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Abstract

We examine how the ability of a system to redundantly proliferate relevant information about its
pointer states is affected when it is coupled to multiple baths. To this end, we consider a system in
contact with two baths: one—termed the accessible environment —which, on its own, induces a pure
dephasing mechanism on the state of the system and satisfies the conditions for classical objectivity to
be established. The second environment, which we dub as inaccessible, affects the system in two
physically relevant ways. Firstly, we consider an interaction that commutes with the Hamiltonian
describing the interaction between system and accessible bath. It thus also gives rise to dephasing of
the system, albeit on different time scales. Secondly, we consider a thermalising interaction, which
does not commute with the system-accessible environment Hamiltonian. While the former still allows
the system to redundantly encode its state into the accessible environment, the latter degrades the
correlations, eventually destroying them in the long-time limit, and thus leads to a loss of the
conditions necessary for classical objectivity to be established. This sheds light on the role that
commutativity between the various system-bath interaction terms plays when establishing the
conditions for classical objectivity to be supported.

1. Introduction

Decoherence theory provides the framework to understand the emergence of classical states from an underlying
quantum dynamics [1]. It posits that the nature of the system-environment interaction singles out a set of system
states—the pointer states—which form a basis for the system’s description and are robust to the deleterious effects
of the interaction. It is the commutativity between the system-environment interaction and the pointer basis
that determines the (classical) state which the system is driven to by the dynamics [1].

While decoherence accounts for how classicality is achieved, it must be augmented to address the more
general question of how we perceive classically objective states [2]. This is due to the fact that decoherence simply
accounts for the irretrievable loss of coherence due to environmental interactions. Quantum Darwinism [2, 3],
and the more stringent strong quantum Darwinism [4—6] and spectrum broadcast structures [7-9], attempt to
address this issue in a mathematically rigorous manner by treating the environment in a more active manner.
The core tenet of quantum Darwinism is that for a classically objective state to emerge, the system must
proliferate information about its configuration in the pointer basis to the environment. The total environment,
R, is therefore considered as a collection of smaller fragments, F, with which the system interacts and is able to
share information. The principle quantity of interest is then the quantum mutual information

I(S: &) = H(ps) + H(pg) — H(ps> pe,) @

where H( - ) denotes the von Neumann entropy, psis the density matrix of the system, and p & is the density

matrix of the fraction of the environment, f= 7/R, which an observer has access to. When Z(S: &) = H (S),
the information about the system is stored completely in the fragment & and thus an observer able to interrogate
this fragment will have access to all the available system information, and importantly, no additional information
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can be obtained even if a larger fraction of the environment is accessible [2]. Such a condition naturally implies a
notion of objectivity, as two observers querying different fragments of the environment will nevertheless have
access to the same system information. The system is therefore said to have redundantly encoded its state into
the environment degrees of freedom and this redundancy is witnessed by a characteristic plateau in the mutual
information, equation (1), for increasingly larger fractions of the environment.

This framework has been extensively explored for a system in contact with a single, possibly complex, bath
[10-34] where the role of different bath characteristics can have a significant affect on the system’s ability to
redundantly encode its information within the bath [35-39]. Here, we consider a complementary setting where
the system is in contact with two baths, one which we refer to as the ‘accessible’ environment which consists of
the fragments that hypothetical observers would be able to measure. We will assume that this environment gives
rise to a purely dephasing dynamics on the system which, in the absence of any other influences, provides the
conditions necessary for quantum Darwinism to be exhibited. In addition we assume that the system is also in
contact with a second ‘inaccessible’ bath. By first exploiting a collisional model approach [40—42] we explore how
the nature of this inaccessible bath can strongly affect the system’s ability to redundantly encode information about
its pointer states into the accessible environment’s degrees of freedom. We establish that the commutativity
between the two Hamiltonians governing how the system interacts with the respective baths dictates whether
conditions for classical objectivity can be maintained in the long-time limit. This is a particularly relevant point with
strong implications for the ongoing attempts at unveiling any effect that possible non-Markovian features
emerging, for instance, from the finiteness of one of the environments in contact with the system would induce
[36—39]. In particular, we show that the emergence of non-Markovian features has no correlation with the success
of redundant encoding of information about the system in the state of the accessible environment.

