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Abstract: A non-iterative partitioned computational method with the energy
conservation property is proposed in this study for calculating a large class of time-
variant dynamic systems comprising multiple subsystems. The velocity continuity
conditions are first assumed in all interfaces of the partitioned subsystems to resolve
the interface link forces. The Newmark integration scheme is subsequently employed
to independently calculate the responses of each system based on the obtained link
forces. The proposed method is thus divided into two computational modules: multi-
partitioned structural analyzers and an interface solver, providing a modular solution
for time-variant systems. The proposed method resolves the long-standing problem of
iterative computation required in partitioned time-variant systems. More specifically,
the proposed method eliminates the need for time-variant matrix formation and the
utilization of complex iterative procedures in partitioned computations, which
significantly improves the computational efficiency. The derivation process and
theoretical demonstration of the proposed method are thoroughly presented through a
representative example, i.e., a vehicle-rail-sleeper-ballast time-variant system. The
proposed method’s accuracy, energy conservation property, and efficiency are
systematically demonstrated in comparison with the results of the global model,
highlighting its superior performance. A more general example provided in Appendix
C demonstrates that the proposed method is not confined to the analysis of vehicle-rail-

sleeper-ballast systems but is applicable to other structural dynamic systems.

Keywords: Time-variant systems; Partitioned computation; Vehicle-bridge interaction;

Energy conservation; Stability and accuracy
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1 Introduction

The design, modeling, and analysis of large and complex dynamic systems are often
impracticable/time-consuming via monolithic models due to physical property
differences in different computational domains [1-4]. Partitioned computation offers a
promising solution, where each system is independently designed and analyzed [5-7],
and different computational methods, such as efficient explicit integration methods or
unconditionally stable implicit integration methods [8,9], are designated in different
computational domains/subsystems based on the physical properties of subsystems.
Thus, partitioned computational methods remarkably improved the computational
efficiency and accuracy of large and complex dynamic systems.

Partitioned computation methods are typically applied to time-invariant dynamic
systems consisting of two subsystems. Consequently, a multi-physics analysis dealing
with interactions among multiple subsystems (> 3) presents a new challenge. Moreover,
when there is a physical relative motion between the interconnected subsystems, the
interface coupling between them becomes a more crucial concern. Typical examples of
time-variant systems arise in dynamic contact problems, where relative moving
velocity exists among the interconnected subsystems, such as the vehicle-bridge
interaction system [10—12] and systems involving sliding friction interfaces [13—16].
These challenges emerging in time-variant dynamic systems demand not only modular
simulation capabilities for each subsystem but also, more critically, the maximum
possible separation of interface problems in individual subsystems [17]. Two
fundamental approaches can be identified for solving multi-subsystem problems:
monolithic schemes [18-23] and partitioned schemes [24-28].

Monolithic schemes. In a monolithic coupling system, all individual physical
subsystems, including their interactions, are solved in global system equations with
consistent discretization and integration schemes. Highly robust and accurate
simulations of large and complex problems are often achieved by solving global
systems. However, this comes at the cost of the flexibility of the monolithic approach

as it requires the solver to be customized for the specific application and lacks easy



70

71

72

73

74

75

76

7

78

79

80

81

82

83

84

85

86

87

88

89

90

91

92

93

94

95

96

97

98

modifiability. Furthermore, modifying the coupling problem requires substantial effort
and significantly prolongs the method and software development time [2]. For instance,
in time-variant systems, such as the time-variant vehicle-bridge global system caused
by vehicle motion, the large global system matrix necessitates reassembly and
recalculation at each time step, consuming significant computational resources [27].
Moreover, by employing condensation techniques that eliminate the degrees of freedom
(DOFs) of the vehicle, Yang and Yau [18,21-23] first transformed the vehicle equations
into equivalent stiffness equations and subsequently condensed them into the bridge
system. Due to the time-variant contact point, the system matrix in [18,21-23] typically
varies over time, necessitating updating and factorization of the matrix at every time
step, resulting in significant computational overhead for stochastic calculations. In
addition, Ge [29] introduced a time-parameter freezing technique to transform the linear
time-varying vehicle-bridge interaction problem into a sequence of linear time-
invariant problems.

Partitioned schemes. In contrast to the monolithic method, partitioned
computational methods usually employ independent solvers for different subsystems,
such as explicit/implicit solvers. The exchange of physical information between solvers
is limited to the coupling interfaces [8]. Each physical subsystem can be designed as an
independent system and be solved by using tailored discretization and integration
schemes. This approach offers enhanced flexibility for the overall coupling problem.
For example, Xia et al. [24,25] proposed a loosely coupled iterative algorithm that
computes the vehicle and bridge subsystems separately using contact forces obtained
through iterations. Xia’s iterative algorithm was subsequently optimized in a recent
study [26—-28]. Stoura et al. [30] introduced auxiliary contact bodies between the vehicle
and bridge systems for conducting iterative analysis based on predefined convergence
criteria. Kalaycioglu [31] proposed a decoupling Method for the dynamic decoupling
problem of nonlinear structures, while this method is applicable only if the nonlinearity
can be modeled as a single nonlinear element. Existing partitioned methods require an

iterative procedure based on predefined convergence criteria at each time step. However,
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conducting a single calculation is already highly time-consuming for large and complex
systems. The success of the calculation relies directly on the chosen convergence
criterion, and developing convergence criteria for complex time-variant systems poses
significant challenges. Furthermore, for partitioned systems with multiple interfaces,
convergence criteria must be defined for each interface, and achieving simultaneous
convergence at multiple interfaces is challenging. Convergence calculations for time-
variant interfaces are even more complex and time-consuming. Moreover, even if the
calculation results converge and approximate well the true values, determining if there
is dissipation of system energy or if certain response frequencies are being filtered
remains difficult.

These above challenges emerging in time-variant dynamic systems, e.g., the
limitation of the number of subsystems, the requirement of iterative procedures, and the
determination of the convergence criterion at multiple interfaces, motivate us to
investigate a formulation that enables modular computational modeling and deals with
multi-subsystems interface problems in time-variant systems. A general, simply-
structured, and efficient method, i.e., a non-iterative partitioned computational method
with the energy conservation property, is proposed in this study for solving a large class
of time-variant dynamic systems. The proposed method resolves the long-standing
problem of iterative computation required in partitioned time-variant systems. The
time-variant matrix formation and the utilization of complex iterative procedures are
not required in partitioned computations, which significantly improves computational
efficiency. To provide a clear illustration of the proposed method, the remaining
sections of this study are organized as follows. A typical vehicle-rail-sleeper-ballast
system (VRBS) divided into five subsystems, serving as an illustrative example, is
established in Section 2. The non-iterative partitioned computational method for time-
variant dynamic systems is proposed in Section 3. The stability of the proposed method
is investigated in Section 4 through the system energy property. The proposed method’s
properties, including stability, computational accuracy, and efficiency, are numerically

discussed in Section 5 via the built VRBS including the five/two-subsystem models.
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2 Establishment of the partitioned VRBS equations

To demonstrate the derivation process of the proposed method in detail, a
simplified VRBS, as an illustrative example, is partitioned into five subsystems
according to their properties. The interface continuity conditions between the
interconnected subsystems serve as supplementary conditions for calculating the
interface link forces. It is important to emphasize that the proposed method is applicable
to partitioned solutions of other time-variant dynamic systems as well. Fewer or more
system-partitioned solutions can be derived similarly, as demonstrated in subsequent

sections.

