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A B S T R A C T

A model for corrosion-induced cracking of reinforced concrete subjected to non-uniform chloride-induced
corrosion is presented. The gradual corrosion initiation of the steel surface is investigated by simulating
chloride transport considering binding. The transport of iron from the steel surface, its subsequent precipitation
into rust, and the associated precipitation-induced pressure are explicitly modelled. Model results, obtained
through finite element simulations, agree very well with experimental data, showing significantly improved
accuracy over uniform corrosion modelling. The results obtained from case studies reveal that crack-facilitated
transport of chlorides cannot be neglected, that the size of the anodic region must be considered, and that
precipitate accumulation in pores can take years.
1. Introduction

The objective of this study is the modelling of corrosion-induced
cracking in reinforced concrete. In particular, we focus on the case
when the corrosion of embedded steel is caused by chlorides. Chloride-
induced and carbonation-induced corrosion are the most prevalent
reasons for the corrosion-induced cracking of reinforced concrete struc-
tures and are thus responsible for the premature deterioration of
70%–90% of all concrete structures [1,2]. For this reason, researchers
have strived to unravel and model the mechanism of chloride-caused
corrosion-induced cracking for decades. Because corrosion-induced
cracking is a complex multi-physical phenomenon, time to corrosion
initiation is commonly used to estimate the service life of structures,
avoiding the explicit simulation of fracture. However, this approach is
known to lead to overly conservative estimates because the times to
cracking, spalling or delamination could be significantly longer. For
this reason, the explicit modelling of processes involved in corrosion-
induced fracture is necessary to obtain more realistic service life
estimates.

It has been established (see e.g. Wong et al. [3]) that chloride-
induced corrosion results in non-uniform corrosion of the embedded
steel, which leads to a non-uniformly distributed corrosion-induced
pressure on the concrete. This is due to:

(I) The non-uniform distance of the steel surface from the chloride-
contaminated concrete surface. The closer the portion of the

∗ Corresponding author at: Department of Engineering Science, University of Oxford, Oxford OX1 3PJ, UK.
E-mail address: emilio.martinez-paneda@eng.ox.ac.uk (E. Martínez-Pañeda).

steel surface is to the concrete surface that is contaminated with
chlorides, the earlier it is activated.

(II) Local inhomogeneities at the steel/concrete interface, which
result in non-uniform corrosion initiation and pit nucleation.
The exact mechanisms are still being debated [4] but, among
others, metallurgical and surface defects in the steel and porosity
inhomogeneities in the concrete are suspected to play a crucial
role.

Contrarily to the well-known non-uniformity of chloride-induced corro-
sion, many chloride corrosion models consider only uniform corrosion,
with some notable examples being the works of Hansen and Saouma [5,
6] and Wei et al. [7]. However, some researchers have recognised the
necessity to consider the non-uniformity of corrosion in the modelling.
For example, some models prescribed experimentally-inspired non-
uniform rust-layer thickness distributions described by Gaussian [8],
Von Mises [9,10] or semi-elliptical [11,12] functions without explicitly
resolving rust distribution or corrosion current density. More complex
models, e.g. Refs. [13–16], considered the transport of chlorides and
the non-uniform evolution of corrosion current density and thus the
non-uniform thickness of the rust layer. Recently, phase-field fracture
models have drawn the attention of the corrosion-induced cracking
community due to their numerical robustness and ability to capture
complex cracking phenomena of arbitrary complexity (see, e.g. [17–
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34] and references therein). Certain studies modelled mesoscale frac-
ture caused by prescribed rust layer thickness distribution [11,12];
more complex ones, predicting non-uniform corrosion current density
and rust layer thickness, have recently appeared, too [35]. In addi-
tion, phase-field models have been recently applied to non-uniform
carbonation-induced corrosion [36].

Even though the most advanced currently available phase-field
models (e.g. [35]) allow capturing the gradual activation of the steel
surface and the evolution of corrosion current density with remarkable
complexity, the description of the formation of corrosion products and
the pressure they induce on the concrete matrix is overly simplified.
Corrosion products are implicitly assumed to be concentrated only in
the incompressible layer separating the steel rebar from concrete. Since
the concrete pores surrounding steel were observed to contain a con-
siderable amount of corrosion products (see e.g. Ref. [3]), some models
consider a porous zone or corrosion accommodation region (CAR) of
a prescribed thickness around the steel rebar. Within the thickness
of the porous zone, the rust layer is presumed to expand stress-free.
However, it has been argued that this simplified approach has limited
predictive abilities [37,38] because it does not allow to explicitly
simulate critical processes of corrosion-induced cracking, specifically:
(i) the reactive transport of iron species in the pore space of concrete,
(ii) the subsequent precipitation of iron species into rust that blocks
the pore space, and (iii) the precipitation-induced pressure caused by
the accumulation of compressible rust under confined conditions. Only
recently, new models allowing the explicit simulation of processes (i)-
(iii) have been proposed by Korec et al. [39] and Pundir et al. [40]
which, contrarily to the simplified approach, allows for:

• Resolving the evolution of the distribution of compressible pre-
cipitates in the concrete pore space in time. Thus, the model
would naturally capture the delaying effects of concrete porosity
surrounding rebar and cracks on corrosion-induced cracking with-
out the necessity to consider artificial corrosion accommodation
region (CAR) around the rebar, whose size and capacity are very
hard to estimate. Even if the corrosion accommodation region
(CAR) would be accurately considered, it neglects the pressure
of gradually forming rust in concrete porosity. This gradually
increasing pressure is arguably the key driving mechanism of
corrosion-induced cracking in its early stages [37,38].

• Taking into consideration the compressibility and elastic prop-
erties of the rust, which were found to significantly affect the
corrosion-induced crack width [39].

Stefanoni et al. [41], Furcas et al. [42] and Zhang and Angst [43]
tudied the reactive transport of dissolved iron species and their pre-
ipitation in the concrete pore space, and these phenomena have been
ecently simulated in the mechanistic phase-field chemo-mechanical
odel for corrosion-induced cracking [39] which explicitly models

he aforementioned critical processes (i)–(iii) for the case of uniform
orrosion. In this model, an eigenstrain approach is adopted to capture
he pressure buildup resulting from the accumulation of precipitates,
nd this is coupled with a phase-field description of quasi-brittle frac-
ure that incorporates the role of cracks in enhancing the transport
f iron ions. However, phase-field fracture models for non-uniform
hloride-induced corrosion considering the transport of chloride ions
o steel rebars and its gradual depassivation together with processes
i)–(iii) are still missing. Thus, in this study, the model for chloride
ransport is incorporated into the chemo-mechanical framework (i)–
iii), implemented using the finite element method and validated with
xperimental results for chloride content and surface crack width.

. Theory and computational framework

In this section, let us describe the underlying theory and governing
quations of the phase-field chemo-mechanical model for corrosion-
2

nduced cracking in reinforced concrete subjected to non-uniform a
chloride-induced corrosion. Following the chronological order of
corrosion-induced cracking, the formulation of the theory starts in
Section 2.1 with the reactive transport model for ionic species, i.e. chlo-
ride ions causing the gradual corrosion initiation on the steel surface
and subsequently emerging ferrous and ferric ions forming rust. In
Section 2.2, the precipitation eigenstrain quantifying the pressure of
compressible precipitates accumulating in concrete pores under con-
fined conditions is discussed. Lastly, in Section 2.3, the phase-field
fracture model for quasi-brittle fracture of concrete coupled with a
damage-dependant diffusivity tensor is described. The formulation of
the theory is concluded with the summary of governing equations and
boundary conditions in Section 2.4.

Notation. Scalar quantities are denoted by light-faced italic letters,
e.g. 𝜙, Cartesian vectors by upright bold letters, e.g. 𝐮, and Cartesian
second- and higher-order tensors by bold italic letters, e.g. 𝝈. The
symbol 𝟏 represents the second-order identity tensor while 𝑰 corre-
ponds to the fourth-order identity tensor. Inner products are denoted
y a number of vertically stacked dots, where the number of dots
orresponds to the number of indices over which summation takes
lace, such that 𝝈 ∶ 𝜺 = 𝜎𝑖𝑗𝜀𝑖𝑗 . Finally, 𝛁 and 𝛁⋅ respectively denote
he gradient and divergence operators.

