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Abstract 

 

 Lattice ordered group has been developed by J.Vimala.  After that J. Arockia Reeta 

and J. Vimala introduced Lattice ordered fuzzy soft groups(𝑙-FSG)  and obtained real life 

applications. In this present work, we have attained some results on 𝑙-FSGs under the 

operations of bounded sum and bounded difference.  
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1. Introduction 

The notion of lattice theory was proposed by Gratzer [6]. Fuzzy set theory has been 

propounded by Zadeh [10] and developed by Zimmerman [11].  Soft set theory has been 

originated by Molodsov [8]. Fuzzy soft set [7] has been developed and used in recent years to 

solve real life problems [5]. Fuzzy soft group was defined by Abdulkadir Aygunoglu and 

Halis Aygun [1]. Lattice ordered group has been investigated by J.Vimala [9]. A lattice 

structure on fuzzy soft group was constructed and some of its properties were investigated by 

J. Arockia reeta et al [2]. After that, anti-lattice ordered fuzzy soft groups [3] and its matrix 

operations have been studied and implemented in deciding process. Further, Algebraic 

relations over l-Fuzzy soft groups has been examined [4]. In this present work, we have 

attained some results on l-FSGs under the operations of bounded sum and bounded 

difference.  

2.  Preliminaries 

Definition 2.1[9] Let X be a non-empty set, then a fuzzy set   over X is a function from X 

into [0,1]=I . ie., X:  I.   

Definition 2.2 [5] Let X be an initial universe set and E a set of parameters with respect to X. 

Let P(X) denote the power set of X and A   E. A pair (F,A) is called a soft set over X, where 

F is a mapping given by F:A P(X). 

A soft set over X is a parameterized family of subsets of the universe X.  

Definition 2.3 [5] Let XI  denote the set of all fuzzy sets on X and A  E. A pair ),( Af  is 

called a fuzzy soft set over X, where f  is a mapping from A into XI . That is, for each Aa

, ,:=)( IXfaf a   is a fuzzy set on X.  

Definition 2.4 [10] The bounded sum of two fuzzy sets A  and B  is denoted by C = A ⊕ B =

{(𝑥, 𝜇𝐴 ⊕𝐵 (𝑥)); 𝑥 ∈ 𝑋}, where 𝜇𝐴 ⊕𝐵 (𝑥) = 𝑚𝑖𝑛{1, 𝜇𝐴 (𝑥) + 𝜇𝐵 (𝑥)}. 
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Definition 2.5 [10] The bounded difference of two fuzzy sets A  and B  is denoted by C =

A ⊖ B = {(x,μ
A ⊖B 

(x)); x ∈ X}, where μ
A ⊖B 

(x) = Max{0, μ
A 

(x) + μ
B 

(x) − 1}. 

  

Definition 2.6 [9]The complement of a fuzzy soft set (f, A) is denoted by (f, A)c  and is 

defined by (f, A)c = (f c , ¬A), where f c : ¬A → P(U) is a mapping given by f c (σ) = (f(¬σ))c 

for all σ ∈ ¬A.  

Definition 2.7[5] Let X be a group and (f, A) be a FSG over X. A FSG (f, A) is said to be an l 

- FSG over X. If for the mapping f: A → IX , a ≤ b implies fa ⊆ fb , for all a, b ∈ A.   

Example 2.8 Let ℕ be the set of all natural numbers and (ℕ, ≤) be a lattice. Let ℝ be the set 

of all real numbers. Define f:ℕ → Iℝ by f(n) = fn :ℝ → I for each n ∈ ℕ, where 

𝑓 𝑥 =  1 −
1

𝑛 + 1
,   𝑖𝑓 𝑥 = 𝑘5𝑛 , ∃ 𝑘𝜖𝑍

0, 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

  

Then the pair ((𝑓,ℕ),∨,∧, ⊆) forms an 𝑙 - FSG over ℝ. 

3. Some results on 𝒍-fuzzy soft groups under bounded sum and bounded difference 

operations 

In this section, we develop some results on 𝑙-FSGs under the operations of bounded 

sum and bounded difference. 
1Throughout this work, let 𝑋 be a group and 𝑃(𝑋) be the power set of 𝑋. If the set 

of parameters 𝐸 is also a lattice with respect to certain binary operations or partial order, then 

a non-empty subset 𝐴 of 𝐸 also inherits the partial order from the set 𝐸 and we use ∨ for 

maximum and ∧ for minimum. 

