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Abstract

The aim of this paper is to investigate the growth and constructions of meromorphic solutions
of the nonlinear differential-difference equation

F(2) + h(2)Acf P (2) = Ag(2) + A1 (2)e® " + -+ A (2)em*",

where n,m,q € NT, a1, -+ ,a,, are distinct nonzero complex numbers, h(z) is a nonzero entire
function and A;(z) (0 < j < m) are meromorphic functions. In particular, for Ay(z) =0, we give
the exact form of meromorphic solutions of the above equation under certain conditions. In
addition, our results are shown to be sharp.
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1. Introduction and Main Results

Nevanlinna theory is an important tool in this paper, and we assume that the reader is familiar with its
standard notations and terms such as T'(r, f), m(r, f), etc. (see, [5, 7]). The order p(f) and the convergence
exponent of zero-sequence A(f) of meromorphic function f(z) are respectively defined by

+ + 1
p(f) = limsup M7 A(f) = limsup w.
r—00 log r r—00 log r
A meromorphic function a(z) on C is called a small function with respect to f if T'(r,a) = S(r, f), where
S(r, f) =o(T(r, f)) as r — oo outside a possible exceptional set of r of finite linear measure.

One important aspect of the studies for complex differential equations is to investigate the properties
of their meromorphic solutions (see, e.g. [5, 7, 11, 14, 18]). In recent decades, the Tumura-Clunie type
differential equations have attracted much attention and various interesting results have been derived. Among
them are the following results.
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Theorem 1. ([19]) The differential equation 4f3(z) + 3f"(z) = —sin3z has exactly three entire solutions
f1(z) =sinz, fo(z) = (V3cosz)/2 — (sinz)/2, f3(z) = —(V3cos z)/2 — (sin z) /2.
Theorem 2. ([8, Theorem 4]) Let a,p1,p2 and A be nonzero constants. Then the differential equation
FP2)+af’(z) = pre* + pee™*

has transcendental entire solutions if and only if p1ps + (aX?/27)% = 0. Further, these entire solutions are

Az a)\2 —Az
FO) =ape¥ - (o) ¥, =123
J 270éj

where o/;- =p;.

Along this direction, researchers have extensively studied the properties of solutions to differential equa-
tions

f™(2) + Pa(z, f) = p1(2)e™ ) + py(2)e*2 )

(see, e.g. [9, 10, 11, 14]), where P;(z, f) is a polynomial in f and its derivatives with small coefficients, p;(2),
p2(z) are small functions of f, and a;(z), az(z) are nonzero polynomials. With the help of the difference
version of Nevanlinna theory, many scholars also considered the difference analogue of the above equation,
and obtained some related results (see, e.g. [12, 13, 15, 17, 21]). Let f(z) be a nonconstant meromorphic
function and ¢ be a nonzero constant. We define the difference operator as A.f(z) := f(z +¢) — f(2). In
2014, Liu et al. [12] studied expression of entire solutions of the difference equation

(2) + q(2)A1 f(2) = p1e®*® + poe™??, (1)
where ¢(z) is a polynomial and p1, p2, a1, as(# 1) are nonzero constants. We rewrite their result as follows:

Theorem 3. ([12]) Let n > 4 be an integer. If there exists some finite order entire solution f of (1), then
q(z) is a constant, and one of the following relations holds:

(i) f(2) = c1e®/™ and ¢ (e /™ —1)g = py, a1 = nay,

(i) f(z) = c2e®?*/™, and ca(e®?/™ — 1)q = p1, ay = noy,
where c1,cy are constants satisfying ¢ = p1,cy = p1.

Latreuch [13] and Zhang et al. [21] further studied the structure and growth of entire solutions of (1)
independently for n = 3, and obtained some similar results as in Theorem C. Recently, Li, Hao and Yi [16]
used Cartan’s version of the second main theorem to consider the growth of solutions to a difference equation

F(2) + p(2)Acf (2) = Hi(2)e™ ™ + -+ Hp(2)e™ ™, (2)
and obtained the following result.

Theorem 4. ([16, Theorem 1.6]) Let m,n be two positive integers satisfying n > m + 2, p(z) be a nonzero
polynomial, ¢ be a nonzero complex number such that A.f(z) Z0, w1, ,wy, be m distinct nonzero complex
numbers, and let H; (1 < j < m) be either exponential polynomials of degree less than ¢, or polynomials in
z such that H; # 0 (1 < j < m). If (2) admits a nonconstant meromorphic solution, then m > 2 and f
reduces to a transcendental entire function such that p(f) = oo, or satisfies p(f) = q with m = 2, while f
can be expressed as either

Hf

f(2) = A1(2)e ", with Ai(z) = DAL and nw; —wy =0,
or ot
f(2) = Ag(2)e??*" | with Ay(z) = pAif and nwy —wy =0,

where A1(z) and As(z) are small entire functions with respect to f.
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We note that, in Theorem 4, the authors only considered the case when n > m + 2 (m € N*) and the
coefficients H;(z) (1 < j < m) on the right side of (2) are entire functions. It is natural to pose the following
question: what can be said for meromorphic solutions of (2) when n < m + 1 and the entire coefficients
H;(z) (1 <j <m) are replaced by meromorphic functions of order less than ¢?