2.1 Modeling of the vehicle subsystem

The 2D vehicle model, as shown in Fig. 1, is adopted to illustrate the proposed
method in this study. Three assumptions are made in modelling the vehicle. Specifically,
(1) the vehicle maintains a constant speed; (2) each vehicle consists of seven rigid
bodies (i.e., one car body, two bogies, and four wheelsets), which are interconnected by
the primary and secondary suspension systems with linear springs and dampers; and (3)
the DOFs for the car body, two bogies, and four wheelsets are denoted as (zc, fc), (z1,
bn), (zo, Pr), and (zwi, zw2, Zw3, Zwa), respectively, as marked in Fig. 1. These DOFs
collectively form the vehicle vector Uy = [zc, fe, zu, Bi, Ze, P, Zwl, Zw2, Zuws, Zwa]l. To
establish the equation of motion, a force analysis for the seven rigid bodies is carried
out, as shown in Fig. 2. The derivation for Eq. (1) is provided in Appendix A, and the
incremental form of the vehicle governing equation is presented as follows:

.. . WeR T
M, AU +CVAU(V’tM)+KVAU(VIM)+(L1 )AP

(VR.ti1)

=AP,. +AFv  (la)

(V tisa)

APV (L) (LY = L ) U g ko + (L) (LY = L™ ) Uy 0 (1b)

i+l i+1

where My, Cy, and Ky are the mass matrix, damping matrix, and stiffness matrix of the
vehicle, respectively; the linearized Hertzian spring (ko = 23382063.67) and damping
(co), as marked in Fig. 1 (c), are employed to simplify and simulate the wheel-rail
connection forces; APyz € RV, APyz € R, and AFy € RV refer to the link-force

increment between interconnected subsystems (where Ly is the number of DOFs of the
6
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wheelsets), the external force increment, and the time-variant loadings caused by the
vehicle running, respectively; AUy and AUy are, respectively, the velocity and
acceleration increments at a time step; and all increments are calculated within a time
step Ak from t to ti+1 such as AUy, wy= Uw, 1y - Uw, ». The subscript (i.e., V =
Vehicle, R = Rail, § = Sleeper, B = Ballast, Br = Bridge) is employed here to distinguish
matrix and vector types of different subsystems (similarly hereinafter). In addition,
LR is a Boolean matrix, where the subscript and superscripts denote interface
numbers and two subsystem symbols, respectively. The order of letters in the
superscripts determines the type of Boolean matrix. For instance, the matrix LY'® with
Ly x Ny dimensions is the Boolean matrix of the first interface on the wheel side, where
Ny represents the number of the vehicle subsystem’s DOFs. It is important to note that
all cases discussed in the study are linear scenarios of subsystems connected with

springs, and the nonlinear cases will be further studied in further work. In addition, the

moving vehicle results in time-variant rail-wheelset contact points, making the Boolean
matrix of the first interface on the rail side (i.e., Lfgf':l) also time-variant. More detailed

information on the Boolean matrix can be found in [32-34].

\
(a) (b)

Car body

(¢) wheel-rail contact

Fig. 1 The 2D vehicle model. (a) Lateral view, (b) back view, and (c) wheel-rail contact
information. Note that the notations (kz, czz) and (kpz, cp-) denote the vertical stiffness
and damping of the primary and secondary suspension systems, respectively. The
symbols (M., I.p), (M, 1;5), and (M., 1,,p) are the mass and moment of inertia of the car
body, bogie, and wheelsets, respectively. (L;, Lc) and (Hiw, Hyvt, and Hep) are, respectively,
horizontal and vertical distances of the designated rigid body centers.

7
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Fig. 2 Schematic diagram of the vehicle force analysis. (a) Car body, (b) the first bogie,
and (c) the first wheelsets. The subscripts under the symbol F represent four
components: directions (x and z), positions (f and t), types (c and k), and orientations

(L and R) of the applied forces. For instance, FxiL1 denotes the damping force (c) of the
secondary suspension system (t) along the x direction at the left side (L) of the car body.

2.2 Modeling of the rail-bridge subsystems

The rail subsystem plays a crucial role in distributing and attenuating high-
frequency loadings between the wheels and the rail. Considering the universality, the
ballasted rail system shown in Fig. 3(a) is built in this study. To derive the governing
equations of their respective subsystems, the force analysis for the rail, sleeper, ballast,
and bridge is performed, as depicted in Figs. 3(b) and (c). The incremental forms of

these governing equations are presented below:

l\/lRAU(Rt )+CRAU(R’tM)+KRAU(R¢M) 2a)
+( Rti'flv) AP tM)Jr(l_;*'s)T AP ) = APy + AFT
AFI’——( RW) ( L L\(I)VRU ) +( TYY)T(L\:)V.RU(v,ti)_ R[YIVU(Rt))kO

. : : : (2b)
_( F\’tW)T( Rti.WU(R,ti)_L\:)V.RU(V,ti))C0+( Rti.YY)T(L‘gV'RU(v,ti)_ RI:’I’U(R’“))CO

.o . . T . T
MoAU ., ;+C.AU, +KAU g, | ((LgR) APy +(152) AP(SBJM)):APSE 3)

- B.s\ B-Br ) _
MaAU(g,, ) +CalUpg,  HKaAU g + (('—a ) AP +(L™) AP(BBr,tiﬁ))‘APBE )

M BTAU(Br,tHl) +CBrAU(Br,tM) +KBTAU(Br,t,+1) +( LABlr.B ) AP (BBr ;1) APBrE (5)

8
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kg c
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Sleeper 17_.1,
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Fig. 3 Schematic diagram of the force analysis of the rail-sleeper-ballast-bridge
subsystem. (a) Rail-sleeper-ballast-bridge subsystem, (b) the force analysis of the rail-
sleeper subsystem, and (c) the force analysis of the ballast-bridge subsystem. Note that
the notations (kp, ¢p), (ks, c»), and (kz, cy) denote the vertical stiffness and damping of
the rail, sleeper, and ballast, respectively. The superscript F represents the force
orientation (L = Left), and the first and second subscripts under F represent the name
of the subsystem (» = rail) and the vertical force number, respectively.

The detailed derivation process of Egs. (2) to (5) is given in Appendix A. The five
subsystems are interconnected by the four link forces (i.e., APyz, APys, APsp, and A

Pz 5-). Note that DOFs of all interfaces must be compatible [35]. If the values of all link
forces (i.e., the unknown quantities) are given in advance, all subsystems will be
decoupled into independent subsystems and computed independently using their
respective integration schemes. The interface continuity conditions between

subsystems are thus explored to compute the link forces in the next section.

2.3 Interface continuity conditions

To calculate the link forces and ensure the interface continuity of all kinematic
quantities, the velocity continuity conditions are selected and imposed on the
corresponding interfaces [5,33,36], as shown in Figs. 3(b) and 4. Note that the
displacement/acceleration continuity conditions may cause the system energy

dissipation gradually, namely, the partitioned system is not stable. Further discussion

9
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on these two continuity conditions will be investigated in future study. The four-

velocity continuity conditions are expressed as follows:

LFAU )+ L AU g, ) =0 (6)
L';'SAU(RIM) + Lg'RAU(Sm) =0 (7
L5PAU g, ) L5 AU, 1 =0 ®)
Li® AU g, ) + L PAU g, =0 (€))

Due to the vehicle running, the Boolean matrix of the first interface on the rail side
(i.e., L’fg;’fl) is time-varying. In other words, the velocity continuity condition in the

first interface, as shown in Eq. (6), is time-varying while the remaining conditions
remain time-invariant. At this point, the four-velocity continuity conditions (See Egs.
(6) ~ (9)) are assumed to solve the four-link forces (See Fig. 4). Building upon the
velocity conditions, a novel method is proposed to determine the link forces and
decouple and solve VRBS in the next sections. The proposed method consists of multi-
partitioned structural analyzers and an interface solver, which will be demonstrated

from the perspectives of theoretical and numerical analysis.

Vehicle subs

Shared notes

————— Interface 1

1
L] 1
. 1 .
: 1 Rail subs
_ pL/R 1
R ’- PRS - Fi’V '

_____ ! Interface 2

jm——————
" u

~

E

|

=

=

N

I~ =

I

I

. ~

! Sleeper subs
I

1

_____ Interface 3

, Ballast subs

LR
PBEr_Fb';' !

el Ll |

]
| Bridge subs

Fig. 4 Schematic diagram of the partitioned computation for VRBS.
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3 The proposed non-iterative partitioned method

The non-iterative partitioned computational method for a time-variant dynamic
system is proposed in this section. Specifically, the governing equations of the five
subsystems are first condensed by using the Newmark scheme to simplify the
subsystem-solving expressions (i.e., multi-partitioned structural analyzers in Section
3.1). Subsequently, the velocity increment of each time step can be computed based on
the initial subsystem information in Section 3.2. Then, four-link forces are calculated
via the velocity continuity conditions (i.e., the interface solver in Section 3.3). Finally,

the proposed method is used to obtain all responses of the system.

