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We study the competing effects of
collective generalized measurements and
interaction-induced scrambling in the dy-
namics of an ensemble of spin-1/2 parti-
cles at the level of quantum trajectories.
This setup can be considered as analo-
gous to the one leading to measurement-
induced transitions in quantum circuits.
We show that the interplay between col-
lective unitary dynamics and measure-
ments leads to three regimes of the av-
erage Quantum Fisher Information (QFI),
which is a witness of multipartite entan-
glement, as a function of the monitoring
strength. While both weak and strong
measurements lead to extensive QFI den-
sity (i.e., individual quantum trajectories
yield states displaying Heisenberg scal-
ing), an intermediate regime of classical-
like states emerges for all system sizes
where the measurement effectively com-
petes with the scrambling dynamics and
precludes the development of quantum
correlations, leading to sub-Heisenberg-
limited states. We characterize these
regimes and the crossovers between them
using numerical and analytical tools, and
discuss the connections between our find-
ings, entanglement phases in monitored
many-body systems, and the quantum-to-
classical transition.
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Figure 1: Measurement-transitions in different types of
quantum systems. (a) Previous works have studied
quantum circuits in presence of measurements which
are performed projectively on single sites and tend to
destroy coherence, while unitary dynamics due to in-
teractions tends to generate entanglement. The com-
petition leads to phase transition in the bipartite en-
tanglement as measured by the entanglement entropy
SA. The resulting phases can be associated with a
dynamics-dominated, highly entangled, ‘quantum’ phase
for p > pc, and a measurement-dominated, less entan-
gled, ‘classical’ phase for p > pc. (b) In our work, we
construct a setup analogous to (a) but based on spin
systems presenting collective interactions and measure-
ments. In these systems, both processes tend to gener-
ate entanglement. However, an intermediate, classical-
like regime appears when the measurement strength σ−1

is not too strong nor too weak and balances with the
scrambling dynamics generated by the unitary interac-
tion. These regimes can be witnessed by the scaling of
the Quantum Fisher Information FQ with system size
N .
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1 Introduction
The development of quantum technologies like
quantum computing and quantum simulation is
expected to impact scientific discovery in ar-
eas like quantum chemistry, high-energy physics,
and condensed matter by enabling efficient sim-
ulation of quantum effects in many-body sys-
tems [1, 2]. A fruitful byproduct of this process
is that tools originally developed for quantum in-
formation processing are now regarded as new in-
gredients for models of quantum many-body sys-
tems, leading to potentially novel physical phe-
nomena. Examples of this include the study of
new interaction models [3] and patterns like ran-
dom graphs [4] or multibody interactions [5] and
the characterization of periodic [6] and nonperi-
odic [7] driving in many-body systems.

A recent development in this context has been
the inclusion of quantum measurements inter-
twined with the unitary dynamics of many-
body quantum systems. Efforts towards un-
derstanding the competing effects between in-
teractions (which lead to entangled states via
quantum information scrambling [8]) and pro-
jective measurements (which destroy coherence)
have led to the discovery of dynamical quan-
tum phase transitions in the properties of these
systems [9, 10]. As depicted in Fig. 1 (a),
the dynamics of quantum circuits composed of
random nearest-neighbour two-qubit gates inter-
leaved with single-site projective measurements
happening with probability p displays a sharp
transition between a dynamics-dominated phase
leading to volume-law entangled states for p < pc

and a measurement-dominated phase leading to
area-law entangled states for p > pc [9, 10, 11,
12, 13, 14] (for recent reviews about this phe-
nomenon, see [15, 16]). Similar transitions have
been observed in the dynamics of systems dis-
playing long-range interactions [17, 18, 19], and
extensions have been considered exploring the
role of various types of measurements, includ-
ing generalized [20] (i.e. nonprojective) and en-
tangling measurements [21], to the point where
similar phenomena can be found without requir-
ing to have unitary dynamics in the process [22],
or at the level of the non-Hermitian Hamilto-
nian [23, 24].

In this work we revisit the role of measure-
ments and their competition with unitary scram-
bling dynamics in collective spin models, which

are systems of spin-1/2 particles that interact
uniformly among themselves and with external
fields and measurement apparatuses [25, 26]. The
strict permutational symmetry present in these
models allows for their efficient numerical sim-
ulation requiring only polynomial resources in
the system size N . While simple, collective spin
models have proven to be excellent toy models
for various quantum many-body phenomena, like
dynamical [27, 28] and excited-state quantum
phase transitions [29], quantum chaos [30, 31],
dissipative dynamics [32] and Floquet time crys-
tals [33, 34], and they are particularly relevant
in quantum metrology, where collective all-to-all
interactions are used to generate spin-squeezing
optimally [35, 36, 37]. Here we will show that
these models display different kinds of compet-
ing behavior between interactions and collective
measurements, which can be diagnosed by its im-
pact on multipartite entanglement and metrolog-
ical usefulness.

The key relevant aspect of collective spin
systems is that they are measured collectively,
which typically generates entanglement among
the particles [38]. As a consequence, both
the measurement-dominated dynamics and the
interaction-dominated dynamics will lead to
highly-entangled states, as schematically de-
picted in Fig. 1 (b). One would then naively
expect that no apparent crossover needs to oc-
cur between these regimes. Here we show this
is not the case, and that a third regime emerges
where the measurement effects are balanced with
the unitary dynamics in such a way that the re-
sulting states fail to reach maximum multipartite
entanglement.

We will explore this phenomenon by study-
ing the dynamics of a quantum kicked top
(QKT) [30], a paradigmatic model of quan-
tum chaos, combined with deterministic gener-
alized measurements of the collective magneti-
zation of the system. These measurements are
taken to have variable resolution σ, which will
play an analogous role to the measurement prob-
ability p in the random circuits scheme. For
these models, we show that for all systems sizes
and for generic model parameters three regimes
are observed, corresponding to i) measurement-
dominated (σ ≲ 1), ii) balanced and iii) dy-
namics dominated (σ ≳ N/2) behavior, as de-
picted in Fig. 1 (b) We numerically show that,
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if the dynamics of unitary model is moderately
chaotic, individual quantum trajectories lead to
states whose average Quantum Fisher Informa-
tion (QFI) scales as Nβ, where the maximum
β = 2 is obtained for regimes i) and iii), indi-
cating extensive multipartite entanglement and
Heisenberg-limited states, while the balanced
regime ii) leads to 1 ≤ β < 2, i.e. sub-Heisenberg
scaling. For a highly chaotic kicked top, we do
not observe signatures of the intermediate regime
in the behavior of the scaling exponent, which
stays close to β = 2 for all values of σ. However,
we argue that the functional form of the QFI still
presents signatures of the existence of a balanced
measurement regime. To show this we propose
a toy model based on the action of Kraus op-
erators on Haar-random states which reproduces
our numerical results very well, and allows us to
show that the observed behavior remains stable
for very large system sizes up to N ∼ 104. We
further show that the crossover between regimes
is always smooth, and that these monitored col-
lective spin models provide a natural connection
between measurement-induced phase transitions
observed in many-body models and the funda-
mental mechanism of the quantum-to-classical
transition in systems undergoing weak continu-
ous measurements [39].

