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Ser. Math. Inform. Vol. 38, No 5 (2023), 919 - 935

https://doi.org/10.22190/FUMI230925059K

Original Scientific Paper

ON CONFORMAL QUASI HEMI-SLANT SUBMERSIONS FROM
LORENTZIAN PARA SASAKIAN MANIFOLDS ONTP

RIEMANNIAN MANIFOLDS

Sushil Kumar1, Rajendra Prasad2 and Punit K. Singh2

1Faculty of Science, Department of Mathematics,

Shri Jai Narain Post Graduate College, Lucknow-India
2Faculty of Science, Department of Mathematics and Astronomy,

University of Lucknow, Lcknow, India

Abstract. In the present article, our purpose is to define and study conformal quasi
hemi-slant submersions (cqhs submersions, in short) from Lorentzian para Sasakian
manifolds onto Riemannian manifolds. Its geometric properties are also investigated.
Lastly, we give a non-trivial example for this type of submersion.
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1. Introductions

The concept of Riemannian submersions between Riemannian manifolds was ini-
tiated by O’ Neill [25] in 1966 and it has been further defined by Gray [14] in
1967. The Riemannian submersions play an essential role not only in differential
geometry but also in science and technology. Expanding the study of Riemannian
submersions between almost complex manifolds, Watson [38] defined almost Her-
mitian submersions in 1976. Later, the concept of anti-invariant submersions and
Lagrangian submersion were defined by Sahin [35] and explained by Tastan [37]
and Gunduzalp [13]. In 2011, Sahin defined semi-invariant submersions in complex
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geometry [34]. The theory of submersions, immersions and Riemannian maps are a
recent geometry that plays a very important character in several disciplines of math-
ematics. Various results have been derived by distinguished geometers in this area.
There are copious applications of Riemannian submersions in modern era. These
are capable to handle many issues of Yang-Mills theory [6], Kaluza-Klein theory
[7], supergravity and superstring theories ([15], [16]), Robotics [4] and theory of
relativity [26].

Let π : (N1, g1)→ (N2, g2) be a Riemannian submersion between Riemannian or
semi-Riemannian manifolds. Different new subclasses of Riemannian submersions
were introduced and studied such as slant submersion [33], semi-slant submersion
[27], hemi-slant submersion [36] and quasi bi-slant submersion ([29], [32]). In 1997,
Gundmundsson and Wood [12] generalized Riemannian submersion and presented
a new class of Riemannian submersion horizontally conformal submersion. After-
wards, several geometers studied conformal anti-invariant submersion ([20], [22],
[31]), conformal semi-invariant submersion ([3], [28]), conformal slant submersion
[1], conformal semi-slant submersion ([2], [18], [19], [23], [30]), conformal hemi-slant
submersion [17] and conformal quasi bi-slant submersion [21].

Inspired by the affirmative works, we characterize cqhs submersions in Lorentzian
almost para contact geometry. Therefore, we choose Lorentzian para Sasakian man-
ifold. We give some basics about conformal submersions, then we introduce cqhs
submersions and explore the geometry of discussed submersions with an example.

2. Preliminaries

We present the definitions of Lorentzian para Sasakian manifold.

Let N1 be a differentiable manifold of dimension (2n + 1), φ be a (1, 1) tensor
field, ξ be a contravariant vector field, η be a 1-form and g1 be a Lorentzian metric,
then (N1, φ, ξ, η, g1) is called a Lorentzian para Sasakian manifold with conditions:

φ2Z1 = Z1 + η(Z1)ξ, η(ξ) = −1, η(φZ1) = 0, φξ = 0, (2.1)

g1(Z1, ξ) = η(Z1), g1(φZ1, φV2) = g1(Z1, V2) + η(Z1)η(V2), (2.2)

∀ Z1, V2 ∈ Γ(TN1), is known as a Lorentzian para-contact metric structure and
the manifold N1 associated with the metric g1 is called the Lorentzian para-contact
metric manifold ([8], [9], [10], [24]). If moreover,

∇Z1ξ = φZ1 ⇔ (∇Z1η)V2 = g1(φZ1, V2), (2.3)

(∇Z1
φ)V2 = η(V2)Z1 + g1(Z1, V2)ξ + 2η(Z1)η(V2)ξ (2.4)

hold on N1 for all Z1, V2 ∈ Γ(TN1), then the Lorentzian para-contact metric man-
ifold N1 is known as a Lorentzian para-Sasakian (briefly, LP-Sasakian) manifold.
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3. Conformal Submersions

We present background concepts, various definitions and useful results for the study
of the cqhs submersions.

Definition 3.1. [5] Let (N1, g1) and (N2, g2) are two Riemannian manifolds of
dimensions m and n respectively. A smooth map π : (N1, g1) → (N2, g2) is called a
horizontally conformal submersion, if there is a positive function λ such that

g1(V1, V2) =
1

λ2
g2(π∗V1, π∗V2), (3.1)

∀ V1, V2 ∈ Γ(kerπ∗)
⊥.

Hence, Riemannian submersion is the specific horizontally conformal submersion
with λ = 1. Since, χ(y) represents the square dilation of π at y, so the dilation of
π at y is represented by λ(y) =

√
χ(y). If a smooth map π is horizontally weakly

conformal at every point on N1, then π is called horizontally weakly conformal or
semi-conformal on N1 and if π is free from critical points on N1, then it must be a
(horizontally) conformal submersion.