3.1 Multiple partitioned structural analyzers

The Newmark method with strict energy stability demonstration [37] is employed
to solve the governing equations of the five independent subsystems. Considering the
equation similarity (As shown in Egs. (1) ~ (5)), the rail-subsystem governing equation
(i.e., Eq. (2)) is chosen as an illustrative example to demonstrate the derivation process
of dynamic equations in a compact form. Incremental expressions of the displacement

and velocity for the Newmark method are:

AU, _pan AU, +AhU, + 2228 Ap2, (10)
i+l 7/ i+l d 2}/ 1

U, ——au, —1u, (1)
i+l yAh i+l ;/ i

where the algorithmic parameters y and f are employed to control the accuracy, stability,
and integration scheme type (explicit or implicit) of the Newmark method. Substituting
Egs. (10) and (11) into the governing equation of the rail subsystem without damping

(i.e., Eq. (2)), the incremental form of the equation can be derived as follows:

KRAU g )+ AR s ) = AFgy ) (12a)
.1 BAN
Ky,=—M,+5—K
b Ry R (12b)
RW \T Res \!
AR(RVSM):( tm) AP(VR,tM)-l_(LZ ) AP(RS,IM) (12¢)

11
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AF

(R!twl)

= AP

(RE.t,)

=2 g aanU, e EmU
“Ka| 5, A Uiy + 80Uy J+ MUy (120)

where ARwvs, ) refers to the time-varying link force applied to the rail subsystem,
originating from the vehicle subsystem and the sleeper subsystem. To simplify the

presentation, Egs. (11) - (12) are rewritten in a compact form as follows:

KRAIU(RM) * AR(thm) - F(RE,M)
13
]F(RE,IM) = AP(RE,IM) _NRU(R,Ii) (132)
_ _,B;Ah _
! V4 0 AU(thm)
ng 0 K; 0 AU(R,tiﬁ): AU(R,tM) (13b, ¢)
0 —i | | AU(thm)
yAh
0 0
AR(R'tm): AR(RVSvtM) A]P(REvtm): AP(REvtm) +AFT (13d’ e)
0 0
_ » _
0 —Ahl —7/2—ﬂAh2I
y Zﬁ ’ 1 U(R'ti)
- _— 2 = Ay
Ng=|0 AhK, 2 Ah*K, » M, U(R’ti)— U(thi) (13f, g)
U
0 0 1 (R4)
L 4 )

where 0 and I are, respectively, the zero matrix and identity matrix, with the same
dimension as the stiffness matrix K. By referring to the derivation of the rail incremental

form, i.e., Eqgs, (12) and (13), the compact forms of all subsystems can be derived as

follows:
KyAUy ) ARy = Fues
KeAU g, * AR, = Bre s
KAU(s 1)+ AR = Fee (14)
KAUjg,,,) + AR, = Fee )
KarAUgy )+ AR = Fores

12
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where AR is the link force vectors applied to the corresponding subsystem and they

can be derived in a similar manner as follows:

MRy =(L) APy (152)
MRys iy =(L5Y) AR +(L5°) AR, (15b)
MRy =(17) My +(L°) APy (15¢)
MRy =(L5°) AP +(L™) ARG (15d)
MRy, =(L°) Mgy (15¢)

where ARwr: ), ARses e ), ARessr,:c ), and AR@rs,: ) denote the force vectors
applied to the vehicle, sleeper, ballast, and bridge subsystems, respectively. APz ),
APs,c ), APesse ), and AP@rs ¢ ) are the four-link force vectors to be solved, as
shown in Fig. 4. Up to this point, the coupling dynamic system with four unknown link
forces (i.e., the multi-partitioned structural analyzers) is built in Eq. (14). Based on the
velocity continuity conditions and the velocity increments in a time step obtained in the

next section, an interface solver is developed to compute the link forces.

3.2 Velocity increments within a time step
Given the similarity of the governing equations, the rail subsystem is employed to
illustrate the calculation of velocity increments within a time step A4. The incremental

form for the governing equation of the rail subsystem without damping is rewritten as:

M,AU + K,AU +AR

(RVS 'ti+1) -

AP

(RE*ti+1)

+ AFr (16)

(thi+1) (thi+1)
Substituting incremental forms of the Newmark scheme (i.e., Egs. (10) and (11))

into Eq. (16), the velocity increment is obtained as follows:

AU

y-28 1 :
=K AP(REYIM)+AFr—AR(RVS‘ti+1)—[—2y AhZKR—;MRJU(W—AhKRU(Ryti)] (17

(thi+1)

Eq. (17) demonstrates that the velocity increment of the rail subsystem can be
computed by using the initial information at # (e.g., U« and Utz »)). To compute the

link force, the velocity increment AUy, is divided into two parts (i.e., AUX | and
(Rti+1)

13



304

305

306

307

308

309

310

311

312

313

314

315

316

317

318

319

320

321

322

323

324

325

326

327

328

329

AU‘(E}%CEIM)) according to the loading types (i.e., the link force ARavs,: ) and the

external force APe,t,,)) as follows:

— AU Lin ‘I‘AU Ext (183)

(R'tiﬂ) (R'ti+1) (RE'tHl)

AU — K TAR

(Ritia) (RVS ti.1)

AU

(18b)

AU(EF:évtiﬂ) - K;& (AP

(REtia) +AFr- RRU(R'ti) _AhKRU(thi)) (18¢)
For linear systems, all coefficients in Eq. (17) are constants that can be pre-
determined before computation. Similarly, the velocity increments for all subsystems

can be obtained. The link forces at interfaces are computed in the next section via the

obtained velocity increments and the velocity continuity conditions.

3.3 The interface solver

The first interface, connecting the vehicle subsystem and the rail subsystem (See
Fig. 4), is employed to illustrate the calculation process of the four interface link forces
by using the assumed velocity continuity conditions (i.e., Eq. (6)) and the solved
velocity increments (i.e., Eq. (18)). The velocity continuity condition at the first

interface is rewritten as follows:

71 Ext
fi+1) + AU(VE tis1)

L\;\/.R (AU

Lin
V i

( )+ RW (AULin

(AU +AUEL, )=0 (19)
By referring to the results in Eqgs. (17) and (18), the vehicle system velocity

increments caused by the link forces and external forces are derived as follows:

Lin *1 R\T
AU(I\_/vtiA) - _KV |:< L\iv R) AP(Vthi+1):| (20)

AUET = K\j_ (AP +AFV_R\/*U(v,ti)_AhKVU(v,ti)) (21

(VE.tig) (VE ti)
where K, is the vehicle equivalent stiffness matrix, which has the same form as Eq.
(12b). Substituting Eqgs. 18(b), 18(c), (21), and (22) into the velocity continuity

condition (i.e., Eq. (20)), one has:

AUVEF? - HV‘RAP(VRInl) + GW‘SAF)(RS tita) (22)
T Ext W.R 7 Ext RW 1 Ext
AUL =15 AU(VE,tHl) + ti+1AU(RE,ti+1) (23a)
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Gus = LENKE (L5°) (23b)

HV.R:(L!V‘RKT(L!V'R) F YKL )) (23¢)

All coefficients in Eq. (22) are constant for a linear system, and the velocity
increments of the vehicle and rail subsystems caused by the external forces (i.e., Eq.
(23 a)) are readily obtained. Similarly, the remaining three interface continuity
conditions can also be expressed in the form of link forces.

For the second interface, connecting the railway and sleeper subsystems, one has:

AU = He sAPs +G5.y APy, ) +GrosAPg (24)
AUES = 5°AUGe, [+ AU, (25a)
G = LEoKE (L)' (25b)
Gro = L™K (15°) (25¢)

Hes = (LK (L) + 57k (L7) ) @sa)

For the third interface, connecting the sleeper and ballast subsystems, one has:

AUE' = Hs.pAPg +GppAPrs + G g APgg, (26)
AUG =L5PAUGE,  + L5 AUGE, (27a)
G = L3BKS T (L57) (27b)
Goror = LE°KG (L2 270)

*1

Hoa =(L57KE (59) + 00K (2°)) @79)

For the fourth interface, connecting the ballast and bridge subsystems, one has:

AU BI’E;' = HB-BrAPBBr +GBr-SAPSB (28)
AUgs =Ly AURL + L7 PAUR (29a)
Gops = LEOKG (L2 (29b)

Hyoo (LB B (L -Br )T 4 Lir.BK;rl(LEr.B)T) (29¢)
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Since all quantities in Egs. (22) to (29) can be determined via given information,
the four-link force vectors (i.e., APwr.t..,), APwst.), APsst,), and APssr,e,.), in Fig. 4)
can be directly obtained by solving the four linear equations (i.e., the interface solver
consists of Egs. (22), (24), (26), and (28)). Once the link forces are determined, the
coupling system (i.e., Eq. (14)) is decomposed into five independent subsystems (see
Fig. 4), and the responses of all subsystems at #+1 can be solved independently via Eq.
(14). The computational procedure of the proposed method is given in Appendix B.

