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Abstract
The deduction of the weir flow stage-discharge relationship is a hydraulic problem gen-
erally solved by energy considerations and using the discharge coefficient to correct the 
gap between theoretical results and experimental measurements. In this context, the dimen-
sional analysis represents an alternative to find simple and reliable equations to obtain the 
rating curve. In this study, the outflow process of vegetated weirs is investigated applying 
the Π-Theorem of dimensional analysis and the incomplete self-similarity theory. The aim 
of this paper is to propose a new theoretically-based stage-discharge relationship, and test 
its applicability by measurements recently published in the literature. The results showed 
that the errors in discharge estimate obtained by the proposed stage-discharge relationship 
are always less than or equal to ± 10% and less than or equal to ± 5% for 97–100% of cases. 
The main advantage of the proposed relationships is providing a single stage-discharge 
relationship, which has better performances than the equations reported in the literature 
and excludes the use of discharge coefficient.

Keywords  Weirs · Stage-discharge relationship · Dimensional analysis · Self-similarity

1  Introduction

The main aims of measuring irrigation water flowing in main channels and laterals are to 
guarantee its proper distribution and beneficial and economical use. The weir is the most 
basic device used in the measurement of small water supplies and is very accurate when 
properly constructed and operated under standard controlled conditions.

Bautista-Capetillo et  al. (2014) defined weirs as elevated structures, usually arranged 
perpendicular to the main flow direction, which force the flow to rise above the barrier 
going through a regular-shaped opening. Weirs are constructed, as an example, to measure 
discharge in irrigation networks and structures, or to channelize the surplus water over the 
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dams caused by the floods (Nafchi et al. 2021), even if the specific application and their 
characteristics are related to the weir type (Borghei et al. 2003).

Previous research was developed to deduce a comprehensive stage-discharge relation-
ship modeling the weir outflow process for a wide range of flows and geometrical weir 
types (Aydin et  al. 2011; Bijankhan and Ferro 2017; Bijankhan et  al. 2014; Ferro 2012; 
Hager and Schwalt 1994; Nicosia et al. 2023; Swamee 1988).

Weirs are classified considering their cross-sectional shape, plan view, and crest length 
L. In particular, according to h/L ratio (where h is the water depth measured from the refer-
ence horizontal plane localized at the weir crest having an height p), the weirs of a finite 
crest length are categorized into four groups (Azimi et al. 2013; Hager and Schwalt 1994): 
long-crested (0 < h/L ≤ 0.1), broad-crested (0.1 < h/L ≤ 0.4), short-crested (0.4 < h/L ≤ 2), 
and sharp-crested weir (h/L > 2).

Often, the problem of deducing flow stage-discharge relationship of weirs is solved 
determining the discharge coefficient Cd, which allows for considering the effects (i.e., vis-
cosity, surface tension, velocity distribution in the approach channel, and streamline curva-
ture due to weir contraction) that are not considered deriving the equations used for esti-
mating discharge from flow depth (Aydin et al. 2011).

For a rectangular normal sharp-crested or broad-crested weir, the following stage-dis-
charge relationship is derived following energy considerations (Aydin et  al. 2002, 2011; 
Gharahjeh et al. 2015; Herschy 1999):

in which Q is the discharge of the free flow over the weir, b is the crest width, h is the water 
depth measured at a distance from the weir equal to 2–3 h, and g is the acceleration due to 
gravity.

Rearranging Eq. (1), Ferro (2012) obtained the following expression:

Setting

and

Equation (1) can be rewritten as:

Dimensional analysis can be usefully applied to study the flow over the weirs (Bija-
nkhan and Ferro 2017). The starting point of the application of dimensional analysis to 
the study of a physical process is only to establish the “quantities which characterize the 
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phenomenon being studied” (Barenblatt 1987). Moreover, Barenblatt (1987) suggested to 
combine the original dimensionless groups to obtain new similarity parameters Π generally 
applied in Hydraulics.

The stage-discharge relationship for a rectangular weir, with a width b equal to the chan-
nel one, B, and a height p, can be expressed by the following functional relationship:

where φ is a functional symbol, μ is the water viscosity, ρ is the water density, and σ is the 
water surface tension.