.1. Reactive transport model

.1.1. Representative volume element (RVE) and primary unknown vari-
bles

For the purpose of reactive transport modelling, the porous multi-
hase structure of a concrete domain 𝛺𝑐 is described by the represen-
ative volume element (RVE). Full saturation of concrete pore space
s assumed and the porosity 𝑝0 = (𝑉 − 𝑉𝑠)∕𝑉 is considered to be
onstant in time and divided into liquid pore solution and gradually
ccumulating solid iron precipitates (rust), which are the product of the
orrosion of embedded steel rebars. The content of liquid pore solution
nd of rust is expressed by the respective volume fractions, i.e. the
iquid volume fraction 𝜃𝑙 = 𝑉𝑙∕𝑉 and the precipitate volume fraction
𝑝 = 𝑉𝑝∕𝑉 . The portion of porosity filled by precipitates is described
y the precipitate saturation ratio 𝑆𝑝 = 𝜃𝑝∕𝑝0. The distribution of ionic
pecies, i.e. free chloride ions, bound chloride ions, ferrous ions and
erric ions is described in terms of their concentrations 𝑐𝑓 , 𝑐𝑏, 𝑐𝐼𝐼 and
𝐼𝐼𝐼 , with units of mol per cubic meter of liquid pore solution. Let us
ote here that the assumption of full concrete saturation is presumed
o be sensible in the close vicinity of the rebars, especially for marine
tructures in the tidal and splash zones. It should be emphasised that
he analysis of concrete structures would require reflecting the variable
ater saturation caused by periodic wetting and drying cycles, which

s the goal of ongoing research.

.1.2. Chlorides transport and corrosion initiation
Chloride is the most common ionic form of the element chlorine,

hich is abundantly present in the Earth’s crust and concentrates in
cean and groundwater [44]. There are several ways in which chlo-
ide can contaminate concrete structures. Water containing chloride is
arried away by wind above the water level and as it evaporates, a
ine solid dust composed mainly of sodium chloride can be transported
o considerable distances and accumulate on the surface of concrete
tructures. De-icing salts containing sodium chloride are commonly
pplied on roads in countries with colder climates and can thus easily
ffect bridge decks and other concrete components. Sodium chloride is
lso commonly used in industry and is thus abundant in wastewater,
ffecting the concrete parts of the sewage infrastructure.

The transport of chlorides in concrete is mostly modelled as a dif-
usion process [45–47], which in certain cases allows for a closed-form
olution [48]. More detailed models take into consideration the electric
nteraction of charged chloride with multi-ionic pore solution and

dvection effects [49,50]. The experimental measurements of chloride
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diffusivity in concrete are commonly termed ‘apparent’ because they
depend on a number of conditions such as water saturation, tempera-
ture, and considered time-scale. For this reason, some modelling studies
took into consideration temperature variability [5,51] and variable
saturation of concrete in real exposure conditions which undergoes
regular wetting and drying cycles [52,53]. Chlorides penetrate concrete
not only through the concrete pore space but also through surface
cracks which significantly speed up ingress [54,55]. The transport of
chlorides through cracks was considered in the models of Šavija et al.
[56] and Ožbolt et al. [57].

While transported through concrete, chloride ions react with most
of the phases of cement paste. It is generally agreed that the most im-
portant is the reaction with the AFm phase, [Ca2(Al,Fe)(OH)6].X.nH2O,
during which free chlorides are effectively removed from the pore
solution by binding to the cement paste, forming a chloride-containing
phase known as Friedel’s salt [44]. Chloride binding may significantly
retard the transport of chlorides through concrete and is thus con-
sidered in many models, for instance [5,45,46,49,50]. It appears that
under certain conditions, bound chlorides can be released back to the
pore solution and participate in corrosion initiation [44,58,59].

Once a sufficient amount of chlorides accumulates at the steel
surface, it sustains the localised breakdown of a passive semiconductive
layer around the steel surface, and pit nucleation follows [60]. The
critical amount of chlorides for corrosion initiation in reinforced con-
crete, known as the chloride threshold, is hard to estimate because its
experimental measurements are scattered over a large range from 0.04
to 8.34% of the total chloride content by weight of cement [59], though
the typical values range between 0.2 to 2.5% [61]. It is generally
assumed that this results from the chloride-threshold dependency on
many factors, including water saturation of concrete pores surrounding
steel and the properties of steel-concrete interface [4]. The corrosion
current density resulting from the electrochemical reaction has been
studied experimentally (e.g. [62–66]), and both empirical models [67]
and more complex electrochemical models [14,68–71] have been pro-
posed. The experimental studies suggest that corrosion current density
during natural chloride-induced corrosion is relatively low, typically
smaller than 10 μA∕cm2 [62–65]. The time period until corrosion
initiation, traditionally referred to as the initiation period, is followed
by the propagation period during which the corrosion process actively
proceeds.

2.1.3. Iron ion transport and precipitation
During the propagation period, an electrochemical reaction leads

to the oxidation of iron atoms on anodic sites and their subsequent
release to the pore solution in the form of charged ions. Dissolved iron
forms a number of complex intermediate products (see e.g. [42]), which
are transported through concrete pore space by means of diffusion,
electromagnetic migration and advection before finally precipitating
into solid corrosion products (rust).

Chlorides are thought to facilitate the dissolved iron transport in
concrete pore solution, sharply increasing the total soluble iron con-
centration and thus allowing its transport and precipitation relatively
far from the steel surface [42,72–74]. The specific chemical mechanism
is still debated [42] but it is known that at high pH of concrete,
dissolved iron species form a mixed Fe2+∕Fe3+ intermediary chloro-
complex commonly known as chloride green rust [74], which is sus-
pected from facilitating the enhanced iron transport. Consequently,
studies on chloride-contaminated concrete (e.g. [3]) confirm that dis-
solved iron can be transported relatively deep into local porosity and
cracks, where it gradually precipitates.

Rust produced in concrete subjected to natural chloride-induced
corrosion was found to be composed mostly of well-oxidised ferric
hydroxyl oxides such as 𝛼−, 𝛽− and 𝛾 − FeO(OH) [75]. The presence
of 𝛽-FeO(OH) (Akaganeite) was reported to be particularly typical in
chloride-rich concrete environments such as offshore structures [76].
3

F

2.1.4. Chloride transport, corrosion initiation and subsequent iron ion
transport and precipitation

Based on the aforementioned current understanding, a model with
the following elements is proposed. Chlorides are transported through
the concrete domain 𝛺𝑐 ⊂ R𝑑 , 𝑑 = 2, 3 (see Fig. 1), where 𝑑 is the
geometrical dimension of the problem. Another domain, 𝛺𝑠 ⊂ R𝑑 ,
epresents steel rebars. The outer concrete boundary 𝛤 𝑐 = 𝛤 𝑐,𝑐 ∪ 𝛤 𝑐,𝑓

onsists of two parts: 𝛤 𝑐,𝑐 , where the concentration of chlorides is
rescribed as 𝑐𝑓 = 𝑐, and 𝛤 𝑐,𝑓 , where the chloride flux (usually zero) is
rescribed. The steel boundary or otherwise inner concrete boundary
𝑠 = 𝛤 𝑠,𝑎 ∪ 𝛤 𝑠,𝑝 is divided into the active part 𝛤 𝑠,𝑎, where chloride

threshold was reached and the corrosion process proceeds, and the
passive part 𝛤 𝑠,𝑝, where the corrosion process has not been initiated
yet. With the ongoing transport of chlorides through concrete, 𝛤 𝑠,𝑎

gradually enlarges at the expense of 𝛤 𝑠,𝑝. The outward-pointing normal
ector to 𝛤 𝑐∪𝛤 𝑠 is 𝐧. The concentration of free chlorides 𝑐𝑓 is calculated
y means of a mass-conserving transport equation derived in the study
f Korec et al. [39]. Assuming small deformations, the velocity of
he solid concrete matrix is neglected. The purely diffusion-driven
lux of free chlorides is considered and the flux term is scaled with
iquid volume fraction following Marchand et al. [77]. The governing
quation for the transport of free chlorides reads

𝜕
(

𝜃𝑙𝑐𝑓
)

𝜕𝑡
−𝛁 ⋅

(

𝜃𝑙𝑫𝑓 ⋅ ∇𝑐𝑓
)