It is worth noting that the above five subsystem matrices, involved in the derivation
process, can be substituted with alternative dynamic systems [15]. Moreover, arbitrary
subsystems can serve as time-variant subsystems and updated time-related loadings
(e.g., AFrand AFv) can be derived from the interconnected subsystems with relative
motion. By employing the developed interface solver in the proposed method, a time-
variant dynamic system can be decoupled into independent subsystems, and all
responses of all subsystems can be solved by the developed multi-partitioned structural
analyzers. Therefore, the proposed method is applicable to other time-variant dynamic
systems as well.

In addition, VRBS can be separated into more subsystems by increasing more
interfaces at corresponding positions, and updated multivariate linear equations can be
used to solve the unknown link forces. Conversely, merging interconnected subsystems
can decrease the number of subsystems and interfaces. For instance, by merging the
ballast and bridge subsystems, the resulting partitioned system will consist of only four
subsystems, three interfaces, and three-link force vectors. For two subsystems, only one
interface and one link force vector exist in the portioned system. The derivation process
of the two-subsystem system is given in Appendix C, demonstrating the simplicity of
the computational procedure. It is worth noting that the built VRBS includes essentially
five independent mathematical matrices that represent different physical subsystems,
and they can also represent other more complex physical systems when corresponding
physical properties are assigned to the matrices. On the contrary, in Appendix C, a two-

subsystem model consisting of the spring-mass subsystem and the continuous beam
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subsystem (as shown in Fig. A3) is built to demonstrate the applicability of solving
other time-variant dynamic systems.

In the interface solver, solving linear equations is essential to computing link forces,
leading to increased computational time proportional to the number of subsystems, as
elaborated in Section 5.3. Additionally, while energy dissipation doesn’t occur at
interfaces, exceedingly minute link force values emerge in results due to floating-point
operation errors, as discussed in Section 5.1. These drawbacks restrict us from

incorporating an excessive number of subsystems into the calculation.

4 Proof of computational stability based on the system energy

The energy conservation property, including the interface pseudo-energy and the
interface mechanical energy, is investigated in this section to prove the computational
stability of the proposed method.
4.1 The interface pseudo-energy

The following pseudo-energy norm of a dynamic system without external
excitations (solved by the Newmark method [37]) is widely used to investigate the

computational stability of partitioned systems. Further details on the pseudo-energy can

be found in [33,38].
Lp g = = e T 1 i = e 1 .
E[uk AU, +U{KU, | = _[y_ij AU G AAU )+ AU AR (30a)
— ) 1
Ak - Mk " Ahk ﬁ _57 Kk ’ AR(“M) = AP(kEvtm) +AR(kxti+1) (30 b, C)

where k is the subsystem number; the symbol []Z+1 is the increment of kinematic

quantities from # to #+1; and AR, includes the link forces AR, : ) and external

excitation APwe,: ), as shown in Egs. (1) ~ (5). The pseudo-energy incremental is:

AEy, +AEq, = AEg, +AE;, (31a)
L e k 1r 1 1 ha
AEy;, :E[Uk Akukli , AEg :E[Uk KkUk:Li (31b, ¢)
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AEX

diss

e AR, (31d,0)

1 A T
:—(7/— ZJAUT AkAU ) AE,, = A AU
where AEX,,, AEK ., AEK, ., and AEK,, refer to the pseudo kinetic energy, the pseudo-
potential energy, the pseudo dissipation energy, and the pseudo loading energy of the

k™ subsystem at Ak, respectively. According to the link forces in Eq. (15) or Fig. 4, the

pseudo-loading energy generated by link forces (i.e., AEX,,) is:

1

K _ ARk _ T
AE, =AE AhAUktHl) R (32)

ext

According to the stability conditions in [38] (i.e., y=1/2 and A is positive

definite), individual subsystem responses under forces are stable if AEX,, <0. Referring
to Eq. (31), the total pseudo-energy for VRBS with five subsystems is:
2 k 2 k
Z(AEkm + AElnt ) z (AEmss ) + AEIink (33)
k=1 k=1
The total pseudo-loading energy dissipated at all interfaces is:

4
AE;, =Y (AES) +AEL) (34)

1=1

where the superscripts stand for two interconnected subsystem numbers. For instance,
for the firstinterface, k and j denote the vehicle (V) and rail (R) subsystems, respectively.
Substituting Eq. (32) into Eq. (34), the total pseudo-loading energy caused by four-link
forces (i.e., Eq. (15)) is derived as follows:

Ay = AlhAUTvt.ﬂ(LZVR) Pimia) T
(( V) APy +L°) AP t.ﬂ))*
Ul (57) Ry + (%) 8P ]+ o)
Ul ((1°) 8P +(L5%) AR )+

1

Br«B
EAUwrtm)((L ) AP(BB”.A))

The total pseudo-loading energy is simplified as follows:
18
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. T 9 * T
(V' tin) L\lN R) +AU(TRv‘i+1)( RIIYY) )AP(Vthi+1)+

407,

1| (A0 () AUl (7] Jar,
A
<

|l)+
AE,, = —

n BT . T (36)
%)+l (1) )AP@BJ- )

i+l

Li.Br )T + AU(TBr,tM) ( LE“B )T )AP(BBrvtM)

Substituting the velocity continuity conditions (i.e., Egs. (6) ~ (9)) into Eq. (33),

the total pseudo loading energy within the duration from # to #, is:

tn
AE = I% AE, =0 (37)

Therefore, if the assumed velocity continuity conditions and the Newmark scheme
are ensured in the computation process, the total pseudo-loading energy will be equal
to zero and will not be affected by the algorithmic parameters (y and ). Consequently,
the stability of the proposed method can be guaranteed in the partitioned computation.
4.2 The interface mechanical energy

The following system mechanical energy in [33,37,39] is also used to investigate
the proposed method’s stability. Note that external forces and damping forces are not

considered in the system.

%[UTMU + UTKU]:“ =AU (yP +(1-7)P, )—(y—%jAUTKAU
1 1 1 )1 ! (38)
—(y—zj[ﬂ—zyjAthUTMAU —[ﬁ—zyJEAhZ[UTMUl:”

The mechanical energy increment of the k£ subsystem without external forces is

rewritten as follows:
k k K" k k
Artm + Autm - AUtm (7 R(k,tm) + (1_ y ) R(k,ti))

—| ¥ —%jAU&K@U&

. ot . (39)
—| ¥ —%J(,Bk —%yk]Ahk AUt‘;MkAUt‘i‘ﬂ

1
— ﬂk _§7k)A0t:i1
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1

At =5 (UEMUL U MUY (39b)

Avt, =2 (VX KU, -UL KU 39
Uti+1 - E Uti+1KkUti+1 Uti KkUti ) ( C)

rol, =5 a0 (01 MUY, ~UY MU ) (394)

where ATII?_l, Avt'l‘ﬂ, and Aot'i1 refer to the kinetic energy, the potential energy, and the

dissipative energy of the k" subsystem, respectively. The total mechanical energy

increments for the system with five subsystems and four interfaces are derived as:
5
AWork = YAz + A0k )= AW, + AW, (40a)
k=1
k
AW, = ZAU (7R H2-7) Ry

5
dISS_ Z()/ __j
k
1 2 e T .
Z(y __j( 27 ijhk AUZ MAU; - (400)

5

=1

5
k
t|+1

where AW and AW are the interface mechanical energy caused by link forces and

(40b)

AU“K AU

k
k

uN

the algorithmic dissipation energy, respectively [39,40]. The second-order accuracy (i.e.,
= 1/2) is usually required in numerical analysis. Substituting y* = 1/2 into Eq. (39),

the total increments of the system mechanical energy are expressed as follows:

5
AWork = AW, —Z(ﬂk —%)Aqﬁ1 (41)
k=1

The mechanical energy increment AWju in the four interfaces is:
L) +AUG (L )T )(P<VR bt P(vm))*
( L3*) +AU,, (57) )(P<Rs Py )
(AUJs,tM) L) +aUG,, (15°) )( Pl * Posy
|

() AU () ) (R + P

T

AWy = (42)
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According to the velocity continuity conditions, i.e., Egs. (6) ~ (9), one has AWjin«

= 0, and the mechanical energy increment AWj;,x within the duration from ¢ to #, is:
tn
AW, ¢ :LO AW, =0 (43)

When the parameters (i.e., ¥ = 1/4) are thus employed in all subsystems, the total

system mechanical energy is conservative (i.e., AWork = 0).