Using the Π-Theorem of dimensional analysis, Ferro (2012) deduced the following 
functional relationship:

in which f is a functional symbol, K is the critical depth defined by Eq. (3), Re and We are 
the Reynolds and Weber numbers, respectively. Except for very low values of the water 
depth h, the effects of the Reynolds and Weber numbers are generally negligible (De Mar-
tino and Ragone 1984; Ranga Raju and Asawa 1977; Rao and Shukla 1971; Sargison 
1972). Consequently, Eq. (5) becomes:

where φ is a functional symbol.
The functional relationship (Eq.  8), applying the incomplete self-similarity theory 

(Barenblatt 1979, 1987), assumes the following mathematical form:

where a and n are numerical constants that should be determined experimentally.
Thereby, Eq.  (9), which is theoretically obtained by the dimensional analysis and the 

self-similarity condition, reduces to Eq. (5) by setting n = 1.
The flow conveyance reduction due to flexible vegetation on the weir crest is a poorly 

investigated topic. Recently, Bai et  al. (2023) carried out some experimental runs using 
rectangular weirs having a sharp-edged crest covered by artificial vegetation. The effects of 
equivalent roughness height ks of the vegetation on the weir discharge capacity were inves-
tigated, and the following empirical equations for predicting the discharge coefficient Cd of 
Eq. (1), considering the vegetation resistance effects, were proposed:
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The developed analysis demonstrated that a noticeable reduction of the discharge coeffi-
cient corresponds to high roughness height ks as consequence of the weir discharge capacity 
due to the flow resistance associated with vegetation. Furthermore, the estimate of Cd, and the 
relative discharge Q, obtained by Eq. (1), is characterized by errors less than or equal to ± 15% 
for 96.9% of the investigated cases and less than or equal to ± 10% for 90.7% of the investi-
gated cases (i.e., slightly over the accuracy limit of ± 5% suggested by Boiten (2000)).

In this paper, the outflow process of vegetated weirs is investigated applying the Π-Theorem 
of dimensional analysis and the incomplete self-similarity theory. A new theoretical stage-
discharge relationship is presented, and its applicability is verified by measurements recently 
carried out by Bai et al. (2023). The main advantage of the proposed relationships is supply-
ing a single stage-discharge relationship characterized by errors of the discharge estimate less 
than those obtained by the equations of Bai et al. (2023). Moreover, the main novel element is 
obtaining a stage-discharge relationship valid for vegetated weirs and operating regardless of 
the discharge coefficient estimate.

2 � Applying Dimensional Analysis for Deducing the Stage‑Discharge 
Relationship

Following Azimi et al. (2013), who indicated that the crest length L should be introduced in 
the functional stage-discharge relationship (Ferro 2012), Bijankhan et al. (2014) proposed the 
following functional relationship:

where Φ is a functional symbol.
Using p, g, and ρ as dimensional independent variables, the following dimensionless 

groups are deduced:

Combining the groups Π1 and Π4 yields:
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Considering Eqs. (14) and (15), the following dimensionless group is obtained:

Combining Eqs. (14), (15) and (17), the following dimensionless group is obtained:

where Re is the Reynolds number.
Considering the definitions of Π1 and Π6, the following dimensionless group is 

obtained:

in which We is the Weber number.
For the Buckingham’s Theorem, the dimensionless groups commonly used in 

hydraulics can be combined, and the functional relationship (Eq. 12) can be rewritten 
as follows:

where f is a functional symbol.
Introducing the dimensionless groups into Eq. (23), the functional relationship can 

be rewritten in the following form:

Neglecting the effects of Re and We, Eq. (24) becomes:

where ω is a functional symbol.
The mathematical shape of the functional relationship (Eq.  25) can be deduced 

using the incomplete self-similarity theory (Barenblatt 1979, 1987). For a given L/p 
value, when h
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where the coefficient a is a function of L/p that should be obtained experimentally.
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3 � Available Experimental Data

For testing the applicability of the stage-discharge relationship Eq. (26), the data by Bai et al. 
(2023) were used. The experiments were performed in a horizontal rectangular glass flume, 
7.0 m long, 0.4 m wide, and 0.5 m high. Three weir crest lengths L (0.2 m, 0.5 m, and 1.0 m) 
were investigated.

These authors tested seven crest roughness configurations, including a smooth case, a 
vegetated weir crest covered by artificial turf, and five vegetated crests covered by artificial 
plants with different densities. The vegetation was uniformly distributed in the weir crest 
area. For each investigated condition, the equivalent sand roughness height ks was defined 
(ks = 1, 18, 22, 41, 78, 147, 318 mm) by fitting the measured velocity profiles to the univer-
sal equation of the wall for steady uniform flows.