= −𝜃𝑙𝑅𝑏 in 𝛺𝑐 , 𝑅𝑏 =
⟨

𝛼
(

𝛽𝑐𝑓 − 𝑐𝑏
)⟩

(1)

where 𝜃𝑙 is the liquid volume fraction (see Section 2.1.1), 𝑫𝑓 is the
second-order diffusivity tensor, to be defined later, and ⟨𝑥⟩ = (𝑥 +
|𝑥|)∕2 is the positive part of 𝑎. Free chlorides bind to C-S-H phases,

hich leads to the rise of bound chloride concentration 𝑐𝑏. The rate of
hloride binding 𝑅𝑏 =

⟨

𝛼
(

𝛽𝑐𝑓 − 𝑐𝑏
)⟩

is based on Freundlich’s isotherm,
ssuming kinetically delayed chloride adsorption to C-S-H phases but
nstantaneous Friedel’s salt formation as proposed by Baroghel-Bouny
t al. [50]. Freundlich’s parameters 𝛼 [1/s] and 𝛽 [1] are constants (see
able 2). Bound chlorides are considered to be immobile, their possible
elease from C-S-H matrix is neglected and 𝑐𝑏 is thus calculated as

𝜕
(

𝜃𝑙𝑐𝑏
)

𝜕𝑡
= 𝜃𝑙𝑅𝑏 in 𝛺𝑐 , 𝑅𝑏 =

⟨

𝛼
(

𝛽𝑐𝑓 − 𝑐𝑏
)⟩

(2)

Zero initial concentration is assumed for both free and bound chlorides.
The corrosion process on the steel surface is initiated when the chloride
threshold 𝑇 of locally accumulated chlorides 𝐶𝑡𝑜𝑡 is reached. In this
model, 𝐶𝑡𝑜𝑡 is the ratio between the total mass of chlorides (free and
bound) and the mass of cement binder 𝑚𝑐 (both per unit volume).
After the onset of corrosion, the corrosion current density 𝑖𝑎 locally
umps to a prescribed value 𝜅, representing an average corrosion rate.
or numerical purposes, the jump in the value of corrosion current
ensity 𝑖𝑎 is smoothed by approximation with a polynomial function.
he calculation of 𝐶𝑡𝑜𝑡 and 𝑖𝑎 is thus summarised as

𝑎 =

{

0 in 𝛤 𝑠,𝑝 where 𝐶𝑡𝑜𝑡 < 𝑇
𝜅 in 𝛤 𝑠,𝑎 where 𝐶𝑡𝑜𝑡 ≥ 𝑇 ,

𝐶𝑡𝑜𝑡 =
𝑀𝐶𝑙𝑝0
𝑚𝑐

(𝑐𝑓 + 𝑐𝑏) (3)

where 𝑀𝐶𝑙 is the molar mass of chlorides (see Fig. 1).
The model for iron transport and its precipitation into rust following

corrosion initiation is adopted from the study of Korec et al. [39] that
builds upon the previous works of Stefanoni et al. [41] and Zhang
and Angst [43]. This model attempts to reduce the complexity of
the underlying system of chemical reactions by considering three key
processes which facilitate the transformation of iron into rust:

2Fe + O2 + 2H2O → 2Fe2+ + 4OH− (4)

4Fe2+ + O2 + 2H2O → 4Fe3+ + 4OH− (5)

Fe3+ + 3OH− → FeO(OH) + H2O (6)

Reaction (4) describes the oxidation of iron to Fe2+ ions on anodic sites.
errous ions are released from the steel surface and then transported
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Fig. 1. Graphical illustration of the domain and relevant variables for the chemo-
mechanical problem.

through concrete pore solution; they are further oxidised to Fe3+ ions
by reaction (5). Eventually, reaction (6) facilitates the precipitation of
Fe3+ ions into ferric rust. The precipitation of unoxidised ferrous ions
is neglected, which is in line with the experimental findings of Zhang
et al. [75] that, in naturally corroded samples subjected to chloride-
induced corrosion, the content of ferrous rust is very small compared
to well-oxidised ferric rust.

The transport of ferrous and ferric ions is described by mass-
conserving diffusion equations

𝜕
(

𝜃𝑙𝑐𝐼𝐼
)

𝜕𝑡
− 𝛁 ⋅

(

𝜃𝑙𝑫𝐼𝐼 ⋅ ∇𝑐𝐼𝐼
)

= 𝜃𝑙𝑅𝐼𝐼 in 𝛺𝑐 , 𝑅𝐼𝐼 = −𝑘𝐼𝐼→𝐼𝐼𝐼
𝑟 𝑐𝐼𝐼 𝑐𝑜𝑥

(7)

𝜕
(

𝜃𝑙𝑐𝐼𝐼𝐼
)

𝜕𝑡
− 𝛁 ⋅

(

𝜃𝑙𝑫𝐼𝐼𝐼 ⋅ ∇𝑐𝐼𝐼𝐼
)

= 𝜃𝑙𝑅𝐼𝐼𝐼 in 𝛺𝑐 ,

𝑅𝐼𝐼𝐼 = −𝑅𝐼𝐼 − 𝑅𝑝 = 𝑘𝐼𝐼→𝐼𝐼𝐼
𝑟 𝑐𝐼𝐼 𝑐𝑜𝑥 − 𝑘𝐼𝐼𝐼→𝑝

𝑟 𝑐𝐼𝐼𝐼 (8)

derived in the study of Korec et al. [39]. As in the transport of free
chlorides, small deformations are assumed, the velocity of the solid
concrete matrix is neglected and the flux term is scaled with liquid
volume fraction, following Marchand et al. [77]. In (7) and (8), 𝑫𝐼𝐼 and
𝑫𝐼𝐼𝐼 are the second-order diffusivity tensor of ferrous and ferric ions
in pore solution, respectively. 𝑅𝐼𝐼 , 𝑅𝐼𝐼𝐼 and 𝑅𝑝 denote the sink/source
terms resulting from reactions (4)–(6).

Emerging precipitates gradually fill pores and decrease the volume
fraction of porosity available for transport and chemical reactions such
that 𝜃𝑙 = 𝑝0 − 𝜃𝑝. Precipitates are assumed to be immobile and their
evolution follows the equation

𝜕𝜃𝑝
𝜕𝑡

=
𝑀𝑝

𝜌𝑝
𝜃𝑙𝑅𝑝 in 𝛺𝑐 , 𝑅𝑝 = 𝑘𝐼𝐼𝐼→𝑝

𝑟 𝑐𝐼𝐼𝐼 (9)

where 𝑀𝑝 and 𝜌𝑝 are the molar mass and the density of precipitates,
respectively. Zero initial value is assumed for 𝑐𝐼𝐼 , 𝑐𝐼𝐼𝐼 and 𝜃𝑝, and
qs. (7) and (8) are accompanied by boundary conditions. On the
ctively corroding steel boundary 𝛤 𝑠,𝑎, the inward influx of ferrous ions
s calculated with Faraday’s law as

𝐼𝐼 =
𝑖𝑎
𝑧𝑎𝐹

= 𝐧 ⋅𝑫𝐼𝐼 ⋅ ∇𝑐𝐼𝐼 (10)

where 𝑖𝑎 is the corrosion current density, 𝐹 is Faraday’s constant and
𝑧𝑎 = 2 represents the number of electrons exchanged in anodic reaction
(4) per one atom of iron. On the remaining boundaries, zero flux of 𝑐𝐼𝐼
4

and 𝑐𝐼𝐼𝐼 is assumed.
2.2. Precipitation eigenstrain

The precipitated rust accumulates in the confined conditions of con-
crete pore space and has a significantly lower density than the original
iron, typically by a factor of 3 to 6 [38]. Confined precipitates thus
exert pressure on concrete pore walls, which is likely the key driving
mechanism of corrosion-induced cracking in its early stages [37,38],
similarly to the well-described damage mechanism of precipitating salts
in porous materials [78–84]. In this study, the precipitation eigenstrain
model proposed by Korec et al. [39] is employed to quantify the
macroscopic stress caused by the accumulating precipitates. The small-
strain tensor 𝜺 = ∇𝑠𝐮 = (∇𝐮 + (∇𝐮)𝑇 )∕2 is employed and it is assumed
that 𝜺 can be additively decomposed into the elastic part 𝜺𝑒 and the
precipitation eigenstrain 𝜺⋆, such that 𝜺 = 𝜺𝑒 + 𝜺⋆. The precipitation
eigenstrain is calculated as

𝜺⋆ = 𝐶𝑆𝑝𝟏, with 𝐶 =
(1 − 𝜈)𝐾𝑝

(1 + 𝜈)𝐾𝑝 + (2 − 4𝜈)𝐾

( 𝜌𝐼𝐼𝐼𝑀𝑝

(1 − 𝑟0)𝜌𝑝𝑀𝐼𝐼𝐼
− 1

)

(11)

where 𝑟0 is the porosity of rust and 𝐾𝑝 = 𝐸𝑝∕(3(1 − 2𝜈𝑝)) is the bulk
modulus of iron precipitates (rust) calculated from the Young modulus
𝐸𝑝 and the Poisson ratio 𝜈𝑝 of rust. Analogously, the calculation of
he bulk modulus of rust-filled concrete 𝐾 = 𝐸∕(3(1 − 2𝜈)) requires
he Young modulus 𝐸 and the Poisson ratio 𝜈 of rust-filled concrete.