We notice that a horizontally conformal submersion π : (N1, g1, J)→ (N2, g2) is
said to be horizontally homothetic if in this submersion the gradient of its dilation
λ is vertical, i.e.,

H(gradλ) = 0, (3.2)

at y ∈ N1, where H is the complement orthogonal distribution to V = kerπ∗ in
Γ(TyN1).

Let π : (N1, g1, J) → (N2, g2) be a conformal Riemannian submersion. E and

Ê are vector fields on N1 and N2, respectively. E is said to be projectiable if there
exist Ê in such a manner that π∗(Eq) = Êπ(q) for any q ∈ N1. Here E and Ê are
said to be π−related and any projectiable horizontal vector field Y1 on N1 is said
to be basic.

O’Nill [25] defined two fundamental tensors T and A for vector fields Z1 and Z2

on N1 such that
AZ1

Z2 = H∇N1

HZ1
VZ2 + V∇N1

HZ1
HZ2, (3.3)

TZ1
Z2 = H∇N1

VZ1
VZ2 + V∇N1

VZ1
HZ2. (3.4)

Now, from (3.3) and (3.4), we get

∇V1W2 = TV1W2 + V∇V1W2, (3.5)

∇V1X1 = H∇V1X1 + TV1X1, (3.6)

∇X1V1 = AX1V1 + V∇X1V1, (3.7)

∇X1
Z2 = H∇X1

Z2 +AX1
Z2 (3.8)
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for all V1,W2 ∈ Γ(kerπ∗) and X1, Z2 ∈ Γ(kerπ∗)
⊥, here V∇V1

W2 = ∇̂V1
W2. If X1

is basic, then AX1V1 = H∇X1V1.

Let (N1, φ, ξ, η, g1) be an almost contact metric manifold and (N2, g2) be a Rie-
mannian manifold. Let π : (N1, φ, ξ, η, g1) → (N2, g2) be a smooth map. Then the
second fundamental form of π is given by

(∇π∗)(V1, Z2) = ∇πV1
π∗Z2 − π∗(∇V1Z2), for all V1, Z2 ∈ Γ(TN1), (3.9)

where the Levi-Civita connection of the metric g1 and the pullback connection of
metric g2 are given by ∇ and ∇π, respectively ([5],[11]). Here π is called totally
geodesic map if (∇π∗)(V1, Z2) = 0, for all V1, Z2 ∈ Γ(TN1).

Lemma 3.1. [5] Let π : (N1, φ, ξ, η, g1)→ (N2, g2) is a horizontal conformal sub-
mersion. Then, for any horizontal V1, Y2 and vertical vector fields X1, Z2, we get

(a) (∇π∗)(V1, Y2) = V1(lnλ)π∗(Y2) + Y2(lnλ)π∗(V1)− g1(V1, Y2)π∗(grad lnλ),

(b) (∇π∗)(X1, Z2) = −π∗(TX1Z2),

(c) (∇π∗)(V1, X1) = −π∗(∇N1

V1
X1) = −π∗(AV1

X1).

4. cqhs Submersions

We define cqhs submersions from LP-Sasakian manifolds and examine integrability
conditions for horizontal and vertical distributions.

Definition 4.1. Let (N1, φ, ξ, η, g1) be a LP-Sasakian manifold and (N2, g2) be a
Riemannian manifold. A horizontal conformal submersion π : (N1, φ, ξ, η, g1) →
(N2, g2) is called cqhs submersion if kerπ∗ has four orthogonal complementary dis-
tributions D, Dθ, D⊥ and < ξ > such that D is invariant, Dθ is slant with angle θ
and D⊥ is anti-invariant, i.e.,

kerπ∗ = D ⊕Dθ ⊕D⊥⊕ < ξ > . (4.1)

In the above definition, the angle θ is known as the quasi hemi-slant angle of π.

We say that the cqhs π : (N1, φ, ξ, η, g1)→ (N2, g2) is proper if D 6= 0, Dθ 6= 0,
D⊥ 6= {0} and θ 6= 0, π2 .

Let π be a cqhs submersion from a LP-Sasakian manifold (N1, φ, ξ, η, g1) onto a
Riemannian manifold (N2, g2). Then,

TN1 = (kerπ∗)⊕ (kerπ∗)
⊥.

For W1 ∈ Γ(kerπ∗), we get

W1 = PW1 +QW1 +RW1 − η(W1)ξ, (4.2)
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where PW1 ∈ Γ(D), QW1 ∈ Γ(Dθ) and RW1 ∈ Γ(D⊥). For all U1 ∈ Γ(kerπ∗), we
get

φU1 = ψU1 + ωU1, (4.3)

where ωU1 and ψU1 are respectively horizontal and vertical components of φU1.

Also for Y1 ∈ Γ(kerπ∗)
⊥, we have

φY1 = BY1 + CY1, (4.4)

where BY1 ∈ Γ(kerπ∗) and CY1 ∈ Γ(µ). From (4.2) and (4.3), we have

φW1 = ψPW1 + ωPW1 + ψQW1 + ωQW1 + ψRW1 + ωQW1. (4.5)

Since φD = D and φD⊥ ⊂ Γ(kerπ∗)
⊥, we get ωPW1 = 0 and ψRW1 = 0, and so

φW1 = ψPW1 + ψQW1 + ωQW1 + ωRW1. (4.6)

This means that, φ(kerπ∗) = ψD ⊕ ψDθ ⊕ ωDθ ⊕ φD⊥.

