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ABSTRACT ARTICLE HISTORY
Recent years in time geography have witnessed a flourishment of Received 20 July 2023
space-time prism (STP) modeling extensions for enhancing real- Accepted 2 November 2023

ism. However, there is little research on the incorporation of mon-
etary budget in STP models to capture personal potential
mobility space more realistically. This study considers both time o
: . . . . budget; mobility-as-a-

and monetary budget constraints in STP modeling in a multi- T .

. . . 4 N service; bi-criterion search;
modal supernetwork integrating mobility-as-a-service and trip multimodal supernetwork
chains. We develop an efficient two-stage bi-criterion bidirectional
search method to identify Pareto path sets to construct the result-
ing STP for conducting a flexible activity between two anchor
nodes. To demonstrate the effectiveness of the proposed model
and solution method, a case study with varying scenarios is
conducted to evaluate the impacts of monetary budget on
space-time accessibility and equality. The findings show that the
ignorance of monetary budget overestimates accessibility and
that MaaS, if not well designed, may not improve equality in
accessibility as intended.

KEYWORDS
space-time prism; monetary

1. Introduction

Space-time prism (STP) has been a core concept in time geography since it was first
proposed by Hagerstrand (1970) as an envelope encompassing all possible space-time
paths between two anchor nodes to perform a flexible activity. The spatially scattered
locations and travel time budget forge the essential space-time constraints and acces-
sibility. The projected STP on the planar space, called potential path area (PPA),
includes all accessible locations. Given this appealing feature, STP has many applica-
tions for measuring space-time accessibility and delineating choice sets. Since the
early work of Miller (1991) that extended the STP modeling over transport networks to
consider varying link travel speeds, the field has flourished with STP modeling exten-
sions to capture space-time constraints realistically.
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While the classical STPs have deterministic link travel times and anchor nodes,
recent extensions of STP modeling attempt to relax such conditions. For instance,
Chen et al. (2013) proposed a computational model to construct an STP with on-time
arrival probabilities in road networks. Zhang et al. (2018) proposed an efficient routing
algorithm considering both travel time uncertainty and service reliability to measure
transit accessibility in large-scale multimodal transit networks. As travelers have differ-
ent safety margins for routing strategies, Lee and Miller (2020) measured robust acces-
sibility to deal with travel time uncertainty. Other than focusing on uncertain travel
time, Kuijpers et al. (2010) suggested the concept of anchor regions that contain pos-
sible locations for anchor nodes with probabilities. By relaxing the assumption of iso-
tropic space within the STP, a batch of studies applied the notion of visit probability
to model space heterogeneities. Specifically, Winter and Yin (2010) applied the random
walk theory to model visit probability within a planar STP, which was extended by
Song et al. (2017) modeled visit probability in road networks using semi-Markov proc-
esses for measuring green space—time accessibility.

Another prominent line of development concerns the extended choice facets
beyond a single transport mode, a single flexible activity, or a single person. For multi-
modal STP, most studies focused on multimodality interconnecting walking and one
primary transport mode, for example, public transport (O’'Sullivan et al. 2000, Widener
et al. 2015) or private car (Yin et al. 2020). Based on a multimodal supernetwork repre-
sentation, Qin and Liao (2021) proposed an effective method allowing for flexible trip
chaining of walking, private vehicles, and public transport. For multi-activity STP, Kang
and Chen (2016) suggested a method that first unites all location-specific space-time
regions of an activity and subsequently intersects all these regions of multiple activ-
ities in an activity program. Using the multi-state supernetwork representation, Liao
(2019, 2021) proposed efficient methods to construct exact STPs for conducting mul-
tiple activities. For multi-person STP, Neutens et al. (2007) determined the interaction
spaces for a group of individuals traveling at different speeds and visualized their
space-time intersections by a hybrid system. Fang et al. (2011) proposed a multi-
objective solution method to schedule a joint activity for multiple individuals subject
to respective space—time constraints. To assess joint space-time accessibility through
public transit, Fu et al. (2022) proposed a method to identify feasible alighting loca-
tions considering joint activity choices and travel time uncertainty.

Besides the above extensions, there are other types of STP models, such as kinetic,
realizable, and virtual STPs that enhance realism in travel speed, travel time, and
choice facets respectively. Despite using different mechanisms, all STP models have
common applications in geographic information systems to measure accessibility and/
or inequality. For instance, Horner and Wood (2014) introduced a novel approach to
measuring space—time accessibility at the individual level considering activity patterns
and available time budgets. This method allows inter-person comparison and accessi-
bility aggregation, making it possible to identify areas with high accessibility to serv-
ices. Qin and Liao (2022) constructed STPs in a multimodal supernetwork to identify
the inequality distribution of space—time accessibility to shopping and leisure oppor-
tunities in the Rotterdam-The Hague metropolitan area, the Netherlands. They found
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that private vehicles enhance accessibility and mitigate the inequalities due to residen-
tial location disparities, even in the two cities with well-established public transport.