5 Numerical demonstrations of the proposed method

To comprehensively evaluate the proposed method in terms of computational stability,
accuracy and efficiency, a detailed investigation of a two-dimensional (2D) VRBS
constructed in Section 2.1 is performed. VRBS is separated into five subsystems based
on their properties, and the continuity conditions of the four interfaces are assumed
between the interconnected subsystems, as shown in Fig. 5. A global model (i.e., an
unpartitioned model), a widely used model [27], is also constructed here for comparison,
and the large global system matrix necessitates reassembly and recalculation at each
time step. The 65-meter rail subsystem and 32-meter bridge subsystem, as depicted in
Fig. 5, are simulated via plane beam elements, with 650 and 64 elements, respectively.
The numbers of sleepers and ballasts are both 65, with a longitudinal spacing of 0.5 m.
The springs at the two-side subgrade are fixed at the bottom. Three different vertical

initial velocities of the vehicle (i.e., V' =0, 5, and 10 m/s) are analyzed. The vehicle
travels at a constant speed of vo = 100 m/s, employing a time-step size of Ah=0.001 s,

and the total calculation time is 0.48 s. The relevant parameter values for the two models
(i.e., the global model and partitioned model) are presented in Table 2, which are given
in Appendix D. The initial mechanical energy and initial pseudo energy for the two
models are, respectively, Wy = 146954.4 J and Ey =2274103.82 J when V' = 0 m/s.
Comparative study of the numerical results obtained from the two models is
performed in the following sections. More specifically, the total mechanical energy and
pseudo-energy of the partitioned system without damping and irregularities are first

gathered to discuss the proposed method’s stability. Subsequently, for the designated
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subsystem points at the mid-span section (i.e., R1, R>, R3, R4, and Rs, as marked in Fig.
5), acceleration responses of the two models are used to assess the proposed method’s
accuracy, and different integration schemes in different subsystems are analyzed.
Finally, the computational efficiency of the system considering different subsystem

numbers and the number of DOFs in different subsystems is compared.

-1}

" = —

lT@?é Vehicle
i R1~ -_Rs Raﬂznd
|28~ 2% %3 teido, - o tp i & o &
E& kb‘%cm. % % 5 Sleepersy,
Ik
Subgrade | [ETFE BB Ballastyy, S
A Y 1R4 a
L 165m L 22 m L 165m

Fig. 5. A partitioned vehicle-rail-sleeper-ballast-bridge vertical system

5.1 Investigation of computational stability
1) Interface pseudo-energy

The total interface pseudo-energy caused by link forces (i.e., AEu«xin Eq. (36)), as
depicted in Fig. 6, is collected to investigate the computational stability of the proposed
method. Two integration schemes are discussed in the stability analysis: Case I, single-
implicit Newmark integration schemes with the parameter combination (y = 1/2 and f
= 1/4) are used in all subsystem calculations; Case II, by modifying the vehicle
subsystem integration parameter combinations in Case I to be (y = 1/2 and f = 1/6), the
explicit/implicit hybrid calculation schemes are performed in Case II. The theoretical
interface pseudo-energy for the two cases should be zero and this can be directly derived
from Eq. (37). However, tiny values of AEj. for the two cases under different vertical
initial velocities are observed in Fig. 6. It is worth noting that the calculated pseudo-
energy is amplified 1000 times by the time step size Ah, as seen in Eq. (36). When
compared with the initial input pseudo-energy Eyp = 2274103.82 J, the amplified AEjiu
remains minuscule, as shown in Fig. 6. For the two cases under different initial
velocities, suggesting that these discrepancies are attributed to floating-point operation

errors. Therefore, the proposed method exhibits the energy conservative property in
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Fig. 6. The interface pseudo energy of the partitioned system: (a) single-implicit
Newmark integration schemes with the parameter combination (y = 1/2 and § = 1/4)
and (b) the explicit/implicit hybrid calculation schemes

2) Interface mechanical energy

The interface mechanical energy caused by link forces (i.e., AW in Eq. (42)) and
the algorithmic dissipation energy of the partitioned system (i.e., AWyis in Eq. (40c)),
as depicted in Fig. 7, are collected to discuss the proposed method’s stability. It is shown
that the total AW of the two cases, as shown in Fig. 7(a) and (b), are extremely small
and negligible compared with the initial system energy (Wy = 146954.4 J). The initial
vertical vehicle velocity and the used integration schemes affect A Wi, but the
variation in its value is still extremely small. According to the velocity continuity
conditions, the theoretical value of A Wi should be zero, as shown in Eq. (43).
However, the tiny AWin is presented in the figure due to the floating-point operation
errors. Moreover, due to the parameter combination (y = 1/2 and = 1/4) in Case |, it is
known from Eq. (40c) that AWy is always zero. Therefore, we present only the values
of AWy, for Case I1 in Fig. 7. Fig. 7(c) shows that AW, caused by the parameter S,
gradually increases with the increase of initial vehicle vertical velocities, which is often
used to filter high-frequency spurious vibrations [8,9]. Therefore, the proposed method
possesses the property of mechanical energy conservation, ensuring zero mechanical

energy at the interfaces of interconnected subsystems.

23



531

532
533

534
535

536

537

538

539

540

541

542

543

544

545

546

o547

x10°

10

1.4 T T 1.4 T T
—=— (Implicit, V=0) —s— (Ex/Implicit, V=0)
—4— (Implicit, V=5) —a— (Ex/Implicit, V=5)

0.7 } —*— (Implicit, V=10) i 0.7 F —*— (Ex/Implicit, V=10) % i
% 0.0 i "2'46 0.0 7\.5{? IR “U‘HV l .
= =

-0.7F R -0.7F u g
(a) (b)
1.4 1 ! L 1 1.4 1 L L L
0.0 0.1 02 0.3 0.4 0.5 0.0 0.1 0.2 0.3 0.4 0.5
Time (s) Time (s)
3 T T T T
—=— (Ex/Implicit, V=0)
5| —a— (Ex/Implicit, V=5) |
—e— (Ex/Implicit, V=10)
| l&s fy pA
:'_:_;
=
1k ]
21 ]
_3 (C) 1 1 1 1
0.0 0.1 0.2 0.3 0.4 0.5
Time (s)

Fig. 7. The interface mechanical energy of the partitioned system. (a) the interface
mechanical energy caused by link forces under Case I, (b) the interface mechanical
energy caused by link forces under Case I, and (c) the algorithmic dissipation energy.

5.2 Discussion of accuracy

1) Single-implicit integration scheme

The single-implicit integration method with the same parameter combination in all
subsystems (i.e., Case I) is used to solve the two models. For the partitioned model, two
points exist at the same contact points (i.e., the upper subsystem has the up-points, and
the lower subsystem has the down-points). However, the two points merge into a single
contact point in the global model. Moreover, the wheel-rail contact points are time-
variant so the global system matrix necessitates reassembly and recalculation at each
time step [27]. Acceleration responses of the designated points are shown in Fig. 8.

For the front bogie R and the ballast-bridge interconnection points R4, which

exhibit low-frequency vibration characteristics, the acceleration responses from the two
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models are completely identical. This is evident in Fig. 8(a) and (d). For the rail-sleeper
interconnection points R> and the sleeper-ballast interconnection points Rz, which
exhibit high-frequency vibration characteristics, the acceleration responses from the
two models are identical, as shown in Figs. 8(b) and (c). The partially enlarged figure
of R», as depicted in Fig. 8(b), also reflects the observation in the highest frequency
vibration domain. These observations suggest that results from the two models have the
same amplitude decay and period elongation, which are the two accuracy indicators of
integration methods. Namely, the proposed method has the same algorithm accuracy
(second-order accuracy) as the Newmark method, including the amplitude decay and

period elongation properties.
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Fig. 8. Acceleration responses at the mid-span section of the bridge for the designated
points: (a) the front bogie R, (b) the rail-sleeper contact R», (¢) the sleeper-ballast
contact R3, (d) the ballast-bridge contact R4. ‘Global’ stands for responses from the
global model, ‘Part’ denotes responses from the partitioned model, and ‘up and down’

are, respectively, responses of the upper and bottom contact points of the partitioned
model.
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The acceleration responses of the time-variant wheel-rail contact points at the first
wheelsets are presented in Fig. 9. The up-points from the vehicle subsystem are time-
invariant, whereas the down-points belonging to the rail system are time-variant, which
vary as the vehicle runs. Acceleration results of contact points show that the results of
two points stay in touch, which suggests acceleration responses from the two points
consistently overlap and align with the results from the global model. The enlarged
view also supports this finding. Moreover, the results obtained from the global model
exhibit second-order accuracy, and the results of both models are consistent. This

implies that the proposed method ensures second-order accuracy as well.
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Fig. 9. Acceleration responses of (a) wheel-rail time-variant contact points at the first
wheelset and (b) its partially enlarged figure from 0.4 s to 0.46 s.

