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1 Introduction

This dissertation discusses the potential use of the Earth-Moon Lagrange points
for improving global navigation satellite system (GNSS) signal availability and dis-
tribution on Lunar missions. The Lagrange points are points of equilibrium which
occur when modelling the Earth and Moon under the circular restricted three
body problem (CR3BP), and represent interesting yet sparsely research potential
for Lunar missions. This chapter provides an overview of the project, while Chap-
ter 2 discusses an overview of key literature in the field of positioning around the
Moon, as well as some alternative proposals. The methodology used through-
out this project is described in Chapter 3, with key results presented in Chapter 4
and their implications discussed. Chapter 5 talks about the implications of this
research, and the factors which could affect its practical roll-out in real missions.
Finally, a summary of the whole project is provided in Chapter 6.

1.1 Background
Despite the first spacecraft reaching the Moon in 1959, space agencies from around
the world continue to explore our nearest celestial neighbour. In August 2023
alone, two missions aimed to land a spacecraft in the south pole region - a task
which had not previously been achieved. Of those two missions, one success-
fully landed, while the other experienced an anomaly which is thought to have
resulted in it crashing into the surface. At the time of writing, no formal investi-
gation has concluded the cause. Over half a century since the last crewed landing
on the Moon, the Artemis programme is once again preparing to send humans
to the surface, with a new space station in Lunar orbit planned to expand exper-
imental opportunities in Lunar space. As mission complexity increases, techno-
logical demands for the supporting infrastructure increase, especially in safety-
critical applications in which errors can cause the loss of spacecraft, or life. One
key area of interest is the development of reliable communications and naviga-
tion infrastructure, to support the ever-increasing manifest of missions to the
Moon in the coming years. The European Space Agency aims to develop this in-
frastructure ready for its missions to the Moon, and the United Kingdom is a ma-
jor investor in technologies to support this endeavour (UK Space Agency 2023),
with over £50m in funding available in 2023 alone to support research into this
growing area.

Tentatively scheduled for launch in 2023, the LuGRE mission aims to be the first
to obtain GNSS signals from the Lunar surface (Parker et al. 2022), providing in
situ reference data for this problem for the first time. The mission represents a
key step towards achieving accurate positioning beyond Earth orbit, and will be
the first step in determining the feasibility of GNSS as a technology in Lunar mis-
sions. Jointly developed by the National Aeronautics and Space Administration
(NASA) and the Italian Space Agency (ASI), LuGRE will collect GNSS measurements
throughout its journey to the Moon, and from its final landing site on the surface,
and will make this data openly available to researchers in this field.

As discussed in Section 2.2, the use of GNSS outside the standard space service
volume (SSV) has yet to be proven at distances as far as the Moon, however ex-
perimental data has shown promising results for its performance. However, its
ability to pinpoint a receiver’s location is limited by its visibility with Earth, and the
quality of the solution is affected by the distribution of signal sources available to
a receiver. While different approaches to improve this coverage and quality have
been proposed in the past, this research will investigate the potential of using
stable equilibrium points for improving GNSS performance - an area which has
received relatively little attention to date.
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1.2 Aims and Objectives

1.2.1 Research Aim
The purpose of this research project was to analyse the use of GNSS augmen-
tation satellites at the Earth-Moon Lagrange points, specifically L2, L4, and L5,
and determine the change in performance and signal quality these augmentation
satellites would bring to an autonomous GNSS receiver in Lunar space.

1.2.2 Primary Objectives
Throughout this research, the primary objectives of the project were as follows:

1. Review major upcoming missions to the Moon and beyond, to identify key
requirements for PNT

2. Assess the current simulation processes for deep space satellite constella-
tions and GNSS

3. Develop simulation methods for modelling GNSS availability with and with-
out augmentations

4. Analyse the effects of augmenting GNSS with satellites at L2, L4, and L5

5. Evaluate the relative performance of the proposed solution, and their long-
term suitability for representative case studies

2
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2 Literature Review

Since the introduction of the first Global Positioning System (GPS) satellites from
the United States launched 45 years ago, research into applications of the tech-
nology behind the system expanded greatly following its demilitarisation in the
1980s. While GPS, and the other international networks that followed it, mainly
focused on terrestrial use, space-based applications have long been a key area
of interest - with satellite tracking provided as one of three examples of benefits
of GPS in space in a press release issued by the Office of the United States Sec-
retary of Commerce (2000) following the discontinuation of selective availability.
In the past two decades, with public access to the GPS network opened up, com-
bined with additional GNSS constellations from China and the European Union,
researchers have attempted to identify the practical limits of GNSS in space, and
methods for overcoming these limits on future missions the the Moon. This chap-
ter aims to summarise a number of key areas of prior research, and identify key
questions which remain.

2.1 Standalone Lunar Constellations
Traditional proposals for the development of a Lunar positioning system involve
the creation of a standalone GNSS constellation around the Moon, similar in de-
signs to the ones around the Earth. Constellations such as this can in theory be
applied to any celestial body, to provide positioning and navigation abilities in the
vicinity. While a network of dozens of full-size GNSS satellites around the Moon
would be a large expense to any agency setting out to achieve autonomous po-
sitioning, the miniaturisation of space technology in recent decades has led to
opportunities for smaller, cheaper missions. Wijnen et al. (2018) proposed the
use of 28 3U-sized CubeSats deployed in three planes around the Moon, which
collectively were able to provide a standalone positioning system akin to those
used on Earth. Their study focused on the use of novel electric propulsion meth-
ods to achieve stationkeeping in a system small enough to fit within a standard
size CubeSat, although analysis of constellation design to ensure a minimum vis-
ibility of four satellites was maintained across the Lunar surface was performed.
While significantly cheaper to implement than a traditional GNSS network, Wijnen
et al. estimated a minimum cost of US$31m to develop and launch the system, al-
though a practical deployment of a CubeSat-based GNSS system would likely cost
significantly more, to ensure redundancy within the system and long-term surviv-
ability, especially in a class of satellites with a nominal lifespan of a few years.

The design of a constellation is key when developing a standalone positioning
network, with small differences in conditions resulting in large changes to the
performance. Analysis performed by Arcia Gil et al. (2023) investigated over 12000
unique constellation designs of varying parameters, and isolated the ten which
provided the best performance for a Lunar GNSS system. Compared to reference
orbits in relevant literature, the ten constellations proposed by Arcia Gil et al. ex-
perienced a 44% improvement in performance.

To reduce complexity, frozen orbits have been proposed as an alternative to tra-
ditional constellations. Shirobokov, Trofimov, and Ovchinnikov (2021) investigated
the use of such orbits to deploy a stable, minimal-maintenance network to pro-
vide positioning services for Lunar missions using a constellation of small satel-
lites equipped with low-gain omnidirectional antennas. Their analysis suggested
300 of these satellites would be required to provide continuous, redundant cov-
erage across the whole Lunar surface, however this could be reduced to as low as
100 satellites if interest were focused at the polar regions. The optimal design of
frozen orbits for a given target is a key problem, which Trofimov, Shirobokov, and
Ovchinnikov (2022) present modelling methods for.
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On the other end of the scale, a minimal satellite configuration using frozen or-
bits is also presented by Jun et al. (2022), in which only two satellites are used to
provide accurate positioning via Doppler ranging for a specific region on the Lu-
nar surface. A key concept of their proposal is the ability to use any orbiting satel-
lite for Doppler ranging, including spacecraft which travelled together to reach
the celestial body. For example, on the Cassini–Huygens, the orbit of Cassini could
have been used by the Hygens lander to determine its relative position, without
any additional prior infrastructure required.

2.2 Direct Side-Lobe Signals
Due to the design of GNSS satellites, the majority of their signal is directed to-
wards the Earth in the primary beam of the antenna, which has a half beam width
of approximately 23.5◦. However, the antenna patterns used on most terrestrial
GNSS satellites also gives rise to a weaker side beam, between 27◦ and 39◦ offset,
which extends out into space beyond the Earth. The use of these side-lobe sig-
nals has been proposed for use in Lunar missions, and has been experimentally
proven at shorter distances.

The use of side lobe signals for Lunar missions has been extensively analysed
for a variety of missions by Delépaut, Schönfeldt, et al. (2019), in which mean
visibility was suggested to be near 100% in their modelling. This study in par-
ticular included detailed maps of antenna patterns currently in use on GPS and
Galileo satellites, which were used to accurately model signal characteristics of
each GNSS satellite and determine their visibility from the Moon. The same team
continues to publish similar studies into the use of side-lobe signals for Lunar
GNSS (Delépaut, Giordano, et al. 2020).

As signals from side lobes are weaker than the primary GNSS lobe, and are re-
ceived at a much greater distance, specialised hardware is likely to be required
in order to utilise these signals around the Moon. Work done by Musumeci et al.
(2016) into the design of a weak GNSS signal receiver suggest signals with a noise
density ratio as low as 5-8 dB-Hz could be decoded, providing a positional accu-
racy in the order of 50-100 metres.