Here,
Γ(kerπ∗)

⊥ = ωDθ ⊕ φ(D⊥)⊕ µ. (4.7)

Now, we will denote a cqhs submersion from a LP-Sasakian manifold (N1, φ, ξ, η, g1)
onto a Riemannian manifold (N2, g2) by π.

Lemma 4.1. If π is a cqhs submersion, then we get

ψ2Y1 +BωY1 = Y1 + η(Y1)ξ, ωψY1 + CωY1 = 0, (4.8)

ψBY2 +BCY2 = 0, ωBY2 + C2Y2 = Y2, (4.9)

∀ Y1 ∈ Γ(kerπ∗) and Y2 ∈ Γ(kerπ∗)
⊥.

Proof. The proof follows by using (2.1), (4.3), and (4.4).

Lemma 4.2. If π is a cqhs submersion, then we get

V∇U1
φU2+TU1

ωU2 = BTU1
U2+φV∇U1

U2+η(U2)U1+g1(U1, U2)ξ+2η(U1)η(U2)ξ,
(4.10)

TU1φU2 +H∇U1ωU2 = CTU1U2 + ωV∇U1U2, (4.11)

TU1
BY1 +H∇U1

CY1 = CH∇U1
Y1 + ωTU1

Y1, (4.12)

V∇U1
BY1 + TU1

CY1 = BH∇U1
Y1 + φTU1

Y1, (4.13)

V∇Y1
φU1 +AY1

ωU1 = BAY1
U1 + φV∇Y1

U1, (4.14)

AY1
φU1 +H∇Y1

ωU1 = CAY1
U1 + ωV∇Y1

U1 + η(U1)Y1, (4.15)

AY1
BY2 +H∇Y1

CY2 = CH∇Y1
Y2 + ωAY1

Y2, (4.16)

V∇Y1
BY2 +AY1

CY2 = BH∇Y1
Y2 + φAY1

Y2 + g1(Y1, Y2)ξ (4.17)

∀ U1, U2 ∈ Γ(kerπ∗) and Y1, Y2 ∈ Γ(kerπ∗)
⊥.
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Proof. Using (2.4),(3.5)-(3.8), (4.3) and (4.4), we can easily get (4.10)-(4.17).

Now, we define

(∇Z1φ)Z2 = V∇Z1φZ2 − φV∇Z1Z2, (4.18)

(∇Z1
ω)Z2 = H∇Z1

ωZ2 − ωV∇Z1
Z2, (4.19)

(∇X1
B)X2 = V∇X1

BX2 −BH∇X1
X2, (4.20)

(∇X1C)X2 = H∇X1BX2 − CH∇X1X2 (4.21)

∀ Z1, Z2 ∈ Γ(kerπ∗) and X1, X2 ∈ Γ(kerπ∗)
⊥.

Lemma 4.3. If π is a cqhs submersion, then we have

(∇Z1φ)Z2 = BTZ1Z2 − TZ1ωZ2 + η(Z2)Z1 + g1(Z1, Z2)ξ + 2η(Z1)η(Z2)ξ, (4.22)

(∇Z1
ω)Z2 = CTZ1

Z2 − TZ1
φZ2, (4.23)

(∇W1B)W2 = ωAW1W2 −AW1BW2, (4.24)

(∇W1
C)W2 = φAW1

W2 −AW1
CW2 + g1(W1,W2)ξ, (4.25)

∀ Z1, Z2 ∈ Γ(kerπ∗) and W1,W2 ∈ Γ(kerπ∗)
⊥.

Proof. Using (4.10),(4.11) and (4.16)-(4.21), we can easily get (4.22)-(4.25).

Lemma 4.4. Let π is cqhs submersion. Then, we have

(a) φ2W1 = (cos2 θ)W1,

(b) g1(φW1, φW2) = cos2 θg1(W1,W2),

(c) g1(ωW1, ωW2) = sin2 θg1(W1,W2), ∀ W1,W2 ∈ Γ(Dθ).

Proof. The proof of the this Lemma is similar to that of Lemma 5 of [18].

Theorem 4.1. Let π be cqhs submersion. Then D is integrable if and only if

1

λ2
g2((∇π∗)(Z1, φZ2)− (∇π∗)(Z2, φZ1), π∗(ωV1)) = g1(V∇Z1φZ2 − V∇Z2φZ1, ψQV1),

∀ Z1, Z2 ∈ Γ(D) and V1 ∈ Γ(Dθ ⊕D⊥).

Proof. It is know thatD is integrable if and only if g1([Z1, Z2], V1) = 0, g1([Z1, Z2], V2) =
0 and g1([Z1, Z2], ξ) = 0 ∀ Z1, Z2 ∈ Γ(D), V1 ∈ Γ(Dθ ⊕D⊥) and V2 ∈ Γ(kerπ∗)

⊥.
It is clear that kerπ∗ is integrable so g1([Z1, Z2], V2) = 0. Thus D is integrable
if and only if g1([Z1, Z2], ξ) = 0 and g1([Z1, Z2], V1) = 0. From (2.3), we get
g1([Z1, Z2], ξ) = 0.
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Again using (2.2), (2.4), (3.5), (4.2) and (4.3), we get

g1([Z1, Z2], V1) = g1(∇Z1φZ2, φV1)− g1(∇Z2φZ1, φV1),

= g1(V∇Z1φZ2 − V∇Z2φZ1, ψQV1) +

g1(TZ1φZ2 − TZ2φZ1, ωQV1 + ωRV1).