Because the mechanical properties of rust and rust-free concrete are
quite different and the pores in which rust can accumulate represent a
significant part of the total volume of concrete, the mechanical prop-
erties of rust-filled regions of concrete (𝐸, 𝜈) are interpolated between
the mechanical properties of rust-free concrete (𝐸𝑐 , 𝜈𝑐) and rust (𝐸𝑝,
𝜈𝑝) based on the precipitate volume fraction 𝜃𝑝. Adopting the rule of
mixtures, the effective properties are calculated as

𝐸 = (1 − 𝜃𝑝)𝐸𝑐 + 𝜃𝑝𝐸𝑝, 𝜈 = (1 − 𝜃𝑝)𝜈𝑐 + 𝜃𝑝𝜈𝑝 (12)

.3. Phase-field description of precipitation-induced cracks

Cracking of concrete is calculated with the phase-field cohesive
one model (PF-CZM) by Wu and co-workers [85,86]. This model was
hosen because it mimics the quasi-brittle behaviour of concrete by
ccurately capturing the softening behaviour typical of concrete-like
aterials. For a more detailed discussion and the derivation of the
odel, see Ref. [39]. The steel is considered linear elastic. The primary
nknown variables of the phase-field fracture problem are displacement
ector 𝐮 and phase-field variable 𝜙:

(𝐱, 𝑡) ∈ U = {∀𝑡 ≥ 0 ∶ 𝐮(𝐱, 𝑡) ∈ 𝑊 1,2(𝛺)𝑑 ;𝐮(𝐱, 𝑡) = 𝐮(𝐱, 𝑡) on 𝛤 𝑢} (13)

𝜙(𝐱, 𝑡) ∈ P = {∀𝑡 ≥ 0 ∶ 𝜙(𝐱, 𝑡) ∈ 𝑊 1,2(𝛺𝑐 );

0 ≤ 𝜙(𝐱, 𝑡) ≤ 1 in 𝛺𝑐 ; 𝑡1 ≤ 𝑡2 ⟹ 𝜙(𝐱, 𝑡1) ≤ 𝜙(𝐱, 𝑡2)} (14)

where 𝛤 𝑢 ⊂ (𝛤 𝑐 ∪ 𝛤 𝑠) is the portion of the concrete boundary where
displacements are prescribed. On the remaining part of the concrete
boundary 𝛤 𝑡 = (𝛤 𝑐 ∪ 𝛤 𝑠) ⧵ 𝛤 𝑢, tractions 𝐭 are prescribed. The volume
force vector acting in domain 𝛺 = 𝛺𝑐 + 𝛺𝑠 is denoted by 𝐛. The
function space 𝑊 1,2(𝛺𝑐 )𝑑 in (13) and (14) is the Cartesian product of 𝑑
Sobolev spaces 𝑊 1,2(𝛺𝑐 ) consisting of functions with square-integrable
weak derivatives. The phase-field variable 𝜙 represents the current state
of damage such that 𝜙 = 0 denotes undamaged material and 𝜙 = 1
represents fully cracked material. Damage reduces the capacity of the
material to carry stress and the Cauchy stress tensor 𝝈 is thus given by

𝝈 = 𝑔(𝜙)𝑒 ∶ (𝜺 − 𝜺⋆) (15)

where 𝑔(𝜙) is the degradation function characterising the remaining
integrity of the material, typically a function that satisfies conditions
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𝑔(0) = 1 and 𝑔(1) = 0 and is non-increasing and continuously differ-
entiable on [0, 1]. The appropriate choice of the degradation function
serves to calibrate the model to a particular softening behaviour. 𝑒 is
the fourth-order isotropic elastic stiffness tensor of concrete. Wu [85]
proposed to express the degradation function as

𝑔(𝜙) =
(1 − 𝜙)𝑝

(1 − 𝜙)𝑝 + 𝑎1𝜙(1 + 𝑎2𝜙 + 𝑎3𝜙2)
(16)

where parameters 𝑝 ≥ 2, 𝑎1 > 0, 𝑎2 and 𝑎3, allowing for the calibration
f the model to particular softening behaviour, are calculated as

1 =
4
𝜋
𝓁𝑖𝑟𝑤
𝓁

, 𝑎2 = 2𝛽2∕3𝑘 − 𝑝 − 1
2
, 𝑎3 =

{

1∕2𝛽2𝑤 − 𝑎2 − 1 if 𝑝 = 2
0 if 𝑝 > 2

(17)

n (17), 𝓁𝑖𝑟𝑤 = 𝐸𝐺𝑓∕𝑓 2
𝑡 is the Irwin internal length and

𝑤 =
𝑤𝑐

𝑤𝑐,𝑙𝑖𝑛
, 𝑤𝑐,𝑙𝑖𝑛 =

2𝐺𝑓

𝑓𝑡
(18)

𝑘 =
𝑘0

𝑘0,𝑙𝑖𝑛
≥ 1, 𝑘0,𝑙𝑖𝑛 = −

𝑓 2
𝑡

2𝐺𝑓
(19)

where 𝑤𝑐 is the limit crack opening given by the chosen softening
curve and 𝑘0 is the initial slope of the selected softening curve. 𝐸 =
𝐸(1 − 𝜈)∕((1 + 𝜈)(1 − 2𝜈)) is the elongation modulus of concrete, 𝐺𝑓 is
he fracture energy of concrete and 𝑓𝑡 is the tensile strength of concrete.
atios 𝛽𝑤 and 𝛽𝑘 compare 𝑤𝑐 and 𝑘0 with the values of the parameters
overning the linear softening curve, 𝑤𝑐,𝑙𝑖𝑛 and 𝑘0,𝑙𝑖𝑛, respectively. In

this model, the experimentally measured Hordijk-Cornelissen softening
curve [87] is considered for concrete. According to Wu [85], this type
of softening is obtained by setting

𝑝 = 2, 𝑤𝑐 = 5.1361
𝐺𝑓

𝑓𝑡
, 𝑘0 = −1.3546

𝑓 2
𝑡

𝐺𝑓
(20)

The governing equations of the deformation-fracture problem read

𝛁 ⋅
(

𝑔(𝜙)𝑒 ∶ (𝛁𝑠𝐮 − 𝜺⋆)
)

+ 𝐛 = 0 in 𝛺𝑐 (21a)

−1
2
d𝑔(𝜙)
d𝜙

(𝑡) + 𝓁
𝜋
𝐺𝑓∇2𝜙 −

𝐺𝑓

𝜋𝓁
(1 − 𝜙) = 0 in 𝛺𝑐 (21b)

n (21b), 𝓁 is the characteristic phase-field length scale that governs
he size of the process zone [88]. To ensure that the results of the
hase-field fracture model are length-scale insensitive, 𝓁 has to be
hosen sufficiently small such that 𝓁 ≤ min

(

8𝓁𝑖𝑟𝑤∕3𝜋, 𝐿∕100 ∼ 𝐿∕50
)

,
where 𝐿 is the characteristic length of the structure. Also, to achieve
mesh-independent results, the characteristic element length ℎ in the
rocess zone has to be sufficiently small (5–7 times smaller than
[20]). The crack driving force history function (𝑡) enforces damage

rreversibility [89] and is defined as

(𝑡) = max
𝑡∈⟨0,𝑇 ⟩

(

�̃�,𝐻(𝑡)
)

, �̃� =
𝑓 2
𝑡

2𝐸
, 𝐻(𝑡) =

⟨�̄�1⟩
2

2𝐸
(22)

which means that (𝑡) is the maximum value of the crack driving force
𝐻(𝑡) that has been reached during the loading process so far, but it is at
least equal to the threshold for damage nucleation, �̃� . 𝑓𝑡 is the tensile
strength and �̄�1 is the maximum principal value of the effective stress
tensor �̄� = 𝑒 ∶ (𝜺 − 𝜺⋆) and ⟨�̄�1⟩ is its positive part.