Side-lobe GNSS signals present the potential for continuous coverage across the
whole trajectory from the Earth to the Moon, with Guan et al. (2022) publishing a
study into the use of side-lobe signals from GPS, Galileo, GLONASS, and BeiDou,
for positioning in geostationary orbit (GEO), high-Earth orbit (HEO), and Lunar
orbit. While the authors noted promising positioning accuracy of approximately
20m in GEO and HEO, they noted an improved receiver sensitivity was required to
achieve similar results from Lunar distances.

While side-lobe signals have not yet been proven at distances as far as the Moon,
their use has been proposed for use on missions closer to Earth, with satellites
in geostationary orbit being a key interest. Ji, Kwon, and Won (2021) discusses
the use of side-lobe signals for orbit determination of satellites over the Korean
peninsula. Through their analysis, they determined the geometric dilution of pre-
cision (GDOP) achieved in GEO using solely main lobe signals could be improved
by an order of magnitude with the addition of side-lobe signals, bringing it down
to an average of 9.94, within the acceptable range for positioning. Prior work by
Ji, Shin, and Won (2021) noted the decrease in signal-to-noise ratio of the side
lobe signals, which limits their helpfulness in improving GNSS performance. Simi-
lar studies into side-lobe GNSS signals for GEO satellites have been performed by
Konin and Shyshkov (2016) using the GPS and GLONASS constellations.

GNSS positioning using main- and side-lobes has been experimentally proven on
the MMS mission, which was able to decode GNSS signals and provide a position
fix at an altitude of 190 000km above the Earth (Winternitz et al. 2017), almost 54%
of the way to the Moon. This practical achievement of high-altitude GNSS outside

4
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of the standard space service volume proves the potential for using GNSS in Lu-
nar space.

2.3 Spacecraft at Lagrange Points
When modelling the Earth-Moon system without including external sources of
gravity from bodies such as the Sun or Jupiter, the model can be simplified to the
Circular Restricted Three Body Problem (CR3BP, or sometimes CRTBP). In this
model, the third body, usually a satellite, is assumed to have a negligible mass
compared to the two primary bodies, which both orbit around their common
barycentre. When restricting the motion of the three bodies to this circular prob-
lem, five points of equilibrium arise in which relative stability can be achieved,
commonly referred to as Lagrange points.

Figure 2.1: Location of the five equilibrium points in the Earth-Moon system

Three of these lie on the colinear axis between the two major bodies, in this case
the Earth and the Moon. Discovered by Euler (1767), these colinear points lie part-
way between the Earth and the Moon (L1), at a point in space perpetually ”be-
hind” the Moon (L2), and at a point in conjunction with the Moon on the opposite
side of the Earth (L3). These three points are shown in red in Figure 2.1, note the
L3 point lies slightly beyond the orbit of the Moon. All three of these points are
nominally unstable, with objects at the three points gradually drifting away over
time due to orbital perturbations, however with minimal stationkeeping it is pos-
sible to be in a periodic orbit which appears to follow the three Lagrange points.

The other two Lagrange points were discovered by Lagrange (1867), and are lo-
cated in a triangular configuration with respect to the two bodies. Taking the
Earth and the Moon as one side of an equilateral triangle, the L4 and L5 points
are situated at the third vertex, exactly 60◦ ahead and behind the Moon, slightly
outside of its orbit, as shown in green in Figure 2.1. In contrast to the colinear
points, these triangular points are nominally stable, and any perturbations from
this orbit will be counteracted by the gravitational forces of the two major bodies,
causing the spacecraft to orbit the point perpetually (in an ideal model).

With the Moon being tidally locked to the Earth, this means the orbital period and
rotational period of the Moon are approximately equal, resulting in the same side
of the Moon facing the Earth at all times. As all five equilibrium points are fixed in
the Earth-Moon rotating frame, the practical effect of placing a satellite near any
of these points will result in it appearing fixed in space from a ground observer,
with only a slight change in position due to the libration of the Moon.

5
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2.3.1 Unstable Colinear Points
Despite being nominally unstable, the L1 and L2 points are a popular location for
spacecraft to be placed, due to the benefits these points present with respect to
orbital geometry. Outside of GNSS, the much-publicised James Webb Space Tele-
scope was positioned in a halo orbit around the Sun-Earth L2 point, to minimise
infrared interference from the Sun and Earth, while being able to remain in that
position with minimal stationkeeping requirements.

One of the earliest investigations into the use of the colinear Lagrange points
for navigation in Lunar space came from Carpenter et al. (2004), who discussed
the use of a satellite at the L2 point. In this paper, it was proposed the GPS mea-
surements be augmented with a one-way Doppler ranging technique from the
L2 satellite, reducing the potential signal complexity of the augmentation sys-
tem. The research suggested a potential position and velocity accuracy better
than 1km and 5 cm · s−1 respectively, which they note is a promising improve-
ment compared to the existing methods of positioning in missions up to the time
of publication. Carpenter et al. also discussed the implications of placing a similar
satellite near the L1 point, discussing its potential for use in the transfer phase of
a Lunar mission.

Following on from this, a PhD thesis by Hill (2007) also investigated the use of a
single spacecraft at the colinear Lagrange points for direct satellite-to-satellite
positioning, also using techniques such as Doppler ranging. Their results sug-
gest a positioning error in the order of 100m, even with the inclusion of simulated
gravitational and weather-related errors. Critically, Hill noted that the operational
costs of installing and maintaining a Lunar positioning system using static satel-
lites at equilibrium points can be far lower than alternatives such as a full con-
stellation in Lunar orbit. As most missions to the Moon are taxpayer-funded gov-
ernment agency missions, the reduced infrastructure cost to create a navigation
system in this way can be appealing, especially as the same infrastructure can be
used to support communications between Earth and Moon-based spacecraft.

While methods focused around Doppler ranging can significantly reduce cost and
complexity of a Lunar positioning system, due to the reduced number of satel-
lites required, it does give rise to greater uncertainties due to a reciever’s posi-
tion being calculated from a single point in space. While both Hill and Carpenter
et al. have shown promising results, the lack of redundancy in the system, com-
bined with alternative methods proposed since these publications, suggests a
Doppler-based system may be insufficient for modern uses. However, the tech-
nology could be implemented as a secondary form of low-accuracy positioning,
both as a backup system in case the primary method fails, or as a way of deter-
mining approximate positioning from a ”cold” startup condition.

In contrast to using Doppler ranging as the main positioning method, Romag-
noli and Circi (2010) proposed a constellation of four satellites at each of the L1

and L2 points, each 90◦ out of phase with each other. Notably, this network dif-
fers from the ones discussed by Hill and Carpenter et al., as it aims to provide
standalone positioning without using the terrestrial GNSS network. Accurate
baseline positioning of the eight satellites near the Lagrange points could be ob-
tained using laser ranging, either from Earth (except for when L2 satellites are
occluded by the Moon), or static ground stations on the Lunar surface - such as
a potential crewed base. Due to the tidal locking of the Moon, each hemisphere
of the Moon would only ever be serviced by one of the two constellations, with
four satellites in each hemisphere being used to ensure the minimum required
number of pseudo-range measurements could be obtained. Romagnoli and Circi
also highlighted the reduced complexity of the system, in which even adding
additional satellites at the Lagrange points for redundancy would still require
less than half the number of navigation satellites compared to a more traditional
GNSS-like constellation in Lunar orbit. Additionally, the eight-satellite system
can double as a highly-resilient communications relay with the far side of the
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Moon, potentially serving as a fully redundant communications network for criti-
cal crewed missions in the future.

A similar constellation design has been proposed by Ren and Shan (2013), in which
constellations were positioned across the L1 and L2 points. The authors inves-
tigated a number of different orbital configurations, including halo orbits, Lya-
punov orbits, and Lissajous orbits. They determined a constellation of eight satel-
lites split evenly across the northern and southern halo orbits at both L1 and L2

could result in a GDOP comparable to that achieved on Earth, albeit with only
50.53% of the Lunar surface receiving continuous coverage. In the conditions of
Lyapunov and Lissajous orbits, the region of continuous coverage could be im-
proved to 83.24% and 82.73% respectively, at the expense of a degraded GDOP.
Ren and Shan also suggested increasing the halo orbit constellation to include
six satellites in each hemisphere could maintain a similar GDOP, while improving
the coverage on the Lunar surface to as much as 99.8%. Importantly, the authors
noted that when these constellations were modelled with the inclusion of the Sun
as a third body, the perturbations to the orbit caused additional satellites to be
required to maintain the same level of performance.

2.3.2 Stable Triangular Points
In contrast to the relatively widely studied potential of Lunar positioning systems
enabled by constellations at the colinear equilibrium points, there exists a sur-
prising lack of significant prior research into the two stable equilibrium points,
at L4 and L5. As seen in Figure 2.1, the triangular points are situated at a much
greater distance to the Moon compared to the L1 and L2 points, which will re-
sult in a much greater path loss within the signal, however the geometry of the
problem means augmentation satellites placed at these two locations would be
approximately the same distance as the terrestrial GNSS satellites they would be
augmenting.