This paper is organized as follows. In Sec. 2 we
introduce basic aspects of collective spin systems.
We discuss the quantum kicked top, which we use
as the primary model for unitary dynamics, and
describe the types of generalized Gaussian mea-
surements to be implemented. We also define the
quantities that will serve as order parameters in
our studies and their relation to multipartite en-
tanglement in collective spin systems. In Sec. 3
we present the results obtained for the hybrid
unitary-monitored dynamics at the level of quan-
tum trajectories, and show the existence of the
three dynamical regimes as the measurement res-
olution σ is varied. We study the crossovers be-
tween those regimes for unitary evolution ranging
from completely regular to fully chaotic. In the
latter case we present a simplified model which
is analytically solvable and accurately reproduces
our results. In Sec. 4 we analyze how these results
sit on the broader scope of studies on monitored
dynamics. We discuss connections with studies
on the emergence of classicality in quantum sys-
tems undergoing continuous measurements, and

analyze the presence of purification transitions
in the dynamics of the model. Finally, in Sec. 5
we present our conclusions and lay out potential
avenues for future studies.

2 Scrambling and measurements in
collective spin systems
2.1 Collective spin models and unitary dynam-
ics
We consider a system of N spin-1/2 particles
which interact among themselves and with ex-
ternal agents in such a way that the state of the
system is always invariant under permutation of
any two particles. Such scenario is most easily
described by introducing collective spin operators
Jα = 1

2
∑N

i=1 σ
α
i , α = x, y, z. The evolution op-

erator dictating this kind of dynamics commutes
with J2 = J2

x + J2
y + J2

z , and the corresponding
states belong to the symmetric subspace where
J = N/2 and we can write J2 = J(J + 1)I.
A good basis to describe this subspace is given
by the Dicke states, i.e. the eigenstates of Jz,
{|J,mz⟩} where mz = −J,−J + 1, . . . , J . The
typical initial configuration we will consider is
the spin coherent state (SCS) |ψθ,ϕ⟩ = |↑θ,ϕ⟩⊗N

where all spins point in the same direction. We
consider the system to be evolving according to
a Floquet map which we write as

UKT = UzUyUx, (1)

where

Uµ = exp
[
−i
(
αµJµ + kµ

2J J
2
µ

)]
, µ = x, y, z.

(2)
This is a variation of the quantum kicked top

(QKT) model, an extensively studied model of
quantum chaos [30, 40]. The combination of all-
to-all interactions (generated by J2

µ ∼
∑

ij σ
µ
i σ

µ
j )

with global rotations and time-dependent driv-
ing makes this model chaotic for generic choices
of (αx, αy, αz) and large values of interaction
strengths (kx, ky, kz). In this regime, the iterative
application of the map on any SCS generates a
highly entangled state which resembles a random
state in the symmetric subspace [41]; we refer to
this process as scrambling [42, 43]. Because all
collective spin systems have a well-defined classi-
cal limit in terms of the motion of the collective
spin components in a spherical phase space [44],
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the transition to chaos in these systems is well
understood, and for this particular model it has
been studied in previous works [45, 43].

2.2 Collective Gaussian measurements
Competing with the all-to-all interactions in-
duced by UKT we will consider generalized col-
lective measurements of a component of the total
spin, in this case Jz. In the case of an ensemble
of atomic spins, this can be regarded as arising
from the interaction with a bosonic degree of free-
dom (like a cavity mode [46]), on which then a
Gaussian measurement is performed [47, 48]. We
provide details about this model in Appendix A.
The measurement is described by a continuous
set of Kraus operators {Km}

Km = 1
(2πσ2)1/4 exp

(
−(Jz −m)2

4σ2

)
, (3)

where σ is the measurement resolution and m ∈
R is the measurement outcome. The associated
POVM elements K†

mKm obey the completeness
relation ∞∫

−∞

dmK†
mKm = I, (4)

as expected. Given a pure state |ψ⟩, to model the
action of the measurement we sample the proba-
bility distribution

P (m) = ⟨ψ|K†
mKm |ψ⟩ , (5)

and, for a given outcome m0, construct the post-
measured state as∣∣∣ψ(m0)

post

〉
= 1√

P (m0)
Km0 |ψ⟩ , (6)

which is already normalized and accounts for
measurement backaction.

In this measurement model, the parameter σ
can be understood as the width of a Gaussian
which sets the resolution of the measurement (al-
ternatively, one can define κ = 1/σ as the mea-
surement strength). As discussed in the previous
section and depicted in Fig. 2 (a), different mea-
surement regimes arise depending on the value of
σ. The limit of strong (precise) measurements is
obtained when σ → 0. In this case the measure-
ment is close to be projective since

P (m) ∼
J∑

mz=−J

| ⟨mz|ψ⟩ |2δ(m−mz) (7)

and backaction is maximal. The post-measured
state approaches ∼ |J,mout⟩, a Dicke state. The
opposite limit, when σ → ∞, is that of a weak
(imprecise) measurement, where P (m) is roughly
constant and independent of |ψ⟩. In this regime
the measurement outcome carries little informa-
tion about the state of the system, which is left
roughly unchanged due to minimal backaction.

2.3 Entanglement and quantum Fisher infor-
mation for collective spin states

Because of the constraints imposed by permu-
tational symmetry, collective spin states pos-
sess much less bipartite entanglement (scaling as
logN) than the typical many-qubit state [25]. It
is thus not expected to observe a transition from
area-law to volume-law entanglement in the hy-
brid dynamics of these systems. Nevertheless,
collective spin states lend nicely to be character-
ized in terms of their multipartite-entanglement
properties [26]. These can be quantified via the
Quantum Fisher Information (QFI) [49]:

FQ[Jα, |ψ⟩] ≡ 4 (∆Jα)2 = 4
(
⟨ψ| J2

α |ψ⟩ − ⟨ψ| Jα |ψ⟩2
)
.

(8)
For product states the QFI satisfies FQ ≤ N

and the equality is saturated by spin coherent
states |↑n⟩⊗N such that n is perpendicular to the
direction of α. If FQ > N , then the state is
entangled, and more specifically the condition

FQ[Jα, |ψ⟩] > Nk (9)

implies that there are at least k particles entan-
gled in the system [50]. The ultimate bound of
the QFI is thus FQ ≤ N2. Often the study of
this quantity is done in terms of the QFI density
fQ ≡ FQ/N and distinguishes regimes where fQ

is intensive (fQ ∼ const.) or extensive (fQ ∼ N)
in its dependence on system size N .

Crucially, the QFI also determines the ulti-
mate sensitivity achievable in a quantum sens-
ing protocol where a parameter θ is encoded into
the system as eiθJα |ψ⟩. More specifically, the
variance of an unbiased estimator of θ is lower
bounded by F−1

Q [51]. Thus, the QFI of Eq. (8)
connects the level of multipartite entanglement
present in a pure state |ψ⟩ to its usefulness as a
quantum sensing probe. Product states achieve
at best a sensitivity of N−1 (standard quantum
limit), while use of entangled states can improve
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the scaling of the variance to be N−2 (Heisenberg
limit) [49].

Instead of focusing on the QFI with a specific
choice of direction as in Eq. (8), here we will con-
sider the QFI averaged over three orthogonal di-
rections

FQ[|ψ⟩] = 1
3

∑
α=x,y,z

FQ[|ψ⟩ , Jα] (10)

which is independent of the particular choice of
axis (see Appendix B). We refer to this quantity
as the mean QFI, for short. For permutationally
symmetric states we have that J2

x + J2
y + J2

z =
J(J + 1)I and so Eq. (10) reduces to

FQ[|ψ⟩] = 4
3
[
J(J + 1) − ||⟨J⟩||2

]
, (11)

from which we see that when the length squared
of the magnetization vector ||⟨J⟩||2 =

∑
α⟨Jα⟩2

can be used to witness the level of multipartite
entanglement in the state |ψ⟩. This is because
a mean QFI exceeding Nk implies that the QFI
corresponding to at least one component of J will
satisfy the condition in Eq. (9). See [52] for a
detailed analysis on FQ as a multipartite entan-
glement witness.