Proposition 4.1 Let (𝑓, 𝐴) be an 𝑙- FSG over a group X. Then we have the following results 

for all 𝑎1, 𝑎2, 𝑎3 ∈ 𝐴 and 𝑎1 ≤ 𝑎2 ≤ 𝑎3,   

1.  𝑓𝑎1
∨ (𝑓𝑎2

⊕ 𝑓𝑎3
) = (𝑓𝑎1

∨ 𝑓𝑎2
) ⊕ (𝑓𝑎1

∨ 𝑓𝑎3
),  

2.  𝑓𝑎1
∧ (𝑓𝑎2

⊕ 𝑓𝑎3
) = 𝑓𝑎1

,  

3.  (𝑓𝑎1
⊖ 𝑓𝑎2

) ∨ 𝑓𝑎3
= 𝑓𝑎3

,  

4.  𝑓𝑎1
⊕ (𝑓𝑎2

∨ 𝑓𝑎3
) = 𝑓𝑎1

⊕ 𝑓𝑎3
,  

5.  𝑓𝑎1
⊕ (𝑓𝑎2

∧ 𝑓𝑎3
) = 𝑓𝑎1

⊕ 𝑓𝑎2
.  

Proof:  

1.  Let X be a group and (𝒇, 𝑨) be an 𝒍- FSG over X. Then we have for all 𝒂𝟏, 𝒂𝟐, 𝒂𝟑 ∈ 𝑨, 

𝑎1 ≤ 𝑎2 ≤ 𝑎3 ⇒ 𝑓𝑎1
⊆ 𝑓𝑎2

⊆ 𝑓𝑎3
. 

Then, we get  𝑓𝑎1
∨ 𝑓𝑎2

= 𝑓𝑎2
,    𝑓𝑎1

∨ 𝑓𝑎3
= 𝑓𝑎3

, 

 𝑓𝑎1
⊆ 𝑓𝑎2

⊕ 𝑓𝑎3
⇒ 𝑓𝑎1

∨  𝑓𝑎2
⊕ 𝑓𝑎3

 = 𝑓𝑎2
⊕ 𝑓𝑎3

  and 

 (𝑓𝑎1
∨ 𝑓𝑎2

) ⊕ (𝑓𝑎1
∨ 𝑓𝑎3

) = 𝑓𝑎2
⊕ 𝑓𝑎3

. 

Therefore    𝑓𝑎1
∨  𝑓𝑎2

⊕ 𝑓𝑎3
 =  𝑓𝑎1

∨ 𝑓𝑎2
 ⊕  𝑓𝑎1

∨ 𝑓𝑎3
 . 

2. 𝒇𝒂𝟐
⊕ 𝒇𝒂𝟑

= {(𝒙, 𝟏 ∧ [𝝁𝒇𝒂𝟐
(𝒙) + 𝝁𝒇𝒂𝟑

(𝒙)])/𝒙 ∈ 𝑿} 

We know that 𝑎1 ≤ 𝑎2 ≤ 𝑎3 ⇒ 𝜇𝑓𝑎1
(𝑥) ≤ 𝜇𝑓𝑎2

(𝑥) ≤ 𝜇𝑓𝑎3
(𝑥), for each 𝑥 ∈ 𝑋. 

⇒ 𝜇𝑓𝑎1
 𝑥 < 𝜇𝑓𝑎2

 𝑥 + 𝜇𝑓𝑎3
 𝑥  and 𝜇𝑓𝑎1

(𝑥) ≤ 1, for each 𝑥 ∈ 𝑋. 
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⇒ 𝜇𝑓𝑎1
(𝑥) < 1 ∧ (𝜇𝑓𝑎2

(𝑥) + 𝜇𝑓𝑎3
(𝑥)), for each 𝑥 ∈ 𝑋. 

⇒ 𝜇𝑓𝑎1
(𝑥) ∧ [1 ∧ (𝜇𝑓𝑎2

(𝑥) + 𝜇𝑓𝑎3
(𝑥))] = 𝜇𝑓𝑎1

(𝑥), for each 𝑥 ∈ 𝑋. 

Then {(𝑥, 𝜇𝑓𝑎1
(𝑥))/𝑥 ∈ 𝑋} ∧ {(𝑥, 1 ∧ [𝜇𝑓𝑎2

(𝑥) + 𝜇𝑓𝑎3
(𝑥)])/𝑥 ∈ 𝑋} = {(𝑥, 𝜇𝑓𝑎1

)/𝑥 ∈ 𝑋}. 