While no artificial satellite has ever intentionally been placed at the L4 or L5 points
long-term, the stability of these points is widely seen in nature. In the Saturnian
system, there exists two pairs of so-called Trojan moons - both Tethys and Dione
(discovered in 1684) each have a co-orbital Trojan moon at their respective L4

and L5 points, three of which were discovered in 1980, and the final as recently
as 2004 (Umurhan et al. 2021). Due to the large size and mass difference between
these Trojans and their co-orbital hosts, their orbits are stable as described by the
CR3BP. This natural stability in an environment as complex as the Saturnian sys-
tem highlights one of the potential benefits of a Lunar positioning network with
nodes at these points, which would be able to be maintained in these positions
for long periods with little-to-no stationkeeping requirements.

Despite being briefly mentioned by Carpenter et al. (2004) almost 20 years ago,
the two stable Lagrange points have received almost no attention from researchers,
potentially due to the distances involved as discussed above. The only team to
have researched this in more than a passing level of detail are Zhang and Xu (2014).
In this first paper, Zhang and Xu analyse different architectures of a system in-
volving combinations of satellites at the L1, L2, L4, and L5 points, which combine
to provide near-complete coverage by at least one satellite at any given time on
the Lunar surface. Interestingly, they note a similar configuration of satellites at
the Lagrange points of any pair of bodies could be used to improve positioning
and navigation in the region, serving as ”A Universe Light House” for future mis-
sions into deep space.

Less than one year later, a follow-up article was published (Zhang and Xu 2015),
investigating the navigation performance of their four-satellite constellation for a
Lunar mission. In this study, it was determined that a spacecraft on a transfer tra-
jectory from the Earth to the Moon would be in continuous coverage by at least
one Lagrange satellite. In contrast to augmenting the GNSS signals, this paper
discusses a method more similar to that proposed by Hill, in which direct satellite-
to-satellite ranging methods are used, with measurements from all satellites com-
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bined to reduce errors. While this technique does provide positioning information
independent of any GNSS network, it can be modified to augment the GNSS net-
work, improving compatibility. The same network of satellites at the Earth-Moon
Lagrange points was later analysed for use on a mission to Mars, including the
full trajectory from LEO to Martian orbit (Zhang and Xu 2016), suggesting poten-
tial other uses for the system beyond Lunar space. Since publication of this re-
search, the lead author appears to have completed their PhD around 2017, and
has not published any further studies in this field.
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3 Methodology

3.1 GMAT Analysis
Prior to performing detailed analysis of different scenarios, a more generalised
simulation was to be performed for a wider variety of scenarios. By proceeding in
this way, low-resolution, short-duration simulations could be performed for many
configurations, to identify candidates for further analysis. These sparse simula-
tions were initially simulated in GMAT (General Mission Analysis Tool), and post-
processed using custom Python scrips to summarise the data. Promising candi-
dates from this stage are taken and analysed at a higher resolution, for longer
periods of time, and post-processed using the same tools. For the final stage, sce-
nario files are refined and optimised, in preparation for more detailed analysis
and verification in the SkyDel GNSS simulation software.

3.1.1 Setup and Configuration
In order to simulate a scenario in GMAT, each satellite in the scenario must be
created in the software, with parameters which define its initial conditions to
propagate forward. While GMAT offers a graphical user interface for defining
these, the primary method of configuring scenarios are via script files, which are
plain text files used as the sole input into GMAT. The generation of these script
files was automated using a Python program, in which the initial conditions of all
satellites are computed and saved to the GMAT script, alongside any visualisa-
tions or outputs desired from the scenario.

To reduce computation time of these initial simulations, only a single GNSS net-
work was included in the model, minimising the number of satellites to propa-
gate. Data from the European Union Agency for the Space Programme (2023)
regarding the the orbital parameters of the Galileo constellation were imported
into Python, all back-normalised to a common reference epoch of 2016-11-21 at
00:00:00 UTC. Additionally, reference parameter rates for the orbital elements
from the same source were imported, and used to propagate the orbital param-
eters to a start epoch of 2025-01-01 at 00:00:00 UTC. Each of these satellites had
their attitude fixed to an Earth-referenced nadir pointing alignment, to allow for
direction-aware visibility to be calculated in post-processing. All Galileo satellites
were combined into a Formation object within GMAT, allowing them to be propa-
gated and modelled as one, further optimising the runtime of the simulations.

A series of augmentation satellites were also added to the script, located at the L4

and L5 points. These two satellites were defined with a constant Moon-pointing
attitude, again to enable direction-based visibility to be calculated. As the internal
algorithms within GMAT define the orbits of the Earth and Moon using ephemeris
files, which account for gravitational effects from a wide range of sources, it is dif-
ficult to simulate a perfect circular-restricted three body problem (CR3BP) within
GMAT - this can be seen in Figure 3.1 where the location of the Moon with respect
to Earth oscillates over time, causing the Lagrange points to also shift. As such,
satellites placed in orbits which the CR3BP imply are stable, will gradually devi-
ate as the deviation between the CR3BP and the true motions of the Earth and
Moon grows. While this limitation meant it was not possible to model a satellite
in a halo orbit around L2, it did allow an approximation to be made for the L4 and
L5 points. Over the 180-day period of the longest simulation performed, the per-
turbations were small enough such that placing a satellite exactly at the calcu-
lated L4 and L5 points resulted in them remaining near enough to the two points
that analysis could be performed. The extent of this deviation can be seen in Fig-
ure 3.1 also, which highlights the inconsistency between the leading and trailing
Lagrange points.
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Figure 3.1: Visualisation of the rotating reference frame centred on the Earth-
Moon barycentre, of a 180-day simulation in GMAT

Additional spacecraft were included in the GMAT simulation, including a range
of points on the Lunar surface such as the landing sites of the six Apollo land-
ing sites, as well as two reference spacecraft in Lunar orbit. One of which is in-
tended to be a representative of a generic Lunar missions, modelled as a satel-
lite travelling in a perfectly equatorial, perfectly circular orbit, with a semi-major
axis of 10 000km. This is intended to highlight the availability of GNSS signals on
a mission which frequently passes behind the Moon, out of view of the Earth. The
second reference spacecraft is intended to model the proposed Lunar Gateway,
which is defined using the reference near-rectilinear halo orbit (NRHO) used by
McGuire, McCarty, and Burke (2020), experiencing an average period of approx-
imately 6.5 days. This Gateway-like reference spacecraft is intended to highlight
the coverage and performance of GNSS on a critical mission, which would be a
key user of GNSS in Lunar space due to the proposed operations of the space sta-
tion. Both of these spacecraft were modelled in GMAT using an initial condition
defined at the same starting epoch as the Galileo constellation, and were all prop-
agated using the same time steps and force models.

3.1.2 Case Study Analysis
Using this input script, a 7-day GMAT simulation would be run for a range of can-
didate scenarios, of which the most representative would be re-simulated across
a complete 180-day period. This procedure allowed for unstable configurations
to be identified quickly without requiring long processing time, while allowing
the most promising scenarios to be modelled to a higher level of detail using the
same input configurations. From this, four case studies were modelled - of which
the results are discussed in Section 4.2. These case studies included both the two
reference satellites in the orbits described above, plus two surface landers - at the
Apollo 11 landing site (0.674 16◦ N, 23.473 14◦ E), and the Shackleton crater near
the Lunar south pole (89.44◦ S, 38.20◦ W). These surface sites were selected as rep-
resentative examples of surface missions, with the Shackleton crater representing
a potential landing site for the Artemis III mission (Boazman et al. 2022).
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As each case study had the majority of satellites in common, the final long-duration
simulation was configured such that all case studies would be simulated at the
same time, and their data saved to separate locations so they can be isolated in
post-processing. For each object, a number of key parameters were saved to a
CSV file at each time step, which were read into a Python script in post-processing
to calculate the visibility and coverage in each case study. For the Galileo and
augmentation satellites, this output included the Cartesian coordinates of the
satellite in an Earth-centred inertial reference frame, as well as the Euler angles
representing the spacecraft’s attitude. For the reference receivers in orbit, the
same variables were exported, while surface-based reference receivers had at-
titude information omitted. In addition to all the spacecraft, the Cartesian coor-
dinates of the Moon were also exported at each time step, to be used when cal-
culating occlusion during post-processing. GMAT was configured to use an 8th-
order Runge-Kutta orbit propagator, with a dynamic step size ranging from 1ms
to 45min as required to model the orbits to the required level of accuracy. Fur-
ther discussion about the post-processing of the case studies is discussed in Sec-
tion 3.2.