The aim of this paper is to answer the above questions. Besides that, we consider the properties of
meromorphic solutions to a more general nonlinear differential-difference equation

FU2) + h(2) Ao f P (2) = Ag(2) + A1 (2)e™* + - + Ap(2)e®m", (3)

where n,m € N,k € N, ay,- -+, ap, are distinct nonzero complex numbers, h(z) is an entire function, and
A;(2)(0 < j < m) are meromorphic functions. Our main results are as follows:

Theorem 5. Let n > 2, m, k be positive integers, and let ¢ be a constant such that Acf(k)(z) % 0. Suppose
that h(z) is a nonzero entire function with p(h) < q, and that Ag(z), A1(2), -, Am(2) are meromorphic
functions with finitely many poles satisfying A;(z) #Z 0(1 < i <m) and p(4;) < ¢(0 < j <m). If (3) admits
a meromorphic solution f such that N(r, f) = S(r, f), then p(f) = oo, or p(f) = q and the following facts
hold:
(i) When Ao(z) =0, we have two possibilities:
(1) m =2 and f(z) = 10(2)e**"/", where 70(2) = A(2), a; = nay (t,t' € {1,2},t #1').
(2) AM(f) =p(f) =q andn <m+1.
(ii) When Ag(z) # 0, we have X\(f) = p(f) =q and n < m + 2.

We now give some examples such that the conditions in Theorem 5 hold.

Example 1. The meromorphic function f(z) = e'*/z satisfies the nonlinear differential-difference equation
1 4 4
FHR) + 22 (2 +47)2(f (2 + 4m) — f'(2)) = € + (—4miz® + 87z — 16771z + 1677 )e”.
z

Here n =m+ 2, 19(z) = 1/2. Set A1(z) = 1/2%, then Ai(z) = 73(2) and oy = 4as.
Example 2. The meromorphic function f(z) = €*/z + z satisfies the equation
2 2 L o
() = o= (f(z+2m) = f(2) = e +

Corn z

Here Ag(2) =0, m=2,n=2<m+1 and A\(f) = p(f) = 1.

1z

3z+47re
z+ 21w

Example 3. The meromorphic function f(z) = 1/z + 2™ satisfies the differential-difference equation

_2z2i—z+1

3 3
- e27rz 7647rz eﬁ‘n’z.
z

P+ (= +0)2(f' (2 +14) = f(2)) 22
Here Ag(2) = (2221 — 2+ 1)/23 20, m =3, n <m+2 and A\(f) = p(f) = 1.

The following corollary, which can be derived immediately from Theorem 5, is an extension of Theorem
4.

Corollary 1. Under the conditions of Theorem 5, let f be a finite order meromorphic solution of the
difference equation

(=) + h(2)Acf(2) = Ag(2) + Ay (2)e™ " + - + A (2)e™ ="

If N(r, f) = S(r, f), then p(f) = q and the following assertions hold.

(i) When Ao(z) = 0, we have two possibilities: (1) m = 2 and f(z) = 10(2)e” =, where 70(z) = Ay(2),
ap = nay (t,t € {1,241t #t); (2) Mf) =p(f) =¢ andn <m+ 1.

(ii) When Ag(z) # 0, we have X\(f) = p(f) =q and n < m + 2.
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Note that in Theorem 5 the entire function h(z) satisfies the condition p(h) < ¢. Next, we continue to
consider the case of p(h) > g, and obtain the following result.

Theorem 6. Let n,q be positive integers, let Ag(2),- - , Am(z) be meromorphic functions of order less than
q such that A;(z) # 0(1 < i < m). Suppose that A.f*)(2) # 0, and that h(z) is a nonzero entire function
satisfying p(h) > q and A(h) < p(h). Then for any finite order transcendental meromorphic function solution
f of (3) satisfying N(r, f) = S(r, f), we have

p(f) = p(h).
In particular, we have p(f) = p(h) provided that n > 2.
We will give two examples that the conditions of Theorem 6 hold.
Example 4. The differential-difference equation
FU(2) + A f ) (2) = "% 4 (e — 1)
has a solution f(z) = e*, where h(z) = €* and p(f) = p(h) = 1.
Example 5. The equation

1 . 1 1
- SZAF(

has a solution f(z) = e*/z, where h(z) = e* and p(f) = p(h) = 1.

FP) + e (f(z +2mi) — f(2)) =

)62z

23 2427z
By Theorem 6, we can also deduce the following corollary.