2) Explicit/implicit hybrid integration schemes

The hybrid integration schemes combining explicit and implicit methods (i.e., Case
IT) are used in the computation for discussing the feasibility of hybrid computing. It is
important to note that the global model employs a single implicit method with a unified

parameter combination (y = 1/2 and f = 1/4) for computing the entire system.
Although a relatively small time-step A4 = 0.001 s is employed to capture

responses of the vehicle subsystem with low-frequency vibration property, a tiny
difference in the bogie acceleration from the two models is still observed, which is
marked in Fig. 10(a). This observation suggests that the proposed method allows for

adjusting the accuracy of different subsystems by using respective parameters.

Moreover, the highest vibration frequency of the vehicle system is 7.67 Hz, and A
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h/Tmax (i.€., the ratio of the time step size to the maximum period) equals 0.0077, which
is far less than the threshold value of the Newmark explicit scheme (0.318) [38,41].
Hence, although the algorithmic parameter has a minor effect on the accuracy of the
vehicle subsystem, the solved link forces at the vehicle-rail interconnected interfaces
are still accurate, and the explicit integration scheme used in the vehicle subsystem can
still capture vehicle responses accurately. The responses of other subsystems
corroborate these findings, as shown in Figs. 10(b), (c), and (d). More specifically, for
the low-frequency vibration points R4, the acceleration responses from the two models
are completely consistent, as depicted in Fig. 10(d). For the high-frequency vibration
points R> and Rs, the acceleration responses from the two models are the same, as
shown in Figs. 10(b) and (c).
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Fig. 10. Acceleration responses at the mid-span section of the bridge for the
designated points: (a) the front bogie R, (b) the rail-sleeper contact R>, (c) the
sleeper-ballast contact R3, (d) the ballast-bridge contact Ra.

The acceleration responses of the wheel-rail time-variant contact points at the first
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627

628

wheelsets are presented in Fig. 11. To observe responses from the two models, the
responses from 0.4 s to 0.46 s are enlarged. It is shown that acceleration responses from
the two models almost overlap. However, due to the explicit integration used in the
vehicle subsystem, a slight difference is still captured at the peak value of the responses,
as marked in Fig. 11(b). This finding suggests that the accuracy of different subsystems
for the proposed method can be fine-tuned by using their parameters, and different

integration schemes can be used in different subsystem computations.
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Fig. 11. Acceleration responses of (a) wheel-rail time-variant contact points at the first
wheelset and (b) its partially enlarged figure from 0.4 s to 0.46 s.

3) Discussion considering damping and irregularities

A more realistic scenario for VRBS is calculated here by considering system
damping and rail irregularities, where time-domain waves of irregularities can be found
in [42], and the wheel-rail loadings caused by irregularity waves are calculated by the
Hertzian spring stiffness (ko) multiplied by time-domain waves. For simplification, the
same Rayleigh damping coefficients (¢, = 1.2267 and ¢x = 0.001309) are employed in
all subsystem calculations. It is note that the Rayleigh coefficients only impact the
formation of the damping matrix and do not affect the derivation of the proposed
method. The explicit/implicit hybrid integration scheme is used in the computation. The
acceleration responses of the designated points are presented in Fig. 12. It is shown that
acceleration responses from the two models at the designated four points exhibit
complete consistency, and this observation is consistent with Fig. 10. This finding

indicates the feasibility of the hybrid integration scheme in partitioned computations
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629  and its ability to independently calculate subsystem responses. All subsystem responses

630  maintain second-order accuracy.
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633  Fig. 12. Acceleration responses at the mid-span section of the bridge for the
634  designated points: (a) the front bogie R, (b) the rail-sleeper contact R», (c) the
635  sleeper-ballast contact R3, (d) the ballast-bridge contact Ra.

636 The acceleration responses of time-variant wheel-rail contact points at the first
637  wheelsets are presented in Fig. 13. The acceleration results demonstrate that the
638  responses of the two points remain in contact and consistently align with the global
639  model. The enlarged view provides additional support for this observation. Furthermore,
640  the global model results exhibit second-order accuracy, and the consistency between
641  the two models implies that second-order accuracy is also guaranteed in the proposed

642  method.
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Fig. 13. Acceleration responses of (a) wheel-rail time-variant contact points at the first
wheelset and (b) its partially enlarged figure from 0.4 s to 0.46 s.

5.3 Evaluation of efficiency

100 10 T T
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The rail subsystem
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8
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Fig. 14. Comparison of computational efficiency between the global model and the
partitioned models (a) with 5, 3, and 2 subsystems and (b) with different ratios of the
sleeper-ballast-bridge subsystem to the rail subsystem.

Considering the complexity of dynamic systems, different numbers of subsystems
may be necessary in dynamic computations, two new partitioned manners are thus
established in a similar manner for comparatively analyzing the computational time of
different models, as presented in Fig. 14(a). More specifically, the three-subsystem
model and the two-subsystem model. The three-subsystem model includes the vehicle
subsystem, the rail subsystem with 2015 DOFs, and the sleeper-ballast-bridge
subsystem with 322 DOFs, as shown in Fig. 5. The two-subsystem model consists of
the vehicle subsystem and the rail-sleeper-ballast-bridge subsystem with 2272 DOFs,

and corresponding system equations are given in Appendix C. Computational
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information follows Section 5.1, such as a constant speed of vo = 100 m/s, a time-step

size of Ak = 0.001 s, and the total calculation time is 0.48 s. Due to the time-variant

nature of rail-wheel contact points during vehicle operation, the global model [27]
requires time-consuming reassembling and recomputing a new vehicle-rail-sleeper-
ballast-bridge matrix at each time step. The computational time for the global model is
thus the highest compared with those of the partitioned models, as shown in Fig. 14(a).
Furthermore, in the partitioned model with five subsystems, since four-link forces exist
in four interfaces, four linear equations (i.e., Egs. (22), (24), (26), and (28)) need to be
solved to obtain the four-link forces at each time step. Consequently, the analysis of
link forces in the partitioned system involves more matrix computations than in the case
of two or three subsystems. For the partitioned system with two subsystems, only one
link force exists in the interface, as shown in Eq. (II-3). Consequently, the interface
solver requires only one matrix operation to compute the link force. After obtaining the
link force, the large time-variant system is divided into two relatively small time-
invariant subsystems, facilitating efficient calculations. The partitioned model with two
subsystems has thus the highest computational efficiency, approximately 11.9 times
greater than that of the global model.

In addition, according to the three-subsystem model information, we know that the
ratio of DOFs between the sleeper-ballast-bridge subsystem and the rail subsystem is
around 0.16 (i.e., 322/2015). To further explore the computational efficiency of the
proposed method under different DOF ratios of the two subsystems (i.e., the sleeper-
ballast-bridge subsystem and the rail subsystem), the computing time ratio of the three-
subsystem model and the entire model is investigated by increasing the ratio of DOFs
in the sleeper-ballast-bridge subsystem. The result in Fig. 14(b) shows that the
computational time ratios of the two models (i.e., the three-subsystem model and the
entire model) increase with the increasing ratios of the sleeper-ballast-bridge subsystem
and the rail subsystem. In other words, for complex and large systems, the superiority
of the proposed method in terms of the computational efficiency is more evident.

Therefore, the proposed method significantly enhances the computational efficiency.

31



690

691

692

693

694

695

696

697

698

699

700

701

702

703

704

705

706

707

708

709

710

711

712

713

714

715

716

717

718

6 Conclusions

In this study, a non-iterative partitioned computational method with the energy

conservation property is proposed to calculate a large class of multi-subsystem time-

variant dynamic systems. The proposed method addresses the problem that the

partitioned time-variant system requires iterative computation and it implements a

modular solution of time-variant systems. The theoretical demonstration and the

accuracy and efficiency evaluation of the proposed method are performed by using a

representative example, i.e., a vehicle-rail-sleeper-ballast system, comparing the results

obtained from the global model [27]. The major contributions of this study are:

1)

2)

3)

4)

The proposed method implements a modular solution of time-variant systems; the
high-order global system is divided into multiple reduced-order subsystems; and
information exchange between the subsystems takes place only at the interface
solver.

The proposed method decomposes a time-variant dynamic system into several
independent time-invariant dynamic subsystems (> 3); the integration scheme,
accuracy, and stability of each subsystem can be determined via its respective
integration parameters; and the energy conservation property is ensured in the
entire partitioned calculation process.