3.1.3 Surface Coverage Mapping
In addition to modelling the four aforementioned reference receivers across a
180-day period, a modified version of the GMAT script was created to analyse the
performance across the whole Lunar surface, and across Lunar orbit. This sim-
ulation involved the placement of 2700points evenly distributed at 5◦ spacing
across the Lunar surface, at an altitude of 0km, 1000km, 5000km, 10 000km, and
20 000km. To reduce the time required to compute visibility across these 2700
points, the simulation was modified to run for a 30-day period, accounting for
approximately one full orbit of the Moon around Earth. Due to limitations with
the processing methods, a terrain model for the Moon was not used in this simu-
lation, and as such the points are placed in a perfect spherical distribution along
their respective altitudes above the mean surface radius. The same parameters
as used in the standard simulation were exported, and processed in the same
way to obtain satellite visibility, and geometric dilution of precision (GDOP).

3.2 Python Post-Processing
Using the data exported by GMAT, various post-processing steps were performed,
to normalise the data and determine GNSS visibility and performance across the
simulation. This post-processing was programmed in Python, as while many pro-
gramming languages could achieve the same purpose, Python had the benefit
of being simple to prototype with initially before expanding into more complex
processing at a later stage. The majority of the post-processing code was devel-
oped specifically for this project, with the assistance of three third-party libraries:
numpy (Harris et al. 2020) for data processing, matplotlib (Hunter 2007) for out-
put visualisation, and pandas (McKinney 2010) for importing and handling of
data. Each of these libraries are free and open source, and widely used within the
scientific community due to their extensive capabilities.

After loading the data produced by GMAT into Python, each time step was anal-
ysed sequentially. For each step, the visibility between the receiver and every
GNSS and augmentation (if applicable) satellites was calculated, using vector ge-
ometry. As GMAT was able to output the attitude of each spacecraft in terms of
Euler angles, a unit vector representing the direction each satellite was pointing
was able to be determined, all relative to the same Earth-centred inertial frame.
Additionally, for each receiver-transmitter pair, a vector representing the path be-
tween the two satellites was calculated. Firstly, this displacement vector was used
to calculate if there was an occluding body between the two satellites, by calculat-
ing if it intersected with a sphere located at the positions of the Earth or Moon. In
the coordinate system used to export data, the Earth is located at the origin, and
the position of the Moon is read from a file exported by GMAT.
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Taking the receiver to be located at point R and the transmitter at point T , the

vector between them is represented as
−→
RT . Additionally, the Moon is located at

pointM with radius rM , and the Earth at point E (which is at the origin in this ref-
erence frame) with radius rE . To calculate if the Moon is an occluding body, three
line segments are defined creating a triangle between the three objects. These
have lengths as defined below.

∣∣∣−−→RM
∣∣∣ = R−M∣∣∣−−→TM
∣∣∣ = T −M∣∣∣−→RT
∣∣∣ = R− T

If either
−−→
RM or

−−→
TM have a length less than rM , the two satellites will definitely be

occluded by the Moon. Otherwise, if the angle between
−−→
RM and

−−→
TM is smaller

than 90◦, then the Moon will definitely not occlude the two satellites. The angle
between the two vectors can be calculated as per eq. (3.1), where ˆRM represents

the normalised unit vector of
−−→
RM .

θ = arccos
(

ˆRM · ˆTM
)

(3.1)

If neither of these conditions are met, the minimum distance between the vector−→
RT and the MoonM must be calculated using eq. (3.2), which will be represented
as h. If this distance is greater than rM , then the two satellites are not occluded.

h =
−−→
RM

√√√√√1−

 −−→
RM ·

−→
RT∣∣∣−−→RM

∣∣∣ ∣∣∣−→RT
∣∣∣
2

(3.2)

The same process was repeated for the Earth, to determine if it is also an occlud-
ing body. Assuming neither body is occluding the view of the two satellites, their
angular offset to each other is also calculated, to determine final visibility. This is
to ensure GNSS satellites facing away from the Moon are not incorrectly assumed

as visible. Using the same method as eq. (3.1), the angle between
−→
RT and the re-

ceiver’s view vector, denoted as R̂, is calculated. For space-based receivers, such
as the Gateway-like or equatorial satellites, if this angle is less than 65◦, it is as-
sumed the receiver is pointed such that it could receive transmissions from the
GNSS satellite. This 65◦ angle was used as an approximation for receiver antenna
half-beam width, based on a sample of GNSS antennas online. Alternatively, for
receivers located on the Lunar surface, a maximum allowable half beam width of
90◦ was used, as it is assumed any such lander or habitation could be fitted with
multiple antennae to maximise coverage. In this project, a detailed antenna gain
pattern was not used, as signal strength was not a factor considered in determin-
ing the geometric distribution of GNSS signals. Additionally, the angle between
−→
RT and the transmitter’s view vector, denoted as T̂ , is calculated. For this, a dif-
ferent allowable angular offset was allowed, which is allowed to be between 0.0◦

and 23.5◦, or between 27.0◦ 39.0◦, representing an approximation of the main and
side lobes of the GNSS transmitter (Ji, Shin, and Won 2021). If mutual visibility of
both satellites is achieved, and there are no occluding bodies, the transmitter in
question is saved as a valid signal for that simulation step.

If in any given step, there are at least four valid visible GNSS transmitters, a cal-
culation is made for the approximate GNSS performance. There are a number
of methods for calculating this, however this project used the geometric dilu-
tion of precision, usually shortened to GDOP. The GDOP can be thought of as
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the geometric quality of the signals received by a receiver, with more evenly dis-
tributed signals providing a better quality of signal than a clustered set of signals.
As GDOP is used to represent the dilution of precision, it is scaled such that a per-
fectly distributed signal will have a GDOP of 0, and the GDOP increases as the
distribution becomes less diverse. For terrestrial navigation, and GDOP of <10
is considered good, with 10-20 being recommended only for very approximate
position determination. The GDOP can be calculated using the relative positions
of the receiver and all signal sources.

The vector between the receiver r, and a GNSS satellite i can be described using
eq. (3.3), where Ri represents the range to the satellite as given by eq. (3.4). In
these equations, xr, yr, zr denote the absolute Cartesian position of the receiver,
and xi, yi, zi denote the position of GNSS satellite i.

(
xi − xr

Ri
,
yi − yr
Ri

,
zi − zr
Ri

)
(3.3)

Ri =
√

(xi − xr)2 + (yi − yr)2 + (zi − zr)2 (3.4)

For every combination of four visible satellites, a matrix A can be constructed, as
per eq. (3.5).

A =


x1−xr

R1

y1−yr

R1

z1−zr
R1

1

x2−xr

R2

y2−yr

R2

z2−zr
R2

1

x3−xr

R3

y3−yr

R3

z3−zr
R3

1

x4−xr

R4

y4−yr

R4

z4−zr
R4

1

 (3.5)

This matrix is in turn used in the calculation of a derivative matrix, Q, which is de-
fined in eq. (3.6). This derived matrix can be used to find the GDOP for these four
signals, as per eq. (3.7).

Q =
(
ATA

)−1
(3.6)

GDOP =
√
tr (Q) (3.7)

Where more than four satellites are visible, the GDOP of all combinations is cal-
culated, and the lowest value is used as the GDOP for that simulation step, rep-
resenting the best possible geometric distribution for that instant in time. The
count of visible satellites and best GDOP at each time step is exported, and saved
to an output file, ready for visualisation. In the case of single-receiver case stud-
ies, this was visualised as a line plot of visibility and GDOP over time, whereas for
coverage mapping simulations the whole run time output was averaged for each
grid cell, and visualised in the Mollweide projection.

3.3 Skydel Verification
To verify the data produced by GMAT, an additional simulation was performed
using the Skydel GNSS simulation software, developed by Safran. Skydel is able
to simulate RF signals from a wide range of GNSS constellations, using detailed
orbital data to accurately model their movement over time. It was important to
perform further analysis in Skydel with additional inputs, to confirm if the anal-
ysis performed using data generated by GMAT is plausible, and to identify if the
addition of other sources could benefit the performance.
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Due to a number of unexpected logistical issues with regards to access to the
computers with Skydel installed, as well as individual licensing issues which pre-
vented access, the level of analysis performed in Skydel was much more limited
than originally planned. Most of these issues have been resolved or mitigated
against, however work continues to be done with other users within NGI who use
Skydel to find a more long-term solution to some of these issues.

To minimise external effects on the simulation, a minimal GMAT script was cre-
ated, to propagate the orbits of the two space-based reference receivers: a circu-
lar equatorial orbiting satellite, and a Gateway-like object in a NRHO. In contrast
to the previous simulations, these were propagated with a minimum step size of
1 s, and a maximum step size of 1h, over a span of 30 days, with modified settings
to ensure an output which represented a suitably smooth orbit. The positions, ve-
locities, and attitudes of the two spacecraft were exported at each time step, in a
Moon-centred Moon-fixed (MCMF) coordinate reference frame, ready to be trans-
formed in pre-processing.