STP is powerful for describing an individual’s potential mobility space and offers an
instrumental measurement of space—time accessibility. Since the STP model inputs are
individual-specific, the accessibility measurement is person-based and naturally
respects individual heterogeneities, which offers a crucial tool for human-centric plan-
ning on top of the traditional place-based measurement. The existing STP models
exclusively focus on space—time constraints and are capable of modeling spatial heter-
ogeneities (for example, where an individual lives) and temporal heterogeneities (for
example, how much time is available for an individual). However, due to the ignorance
of other dimensions of resource constraints, the space—time accessibility measurement
tends to overestimate accessibility and falls short of capturing heterogeneities. For
example, without the consideration of monetary budget constraints, a rich individual
and a poor individual would have the same accessibility to restaurants if they lived in
the same neighborhood and had the same available time, which contradicts the reality
that the rich usually can access more options. This sharp example echoes the recent
equality analyses that emphasized the vital role of monetary costs in identifying dis-
parities in accessibility of socially disadvantaged groups (El-Geneidy et al. 2016,
Bittencourt and Giannotti 2021, Herszenhut et al. 2022). In geography and urban plan-
ning, much research has already revealed that travel time and monetary costs impact
accessibility to opportunities (Handy and Niemeier 1997, Ford et al. 2015, Conway and
Stewart 2019). In addition, it is well-documented in the consumer surplus measure of
accessibility (Ben-Akiva and Lerman 1979) that individual potential mobility is influ-
enced by multiple factors including the use of time and money. Therefore, it is argued
that from the constraint-based point of view, potential mobility space is in principle
limited by multiple resources, of which time and money are two pivotal resources. To
the best of our knowledge, Mahmoudi et al. (2019) was the only study that explicitly
incorporated multiple resource-based constraints into the construction of STPs.
Specifically, they extended STP to a hyper-prism that encompasses time and other
resource constraints in an expanded space—time network. However, their STP model
concerns the intersection of multiple separate resource-based STPs. This method is
applicable only if there is consistency in the expenses of multiple resources across
links. For example, the emissions are calculated proportional to the time expenses on
the corresponding links. The stipulated problem may, unfavorably, be simplified by
merging multiple constraints into one single constraint. Additionally, although their
model can account for different transport modes as a distinct resource constraint, it is
unable to accommodate flexible trip chaining due to the lack of a unified multimodal
representation, particularly with regard to the use of private vehicles that require pick-
ups before returning to destinations.

This study aims to propose an STP model extension, referred to as STPy, that simul-
taneously accounts for both space—time and monetary constraints. Likewise, the
resulting projection of STPy, onto the planar space, known as PPA, includes all reach-
able locations satisfying the required constraints. In addition, an efficient search
method is developed to construct STPy, in a multimodal transport network. Regarding
multimodality, we incorporate mobility-as-a-service (MaaS) which has attracted
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considerable attention for its potential to stimulate sustainable mobility and improve
equality by reducing the ownership and use of private cars (Hietanen 2014). Maa$ pro-
vides bundled mobility services of multimodality through subscriptions in a digital
channel. For that reason, Maa$S exhibits a complex cost structure, making it an ideal
testbed for assessing the effects of monetary budget. To that effect, we first apply the
multimodal supernetwork representation (Qin and Liao 2021) to integrate Maas,
referred to as SNKy, for capturing the simultaneous mode and route choice. In SNKy,
we suggest a generic monetary cost structure based on the MaaS schemes at the link
and path levels. Then, we develop an efficient two-stage bi-criterion bidirectional
search (TBBS) algorithm for constructing STPy, in SNKy. In the search process, the algo-
rithm considers both time and monetary expenses and constraints to efficiently gener-
ate Pareto space—time paths in SNKy in pseudo-polynomial running time. A case
study is performed in the Eindhoven-Helmond corridor (the Netherlands) to demon-
strate the effectiveness of the proposed method and the potential of applications for
measuring accessibility and equality. The results show that ignoring monetary budget
tends to overestimate space—time accessibility and that MaaS holds the promise of
improving accessibility and equality only if the improvement in accessibility caused by
the introduction of Maas is directed to those who suffer from low accessibility.

The remainder of this paper is organized as follows. The next section provides STPy,
formulations in SNKj,. In what follows, Section 3 presents the TBBS algorithm to con-
struct STPy,, and Section 4 discusses the case study for applications of STPy. Finally,
Section 5 concludes the paper and provides avenues for future work.

2, Space-time prism incorporating monetary budget and Maa$

This section presents the formulations for constructing STPy, in SNKy, to participate in
a single flexible activity between two anchor nodes (see primary notations and defini-
tions in the Appendix Table A1). We start with the preliminary knowledge of the clas-
sic STP in a multimodal transport network and then integrate Maa$ into a multimodal
supernetwork to form SNKy. Next, we formulate a generic cost structure for MaaS and
adapt the STPy formulation accordingly. Lastly, we suggest the measurements of
space—time accessibility and equality with monetary budget.

2.1. STP and STP,, formulations

The classic STP describes an individual’'s potential mobility to engage in a flexible
activity with a single transport mode under a time budget. In transport network G, the
condition for node n falling within the PPA can be expressed as the sum of minimum
travel times between node n and the two anchor nodes being no greater than the
remaining travel time budget.

In the multimodal transport context, private vehicle networks (PVNs) and public
transport networks (PTNs) are basic network units for constructing multimodal super-
networks (Liao et al. 2010, 2013). A PVN can be accessed only by the related private
vehicle (PV), and a PTN can be accessed by walking and public transport (PT). PTNs
are constructed based on the timetables of public transit, where all in-vehicle links
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and transfer links have time tags. In the PVN, link time expenses can be derived by
the lengths and average travel speeds of a transport mode along the links. In the PTN,
the time expense of a transit link between two consecutive stops, despite possibly tra-
versing multiple streets, is represented as one elementary link. Their time expenses are
calculated by subtracting departure times from arrival times as specified in the time-
table data. Each network unit is assigned with vehicle state p indicating if PV is being
used or parked at a specific parking place, and activity state s indicating if the flexible
activity has been conducted (0: unconducted; 1: conducted). PV includes all accessible
private transport modes by the individual at hy, e.g. PV = {car, bike}; PT includes the
traditional public transport modes, such as bus, metro, and train. Once a PV is used,
the PV should be returned to h, after the activity is conducted. Transfers between PV
and PT modes are represented by transfer links switching vehicle states between PVNs
and PTNs. The waiting time at a station can be determined based on the arrival time
and the next departure PT vehicle at the station. Transaction links represent activity
participation switching activity states. An individual's physical movements in the
supernetwork need to traverse travel links inside PTNs and/or PVNs. Under all these
setups, the multimodal supernetwork (Figure 1) can represent all space—time paths for
an individual to participate in a flexible activity. Flexible trip chaining between mul-
tiple transport modes can be accommodated in the multimodal supernetwork.

