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We describe a mechanism for guiding the dynamical evolution of ultracold atomic motional degrees of
freedom toward multiparticle entangled Dicke-squeezed states, via nonlinear self-organization under
external driving. Two examples of many-body models are investigated. In the first model, the external drive
is a temporally oscillating magnetic field leading to self-organization by interatomic scattering. In the
second model, the drive is a pump laser leading to transverse self-organization by photon-atom scattering in
aring cavity. We numerically demonstrate the generation of multiparticle entangled states of atomic motion
and discuss prospective experimental realizations of the models. For the cavity case, the calculations with
adiabatically eliminated photonic sidebands show significant momentum entanglement generation can
occur even in the “bad cavity” regime. The results highlight the potential for using self-organization of

atomic motion in quantum technological applications.
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The study of self-organization of ultracold atoms is a
well-established research direction, with many notable
experimental and theoretical results [1,2]. Following the
pioneering works on self-organization of cold [3,4] and
ultracold [5,6] atoms coupled to a single longitudinal mode
of a Fabry-Perot cavity, the multimode aspects of opto-
mechanical self-organization in cold and ultracold atoms
have recently started to generate significant interest [7-26].
In parallel to the work on optomechanical self-organization,
there has been great progress in studying the atomic self-
organization arising due to atom-atom interactions being
modulated by an external B-field [27-31].

Although the majority of these works have studied the
nonequilibrium phase diagrams in the mean field limit,
where quantum correlations can be neglected, a number of
works have shown that the quantum nature of light and
matter can play an important role for self-organization
[6,32-41].

Quantum correlated squeezed and entangled states can
be used for quantum enhanced measurements, which go
beyond classical metrology [42,43]. In this context, squeez-
ing and entanglement of the internal atomic degrees of
freedom [44-55], but recently also the external ones
[56-60], have been recognized as attractive tools for
metrological applications.

Here, we focus on external degrees of freedom and study
the spontaneous generation of multiparticle entangled (also
called Dicke-squeezed) states in the atomic motion
[53,61-66] by self-organization of an externally driven
Bose-Einstein condensate (BEC). The mechanism of this
phenomenon is four-wave mixing [67-73] of zero-order
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modes with the spontaneously generated transverse side-
bands, and we demonstrate the effect numerically for two
different models. In the first model, the self-organization
arises due to an external periodic modulation in interatomic
scattering driven by a temporally oscillating B-field. In the
second model, it arises from laser driving in a ring cavity. A
confinement along the y and z axes allows us to restrict the
analysis to 1D structures in an elongated cloud.

Driving by B-field modulation.—In the first model,
shown in Fig. 1(a), a spatially homogeneous and tempo-
rally oscillating B-field in the z direction is modulated near
a Feshbach resonance of the atoms. The B-field sinus-
oidally modulates the atomic s-wave scattering length with
frequency @,y and amplitude a4, thus driving the
pattern formation [31]. For a collisionally thin medium,
this four-wave mixing process is described by the three-
mode Hamiltonian:

Hp = ihgmoab | bl boby + H.c., (1)

where ¢y0q = 27ha0q/mV, m is the atom mass, V is the
volume of the condensate, and by, b, are the bosonic
momentum annihilation operators for the transverse modes

of momenta 0, +hks, where k; = /mwpn./h. The
mechanism of pattern formation in this system is illustrated
in Fig. 1(b). When a pair of atoms with zero transverse
momenta absorbs a quantum of energy fw,,,q, they scatter
into modes with opposite momenta and kinetic energies
hwy0q/2. This momentum-conserving process leads in the
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FIG. 1. Nonlinear self-organization via four-wave mixing of
momentum modes in a driven BEC. (a) The self-organization
along the x axis can be driven by applying a B-field B(r)
oscillating near a Feshbach resonance, leading to an oscillating
scattering length a(z) [31]. (b) Absorption of a quantum of energy
hwyeq leads here to a momentum-conserving scattering of two
atoms with zero transverse momentum into modes with trans-
verse momenta £k, where k; = /Mm@y /h. (c) Transverse
self-organization with spatial period A, for laser pumped atoms
in a ring cavity (7 pump rate) with photon leakage rate «. (d) In
this system, an atomic sideband with transverse momentum —#g,
(g, = 2rn/A,) is excited by scattering of an on-axis photon into a
vacuum mode with transverse wave number +¢.. A correlated
atom with transverse momentum —+#gq, can then be created if this
sideband photon is scattered back into the on-axis mode, with a
converse process for the —¢g,. photon sideband (not shown).