Corollary 2. Under the conditions of Theorem 6, let f be a finite order meromorphic solution of the
difference equation

FH(2) + h(2)Acf(2) = Ao(2) + A1(2)e™ ™ + -+ A (2)e™ .
If N(r, f) = S(r, f), then we have p(f) = p(h) = q.
The remainder of this paper is organized as follows: in Section 2 we state several results that will be used
in our proofs. The details of the proofs of Theorems 5 and 6 are shown in Sections 3 and 4, respectively.
2. Auxiliary Lemmas

In the following, let E be a set of finite linear measure, respectively, not necessarily the same at each
occurrence.

Lemma 1. [2] Let f(z) be a meromorphic function of finite order p, and let n be a fized nonzero complex
number. Then, for each ¢ > 0, we have

T(r, f(z+n)) =T(r, f) + O(*~1*%) + O(log ),

and
N(r, f(z+m)) = N(r, f) + O/ D=1¢) + O(log ),

where the symbol A\(1/f) here represents the exponent of convergence of poles of f.

7



Yezhou Li, Wenxiao Niu

Remark 1. By [3, Theorem 1.3.1'] and the lemma of the logarithmic derivative [7], we can also get

N (73 f(zlm)> _N (T, ;) +S(r,f) and m (r, W) = 5(r,f),

as r — oo outside a possible exceptional set E.

Lemma 2. [17, Lemma 2.5] Let m,q € N, ay,- -+ , ayy, be distinct nonzero complex numbers, and Ag(z), -+ , Apm(2)
be nonzero meromorphic functions of order less than q. Set p(2) = Ao(2) + it Ai(2)e®=", then the fol-
lowing results hold.

1. There exist two positive numbers di < ds, such that

dir? <T(r,p) <dsr?, (r— o0).

2. If Ay #£0, then m(r,1/¢) = o(r?) as r — 0.

Lemma 3. Under the conditions of Theorem 5, if f is a finite order meromorphic solution of (3) satisfying
N(r,f)=S5(r,f), then p(f) = q. Specially, if Ao £ 0, then

1
N <T7f> :T(Taf) +S(T,f)
Proof. Applying Lemmas 2 to equation (3), one can deduce that
dir? < T(r, f*(2) + h(z)(f® (z + ¢) = fP(2)))

<m(r, f*) +m(r,h(z)(fP (2 +¢) = FP(2) + Y N(r,45) +0(1)
=0
) (54 o) — F09) (5 m
< (n+1)m(r,f)+m(r,h) +m (r, I +f()z) I )> —|—ZN(T,Aj) +O(1),
=0
where d; is a positive constant. With Remark 1, p(h) < g and p(A4;) < ¢(0 < j < m), we have
dir? < (n+ DT(r, f) + 5(r, f) + o(r?), (4)

as r — oo, € E. Now, we rewrite (3) as

d : ®)(z 4 0)— f0(z
£ = Aale) + Y- Ai(a)en” = ey T S,
i=1

By Lemma 2, there exist ds > di, such that for sufficiently large r,

(n—Dm(r, f) < m(r, Ag) + m(r, ZA,;(z)eaizq) +m(r,h(z)) + SO, f)

< dor? 4 S(r, ) + o(r?). (5)
Note that n > 2 and N(r, f) = S(r, f). It follows from (4) and (5) that
Cir? <T(r, f) < Cor?, (r = oco,r ¢ E),

where Cy, Cy are two positive numbers. This implies that p(f) = g.
If Ag(z) # 0, we can also rewrite (3) as follows:

1 . h(z) . A fF)(2) 1
Ao(2) + 1000 Ai(z)ems=" — Ag(z) + 0L Aiz)es= fr(z)  fr(2)]

By the second conclusion of Lemma 2 and Remark 1, we get m (r,1/f) = S(r, f). Together with this fact
and the first main theorem, we get N (r,1/f) = T(r, f) 4+ S(r, f). This completes the proof of Lemma 3. O
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Lemma 4. [18] Let f(z) be a nonconstant meromorphic function, and k be a positive integer. Then, for

r—oo,r € FE,
1 1 —_
N (r,———— || <N\|r,— | +kN(r,f(2)) + S(r, f).
(7o) < (r 76) + 4 g0 + 501
Furthermore, if f is a transcendental meromorphic function, we have
T(r,f™) = T(r. f) + kN(r, f) + 5(r. f).

Let f(z) be a nonconstant meromorphic function and let p be a positive integer. We denote by n,(r, 1/ f)
the number of zeros of f in {z : |z| < r}, counted in the following manner: a zero of f of multiplicity m
is counted exactly k = min{m,p} times, and its corresponding integrated counting function is denoted by

Ny(r,1/f).