The condition that node n with transport mode m at activity state s and vehicle
state p, denoted by n|§’;, falls inside the STP is formulated as

rc<ho,n|;’;) +rc(n|’s’;,h1) <b, c=T (1)

where hy and h; denote the start and end anchor nodes, respectively; n|’;;, (s=0 or
s = 1) refers to node n with m at vehicle state p either before or after activity partici-
pation in the multimodal supernetwork, respectively; tr ho,n|s”; and 17 n|§';,h1)
denote the minimum time expenses between node n|§’;J and the two anchor nodes; by
is the given time budget; the minimum activity duration dr on a transaction link is

vehicle state

Parked Parked Bike Parked at Car Parked Parked
at p1B at P in use home in use at pf at py,

are)s Kjianoe

h— Py, )

h
AIAZ 4, " AlAz
B . -

- Ph P pr P P
Figure 1. Multimodal supernetwork (Qin and Liao 2021).
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implicitly included in one of the two subpaths between n|§'; and the two anchor
nodes. It's important to clarify that the notation ‘'n’ indeed represents a node in the
physical network, whereas n|§7, represents a node in the supernetwork characterized
by activity state ‘s’, vehicle state ‘p’, and the used transport mode m. The extension
from n to n|§’;, enables us to incorporate complicated trip chains for the STP modeling.
Equation (1) can be solved by applying twice one-to-all shortest path searches from
the two anchor nodes. It is noteworthy that the backward search from h; should be
conducted in the reversed multimodal supernetwork.

In addition to the traditional PT, MaaS encompasses a variety of shared mobility
services (SMSs), such as shared cars and micro-mobility (including bikes and scooters,
etc.). Although some vehicle types (e.g. bike and car) seem duplicated in both PV and
Maas, PV is distinguished from MaaS by the requirement of being picked up (if used)
after conducting the activity. To incorporate Maa$ into the supernetwork, we create a
multi-layer network of MaaS in Figure 2(a), in which each layer is accessible by a
unique SMS and connected to other layers by transfer links between them. For Maa$
modes, the average waiting time is allocated on the transfer link as well, whose values
are determined by the deployment of MaaS, a high level of deployment leading to
less average waiting time, and vice-versa. While PVs and SMSs use the same mode-
specific road network, PTN is represented in a time-expanded network based on the
PT timetable. Following the supernetwork terminologies, the individual switches MaaS
modes by crossing different layers of MaaS (Figure 2(a)) and changes activity states by
crossing two MaaS networks (Figure 2(b)). After embedding a Maa$S network in Figure
2 as a PTN in Figure 1, the property that all space—time paths are encompassed in the
multimodal supernetwork still holds, and so does condition Equation (1) for the STP.

Motivated by the fact that an individual's potential mobility space is also con-
strained by monetary budget, we extend the multimodal supernetwork to include
monetary costs, denoted as SNKy. Monetary expenses often have complex cost struc-
tures and cannot be obtained directly, especially for different MaaS pricing bundles.
Below we define a monetary cost structure in SNKy, using link incidences at a path

level. Consider path p from hq to arbitrary node n has J links, ¢ (j=1, ...., J), where
@ (b)
=

MaaS

|
: | . . network\ $ =0
T T | ° o
| | e |
| PTN : :l\0§£ PVNbi—k—e’ » PVNg, o
| it | | e T et ™
| ' ¢ |
| SMScar I | | - anchor node )
| | : | e transfer location s=1
[ ]
| i 6 | —— transfer link in MaaS
: SMSuicro |~ ™4 transfer link to pick up PV ~4 activity participation
|

e e s e ey e B

Figure 2. (a) MaaS with transfers; (b) change of activity states.



280 J. QIN AND F. LIAO

ey and e, are the first and last links of p. The monetary cost wg), traversing link ¢; with
transport mode m is formulated as

Ty = e, - Fiy + Z Bec - O - wge, c€{T, L} (2a)
C

m _ [N if j = argmin; {e; € ET}, j < (2b)
Pej 0, otherwise

J
P m m m m __
B — 1, if j/E:1ye" Wy > 00 v, =1, c€ {T, L} 20
0, otherwise

where ocg’ej is a path-level binary indicator, equal to 1 if ¢ is the first transfer link in p
to take transport mode m, and 0 otherwise; Eg’ denotes the set of transfer links to use
transport mode m in p; F} is the fixed (base) fee associated with using transport
mode m; BZ;C is a path-level binary indicator showing if e; is an in-vehicle link beyond
the range of free use of transport mode m in time or length; y’;} is a binary indicator,
equal to 1 if ey is an in-vehicle link using transport mode m and 0 otherwise, where ey
can be a link in any link type along the path p between the first link (e;) to the cur-
rent link e;; 67" is a predefined amount of free use of transport mode m in cost type ¢,
ce{T, L}, in terms of time and distance; 82" is a coefficient converting two link cost
types into monetary cost. For example, for a scenario involving a one-time fixed pur-
chase with free transfers, the one-time purchase fee is presented as a fixed cost (Ff),
otge, s restricted to 1 once for all transport modes, 07 is assigned with large values. In
this article, unless stated otherwise, ‘M’ refers to monetary cost and ‘m’ to transport
mode. Based on Equation (2a—c), the total monetary cost of p is formulated as

loclho,n) => > @l c=M (3)

m €

Based on the time and monetary costs defined in SNKy, a node n|;',’) inside the
STPy if there exists a path p (between hy and h;) consisting of two sub-paths p,
(between ho and nlg) and p, (between n|g and h;) in SNKy satisfying the following
condition

/pwc(ho,nﬁ;) + /pzc(n|g;,h1) <b., ce{T, M} (4)

where 7/, ho,n|f,’J and /pzcgnﬂ’;,h] , ¢ € {T, M}, denote the travel costs (in terms
of time and money) associated with p, and p, respectively, either of which includes d.
as the minimum cost of the flexible activity in a transaction link; b is the given travel
budget. It should be noted that the travel costs in Equation (4) are not necessarily the
minimum costs because of the dual constraints. Any node inside the STP,, in a path p
between hy and h; should have time and monetary expenses no greater than the cor-
responding budgets. For any node n|'s’; satisfying Equation (4), the STPy, can be repre-
sented as a set of time and monetary intervals delineating the accessible time and
monetary windows at all nodes as

sTPu = (J{ [weo + Zp,c(hoinlfy ) wer = Lyl i) |, iy € pee (T, My | 65
p
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where wy is the initial cost point in terms of time and money at hy, W = wg +
b, ce {T, M}. At hy, wr is the earliest departure time and wyo is set to zero.
Equation (5) details the time and monetary windows for any accessible node through
a space—time path satisfying Equation (4).