Using (3.1), (3.9) and Lemma (3.1), we have

g1([Z1, Z2], V1) = g1(V∇Z1
φZ2 − V∇Z2

φZ1, ψQV1)−
1

λ2
g2((∇π∗)(Z1, φZ2)− (∇π∗)(Z2, φZ1), π∗(ωQV1 + ωRV1)).

Now, since ωV1 = ωQV1 + ωRV1, we get

g1([Z1, Z2], V1) = g1(V∇Z1
φZ2 − V∇Z2

φZ1, ψQV1)−
1

λ2
g2((∇π∗)(Z1, φZ2)− (∇π∗)(Z2, φZ1), π∗(ωV1)).

Theorem 4.2. Let π be cqhs submersion. Then Dθ is integrable if and only if

g1(TZ1
ωψZ2 − TZ2

ωψZ1,W1) + g1(TZ1
ωZ2 − TZ2

ωZ1, φPW1)

=
1

λ2
g2((∇π∗)(Z1, ωZ2)− (∇π∗)(Z2, ωZ1), π∗(φRW1)),

∀ Z1, Z2 ∈ Γ(Dθ) and W1 ∈ Γ(D ⊕D⊥).

Proof. We observe here that Dθ is integrable if and only if g1([Z1, Z2],W1) =
0, g1([Z1, Z2], ξ) = 0 and g1([Z1, Z2],W2) = 0, ∀ Z1, Z2 ∈ Γ(Dθ),W1 ∈ Γ(D ⊕D⊥)
and W2 ∈ (kerπ∗)

⊥. Since kerπ∗ is integrable then g1([Z1, Z2],W2) = 0. Thus, Dθ

is integrable if and only if g1([Z1, Z2], ξ) = 0 and g1([Z1, Z2],W1) = 0. From (2.3),
we get g1([Z1, Z2], ξ) = 0.

Next, using (2.2), (2.4), (3.5), (3.6), (4.2), (4.3) and Lemma (4.4), we get

g1([Z1, Z2],W1)

= g1(∇Z1
φZ2, φW1)− g1(∇Z2

φZ1, φW1),

= g1(∇Z1
ψ2Z2,W1)− g1(∇Z2

ψ2Z1,W1) + g1(∇Z1
ωψZ2,W1)−

g1(∇Z2
ωψZ1,W1) + g1(∇Z1

ωZ2, φW1)− g1(∇Z2
ωZ1, φW1)

= cos2 θg1([Z1, Z2],W1) + g1(TZ1
ωψZ2,W1)− g1(TZ2

ωψZ1,W1) +

g1(TZ1
ωZ2 − TZ2

ωZ1, φPW1) + g1(H∇Z1
ωZ2 −H∇Z2

ωZ1, φRW1).

Now, we get

sin2 θg1([Z1, Z2],W1)

= g1(TZ1
ωψZ2 − TZ2

ωψZ1,W1) + g1(TZ1
ωZ2 − TZ2

ωZ1, φPW1) +

g1(H∇Z1
ωZ2 −H∇Z2

ωZ1, φRW1).
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Using (3.1), (3.9) and Lemma (3.1), we have the result

sin2 θg1([Z1, Z2],W1)

= g1(TZ1ωψZ2 − TZ2ωψZ1,W1) + g1(TZ1ωZ2 − TZ2ωZ1, φPW1)−
1

λ2
g2((∇π∗)(Z1, ωZ2)− (∇π∗)(Z2, ωZ1), π∗(φRW1)).

Theorem 4.3. Let π be cqhs submersion. Then D⊥ is always integrable.

Proof. The proof of this Theorem is similar as Theorem 3.13 of ([36]).

Theorem 4.4. Let π be a cqhs submersion. Then (kerπ∗)
⊥ is integrable if and

only if

1

λ2
g2(∇Z2

π∗(CZ1)−∇Z1
π∗(CZ2), π∗(ωW1))

= g1(V∇Z1
BZ2 − V∇Z2

BZ1 +AZ1
CZ2 −AZ2

CZ1, φPW1 + ψQW1) +

g1(AZ1
BZ2 −AZ2

BZ1, ωW1)− g1(Z1, ωW1)g1(grad lnλ,CZ2) +

g1(Z2, ωW1)g1(grad lnλ,CZ1) + 2g1(Z1, CZ2)g1(grad lnλ, ωW1),

∀ W1 ∈ Γ(kerπ∗) and Z1, Z2 ∈ Γ(kerπ∗)
⊥.

Proof. For Z1, Z2 ∈ Γ(kerπ∗)
⊥ and W1 6= ξ ∈ Γ(kerπ∗). Using (2.3), we have

g1([Z1, Z2], ξ) = 0.