The remainder of the work is organised as follows. In section 2 we examine the microscopic model for the
multiple bath setting, considering a minimal model for the accessible environment consisting of three qubits
inducing a pure dephasing dynamics on the system, while we employ a collision model to simulate the
inaccessible environment. The (rescaled) mutual information between fragments of the accessible environment,
labelled &r, and the system

IS: &)
H(S)

I= ©))
will be a key figure of merit. Section 3 discusses the role of commutativity between the Hamiltonians governing
the system-environment interactions and establishes that non-commuting interactions stifle the system’s ability
to redundantly encode information about its pointer state configuration. Section 4 addresses the features the
open dynamics of the system from the viewpoint of potential non-Markovian features, showing the lack of
correlation between the occurrence of a back-flow of information—typically considered as one of the underlying
fundamental mechanisms giving rise to non-Markovian dynamics—and the successful redundant encoding of
information on the state of the system. Finally in section 5 we draw our conclusions.

2. Collisional-model picture of the system-environment interaction

We consider the situation as depicted in figure 1(a) where the system of interest, S with free Hamiltonian Hs = 03, is
in contact with two distinct environments, one composed of a small number of constitutions which we refer to as
the accessible environment and represents the degrees of freedom which an observer would have access to. For
interactions which give rise to a pure decoherence for the system, i.e. those interactions which only affect the
coherences and leave the populations unchanged, it is known that such interactions lead to the type of global
system-environment configurations that support classically objective states [26, 28]. The Hamiltonian governing
the interaction between the system of interest and the fragments of the accessible environment, labelled A;, is then
Hgy = Jsay_ (05 ® o2, (3)
1
Here a'; is the p = x, y, zPauli operator of either the system (for k = S) or one of the fragments (when taking
k = A;, Vi). For clarity, in what follows we will restrict the size of the accessible environment to three subsystems,
which is the smallest size required for characteristic redundancy plateaux to be observed [24], however remark
that due to the nature of the considered interactions in equation (3) our results remain qualitatively unaffected
for larger accessible environments, with larger accessible environments serving to increase the rate at which
redundant encoding occurs. In the absence of any other influences, this setting is well known to recover clear
Darwinistic features. In particular, when system and all environment fragments are qubits, as will be considered
throughout the present work, it satisfies the conditions for strong quantum Darwinism, or equivalently,
spectrum broadcast structures [26].
In addition to the accessible environment, we allow the system of interest to be coupled to a second
inaccessible bath, which could in principle be of a different nature. Such a setting is physically well motivated:
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Figure 1. (a) Schematic of the microscopic collision model employed. (b), (c) Rescaled mutual information, Z , for (b) dephasing
collisional environment and (c) thermalising collisional environment. We fix Js47; = 0.00757/4 and Jsz7, = 0.0157/2 and 5 = 0.
For both interactions the collisional environment drives the system towards a fully decohered state, however, in the case of a dephasing
interaction the mutual information shared between system and accessible environment fragments shows the characteristic
redundancy plateau transiently emerges with period dictated by the Js, interaction strength. For a thermalising collisional bath there is
an overall envelope where the redundancy plateaux are progressively damped. As elucidated in section 3 this behaviour is explained by
the commutativity, or lack thereof, between the system-environment interaction and system-accessible fragment interaction. In the
dephasing case, the ability of the environmental fragments to create classical correlations with the system is unaffected by the presence
of the collisional environment as the interactions commute, while this is not the case for a thermalising environment, which serves to
fully decohere the fragments as well as the system in the long time limit.

nothing precludes augmenting the original paradigm of quantum Darwinism to allow for the system to be
simultaneously coupled to a thermal bath for instance. Recently the delicate interplay between whether it is
possible for states to be both thermal and classically objective has been explored [27]. Here, we address a
complementary setting in order to gain qualitative insight into how the nature of the interactions between a
system and an inaccessible environment affect the system’s ability to redundantly proliferate information into
accessible environmental degrees of freedom. To this end, we rely on a collision model description of the
inaccessible environment.