2.3.1. Damage–dependent diffusivity tensor
If cracks are filled with pore solution, they provide pathways for

fast transport of dissolved ionic species compared to the surrounding
concrete matrix. In this model, the fracture-induced increase of the
diffusivity of dissolved species in the pore solution of concrete is
captured with a damage-dependent diffusivity tensor [39,90]

𝜃𝑙𝑫𝛼 = 𝜃𝑙(1 − 𝜙)𝐷𝑚,𝛼𝟏 + 𝜙𝐷𝑐,𝛼𝟏, 𝛼 = 𝑓, 𝐼𝐼, 𝐼𝐼𝐼 (23)

where 𝐷𝑚,𝛼 is the diffusivity of the considered species in concrete
and the parameter 𝐷𝑐,𝛼 ≫ 𝐷𝑚 controls the diffusivity of the cracked
5

aterial. u
2.4. Overview of the governing equations

For the sake of clarity, let us summarise the governing equations of
the proposed model and the associated boundary conditions for seven
unknown variables – displacement vector 𝐮, phase-field variable 𝜙, free
chlorides concentration 𝑐𝑓 , bound chlorides concentration 𝑐𝑏, ferrous
ions concentration 𝑐𝐼𝐼 , ferric ions concentration 𝑐𝐼𝐼𝐼 , and precipitate
volume fraction 𝜃𝑝:

𝛁 ⋅
(

𝑔(𝜙)𝑒 ∶ (𝛁𝑠𝐮 − 𝜺⋆)
)

+ 𝐛 = 0 in 𝛺𝑐 (24a)

−1
2
d𝑔(𝜙)
d𝜙

(𝑡) + 𝓁
𝜋
𝐺𝑓∇2𝜙 −

𝐺𝑓

𝜋𝓁
(1 − 𝜙) = 0 in 𝛺𝑐 (24b)

𝜕
(

𝜃𝑙𝑐𝑓
)

𝜕𝑡
− 𝛁 ⋅

(

𝜃𝑙𝑫𝑓 ⋅ ∇𝑐𝛼
)

= −𝜃𝑙𝑅𝑏 in 𝛺𝑐 (24c)

𝜕
(

𝜃𝑙𝑐𝑏
)

𝜕𝑡
= 𝜃𝑙𝑅𝑏 in 𝛺𝑐 (24d)

𝜕
(

𝜃𝑙𝑐𝐼𝐼
)

𝜕𝑡
− 𝛁 ⋅

(

𝜃𝑙𝑫𝐼𝐼 ⋅ ∇𝑐𝐼𝐼
)

= 𝜃𝑙𝑅𝐼𝐼 in 𝛺𝑐 (24e)

𝜕
(

𝜃𝑙𝑐𝐼𝐼𝐼
)

𝜕𝑡
− 𝛁 ⋅

(

𝜃𝑙𝑫𝐼𝐼𝐼 ⋅ ∇𝑐𝐼𝐼𝐼
)

= 𝜃𝑙𝑅𝐼𝐼𝐼 in 𝛺𝑐 (24f)
𝜕𝜃𝑝
𝜕𝑡

=
𝑀𝑝

𝜌𝑝
𝜃𝑙𝑅𝑝 in 𝛺𝑐 (24g)

𝐮 = 𝐮 in 𝛤 𝑢 𝝈 ⋅ 𝐧 = 𝐭 in 𝛤 𝑡 (25a)

∇𝜙 ⋅ 𝐧 = 0 in 𝛤 𝑐 ∪ 𝛤 𝑠 (25b)
𝑐𝑓 = 𝑐 in 𝛤 𝑐,𝑐 , 𝐧 ⋅

(

𝑫𝑓 ⋅ ∇𝑐𝑓
)

= 0 in 𝛤 𝑐,𝑓

(25c)

𝐧 ⋅
(

𝑫𝐼𝐼 ⋅ ∇𝑐𝐼𝐼
)

= 0 in 𝛤 𝑐 , 𝐧 ⋅
(

𝑫𝐼𝐼 ⋅ ∇𝑐𝐼𝐼
)

=
𝑖𝑎
𝑧𝑎𝐹

in 𝛤 𝑠

(25d)

𝐧 ⋅
(

𝑫𝐼𝐼𝐼 ⋅ ∇𝑐𝐼𝐼𝐼
)

= 0 in 𝛤 𝑐 ∪ 𝛤 𝑠 (25e)

Boundary conditions for Eqs. (24d) and (24g) are not required because
these equations do not contain any space derivatives. The resulting
coupled system of partial differential equations is numerically solved
with the finite element method using the finite element package COM-
SOL Multiphysics1 and the domain 𝛺𝑐 ∪ 𝛺𝑠 is discretised with linear
triangular elements. A staggered solution scheme is employed. Direct
solvers are applied to the system of linear equations in every solution
step. To accelerate the solution process, significantly larger time steps
(approximately 4–7 times) are considered in the initiation period than
in the propagation period. This is because in the initiation period
(i.e. before the corrosion initiation on the steel surface and thus the
onset of damage), unknown variables are reduced only to free and
bound chloride concentrations.

3. Results

The ability of the model to reproduce experimental results is vali-
dated using the experimental data reported by Chen et al. [16] and Ye
et al. [91] for the chloride content (Section 3.2) and surface crack width
(Section 3.3). General results observed from simulated case studies
based on the reinforced mortar samples of Chen et al. [16] and the rein-
forced concrete samples of Ye et al. [91] are discussed in Section 3.3.1
and a parametric study of chloride transport-related and corrosion
activation-related parameters is provided in Section 3.4. The impact of
varying anodic length in a three-dimensional setting is studied in Sec-
tion 3.5 showcasing the potential of the model to investigate complex
cases of three-dimensional non-uniform corrosion-induced cracking.

1 The COMSOL model developed is made freely available at https://
ww.imperial.ac.uk/mechanics-materials/codes (Note for review: it will be
ploaded shortly after publication).

https://www.imperial.ac.uk/mechanics-materials/codes
https://www.imperial.ac.uk/mechanics-materials/codes
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Table 1
Model parameters: mechanical properties of concrete.

Mechanical properties for the tests of Chen et al. [16] and Ye et al. [91]

Parameter Value Unit Source

Compressive strength 𝑓𝑐,𝑐𝑢𝑏𝑒 45.8 & 42.5 MPa [16,91]
Tensile strength 𝑓𝑡 4.1 & 3.2 MPa [92,94]
Young’s modulus 𝐸𝑐 29 & 34 GPa [93,94]
Poisson’s ratio 𝜈𝑐 0.18 – [94]
Fracture energy 𝐺𝑓 67 & 100 J m−2 [95]

3.1. Choice of model parameters

All parameters of the proposed model have a physical basis and
can be independently measured. Experimental values measured by the
authors of considered case studies were thus employed where available.
The mechanical parameters considered for the case studies are based
on the tests on the reinforced mortar samples by Chen et al. [16] and
on the reinforced concrete samples by Ye et al. [91], and are listed
in Table 1. These two studies were chosen because they include the
measurements of the surface crack width in time for naturally corroding
specimens, while most experimental studies provide the surface crack
width only for impressed current tests.

The samples in both studies were prepared from Portland cement
with a water-to-cement ratio of 0.6 for the samples of Chen et al. [16]
and 0.47 for the samples of Ye et al. [91]. While Chen et al. [16]
added only sand to the mix, Ye et al. [91] used also crushed gravel. All
concrete samples were cured for 28 days before being exposed to chlo-
rides. Chen et al. [16] introduced chlorides by placing the samples into
a marine atmosphere environmental chamber. There, 50 g/L sodium
chloride solution was regularly sprayed on the mortar surface such that
the precipitation intensity of the salt solution remained approximately
5.69 g cm−2 h−1. Chlorides were extracted by dissolving the powdered
mortar samples in an acidic extraction solution. Potentiometric titration
was employed to measure the chloride content. The surface crack width
in time was also monitored. The specimens of Ye et al. [91] were for
32 days subjected to cyclic 1-day wetting in a 60 g/l sodium chloride
solution and 3-day oven drying. Ye et al. [91] did not measure the
chloride transport but thoroughly documented the evolution of the
surface crack width in time and the steel mass loss.