Lemma 5. [1, 4] Let f1, fa, -+, fp be linearly independent entire functions. Suppose that for each complex
number z, we have max {|f1(2)|,--- ,|fp(2)|} > 0. Set
1 27 )
T(r)= —/ u(re’®)dd — u(0), for r > 0,
2m Jo

where u(z) = sup; <<, log|fj(2)|. Let for1 = fi+---+ fp. Then
p+1 p+1
z: ( )+5 _1§:N< ) S(r),
where S(r) is a quantity satisfying S(r) = O(log(rT(r))) as r — co,r & E. Furthermore, for any j and m,

1<j#m<p+1, we have

T(‘Q)TM+OGHT%mL

and

N (n) =T+ 00) (= 0)

Remark 2. [1, 4] If at least one of the quotients f;/ fm is a transcendental function, then S(r) = o(T(r)) (r —
00,1 & E), while if all the quotients f;/ fm are rational functions, then S(r) < —ip(p—1)logr+O(1) (r —
oo,r € E).

Lemma 6. [17, 18] Let f1, fa,- -+ , [p be linearly independent meromorphic functions such that Ep =1.
Then for 1 < j < p, we have

1 - 1
) < _ il
T(r, f;) < kEZIN (7"7 fk) g:l r, fr) — <r7 D> +o (lglggp{T(r, fk)})
as T — 0o and r ¢ E, where D is the Wronskian determinant W (f1, fo, -+, fp)-

Lemma 7. [6, Theorem 2.4] Let ¢ be a nonzero complex number, let f be a meromorphic function of finite
order such that A.f # 0. Assume that ¢ > 2(€ NT), and that aq1(z2),--- ,aq4(z) are distinct meromorphic
periodic functions with period ¢ such that T(r,ar) = S(r, f) for 1 <k <gq. Then

q
+Zm(r _ak>§2T(7’,f) Npazr( f)+S( f)
k=1

where

Npa”(r’ f) = QN(T7 f) - N(Ta Acf) + N <7”‘7 Atf)

and the exceptional set associated with S(r, f) is of at most finite logarithmic measure.
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Lemma 8. [18, Theorem 1.51] Let f;i(2) (i =1,2,--- ,n(n > 2)) be meromorphic functions, and g;(z) (i =
1,2,---,n) be entire functions satisfying

(1)377 ) filz)en ) = 0;

(2)g;(2) — gm(2) are not constants for 1 < j <m <mn;

(3)For1<i<mn,1<t<k<mn,T(r,fi;)=o0(T(r,es 9%)) asr — co,r ¢ E.
Then fi(z) =0 foralli=1,--- ,n.

Lemma 9. Let f(z) be a nonconstant meromorphic function of p(f) = q and N(r, f) = S(r, f). Then, for
r—oo,r ¢ K,

1 1
¥ a ) < X0 ) <500
Proof. Since p(f®) = p(f), it follows from N(r, f) = S(r, f) and Lemma 1 that
N(r, f®(2)) < (k+ DN(r, f(2) = S(r, f) (6)
and

N(r, Acf®(2)) < N(r, f® (2 + ¢)) + N(r, f¥)(2))

= 2N (r, fM(2)) + S(r, f ) = S(r, ). (7)
Then by (6), (7) and Lemma 7, we have
T(T‘,f(k)) S N(Tv f(k)) + N <T7 f(1k)> +N <’I", f‘(k)l_l)
- (e ) + VA = 2N ) £ (1) ®

1 1 1
< (rng5) +8 (g =) - ¥ (5w #5000

In view of p(f) = ¢, (8) and Lemma 4, we obtain that

1 1 1
¥ (rxgm) <3 (o) +8 (g =) - T s S0
r,l +

gN( f> o(r?), (r— oco,r ¢ E).

3. The proof of Theorem 5

Let f be a meromorphic solution of (3) satisfying N(r, f) = S(r, f). Suppose that p(f) < co. Then, it
follows from Lemma 3 that
p(f) =q and S(r, f) = o(r?). ()

By Hadamard’s factorization theorem, there exists an entire function g;(z) such that f(z)g1(z) is an entire
function and

N (r, gll> =N(r,f)=5(r, f).

Note that z is a pole of order I + k(< (1 + k)) of f*)(2) provided that z, € C is a pole of order I of f(z).
This implies that g¥*1(2) f(*)(2) is also an entire function.
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Set g(2) = g™ (2)g2(2), where go(2) consists of the poles of meromorphic functions Ag(z), A1 (2), -+, A (2)
(The poles of Ap(2), A1(2),- -, Am(z) correspond to the zeros of ga(z)). Then
1 1 &
N (7‘, g) <(n+k+1)N <7‘, g) + ZN(T, Aj) = o(r?), (10)
1 ;
7=0

and both h(2)A.f*) (2)g(z) and h(z) f*¥) (2 4 ¢)g(z) are entire functions.
Now we discuss the following two cases:

DAL FE) (4 .
Case 1: Ag(z) =0. By f,,}(z) = )?,f(fz) (). h(z)Aclf(k)(z)’ p(h) < ¢q and the first main theorem, we have
(k)
7 (n MR s )~ 200, 80109) — o), (1)
z
Since h(z)A.f*) (2)g(z) is entire, it follows from p(h) < g and (10) that
1 1
N (A f® () < N(r—]+N(r,— ) =o(r?). 12
(r7 f (Z)> —_ T, h(Z) + T’ g(Z) O(r ) ( )

Then by (11), (12) and Remark 1, there exists a positive constant Dy such that

MDA o m oy (PG =G N
() 2o (G ) ot

> (n—=1)T(r, f) = o(r) (13)
> Dy, (r — oo, ¢ E).

e First, we consider the case of n > m + 2.
Subcase 1.1. Assume h(z)f*) (z+¢), h(2)fF)(2), A1 (2)e**" -+ | A (2)e®*" are linearly independent.
Then A.f*)(2) # 0 and
h(2)Af P (2), A1 (2)e™ ™+ A (2)em™

are m + 1 linearly independent meromorphic functions.
By the definition of g(z), we know f™(2)g(z), h(2)Acf®)(2)g(2), A1(2)g(2), - , Am(2)g(2) are entire func-
tions.

Let {a1x}}_, be the common zeros of A;(2)g(2), -+, Am(2)g(2), f*(2)g(2), h(2)Af®)(2)g(2), and
Hy(z) = [1_,(z — a1,k)"*, where vy, is the minimum of all the multiplicities of a1 ; as the zero of f”(z) (2),
h(2)Af M (2)g(2), A1(2)g(2), -+, Am(2)g(2), u = oo or finite integer. (If £"(2)g(2), h(2)Acf® (2)g(2),
A1(2)g(2), -+, Am(2)g(z) have no common zeros, we set H;(z) is a nonzero constant.)

By p(A41) < ¢q and (10), we obtain

N( 1 ><N( _ ) (r) (14)
7, < 7, = o(r?).
H,(z) A(2)9(2)
Rewrite (3) in the form
f” g Az ( ) h(2)AfP(2)g(2)
_ 7 15
where £ }Sj)ggz), h(z)A}fl(z)(z)g(z) Al(z};?g:) 2z )7"' ) AM(Zﬁng;qg(z) are entire functions without common ze-
ros.

Since n > m + 2, it follows from (13) that 2(Z)Ae f(?)(z)g /f (2) ggz) is transcendental. Then by (14),
(15), Lemma 5 and Remark 2, we have
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- (s

< A f(k) ) +mN (Tf(12)> 4 o(Ti(r)) + o(r?),
f02

w1 (re?)df — uy(0) with

) T o(Ti(r)) + o) (16)

as r — oo, € E, where Ty (r :%

h(2)Acf M (2)g(2)
H1 (Z)

,log

u1(z) = sup {log

By Lemma 9 and (16), we get

and

Ti(r) < (m + 1)N (r, L ) +o(Ty(r)) + o(r9)

f(2)
< (m+ 1T (r, f(2) + o(Ta(r) + o(r?),
asr — 00,7 ¢ E. By (9) and the assumption that n > m + 2, one deduce

1

N(r,— | =o(r?), (r—o0,r ¢ E). 17
By dividing f™(z) on both sides of (3), we obtain

T Ai(2)e® W) Anf R (2
3 (2) (2) (2)

L S T B

Set Aigf,z(e:)iz =f1:(1<i<m)and %W = fi,m+1. Applying Lemma 6 to above equation, we have

for1<j<m+1

m

1
T(r, f;) <ZN( >—|—N< f1m+1>—|—mZN T, f1,i)

N, frmst) + 0 ( max {T(r, m)}) (s)

1<i<m+1

asr — 00, r € E. Let j = ¢ and Ty(r) = max {T'(r, f1,) : 1 <i <m+1}. By (9), (17), (18), Lemma 9 and
the assumption that N(r, f) = S(r, f), we deduce that

(1—0(1)Ty(r) =o(r?), (r — oo, ¢ E).
It follows that

T <T’ h(2)Af®) (2)

() ) =o(r?), (r - oco,r ¢ E),
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which contradicts (13).
Subcase 1.2. Suppose that

R(2)F®) (2 + ¢), h(2) F®) (2), A1 (2)e™ =", -, A (2)e®m ™

are linearly dependent. From the fact that A;(z)e®**",--- | A,,(2)e®*" are linearly independent, we consider
the following two subcases:

Subcase 1.2.1. Suppose that h(z)f*)(z) and A;(2)e® =", --- | A, (2)e®m*" are linearly dependent. This
means that there exist m complex constants Iy ;, (1 <i < m), at least one of them is not zero, such that

m

k) Z) = le,iAi(Z)eai’zq. (19)
=1

Substituting (19) into (3), we get
F1(2) = =h(2) Pz + )+ D (1 + 1) Ai(2)e™ ™. (20)
i=1