From (2.2), (2.4), (3.7), (3.8), (4.2), (4.3) and (4.4), we have

g1([Z1, Z2],W1)

= g1(∇Z1φZ2, φW1)− g1(∇Z2φZ1, φW1),

= g1(V∇Z1BZ2 − V∇Z2BZ1 +AZ1CZ2 −AZ2CZ1, φPW1 + ψQW1) +

g1(AZ1BZ2 −AZ2BZ1, ωQW1 + φRW1) + g1(H∇Z1CZ2, ωQW1 + φRW1)−
g1(H∇Z2CZ1, ωQW1 + JRW1).

Since ωQW1 + φRW1 = ωQW1 + ωRW1 = ωW1, we get

g1([Z1, Z2],W1)

= g1(V∇Z1
BZ2 − V∇Z2

BZ1 +AZ1
CZ2 −AZ2

CZ1, φPW1 + ψQW1) +

g1(AZ1
BZ2 −AZ2

BZ1, ωW1) + g1(H∇Z1
CZ2, ωW1)− g1(H∇Z2

CZ1, ωW1).

Using (3.1), (3.9) and Lemma (4.4), we have

g1([Z1, Z2],W1)

= g1(V∇Z1
BZ2 − V∇Z2

BZ1 +AZ1
CZ2 −AZ2

CZ1, φPW1 + ψQW1) +

g1(AZ1
BZ2 −AZ2

BZ1, ωW1) +
1

λ2
g2(∇Z1

π∗(CZ2)−∇Z2
π∗(CZ1), π∗(ωW1))−

g1(Z1, ωW1)g1(grad lnλ,CZ2) + g1(Z2, ωW1)g1(grad lnλ,CZ1) +

2g1(Z1, CZ2)g1(grad lnλ, ωW1).
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Theorem 4.5. Let π is a cqhs submersion. Then any of the first two statements
below imply the third:

(a) (kerπ∗)
⊥ is integrable,

(b) π is a horizontally homothetic map,

(c)

1

λ2
g2(∇Z2

π∗(CZ1)−∇Z1
π∗(CZ2), π∗(ωW1))

= g1(V∇Z1
BZ2 − V∇Z2

BZ1 +AZ1
CZ2 −AZ2

CZ1, φPW1 + ψQW1) +

g1(AZ1
BZ2 −AZ2

BZ1, ωW1),

∀ W1 ∈ Γ(kerπ∗) and Z1, Z2 ∈ Γ(kerπ∗)
⊥.

Proof. For W1 6= ξ ∈ Γ(kerπ∗) and Z1, Z2 ∈ Γ(kerπ∗)
⊥, from Theorem 4.4, we have

g1([Z1, Z2],W1)

= g1(V∇Z1
BZ2 − V∇Z2

BZ1 +AZ1
CZ2 −AZ2

CZ1, φPW1 + ψQW1) +

g1(AZ1
BZ2 −AZ2

BZ1, ωW1) +
1

λ2
g2(∇Z1π∗(CZ2)−∇Z2π∗(CZ1), π∗(ωW1))−

g1(Z1, ωW1)g1(grad lnλ,CZ2) + g1(Z2, ωW1)g1(grad lnλ,CZ1) +

2g1(Z1, CZ2)g1(grad lnλ, ωW1),

Now, using (3.2), we get Theorem 4.5(c)

g1([Z1, Z2],W1)

= g1(V∇Z1
BZ2 − V∇Z2

BZ1 +AZ1
CZ2 −AZ2

CZ1, φPW1 + ψQW1) +

g1(AZ1
BZ2 −AZ2

BZ1, ωW1) +
1

λ2
g2(∇Z1

π∗(CZ2)−∇Z2
π∗(CZ1), π∗(ωW1)).

5. Totally Geodesic Conditions

We discuss totally geodesic conditions for cqhs submersions.

Proposition 5.1. Let π is a cqhs submersion. Then D is not totally geodesic.

Proof. For all Z1, Z2 ∈ Γ(D), using (2.3), we have g1(∇Z1Z2, ξ) = −g1(Z2, φZ1),
since g1(Z2, φZ1) 6= 0, so D is not totally geodesic foliation on N1.
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Theorem 5.1. Let π is a cqhs submersion. Then D⊕ < ξ > is totally geodesic if
and only if

g1(V∇Z1
φZ2, ψQV1) =

1

λ2
g2((∇π∗)(Z1, φZ2), π∗(ωV1)),

g1(V∇Z1φZ2, BV2) =
1

λ2
g2((∇π∗)(Z1, φZ2), π∗(CV2)),

∀ Z1, Z2 ∈ Γ(D⊕ < ξ >), V1 ∈ Γ(Dθ ⊕D⊥) and V2 ∈ Γ(kerπ∗)
⊥.

Proof. D⊕ < ξ > is totally geodesic foliation on N1 if and only if g1(∇Z1
Z2, V1) = 0

and g1(∇Z1Z2, V2) = 0, ∀ Z1, Z2 ∈ Γ(D⊕ < ξ >), V1 ∈ Γ(Dθ ⊕ D⊥) and V2 ∈
Γ(kerπ∗)

⊥. Using (2.2), (2.4), (3.5), (4.2) and (4.3), we get

g1(∇Z1
Z2, V1) = g1(∇Z1

φZ2, φV1),

= g1(V∇Z1
φZ2, ψQV1) + g1(TZ1

φZ2, ωQV1 + ωRV1),

= g1(V∇Z1
φZ2, ψQV1) + g1(TZ1

φZ2, ωV1).