The compressive strength was provided by the authors but the
remaining parameters had to be estimated. For the mortar samples
of Chen et al. [16], the tensile strength was estimated from the porosity
with the experimentally calibrated formula of Chen et al. [92]. Young’s
modulus was estimated from ACI CODE-318-19 [93] and the Poisson’s
ratio from EN 1992-1-1:2004 [94]. For the concrete samples of Ye et al.
[91], the tensile strength, Young’s modulus and Poisson’s ratio are es-
timated from EN 1992-1-1:2004 [94]. The fracture energy is estimated
with the formula of Bažant and Becq-Giraudon [95], assuming rounded
aggregates of maximum possible size for the mortar samples of Chen
et al. [16] and crushed aggregates for the samples of Ye et al. [91]. For
the steel rebar, Young’s modulus of 205 GPa and Poisson’s ratio of 0.28
are assumed, as these are common values for steel.

The parameters related to chloride transport and corrosion initiation
are summarised in Table 2. Chen et al. [16] provided the section
of porosity of mortar in the vicinity of the rebar, from which they
estimated approximately 0.15 porosity of bulk mortar. The porosity of
concrete for the tests of Ye et al. [91] is estimated from the seminal
work by Powers and Brownyard [96], assuming that the degree of
hydration is 0.9 and that only the porosity of the cement paste is
relevant. The values of parameters 𝛼 and 𝛽 of Freundlich’s isotherm
for chloride binding are adopted from the study of Mir et al. [69]. Chen
et al. [16] measured the chloride profile in time and chloride diffusivity
in concrete was thus obtained by a fitting procedure described in
Section 3.2. The obtained values of chloride diffusivity are in the
range reported by Stefanoni et al. [41]. Because Ye et al. [91] did not
6

m

measure chloride content or diffusivity, the same chloride diffusivity
as for the test of Chen et al. [16] is considered. Since no experimental
measurements of chloride threshold were provided in both studies, it
is estimated from the range obtained by Angst et al. [59] by testing
various values and comparing the resulting surface crack width and
mass loss. The diffusivity of chlorides in fully cracked concrete is chosen
the same as the diffusivity of chlorides in water.

The values of additional model parameters related to the properties
of rust and the transport of iron ions are given in Table 3 and are
identical to those considered in the study of Korec et al. [39], where a
more detailed discussion can be found. Akaganeite (𝛽-FeO(OH)), a com-
monly found rust in chloride-contaminated concrete, is assumed to be
the representative corrosion product. The experimental measurements
of Young’s modulus and Poisson’s ratio of rust are quite scattered in the
literature. Korec et al. [39] found rust elastic properties to importantly
affect the surface crack width. In their study, Young’s modulus and
Poisson’s ratio of rust were calibrated to match the surface crack width
measured for the impressed current tests of Pedrosa and Andrade [99].
Because corrosion was initiated by high chloride concentration in these
tests, the fitted values of Young’s modulus and Poisson’s ratio of rust
are considered relevant for this study. Overall, the chosen type and
mechanical properties of rust are assumed to be valid for natural
corrosion in a strongly chloride-contaminated environment.

3.2. Validation of the model — chloride transport

The capability of the model to predict chloride ingress in time accu-
rately was validated by comparing predictions with experimental data
of Chen et al. [16] at 2, 4 and 6 months. The tested mortar specimens
were 300 mm long prisms with a 100 by 100 mm cross-section. Two
chloride transport exposure set-ups were considered. In the first one,
only the top surface of the sample was exposed to chlorides and the
remaining surfaces were sealed with epoxy resin, while in the second
set-up, the top surfaces and two lateral sides of the specimen were
exposed with the remaining surfaces being sealed.

In Figs. 2(a) and 2(b) it can be observed that the maximum chloride
concentration is not at the surface of the sample, as would be ex-
pected for a typical diffusion profile, but rather approximately 7.5 mm
deeper within the sample. This behaviour results from the regular
spraying of concrete with sodium chloride solution, which leads to
periodic fluctuations of relative humidity in the surface layer of con-
crete. The distribution of chlorides in this layer is thus affected by
water convection [16,100] and other effects. Only deeper in the mor-
tar where humidity remains more stable, diffusion is the dominant
transport mechanism. For this reason, the transport of chlorides is
modelled only in the diffusion-dominated region, which requires setting
an appropriate boundary condition 7.5 mm deep in the mortar where
the chloride content is maximum. Meira et al. [100] proposed that
this maximum value 𝐶𝑚𝑎𝑥 can be approximated by 𝐶𝑚𝑎𝑥 = 𝐶0 +
𝑘𝑐,𝑚𝑎𝑥

√

𝐷𝑎𝑐 where 𝐶0 is the initial chloride content, 𝑘𝑐,𝑚𝑎𝑥 is a material
and environment-dependent coefficient and 𝐷𝑎𝑐 is the accumulated
deposition of chlorides on the surface of concrete. 𝐷𝑎𝑐 can be calculated
from the provided precipitation intensity of salt solution, and 𝑘𝑐,𝑚𝑎𝑥 =
1.96 ⋅ 10−3 was fitted from the provided values of chloride content
7.5 mm deep in the concrete. The optimal chloride diffusion coefficient
was then found by evaluating the coefficient of determination (𝑅2) of
the model prediction and experimental data for 𝐷𝑓 ∈ ⟨10−13, 10−11⟩. As
an be seen in Fig. 2(c), 𝑅2 curves for chloride content in 2, 4 and 6
onths are all concave with unique maxima around 𝐷𝑓 = 2.7 ⋅ 10−12
2s−1, which was thus chosen as the optimal value. In Figs. 2(a) and
(b) can be observed that the predicted chloride content agrees very
ell with experimental data, confirming the ability of the proposed

odel to simulate chloride transport accurately.
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Fig. 2. Validation of the predicted total chloride to cement mass ratio 𝐶𝑡𝑜𝑡 in 2, 4 and 6 months with the experimental data from tests (a) and (b) conducted by Chen et al. [16].
Due to the convection surface effects, the chloride content is predicted only in the diffusion-dominated region deeper than 7.5 mm. Variable concentration boundary condition
based on the formula of Meira et al. [100], which takes into account the accumulation of precipitated salts on the concrete surface, is considered. The optimal chloride diffusion
coefficient 𝐷𝑓 = 2.7 ⋅ 10−12 m2 s−1 is obtained by comparing the coefficient of determination of the model prediction and experimental data (c) for 𝐷𝑓 ∈ ⟨10−13 , 10−11⟩.

Fig. 3. The predicted evolution of surface crack width (a) is compared to the experimental measurements of Ye et al. [91] and the comparison of predicted corrosion-induced steel
mass loss relative to the initial rebar mass in time and its experimental counterpart is depicted in (b). Because Ye et al. [91] did not provide the experimental value of chloride
threshold and corrosion current density, these two parameters were chosen to fit the relative mass loss curve (b). The resulting prediction of the surface crack width (a) reveals a
very good agreement with experimental data, providing a safe upper bound.
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Table 2
Model parameters: properties related to chloride transport and corrosion initiation.

Chloride transport properties for the tests of Chen et al. [16] and Ye et al. [91]

Parameter Value Unit Source

Porosity 𝑝0 0.15 & 0.19 – [16,96]
Chloride diffusivity in undamaged concrete 𝜃𝑙𝐷𝑚,𝑓 2.7 ⋅ 10−12 m2 s−1 [41]
Chloride diffusivity in cracked concrete 𝐷𝑐,𝑓 10−9 m2 s−1 [41]
Binding isotherm parameter 𝛼 10−5 s−1 [69]
Binding isotherm parameter 𝛽 0.7 – [69]
Chloride threshold 𝑇 0.22 & 0.56 % of binder [59]
Molar mass of chlorides 𝑀𝐶𝑙 35.5 g mol−1

Mass fraction of cement binder 𝑚𝑐 575 & 372 kg m−3 [16,91]
Table 3
Model parameters: properties of rust, transport properties of concrete and other relevant chemical properties.