Next, on basis of (19) and (20), we consider the following two situations:
o If —h(2) fF) (z+c), (14+11.:) Ai(2)e®** (1 < i < m) are linearly 1ndependent By the definition ofg( ) and

(20), one knows that h(z)f*)(z+c)g(z) is an entire function. Notice that fn(z) = M= )]{ik()z(;“) : h(z)f<k>(z+c)'

Then we can obtain
MM+ o e oy (TP E Y
T(’"’ F(2) )2 Tir. /) < ) f“) (rf)
> (n—1)T(r, ) — o(r?) (21)
> Dorf,

as r — 0o, ¢ E, where Dy is a positive constant. Now, we rewrite (20) in the form

fr(2)9(z) _ —h(=)fM(z+c)g(2) n i (1+4,i) Ai(2)e™ " g (=)

Hy(z) Hay(2) Hay(2) :

(22)

i=1

where Hy(z) is defined as Hi(z) such that 7h(z)f;2((j)+c)g(z), (Hll’i)‘i}gaﬁaiz 9(z) fﬂ;é)(igz) are all entire

functions without common zeros, and

N (r, Hzl(z)> <N <7", Al(;)g(z)> — o(r9). (23)

By Remark 1, Lemma 4 and N(r, f) = S(r, f), we have N( m) <N (r (Z)) + S(r, f). Then
using the similar manner as (15)-(17) to (22), we deduce
1
< f) o(r?) (r—oo,r ¢ E). (24)

Next, we rewrite (20) as

R Pz e) s (L) A (z)e
e T )

By Lemma 6 we can get an inequality similar to (18), it follows from (24), Lemma 4 and Remark 1 that

h (k)

T <r, h& Pzt ) C)) =o(r?),
fr(z)

=1.
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as r(¢ E) — oo, which contradicts to (21).
o If —h(2)f®) (2 +¢), (1+15)Ai(2)e**" are linearly dependent, there exists a finite nonzero constant
k1,; such that

—h(2)fF(z+¢) = i Epa(1 41y ) Ag(2)e®=". (25)

Substituting the above equation into (20), we get

m

FH(2) =D (4 ki) (14 1) Ai(z)e™ ™ (26)

=1

Next, on basis of (19), (25) and (26), we will prove the following fact:
Claim (a) There exists only one nonzero element among each set {k11(1 +111), -+, kim(1 + lim)},
{Q+k)A+l) s (Lt ki) (L4 l,m)} and {1, lim )

Proof. If at least two nonzero elements exist among the set {(1+k11)(1+111), -+, (T 4+ k1m)(1 +1l1m)},
without loss of generality, we assume that (1+k1,1)(1+11,1) # 0. From this, we can rewrite (26) as the form

fr(z)e = = (L4 k) (1 + 1) A(z) + Z(l + k) (14 L) Ai(2)ele o)™, (27)

1=2

where 2 < s < m. By (27) and Lemma 2, there exists a positive constant dy, such that for sufficiently large

r?
1
N7, —— | >dirs 28
() 2 .
On the other hand, rewrite (26) in the form

fM(2)9(2) = (4 ki) (1 + i) Ai(2)g(z)e =
H3(Z) N Z Hg(Z) ’

(29)
i=1
where Hs(z) is defined similarly to H(z), such that there are no common zeros for each term in the above
equation, and N (r,1/Hs(z)) = o(r?) (r — oc). Then using the similar manner as (15) and (16) to (29), we
have

(n—s+1)N (n ch) < S3(r) 4+ o(r?) = O(log T5(r)) + o(r?)

and
Ts(r) < (s = )T(r, f(2)) + O(log T5(r)) + o(r9),

where T5(r) = ([2™ ug(re?®)df — us(0))/(27) with

0

(14 k1) (1 + 1) Ai(2)g(2) e
Hj(z)

ug(z):sup{log ,1§i§s}.

By the above facts and (9), one can deduce that N (r,1/f(2)) = o(r?), which contradicts (28). Thus the set
{1+ k1) A +Ua), -, (14 kim)A +lim)} has only one nonzero element. In what follows, without loss
of generality, we let (1 4+ k11)(1+1{1,1) #0, i.e.,

f”(z) = (1 + kl,l)(l + l171)A1(Z)6alzq. (30)
Suppose at least two elements exist among the set {l11,--- ,l1m}. By (19) and (26), using the same
argument as (27), we can also obtain a positive constant ds, such that for sufficiently large r,
N{r _ > dyr? (31)
"h(x)f®(z)) T
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Next, by Lemma 4, (30), p(h) < ¢, and N(r, f) = S(r, f), we have

N (r, W) = o(r9). (32)

We get a contraction, and hence the set {l1,1,--- ,{1,m} has only one nonzero element.