semiclassical picture to a formation of stripe patterns in the
atomic density.

Note that the Hamiltonian H ; describes the same physics
for atoms as the two-photon formalism of [74—77] does for
photon pairs generated in optical parametric amplifiers.
Moreover, Hy is the atomic momentum equivalent of the
Hamiltonian used in SU(1,1) spin-1 atom interferometry
[78,79].

Laser driving with ring cavity feedback.—The second
model we study is based on laser driving of a BEC in a ring
cavity, as illustrated in Fig. 1(c). This novel setup is
inspired by earlier theoretical proposals [32-34,80-82].
Such transverse self-organization has been observed in
nearly degenerate Fabry-Perot cavity experiments with
vertical-cavity regenerative amplifiers [83] and photore-
fractive crystals [84,85]. For a BEC in a cavity, in addition
to the three atomic motional modes with annihilation
operators by, b, for transverse momenta 0, +Ag, (with
q. = 2/ A, for the pattern length scale A,), we have also
the corresponding intracavity photonic modes with anni-
hilation operators ay, a.. In this system, a continuous-wave
laser of frequency @ drives the zero-order cavity mode of
frequency @, with pump rate . Above some critical pump

level 7., this leads to spontaneous generation of sideband
modes with frequency «{, concurrently with atomic
momentum sideband modes. The effective Hamiltonian
of the problem is given by H.,, = Hy + Hl(:lv)\,M + HI(FZV)VM,
with

HO = —hAcno - hAIC(nJr + l’l_)
+ hwg(N. + N_) + ihn(ag —ag), (2)

and the four-wave mixing terms

Hiog = hUo[(a’ b1 + alb])aghy + Hee]
+ AU laf(bla, +bla )by +Hel,  (3)

2
Hw = hU(ata_bib, +He), (4)

where A, = @ — wy — NU,, Al = o — wy — NU, are the
effective pump detunings from the on-axis and side-
band cavity modes, respectively, ny = agao, ng = alai,
No = blby, No = bb., Uy = gt/A, is the single atom
light shift, A, = @ — w, is the laser-atom detuning of the
two-level optical transition, g, is the atom-cavity coupling
strength, and Awg = (hq.)?/2m is the transverse recoil
energy. Following [5,6], here we concentrate on the system
dynamics for Al < 0, where @), (i.e., A.) is tunable via
Fourier filtering of the intracavity light [86].

Generation of correlated atom pairs via the four-wave
mixing terms of H]gvz,M can be explained by a scattering
process illustrated in Fig. 1(d). A photon scattered from the
coherent on-axis mode into the initially empty (vacuum)
sideband mode a, via aiaob;bo can be scattered back
into the on-axis mode via aéaiblbo. This momentum-
conserving process creates a correlated pair of indistin-
guishable atoms with opposite momenta, which can lead to
multiparticle entanglement during transient dynamics in a
dissipative cavity, as numerically demonstrated in this
Letter.