Parameter Value Unit Source

Properties of rust (FeO(OH) + H2O)

Young’s modulus 𝐸𝑝 440 MPa [76]
Poisson’s ratio 𝜈𝑝 0.4 – [76]
Porosity 𝑟0 0.16 – [97]
Molar mass of rust 𝑀𝑝 106.85 g mol−1

Density of rust 𝜌𝑝 3560 kg m−3 [76]

Transport properties of concrete (transport of iron ions)

Iron ions diffusivity in undamaged concrete 𝜃𝑙𝐷𝑚,𝐼𝐼 and 𝜃𝑙𝐷𝑚,𝐼𝐼𝐼 10−11 m2 s−1 [41]
Iron ions diffusivity in cracked concrete 𝐷𝑐,𝐼𝐼 and 𝐷𝑐,𝐼𝐼𝐼 7 ⋅ 10−10 m2 s−1 [41,98]

Other chemical properties

Rate constant 𝑘𝐼𝐼→𝐼𝐼𝐼
𝑟 0.1 mol−1 m3 s−1 [41]

Rate constant 𝑘𝐼𝐼𝐼→𝑝
𝑟 2 ⋅ 10−4 s−1 [98]

Oxygen concentration 𝑐𝑜𝑥 0.28 mol m−3 [43]
3.3. Validation of the model — mass loss and crack width

The capability of the model to predict the crack width in time
was validated with the experimental results of Ye et al. [91]. The
tested concrete specimens with a minimal cover of 10 mm were for
32 days subjected to cyclic drying and wetting with 60 g/l sodium
chloride solution. Because Ye et al. [91] did not directly measure the
parameters for chloride transport and the chloride exposure conditions
were similar to the previously analysed tests of Chen et al. [16], the
same values of parameters were employed for the tests of Ye et al.
[91]. The values of chloride threshold (𝑇 = 0.56 wt.% of cem.) and
corrosion current density (𝑖𝑎 = 4.6 μA∕cm2) were chosen by fitting the
mass loss curve depicted in Fig. 3(b) to experimental data. Because the
precipitation intensity of salt solution was not provided by Ye et al.
[91], constant chloride concentration equivalent to the concentration
of the sprayed 60 g/l sodium chloride solution was considered. Both
fitted values lie in a range typically reported in the literature [59,62–
65]. The resulting blind prediction of the surface crack width (Fig. 3(a))
reveals a very good agreement with experimental data, providing a
safe upper bound to experimental data. The predicted crack width is
calculated by integration of the 𝑥-component of the inelastic strain
tensor 𝜺𝑑 = 𝜺 − 𝜺𝑒 − 𝜺⋆ (𝜺𝑒 is the elastic part of the strain tensor) over
the upper concrete surface [23]:

𝑤 = ∫𝛤 𝑢𝑠
(𝜺𝑑 )𝑥 d𝛤 = ∫𝛤 𝑢𝑠

(1 − 𝑔(𝜙))(𝜺𝑥 − (𝜺⋆)𝑥) d𝛤 (26)

3.3.1. General aspects of the simulation results
For the purposes of demonstrating the general properties of the

proposed model, the simulation results obtained for the work of Chen
et al. [16], with chlorides penetrating from the top concrete surface,
are analysed in this section. The chloride threshold 𝑇 = 0.22% and
corrosion current density 𝑖𝑎 = 0.8 μA∕cm2 were chosen to fit the
experimentally measured surface crack width. Cracking patterns in 1.5
and 3 years characterised by the phase-field variable are depicted in
Figs. 4(a) and 4(b) respectively. It can be observed that the crack
initially forms at the rebar surface point closest to the free concrete
8

surface, with inclined lateral cracks forming later. The slight offset of
lateral cracks from the steel surface is related to the spatial distribution
of precipitates which accumulate in a thin concrete region adjacent to
the steel rebar. The thin rust-filled region itself is confined between
steel and remaining concrete, causing the first effective principal stress
there to be initially negative, which prevents the onset of local damage.
Thus, only further in the concrete, where the first principal effective
stress is positive, cracks can initiate. The reader is referred to Appendix
D in Korec et al. [39] for further context.

In Fig. 4(c), the evolution of surface crack width in time predicted
by the proposed non-uniform corrosion model is compared with the
prediction of two alternative models, which are simplified versions of
the proposed non-uniform corrosion model. The first one is the uniform
corrosion model, which considers that the entire corrosion surface
starts to uniformly corrode once the penetrating chloride front reaches
the chloride threshold value on the boundary of the concrete cover
and steel rebar. The second alternative model considers non-uniform
corrosion but neglects the enhanced transport of chlorides through
corrosion-induced cracks. Comparison of crack width predicted by
these three models in Fig. 4(c) reveals that although the predictions of
a uniform corrosion model are on the safe side, the surface crack width
is significantly overestimated and the vertical surface crack initiates
much earlier than it should. These findings confirm the importance
of considering the gradual corrosion initiation of the steel surface
with the advancing chloride front. On the other hand, neglecting the
enhanced transport of chlorides through cracks leads to the delay in the
onset of the vertical surface crack and to underestimation of the crack
width. This means that corrosion-induced cracks play an important
role in chloride transport, further documented in Figs. 5(a) and 5(b),
and neglecting the enhanced crack-induced chloride transport is not a
safe-side assumption.

A gradual corrosion initiation of the steel surface leads to a non-
uniform distribution of precipitated rust, as demonstrated in Figs. 6(a)
and 6(b) depicting the distribution of precipitates in 1.5 and 3 years,
respectively. In Fig. 6(a) can be observed that initially, maxima of
the precipitate saturation ratio are located in the vicinity of the rebar
surface closest to the concrete surface, from which chlorides penetrate.

However, as depicted in Fig. 6(b), the distribution of precipitates in
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Fig. 4. Predicted growth and nucleation of cracks for the work of Chen et al. [16] characterised by the contours of the phase-field variable 𝜙 in (a) 1.5 and (b) 3 years.
The evolution of surface crack width predicted by the proposed non-uniform model is compared with experimental measurements of Chen et al. [16] (c). The comparison with
alternative predictions of the uniform corrosion model and non-uniform corrosion model neglecting the transport of chloride through cracks stressing the importance of corrosion
non-uniformity and crack-facilitated chloride transport is also provided in (c).

Fig. 5. The contours of total chloride content 𝐶𝑡𝑜𝑡 for the test of Chen et al. [16] in 8 months (a) and 18 months (b) revealing the profound impact of cracks on chloride transport
through concrete. The phase-field variable 𝜙 is shown in the back in a grey scale bar (0 – white, 1 – black).
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Fig. 6. Contours of the precipitate saturation ratio 𝑆𝑝 in the vicinity of rebar for the test of Chen et al. [16] in (a) 1.5 years and (b) 3 years reveal that even in three years
time only 30% of the concrete pore space surrounding the rebar is filled with precipitates, suggesting that the studied driving mechanism of corrosion-induced fracture, i.e., the
accumulation of rust under constrained conditions in concrete pore space, could dominate for years under the low corrosion current densities of natural chloride-induced corrosion.
The phase-field variable 𝜙 is shown in the back in a grey scale bar (0 – white, 1 – black). The comparison of the evolution of 𝑆𝑝 in a radial direction from the rebar (𝑟, 𝜃 = 0◦)
for corrosion current densities 0.8, 1.5 and 3 μA∕cm2 shows that even for values of corrosion current density that are 3.5 times higher than those considered in the simulation of
the tests of Chen et al. [16], only less than half of the pore space is filled with precipitates in this radial section.
time is strongly affected by cracks that facilitate the enhanced transport
of iron ions away from the steel surface (as observed experimentally
by [3,101]). For this reason, the maximum of the precipitate satura-
tion ratio shifts to the vicinity of less-developed upper lateral cracks,
which cannot facilitate the transport of as many iron ions as the other
better-developed cracks. Interestingly, the predicted maximum of the
precipitate saturation ratio for the tests of Chen et al. [16] reaches
only 30% of the pore space. In addition, Fig. 6(c) shows that even
if the corrosion current density were to be 3.5 times higher, only
less than 50% of the pore space would be filled in the considered
vertical concrete section. This indicates that the considered mechanism
of precipitation-induced pressure can last for years before the pore
space is eventually filled.

3.4. Parametric studies

To better understand the impact of parameters related to chloride
transport and corrosion initiation on surface crack width, parametric
studies for concrete cover 𝑐, chloride diffusivity in undamaged concrete
10
𝐷𝑓 , chloride threshold 𝑇 and water salinity 𝑆 were performed. The
geometry and values of the remaining model parameters were consid-
ered as in the simulated tests of Chen et al. [16]. Chlorides penetrated
only from the top concrete surface and, contrarily to the tests of Chen
et al. [16], a constant chloride surface concentration equivalent to 35
g/l sodium chloride solution, simulating Atlantic seawater [102,103], is
assumed. The simulation time was 3 years. The crack width is displayed
both in its absolute value 𝑤 (in mm) and in its relative value �̃� (in
%). The relative crack width �̃� is calculated as the ratio of the crack
width 𝑤 to 0.31 mm, which was the maximum crack width reached
for the 20 mm cover and the parameter values are equivalent to those
employed for the tests of Chen et al. [16].