The mean QFI can be readily computed for
several states of interest which will serve as a ref-
erence for our analysis. In Table 1 we show the
values of FQ obtained for the case of Haar ran-
dom (symmetric) states, randomly-picked Dicke
states, spin squeezed states and spin coherent
states, which are derived in Appendix B. Recall-
ing that J = N/2, one can read off the scaling
properties for each case. As noted before spin
coherent states are not entangled and thus lead
to FQ ∼ N . Spin-squeezed states are entangled
and lead to enhanced scaling with N which is not
universal. On the other hand, both Haar and
Dicke states display, on average, FQ ∼ N2 and
thus show extensive multipartite entanglement.
For large system sizes, Haar states reach slightly
higher mean QFI (∼ N2/3) than typical Dicke
states (∼ 2N2/9).

3 Competition regimes between mea-
surements and scrambling dynamics
In order to characterize the hybrid unitary-
monitored dynamics in these systems, we study
the behavior of individual quantum trajectories

State type Mean QFI FQ

Spin coherent states (SCS) 4
3J

Spin squeezed states 4
3J cosh(r(J))

Haar-random states (average) 4
3

(
J2 + J

2

)
Dicke states (average) 8

9
(
J2 + J

)
Table 1: Values of the mean QFI FQ defined in Eq. (10)
for specific state types. The scaling of this quantity with
system size J = N/2 is linear for unentangled states like
spin coherent states, and quadratic for highly entangled
states like random Haar or Dicke states.

constructed in the following way. Starting from
a spin coherent state along a randomly chosen
direction |ψ0⟩ = |ψθ,ϕ⟩, we iteratively apply a
unitary map UKT followed by a measurement de-
scribed by Eq. (3). Thus, at each step the map
takes the form

|ψj+1⟩ = 1√
P (mj)

KmjUKT |ψj⟩ , (12)

where

P (m) = ⟨ψj |U †
KTK

2
mUKT |ψj⟩ . (13)

The unitary part is dictated by the kicked top
map UKT of Eq. (1). We choose the rotation pa-
rameters to be αx = 1.7, αy = 1 and αz = 0.8,
and the twisting coefficients as kx = 0.85k, ky =
0.9k and kz = k. This choice is inspired by previ-
ous works [45, 43] and guarantees that the QKT
model is fully regular for k = 0 (corresponding
to just rotations of the collective magnetization
vector), has a regular regime for small k ≲ 1, and
becomes fully chaotic for k ≳ 2.5.

For a given initial state, each trajectory is
labeled by a set of measurement outcomes
m = m0,m1, . . . ,mMs where Ms is the number
of iteration steps. Following Sec. 2.3, for each
trajectory a time-average of the length of the
mean magnetization vector ||⟨J⟩||2 is computed,
and the mean QFI defined in Eq. (10) is stored
as the relevant order parameter 1. Since the

1We point out that the classical Fisher Information
(FI) has been used in [11] to characterize entanglement
transitions in monitored random circuits. In that study,
the FI measures how much classical information about
the initial state of the system can be extracted from the
measurement outcomes. As such, the definition of the FI
depends on the type of measurement. In our work, we
treat the QFI as a property of the state which witnesses
multipartite entanglement. This definition of the QFI is
thus independent of the kind of dynamics we study.
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evolution is stochastic, the procedure is repeated
Mruns ∼ 50 times, giving good convergence.
Results reported in what follows are averages
over these random instances. In most cases the
standard error of the mean with respect to this
average is small and so for clarity we do not
plot error bars. However, we present detailed
plots including such error bars in Appendix C,
where we also present additional details on the
numerical methods.

In Fig. 2 (b) and (c) we show numerical
results of the time-averaged mean QFI FQ/J

2

for various system sizes N = 2J as a function
of the measurement resolution σ/

√
J . As

schematically depicted in Fig. 2 (a), this choice
of normalization intends to measure σ in units
of the typical projection noise of a spin coherent
state. Panels (b) and (c) correspond to k = 3
and k = 1, such that the QKT model is chaotic
and regular, respectively. The behavior of the
order parameter displays three distinguishable
regimes depending on the magnitude of the
measurement resolution σ. Small σ/

√
J is the

strong measurement regime where backaction
dominates the dynamics. At each time step,
the state is roughly projected back to a Dicke
state |J,mz⟩, but the value of mz is essentially
random as it depends on the application of the
unitary UKT which continuously changes ⟨Jz⟩.
The left inset in each plot shows the same data
as the main plot but only for small values of the
measurement resolution and plotted as function
of σ unscaled. We see that the data collapses
into a single curve which is independent of
N and starts at roughly σ ∼ 1. This is the
minimum relevant resolution of the problem
(independently of N) and it corresponds to the
measurement being able to resolve individual
collective spin eigenstates (i.e. individual values
of mz). As a consequence, lowering the measure-
ment resolution further yields no change in the
dynamics and the curves lead to a constant value
which is given by the mean QFI of an average
Dicke state shown in Table 1, FQ ≃ 8J(J + 1)/9
which scales as N2 and is indicated with dotted
lines in the inset. Thus, the states generated
by the hybrid unitary-monitored dynamics
display extensive multipartite entanglement and
Heisenberg scaling on average. Notice that this
behavior is seen in both the case of chaotic KT

Figure 2: (a) Schematic depiction of the three mea-
surement regimes referenced to in the main text. The
Gaussian-like curves represent both the measurement of
Eq. (3), parameterized by σ (in blue) and the typical
distribution of a spin coherent state (SCS) in the Dicke
basis (in gray). (b) and (c) Mean QFI FQ computed
from quantum trajectories evolved following the hybrid
dynamical map in Eq. (12). Each point corresponds
to a fixed choice of system size N and measurement
resolution σ, and is obtained after averaging over time,
choice of initial state and measurement record. The
number of iterations of the map is Ms = 40 in all cases.
Results are shown as a function of σ/

√
J in the main

plot, as a function of σ in the leftmost insets, and as a
function of σ/J in the rightmost insets. In the insets,
the dashed lines correspond to the mean QFI values ex-
pected for typical Dicke states (left) and Haar-random
states (right), which can be found in Table 1. Plot (b)
and (c) correspond to a choice of k = 3 (chaotic) and
k = 1 (regular) in the KT map, respectively. See main
text for more details.

dynamics, shown in Fig. 2(b) and regular KT
dynamics, shown in Fig. 2(c), which indicates
that this regime is measurement dominated and
thus independent of the details of the unitary
part of hybrid evolution.

The opposite regime is that of weak measure-
ments at large σ/

√
J . In these cases measure-
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ment backaction is minimal at each step, and the
hybrid evolution is dominated by the unitary con-
tribution. The right inset of Fig. 2(b) and (c)
shows the data plotted as a function of σ/J . For
the chaotic case (a) we see that all curves co-
incide around σ ∼ J , which is now the largest
relevant resolution of the problem, correspond-
ing to a case where the measurement is unable
to extract any meaningful information about Jz,
whose spread in eigenvalues is ∼ 2J . As a result,
further increasing σ has no effect on the dynam-
ics, and the mean QFI tends to the Haar-random
value (see Table 1) FQ ≃ 4J(J + 1/2)/3 ∼ N2

and thus displays Heisenberg scaling and exten-
sive multipartite entanglement. For k = 1 (when
the QKT is mostly regular) the behavior of the
mean QFI is not generic and the states fail to
achieve the Haar-random limit.