Collision models provide a versatile tool for modelling open system dynamics and are particularly suited to
our purposes [26, 40, 41]; the system interacts with a single incoming unit for a short period of time, after which
this unitis traced out and a ‘fresh’ unit is introduced, thus capturing the inaccessible nature of the environment we
are modelling as any information regarding the state of the system which is imprinted on these units is irretrievably
lost. A further advantage of exploiting the collisional model framework is that it allows to simulate different
physically relevant environmental dynamics by simply tuning the microscopic details of the interaction. Care must
be taken in this context: if the system-environment interaction does not commute with the system’s Hamiltonian,
the free-evolution must be taken into account [43, 44]. However, in what follows we consider two system-
environment interactions that give rise to physically relevant dynamics, namely dephasing and thermalisation, and
are unaffected by the inclusion of the free evolution term. The respective Hamiltonians are

E:
Hgy, = Jsp (0} © 02),
HS,TE]- = Jse(0d ® o+ U)S, ® U)}fj), 4)

where E; is the label for the jth unit of the inaccessible environment modelled through the collisional picture.
The system then interacts stroboscopically with the environments, first colliding for a time 7, with the all
accessible fragments, then interacting with the collisional bath for a time 7, i.e.

p(n + 1) = Usg Usap(n) UL, Udy ©)

where Usy = exp(—iHsa7i) and Usg = exp(—iHsg, 72). The accessible fragments and system are assumed to be
initially prepared in state |[+) = (|0) + [1))/~/2 with 0,|0) = |0)and 5,|1) = —|1). Each incoming collisional
unit is initialised in a Gibbs state with dimensionless inverse temperature 3, i.e.

_ l(l + tanh(G) 0 )

2 0 1 — tanh(0) ©

PE;
The system-accessible environment starts in a product state p(0) = pg (0)®? — 1P4,(0). For simplicity we take
infinite temperature collisional units, however we remark, up to some minor qualitative differences, our results
hold for finite temperatures. The infinite temperature assumption together with the considered initial states
means that the resulting dynamics for the system is identical regardless of whether the interaction between
system and collisional bath gives rise to dephasing or thermalisation.

We begin examining the mutual information shared between the accessible fragments and the system. For a

dephasing interaction between the collisional bath and the system, figure 1(b) shows that the characteristic
redundancy plateau emerges. For short time dynamics, where the effects of the collisional bath are small, the rise
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Figure 2. Mutual information between the system and a single accessible environmental fragment (dashed grey), the system coherence
(dot-dashed red), and the fragment coherence (solid blue). (a) Dephasing collisional bath and (b) thermalising collisional bath.

in mutual information when an observer has access to all constituents of the accessible environment, and
therefore f = 1, is evident. For longer times where the collisional bath is able to decohere the system, we find that
redundancy of the information shared between the system and accessible fragments is maintained, however,
now there is no rise when an observer has access to all accessible fragments. In essence, while the system shares
correlations with the collisional bath, it is still able to share the relevant classical information with fragments of
the accessible environment. We see that the emergence of the characteristic redundancy plateaux are periodic.
This is due to the small size of the considered accessible fragments, with the period being fully determined by the
strength of the system-fragment interaction, Js,7;. The situation is markedly different when the interaction
between system and collisional bath gives rise to thermalisation, as shown in figure 1(c). The short time
dynamics is qualitatively identical, and this is again due to the fact that the timescales are too short for the
collisional bath effects to be significant. For longer interaction times, while we see that the mutual information
continues to plateau when an observer has access to larger fractions of the accessible environment, its value is no
longer equal to the system entropy, thus indicating that while information is being redundantly encoded, an
observer cannot gain access to all the classical information about the state of the system due to the interaction
with the thermalising environment. For long interaction times we see that the information shared between
system and accessible fragments Z — 0, indicating the complete loss of all correlations.

We reiterate that the system undergoes an identical evolution in both cases for the considered parameters.
Given the choice of initial conditions, the populations remain fixed and the effect of the collisional bath is to
simply dampen the coherences present in the system. We demonstrate this explicitly in figure 2 where the dashed
red curve shows the behavior of the coherence term of pg[45]

C=> lpyil (7)
ij
and is identical for both dephasing interactions (cf panel (a)), and thermalising interactions (panel (b)), with the
collisional bath. If we focus on only a single accessible fragment, we can see a striking difference that the form of
the system-inaccessible bath interaction has on the properties and correlations that the accessible fragment
shares with the system. For a dephasing collisional bath, figure 2(a), we show the dynamics of the fragment
coherence and the (rescaled) mutual information shared between this fragment and the system, solid blue and
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dashed grey curves, respectively. The clean periodic behavior is exhibited, with perfect classical correlations
established between the system and fragment when the accessible qubit’s coherence term vanishes, with this
behavior persisting regardless of the fact that the system coherence term is being damped by the collisional bath.
In contrast, for the thermalising inaccessible bath we find that the accessible fragment losses coherence in line
with the behavior of the system. This in turn reduces correlations shared between the system and the accessible
fragment, with the overall effect being that all coherence and correlations are destroyed by the thermalising
interaction in the long time limit [27].