Using (3.1), (3.9) and Lemma 3.1, we get

g1(∇Z1Z2, V1) = g1(V∇Z1φZ2, ψQV1)− 1

λ2
g2((∇π∗)(Z1, φZ2), π∗(ωV1)).

On the other hand, ∀ Z1, Z2 ∈ Γ(D⊕ < ξ >) and V2 ∈ Γ(kerπ∗)
⊥, using

(2.2), (2.4), (3.5), (4.3) and (4.4), we have

g1(∇Z1
Z2, V2) = g1(∇Z1

φZ2, BV2) + g1(∇Z1
φZ2, CV2),

= g1(V∇Z1
φZ2, BV2) + g1(TZ1

φZ2, CV2).

Using (3.1), (3.9) and Lemma (3.1), we get

g1(∇Z1
Z2, V2) = g1(V∇Z1

φZ2, BV2)− 1

λ2
g2((∇π∗)(Z1, φZ2), π∗(CV2)),

we obtain the results of theorem.

Proposition 5.2. Let π is a cqhs submersion. Then Dθ is not totally geodesic.

Proof. For Y1, Y2 ∈ Γ(Dθ), from equation (2.3), we have g1(∇Y1
Y2, ξ) = −g1(Y2, φY1),

since g1(Y2, φY1) 6= 0, so the Dθ is not totally geodesic.

Theorem 5.2. Let π is a cqhs submersion. Then Dθ⊕ < ξ > is totally geodesic
if and only if

g1(∇Z1
ωψZ2, U1) + g1(TZ1

ωZ2, φPU1)− η(Z2)g1(Z1, φPU1)

=
1

λ2
g2((∇π∗)(Z1, ωZ2), π∗(φRU1)),
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g1(TZ1
ωZ2, BU2) + g1(AωZ2

ψZ1, φCU2) + g1((ωZ1, ωZ2)g1(grad lnλ, φCU2)

= − 1

λ2
g2(∇ωZ2

π∗(ωZ1), π∗(φCU2)) +
1

λ2
g2((∇π∗)(Z1, ωψZ2), π∗(U2)) + η(Z2)g1(Z1, BU2),

∀ Z1, Z2 ∈ Γ(Dθ⊕ < ξ >), U1 ∈ Γ(D ⊕D⊥) and U2 ∈ Γ(kerπ∗)
⊥.

Proof. Dθ⊕ < ξ > is totally geodesic foliation on N1 if and only if g1(∇Z1
Z2, U1) =

0 and g1(∇Z1Z2, U2) = 0, ∀ Z1, Z2 ∈ Γ(Dθ⊕ < ξ >), U1 ∈ Γ(D ⊕ D⊥) and U2 ∈
Γ(kerπ∗)

⊥. Using (2.2), (2.4), (4.2), (4.3) and Lemma (4.4), we get

g1(∇Z1
Z2, U1)

= g1(∇Z1ψZ2, φU1) + g1(∇Z1ωZ2, φU1)− η(Z2)g1(Z1, φPU1),

= cos2 θg1(∇Z1Z2, U1)− g1(∇Z1ωψZ2, U1) + g1(∇Z1ωZ2, φU1)− η(Z2)g1(Z1, φPU1).

Now, using (3.6), we get

sin2 θg1(∇Z1
Z2, U1)

= −g1(∇Z1
ωψZ2, U1) + g1(H∇Z1

ωZ2, φRU1) + g1(TZ1
ωZ2, φPU1)− η(Z2)g1(Z1, φPU1).

From (3.1), (3.9) and Lemma (3.1), we have

sin2 θg1(∇Z1
Z2, U1) = g1(TZ1

ωψZ2, U1) + g1(TZ1
ωZ2, φPU1)− η(Z2)g1(Z1, φPU1)−

1

λ2
g2((∇π∗)(Z1, ωZ2), π∗(φRU1)).

On the other hand, using (2.2), (2.4), (3.6), (4.3), (4.4) and Lemma (4.4), we have

g1(∇Z1
Z2, U2) = g1(∇Z1

ψZ2, φU2) + g1(∇Z1
ωZ2, φU2)− η(Z2)g1(Z1, BU2),

= cos2 θg1(∇Z1
Z2, U2) + g1(∇Z1

ωψZ2, U2) + g1(H∇Z1
ωZ2, CU2) +

g1(TZ1
ωZ2, BU2)− η(Z2)g1(Z1, BU2).

Now, we have

sin2 θg1(∇Z1
Z2, U2)

= g1(HZ1
ωψZ2, U2) + g1(H∇Z1

ωZ2, CU2) + g1(TZ1
ωZ2, BU2)− η(Z2)g1(Z1, BU2),

= g1(H∇Z1
ωψZ2, U2) + g1(TZ1

ωZ2, BU2) + g1(AωZ2
ψZ1, φCU2) +

g1(H∇ωZ2
ωZ1, φCU2)− η(Z2)g1(Z1, BU2).