In between these two cases, an intermediate
regime emerges when σ ∼

√
J , where the mean

QFI presents a noticeable dip in its value. The
minimum happens roughly at the same value of
σ/

√
J for all curves, indicating that this choice of

normalization for the measurement resolution is
the correct one, and complementary to the limit-
ing cases discussed above, c.f. Fig. 2 (a). Impor-
tantly, we observe that FQ/J

2 becomes depen-
dent on the value of J in this regime, which sig-
nals a change in scaling with system size. This is
particularly noticeable for k = 3 but also present
in most other cases as long as k is not too large
(such cases will be studied in more detail in Sec-
tion 3.1). We point out that a full set of data
is shown in Appendix C, where we include other
values of k.

To further investigate of each of these regimes,
we numerically study the scaling properties of the
resulting states as a function of system size. To
achieve this, for each fixed value of σ/

√
J we fit

the data to an ansatz FQ = cNβ. We repeat this
procedure for several choices of the QKT param-
eter k. The resulting exponents β(k) are plotted
in Fig. 3 (a) as a function of σ/

√
J . There,

we observe that Heisenberg-limited states (i.e.
β ≃ 2) are achieved for strong measurements in-
dependently of k, which is expected as in this
regime measurement backaction dominates over
the unitary contribution of the hybrid evolution.
Apart from this regime, whether Heisenberg scal-
ing is achieved or not depends on the value of k.
For weak measurements, this is again expected,

since Haar-random states arise naturally in the
long-time dynamics of the QKT (which is only
weakly perturbed by the measurement) as long
as we work in the chaotic regime k ≳ 2. In the
intermediate regime, however, an interesting be-
havior arises: even for cases where QKT dynam-
ics is chaotic, the resulting states display sub-
Heisenberg scaling, with exponents that in some
cases are closer to the standard quantum limit
β = 1. This is seen in the moderately chaotic
regime when 2 ≲ k ≲ 5. In this regime, the
measurement competes with the scrambling in-
duced by the unitary dynamics by reducing the
projection noise, but only to the level of a spin
coherent state. Conversely, the unitary dynamics
rotates the state at each step, effectively leading
to a subsequent measurement of a different spin
component at each instance. This, in turn, pre-
cludes the measurement from having a cumula-
tive effect over time, which would lead effectively
to a strong measurement and a projection onto
a Dicke state. We thus conclude that in this in-
termediate regime a balance is achieved between
measurement and unitary dynamics, with the re-
sulting dynamical behavior being explained only
by the combination of their effects. Finally, we
observe that when the QKT is in the strongly
chaotic regime k ≳ 7, the curves tend to flat-
ten and be close to β ∼ 2 for all measurement
strengths. In this regime, which will be studied
in more detail in Sec. 3.1, each application of
the QKT creates an approximately random state
in such a way that measurements of moderate
strength are unable to compete to reduced the
overall uncertainty of the state. We point out
that this finding is reminiscent to a recent result
in Ref. [53], where it was observed that highly
chaotic quantum circuits competing with unen-
tangling unitaries (instead of measurements) can
lead to an stable phase of volume-law-entangled
states.

This overall behavior can be further rational-
ized by analyzing the scaling exponent as a func-
tion of the QKT parameter k. In Fig. 3 (b)
we plot β(k) as a function of k for three rep-
resentative values of σ/

√
J , indicated with ar-

rows in Fig. 3 (a) and corresponding to the
three relevant measurement regimes. The case
of weak measurements (gray curve) can be read-
ily understood by the regular-to-chaotic transi-
tion in the QKT dynamics, showing that as k
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Figure 3: Scaling of the mean QFI with system size
FQ ∼ Nβ . Figure (a) shows the scaling exponent β
as a function of the rescaled measurement resolution
σ/J for different values of the KT parameter k, which
changes the unitary dynamics from fully regular (k ≲ 1),
to mixed, to fully chaotic for (k ≳ 2.5). Plot (b) displays
the same exponents as a function of k for three represen-
tative values of the measurement resolution, correspond-
ing to the strong, intermediate and weak measurement
regimes, which are indicated as arrows in the horizontal
axis of (a).

increases Haar-random states (displaying Heisen-
berg scaling) are achieved. Similarly, the strong-
measurement regime curve (in black) shows that
the scaling is independent of k and fixed at β ≃ 2,
as expected for Dicke states on average. How-
ever, the intermediate regime case (red curve)
shows that fully scrambling dynamics leading to
Heisenberg-limited states is recovered only when
k ≳ 7. We thus observe a shift of the transi-
tion to chaos towards higher values of k. This
is caused by the collective measurements which,
in this regime, inhibits the generation of long-
range correlations in phase space (and thus the
generation of random states). We will revisit this
phenomenon when we discuss the connection to
the quantum-to-classical transition in Sec. 4.

3.1 Fully chaotic case

The results of Fig. 3 (b) indicate that when the
QKT parameter k is large enough, the states

generated by the hybrid dynamics always dis-
play FQ ∼ N2 independently of the measurement
strength and the crossover between different scal-
ings is lost. However, we show here that the in-
termediate regime can still be identified in the
functional form of the mean QFI. In Fig. 4 we
show numerical results for N = 300 and k = 10
(gray triangles) where such regime can be ob-
served as a dip in the value of the mean QFI.
In order to explore this phenomenon further, we
studied a simplified model for the dynamics in-
spired by the fact that, for highly chaotic evolu-
tion, a single application of the QKT map yields
a random-like state irrespective of the initial con-
dition. We thus expect to be able to describe this
case by studying the action of the Kraus map of
Eq. (3) on Haar-random states |ψ⟩,

|Ψm⟩ = 1√
P (m)

Km |ψ⟩ (14)

the resulting configuration being a function of the
measurement resolution σ and the random mea-
surement outcome labeled m. As noted in Eq.
(10), the mean QFI of the resulting state can be
computed from the length of the magnetization
vector ||⟨J⟩||2 and thus only depends on quanti-
ties of the form

⟨Ψm| Jα |Ψm⟩2 = ⟨ψ|K†
mJαKm |ψ⟩2

⟨ψ|K†
mKm |ψ⟩2 . (15)

We then aim at integrating Eq. (15) over the
uniform (Haar) distribution of states for all three
collective spin components Jα, α = x, y, z, and
use Eq. (10) to construct the mean QFI FQ for
this simplified model. We find that the integral
of the ratio in Eq. (15) is accurately estimated
by the ratio of the integrals, as expected by the
approximation E[x/y] ≃ E[x]/E[y] valid as long
as E[y] > 0 and not too small [54] (here E[·] sym-
bolizes the average over the Haar distribution).
So, we can use the known result∫
Haar

dψ ⟨ψ|O |ψ⟩2 = 1
d(d+ 1)

(
Tr (O)2 + Tr

(
O2
))

(16)
valid for any operator O (see [55] and Appendix
A of [56]), to estimate

E
[
⟨Ψm| Jα |Ψm⟩2

]
≃ Tr

(
K2

mJα
)2 + Tr

(
K2

mJαK
2
mJα

)
Tr (K2

m)2 + Tr (K4
m)

.