2.2. Accessibility and equality measures

STP has been extensively employed for evaluating space—time accessibility. We apply
two common accessibility measures in Equations (6) and (7), namely, the number of
accessible locations (NAL) and aggregate flexible costs (AFC.) in terms of time and
monetary expenses (Neutens et al. 2010, Qin and Liao 2022).

1, if a €eSTPy, a €A
NAL =" y(a), #la) = { g
a

0, otherwise ©)
AFC, = Z max (bc - /p1c(ho,a|;';) —lpc (a|;';, h1)>,a € STPy, c € {T, M} 7)
a
where y(a) is a binary indicator showing if activity location a is accessible (0: inaccess-
ible; 1: accessible); AFC,. refers to the sum of the maximum remaining time and mon-
etary budgets for each accessible activity location after reaching h;. We choose the
Gini coefficient (Gini 1909) as an inequality (opposite of equality) indicator to evaluate
the accessibility distribution among a population. The Lorenz curve is an accompany-
ing graphical analysis tool showing the cumulative distribution of accessibility among
the population. Assuming there are | discrete samples on the Lorenz curve (x; y,),
i=1, ..., 1, the Gini coefficient can be approximated as
-1
GINI= 1= (Xit1 = %) (Yit1 + i) (8)
i=1
where x; is the cumulated share of the population and y; is cumulated accessibility
along the Lorenz curve with x; =0, y; =0, and x; =1, y; = 1. The Gini coefficient,
ranging from 0 to 1, shows the gap between the actual distribution of cumulated
accessibility to the perfect distribution line, with 0 meaning the perfect equality and 1
the most inequality. Constrained by both time and monetary budgets, the above
formulations enable the measurements of space—time accessibility with the addition
of monetary budget at the individual level and the associated equality at the
population level.

3. Two-stage bi-criterion bidirectional search in SNKj,

For constructing STPy,, an intuitive method, as adopted by Mahmoudi et al. (2019), is
to first construct STP and space-money prism (SMP) separately and then intersect
them. Similar to STP, SMP is an envelope encompassing all potential space-money
paths between two anchor nodes to participate in a flexible activity, and the projected
SMP on the planar space (or PPA) encompasses all accessible locations subject to the
monetary budget constraints. However, as we demonstrate in an example network
below, this intuitive solution fails to obtain the correct STPy. Accordingly, we develop
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a two-stage bi-criterion bidirectional search (TBBS) method to construct the correct
STPm.

3.1. An intuitive search method

The Dijkstra algorithm and its variants of the label-setting method are commonly
applied to construct the STP for a single criterion. When dealing with multiple
resource constraints, a plausible approach involves intersecting the respective prisms
for single resource budgets. The procedure begins with constructing an STP satisfying
a given time budget, within which space—time paths satisfying monetary budget are
identified as STP,.

Figure 3(a) shows the link numbers and costs (time expense, monetary expense) in a
toy network. Considering a time budget of 20 minutes and a monetary budget of 5
euros. Figure 3(b) shows the accessible budget windows as [0, Utn]/[OMn, UMa], N €
{n,nz,n3}, where o, and uey, ¢ € {T, M}, are the earliest/lowest arrival and the lat-
est/highest departure respectively at node n in terms of time and money through dif-
ferent space—time paths between hy and h;. As shown, some paths (e; —e, and
es — eg) only meet the time budget, some paths (e, —es and e; — eg) only meet the
monetary budget, and only one path (es —es) meets both the time and monetary
budget constraints at n,. It is evident that nodes n; and n, fall within the STP, while
nodes n, and nj3 fall within the SMP. Consequently, their intersection comprises node
n, with accessible time and monetary budget windows as [5, 12] and [2, 4] respect-
ively. However, these budget windows are generated by two paths (es —es; and
e4 — eg) separately. As dictated by Equation (4), a node needs to satisfy the two cost
constraints simultaneously via the same space—time path. In the actual STPy, node n,
has an accessible budget window [8, 12] for time and [3, 4] for money by path e; —
es, wWhich differs from the intersected budget windows.

By varying the link costs in the example network, it is even possible to encounter a
situation where the intersection of STP and SMP has a non-empty PPA, while the STPy,
is empty. The intersection method is valid only when the network has consistent time
and monetary expenses in all paths, for example, 7,y equal to a linear multiple of 7,
which may not hold in realistic networks. As illustrated above, path enumeration

(a) n (b) m 3,131/, -]

N

(8.120[3,3]
T~ 124]

[512)/[-,—

@ (3.3) ~(73)
" a3) =

/
ey (13,2) N1 e (8,1)

hO/ 'Ill ho hl

n; my[—,—1[1,4]

—> shared car — —» shared bike —  PT

Figure 3. (a) Example network with link costs; (b) budget window for n,, n,, and ns.
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allows us to check multiple resource constraints simultaneously, but it is not feasible
in large-scale transport networks. The existing bi-criterion shortest path search meth-
ods through path extensions offer a viable solution to construct STPy,.

3.2. Bi-criterion search method to construct STP,,

The proposed TBBS builds upon the efficient methods introduced by Hernandez Ulloa
et al. (2020) for the bi-criterion shortest path search and Liao (2021) for the two-stage
search. While Hernandez Ulloa et al. (2020) focused on bi-criterion shortest paths and
Liao (2021) aimed at finding the single criterion STP, this study aims to pinpoint the
bi-criterion STPy, in SNKy.

In Hernandez Ulloa et al. (2020), the so-called lazy dominance is proposed to assess
dominance relationships between various paths from the start anchor node and any
search frontier node. In bi-criterion search, a label refers to a two-tuple vector record-
ing the two-criterion costs following a path. The method employs pre-allocated space
to store non-dominated labels of paths grouped by the discretized time expenses as
the first criterion. In each group, labels are ranked in ascending order based on the
second-criterion cost. For each node, there is a temporary variable recording the latest
identified non-dominant label. In this way, the number of dominance checks for each
node is significantly reduced as it requires only a single comparison between the
newly generated label and the latest identified non-dominated label, rather than com-
paring with all existing non-dominated labels. In Liao (2021), the forward search starts
from ho with an admissible lower bound estimation of cost between a search frontier
node and h;. The forward search space is determined by the quality of the lower
bound, and the backward search corresponds to the actual PPA.