Using (3.1), (3.9) and Lemma (3.1) we have

sin2 θg1(∇Z1
Z2, U2)

= g1(TZ1
ωZ2, BU2) + g1(AωZ2

ψZ1, φCU2) + g1((ωZ1, ωZ2)g1(grad lnλ, φCU2)

+
1

λ2
g2(∇ωZ2

π∗(ωZ1), π∗(φCU2))− 1

λ2
g2((∇π∗)(Z1, ωψZ2), π∗(U2))−

−η(Z2)g1(Z1, BU2),

which gives the required outcome.
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Theorem 5.3. Let π is a cqhs submersion. Then D⊥ is totally geodesic if and
only if

g1(TV1V2, ωψQW1) =
1

λ2
g1((∇π∗)(V1, ωRV2), π∗(ωW1)),

g1(TV1ωRV2, BW2)− g1(ωRV1, ωRV2)g1(grad ln, φCW2) =
1

λ2
g2(∇ωRV2π∗(φCW2), π∗(ωRV1)),

∀ V1, V2 ∈ Γ(D⊥),W1 ∈ Γ(D ⊕Dθ), and W2 ∈ Γ(kerπ∗)
⊥.

Proof. For V1, V2 ∈ Γ(D⊥),W1 ∈ Γ(D ⊕ Dθ), and W2 ∈ Γ(kerπ∗)
⊥. Using (2.3),

we have g1(∇V1
V2, ξ) = 0.

Now, again using (2.2), (2.4), (4.2), (4.3) and Lemma (4.4), we have

g1(∇V1
V2,W1) = g1(φ∇V1

V2, φPW1 + ψQW1) + g1(∇V1
φV2, ωQW1),

g1(∇V1
V2, PW1 +QW1) = g1(∇V1

V2, PW1) + cos2 θg1(∇V1
V2, QW1) +

g1(∇V1
V2, ωψQW1) + g1(∇V1

φV2, ωQW1).

From (3.5) and (3.6), we have

sin2 θg1(∇V1
V2, QW1) = g1(TV1

V2, ωψQW1) + g1(H∇V1
ωRV2, ωW1).

From (3.1), (3.9) and Lemma (3.1), we get

sin2 θg1(∇V1
V2, QW1) = g1(TV1

V2, ωψQW1)− 1

λ2
g1((∇π∗)(V1, ωRV2), π∗(ωW1)).

On the other hand (2.2), (2.4), (3.6), (4.2), (4.3) and (4.4), imply

g1(∇V1
V2,W2) = g1(∇V1

ωRV2, BW2) + g1(∇V1
ωRV2, CW2)

= g1(TV1
ωRV2, BW2)− g1(∇ωRV2

φCW1, ωRV1).

Using (3.1), (3.9) and Lemma (3.1), we have

g1(∇V1
V2,W2) = g1(TV1

ωRV2, BW2)− 1

λ2
g2(∇ωRV2

π∗(φCW2), π∗(ωRV1))

+
1

λ2
g2((∇π∗)(ωRV2, φCW2), π∗(ωRV1)),

= g1(TV1ωRV2, BW2)− 1

λ2
g2(∇ωRV2π∗(φCW2), π∗(ωRV1))−

g1(ωRV1, ωRV2)g1(grad ln, φCW2).

Theorem 5.4. Let π be a cqhs submersion. Then, (kerπ∗)
⊥ is not totally geodesic.
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Proof. For Z1, Z2 ∈ Γ(kerπ∗)
⊥, using (2.3), we have g1(∇Z1

Z2, ξ) = −g1(Z2, φZ1),
which is g1(Z2, φZ1) 6= 0, so (kerπ∗)

⊥ is not totally geodesic.

Proposition 5.3. Let π is a cqhs submersion. Then, (kerπ∗) is not totally geodesic.

Proof. Suppose we have X1 ∈ (kerπ∗) and X2 ∈ (kerπ∗)
⊥ by the use of (2.3), we

get g1(∇X1ξ,X2) = g1(φX1, X2), since g1(X2, φX1) 6= 0, so (kerπ∗) is not totally
geodesic.

Theorem 5.5. Let π is a cqhs submersion. Then (kerπ∗)− < ξ > is a totally
geodesic if and only if

1

λ2
{g2((∇π∗)(V1, ωV2), π∗(CW1)) + g2((∇π∗)(V1, ωψQV2), π∗(W1))}

= g1(TV1
PV2 + cos2 θTV1

QV2,W1) + g1(TV1
ωV2, BW1),

∀ V1, V2 ∈ Γ(kerπ∗)− < ξ > and W1 ∈ Γ(kerπ∗)
⊥.

Proof. For V1, V2 ∈ Γ(kerπ∗)− < ξ > and W1 ∈ Γ(kerπ∗)
⊥, using (2.2), (2.4), (4.2),

(4.3), (4.4) and Lemma (4.4), we have

g1(∇V1
V2,W1) = g1(∇V1

PV2,W1) + g1(∇V1
QV2,W1) + g1(∇V1

RV2,W1),

= g1(∇V1
φPV2, φW1) + g1(∇V1

φQV2, φW1) + g1(∇V1
φRV2, φW1),

= g1(∇V1
PV2 + cos2 θ∇V1

QV2,W1) + g1(∇V1
ωψQV2,W1) +

g1(∇V1
(ωPV2 + ωQV2 + ωRV2), φW1).