(17)
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Figure 4: Mean QFI resulting from the analytically-
solvable model described in Sec. 3.1. Full curves are
obtained from the expressions in Eq. (17), whose closed
form is given in Appendix D, plotted for various system
sizes N . For the case of N = 300, we show numeri-
cal results (gray triangles) obtained in a similar way as
those shown in Fig. 2. Similar curves are shown in all
three panels, plotted as a function of (a) σ/

√
J , (b) σ

and (c) σ/J . The dotted and dashed lines correspond to
FQ/J

2 = 4/3 and FQ/J
2 = 8/9, which are the high−J

limits of the random Haar and Dicke states of Table 1.

In Appendix D we show that closed analyti-
cal expressions can be obtained for these quan-
tities in the limit N ≫ 1. The resulting expres-
sions have a complicated form and are not very
transparent, and so we omit presenting them in
the main text. However, having access to these
analytical expressions where N is a parameter
means we can calculate numerically the mean
QFI for large system sizes. In order to compare
with data as that of Fig. 2, we compute numer-
ical averages of Eq. (17) over the measurement
outcome m, and plot the results as a function
of σ for different values of N in Fig. 4 (a). In
the figure we show cases ranging from N = 300
up to N = 104. For the former, we can com-
pare with the numerical simulations, where we
observe excellent agreement in the strong and
weak measurement regimes. While the interme-
diate regime shows less quantitative agreement,
we find that the overall shape and magnitude of
the mean QFI are indeed captured by the simpli-
fied model (notice the difference of vertical scales
between Fig. 2 (a) and 4 (a)).

For the remaining cases, we observe the curves
show similar shapes as the system size is in-
creased and the weak and strong measurement
cases achieve the values expected from Table 1.
In a similar way as we observed in the data of
Fig. 2, plotting the curves in different scales re-
veals the limiting regimes in a clean way. Fig. 4
(b) shows the mean QFI as a function of the un-
scaled measurement resolution σ, where we ob-
serve that for σ ≲ 1 all curves coincide indicat-
ing the onset of the strong measurement regime.
An analogous behavior is observed in Fig. 4 (c)
as a function of σ/J , where the curves coincide
for σ ≳ J as the model describes a weak mea-
surement situation. In between these regimes,
we find that the unifying feature is a node at
σ/

√
J ≃ 1 where all curves seem to intersect.

Interestingly these are not present in the ‘mod-
erately’ chaotic regime studied at the beginning
of this section, but we argue that it can be re-
garded as a qualitative indicator of an intermedi-
ate regime where the measurement tends to coun-
teract the action of the unitary dynamics. The
results of this model suggest that such regime will
exist for all system sizes, and thus that the two
crossovers depicted in Fig. 1 (b) remain in place
in the thermodynamic limit.

4 Discussion and connections to previ-
ous results

4.1 Quantum-to-classical transition in contin-
uously monitored quantum systems

Measurements play a key role in the study of fun-
damental aspects of quantum theory, and partic-
ularly in elucidating the underlying mechanisms
for the quantum-to-classical transition, i.e. the
process whereby quantum features such as in-
terference and superposition fade away and lead
to an effective classical description. This phe-
nomenon has been famously described by the
mechanism of environmentally-induced decoher-
ence [57, 58], where the system interacts with an
external agent (the environment) which is inac-
cessible to the observer. This process, however,
fails to describe the emergence of classical tra-
jectories, which are ultimately the fundamental
object describing classical mechanics.

This problem was noted by Bhattacharya,
Habib and Jacobs in Ref. [39], who studied the
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emergence of classicality in the quantum trajec-
tories arising when a quantum system undergoes
weak continuous measurements. The authors
show that in a regime where the measurement
strength is large enough to produce localization
of a state in phase space (e.g. by reducing the un-
certainty in position of a single particle) but also
weak enough such that the dynamics is not over-
powered by noisy measurement backaction, then
the ensuing dynamics of the quantum trajectories
recovers the appropriate classical behavior.

The regime of not-too-strong but not-too-weak
measurements described in Ref. [39] is precisely
the one discussed in the previous sections of this
work, which is schematically depicted in Fig. 2
(a). Indeed, our findings illustrate that measure-
ments of moderate strength can make the state
of the system localized in all spin directions. On
the other hand, strong measurements unbalance
the variances due to the uncertainty principle (as
happens in the regime of small σ leading to Dicke
states, as seen in Fig. 2), and weak measurements
fail to suppress the development of long-range
correlations in phase space created by the uni-
tary chaotic dynamics (of the QKT model in our
case).

We emphasize that collective spin systems
can be fully described in phase space (via
their Wigner or Husimi distributions, see for
instance [59, 60]) where typically the associa-
tion ℏ ∼ N−1 is made, and thus the notion
of measurement-induced localization alluded to
by Bhattacharya et al. has a precise meaning
for these systems as well. In our calculations,
however, we have used quantum information-
theoretic measures like the QFI to analyze this
behavior. Our results show that the crossover
between regimes are smooth, with the classical
behavior recovered continuously as the measure-
ment strength approaches the optimal value σ ∼√
J ∼ 1/

√
ℏ. This smooth recovery of the classi-

cal limit was also observed in collective spin sys-
tems undergoing continuous measurements and
feedback [61, 62].

These observations lead us to state that the
intermediate measurement regime described in
Sec. 3 is associated to an emergent classical
behavior of the system, which aligns with the
fundamental mechanism described in Ref. [39]
but which differs from classical regimes found in
the context of measurement-induced phase tran-

sitions with local monitoring. In such cases,
the classical phase is typically attributed to a
regime where the measurement dominates and
the most amount of classical information is re-
trieved from the system. This is not the case for
our model since measurement-dominated dynam-
ics still leads to entangled (nonclassical) states
and delocalization in phase space. Thus, we con-
clude that the mechanism explaining the emer-
gence of a classical regime in monitored many-
body systems depends on the properties of the
measurement model under consideration, and in
particular that collective measurements can lead
to a novel kind of mechanism for the emergence
of a classical regime, as compared to the case of
local monitoring.

4.2 Multipartite entanglement transitions in
other monitored spin systems

The QFI has been studied recently in Ref. [63]
in the dynamics of the integrable transverse-field
Ising model combined with local measurements.
In such a system, the dynamics of the bipar-
tite entanglement entropy shows a measurement-
induced phase transition. When considering
the dynamics at the level of the non-Hermitian
Hamiltonian (i.e. in the no-click limit), the au-
thors find that the QFI density shows a transi-
tion between intensive and extensive at a critical
measurement rate that matches the one observed
for the usual bipartite entanglement transition.
However, when considering the full stochastic dy-
namics (averaged over quantum trajectories), the
QFI interestingly shows a distinctive behavior
where a third regime appears at low measurement
rates, in which the QFI density becomes intensive
again. While the nature of the measurements is
markedly different, it is intriguing to note that
the QFI acts as a good indicator of three dynam-
ical phases for the system in Ref. [63] as well as in
our case. Notice that while both spin models are
also quite different, they both present global sym-
metries which distinguishes them from generic
scrambling many-body systems: the QKT is a
collective spin system with strict permutational
symmetry, while the Ising model is integrable by
mapping to free fermions (see also [64]) for the
role of this symmetry in measurmement-induced
transitions).
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4.3 Purification transitions
In the analysis presented in Sec. 3 we used as
an order parameter the mean QFI of the individ-
ual quantum trajectories generated by the map
in Eq. (12). This is because this quantity can
witness the degree of entanglement of the states,
and so it represents a natural analog to the bi-
partite entanglement entropy considered in the
context of quantum circuits. However, recent re-
sults have established that measurement-induced
phase transitions can also be observed in the be-
havior of the purity of the states at the level of
quantum trajectories [14], provided one initial-
izes the system in a mixed state ρ0. Previous
studies have observed a similar transition as the
one depicted in Fig. 1 (a) but seen in the aver-
age purity of the state generated by the hybrid
dynamics, such that for small measurement prob-
ability p < pc, the measurement fails to reduced
the entropy of the state significantly and the state
remains highly mixed. Conversely, for frequent
measurements p > pc the state is purified due
to the measurement backaction. The analogy
between measurement-induced entanglement and
purification transitions has been widely observed
for models of local measurements, and they are
often regarded to be two manifestations of the
same phenomenon [17, 19, 18, 24]. It is thus nat-
ural to explore whether this is also the case in the
model of collective measurements studied here.