The proposed method addresses the problem of iterative computation for
partitioned time-variant systems. It eliminates the need for time-variant matrices
and complex iterative procedures, resulting in improved computational efficiency
for partitioned computations.

For a two-subsystem time-variant dynamic system, the interface solver calculates
only the link force through a single matrix operation, and the computational form
is straightforward, resulting in a computational efficiency 12.9 times higher than
that of the global model. The superiority of the proposed method in terms of the
computational efficiency is more evident with the increasing ratios of time-
invariant subsystems.

The developed method will be further extended to the multi-temporary calculation
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of a time-variant dynamic system using a 3-D VRBS considering the wheel-rail

dynamic contacting in future work.
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Appendix A. Establishment of the vehicle-rail-bridge interaction system
A1.1 The vehicle subsystem
According to the assumptions in Section 2.1 and the relative motion of

interconnected rigid bodies, the link forces marked in Fig. 2 can be derived as follows:

thkoi = ktz |:Zc - Zti _(_1)i+1 Icﬂc} (I :1’ 2) (I'l)
thcoi = Ctz [Zc - Z.ti _(_1)i+1 Icﬁcj| (I = 1' 2) (1'2)
Fao =Ko HoBB +Hy B, | (i=12) (I-3)
I:xtcO, = Ctx I:HCbBC + Hstti ] (I :l' 2) (1_4)
" . 2i+1+(-1)"
Fio, = Ko, [th -Z, _(_l) 1 Itﬁq} 1=1,2,34 | :%j (I1-5)

. i1, - 7| o 2i+l+(-1)"
szcOi = sz |:th _Zwi _(_1) ' Itﬂtj:| I :1,2,3’4 = #J (1-6)

where the subscript O = (L, R) stands for the force orientations including L and R
(similarly hereinafter); the force directions are stipulated in Fig. 2; and the dot on
symbols is the derivative with respect to time. Based on the obtained forces in Eqs. (I-

1) ~ (I-6), the governing equations of the ten-DOF vehicle are derived as:

2
Mczc = Mcg _Z thdoi (I-7)
i=1
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743 Icyﬁc i( I+1 c ztdO H (Fxtdo + Fxsoi )) (1'8)

2

744 Mtztl =M, 9+ Fyq0, - Z:(szdoi ) (I-9)
i=1
2 2 i+
745 Ityﬁt1 = _Hbt (Fxtdo1 + Fxsol) + Z((_l) 1 It szdOi - Hthxdei ) (I-10)
i=1
.o 4
746 MZ, =M g+F,0, - Z Foeo, (I-11)
i=3
4
747 tyﬂt2 bt ( xtdO, + Fst )+ Z( +1 thdei - Htw Fxdei ) (1'12)
. 4
748 I\/Iwzwi :Pi :ng+Z(FZdei_NOZi_FOZi) (|:14) (I-13)

i1
749  where the subscript d = (c, k) stands for the force types including damping forces (c)
750 and spring forces (k). The types and orientations of forces should be added to the
751  corresponding equations. Substituting the link forces into the motion of equations, the

752 governing equation of the vehicle subsystem is written in the matrix form as follows:

753 M, AU, +C, AU, +K, AU, + (L") AR =AP,. + AFv (I-14a)

754 AFv=(L ) (L = L) U ko + (L) (L2 = L") Qg0 (1-140)
755  where My, Ky, and Cy are, respectively, the mass matrix, stiffness matrix, and damping
756  matrix of the vehicle (See Eqgs. (I-15)); and APyr, APy, and AFy refer to the link force
757  to be solved, the external force, and the time-variant loads caused by the vehicle running,
758  respectively. The shared nodes for the wheel and rail are set on the rail, as shown in
759  Figs. 3 and 4.

760 M, =[M, I, M M, M, M, M, (I-15a)
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762

763

764

765

766

767

768

769

770

771

772

773

774

775

776

T

4k, -2k, -2k,
Kzz 2|cktz K24 _2|cktz Kze
Ky -2k, -2k,
K 2Lk, -2k,
< Ky -2k, -2k,
v Kes 2k, -2k,
Symmetric 2k, L15b
x, (I-15b)
2k,
I 2k, |
Ky = 4(Hc2bktx + Iczktz)' Ko = 2chHbtktx’ Ky = 2chHbtktx’ Ky = Z(ktz +2kpz)
K = 2(207k,, +2HZK,, + Hak, ), K =2(K, + 2K, )
Kes = 2(217K,, +2HZK,, + HZk, )

AP.=[Mg 0 Mg 0 Mg 0 P, P, P PRJ (I-15¢)
A1.2 The rail subsystem
Similarly, for the rail subsystem, according to the relative motion of the rail and

the ith sleeper (x;), the vertical forces of the right-side rail, as marked in Fig. 3(b), are

calculated as follows:

F, =Kp [ZRr (%)—2Z, (% ):|+va [ZRr (%)—Z, (% )]

F, =k, [ZRr (%)—2Z,(x, ):|+va [ZRr (%)—Z,(x, )]

where the first subscript of the kinematic quantity Z represents the subsystem name (»

(1-16)

1-17)

= rail, s = sleeper) if the orientation symbol (i.e., R/L) does not exist. Only the vertical
forces at the right-side rail are presented. Substituting the link forces into the motion of
equations of the rail, one has:

MeAU, +Cr AU, + K AU, +( L™ )T AP + (157 )T AP =AP.. + AFr  (I-18a)

AFr= _( Lilw )T (Li:WU(R,ti) - L\g.RU(v,ti))ko +(|—ilfl )T (L\SV.RU(v,ti) - Li:/f U(R,ti))ko

. . . . (I-18b)
(L) (5 O~ L0y Joo (L) (00 = LUy Jeo

AP ={.. [2,2Z,(x)+2C,Z,(x)] - [R(x),

pv s pv<s

R(%), P(x)] f (-18¢)

(I-18d)
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where Kr and Cr are, respectively, the coupling stiffness and damping matrices due to

the interconnection of the rail and sleeper; APrsand APgg refer to the link forces from

the vehicle subsystem and the rail external forces, respectively; and AF, refers to the

time-variant loads caused by the vehicle running.

A1.3 The sleeper subsystem
For the sleeper subsystem, according to the relative motion of the rail, sleeper, and
ballast, the vertical forces acted on the ith sleeper (x;), as marked in Fig. 3(b), can be

computed as follows:
Fra = 2|(pv I:ZOr (Xi ) - Zsi (Xi ):I + 2va ':ZOr (Xi )_ Zsi (Xi ):I (1-19)

Far =Koy [ Zo (%) = Zop (%) ]+ oy [Z (%)= Zos (% )] (1-20)

Substituting the link forces into the motion of the equation of rails, one has:

. ((4k,, +2k,)Z, +
Ivlsizsi + = Psi =
(4c,, +2¢,,)Z,
) (I-21a)

2K, (Z (%) +Zg (x))+2cpv(ZLr(xI +ZRr(x,) ( )

) i I=1..n,
+Kyy (ZLb( )+ZRb( ))+va ZLb(Xl +ZRb(Xl)
M AU +C AU + K AU +(L§'R )T APgg +(L§'B)T APgg =APg (I-21b)

where M;i, Zs, and Zp; are, respectively, the mass of the ith sleeper, the vertical
displacement of the sleeper and ballast, and APspand APsgrefer to the link forces from

the ballast and the external force, respectively. Considering the number of sleepers and

ballasts (ns and np), the matrix form of the sleeper subsystem can be easily obtained.

