
ŷ  –  vector of predicted values of the dependent 

(modelled) variable in regression analysis
 –  vektor proračunatih vrijednosti zavisne (modelirane) 

varijable u regresijskoj analizi
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SAŽETAK
Tetraedrijske homonuklearne tetramerne vrste: 

pojavnost, oblici, strukture, svojstva i perspektive
Rudolf Kiralj

Tetraedrijske homonuklearne tetramerne vrste su neutralni ili ionski tetraedri kemijskih eleme-
nata, pravi molekulski tetraedri u striktno geometrijskom smislu. Cilj ovog rada je naći sve prave 
tetraedre elemenata, eksperimentalno određene kao stabilne i sposobne da se premjeste u drugi  
medij/uvjete, zatim razjasniti njihovu strukturu i svojstva te istražiti njihov tehnološki značaj. Izra-
đena je baza podataka za tetraedre elemenata na osnovi pouzdane literature te je sačinjen skup 
podataka za molekulske deskriptore. Provedena je korelacijska analiza, hijerahijska klasterska 
analiza, analiza glavnih komponenata i neke regresijske analize. Dvanaest kemijskih elemenata 
iz grupa 13 – 15 imaju tetraedrijske vrste: anione E4

8− (Al, Ga, In, Tl), anione E4
4− (Si, Ge, Sn, Pb), 

neutralne molekule E4 (P, As, Sb) i katione E4
+ (P, As, Sb, Bi). Ove vrste pojavljuju se u 39 oblika, 

kao što su plinska faza, čvrste Zintlove faze, tanki filmovi, amonijati Zintlovih faza i kavezni spojevi 
uz ostale oblike. Zintlove faze kao i oblici P4 i As4 važni su za sintezu novih materijala, kemijske 
reakcije i druge primjene. Sažimanje podataka pokazalo je da su prave tetraedrijske vrste trodi-
menzionalni fenomen i da se pravi tetraedri mogu razlikovati od fiktivnih tetraedara. Uočeno 
je grupiranje tetraedara s obzirom na periodne grupe, naboje, razrede učestalosti i raznolikosti, 
veličinu tetraedara i metalni karakter. Empirijska pravila za veličinu vrsta i za glavne komponente 
ustanovljena su za prave tetraedre. Većina deskriptora je parabolična funkcija varijable razred. 
Prave tetraedrijske vrste ostaju djelomično još zagonetka te ih treba više proučavati.

Ključne riječi 
Homonuklearne tetraedrijske molekule, strukturne baze podataka, Zintlove faze, kavezni spojevi, 
statistička analiza, smanjenje dimenzionalnosti, empirijska pravila
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