If at least two elements exist among the set {k11(1+11,1), -+, k1,m(1 +11,m)}, then by (19) and (25),
using the same argument as in above, we can also obtain a contradiction. Here, we omit the details for the
proof. O

By Claim (a), without loss of generality, we assume that {1, # 0, k14, (1 +1l14,) # 0, (1 < t1,t0 < m).
It follows from (19) and (25) that

h(2) [P (2) = b, Ar, (2)e7 ™ (33)
and
—h(2)f®(z+c) = k1o, (1411 4,)Ar, (7)€% . (34)
Obviously, 1 + k11 # 0. If 1 + k1 1 = 0, it follows that f(z) = 0. This is impossible. By (30), we get

apz9

f(2) =Tol(2)e” LGl ) =Tk(z)e 7, (35)

where 7o(2), 7 (2) satisfy 79/(2) = (1 + k11)(1 + 111)A1(2) and 75(2) = 7_1(2) + (a1qz? V)71 (2)/n (1 <
i < k). Together with (33), (34) and (35), we obtain

h(2)f M) (2) = h(2)Tu(2)e

alzq

= ll tlAtl( ) atlzq

and
1( +

—h(2)f®) (2 + ¢) = h(2)Tk(z + c)e = k1 ty (14 11,4,) Apy (2) €2

Since the order of h(z), Tk(z), A, (2) are less than g, it follows that ¢; # 1, a3 = nay,. According to (3),
(30), (33) and (34), we get

m=2,t1 =t =2,011 =0,k11 =0,k10=—-1,l12#—1,0.

So we have

ayzd

h(z)f®)(2) = h(2)Tu(z)e 7 = l1945(2)e®2™,

h(2)FP (2 + ¢) = h(2)Tu(z + e ™5 = (14 l1.0) As(2)e®2",

then _
Lths Tk£Z +¢) co2((z4e)—2)

ZLQ Tk(z)

Obviously, g > 1 is impossible, now we consider ¢ = 1. This means that

Tr(z+¢)
?k(z)

where b is a nonzero constant and (1 + {1,2)/l1,2 = be®>°. Then,

m=2,q=1, f(z) =T(2)e**?, a1 = nag, 75 (2) = A1(2). (36)

:b’

Subcase 1.2.2. Suppose that h(z)f*)(2) and A;(2)e**", .-, A, (2)e*m*" are linearly independent.
Then, by the assumption of Subcase 1.2, we can see that —h(z)f*)(z + ¢) can be linearly expressed by
h(2)f®*)(2), Ai(z)e**, -, A (2)e*m*". This means that there exist m + 1 finite complex constants
l2.4, (0 <4 <m), at least one of them is not zero, such that

()f(k)(Z—FC)—lgoh +Zl2z i azq~
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Substituting the above equality into (3), we get
Fr(2) = (L4 120)h(2) fF) (2) + ) (1 + 12,0) Ag(2)e* ™. (37)
i=1

In view of (37), we consider the following situations.
Subcase 1.2.2.1. If 1 + 139 =0, (37) can be rewritten as

m

Fr(2) =) (14 1a:)Ai(z)e™". (38)
=1
It follows from (3) that
—h(2)Acf P (2) = h(2) P (2) = h(2) f P (z + ¢) Zzzz i(2)e™ . (39)

On basis of (38), (39) and Lemma 9, using the same manner as Claim(a), we also have the following fact:
The set {14121, -+ ,1+ l2,,} has only one nonzero element, and the set {la1,--- ,l2,,} has also only one
nonzero element.

Without loss of generality, we set

F(2) = (L4 l2,0) A1 (2)e* " and h(2)Ac f0) (2) = ~la,1, Ary (2)es ™, (40)

where 1+ l2,1 # 0 and lg7t3 #£0, (1 <t3 < m)

In view of (3) and (40), we only need to consider m = 1 or 2.
o Suppose that m = 1, then it follows from (3) and (40) that t3 = 1 and

(1+121)
lan

') = - h(z)Acf M (2).

By the above equality, (9) and Remark 1, we get

m(r, £(2)) = m(r, () = m ( “Z?”h(zmcﬂ“(z))

B (z4c)— FE (2
<m(r,h(z))+m(r,f ( +f()z) f9(2)

=m(r, f(z)) +o(r?), (r— oco,r ¢ E).

Therefore, according to (41) and N(r, f) = S(r, f), we get
T(r, f) = o(r),

which contradicts the fact that p(f) = q.
© Suppose that m = 2. By the first equality of (40), and Hadamard’s factorization theorem, we get

apz9

f(2) =10(z)e -, fP(2) = mp(2)e n (42)

where 70'(2) = (1 +12,1)A1(2), and 73(2) = 7/_1(2) + (a1gz? 1) 1_1(2)/n (1 <4 < k). Substituting (42) into
the second equality of (40), we get