3.3.1 Circular Restricted Three Body Problem
In order to simulate data in Skydel to the highest level of accuracy possible, the
positions of the augmentation satellites were determined according to the circu-
lar restricted three body problem (CR3BP), rather than as data exported by GMAT.
Within the CR3BP, the two stable Lagrange points, L4 and L5, have stable orbits
which can be defined perfectly in the Earth-Moon plane; for the purpose of this
simulation, an orbit for each in the short-period family was calculated, with a pe-
riod of approximately 29.175d. This represents an optimal balance between close-
ness to the Lagrange point, and practical feasibility with respect to placing a satel-
lite in one of these orbits. Both the short period orbits around L4 and L5 are per-
fectly stable under the approximations of the CR3BP, however interference from
other sources would disturb these orbits over time in a real mission.

An additional augmentation satellite was placed at the L2 point for this simula-
tion, to examine the effects of increased coverage on the far side of the Moon,
however the aforementioned limitations unfortunately prevented much analy-
sis to be performed in this area. As the L2 point, along with the rest of its colin-
ear Lagrange points, is nominally unstable, there are no orbits which can be per-
fectly represented in the Earth-Moon plane. However, deviating from the plane
with an initial disturbance in either the northern or southern directions can lead
to an orbit known as a halo orbit, which is roughly periodic to within a degree of
error. These halo orbits have a stability index greater than unity, meaning a satel-
lite placed in such an orbit will require constant stationkeeping to maintain orbit
over time. The orbit calculated for the L2 augmentation satellite has a period of
approximately 15.140d, roughly half of one Lunar orbit.

All periodic orbits in the CR3BP can be represented by a Jacobi constant, which
is a dimensionless measure of the energy required to achieve this orbit. Within
a family around a Lagrange point, Jacobi constants represent a unique orbit. Pa-
rameters for the three augmentation satellites can be found in Table 3.1.

Table 3.1: Reference orbital parameters for augmentation satellites

Family Jacobi Period Stability
Constant [days] Index

L2 Northern Halo 3.152 118 15.139 865 606.112
L4 Short-Period 2.987 011 29.175 151 1.000
L5 Short-Period 2.987 011 29.175 151 1.000

As all the orbits for augmentation satellites were calculated in a barycentre-centred
rotating frame, they too must be transformed into a common frame prior to be-
ing used within Skydel. To reduce compounding errors during calculations, all
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intermediate pre-processing of inputs prior to the simulation was performed in
this rotating frame, including the orbits of the two reference receivers. This re-
quired a transformation from a MCMF reference frame, to a barycentre-centred
rotating reference frame, which included translations and rotations around vari-
ous axes to normalise to the same frame. The results of which can be seen in Fig-
ure 3.2, which was produced to verify the transformations were being computed
correctly.

Figure 3.2: Visualisation of the positions of all GNSS augmentation satellites and
reference receivers, in a barycentre-fixed rotating reference frame

Following this verification, all coordinates were transformed into an ECEF refer-
ence frame, using Cartesian coordinates, which can be recognised by Skydel.
These parameters were interpolated between existing data points, to ensure a
position, velocity, and angular direction (where possible) were included every
60 seconds. After exporting these ephemerides to comma-separated files, they
could be imported into Skydel ready for simulation.

Skydel was configured to simulate both the Galileo and GPS constellations, in the
E1 and L1 bands respectively. Augmentation satellites were modelled as an in-
terference source, of which the position was defined using the ephemeris files
generated during pre-processing. While this did not model the augmentations
in exactly the same way as standard GNSS satellites with respect to the signal
they produce, detailed RF and positioning data was not required from Skydel,
and as such this method provided a suitable output for what was desired. The
receiver was also simulated as a spacebourne receiver following a path defined
by its ephermeris. For each of the two case studies, data was exported every 60 s,
despite Skydel simulating at millisecond-level precision, to reduce the data vol-
ume produced and to minimise computation time required to post-process the
data. Each simulation was run for approximately the duration of one orbit of the
receiver - 28h for the equatorial orbiting satellite, and 200h for Gateway.

The data produced by Skydel was post-processed in almost the same method de-
scribed in Section 3.2. Graphical results can be seen in Chapter 4.
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4 Results

A series of different sets of results were produced throughout the project: de-
tailed time-series data for the four case studies presented in Section 3.1.2, cover-
age maps of availability in Lunar orbit and on the surface, and short-period time-
series data from Skydel with the addition of GPS and an L2 augmentation satel-
lite. This chapter will present each of the different sets of results, while highlight-
ing key points of interest, before discussing the findings and their implications in
more detail in Chapter 5.

4.1 Data Quality
The quality of data produced was sufficient for the purposed of this research
project, however higher-resolution data may have allowed finer details to be ob-
served within the results. The split between resolution and quality was chosen to
carefully balance output quality, with computation time, to avoid excessively long
processing of data which would have limited the scope of the project.

Post-processing of the data took considerably longer than initially estimated, due
to the large number of individual data points produced, all of which required non-
trivial mathematical operations to determine their performance. As such, at some
key stages during the methodology, decisions were made to limit the potential
quality of output data, to ensure all data could be computed within the timeframe
of the project. A key example of this is during the Skydel simulations, which pro-
duced 220MB of data in a single simulation run at 60 s resolution, rather than
the millisecond-scale Skydel is possible of. Processing of data for this simulation
alone took an estimated 18h of continuous compute time, greatly limiting oppor-
tunities for more detailed data in the current simulation methods.

Despite this, the data produced provides more than sufficient detail to observe
key features in the results, from the signal degradation in Figure 4.1, to the out-
ages seen in Figure 4.4, to the regions of poor visibility clearly visible in Figure 4.10.
While finer resolution data may have highlighted these effects more cleanly, these
important findings remain apparent in the data at present, proving the quality of
data is appropriate for the scope of this project.

4.2 Case Studies
For each of the four case studies outlined in Section 3.1.2, the time-series results
for satellite visibility, and geometric dilution of precision were calculated, which
are showcased below. In order, these case studies represent: a near-rectilinear
halo orbit (NRHO) modelled on a proposed orbit for the Lunar Gateway, to repre-
sent a complex mission with a particularly important demand for highly-accurate
autonomous positioning; a satellite in a low-altitude circular equatorial orbit around
the Moon, to represent a generic mission in which the spacecraft frequently passed
behind the Moon from the perspective of Earth; the Apollo 11 landing site, to rep-
resent a surface mission with clear visibility of Earth at all times; and the Shackle-
ton crater, to represent the location of a proposed crewed landing in the coming
years. A summary of key statistics from across all four case studies can be seen in
Table 4.1.
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Table 4.1: Summary of results across case studies simulated

Augmentation GDOP Average 4+ Satellite
Satellites Min. Mean Max. Visibility Availability

Gateway None 1.15× 103 2.55× 104 7.17× 106 2.36 11.92%
L4 + L5 1.43× 101 1.51× 102 2.38× 105 4.11 72.42%

Equatorial None 1.50× 103 3.09× 104 2.76× 107 2.72 12.57%
L4 + L5 1.44× 101 2.37× 102 6.26× 105 4.22 74.50%

Apollo 11 None 1.48× 103 1.97× 104 4.57× 106 2.30 12.71%
L4 + L5 1.47× 101 9.91× 101 6.49× 104 4.30 77.04%

Shackleton None 1.49× 103 1.63× 104 2.36× 106 1.14 6.28%
L4 + L5 1.55× 101 2.95× 102 5.87× 105 2.16 27.16%

4.2.1 Gateway-like NRHO
Lunar Gateway is a proposed space station in Lunar orbit, with a non-permanent
crewed presence intended to support surface missions during the Artemis pro-
gramme. Its orbit ranges from a low altitude over the Lunar north pole, to a very
high altitude over its south pole, all while maintaining near-constant communi-
cations with Earth. As a planned hub for both crewed and robotic missions, au-
tonomous positioning and navigation of spacecraft in the vicinity of Gateway is
paramount, especially considering the round-trip communications delay between
the Earth and the Moon being unsuitable for manual remote control.

As seen in Figure 4.1a, the orbit of Gateway results in periods where insufficient
GNSS satellites are visible, which would severely limit logistical operations of Gate-
way if days-long outages in PNT were common. Even when coverage is available,
the best possible GDOP experienced was in the order of 103 - multiple orders of
magnitude beyond what is considered acceptable for positioning on Earth.

On the other hand, when augmented with two satellites at the stable Lagrange
points, L4 and L5, GNSS coverage becomes almost continuous, with a minimum
of four satellites visible increasing from 11.92% to 72.42% of the time, greatly im-
proving availability. In addition, the mean GDOP was reduced by two orders of
magnitude, with the best GDOP experienced over the full simulation dropping
to 14.3, which is sufficient for positioning in terrestrial applications. Importantly,
there are periods of approximately one week long where the signal quality de-
grades significantly, as seen around the 100-day mark in Figure 4.1b. This sudden
jump in performance appears to coincide with orbital effects, when visibility of
the augmentation satellites is obscured by the Moon.