A1.4 The ballast subsystem

For the ballast subsystem, the vertical forces applied to the ith ballast (Zgi/ L), as

marked in Fig. 3(c), are calculated as follows:

Fbcz)i = Ky, [Zg Zlfz, 1)J+wa [ZI,O, Zf(l 1):| (1-22)

2 =Ko | 28 = Z1 ) |+ Cou [ 28 — 2300 ] (1-23)
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Pt = Kow| Zg = Z5° |+ G| Z5 -2 (1-24)

Foo =Kg (Zo —29)+¢4 (Z —Z5) (I-25)

st?i = kbv (Zsi - Zbol ) +GCy (Zsi - Zbol ) (1_26)
where the superscript -O denotes the opposite orientations to O, (i.e., if O =L, then -O
=R). Zy- 1s the vertical displacement of the bridge. The vertical motion of the equation

of the both-side ballast under the ith sleeper can be derived as follows:
szg = Fsa + Fb? - Fb(l)i - Fb(gi - Fb?i (I-27)

where M}, is the mass of the ith ballast. Substituting the link forces into the motion of
equations of the ballast, one has:
M, Z8 + (3K, + Ky, +Ky, ) 28 — ke [zf(i_l) +7.°+ z,?(m)}
+(BCyy +Cyy +Cy, ) 2 — Gy [Z;EH) +7°0+ Z't?(m)} (1-28a)
=P, =k, Z, +C, Z, +kyZ,, +CiZ,, (i=1..n,)

bv = si
MoAU, +CoAU, + K AU, +(L2%) AP, + (L% ) AP, ., =AP,.  (I-28D)

where M, and Py; are, respectively, the mass and loading of the ballast; Z, is the vertical
displacement of the bridge; and AP 5- and AP refer to the link forces from the bridge
and the external force, respectively. The stiffness and damping matrix of the sleeper

subsystem are:

[k, +2k, +K,, -k,
-k, ky, +3K, +K, K,
Ko = K (I-29)
-k, Kk, +2k,+k;, -
[c,, +3c, +C,, —C, ]
—C, C, +3c,+C;, —C,
Cou = (I-34)

—C,

w

—C, Gy, +3C, +Cy |

w

N, <Ny

The ballast boundary conditions at the starting and ending positions are:
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oo (1-31)

{zg_z;_o
biveyy T Bnag)
A1.5 The bridge subsystem

For the bridge subsystem, the governing equation is:

M BrAtJ Br + CBrAL.J Br +K BrAU Br + ( LE"'B )T APB.BI’ :APBrE (1_323)

where AP, is the external forces applied to the bridge deck; and AP3 - to be solved is

the link force at the fourth interface.

Appendix B. The computational procedure of the partitioned system

Table 1. Computational flowchart

Multi-partitioned structural analyzers:
(1) Calculate relative matrices and vectors
Ky, My, K L Uk UK, GE (k=7 R, S, B, Br)
(See Egs. (1) ~ (5))
(2) Calculate constant matrices
Gw.s :Gs.w :Cr.8 :Cp.r :Gs.r :Gpr.s 1 Hyv.r s Hres s Hs.p s Hegr
(See Egs. (23bc), (25bcd), (27bcd), and (29bcd))
(3) Calculate the velocity increments
AUy AU AUG' AU g,
(See Egs. (23a), (25a), (27a), and (29a))
(4) Calculate link forces
APWR 1), AP®s 11, AP(s8,6.),AP®Br 1)
(See Egs. (22), (24), (26), and (28))
The interface solver:
(5) Calculate responses of all subsystems
(See Eq. (15))

(6) Return to (3) for the next step or stop
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Appendix C. Two subsystems for VRBS.

The entire system is here divided into two subsystems (as shown in Fig. Al), i.e.,
the vehicle subsystem ([Jv) (i.e., Fig. Al (a)) and the rail-sleeper-ballast-bridge
subsystem ([Jrs) (i.e., Fig. Al (c)). Referring to Appendix A, the dynamic governing

equations of the two subsystems are similarly derived as follows:

. RA\T
MVA (Vi )+CVAU(V tisa) +KV AU(V i) +( L\iv " ) AI:)(VRB,tM) :APVE + AFV (II-I)
M RBAU(RB,tM) +CRBAU(RB,tM) +K RBAU(RB t ( LiBlw ) (VRB ta) APRBE +AFr (11_2)

where the subscript RB stands for the rail-sleeper-ballast-bridge subsystem; Eq. (I1-1)
is identical to Eq. (I-14a); and the corresponding matrices and vectors can be obtained
similarly. Only one interface (Similar to Eq. (6)) exists in the two-subdomain system.
Based on the Newmark scheme (i.e., Eq. (18)) and the velocity continuity conditions
(Similar to Eq. (19)), the only unknown link force (i.e., link forces APes.1.)) is solved

as follows:

RB WA Ext

)T (RBE 1)

L1 RBAU Ext

(VE ti

e @ e (g e,

All coefficients in Eq. (II-3) are constant for a linear system, and the only link force
can be computed via Eq. (II-3). After getting the link forces, the partitioned system
responses are calculated via the Newmark method (Similar to Eq. (14)).

To present the method more directly, a two-subsystem model considering the
spring-mass subsystem and the continuous beam subsystem is built in Fig. A2, the

corresponding governing equation can be written as follows:

mAU g, ;+CAU g, +kAU, +[0 1] ARy, =AP, +AFv  (Il-4a)

(SB.ti,1)

MgAU o, (+CoAU,, +KgAU |+ (Lﬁw) =AP,_ +AFr (II-4b)

(Btig) (SB tia)

AFv=[0 2] (LY — L5 )U g, K, (Il-4c)
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(Llsti-‘sl )T ([O 1]U(s,ti) - Li;iU(Bv‘i))_
(Llsti.s)T(LlBti.SU(B,ti)_[o 1]U(3v‘i))

AFr= ko (I1-4d)

where m,, Ca, Ko, AU,, AU, AU, and AP, are, respectively, the mass, damping,
stiffness, displacement, velocity, acceleration, and external forces of the subsystem.

They represent the parameters of the spring-mass subsystem and the continuous beam
subsystem when a = § and a = B, respectively. Only one link force (i.e., AP(sp s, ,))

exists in the two-subdomain system, and it can be solved at each time step by using the

following simplified equation (11-3). This step corresponds to (4) in Table 1.

[O 1] AU(i)E’tm) + Bti.flAU(?éytm) -
11-5)
*1 T 1 BeS prt(rBes \ (
[0 UKo o+ L ks (L) AR,
where AU(ESX;M) and AU(ER"EEIM) are, respectively, velocity increasements of the two

subsystems caused by the external forces, which can be calculated by using Eq. (18),
corresponding to (3) in Table 1. K;_l and K;_l are, respectively, equivalent stiffness

matrices of the spring-mass subsystem and the continuous beam subsystem, which can
be solved using Eq. (12). After obtaining the link force APsp, all responses can be
calculated by using Eq. (II-4). This step corresponds to (5) in Table 1. Based on the
two-subsystem model, the sensitivity analysis with respect to stiffness of the partition
is performed by using the calculational information in Fig. A2. The results show that

the connections between partitions do not influence the results.

P
[l Vehicle\y
L 77777 Rl— = — . . . J

——————————————————————————————————— =

K e 4 e, _ _.@_ e %
(b) 2 g P
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Fig. A1 Two-subsystem model of VRBS. (a) ten-DOF vehicle model and (c) the rail-
sleeper-ballast-bridge model.
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Fig. A2 Two-subsystem model considering (a) the spring-mass subsystem and (b) the

continuous beam subsystem.
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Fig. A3 Accelerations of the partitioned model and global model at R2 when (a) ks =1,

(b) ks =

6.0E7, and (¢) ks = 1.0E11.

Appendix D. The parameters for VRBS.

Table 2. System parameters for VRBS.

Parameters Notation Unit  Values
Vehicle

Mass of the car body mc kg 3.40E4
Mass of bogie m kg 3.00E3
Mass of wheelset My kg 1.40E3
Mass moment of inertia of car body Jc kg.m* 2.28E6
Mass moment of inertia of a bogie Jt kg.m* 2.71E3
Stiffness of the primary suspension system Ktz N/m  8.00E5
Stiffness of the secondary suspension system  Kpz N/m  1.10E6
Damping of the primary suspension system Ctz N.s/m 1.60E5
Damping of the secondary suspension system Cpz N.s/m 1.20E4
Half the distance of two wheelsets Lt m 1.2

Half the distance of two bogies Lc m 9
Half-length of car body Lv m 11.8
Vehicle speed Vo m/s 100
Rail-sleeper-ballast

Rail mass per meter my kg 60.9
Rail cross-sectional area Ar m? 7.745E-3
Rail bending moment of inertia lyr m* 3.217E-5
Sleeper mass ms kg 237
Ballast mass My kg 1365.2
Young’s modulus of rail E: N/m?  2.06E11
Stiffness between rail and sleeper Kpv N/m  1.56E8
Stiffness between sleeper and ballast Kbv N/m  4.80E8
Stiffness between ballast and bridge Kfv N/m  1.30E8
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Damping between rail and sleeper Cpv N.s/m 1.00E5
Damping between sleeper and ballast Cbv N.s/m 1.18E5
Damping between ballast and bridge Cfv N.s/m 6.20E4
Length of rail Lr m 60
Bridge

Mass per meter Mpr kg/m  71913.05
Cross-sectional area Aor m? 27.137
Young’s modulus Ebr N/m?  3.50E10
Poisson ratio 0.167
Bending moment of inertia ly m* 287.57
Length of bridge Lor m 30
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