Further details on the experimental lay-out and the used measurement techniques are 
reported in Bai et al. (2023).

4 � Results and Discussion

for each ks/p value.
At first, each investigated experimental series, characterized by a single value of the 

crest length L (0.2, 0.5, and 1  m), was used to calibrate Eq.  (26). As an example for 
L = 0.2 m, Fig. 1 shows the comparison between the measured pairs (h/L, K/p) and Eq. (26).

For each investigated weir length L, Table 1 lists the coefficients a and n corresponding 
to each roughness height ks and the mean value nm of the coefficient n for each crest length. 
This last value can be used under the hypothesis that, for each weir length, the exponent n 
of Eq. (26) can be assumed independent of roughness height.

For each L value, considering the small variability of n, the mean value nm was assumed 
representative of each investigated weir and the following stage-discharge relationship was 
applied:

in which the coefficient a was estimated for each roughness height (Table 2).
As an example for L = 0.5 m, Fig. 2 shows the comparison between the measured pairs 

(h/L, K/p) and Eq. (27).
for each ks/p value.
The a values listed in Table 2 were related to the ratio ks/p according to the following 

relationships:

(27)
K

p
= a

(

h

L

)nm

(28a)a = 0.7173 − 0.0413
ks

p
for L = 0.2m

(28b)a = 1.7949 − 0.1923
ks

p
for L = 0.5m

(28c)a = 4.1500 − 0.6861
ks

p
for L = 1.0m



5945Dimensional Analysis and Stage‑Discharge Relationships for…

1 3

Fig. 1   Comparison, as an example for L = 0.2 m, between the measured pairs (h/L, K/p) and Eq. (26)

Table 1   Values of the 
coefficients a and n of Eq. (26) 
obtained for each pair (L, ks/p)

L = 0.2 m L = 0.5 m L = 1.0 m

ks/p a n a n a n

0.005 0.7220 1.1061 1.7291 1.052 3.6472 1.0698
0.09 0.7097 1.1324 1.7088 1.0594 3.7207 1.1121
0.11 0.7062 1.1454 1.6641 1.0706 3.5490 1.0885
0.205 0.7053 1.1203 1.7282 1.0766 3.7171 1.1295
0.39 0.7001 1.1760 1.6280 1.0258 4.204 1.2196
0.735 0.6946 1.2132 1.7213 1.1099 3.8513 1.2483
1.59 0.6490 1.2773 1.7721 1.3184 4.1116 1.3376
nm 1.1672 1.1018 1.1722
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For comparing the errors in the discharge estimate E obtained by different equations, 
Table 3 lists the percentage of cases in which the errors are less than or equal to a given thresh-
old value (± 15%, ± 10%, and ± 5%). In particular, for each investigated L value, Table 3 lists 

Table 2   Values of the coefficient 
a of Eq. (27) obtained for each 
pair (L, ks/p)

L = 0.2 m L = 0.5 m L = 1.0 m
ks/p a

nm = 1.1672
a
nm = 1.1018

a
nm = 1.1722

0.005 0.7229 1.8071 4.3408
0.09 0.7111 1.7719 4.0860
0.11 0.7075 1.7069 4.0372
0.205 0.7085 1.7600 3.9482
0.39 0.6979 1.7493 3.8872
0.735 0.6951 1.7059 3.4470
1.59 0.6492 1.4619 3.1599

Fig. 2   Comparison, as an example for L = 0.5 m, between the measured pairs (h/L, K/p) and Eq. (27)
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the errors corresponding to the discharge Q estimated by (i) Eq. (1), coupled with Eqs. (10) 
and (11), (ii) Eq. (26) with the coefficients a and n listed in Table 1, and (iii) Eq. (27) with the 
coefficient a estimated by Eqs. (28a), (28b) and (28c). Furthermore, Eq. (27), which uses an 
exponent nm dependent on the weir length, is characterized (Table 3) by errors that are com-
parable or less than those obtained by Eq. (1). For each investigated L value, Table 3 demon-
strates that the errors in discharge estimate by Eq. (26) are always less than or equal to ± 10% 
and less than or equal to ± 5% for 97–100% of cases. In other words, the performances in esti-
mating discharge by Eq. (26) are always better than those obtained by Eq. (1), coupled with 
Eqs. (10) and (11), proposed by Bai et al. (2023).