To tackle this question, we numerically simu-
late the dynamics of the map in Eq. (12) start-
ing from a maximally mixed symmetric state
ρ0 = I/d, d = N + 1. For mixed states this
map takes the form

ρj+1 = 1
P (mj)KmjUKTρjU

†
KTK

†
mj
. (18)

We study the purity of the state η(ρ) =
Tr
(
ρ2) time-averaged, and ensemble-averaged

over quantum trajectories, as a function of sys-
tem size N = 2J and measurement resolution σ.
Results are shown in Fig. 5 for (a) k = 3, (b)
k = 1 and (c) k = 10, which are the same values
of k we have used when analyzing the behavior of
the mean QFI and the multipartite entanglement
in the previous section.

The results indicate that the two limiting cases
of small and large σ recover the expected behav-
ior. First, weak measurements disturb the state
only mildly, and since the unitary part of the

map cannot change the purity, the initial mixed
state stays mixed throughout the evolution. On
the other hand, strong measurements tend purify
the state and after a few iterations of the map the
state is completely pure. These cases have ana-
log regimes in the entanglement properties ob-
served in Fig. 2. Crucially, however, we observe
no apparent intermediate regime in the purifi-
cation dynamics, as the purity seems to merely
changes from low to high as the measurement
gets stronger. This is further confirmed by the
fact that the data collapses to a single curve when
plotted as a function of σ for all measurement
regimes, as seen in the inset of Fig. 5 (a). Recall
that, for the entanglement analysis, the region of
collapse changed depending on how the horizon-
tal axis was scaled. When visualized as a function
of σ/

√
J , no salient behavior is observed in the

results, indicating that the balanced regime ob-
served for the entanglement when σ ∼

√
J is not

present in the purification dynamics.

Finally, we also observe that changing the level
of chaoticity of the unitary kicked top map by
varying k renders only minor changes in purity.
This is in stark contrast with the entanglement
behavior, particularly at large σ, where the uni-
tary part of the map dominates the dynamics.
For this case, however, this is not surprising since
a maximally mixed state is invariant under uni-
tary dynamics (irrespective of its level of chaotic-
ity). Note that for the entanglement analysis,
chaotic dynamics was essential to delocalize the
initial state, which in turn generated a compe-
tition with the measurement for moderate mea-
surement strength. This is clearly no longer the
case for initial mixed states, which are highly
delocalized irrespective of the unitary dynamics.
We thus conclude that, for this model, the purifi-
cation and entanglement regimes and their corre-
sponding crossovers are markedly different. This
is thus another distinctive feature introduced by
the collective measurements with respect to the
local measurement case.

5 Outlook

We have studied the dynamics of spin sys-
tems undergoing collective unitary dynam-
ics interleaved with collective measurements.
While seemingly analogous to the setup of
measurement-induced phase transitions studied

Accepted in Quantum 2023-12-27, click title to verify. Published under CC-BY 4.0. 11



Figure 5: Purification crossover in the dynamics of the
hybrid map of Eq. (18). All plots show the behavior of
the time- and ensemble-averaged purity of the individual
quantum trajectories after 3N applications of the map,
as a function of the measurement resolution. Each plot
corresponds to a different value of the kicked top non-
linearity parameter k: (a) k = 3, (b) k = 1 and (c)
k = 10. The inset of (a) shows the same data as the
main plot but plotted as a function of the unscaled σ to
illustrate the data collapse. Similar behavior is seen for
all values of k, although the explicit plots are not shown
here.

in quantum circuits, we found that the pro-
posed model displays three dynamical regimes as
a function of the measurement strength, instead
of two. These regimes lead to highly entangled
states in the limiting cases of strong and weak
measurements, but also to a balanced, interme-
diate regime where the resulting states are less
entangled and, thus, more classical. Because of
the symmetry properties of collective spin sys-
tems, we find that the quantum Fisher infor-
mation (QFI), related to multipartite entangle-
ment, is a good order parameter to describe these
regimes, and in particular the scaling exponent
of the mean QFI with system size FQ ∼ Nβ is a
useful numerical metric. We find that the scaling
varies from β ∼ 2 in the limit cases (indicating
Heisenberg-limited states) to 1 < β < 2 in the
intermediate regime (indicating sub-Heisenberg
limited states). The crossover between regimes is
smooth as a function of measurement resolution

σ, thus precluding the existence of phase transi-
tions. We found that the crossover in scaling is
present as long as the unitary part of the dynam-
ics is not in the highly chaotic regime; however we
showed that clear signatures of the three regimes
can still be observed and even analytically stud-
ied if that condition is not met.

The results we have obtained show that the
model proposed here introduces distinctive fea-
tures which are not present in the usual case of
local measurements. We have further illustrated
this by showing that our results are deeply con-
nected to fundamental aspects of the quantum-
to-classical transition as described by the semi-
nal work of Bhattacharya, Habib and Jacobs [39].
This connection allows to argue that the classi-
cal regime arising in our study is a manifestation
of a general mechanism which arises naturally
when studying monitored quantum dynamics in
phase space. Finally, we have studied the behav-
ior of the purity in the dynamics of the model
and showed that these regimes are not in one-to-
one correlation to the ones seen in the behavior
of the multipartite entanglement.

We note that the model introduced in this
work combines different elements which have
been studied separately in previous works related
to measurement-induced phase transitions. For
instance, the effect of long-range interactions in
the unitary part of the dynamics was studied
in [17, 18]. In many of these cases it was ob-
served that the volume-law phase is suppressed
by the presence of long-range interactions ap-
proaching the all-to-all limit where the system
is permutationally symmetric (there are excep-
tions, for instance when considering fast scram-
blers with non-local couplings, which actually
make the volume-law phase more stable [19]).
In our case, the all-to-all symmetric interaction
pattern of the QKT means that the state of the
system is always in a permutationally symmetric
configuration which does not support states with
extensive bipartite entanglement. Therefore, an
interesting avenue for future work is to explore
the effects of unitary dynamics with no symmet-
ric constraints (e.g. by using all-to-all random
couplings, or sparse graphs) in combination with
collective measurements. If states with extensive
bipartite entanglement can be reached, then ac-
tual phase transitions might occur between the
regimes described in Sec. 3.
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Similarly, the effect of entangling measure-
ments has also been studied in [20, 21, 22], and
the overall finding is that entangling measure-
ments can also be the driving force behind the
emergence of entangled and unentangled regimes
in monitored dynamics. In our case, however, we
have found that a novel intermediate regime can
be found where the entangling effects of the dy-
namics and the measurements balance each other
out. It is an outstanding question to reveal how
collective the measurements have to be to recover
this behavior in more general models.