1(z+c)4 apz9

h(2)AS® (2) = h(2)(Ti(z + )™ 7 —m(2)e ™)
= —lp 1, As, (2)e"ts #
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Since the order of h(z) and 7;(2) are less than ¢, we obtain t3 # 1, oy = nay,. By (3) and (40), one can
obtain

m = 27t3 = 2,[271 = O,lg’tg = lg’g =—1.
So we have

aqz9

m=2,f(z) =1o(2)e " ,75(2) = A1(2), a1 = nao. (43)

Subcase 1.2.2.2. Suppose that 14139 # 0. If 1 +13 ;(1 <4 < m) are not all 0, then by the assumption
of Subcase 1.2.2, we can see that h(z)f*)(2), A;(2)e**", .- A, (2)e®*" are linearly independent. Next,
we can get a contradiction in the same manner as in Subcase 1.1. If 1 + 13 ; = 0(1 < ¢ < m), we can use the
similar manner as (41) to get a contradiction.

e Now we consider the case of 2 <n <m + 1.
By the definition of A(f) and (9), we have A(f) < p(f) = q. If A(f) < p(f) = g, we can get

N (n }) — o(r).

Now, we consider the two cases: h(z)f*) (z + ¢), h(2)f®)(2), Ay (2)e**",---, Ap(2)e*m*" are linearly
independent or not. Using the similar argument as in Subcases 1.1 and 1.2, we can also obtain (36) and
(43). Thus, the result (i) of Theorem 5 is proved.

Case 2: Ay(z) £ 0. By Lemma 3, we have

N ( }) —Tr, )+ o(T(r 1), A) = plF) =4 (44)

as r — 00, r ¢ E. Assume that n > m + 3, and use the similar approach to Case 1 to consider whether
h(2)f®) (2 + ¢), h(2)f®)(2), Ao(2), Ar(2)e**, -+, A, (2)e**" are linearly dependent or not, then we
have N (r,1/f) = o(r?). From this and (44), we get T(r, f) = o(r?). This is impossible. So we have
M) =p(f) =q and n < m + 2. The result (ii) is proved. Then we complete the proof of Theorem 5.

4. The proof of Theorem 6

Let f be a finite order meromorphic solution of (3) satisfying N(r, f) = S(r, f). We rewrite (3) in the form

f(z) = Ao(z) = S0, Ai(z)e™’

OIS = —h(2). (45)

By the fact that N(r, f) = S(r, f) and Lemmas 1, 4, we obtain

T(r, Acf®(2) < T(r, f9 (2 + ) + T(r, fP(2))
<T(r, f(z+€) + T(r, f) + 26N (r, ) + S(r, f) (46)
< 2T(r, f) + 5(r, f).

On basis of (45) and (46), one can deduce that

p(h) < max{p(f), p(Acf™),q} = max{p(f), q}. (47)

If p(f) > q, it follows from the above equality that p(f) > p(h) > ¢q. Now, we consider the case of
p(f) < g. From (47) and the condition that p(h) > g, we get p(h) = q. Note that h(z) is an entire function
and A(h) < p(h). Then, by Hadamard’s factorization theorem, we have

h(z) = p(2)e?, (48)
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where p(z) is an entire function and Q(z) is a polynomial such that p(p) < ¢, deg(Q(z)) = gq.
Set Q(z) = aqz?+ -+ a1z + ag, where a, € C\{0} and a,_1,--- ,ap € C. Substituting (48) into (3), we

obtain
m

Ao(2) + ) Ai(2)e™= = p(2) Acf W) (z)eta= Frrtarztao () =, (49)

i=1

where p(pAcf*)(2)) < q and p(f™) < g since p(f) < q.

In view of (49), we consider the following situations:

o Suppose that aqy # a;, 1 < ¢ < m. Since oy, a9, -+, oy, are distinct nonzero complex numbers, it
follows from (49) and Lemma 8 that A;(z) =0, 1 <i < m. A contradiction.

o If ag = a;,1 <i <m, then (49) can be rewritten as

m

Z Aj(z)e™ ™ + (Ai(z) - Ql(z)Acf(k)(z)) e 4 Ap(z) — f™(2) =0,

Jj#4,5=1
where Q1(z) = p(z)eGQ*lzq71+"'+“1Z+“0. Applying Lemma 8 to the above equation, we can also obtain
Aj(2) =0,(1 <5 <m,j #1),
which is a contradiction. Therefore, we prove that p(f) > p(h) > q.
Next, when n > 2, applying Remark 1 to (3), we obtain

=nm(r, f) +nN(r, f)

=m ( )+ iA iz’ _ h(z)Acf(k)(z)> +S(r, f)
< O(r9) —|—mrh)+m( f)+S8(r, f)
<T(r, f) +T(r h) + O(r?) + S(r, f)-

Then, we get
(n— V)T (r, f) < T(r,h) + O@r?) + S(r, f).

Since n > 2 and p(h) > ¢, it follows that p(f) < p(h). By the fact that p(f) > p(h) > g, one can deduce
p(f) = p(h). Then we complete the proof of Theorem 6.
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