Hence we get 𝑓𝑎1
∧ (𝑓𝑎2

⊕ 𝑓𝑎3
) = 𝑓𝑎1

. 

3. 𝒇𝒂𝟏
⊖ 𝒇𝒂𝟐

=  (𝒙, 𝟎 ∨ [𝝁𝒇𝒂𝟏
(𝒙) + 𝝁𝒇𝒂𝟐

(𝒙) − 𝟏])/𝒙 ∈ 𝑿 . 

We know that 𝑎1 ≤ 𝑎2 ≤ 𝑎3 ⇒ 𝜇𝑓𝑎1
(𝑥) ≤ 𝜇𝑓𝑎2

(𝑥) ≤ 𝜇𝑓𝑎3
(𝑥), for each 𝑥 ∈ 𝑋. 

⇒ 1 + 𝜇𝑓𝑎3
(𝑥) ≥ 𝜇𝑓𝑎2

(𝑥) + 𝜇𝑓𝑎1
(𝑥), for each 𝑥 ∈ 𝑋. 

⇒ 𝜇𝑓𝑎1
(𝑥) + 𝜇𝑓𝑎2

(𝑥) − 1 ≤   𝜇𝑓𝑎3
(𝑥), for each 𝑥 ∈ 𝑋. 

⇒ 0 ∨ (𝜇𝑓𝑎1
(𝑥) + 𝜇𝑓𝑎2

(𝑥) − 1) ∨ 𝜇𝑓𝑎3
(𝑥) = 𝜇𝑓𝑎3

(𝑥), for each 𝑥 ∈ 𝑋. 

Therefore  

{𝑥, 0 ∨ [𝜇𝑓𝑎1
(𝑥) + 𝜇𝑓𝑎2

(𝑥) − 1])/𝑥 ∈ 𝑋} ∨ {(𝑥, 𝜇𝑓𝑎3
(𝑥)/𝑥 ∈ 𝑋} = {(𝑥, 𝜇𝑓𝑎3

(𝑥))/𝑥 ∈ 𝑋}. 

Then we get (𝑓𝑎1
⊖ 𝑓𝑎2

) ∨ 𝑓𝑎3
= 𝑓𝑎3

. 

(iv) and (v) Proof is obvious.  

Example 4.1 From the example 2.8, consider the 𝑙-FSG (𝑓, 𝐴) = {𝑓2, 𝑓5 , 𝑓7, 𝑓8, 𝑓10}  

 𝑖𝑒. , (𝑓, 𝐴) =  
k5−2

0.7
,

k5−5

0.8
,

k5−7

0.88
,

k5−8

0.89
,

k5−10

0.9
 . 

Clearly it shows that  𝑓2 ⊆ 𝑓5 ⊆ 𝑓7 ⊆ 𝑓8 ⊆ 𝑓10 . 

𝑓2 ∨ (𝑓5 ⊕ 𝑓7) =  
𝑘5−2

0.7
∨  

𝑘5−5

0.8
⊕

𝑘5−7

0.88
  .

=  
𝑘5−2

0.7
∨

𝑘5−5

1
 .

=  
𝑘5−5

1
 .

 (1) 

(𝑓2 ∨ 𝑓5) ⊕ (𝑓2 ∨ 𝑓7) =   
k5−2

0.7
∨

k5−5

0.8
 ⊕  

k5−2

0.7
∨

k5−7

0.88
  .

=  
k5−5

0.8
 ⊕

k5−7

0.88
 .

=   
k5−5

1
 .

 (2) 

 From (1) and (2), we get 𝑓2 ∨ (𝑓5 ⊕ 𝑓7) = (𝑓2 ∨ 𝑓5) ⊕ (𝑓2 ∨ 𝑓7). 