Finally, measurement-induced transitions are
typically regarded as challenging to be observed
experimentally [65, 66]. This is because of the
stochastic nature of the monitored evolution,
leading to a large overhead in the amount of ex-
periments that need to be performed [67], and
also of the fact that order parameters like the
entanglement entropy are complex to measure in
the lab. We point out that the order parame-
ter we have considered here is quite simple, since
the mean QFI is constructed from one- and two-
particle correlation functions (however, it does
still require the large overhead in post-selecting
measurement outcomes). Furthermore in certain
physical platforms like ultracold atoms in optical
cavities [68, 69], collective monitoring is a natural
model to consider. However, in order to assess
how feasible it is to observe the regimes stud-
ied here experimentally, a detailed analysis of
the effects of dissipation and decoherence, which
are intrinsic to the atom-light interface setting,
should be performed [46, 70].
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A Measurement model
Here we briefly describe the origin of the mea-
surement model of Eq. (3) as arising from the
interaction, in the dispersive regime, between a
propagating linearly polarized probe beam and
the pseudo spin of a collection of two-level atoms
which has been initially magnetized. In particu-
lar, we consider the context of a Faraday rotation
experiment [46, 70].

In this type of experiment the direction of
propagation of the light defines the z-direction.
The polarization degree of freedom is described in
a quantized form via its position on the Poincaré
sphere. Using the Schwinger representation for a
two-mode oscillator, we write the components of
the Stokes vector as

S1 = 1
2(a†

HaH − a†
V aV ), (19)

S2 = 1
2(a†

HaV + a†
V aH), (20)

S3 = 1
2i(a

†
HaV − a†

V aH), (21)

where a†
H,V (aH,V ) are creation (annihilation)

bosonic operators corresponding to Horizontal
and Vertical polarizations of the light, respec-
tively. In terms of the collective atomic spin J⃗
and the Stokes vector of the probe light S⃗, the
interacting Hamiltonian can be written as [46]

H = χ

∆tJz ⊗ S3 → U(∆t) = exp −iχJz ⊗ S3,

(22)
where χ is the Faraday rotation angle per unit
angular momentum. Notice that, if the input
probe beam is linearly polarized, say along the
x-direction, the Stokes vector is initially point-
ing in the positive x-direction of the Poincaré
sphere, and the above interaction rotates it by
a small angle such that the final position lies
on the equator and somewhere in between the
positive x and positive y directions. As such,
the interaction has transfer a small amount of
population into the V mode. This small change
can be detected by using a polarimeter set to
the S2 direction (diagonal / antidiagonal).

To describe the measurement, we assume the
initial state of the probe to be a two-mode co-
herent state which is polarized along the hori-
zontal direction. This state can be written as
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|αH , 0V ⟩. For this state, ⟨S⃗⟩ = (NL/2, 0, 0). If
|αH |2 ≡ NL ≫ 1, we can resort to the Holstein-
Primakoff approximation [71] for the probe light
and define

XL = 1√
NL/2

S2 (23)

PL = 1√
NL/2

S3 (24)

such that [XL, PL] ≃ i. For the state mentioned
above is easy to see that ⟨XL⟩ = ⟨PL⟩ = 0 and
⟨X2

L⟩ = ⟨P 2
L⟩ = 1

2 and thus we approximate it by
the vacuum state |0L⟩ in the Holstein-Primakoff
plane. Notice that in these new variables Fara-
day rotation corresponds to an x-displacement in
the Holstein-Primakoff plane proportional to the
atomic magnetization.

If the state of the ensemble is initially |ψA⟩,
then after the interaction we have

ρAL(∆t) = U(∆t)|ψA, 0L⟩⟨ψA, 0L|U †(∆t) (25)

After measuring the probe in the S2 =√
NL/2XL basis we obtain the (random) out-

come xL, and then the post-measured atomic
state is (apart from normalization)

⟨xL| ρ(∆t) |xL⟩ = KxL |ψA⟩⟨ψA|K†
xL

(26)

where we have introduced the Kraus operator
KxL describing the measurement. This operator
has the form

KxL = ⟨xL| e−iχ

√
NL

2 Jz⊗PL |0L⟩ (27)

=
∑
mz

〈
xL −

√
NL

2 mz|0L

〉
|mz⟩⟨mz| (28)

= exp

−1
2

xL − χ

√
NL

2 Jz

2
 (29)

After rearranging the terms in the exponent,

defining m =
√

2
χ2NL

xL and σ2 = 1
NLχ2 , and

adding the appropriate normalization factor, we
obtain

Km = 1
(2πσ2)1/4 e− 1

4σ2 (Jz−m)2
(30)

which is Eq. (3) in the main text.

Figure 6: Numerical results obtained using the same
procedure as the ones in Fig. 2 in the main text, but
with different values of the QKT chaoticity parameter
k.

B Mean QFI for specific states

The mean QFI of Eq. (10) is proportional to the
trace of the covariance matrix V of the collective
magnetization, whose elements are defined as

Vij = 1
2 (⟨{Ji, Jj}⟩ − 2⟨Ji⟩⟨Jj⟩) (31)

By construction, the trace of V is independent
of the choice of axis x, y, z, and obeys

Tr (V) =
∑

µ=x,y,z

∆J2
µ =

∑
µ

(
⟨J2

µ⟩ − ⟨Jµ⟩2
)

(32)

= J(J + 1) − ||⟨J⟩||2,
(33)

such that the mean QFI is FQ = 4
3Tr (V). We

can thus describe this quantity in terms of the
properties of the mean magnetization vector.

For some specific families of states, we can ob-
tain useful analytical expressions for the mean
QFI. Spin coherent states (SCSs) are product
states that saturate the standard shot-noise limit,

||⟨J⟩||2SCS = J2, (34)
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which follows from the fact that a SCS is the
maximum projection eigenstate of the angular
momentum operator Jn on some direction n.

States that deviate slightly from exact SCSs
can be analyzed via a Gaussian approximation,
done through the Holstein-Primakoff transforma-
tion with respect to the direction n, in which we
take

Jn = J − n (35)
J1 =

√
JQ (36)

J2 =
√
JP, (37)

with n the number operator of the bosonic mode.
Appropriate choice of n here gives ⟨Q⟩ = ⟨P ⟩ = 0
by construction, and so the norm of the mean
magnetization vector reduces to

||⟨J⟩||2 = ⟨Jn⟩2 ≃ J2 − 2J⟨n⟩. (38)

Since ⟨n⟩ = 1
2
(
⟨Q2⟩ + ⟨P 2⟩ − 1

)
, we can the

expression above in terms of a squeezing param-
eter r where ⟨Q2⟩ = e−r/2 and ⟨P 2⟩ = er/2,

||⟨J⟩||2Gaussian = J2 − J (cosh(r) − 1) (39)

Notice that r is typically a function of N (or
J). For an optimal spin-squeezed state generated
through one-axis twisting, we have that ⟨Q2⟩ ∼
N−2/3 [35, 49].