In Fig. 7(a) one can see that the increase in concrete cover leads
to smaller crack widths even though the rate of crack width growth
over time increases (see Fig. 7(b)). The increase of the rate of crack
width with concrete cover thickness is a purely mechanical (geometric)
effect, which has also been reported in computational studies of Chen
and Leung [104], Chen et al. [16] and Korec et al. [39]. Alonso et al.
[105] also showed experimentally that for larger covers the cracking



Theoretical and Applied Fracture Mechanics 129 (2024) 104233E. Korec et al.

t
8
f
1
m
b
t
c
i
r
t
s
i

Fig. 7. Parametric study: absolute and relative surface crack width in 1, 2 and 3 years (a) and the evolution of crack width (b) for varying concrete cover. In (c), the absolute and
relative crack widths in 3 years predicted by the proposed non-uniform corrosion model are compared with the alternative uniform corrosion model and non-uniform corrosion
model neglecting crack-facilitated chloride transport, revealing the importance of considering non-uniform corrosion and crack-facilitated chloride transport to obtain accurate
durability predictions.
process is delayed but the rate of the crack width in time is not smaller.
However, the mechanistic increase of the rate of crack width is not
able to compensate for the delaying effect that a thicker concrete cover
has on the initiation of corrosion, and crack width thus decreases with
increasing concrete cover. Fig. 7(c) confirms the results demonstrated
in Fig. 4(c). It can be observed that even for varying concrete cover,
the non-uniform corrosion model overestimates the predicted crack
width while neglecting crack-facilitated chloride transport leads to an
underestimation of the crack width.

While chloride diffusivity in undamaged concrete 𝐷𝑓 and chloride
hreshold 𝑇 have a significant impact on crack width (Figs. 8(a) and
(c)), the influence of seawater salinity 𝑆 (Fig. 8(e)) is relatively low,
or the values of 𝑆 adopted, which lie within the typical range [102,
03,106–108]. Chloride diffusivity can be reasonably measured or esti-
ated but the profound influence of chloride threshold is troublesome

ecause the experimental measurements are notoriously scattered in
he range from 0.04 to 8.34% of total chloride content by weight of
ement [59]. However, this can arguably be considered more of an
ssue of the current state of knowledge and experimental techniques
ather than a shortcoming of the model. Interestingly, variations in
he value of diffusivity, chloride threshold and salinity do not lead to
ignificant changes in the rate of crack width over time, as documented
n Figs. 8(b), 8(d) and 8(f).
11
3.5. Non-uniform corrosion in 3D

In the previous sections, only two-dimensional boundary value
problems were analysed, using the implicit assumption that corrosion
proceeds uniformly over the length of the rebar. This is realistic for
well-controlled tests in laboratory conditions, on which the proposed
model was validated. However, chloride-induced corrosion in real
concrete structures could be significantly more localised. This may
result for example from additional load-induced, thermal-induced or
shrinkage-induced cracks or simply from material heterogeneities or
construction imperfections. To better understand the impact of varying
anodic length on the surface crack width, a 100 mm long prism with
a 50 by 50 mm cross-section was simulated as a three-dimensional
domain. A rebar of 10 mm in diameter and concrete covers of 10 and
15 mm were considered. The sample was corroded for 60 days with
the corrosion current density of 6 μA∕cm2 uniformly distributed over
the anodic region (see Figs. 9(a) and 9(b)). The uniform distribution of
corrosion current density was introduced to facilitate the interpretation
of the results. The parametric study for different ratios of corroding
(anodic) and total length of the rebar (Fig. 9(c)) revealed a strong
influence of the studied ratio on the surface crack width. This agrees
with the experimental findings of Torres-Acosta and Sagüés [109] who
identified a strong impact of the length of the anodic region on the time
to the appearance of a surface crack.

Because of the high sensitivity of the surface crack width to the
anodic length depicted in Fig. 9(c), a heavily corroded small section of
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Fig. 8. Parametric study: absolute and relative surface crack widths in 1, 2 and 3 years on the left and the evolution of crack width on the right depending on chloride diffusivity
in undamaged concrete 𝐷𝑓 (a)–(b) (with the 𝑥-axis of (a) in log scale), chloride threshold 𝑇 (c)–(d) and water salinity 𝑆 (e)–(f).
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rebar may lead to a similar crack width as a much less corroded larger
ebar region. Evaluation of the state of corrosion only from the surface
rack width may lead to a catastrophically erroneous assessment of
ltimate strength capacity because the surface crack width cannot
eveal if the rebar is not literally disconnected by corrosion and thus
12

b

an no longer fulfil its load-bearing function properly. From an exper-
mental perspective, similar conclusions were drawn by Andrade et al.
110]. The obtained results also indicate that two-dimensional simu-
ations implicitly assuming uniformity of corrosion in length cannot
e straightforwardly extended to real structures, and three-dimensional
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Fig. 9. Contours of evolving cracks characterised by contours of the phase-field (in red) and corroding rebar region represented by 𝑆𝑝 > 0.05 (in blue), for (a) 50% of rebar surface
uniformly corroding, (b) 100% of rebar surface uniformly corroding (both samples are halved). Absolute and relative surface crack widths in the middle of the sample in 60 days
for a varying length of the anodic region and covers 10 and 15 mm are depicted in (c).
simulations assuming possible variations in the length of anodic regions
are necessary. The proposed model is capable of analysing sections of
complex reinforced concrete components and can be thus employed
to analyse various academically and industrially relevant scenarios of
highly localised chloride corrosion.

The proposed model allows the simulation of both the initiation
and propagation stages of chloride-induced corrosion in reinforced con-
crete structures. The necessary inputs are chloride diffusivity, chloride
binding isotherm parameters, chloride threshold and concrete porosity,
tensile strength, Young’s modulus, Poisson’s ratio and fracture energy.
Also, the model takes the value of the corrosion current density as a
parameter. One has to bear in mind that the corrosion current density
is strongly affected among other things by the water saturation of
porosity [111] which is variable during the year depending on exposure
conditions [112].

Full saturation of concrete is assumed, which is sensible in the close
vicinity of the rebars for many structures, including marine structures
in the tidal and splash zones. However, because concrete structures ex-
posed to the atmosphere commonly undergo wetting and drying cycles,
coupling with an external water transport model is recommended for
long-term structural analysis. In this case, the impact of creep on the
mechanical properties of concrete should also be considered.
13
4. Conclusions

In this study, a model for corrosion-induced cracking of reinforced
concrete subjected to chloride-induced corrosion was presented. It con-
sists of seven differential equations for seven associated unknown field
variables, which are solved by the finite element method. The ability of
the proposed model to simulate both chloride transport and corrosion-
induced cracking accurately was validated against the experimental
results of Chen et al. [16] and Ye et al. [91], revealing very good
agreement with the experimentally measured chloride content and
crack width in time. The main findings observed in the simulated case
studies are:

• For the case of chloride-induced corrosion, the proposed non-
uniform model provides significantly more accurate crack width
estimates than the simplified uniform corrosion model.

• Neglecting crack-facilitated chloride transport is not a conserva-
tive assumption, as it leads to an underestimation of the crack
width.

• The numerical results from analysed case studies suggest that
under the conditions of natural chloride-induced corrosion, where
the current density is typically below 10 μA∕cm2, the considered
mechanism of precipitation-induced pressure can last for years
before pore space is eventually filled.
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• Variations of the values of parameters related to chloride trans-
port and corrosion initiation, namely chloride diffusivity, seawa-
ter salinity and chloride threshold change the crack initiation time
but the rate of crack width growth is not affected significantly.

• Varying length of the corroding (anodic) region on the rebar
surface significantly affects the crack width. Because chloride-
induced corrosion is well-known to have a pitting character, the
obtained results indicate that it is not possible to draw a direct
link between the mass loss of steel rebars and the surface crack
width, unless the distribution and size of anodic regions are
known.

here are many opportunities for future research; for example, coupling
he proposed chemo-mechanical model with the electrochemical corro-
ion model to predict corrosion current density, or extending the model
o combined carbonation-induced and chloride-induced corrosion.
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