The process can also be described by the atom-only
Hamiltonian H,y, for which the photonic modes are
adiabatically eliminated (valid for |A_|, |AL| > wg) given
by Hyq = Hyy + H)y, where

Hpair = _hgcavbibibﬂb() +H.c, (5)

with parameter gy, = 2U32|BL/[(B.2 + k) (A2 + 7))
(where A’ < 0). In deriving H,q we have neglected Hl(:zv)\,M,
the influence of photonic sideband creation or annihilation
on the coherent field in the on-axis mode, along with the
influence of photonic sideband quantum noise on the
atomic motion. The relationship of Hp and H_,, becomes
more apparent now. Indeed, H,;; has the form equivalent

to Hp, while H; describes the energy shifts related to
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FIG. 2. Populating the sideband Dicke-like states by unitary
evolution via Hp and H,y. (a) Maximum (J2;) reached during
temporal evolution, denoted by J2,,, (blue dots Hp, red squares
H,q at n.e = 1.6n,, and green triangles H 4 at 57.;; = 37,.) against
the total atom number N, with the ideal Dicke state value of
N(N + 2)/4 denoted by the dashed line. (b) The Dicke-squeezed
state forms a band around the equator of the Bloch sphere
characterized by a large radius (J2;) = (J% + J2) and a vanishing
variance of the “spin” distribution along the z axis, ((AJ,)?).
(¢) For unitary evolution with Hp and H,q at N = 40, (J%;) (blue
line Hpg, red line H,q at n.; = 1.61,., green line H,q at e = 37..)
performs oscillations in time, nearly reaching the limit value of
N(N +2)/4 =420 (dashed line) for Hg. For Hp, g = Gmods
while for H,y, g = wg.

self-organization in the laser-driven system (H.; and details
of the derivation are given in [87]).

Dicke-squeezed states in transverse atomic momen-
tum.—Qur aim is to study the phenomenon of Dicke
squeezing and the associated multiparticle (many-atom)
entanglement for the Hamiltonians Hg, H,4, and H,,. To
this end, we define the sideband operators on = n, —n_,
6N =N, —-N_, along with J,= (b b_+blb,)/2,
Jy = (b b_—blb,)/2i,J. = N/2, which are analogous
to Schwinger’s angular momentum operators [101],
with JZ, = J3 + J3.

Dicke-squeezed states for the transverse momentum
sidebands depicted on the Bloch sphere in Fig. 2(b) are
characterized by a low ((AJ.)?), large (J%), and (J,) =
(Jy) = (J;) = 0 [53,62,63,65,66]. For the two transverse
modes, the criterion for Dicke state multiparticle entangle-
ment of identical atoms is given by [66,102]

((A7,)%)

zen: N_l TN A7 /A
Seen = ( )<J§ff>—N/2

<1, (6)

where N = Ny + N, + N_ is the total number of atoms
taken as constant in our simulations.

One can easily show that J2, = N, N_+ (N, + N_)/2,
such that (J%) = (N,N_)+ (N, +N_)/2, where
(N_N_) is a measure of sideband momentum correlations.
For the maximally entangled state, ((AJ.)?) =0 and
(J%) = N(N + 2)/4. In the atomic many-body basis, this
maximally multiparticle entangled state is the ideal Dicke
state, for even N given by [0)4|N/2),|N/2)_.

Continuous translational symmetry of Hg and H_,,.—
Both Hp and H,, are symmetric to continuous translations
along the x axis, which leads to [6N,Hg| =0 and
[6n + 6N, He,y) =0, where (J,) = (J,) = (J,) =0 for
both unitary evolution with Hp and dissipative evolution
with H,, [87]. The continuous translational symmetry of
Hp and H,, is preserved by the density matrix during
temporal evolution. These translationally symmetric self-
organized states are analogous to maximally amplitude
squeezed photonic states, for which the phase of the electric
field is undetermined [103,104].

Unitary evolution under Hg and H,q.—We now discuss
the solutions of the Schrodinger equation for Hp and H .
Because of [J,, Hg] = [J., H,g] = 0, for a system starting
in the state |[N)|0)_|0)_, all moments of J, will be equal to
zero at all ¢, leading to &2, = 0.

The temporal evolution of (J%) is plotted in Fig. 2(c).
The (J2;) initially rises, and then starts to approximately
periodically oscillate in time, with the characteristic time-
scale 7~27/(Ngmoa) for Hp and 7~27/(Ngey) =
4zn?/(wgn?y) for Hyg [105]. For Hp, the atoms scatter
in and out of the transverse sidebands by absorbing and
emitting energy quanta from and to the driving magnetic
field, while for H,; one observes sloshing dynamics (see
below). The value of (J2;) oscillates with a large ampli-
tude, nearly reaching 0 at its trough and N(N + 2)/4 for
Hyp at its peak.