We apply three speedup techniques to accelerate the search process. First, the
search space in SNKj, is limited in the intersection area of STP and SMP, which are cre-
ated as a preprocessing step. The intersection area is considered an upper bound of
the search space. Second, goal-directed search is implemented in the first stage (for-
ward search from hg) to reduce the search space, for which the actual minimum costs
obtained from creating STP and SMP are used as the lower bound costs. Third, we use
a slack value of time to eliminate inferior non-dominated labels (corresponding to
Pareto sub-paths) at intermediate nodes with little compromise of the solution quality
(Goldin and Salzman 2021).

In the forward search, a lower bound cost from the search frontier node to the end
anchor node in SNKy, is used to guide the search toward the destination. Equation (9)
defines the forward search space.

7p1c(holn|§’;) + a(nlé’},, h1) <be, cc{T, M} 9)

= m . . . — m . .
where § . n|sp, h:) is a lower-bound estimation of /pzc(n|sp, hg in Equation (4),
and the arrows above the notatio_n)s indicate the forward search E}ection. The esti-
—
mated cost from hg via n|§’;7 to hy, f o, is equal to 7, ¢ ho,n|;'lz7 + &, n|_£j;, hi). The
backward search is delineated by Equation (4), a tighter condition than Equation (9).
Thus, the backward search space is in principle smaller than the forward search space.
Figure 4 schematically shows the area of STP and SMP as well as their intersection
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(Figure 4(a)) and the search space of STPy, (Figure 4(b)) with hy and h; as the anchor
nodes. In Figure 4(b), n; and n, are located at the borders of forward and backward
search spaces, respectively. Given a tight monetary budget, the final STPy, is usually
located inside the intersection of STP and SMP.

TBBS finds a set of Pareto paths from hy to a search frontier node n in SNKy. Each
Pareto path is presented as the k-th non-dominated label of node n, gk(n), which
stores /, c(ho,n), estimated cost f,.(n), parent node s, (n) of n, and the number of
transfers zc(n) to reach n. The exploration of the search frontier is facilitated by two
containers, denoted as I'y and I',, which store labels for the forward and backward
search, respectively. The counts of labels of n in T and Ty is represented as |I'¢(n)]
and |I'p(n)|, respectively. A bucket data structure is applied to store labels in
I’y and I',. The discretized time expenses of all explored p, as well as the correspond-
ing f,r are sorted in ascending order and those labels with the same f;r are stored in
the same bucket, in which the labels are sorted in ascending order of f,u.

For initialization (lines 1-3), the first label is generated for hy and inserted into the
first bucket of I'y. The storage strategy introduced above enables the extraction of
labels in a lexicographical manner by retrieving and deleting the first label from the
first non-empty bucket (line 5) in T'r. For each new label to be added, a lazy-check
strategy is employed to determine the dominance relationship between this label and
only one label of the same node that has been identified with the minimum
Zp,m(ho,n) recorded as Yw(n) of Jc(n) in line 7. Since f;r is explored in ascending
order, the new label is non-dominated only when 7, m(ho,n) < ¥u(n). This approach
significantly reduces the number of comparisons (taking constant time), compared to
the classical bi-criterion search where each new label needs to be compared with all
the extant non-dominated labels of the same node (taking linear time with the size of
the non-dominated set).

To further reduce the non-dominated labels of n, an individual-specific Q is used in
the dominance check (line 6). The updated_)dominance check_is: gk(n) is n_o)t domi-
n_)ated if and only_)if condiions Cin): £ pm(ho,n)+Q-{ £ p1(ho,n) — I1(n)) <
Y m(n) and Cy(n): f om(n) < Y m(hy) are satisfied. The inclusion of Q results in an
approximation of the Pareto set with reduced non-dominant path labels. If gg(n) is
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Figure 4. STP, SMP, STPy,, and search space of TBBS (drawn to scale).
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Forward bi-criterion search
1 Initialization: 9 y(n) = +oo,|T¢(n)| =0, YneV; Ty = =0

2 n=ho 7 pclhon) = (0,0), fi(n) =ho, Fpc(n) = 7pclhon) + Eclmhn), Z1(n) =0;
3 q4(n) = <7W(ho, n), 7,,C(n), 701(), 71(n)>; insert ¢’ 1(n) to Ty, |T(n)| = 1;

4 while I’y # 0 do

5 extract g ,(n) with the lexicographically smallest f-value in T;

6 if £ pc(n) < be & C;(n) && Cyln)

7 insert G (n) to Vy: 0 c(n) = 7 pclho,n);

8 for each n™ € N*(n)

9 j= )]+ 1;

10 for each e(n, nt)

1 7p1((h0,n+) = 7p|c(h0,n) +ol(n,n"), ?p((nﬂ = 7p1((h0,n+) + zc(nﬂm);

12 if e(n, n*) is a transfer link, Z';(n*) = Z'x(n) + 1;

13 if 7 pc(n') < b, && C,(n*) && G(n*) && Z(n*) <R

14 %j(nJr) = n, insert 7j(n+) to I, sort the corresponding bucket in Ty, update r(Is);
15 return s,

C1(n) : 7pwm(ho,n) +Q- (7P1T(h0,n) - 191'(”)) < v M(n) and Cz(n)  f pm(n) < ﬁm(fh)

non-dominated, it is stored in a container i, which is the container stores all non-
dominant labels, and ¥.(n) is updated. Subsequently, the exploration of a successor
node nt € N*(n) of n starts (lines 8 — 14), where N*(n) is a set of successor nodes of
n. Each link to a successor node generates one label with a link cost ®,, which is
inserted in I if it satisfies specific conditions (lines 13). The forward search is termi-
nated when no node is active satisfying the budget constraints in lines 6 and 13 for
extending the search frontier.