We can also easily compute the average value
of the mean QFI over Haar-random states. From
symmetry considerations, this corresponds to
three times the average of ⟨Jµ⟩2 in any direction.
We can use a known result

⟨A⟩⟨B⟩ = 1
d(d+ 1) (Tr (A) Tr (B) + Tr (AB)) ,

(40)
and the fact that Tr

(
J2

µ

)
= 1

3J(J + 1)(2J + 1)
to show that

⟨Jµ⟩2 = 1
3
J

2 ⇒ ||⟨J⟩||2Haar = J

2 . (41)

Another important case are Dicke states, for
which we trivially have that ||⟨J⟩||2 = m2

z. If mz

is uniform random variable between −J and J ,
we have that

||⟨J⟩||2avgDicke = 1
2J + 1

J∑
mz=−J

m2
z = 1

3J(J + 1),

(42)

Figure 7: Panels show the same numerical data as Fig.
2 (b) (i.e. k = 3) but now with error bars. These
correspond to the standard error of the mean arising
from the average over random quantum trajectories.

which is always larger than the case of Haar ran-
dom states. The results derived in this Appendix
are shown in Table 1 of the main text.

C Additional numerical results

Here we expand the presentation of numerical
results put forward in Sec. 3. First, Fig. 6
shows the time-averaged QFI as a function
of measurement resolution σ/

√
J for different

system sizes in a similar way as Fig. 2 in the
main text. The additional results correspond to
other values of the QKT parameter k. These
range from k = 0.2, corresponding to a com-
pletely regular motion which is almost only rigid
rotations, up to k = 10 which corresponds to
the highly chaotic case. Conversely, in Fig. 7 we
present results only for k = 3, and each panel
corresponds to different system sizes. While the
data is exactly the one showed in Fig. 2 in the
main text, in this case we show the standard
error of the mean for each curve. In all cases we
see that error bars are suppressed in the weak
measurement regime, where the resulting mean
QFI approaches the Haar-random value. Note
that this happens for k = 3 where the system is
already chaotic - smaller values of k yield regular
motion and present larger error bars typically
(not shown here). The opposite limit of strong
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measurements yield the largest error bars in the
typical case, which can be attributed to a larger
variance stemming from the uniform Dicke state
distribution.

Finally, we present some details about the nu-
merical methods used to obtain the results in this
paper. All scripts are developed using built-in
functions from Numpy 1.21 and Scipy 1.9, and
we use Python 3.8. Numerical representation of
collective spin states and operators correspond-
ing to N particles can be performed efficiently
by restricting to the symmetric subspace, which
has dimension dS = N + 1 as discussed in Sec.
2. All operators in the map of interest, c.f. Eq.
(12) are represented as matrices in the Dicke ba-
sis (i.e., the basis of eigenstates of Jz, and we
simulate the dynamics of each quantum trajec-
tory exactly by sampling the measurement out-
come m for each time step from Eq. (13). As
stated in the main text, for each trajectory we
store the mean magnetization vector ||⟨J⟩||2 as a
function of discrete time, which in all cases runs
up to Ms = 40. Further details are given in the
main text.

D Details of the analytical model of
Sec. 3.1
Here we analyze the expression in Eq. (17)

E
[
⟨Jα⟩2

m

]
≃ Tr

(
K2

mJα
)2 + Tr

(
(K2

mJα)2)
Tr (K2

m)2 + Tr (K4
m)

,

(43)

where ⟨·⟩m = ⟨Ψm| · |Ψm⟩. We use this expres-
sion to estimate the mean QFI the highly-chaotic
case. First, recall that

Km0 = 1
(2πσ2)1/4

J∑
m=−J

e− (m−m0)2

4σ2 |m⟩⟨m|, (44)

and let us define

g(m0)(m) ≡ g(m) = 1√
2πσ2

e− (m−m0)2

2σ2 (45)

such that K2, which appears a lot in these cal-
culations, is simply

K2 =
J∑

m=−J

g(m)|m⟩⟨m|. (46)

and we have dropped the m0 label to lighten the
notation. In the limit of large J , we treat m as a
continuous variable and get

Tr
(
K2
)

≃
∫
dm g(m) = 1

2

(
erf
(
J −m0√

2σ

)
+ erf

(
J +m0√

2σ

))
(47)

Tr
(
K4
)

≃
∫
dm g(m)2 = 1

4
√
πσ2

(
erf
(
J −m0
σ

)
+ erf

(
J +m0
σ

))
. (48)

The terms in the numerator depend on the choice of axis. We start with A = Jz,

Tr
(
K2Jz

)
≃
∫
dmm g(m) = σ√

2π

(
e− (J+m0)2

2σ2 − e− (J−m0)2

2σ2

)
+m0Tr

(
K2
)

(49)

Tr
(
K2JzK

2Jz

)
≃
∫
dmm2 g(m) = 1

4π

(
(m0 − J)e− (J+m0)2

σ2 − (m0 + J)e− (J−m0)2

σ2

)
+

+
(
m2

0 + 1
2σ

2
)

Tr
(
K4
)
. (50)

Then, we expect to get the same results for Jx and Jy due to symmetry, since the Kraus oper-
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ator Km is invariant under continuous rotation around the z-axis. Upfront we have

Tr
(
K2Jx

)
=
∑
m

g(m) ⟨m| Jx |m⟩ = 0

(51a)

Tr
(
K2JxK

2Jx

)
=
∑
l,m

g(l)g(m) ⟨m| Jx |l⟩2 .

(51b)

Since ⟨m| Jx |l⟩ = 1
2
(
δl,m−1C

−
m + δl,m+1C

+
m

)
,

where C±
m

2 = (J ∓m)(J ±m+ 1), the expression
yields

Tr
(
K2JxK

2Jx

)
= 1

4
∑
m

(
g(m− 1)g(m)C−

m
2 + g(m+ 1)g(m)C+

m
2)

= 1
4

∫
dm g(m− 1)g(m)

(
C−

m
2 + C+

m−1
2)

≃ 1
2

∫
dm g(m− 1)g(m)

(
J2 −m2

)
. (52)

Notice that we have approximated J + 1 ≃ J in the last step. This integral can actually be solved
exactly, the results ultimately takes the form

Tr
(
K2JxK

2Jx

)
= 1

8π

{
(J +m0)e

1
σ2 (−(J2+m2

0)−m0(1−2J)+J)+

(J −m0)e
1

σ2 (−(J2+m2
0)−m0(1+2J)−J)

}
− 1

32
√
πσ

e− 1
4σ2

{
−4J2 + 2σ2

+(1 + 2m0)2
}(

erf
(
J −m0
σ

)
+ erf

(
J +m0
σ

))
. (53)

References

[1] Ehud Altman, Kenneth R Brown, Giuseppe
Carleo, Lincoln D Carr, Eugene Demler,
Cheng Chin, Brian DeMarco, Sophia E
Economou, Mark A Eriksson, Kai-Mei C
Fu, et al. “Quantum simulators: Architec-
tures and opportunities”. PRX Quantum 2,
017003 (2021).

[2] Christian W. Bauer, Zohreh Davoudi,
A. Baha Balantekin, Tanmoy Bhattacharya,
Marcela Carena, Wibe A. de Jong, Patrick
Draper, Aida El-Khadra, Nate Gemelke,
Masanori Hanada, Dmitri Kharzeev, Henry

Lamm, Ying-Ying Li, Junyu Liu, Mikhail
Lukin, Yannick Meurice, Christopher Mon-
roe, Benjamin Nachman, Guido Pagano,
John Preskill, Enrico Rinaldi, Alessandro
Roggero, David I. Santiago, Martin J. Sav-
age, Irfan Siddiqi, George Siopsis, David
Van Zanten, Nathan Wiebe, Yukari Ya-
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