Table 3 also shows that Eq. (27), with the coefficient a estimated by Eqs. (28a), (28b) and 
(28c), notwithstanding for each L, a single value of the exponent nm is applied, is character-
ized by \ errors in discharge estimate that, for a threshold value of 15%, are always less than or 
equal to those obtained by Eq. (1).

Considering the limited variability of nm range (1.10–1.17), the mean value (1.1471) of the 
exponent nm was considered, and the following stage-discharge relationship was also tested:

in which the values of a coefficient were estimated by the available data (Table 4).
The a values listed in Table 4 were related to the ratio ks/p according to the following rela-

tionship (Fig. 3):

in which b = 0.7175 and c = 0.0414 for L = 0.2 m, b = 1.8675 and c = 0.1989 for L = 0.5 m, 
and b = 3.9893 and c = 0.6589 for L = 1 m.

The coefficients b and c of Eq. (30) are related to the ratio L/B according to the following 
relationships (Fig. 4):
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Table 4   Values of the coefficient 
a of Eq. (29) obtained for each 
pair (L, ks/p)

L = 0.2 m L = 0.5 m L = 1.0 m
ks/p a

nm = 1.1471
a
nm = 1.1471

a
nm = 1.1722

0.005 0.7232 1.8807 4.1597
0.09 0.7114 1.8432 3.9262
0.11 0.7076 1.7708 3.8849
0.205 0.7083 1.8341 3.8047
0.39 0.6979 1.8255 3.7337
0.735 0.6955 1.7743 3.3232
1.59 0.6492 1.5227 3.0336
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The developed analysis demonstrated that the stage-discharge relationship (Eq.  29), 
coupled with Eq. (30), is characterized by errors less than or equal to 15% for 94.4% of the 
investigated cases, while errors in discharge estimate by Eq.  (1), coupled with Eqs. (10) 
and (11), are less than or equal to ± 15% for 95.4% of cases; in other words, similar perfor-
mances in discharge estimate are obtained by the last proposed approach and that by Bai 
et al. (2023).

For the investigated weirs, the comparison between Eq. (29) and Eq. (1) was also devel-
oped by the empirical cumulative distribution of the errors E (%) in discharge estimate. 
The statistical data of the errors associated with Eqs. (29) and (1) are listed in Table 5.

Fig. 3   Relationship between the 
a values, listed in Table 4, and 
the ratio ks/p for each L investi-
gated value

Fig. 4   Relationships between b (a) and c (b) coefficients and the L/B ratio
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For Eq. (29), Fig. 5 highlights that the errors E are normally distributed, as also dem-
onstrated by the Kolmogorov–Smirnov test, having a significance level of 5%. This result 
ensures that the applied Eq.  (29) is a complete model, which does not need any other 
dimensionless groups.

The proposed approach, based on the dimensional analysis, always guaranteed an accu-
racy better than the threshold of ± 5% suggested by Boiten (2000). Anyway, even the proce-
dure leading to the worst results (i.e., Eq. 29 coupled with Eq. 30) has an accuracy similar 
to that obtained by Bai et  al. (2023). Consequently, the aim of obtaining a relationship, 
excluding the use of discharge coefficient, characterized by better performances than the 
equations reported in the literature was achieved.

5 � Conclusions

The developed analysis allowed for concluding that a power equation can be used to estab-
lish a stage-discharge equation (Eq. 26) with the exponent n varying with the crest length, 
and the coefficient a depending on the roughness height. The obtained relationship (Eq. 26) 
improves the performances estimating the discharge if compared with those proposed by 
Bai et al. (2023). For each weir length, hypothesizing that the exponent n is independent 
of roughness height, and the coefficient a is estimated by Eqs. (28a), (28b) and (28c), the 

Table 5   Statistical data of the 
errors associated with Eqs. (29) 
and (1)

Statistic data Equation (1) Equation (29)

Minimum -14.4 -20.3
Maximum 34.3 26.0
Mean 0.40 -0.37
Standard deviation 7.05 7.34

Fig. 5   Empirical frequency 
distribution of the errors E 
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proposed relationship (Eq.  27) leads to errors in discharge estimate always less than or 
equal to those obtained by using the discharge coefficient (Eq. 1). Finally, also applying the 
relationship with a single value of the exponent (1.1471) and the coefficient a estimated 
by Eq. (30), gives performances in discharge estimate similar to those by Bai et al. (2023).

In conclusion, the proposed approach, which excludes the discharge coefficient, also 
guarantees a better estimate of the relationship available in the literature for vegetated 
weirs.
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