In the backward search, several modifications are made to the pseudo-codes of the
forward search. First, the notations have a backward search direction replaced by «,
and the containers are changed to I', and . Second, lines 2-3 should be modified
to include the insertion of Z]k(m)& with each Iab_e>l associated with h; in Iy, and
{pwc(hhm) =(0,0), f pc(hi,ho) =7 p,c(hi,h)+ ¢ pclhohr),  fy (h1) = hy. Third,
f oc(n®) is updated to 7 , .(hy,n") +7p1c(h0,n+) in line 11. STPy, is constructed for
all nodes in v, satisfying Equation (5). It is usually not straightforward to evaluate the
running time complexity of the goal-directed search. However, since time is discretized
and there is a time budget for conducting the activity, there is an upper bound in the
number of labels. Suppose one unit of time (e.g. one minute) is discretized to Ny inter-
vals equally, then the time budget by can be discretized into by - Ny intervals. Based
on the rule of dominance, each time interval can have only one label at most; thus,
the maximum number of labels per node is N, = by - Ny. The network units of the
supernetwork, i.e. PTN and PVN, are sparse because of the low node degrees. The
number of road segments or transit connections represented as links is only a few
times larger than the number of road intersections or PT stops represented as nodes.
For example, one road junction is typically linked with four road segments, ie. a
degree of four. Consequently, it follows that SNKy, interconnecting PVNs and PTNs
with transition links across different network units, is also sparse. For any extracted
label of a node in sparse SNKy, only a few neighboring nodes are explored.
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Meanwhile, sorting is needed to add a new label to a sorted bucket, which has
O(logNs) running time. Taken together, the worst-case running time complexity is
pseudo-polynomial with O(N; - N, - logN;), where N; is the number of nodes in SNKy.

4, Case study

A case study is conducted to illustrate the applications of STPy, considering time and
monetary budgets. To demonstrate STPy at an individual level, we first illustrate the
differences between STP, SMP, the intersection of STP and SMP, and STP,,. To demon-
strate the applications at a population level, we measure space—time accessibility and
equality. Below we first show the setup and then the analysis results of the case study.

4.1. Setup

We consider the participation in a common flexible activity, grocery shopping, during
non-peak hours on a typical workday in Eindhoven-Helmond corridor, the Netherlands
(Figure 5). There are 34 and 9 four-digit postcode areas in Eindhoven and Helmond,
respectively, with 140 grocery stores in total corresponding to a variety of supermar-
kets. A sample of the population was extracted from the national mobility survey in
2019 from Centraal Bureau voor de Statistiek (CBS) and Rijkswaterstaat (RWS-WVL),
including individual travel diaries and socio-demographic information. The sample was
weighted to represent the entire population, including 2,327 residents aged 18-75
from ten income groups. For privacy protection, a random location within the same
residential postcode area was assigned as the home location for each person. The
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Figure 5. Study area.
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travel time budget (60 min) and activity duration (30 min) were derived according to
the average travel time budget and activity duration.

It is supposed that each person has access to MaaS and a private bike, while car
ownership was extracted from the travel diary where 48% of the sample own cars. We
evaluate the accessibility baselines using bike + PT and car (depending on car owner-
ship). Typically, an individual’s accessibility is equal to the maximum values based on
Equations (6)—(8) considering all available mode alternatives. To illustrate the effects of
monetary budgets and the introduction of Maa$S, we also specify the accessibility associ-
ated with certain modes. The travel range of bike in trip chain bike 4 PT is restricted to
10km, owing to physiological constraints. PTN is constructed based on the timetable
from the general transit feed specification (GTFS). There are 485PT stops with 43,030
basic PT connections, each of which includes the departure stop, end stop, start time,
end time, line number, and trip number. All transfer locations for Maa$S are restricted at
PT stops. This setup is in line with the recently popular concept of smart hubs, which
are typically placed near public transit stops. It's worth noting that the proposed space-
—time prism model can address MaaS without the necessity of fixed stations in the
free-floating scheme by adding transfer links at all possible locations within the MaaS
network, which is not considered in the present case study. Based on the service
frequency, three large PT stops (hub) and 59 medium-sized PT stops (station) are
selected as parking and transfer stops. The road network for PVN was created from
OpenStreetMap (https://www.openstreetmap.org) and categorized into five distinct road
types: residential, local, local priority, regional, and motorway, while motorways are only
accessible by motorized vehicles. Average travel speeds are assigned to the five road
types respectively: private and shared cars (<15, 30, 40, 50, 70> km/h), shared scooters
(<10, 15, 24, 36, 0> km/h), private and shared bikes (<10, 12, 15, 18, 0> km/h), and
walking (<5, 5, 5, 5, 0> km/h). The road network has 4,242 links and 2,736 nodes.

Three MaaS bundles (Table 1) are evaluated. The first option operates as a pay-
as-you-go service without a membership fee, while the other two options have mem-
bership fees but reduced bundled prices compared to the first option. The parking fee
is only applied to private cars and is determined based on the parking locations. The
study area is classified into three types: center (dark blue and green areas in Figure 5),
urban (light blue and green areas), and others (the remaining areas). The parking fees
in these areas are €2.0, €1.0, and €0.0, respectively. For private bikes, we set the use
and parking fees to €0.0.

Incorporating the above settings, a supernetwork is constructed based on a few
well-defined strategies to select parking locations to capture consistent multimodal
trip chaining between private vehicles and public transport (Qin and Liao 2021). Those
strategies aim to remove transfer locations that do not contribute much to enlarging
the action space for conducting the activities. Based on experimental results, Qin and

Table 1. MaaS bundle.

Fm (€ 37 (€/h

i (©) r (/) 3" (€/km)
Bundle level Membership fee (€/day) SMS.ar SMS micro PT SMS., SMSicro PT SMS.ar
Low 0.0 4.0 4.0 20 8.0 8.0 6.0 0.6
Medium 1.0 2.8 2.8 1.4 5.6 5.6 4.2 0.4

High 3.0 1.6 1.6 0.8 3.2 3.2 2.4 0.2
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Liao (2021) demonstrated that the selection of locations scales down the size of the
multimodal supernetwork and yields a noteworthy acceleration of computation speed
by 1-2 orders of magnitude (around 50 times in terms of speedup) with little under-
estimation in accessibility measurement.