Therefore, despite the dynamics of the system being identical in these two situations, the ability for the
system to establish the requisite correlations is strongly dependent on the nature of the interaction with the
inaccessible environment. While other choices of initial states and/or inaccessible bath temperatures will
present minor quantitative differences, the overall picture remains the same: dephasing interactions between the
inaccessible bath and the system always allows for perfect redundancy of information to be encoded within the
accessible environment, while thermalising interactions will destroy all correlations leading to a loss of classical
objectivity. The reason for this difference in behavior is rooted in the non-commutativity between the
interactions of the system with the two separate baths, as discussed in the proceeding section.

3. Role of commutativity

The previous section demonstrated that the nature of the system-inaccessible environment can have a significant
effect on whether the conditions for classical objectivity are fulfilled or not. We can gain insight into the reason
for this dichotomy by examining the interplay between the various interactions. Specifically, we focus on the
commutativity—or lack thereof—of the Hamiltonians dictating how the system interacts with the two
environments. As the accessible environment fragments are non-interacting, and due to the considered form of
the system-fragment Hamiltonians, we can restrict our attention to only a single qubit of the accessible
environment since, given the symmetry of setting, the exhibited behavior is identical for each individual
accessible fragment. We can recast the problem using standard tools from open quantum systems, with the
system simultaneously coupled to a Lindblad bath and a single auxiliary qubit [46—49]. The dynamics of the
system-accessible fragment is therefore governed by the Markovian master equation

Psa = —i[Hsa, pgu] + L(psp)- 8)

The superoperator, £(-), determines the effect that the inaccessible environment has on the system. As
previously, we consider both situations where L gives rise to dephasing and thermalisation affecting the system
only, i.e.

LP(p) = vy(oipos — p),

LT (p) =~ (@ + 1>(aipai - %[p, oioi])
1
+ vﬁ(oipoi -l aiai]), 9)

where i = 1/(e” — 1) is the mean number of thermal excitations in the environment. We can readily solve
equation (8) for both types of bath and determine the reduced states for both system and accessible fragment.
For clarity we fix both the accessible qubit and system to have the same initial state ps(0) = pa(0) = | + ) (+ |,
although remark that our results are qualitatively unaffected for other suitable choices. In the case of dephasing,
the system’s populations are unaffected, while for a thermalising bath the populations are driven to the relevant
values as dictated by the canonical Gibbs state given by the choice of n. Regardless of the nature of the system-
inaccessible environment interaction, the accessible fragment’s populations are invariant. We find that it is the
behavior of the coherence terms in the various reduced density matrices that determine whether classically
objective states can be achieved. The coherences are given by

(0lp§I1) = e~ cos (J, 1),

dephasing:
(0p511) = cos (1) /2,
(0lpgl1) = e (*+3) cos (1),
thermalising: e~ +2Ar+a)t/2 (10)

Olp}l1) = T[(E‘” + Da + ya(e® — 1],

where v, = 727 + 1)and a = \/ —4],(J, + iy) + 7; . We see that for both types of environment, the system
coherence undergoes two competing effects. The dephasing interaction with the accessible fragment gives rise to
an oscillatory behavior, while the interaction with the inaccessible environment leads to an exponential decay.
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Figure 3. Mutual information between system and the accessible environment following the model in equation (11). In panel (a) we
used Js4/y = 1, resulting in a fully Markovian dynamics within the time-frame considered. In panel (b), we have the strong-coupling
condition Jg4 = 107y and a time-frame within which the rate at which the dephasing mechanism occurs switches sign, thus breaking
the divisibility of the underlying dynamics and results in the emergence of non-Markovian effects.