Proposition 4.2 Let (𝑓, 𝐴) be an 𝑙- FSG over a group X. Then   

    1.  (𝑓𝑎1
⊕ 𝑓𝑎2

)𝑐 = 𝑓𝑎1
𝑐 ⊖ 𝑓𝑎2

𝑐 ,  

    2.  (𝑓𝑎1
⊖ 𝑓𝑎2

)𝑐 = 𝑓𝑎1
𝑐 ⊕ 𝑓𝑎2

𝑐 ,  

    3.  (𝑓𝑎1
𝑐 ⊕ 𝑓𝑎2

𝑐 )𝑐 = 𝑓𝑎1
⊖ 𝑓𝑎2

,  

    4.  (𝑓𝑎1
𝑐 ⊖ 𝑓𝑎2

𝑐 )𝑐 = 𝑓𝑎1
⊕ 𝑓𝑎2

,  

Proof: 

1. 𝑓𝑎1
⊕ 𝑓𝑎2

= {(𝑥, min{1, 𝜇𝑓𝑎1
(𝑥) + 𝜇𝑓𝑎2

(𝑥))/𝑥 ∈ 𝑋}. 

Then (𝑓𝑎1
⊕ 𝑓𝑎2

)𝑐 = {(𝑥, 1 − {1 ∧ {𝜇𝑓𝑎1
(𝑥) + 𝜇𝑓𝑎2

(𝑥)}})/𝑥 ∈ 𝑋}. 

             = {(𝑥, {1 − 1} ∨ {1 − 𝜇𝑓𝑎1
(𝑥) − 𝜇𝑓𝑎2

(𝑥)})/𝑥 ∈ 𝑋}. 

  = {(𝑥, 0 ∨ {1 − 𝜇𝑓𝑎1
(𝑥) + 1 − 𝜇𝑓𝑎2

(𝑥) − 1})/𝑥 ∈ 𝑋}. 
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  = 𝑓𝑎1
𝑐 ⊖ 𝑓𝑎2

𝑐 . 

 2.  The proof is similar to (1).  

 3.  𝑓𝑎1
𝑐 ⊕ 𝑓𝑎2

𝑐 = {(𝑥, 𝑚𝑖𝑛{1,1 − 𝜇𝑓𝑎1
(𝑥) + 1 − 𝜇𝑓𝑎2

(𝑥)})/𝑥 ∈ 𝑋} 

 (𝑓𝑎1
𝑐 ⊕ 𝑓𝑎2

𝑐 )𝑐 = {(𝑥, 1 − {1 ∧ {1 − 𝜇𝑓𝑎1
(𝑥) + 1 − 𝜇𝑓𝑎2

(𝑥)}})/𝑥 ∈ 𝑋} 

   = {(𝑥, {1 − 1} ∨ {1 − 1 + 𝜇𝑓𝑎1
(𝑥) − 1 + 𝜇𝑓𝑎2

(𝑥)})/𝑥 ∈ 𝑋} 

   = {(𝑥, 0 ∨ {𝜇𝑓𝑎1
(𝑥) + 𝜇𝑓𝑎2

(𝑥) − 1})/𝑥 ∈ 𝑋} 

   = 𝑓𝑎1
⊖ 𝑓𝑎2

 

 4.  The proof is similar to (3). 

Proposition 4.3 Let (𝑓, 𝐴) and (f, B) be an 𝑙- FSG over a group X. Then 

 (1)((𝑓, 𝐴) ∪ (𝑓, 𝐵))𝑐 = (𝑓𝑐 , ¬𝐴) ∪ (𝑓𝑐 , ¬𝐵) = (𝑓, 𝐴 ∪ 𝐵)𝑐 . 

(2)((𝑓, 𝐴) ∩ (𝑓, 𝐵))𝑐 = (𝑓𝑐 , ¬𝐴) ∩ (𝑓𝑐 , ¬𝐵) = (𝑓, 𝐴 ∩ 𝐵)𝑐 .  

 

Proof:(1) 

Let (𝑓, 𝐴) = {𝑓𝑎1
, 𝑓𝑎2

, 𝑓𝑎3
, 𝑓𝑎4

, 𝑓𝑎5
} and (𝑓, 𝐵) = {𝑓𝑏1

, 𝑓𝑏2
, 𝑓𝑏3

, 𝑓𝑏4
, 𝑓𝑏5

} . 

Therefore  (𝑓, 𝐴) ∪ (𝑓, 𝐵) = {𝑓𝑎1
, 𝑓𝑎2

, 𝑓𝑎3
, 𝑓𝑎4

, 𝑓𝑎5
, 𝑓𝑏1

, 𝑓𝑏2
, 𝑓𝑏3

, 𝑓𝑏4
, 𝑓𝑏5

}. 