(a) Coverage from Galileo alone (b) Galileo, augmented by L4 and L5

Figure 4.1: Best possible GDOP for a spacecraft in a Gateway-like NRHO, across a
180-day simulation
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4.2.2 Low-Altitude Circular Equatorial Orbit
This case study aims to model a generic mission in Lunar orbit, in which the space-
craft frequently passes behind the moon, limiting its visibility of Earth. It was im-
portant to model this, as communications blackouts are a common occurrence in
Lunar missions if communication relays are not available. As recently as August
2023, direct communication blackouts between mission controllers on ground
and the Luna-25 mission delayed investigations into its propulsion anomaly, which
ultimately led to it crashing on the Moon.

Similar to with Gateway, Figure 4.2a shows the GNSS network alone does not pro-
vide sufficient coverage for continuous availability, with long blackouts clearly vis-
ible in the first 50 days of the simulation. Again, the GDOP is in the order of 103

at best, greatly limiting the ability to determine an accurate position from the sig-
nals available.

When compared to Figure 4.2b, the inclusion of two augmentation satellites greatly
boost signal performance, raising coverage to 74.50%, with an average of 4.22
satellites visible at any given time. The effects of orbital period on the signal avail-
ability is much more pronounced in this case study, with a clear sine-like wave in
the best possible GDOP, indicating the drop in signal quality when the satellite is
on the opposite side of the Moon. As this satellite in particular was modelled with
a semi-major axis of 10 000km, complete obstruction of the terrestrial GNSS net-
work by the Moon is rare, due to the inclination of the Moon with respect to its
orbital plane.

Despite this, it is important to note the spike in GDOP at around the 175-day mark
in Figure 4.2b, in which a drop in satellite visibility led to a worsening of GDOP
during this period. While there are a number of potential causes for results such
as these, it does highlight the importance of simulating such designs for long pe-
riods, to account for any long-period synchronicity of the orbits of the spacecraft,
and the GNSS constellation.

(a) Coverage from Galileo alone (b) Galileo, augmented by L4 and L5

Figure 4.2: Best possible GDOP for a spacecraft in a circular equatorial Lunar or-
bit, across a 180-day simulation

4.2.3 Lunar Surface Landers
4.2.3.1 Apollo 11

The landing of Apollo 11 on the Moon in 1969 was the first time humanity walked
on a body other than Earth, and over 50 years later the Artemis programme is
aiming to return humans to the Moon within the next decade. Selection of a land-
ing site on the Moon is a significant decision, with a balance between technical
ability, and scientific benefit. Apollo 11 landed close to the equator, and only around
23◦ east of the meridian, in an area which is continually facing the Earth. For the
first crewed landing on the Moon, this central location provided the benefit of be-
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ing in constant communications coverage with Earth - a feature which remains
important to this day.

Despite this receiver being in continuous view of the Earth, Figure 4.3a shows
GNSS signal availability is far from continuous, with long periods of blackout present
due to the gradual rotation of the orbital planes of the Galileo constellation caus-
ing different groups of satellites to be in view at different times of the year.

As with the equatorial orbiting satellite, this significantly improves with the use of
two augmentation satellites, especially so as both the L4 and L5 points have the
potential to be visible from this region of the Moon. When compared to the previ-
ous case study, Figure 4.3b shows a similar minimum GDOP over time, but with a
smoother maximum, indicating less fluctuation in signal quality when compared
with an orbiting spacecraft. Of the four case studies simulated, the Apollo 11
landing site resulted in the highest coverage of four or more satellites, at 77.4%,
with an average of 4.30 satellites visible at any time.

(a) Coverage from Galileo alone (b) Galileo, augmented by L4 and L5

Figure 4.3: Best possible GDOP for a static surface vehicle at the Apollo 11 landing
site, across a 180-day simulation

4.2.3.2 Shackleton Crater
While previous crewed landings on the Moon were all within 26◦ of the equator,
present and future missions to the Lunar surface land at much more extreme lo-
cations, which puts additional demands on their supporting infrastructure. With
India being the first to land a craft in the region of the Moon’s south pole in Au-
gust 2023, and NASA targeting a polar landing site for Artemis III, the Shackle-
ton crater case study represents one of these proposed extreme points. Studies
have suggested areas of ”eternal sunshine” exist around Shackleton, with near-
constant illumination by the Sun making them a prime location for a solar-powered
crewed base, with areas of ”eternal darkness” inside the crater likely supporting
large deposits of water ice.

Due to its extreme location, visibility of terrestrial satellites such as those on Earth
is extremely limited, especially when considering these signals will all originate
near the horizon. Figure 4.4a shows these large month-long gaps in coverage
clearly, with the minimum required four satellites only visible 6.28% of the time.
While missions to this location could be scheduled such that they align with the
periods of good coverage, planning a mission in this way is risky, especially if de-
lays occur mid-flight.

While this signal blackout is not avoided by the presence of L4 and L5 augmenta-
tion satellites, the blackouts themselves are much more regular, with periods of
coverage being much more stable. This can be seen in Figure 4.4b, where the pe-
riods of coverage are continuous, and with a much improved GDOP for the cen-
tral part. It can also be seen the best GDOP during these periods takes the shape
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of a T, with the start and end of a coverage period experiencing a lower GDOP
than the centre, due to only one of the two augmentation satellites being visible.
When the visibility of both L4 and L5 overlap in the middle, a GDOP in the order
of 101 was achieved.

(a) Coverage from Galileo alone (b) Galileo, augmented by L4 and L5

Figure 4.4: Best possible GDOP for a static surface vehicle at the Shackleton crater
near the Lunar south pole, across a 180-day simulation

4.3 Coverage Maps
As described in Section 3.1.3, a modified simulation was developed to determine
the coverage and performance across the whole Lunar surface, and shells of or-
bits at fixed altitudes above it. While these do not show change in coverage over
time, they do present important results regarding the general availability of GNSS
in Lunar space, and highlight problematic regions in which further study is re-
quired. As previously mentioned, these simulations were run across a 30 day pe-
riod, and average values across this time taken and plotted.

Across the Lunar surface, visibility of the Galileo constellation is poor, with the
near-side of the Moon being the only location in which a small handful of satel-
lites are visible at any given time. As Figure 4.5 shows, this poor coverage indi-
cates there are no regions on the Moon in which a GNSS fix can be obtained greater
than 50% of the time. However, it is important to note this poor coverage is only
an average, with the minimum required four satellites visible at least once dur-
ing the simulation for all points on the near side of the Moon. Computing the
best GDOP at all these points results in a consistent level of performance across
the near-side of the Moon, although remaining well above the maximum recom-
mended GDOP for positioning on Earth, as shown in Figure 4.6. While missions
are planned to test the GNSS performance in these regions, these results suggest
relying on it for safety-critical applications may be unwise.

However, the addition of two augmentation satellites at L4 and L5 significantly
improves the average coverage of GNSS satellites, with the entire region between
30◦ E and 30◦ W of the meridian experiencing an average of greater than four vis-
ible satellites at any given time. Importantly, this region covers all landing sites
from the Apollo programme, and the majority of robotic missions to the surface
to date. When mapping GDOP instead of visible satellites, it can be seen this cen-
tral region generally experiences an average GDOP in the order of 102, which
while not ideal, may be sufficient for positioning of a stationary object over time.

Two bands of poorer GDOP can be seen at approximately 20◦ north and south of
the equator, as well as an arc of poorer visibility on the western side of the merid-
ian. These artefacts are the results of orbital geometries, which over the short
simulation period result in some regions of the Moon not being able to see cer-
tain plains of the Galileo constellation.
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Figure 4.5: Average number of satellites visible at 5◦ intervals with no augmenta-
tion satellites, across the Lunar surface (altitude = 0km)

Figure 4.6: Average GDOP achieved at 5◦ intervals with no augmentation satel-
lites, across the Lunar surface (altitude = 0km)
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Figure 4.7: Average number of satellites visible at 5◦ intervals with augmentation
satellites at L4 and L5, across the Lunar surface (altitude = 0km)

Figure 4.8: Average GDOP achieved at 5◦ intervals with augmentation satellites at
L4 and L5, across the Lunar surface (altitude = 0km)
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As the altitude increases and a spacecraft moves further from the Lunar surface,
eclipses by the Moon occur less and less frequently, resulting in greater coverage
in higher orbits. This can be clearly seen in Figure 4.9, which shows the visibility
of GNSS satellites at 5000km above the Lunar surface is much more widespread
than it was in Figure 4.5, albeit with no significant improvement in average visibil-
ity in those regions which are covered. The two red zones towards the rear of the
Moon represent the small section of the orbit in which the Galileo constellation is
being completely eclipsed by the Moon - a region which is only present near the
equator on the far side of the Moon.