4.2. Results

4.2.1. Demonstration at an individual level

We consider an individual who has a monetary budget of 12 euros, subscribes to the
high MaaS bundle, and owns a medium-sized car. We focus on the comparison of
accessibility associated with using the private car and MaaS. To emphasize the differ-
ences, we set the use cost of private cars to 0.5 €/km to intentionally devalue the use
of private cars. Two anchor nodes are chosen randomly in the study area and the
comparisons are shown in Figure 6. As shown, the accessible activity locations vary
between the use of private cars and Maa$ in both STP and SMP. Specifically, cars have
125 accessible activity locations in STP and 47 in SMP (Figure 6(a)), while Maa$S has 79
accessible activity locations in STP and 140 in SMP (Figure 6(b)). The large gaps
between them highlight the inconsistency of accessibility delineated by different
resource constraints. In Figure 6(a), the SMP presented by blue dots highlights that car
accessibility is primarily restricted by the monetary budget (including ownership cost).
Conversely, in Figure 6(b), the MaaS accessibility is primarily constrained by the time
budget, and thus the STP is represented by red dots to distinguish them. In intersec-
tions of the corresponding STP and SMP, there are 47 locations for cars and 79 for

e + @ STP e SMP e + @ SMP e STP
(d) STPy for MaaS

0 5 10 km

road [ ee——

A anchor node

Figure 6. Comparison between STP, SMP, and STPy, for car and MaaS.
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Maa$ (Figure 6(c-d)). Based on the STPy,, it is surprising that 34 are accessible for cars
(Figure 6(c)) but only 4 for MaaS (Figure 6(d)), which are significantly less than those
delineated by the intersection method. The underlying reason is that the two resource
constraints have different cost structures in the transport network, thereby invalidating
the intersection method.

4.2.2. Demonstration at a population level

At a population level, we show the accessibility differences resulting from STP and
STPy. Scenario-based tests are conducted to assess the impact of different use costs.
One run per scenario takes around 10 minutes on a personal computer (AMD Ryzenwl
5800H with 16 GB RAM). Finally, the Lorenz curves are shown to indicate equality in
accessibility.

Individuals are classified into low-, medium-, and high-income groups following a
positively skewed distribution. For each, the two anchor points are set as the home
location. The allocation of a monetary budget and Maa$S bundle to an individual fol-
lows the principle that a higher income level has a higher chance of a higher monet-
ary budget and bundle level. The actual monetary budget for travel is derived by
subtracting the allocated membership fees for each day from the individual monetary
budget, which is as €3.0, €6.0, and €12.0 for the low-, medium-, and high-income
groups, respectively. According to Andor et al. (2020), the fees for using small,
medium, and large private cars are estimated as €0.15, €0.25, and €0.40 per km,
respectively, corresponding to the private car use costs of three income groups. To
incorporate some variations, a small subset of individuals in an income group is
assigned different levels of MaaS bundles and monetary budgets. On average, the
majority of individuals from an income level have a MaaS bundle and monetary
budget at the same level.

We measure NAL and AFC,, c={T, M}, for the sample. As the measurements show
similar patterns, we select NAL in the Eindhoven and Helmond cities for demonstration
in Figure 7. The results reveal several insights. First, accessibility under a single con-
straint (i.e. time) is consistently higher than that under dual constraints (i.e. time and
money) using the same transport mode, confirming the results in Section 4.2.1. that
ignoring monetary budget overestimates accessibility. Second, the changes in the
accessibility of bike 4+ PT (Subfigure a-b) are relatively smaller compared to those tak-
ing car or bike + PT (if the individual does not have a car) in Subfigure c-d and MaaS
in Subfigure e—f. This outcome can be attributed to the cheaper fares by PT that only
exert a minor influence on monetary budget. Third, while the accessibility of MaaS
and cars experience a large reduction, car accessibility is still higher than Maa$S accessi-
bility in most postcode areas. This result implies that private cars still excel in over-
coming spatial separation even when Maa$ has a large coverage.

Figure 8 presents the accessibility (NAL and AFCy) resulting from STPy, using differ-
ent transport modes. The sequence of postcode areas in the x-axis of Figure 8(a) is
ranked in increasing order in terms of NAL, and the sequence remains the same in all
other (sub)figures. The curves show that individuals traveling with a car or bike + PT
(indicated by the blue curves) have the highest accessibility except for a few postcode
areas, where Maa$S outperforms slightly. These postcode areas are located near the
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Figure 8. Accessibility based on different transport modes.
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centers of Eindhoven and Helmond, where the use of cars does not have absolute
travel time savings over the use of MaaS. Individuals traveling only with bike + PT
receive the lowest accessibility as indicated by the green curves, implying that public
transport is insufficient for competing with other modes even if facilitated by trip
chaining with a bike (i.e. bike and ride). Although bike 4 PT involves the lowest monet-
ary costs, the time budget constraint stands out to curtail accessibility. Note also that
not everyone owns a car in the study area, implying that owning a car represents
dominantly high accessibility in the study area.

Given that MaaS already has large spatial coverage, we test to what extent the
costs of using private cars and Maa$S influence accessibility (NAL and AFCy,) resulting
from STPy,. Figure 9 illustrates the accessibility concerning different use costs. We com-
pare the results under three scenarios: (1) Maa$S is with the original bundle costs
defined in Section 4.1; (2) the use costs of Maa$S (excluding the membership fee) are
reduced by 50%; and (3) the use costs of private cars are doubled. The results show
that private car is not as competitive as the original MaaS bundles in most postcode
areas, corroborating the argument that the ignorance of monetary budget constraints
overestimate accessibility. On the other hand, it is found that significantly reducing
the MaaS bundle costs only marginally improves accessibility with the presence of
time budget constraints.