( 𝑓, 𝐴 ∪  𝑓, 𝐵 )𝑐 =  𝑓¬𝑎1
, 𝑓¬𝑎2

, 𝑓¬𝑎3
, 𝑓¬𝑎4

, 𝑓¬𝑎5
, 𝑓¬𝑏1

, 𝑓¬𝑏2
, 𝑓¬𝑏3

, 𝑓¬𝑏4
, 𝑓¬𝑏5

 . 

   =  𝑓¬𝑎1
, 𝑓¬𝑎2

, 𝑓¬𝑎3
, 𝑓¬𝑎4

, 𝑓¬𝑎5
 ∪  𝑓¬𝑏1

, 𝑓¬𝑏2
, 𝑓¬𝑏3

, 𝑓¬𝑏4
, 𝑓¬𝑏5

 , 

   =  𝑓𝑐 , ¬𝐴 ∪  𝑓𝑐 , ¬𝐵 , 

   = (𝑓𝑐 , ¬𝐴 ∪ ¬𝐵), 

   = (𝑓, 𝐴 ∪ 𝐵)𝑐 . 

Hence ((𝑓, 𝐴) ∪ (𝑓, 𝐵))𝑐 = (𝑓𝑐 , ¬𝐴) ∪ (𝑓𝑐 , ¬𝐵) = (𝑓, 𝐴 ∪ 𝐵)𝑐 . 

Proof of (2) is similar to (1). 

Proposition 4.4 Let (𝑓, 𝐴) and (f, B) be an 𝑙- FSG over a group X. Then 

 (1)(𝑓, 𝐴 ∪ 𝐵)𝑐 = (𝑓, 𝐴)𝑐 ∪ (𝑓, 𝐵)𝑐    (2)(𝑓, 𝐴 ∩ 𝐵)𝑐 = (𝑓, 𝐴)𝑐 ∩ (𝑓, 𝐵)𝑐 . 

Proof : 

(1) (𝑓, 𝐴 ∪ 𝐵)𝑐 = (𝑓𝑐 , ¬(𝐴 ∪ 𝐵)), 

    = (𝑓𝑐 , ¬𝐴 ∪ ¬𝐵)), 

    = (𝑓𝑐 , ¬𝐴) ∪ (𝑓𝑐 , ¬𝐵)), 

= (𝑓, 𝐴)𝑐 ∪ (𝑓, 𝐵)𝑐 . 

 Proof of (2) is similar to (1). 

Proposition 4.5 Let (𝑓, 𝐴) be an 𝑙- FSG over a group X. Then it holds the following results: 

∀ 𝑎1, 𝑎2, 𝑎3 ∈ 𝐴,   

1.  𝑓𝑎1
⊕ (𝑓𝑎2

⊖ 𝑓𝑎1
) = 𝑓𝑎1

, when 𝜇𝑓𝑎1
, 𝜇𝑓𝑎2

≤ 0.5,  

2.  𝑓𝑎1
⊖ (𝑓𝑎2

⊕ 𝑓𝑎1
) = 𝑓𝑎1

, when 𝜇𝑓𝑎1
, 𝜇𝑓𝑎2

≥ 0.5.  

Proof:  

Let X be a group and (𝑓, 𝐴) be an 𝑙- FSG over X. Then we have for all 𝑎1, 𝑎2, 𝑎3 ∈ 𝐴, 

𝑎1 ≤ 𝑎2 ≤ 𝑎3 ⇒ 𝑓𝑎1
⊆ 𝑓𝑎2

⊆ 𝑓𝑎3
.  

𝑓𝑎2
⊖ 𝑓𝑎1

=  (𝑥, 0 ∨ [𝜇𝑓𝑎2
(𝑥) + 𝜇𝑓𝑎1

(𝑥) − 1])/𝑥 ∈ 𝑋 = {(𝑥, 0)/𝑥 ∈ 𝑋}, 

Then 𝑓𝑎1
⊕ (𝑓𝑎2

⊖ 𝑓𝑎1
) = {(𝑥, min{1, 𝜇𝑓𝑎1

(𝑥) + 0/𝑥 ∈ 𝑋}}, 
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= {𝑥, 𝜇𝑓𝑎1
(𝑥)}, 

    = 𝑓𝑎1
(𝑥). 

Proof of (2) is similar to (1). 

5. Conclusion 

In this present work, we have obtained some results on 𝑙-FSGs under the operations of 

bounded sum and bounded difference. In future, application of  𝑙-FSGs will be established 

and analysed. 
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