When including augmentation satellites at L4 and L5, the average visibility across
the surface, including this eclipsed region, improves as expected, however two
new regions emerge centred around 120◦ east and west of the meridian, as seen
in Figure 4.10. While these may seem unusual, they represent the regions in which
only one augmentation satellite is visible, with the other occluded by the Moon
from the satellite’s perspective. This effect is difficult to observe at lower altitudes
due to the shadow of the Moon approaching this region, and less pronounced at
higher altitudes due to eclipses from the Moon representing shorter and less fre-
quent periods.

Despite these regions of reduced visibility, the presence of even a single aug-
mentation satellite in these zones is beneficial for the GNSS receiver on board the
satellite. As shown in Figure 4.11, the average GDOP across almost all 5000km or-
bits around the Moon is in the order of 102 or better, suggesting autonomous po-
sitioning of a spacecraft in this region may be possible. Plotting the same projec-
tion for minimum GDOP experienced rather than average (not shown for brevity),
shows a minimum GDOP in the order of 101 across the whole region, with the ex-
ception of the eclipsed regions at the very rear of the Moon.

Figure 4.9: Average number of satellites visible at 5◦ intervals with no augmenta-
tion satellites, in a medium Lunar orbit (altitude = 5000km)
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Figure 4.10: Average number of satellites visible at 5◦ intervals with augmentation
satellites at L4 and L5, in a medium Lunar orbit (altitude = 5000km)

Figure 4.11: Average GDOP achieved at 5◦ intervals with augmentation satellites
at L4 and L5, in a medium Lunar orbit (altitude = 5000km)

Additional coverage maps for all simulations can be found in Appendix A.
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4.4 Skydel Analysis
While time and logistical issues prevented Skydel from being used as extensively
as originally planned in this research project, it was used to re-create the simu-
lations of space-based receivers in two of the case studies: the equatorial orbit-
ing satellite, and the Lunar Gateway. For these simulations, both the Galileo and
GPS constellations were active, and an additional augmentation satellite in a halo
orbit around the L2 point was added to improve coverage on the far side of the
Moon, where terrestrial GNSS signals would be unavailable. Both simulations
were allowed to run long enough to cover one full orbit of the reference receiver
with some overlap - 28h for the equatorial satellite, and 200h for Gateway.

4.4.1 Circular Equatorial Satellite
As seen in Figure 4.12, while the number of visible Galileo and GPS satellites fluc-
tuated over the span of the simulation, the three augmentation satellites remained
in near-constant view, providing an important ”baseline” signal. This continuous
availability of three GNSS signals from sources evenly distributed by their geom-
etry plays a critical role in improving the performance of GNSS in Lunar space, as
it reduces the reliance on the terrestrial GNSS network to provide the majority of
the positioning signals, and maximises the geometric distribution of signals at all
times. While pseudorange measurements from the augmentation satellites may
have a greater error than the terrestrial networks due to errors in orbital deter-
mination of the augmentation satellites, their presence ensures a wide range of
geometrical distribution in signals is present, and can be used to reduce errors
induced by the geometry of the Earth-based GNSS signals.

Figure 4.12: Visibility of different GNSS constellations for a circular equatorial or-
biting satellite

By being able to receive signals from these three augmentation satellites, the ge-
ometric dilution of precision is vastly improved for a spacecraft in an orbit similar
to the one used in this simulation, with Figure 4.13 showing a clear improvement
of two orders of magnitude. Importantly, this time-series data shows the im-
provements to performance are consistent over the span of an orbit, with changes
in visibility of the terrestrial network having minimal effect on the overall perfor-
mance.
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Figure 4.13: Best possible GDOP for a circular equatorial orbiting satellite, with
and without augmentation satellites

4.4.2 Gateway-like NRHO
For a satellite in a Gateway-like NRHO, the effects of GNSS constellation patterns
can be seen due to the roughly week-long orbital period. This is especially visi-
ble in the visibility of the Galileo constellation, which in Figure 4.14 can be seen
to drop to as low as three near the halfway point in the simulation, and with the
GPS constellation fluctuating by as much as five satellites over very short period
of time. Compared to the equatorial satellite, this fluctuation in satellite visibility
is much more pronounced, which not only limits the performance of a GNSS re-
ceiver, but also adds additional stress to the receiver itself, as the satellites used
to produce a PNT solution will be frequently changing. However again, the use of
augmentation satellites at the L2, L4, and L5 points here have introduced a base
three signals which are continually available to a receiver on Gateway, providing
an important layer of stability and consistency in the signals it receives.

Figure 4.14: Visibility of different GNSS constellations for a Gateway-like orbit
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The effects of fluctuating satellite visibility can be clearly seen in Figure 4.15, in
which the best possible GDOP without augmentations is centred around 103, how-
ever experiences a noticeable amount of noise as different satellites come in and
out of view of the receiver. Compare this to the GDOP achieved when augmen-
tation satellites are utilised, which is a much cleaner and consistent signal, again
improved by two orders of magnitude. Importantly, towards the end of the sim-
ulation, the GDOP achieved with augmentation satellites fell below 10 - a level
which would be considered sufficient for accurate positioning here on Earth, sug-
gesting very good performance could be achieved in this orbit with relatively few
augmentations.

Figure 4.15: Best possible GDOP for a Gateway-like orbit, with and without aug-
mentation satellites
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5 Discussion

5.1 GNSS Performance
While an absolute measure of GNSS performance was agreed to be out of the
scope of this research project, it did investigate the geometric distribution of per-
formance by approximating GDOP. It is important to note there are a wide range
of factors which can affect GNSS performance which cannot be captured by the
methods used to date, such as the signal degradation due to path loss, and time
dilution caused by relativity arising from the gravitational effects of the Earth and
Moon. However, the geometric dilution of precision remains a key measure of
performance, as a poor GDOP will greatly limit the performance, even in the ab-
sence of other disturbances.

Across all case studies presented, the geometric dilution of precision was shown
to be improved by at least one order of magnitude with the inclusion of two aug-
mentation satellites at L4 and L5 (Section 4.2), with a third satellite at L2 further
improving the GDOP to two orders of magnitude (Section 4.2), bringing it within
the acceptable range for use in positioning. This improvement was consistently
seen across all case studies, and was present across all regions investigated in a
wide-area coverage mapping (Section 4.3). Furthermore, the use of augmentation
satellites expanded the availability of GNSS signals in regions normally not ser-
viced by terrestrial GNSS constellations, creating opportunities for navigation and
positioning in regions not previously possible due to coverage limitations.

While this research project modelled the augmentation satellites in the same way
as terrestrial GNSS satellites, a real-world implementation would be able to make
a number of significant modifications specific to Lunar applications. GNSS satel-
lites such as Galileo and GPS are required to provide complete coverage of the
Earth from approximately 20 000km away, augmentation satellites at L4 and L5

would be located approximately 400 000km away from the receiver, roughly the
same distance terrestrial GNSS satellites would be. However, as Lagrangian aug-
mentation satellites may only be required to service space in proximity of the
Moon, their antenna design could be modified to transmit signals that are tar-
geted specifically at the Moon, reducing power wasted by unnecessarily trans-
mitting signals into empty space, and allowing power to be focused on the tar-
get. Such a method could be implemented to ensure a clean, powerful signal
can always be received by spacecraft in Lunar orbit, even in the absence of pre-
cise pointing. Basic trigonometry shows the full beam width of a satellite at ei-
ther L4 or L5 could be as small as 0.489◦ to cover the full Lunar surface, which
raises to 6.087◦ when covering all areas up to 20 000km in altitude. For critical mis-
sions which require precise navigation on transit to the Moon, such as crewed
or robotic missions to Gateway, attitude adjustments can be made to enable the
augmentation satellites to track the spacecraft across its journey, providing con-
tinuous coverage, albeit at the expense of temporarily reduced performance for
spacecraft already on/near the Moon.

5.2 Long-Term Stability
When discussing the potential for deep space GNSS infrastructure, the long-term
stability of the system is paramount, to ensure it will remain operational over the
lifespan of any missions which require it. This is especially true for safety-critical
missions, such as crewed flights to Gateway and the Lunar surface throughout
the Artemis programme. Not only is the core infrastructure required to be redun-
dant against outage, it must be able to achieve its objectives with minimal addi-
tional maintenance once it is operational.

The two short-period orbits described in Section 3.3.1 for the L4 and L5 satellites
are nominally stable under the approximations of the circular restricted three
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body problem, indicating in an absence of perturbations, spacecraft in these or-
bits will remain there in perpetuity. Unfortunately, the CR3BP is an idealised case,
and does not accurately model the complex solar system, with its hundreds of
bodies moving together in one dynamic system, each contributing a small dis-
turbance to objects within. Despite this, the natural stability of the triangular
Lagrange points is widespread in nature, as discussed in Section 2.3.2, with a
number of moons in the Saturnian system located in stable orbits at L4 and L5

points of parent bodies, and countless objects captured in the Earth-Moon system
near its L4 and L5 points. While no artificial satellite has ever intentionally been
placed in an orbit around any L4 or L5 point, studies into the concept have shown
it would be possible for such a satellite to remain in its desired orbit over a suffi-
ciently long time span with minimal station-keeping efforts.