To study the effects of the monetary budget on space—time equality, Figure 10
presents the comparison of Lorenz curves under various scenarios. In both subfigures,
the black dashed lines represent perfect equality while the cyan dot lines represent
the Lorenz curves of NAL in STP,, considering private car (depending on ownership),
bike + PT, and MaaS as mode alternatives. In Figure 10(a), the blue curve represents
the NAL in STP for comparison purposes, while the red curve presents the NAL in
STPy for individuals using either car or bike + PT. In Figure 10(b), the blue and red
lines present the NAL in STPy with doubled car use costs and halved Maa$S use costs,
respectively, considering all available modes.

The findings can be summarized as follows. First, when considering only the time
budget constraint for accessibility, with car and bike + PT as the mode alternative, the
Lorenz curve deviates the least from the line of equality, with the lowest Gini
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Figure 9. Accessibility based on different costs.
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Figure 10. Lorenz curves using NAL as the accessibility indicator.

coefficient of 0.179 (blue curve in Figure 10(a)). However, when both time and monet-
ary budget constraints are considered, the Lorenz curves deviate further from equality,
resulting in a higher Gini coefficient of 0.236 (cyan dot line in Figure 10(a)), which
only has a marginal decrease in inequality compared to the situation where Maas is
not introduced (red curve in Figure 10(a)). This can be attributed to the uneven
impacts of MaaS on improvement in accessibility across the population. Second, a sig-
nificant increase in the use costs of private cars exacerbates inequality, as indicated by
a Gini coefficient of 0.324 (blue curve in Figure 10(b)). This is possible because the
introduction of higher pricing negatively affects accessibility for different segments of
the population. Third, changes in the MaaS bundle, such as a 50% discount (red curve
in Figure 10(b)), do not lead to improvement in equality. This can be explained by the
high entry fees associated with MaaS and the existing spatial inequality, which cannot
be compensated by significant pricing reductions alone for the original low-accessibil-
ity group.

According to the analysis results, it is concluded that it is necessary to consider
both time and monetary budget constraints for the measurements of space—time
accessibility and equality. In addition, it is found that Maa$S offers improvement in
accessibility in certain areas where the use of private cars is not advantageous, but it
cannot effectively address the gap of inequality caused by spatial heterogeneities.
Thus, the deployment of Maa$S should be cautious and dedicated to those who suffer
from low accessibility to mitigate accessibility disparities.

5. Conclusion and future work

This study incorporates monetary budget in STP modeling in a multimodal supernet-
work. Additionally, we integrate MaaS with a complex monetary cost structure that is
well-situated for assessing the impacts of monetary budget on individual potential
mobility space. We develop the TBBS method for constructing individuals’ STPy, effi-
ciently. The proposed method is applied in the Eindhoven-Helmond corridor, the
Netherlands to evaluate space—time accessibility and equality. The results show that
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STPy reflects more realistic potential mobility constrained by time and monetary
budgets, thereby representing a high potential for analyzing accessibility and equality.
The proposed STP model and solution method can be extended to incorporate other
budget constraints and is feasible for large-case accessibility evaluations.

The proposed STP modeling extension paves the way for several research direc-
tions, which we will address in future work. First, the proposed STPy, only considers a
single flexible activity, and it would be meaningful to expand the scope to model the
potential mobility space of multimodal and multi-activity trip chains. In the presence
of multiple activities, the monetary budgets are often compensative between the
activities. Thus, individuals are more likely subject to the total monetary budgets for
daily activity programs. Second, the deterministic modeling of time and monetary
costs cannot reflect the stochastic nature of the urban and transport system. Thus,
future work should take uncertain time and monetary costs into account. Third, dedi-
cated urban policies and network strategies should be designed and analyzed to
improve space—time accessibility and equality simultaneously. Fourth, the proposed
space—time prism model can address the MaaS without relying on fixed stations in
the free-floating scheme, by introducing the transfer links at all possible locations in
the MaaS network. Nevertheless, it's noteworthy that the current study does not con-
duct a test of it, which can be an interesting topic for investigation in future work.
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Appendix

Table A1. Primary notations.

Notations Definitions
G Transport network, G = (V,E), with node set V and link set £
n Node in G
a, A Activity location and activity location set, ac A, A C V
x(a) A binary indicator showing if a is within PPA
c Cost type, ¢ € {T, M, L} in terms of time, money, and length, respectively
de Minimum cost for the activity in terms of cost type ¢, ¢ € {T, M}

[0cn, Uen] Budget window for node n in terms of cost type ¢, ¢ € {T, M}

2 Travel budget for cost type ¢, c € {T, M}
ho, hy Start and end anchor nodes
W, Wa Value of costs at anchors in terms of cost type ¢, c € {T, M}, b, = wo — wg
SNKw Supernetwork representation for conducting the flexible activity
|;"p Activity state s, vehicle state p, and transport mode m attached to a node in SNKy,
n,n" Successor and predecessor of node n, respectively
N*(n), N=(n) Set of successors and predecessors of node n, n* € N*(n), n~ € N"(n), respectively
() A link between two neighboring nodes
Wy, Link cost of e in terms of cost type ¢ and transport mode m
E;,” Set of transfer links to transport mode m in path p

o A binary indicator showing if link e is beyond the free use of m in cost type ¢
37 Coefficient for converting link cost of type ¢ into monetary cost for transport mode m
ve A binary indicator showing if link e is an in-vehicle link for transport mode m
Te(r) Minimum cost between two nodes in cost type ¢
F,C(-, ) Estimated minimum cost between two nodes in cost type ¢
p() A path between two nodes in SNKy, consisting of sequenced links
Coc(h7) Cost between two nodes along path p in terms of cost type ¢
—, Forward and backward search directions placed on the top of a notation, respectively
foc(n) f-Value for a path p between the anchor nodes through intermediate node n
Fr Fixed cost of using transport mode m in terms of cost type ¢
oz’g)]"e A binary indicator showing if FT" in path p is included in the link cost of e
07 Predefined amount of free use of transport mode m in cost type ¢
ak(n) The k-th label of node n
z(n) Number of transfers in the k-th label of node n
I, Ty Forward and backward containers to store non-dominant labels
Vi W Forward and backward containers to store selected labels from I'sand I',
Je(n) The latest identified non-dominated label of node n

¢: represents time and monetary costs, unless otherwise specified.
() s can be unattached from a notation with unspecified nodes.
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