The available Hilbert space is for this initial condition
significantly reduced, as states keep zero transverse atomic
momentum during unitary evolution, allowing for simu-
lations with relatively large N. Plotting the highest J2;
reached during temporal evolution for Hz and H 4, denoted
by JZ .. versus N, reveals a rise parallel to the N(N + 2)/4
line over nearly 3 orders of magnitude, up to the maximum
atom number tractable by the computational resources
available; see Fig. 2(a).

The N? scaling of J2,, observed for large N during
unitary evolution demonstrates the high efficiency of Hp
and H,4 in generating momentum entangled atoms, which
echoes the efficiency of optical parametric amplifiers in
generating photonic entanglement [77].

Dissipative dynamics under H.,, and H,.—We first
look at the full photon-atom dynamics for both the coherent
unitary evolution and for including the cavity photon decay
in the Lindblad master equation. Because of conservation
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FIG. 3. Generating multiparticle entanglement in the Dicke-like

states via transverse self-organization for the full system Hamil-
tonian H,,. The dissipative dynamical evolution of (a) ((AJ,)?),
(b) (J%) for 5 values of 25wy, (blue, dashed), 35w (green, dot-
dashed), and 45wy, (red, solid). (c) The # scan of &2, given by the
lowest ééen reached during temporal evolution, for the unitary case
(purple, dots), and x = Swy (red, squares), k = 15w (yellow,
triangles). Crossing of the dashed line (ééen = 1) indicates the
existence of many-particle entanglement [102]. Solid lines in (c)
are results for the H,q model with 7.y = 0.56. Simulation
parameters: (a), (b) (A, AL, Uy, «) = (110, -45,10,5)wg, and
(©) (A, AL, Uy) = (110,45, 10)wg, with (a)~(c) N = 8.

of momentum in the combined photon-atom four-wave
mixing, we have [6n + 6N, H,,] =0, but [J,, H,,] # 0.
The Hilbert space in this problem is considerably larger
than for Hjp, which limits the tractable atom number to
N = 8 for the calculations of full quantum dynamics.
Parameter values for this case are taken such that maximal
Dicke squeezing is observed, and experimentally accessible
parameters are discussed in [87].

Because of [6n + 6N, H,,| = 0, the variance of 2/ is
equal to the variance of én for the unitarily evolving system.
This indicates that a reduction of féen will benefit from
lower 6n variances, which in general occur when (n,) and
(ny) are lower, e.g., at larger |A |, |AL|, as long as (J2)
is large.

In Figs. 3(a) and 3(b), we plot the temporal evolution of
the relevant atomic observables for varying the pump
strength # in the case with dissipation of photons out of
the cavity. For the dissipative case, the equality of SN and én
variances no longer holds, and the dissipation of photons out
of the cavity makes ((AJ.)?) increase almost linearly with
time, with the slope increasing with the pump amplitude 7.
This indicates that there is still correlation between N and
on even in the dissipative case; i.e., the low Jn variances
obtained for lower (n. ) will lead to lower SN variances.

The (J2) initially increases and oscillates in time, again
indicating sloshing dynamics, with continuous oscillations
between the bunched and nearly homogeneous structures in
the self-ordered atomic lattice (see also [6,106]). Increasing
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FIG. 4. Entanglement generation for a dissipative cavity with
adiabatically eliminated photonic fields described by the Lind-
blad master equation with H,4y and decay rate y (see text).
(a) Cavity decay rate x scan of &2, (see text) for fixed
(A, AL) = (1400, —1200)wg, and N = 20 (blue dots), N = 40
(red squares), and N = 120 (green triangles). (b) Sideband
detuning A’/ scan of &, for N values as in (a), and fixed
k = 3 x 10*wyg, with A, = |AL| + 4« for each point. The dashed
line indicates féen = 1. Solid lines are guide to the eyes.
Simulation parameters: Uy = 103wy, e = 1.67,.