On the contrary, the L2 point is nominally unstable, even in the absence of pertur-
bations from other bodies, requiring station-keeping efforts at regular intervals
to maintain the orbit. While this does limit the lifespan of a potential augmen-
tation satellite at the L2 point, previous missions to the Sun-Earth L2 point have
been designed with a lifespan in the order of 6-10 years with less than 100m · s−1

∆v in total station-keeping consumables. Through careful mission planning, it is
possible to extend this lifespan without requiring additional fuel, as experienced
with the James Webb Space Telescope, which is predicted to be able to remain in
place for 20 years as a result of careful orbital insertion (Amos 2022).

Outside of orbital stability, long-term stability of the performance of the augmen-
tation satellites is not expected to be a concern. As of 2023, the GPS constellation
operated by the United States includes satellites launched 20 years prior, and the
Galileo constellation continues to use its first batch of satellites launched in 2014.
As augmentation satellites would likely be of a very similar design to terrestrial
GNSS satellites by nature, the longevity of the hardware is well established, albeit
not outside of medium-Earth orbit.

5.3 Limitations
While the results presented here show a promising potential for improving GNSS
availability in Lunar space, it is important to note the limitations of their implica-
tions. The models used to simulate the scenarios presented in these results are
approximations, which intentionally omit certain higher-order effects for the sake
of simplicity. As such, these results represent an idealised case, in which stable
orbits can be maintained, and disturbances can be negated. Despite this, the out-
put of this research shows a strong case for exploring the use of Lagrange points
for Lunar missions moving forwards, as the opportunity they present for improv-
ing GNSS performance is significant, with a much reduced system complexity
compared to some of the constellations discussed in Section 2.1. As discussed
further in Section 6.2, the model used to date will be improved and refined, grad-
ually adding in additional complexities to better represent the true dynamics of a
system such as this.

On the other hand, it is important to consider the limitations of the methodol-
ogy used within this research. While the methodology discussed in Chapter 3 was
carefully planned to maximise research output, unforeseen decisions throughout
the research project led to simplifications being required, such as shortening the
duration of simulations to ensure they could run in a reasonable length of time,
as well as artificial resolution limits to ensure data could be processed within the
time frame of the project. While this proved suitable for the project at hand, these
limiting factors will need to be revised and optimised as the work continues in the
future to minimise their impact.
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6 Conclusions

6.1 Research Evaluation
The work presented in this dissertation showcases the untapped potential of the
Lagrange points for improving GNSS performance and availability on Lunar mis-
sions. Their unique geometrical locations compared to Earth gives rise to a sig-
nificant improvement in signal distribution, which combined with the pseudo-
stationary effect the satellites would have from a static observer on the Moon,
makes them prime for use as a continually-available augmentation signal. As dis-
cussed in the previous sections, the results produced from this research show
an improvement in performance of several orders of magnitude compared to
the terrestrial GNSS network alone, bringing the geometric dilution of precision
down to a level suitable for autonomous positioning and navigation. The results
obtained fulfil the aims and objectives set out in Chapter 1, and lay down a clear
path forward for continuing to develop this research area in the coming years.

6.2 Future Work
Moving forwards, there are a number of key areas in which the research per-
formed here can be improved, starting with higher-fidelity simulations of differ-
ent cases. At key points throughout this project, a trade-off was made between
simulation detail, and processing time, often with the latter being prioritised to
maximise the number of options to be explored. From the results of this research
project, the cases being investigated can be refined, and more detailed analysis
of those cases can be performed. Through improvements to the efficiency of the
code used for post-processing, including the introduction of multi-threaded pro-
cessing where possible, it is hoped the work performed to date can lead to con-
tinued studies in a much greater depth than what has been discussed here.

Additionally, future work in this area would benefit from improvements in the
modelling methods and assumptions used throughout this work. Due to the lim-
ited scope of the project, advanced orbital models beyond the circular restricted
three body problem were not considered, and effects such as Solar, Jovian, and
Venusian gravitational perturbations were omitted, despite their non-trivial im-
pact on orbits in the real world. Similarly, effects such as the libration of the Moon
were omitted from the model, as well as surface features which would impact vis-
ibility from certain regions on the surface. Moving forwards, it is planned each of
these additional effects, among others, should be gradually implemented into the
model, to ensure it is more representative of the true dynamics of the missions
proposed.

Furthermore, once a stable model has been defined for the problem, including
the perturbations mentioned above, it is hoped additional information regard-
ing antenna patterns, signal distribution, and other RF factors can be included
in the model. Many of these features can be achieved via the Skydel simulation
package, which were not explored in this research project to avoid unnecessary
complexity at this time, however are possible to model and explore the physical
characteristics of GNSS signals in Lunar space. It is hoped upcoming missions
to the Moon, including the LuGRE mission tentatively scheduled for launch later
this year (Parker et al. 2022), will be able to provide critical in situ GNSS data from
Lunar orbit and the surface, providing key truth data to validate these models
against.
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A Additional Coverage Maps

As described in Section 3.1.3, a number of coverage maps of GNSS visibility and
performance were produced. While only a select few of these were discussed in
Section 4.3, the remainder are shown in this appendix, for further reading. All
maps are shown in the Mollweide projection, with the same colour scale, for easy
comparison between different simulations.

Lunar Surface (0km altitude)

Average Satellite Visibility

Figure A.1: Average number of satellites visible at 5◦ intervals with no augmenta-
tion satellites, across the Lunar surface (altitude = 0km)

Figure A.2: Average number of satellites visible at 5◦ intervals with augmentation
satellites at L4 and L5, across the Lunar surface (altitude = 0km)
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Average GDOP

Figure A.3: Average GDOP across 5◦ intervals with no augmentation satellites,
across the Lunar surface (altitude = 0km)

Figure A.4: Average GDOP across 5◦ intervals with augmentation satellites at L4

and L5, across the Lunar surface (altitude = 0km)
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Low Lunar Orbit (1000km altitude)
Average Satellite Visibility

Figure A.5: Average number of satellites visible at 5◦ intervals with no augmenta-
tion satellites, in a low Lunar orbit (altitude = 1000km)

Figure A.6: Average number of satellites visible at 5◦ intervals with augmentation
satellites at L4 and L5, in a low Lunar orbit (altitude = 1000km)
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Average GDOP

Figure A.7: Average GDOP across 5◦ intervals with no augmentation satellites, in a
low Lunar orbit (altitude = 1000km)

Figure A.8: Average GDOP across 5◦ intervals with augmentation satellites at L4

and L5, in a low Lunar orbit (altitude = 1000km)
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Medium Lunar Orbit (5000km altitude)
Average Satellite Visibility

Figure A.9: Average number of satellites visible at 5◦ intervals with no augmenta-
tion satellites, in a medium Lunar orbit (altitude = 5000km)

Figure A.10: Average number of satellites visible at 5◦ intervals with augmenta-
tion satellites at L4 and L5, in a medium Lunar orbit (altitude = 5000km)
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Average GDOP

Figure A.11: Average GDOP across 5◦ intervals with no augmentation satellites, in
a medium Lunar orbit (altitude = 5000km)

Figure A.12: Average GDOP across 5◦ intervals with augmentation satellites at L4

and L5, in a medium Lunar orbit (altitude = 5000km)
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High Lunar Orbit (10 000km altitude)
Average Satellite Visibility

Figure A.13: Average number of satellites visible at 5◦ intervals with no augmen-
tation satellites, in a high Lunar orbit (altitude = 10 000km)

Figure A.14: Average number of satellites visible at 5◦ intervals with augmenta-
tion satellites at L4 and L5, in a high Lunar orbit (altitude = 10 000km)

40



Analysis of the Earth-Moon Lagrange Points for Improving GNSS Performance in Lunar Space

MRes Thesis
Additional Coverage Maps

Average GDOP

Figure A.15: Average GDOP across 5◦ intervals with no augmentation satellites, in
a high Lunar orbit (altitude = 10 000km)

Figure A.16: Average GDOP across 5◦ intervals with augmentation satellites at L4

and L5, in a high Lunar orbit (altitude = 10 000km)
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Very High Lunar Orbit (20 000km altitude)
Average Satellite Visibility

Figure A.17: Average number of satellites visible at 5◦ intervals with no augmen-
tation satellites, in a very high Lunar orbit (altitude = 20 000km)

Figure A.18: Average number of satellites visible at 5◦ intervals with augmenta-
tion satellites at L4 and L5, in a very high Lunar orbit (altitude = 20 000km)
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Average GDOP

Figure A.19: Average GDOP across 5◦ intervals with no augmentation satellites, in
a very high Lunar orbit (altitude = 20 000km)

Figure A.20: Average GDOP across 5◦ intervals with augmentation satellites at L4

and L5, in a very high Lunar orbit (altitude = 20 000km)
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