Thus, regardless of the nature of the inaccessible bath, the system coherence will vanish asymptotically. If we
turn our attention to the behavior of the fragment’s coherence we see the markedly different effect that the
nature of the inaccessible environment now has. For a dephasing Lindblad bath, due to the fact that the
interactions of the system with the two baths commute, we find that the accessible fragment is blind to the
presence of the inaccessible bath, with its coherence term oscillating with a period dictated by the strength of the
system-fragment interaction [26], while the Lindblad bath has no effect on its dynamics. In contrast, for a
thermalising bath, we see that despite the accessible fragment not interacting directly with the Lindblad bath, its
coherence term is nevertheless exponentially suppressed. This, in conjunction with the behavior of the system
coherence term, means that no correlations can be maintained in the long time limit and, thus, leads to a
complete loss of the conditions necessary to support classically objective states. It is worth stressing the difference
between the system-inaccessible environment interactions, which is clearly seen when considering the
microscopic description captured by equation (4). In the case of dephasing, purely informational exchange
occurs, while the thermalising interaction supports both information and energy exchanges, with the latter
destroying all correlations in the long time limit.

4. Analysis of non-Markovian features

In order to investigate the effect the back-flow of information has on the emergence of Quantum Darwinism, we
consider a model for time-dependent dephasing on system S described by the master equation

Psa = —ilpsa> Hsal + (1) + (03 psa ()05 — psa (1)) (11)

with Hg,4 as in equation (3), y the standard (constant) rate of Markovian dephasing and g(#) a time-dependent
rate that, following the model presented in [50], we take of the form g (t) = tan(Jt) /2 with J a typical rate
that, for the sake of simplicity, we take as J = Jsa. Att = 7/(2]s4), the time-dependent rate g(f) switches sign,
taking negative values until t = 7/J5,. Under the assumption of |g(t)| >> =, this results in the breaking of the
divisibility of the underlying dynamical map of the the S-A compound, and thus determines the emergence of
non-Markovian features [51].

In figure 3 we report the mutual information between system and accessible environment obtained when
taking different values of the S-A coupling strength. In figure 3(a) we consider the case of Js4 /7y = 1 that, within
the time-window considered, results in a fully Markovian process. Figure 3(b) shows instead a situation where
Jsa/7y = 10, allowing for the rate of dephasing to switch sign and thus break divisibility already within the
considered time window. Remarkably, the behaviors shown in figure 3 are qualitatively and quantitatively
analogous to those obtained in a fully Markovian dephasing model where g(¢) = 0 (with «y = 0). This hints
towards the fundamental irrelevance of a non-Markovian mechanism in the settling of a process of redundant
encoding of information. When considered along the lines of recent literature reporting how non-Markovian
dynamics might aid, rather than hinder, the emergence of Quantum Darwinism [35, 52], our results reinforce
the need for a systematic assessment of the role of non-Markovianity in the emergence of objectivity.

5. Conclusions

We have examined the emergence and suppression of signatures of classical objectivity when a system is in
contact with multiple environments. Assuming an observer can query an accessible environment, which
interacts with the system via pure dephasing interactions, which are known to support the conditions necessary
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for the establishment of classically objective states, we have demonstrated that the nature of the interaction of the
system with the remaining inaccessible environment(s) can drastically affect the establishment of classical
objectivity, as captured by quantum Darwinism. We have shown that for system-inaccessible environment
interactions that commute with the system-accessible environment interaction, the relevant system information
can proliferate into the accessible fragments since these environmental degrees of freedom are unaffected by the
presence of the other bath. However, for other interaction terms which do not commute with the system-
accessible Hamiltonian, while partial redundancy can be established transiently, the interaction of the system
with the inaccessible environment leads to the loss of all correlations, and thus also of the loss of the conditions
for classical objectivity.

Qualitatively the same behavior is exhibited if the effects due to the inaccessible environment are modelled
through master equations giving rise to non-Markovian dynamics. Thus, we establish that rather than the
Markovian versus non-Markovian nature of the bath affecting the system’s ability to redundantly encode
information in the accessible environment [35-38], it is the commutativity of the interactions that dictate
whether the conditions for objectivity are met. Our results indicate that commutativity plays a central rolein a
system’s ability to redundantly encode its information and may be complementary to the subtle role that
commutativity plays in, for instance, equilibration which has recently been established [53—55] or accurately
modelling open system dynamics [56].
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