the pump #, both the growth rate and maximum value of
(J%;) are increased. The growth rate of (J%) increases
faster with distance to the threshold than the growth rate of
((AJ,)%), which, from Eq. (6), leads to a decrease in &Z,
for larger #. Increasing the 5 values several times above
the semiclassically calculated threshold 5, = [—wg(A2 +
K2)(A? + %) /(4NUZAL)V? 2 13w, [87], the & given
by the lowest féen attained during temporal evolution
reaches values of &2, = 0.03 for the unitary and &2, =
0.18 for the dissipative case; see Fig. 3(c). We have
also performed simulations of dissipative dynamics with
adiabatically eliminated photonic modes described by
a Lindblad master equation with H,q and decay rate
y = Udn%x/[(AL% + k) (A2 + k?)]. The H,q calculations
with 5. = 0.56 reproduce well the squeezing for the full
model, as shown in Fig. 3(c). The rescaling of 7.4 with
respect to # is a consequence of neglecting the nonlinear
saturation and on-axis mode depletion terms in deriving
H,q [87].

For higher N calculations reachable with the H,4 model,
the £2, again decreases for decreasing the decay rate x at
fixed detunings A, AL, and 77.¢/7, [see Fig. 4(a)], which is
a consequence of increasing the ratio —g.,,/y = 2|AL|/x,
leading toward coherent cavity dynamics, similarly to the
single-mode cavity case [54,105]. The parameters A’ /k
and 7. /1. completely determine the open system dynam-
ics for H,q with N atoms. Intriguingly, significant squeez-
ing can be achieved in this model for large —A! /x even
with “bad cavity” parameters. Indeed, using the finesse
F =250 and a free spectral range of FSR = 1.5 GHz, with
k/(2x) = FSR/(2F) =3 MHz and wy = 27 x 0.1 kHz,
we demonstrate in Fig. 4(b) that nearly 10 dB squeezing
is attainable for N = 120 atoms.
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Conclusion.—Momentum entanglement of ultracold
atoms holds great potential for enhancing matter wave
interferometry [107]. We have theoretically and numeri-
cally explored two methods for producing momentum
multiparticle entangled (Dicke-squeezed) states of atoms
with one internal ground state (spin-0) by nonlinear self-
organization in driven systems. For Hp the drive is an
oscillating magnetic field, and the method is based on the
experiment of Ref. [31]. A novel model H_,, based on laser
driving of a two-level optical transition of a BEC with ring
cavity feedback is also developed and explored. Although
entanglement occurs here in the transient dynamical
regime, it can readily be shown that switching off the
driving field at the moment of optimal squeezing preserves
the momentum distribution and thus also the entanglement
for a longer time [87]. The three-mode picture, for which
the higher-order momentum sideband population is con-
sidered negligible, can prove incomplete when scattering to
higher-order modes is strong, which is explored in [87].

Experimental determination of ((AJ,)?) and (J2) relies
on assessing the momentum correlations via (N, N_).
Absorption imaging of the atomic momentum distribution
with a highly efficient camera can be used to measure
N, N_ for each experimental realization, and (N, N_) can
then be determined by taking the average for many
realizations. Alternative ways of measuring atomic momen-
tum correlations are given, e.g., in [63,108]. Note that
Dicke-squeezing generation described in this Letter is
based on continuous symmetry of Hp and H_,, which
is also present for some prominent recent models describ-
ing self-organization of ultracold atoms [17,23].

Moreover, since the calculations show significant
momentum squeezing is available even for low finesse
values, a relatively simple setup with a nearly degenerate
cavity external to the vacuum chamber may be sufficient to
realize it experimentally. Another highly intriguing pros-
pect is the possibility of generating correlations in thermal
and ultracold atomic degrees of freedom in a single mirror
feedback setup [12,26,109—-113] or using counterpropagat-
ing beams [9,114,115].
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