Since ωPV2 + ωQV2 + ωRV2 = ωV2 and ωPV2 = 0, we have

g1(∇V1
V2,W1) = g1(∇V1

PV2 + cos2 θ∇V1
QV2,W1) + g1(∇V1

ωψQV2,W1) +

g1(∇V1
ωV2, φW1),

= g1(TV1
PV2 + cos2 θTV1

QV2,W1) + g1(H∇V1
ωψQV2,W1) +

g1(TV1
ωV2, BW1) + g1(H∇V1

ωV2, CW1).

Using (3.1), (3.9) and Lemma (3.1) we have

g1(∇V1
V2,W1)

= g1(TV1
PV2 + cos2 θTV1

QV2,W1)− 1

λ2
g2((∇π∗)(V1, ωψQV2), π∗(W1)) +

g1(TV1
ωV2, BW1)− 1

λ2
g2((∇π∗)(V1, ωV2), π∗(CW1)).

By the use of Proposition (5.2) and Theorem (5.3) one can get the following theorem.

Theorem 5.6. Let π be a cqhs submersion. Then, π is not a totally geodesic.
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6. Example

Consider the Euclidean spaceR2k+1 whose coordinates are {(x1, x2, ...., xk, y1, y2, ....yk, z) :
xi, yi, z ∈ R}. Let {Ei, Ek+i, ξ} be the base field where Ei = 2 ∂

∂yi , Ek+i =

2( ∂
∂xi + yi ∂∂z ). and ξ = 2 ∂

∂z be the contravariant vector field. Assign LP-Sasakian
structure on R2k+1 as follows:

φ(

k∑
i=1

(Xi
∂

∂xi
+ Yi

∂

∂yi
) + Z

∂

∂z
) = −

k∑
i=1

Yi
∂

∂xi
−

k∑
i=1

Xi
∂

∂yi
+

k∑
i=1

Yiy
i ∂

∂z
,

ξ = 2
∂

∂z
, η = −1

2
(dz −

k∑
i=1

yidxi), gR2k+1 = −(η ⊗ η) +
1

4
(

k∑
i=1

dxi ⊗ dxi +

k∑
i=1

dyi ⊗ dyi).

Then (R2k+1, φ, ξ, η, gR2k+1) is the LP-Sasakian manifold [24].

Example 6.1. Let theR11 be an Euclidean space whose coordinates are (x1, ..., x5, , y1....., y5, z)
and {Ei, E5+i, ξ} be the base field where Ei = 2 ∂

∂yi
, E5+i = 2( ∂

∂xi
+ yi ∂

∂z
), i = 1, ..., 5.

Let ξ = 2 ∂
∂z

be a contravariant vector field. Define an LP-Sasakian structure on R11 as
follows:

φ(

5∑
i=1

(Xi
∂

∂xi
+ Yi

∂

∂yi
) + Z

∂

∂z
) = −

5∑
i=1

Yi
∂

∂xi
−

5∑
i=1

Xi
∂

∂yi
+

5∑
i=1

Yiy
i ∂

∂z
,

ξ = 2
∂

∂z
, η = −1

2
(dz −

5∑
i=1

yidxi), g = −(η ⊗ η) +
1

4
(

5∑
i=1

dxi ⊗ dxi + dyi ⊗ dyi).

Then (R11, φ, ξ, η, g) is LP-Sasakian manifold. Let gR5 be the Riemannian metric
tensor field which is defined by gR5 = 1

4e2β

∑5
i=1(dvi⊗dvi) on R5, where {v1, v2, v3, v4, v5}

is local coordinate system on R5.

Let F : R11 → R5 be a map defined by π(x1, ..., x5, y1...., y5, z) = eβ(sinαx1 +
cosαx3, x2, x4, y3, y4), which is cqhs such that

X1 = 2 cosα(
∂

∂x1
+ y1

∂

∂z
)− 2 sinα(

∂

∂x3
+ y3

∂

∂z
), X2 = 2(

∂

∂x5
+ y5

∂

∂z
),

X3 = 2
∂

∂y1
, X4 = 2

∂

∂y2
, X5 = 2

∂

∂y5
, X6 = ξ = 2

∂

∂z
.

(kerπ∗) = (D ⊕Dθ ⊕D⊥⊕ < ξ >),

D =< X2 = 2(
∂

∂x5
+ y5

∂

∂z
), X5 = 2

∂

∂y5
>,

Dθ =< X1 = 2 cosα(
∂

∂x1
+ y1

∂

∂z
)− 2 sinα(

∂

∂x3
+ y3

∂

∂z
), X3 = 2

∂

∂y1
>,
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D⊥ =< X4 = 2
∂

∂y2
>,X6 =< ξ >=< 2

∂

∂z
>,

(kerπ∗)
⊥ = < V1 = 2 sinα(

∂

∂x1
+ y1

∂

∂z
) + cosα2(

∂

∂x3
+ y2

∂

∂z
), V2 = 2

∂

∂x2
,

V3 = 2
∂

∂x4
, V4 = 2

∂

∂y3
, V5 = 2

∂

∂y4
>,

with quasi hemi-slant angle α. Now,

F∗V1 = 2eβ
∂

∂v1
, F∗V2 = 2eβ

∂

∂v2
, F∗V3 = 2eβ

∂

∂v3
, F∗V4 = 2eβ

∂

∂v4
, F∗V5 = 2eβ

∂

∂v5
.
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