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A B S T R A C T   

This paper deals with the assessment of the maximal peak of the overvoltage induced in a power-line network 
due to the field-to-wire coupling from an external electromagnetic disturbance. A worst-case analysis is here 
combined with the transmission line model to find the terminal overvoltage, induce by radiated electromagnetic 
disturbances of constrained energy density and bandlimits. The approach was applied to canonic power line 
network topologies, from statistic viewpoint, it is demonstrated that dominant coupling can be ascribed to the 
branch containing the most twisted segments. Accordingly, efforts have been devoted to find analytical solution 
to overvoltage peak upper bound for the coupling-dominant zigzag branch. In this connection, both versatile 
implicit solution and approximated explicit expressions of the upper bound are formulated, which reveals the 
relations between the upper bound of zigzag branch and its segments, quantitively interpreting the effect of 
segment orientations and length. Finally, numerical simulations corroborate the model validity and suggest that 
the estimations of upper bound are sufficiently accurate for analyzing practical power line network. This pro
posed approach will be instructive for power system insulation coordination and protection design.   

1. Introductions 

Overvoltage in power lines induced by external electromagnetic 
fields poses a serious threat on safety operation of the primary and 
secondary power equipment [1,2]. Similar to transient overvoltage 
disturbed by direct lightning strikes and very fast transient overvoltage 
(VFTO), which has been widely studied in terms of model strategies [3], 
measurement techniques [4–6] and protection methods [7], overvoltage 
induced by external field coupling to the power lines has also received 
extensive attentions, since the potential damages caused by external 
field radiation on power systems and connected equipment cannot be 
overlooked, [8–14]. To name a few relevant studies: indirect lightning 
strikes (lightning hits ground in proximity of the power line) could 
induce overvoltage surges on power lines and lead to flashover of line 
insulators [13–17]. Geomagnetic disturbances (GMD) caused by solar 
flares may be responsible for low-frequency current injection into power 
lines, resulting in saturation of transformers cores and power system 
instability [18–20]. High-altitude electromagnetic pulses can induce 
fast-rising, double-exponential shaped waveforms in wide-range power 

systems, causing damage to equipment (e.g., transformer, potential/ 
current transformer, etc.) [21,22]. Recent years have witnessed growing 
interests in assessing the threats of radiated electromagnetic distur
bances to complex power systems, including identifying sources of 
possibly hazardous fields, modelling and predicting damaging effects on 
equipment and system levels, etc. [2,23,24]. 

However, due to the wide variability of the distinctive features of the 
external electromagnetic disturbances and the complexity of the 
coupling phenomenon, quantitative assessment of the induced over
voltage remains a challenging task, it should be noted that, besides in
direct lightning, GMD and HEMP mentioned above, the incessant 
evolution of electrical and electronic technologies continues to increase 
the possibly hazardous electromagnetic disturbances. Accordingly, the 
impinging field may be characterized by distinct time-domain wave
forms (double-exponential pulses, damped sinusoids, Gaussian pulses, 
etc.) with narrow- or wide-band frequency spectra. However, a survey of 
a limited number of electromagnetic field waveforms in a specific sys
tem presents a very one-sided picture of the conclusions. On the other 
hand, it is of great interest to approach the problem in a reversed 
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fashion. Instead of accurate predicting field induced power system 
overvoltage from individual external disturbances of distinct waveform 
characteristics, consider the worst-case scenario by assessing the upper 
bound of overvoltage peak that could be possibly induced due to radi
ated fields of arbitrary waveform. This analysis can be informative for 
power system insulation coordination and protection design. 

In this regard, a series of investigations have been carried out 
recently. In [25,26], by assuming the external field carrying a bounded 
bandwidth and finite energy density, the worst-case field waveform 
which maximizes the peak of the induced-voltage waveform was ob
tained for a general victim system. This worst-case model was later 
reformulated in [27] for a straight wire running parallel above ground 
using transmission-line (TL) theory. In addition to the improved 
computational efficiency, TL formulation of the field-to-wire coupling 
problem enabled deriving closed-form expressions, unveiling the im
pacts of parameters like length, height, and terminal loads on the 
induced worst-case voltage peak. 

The worst-case analysis method can be exploited to predict the upper 
bound of field-induced overvoltage for simple straight line. However, it 
is still a challenging task to make predictions for real-world power lines 
system, which usually has complex routing paths to accommodate 
environmental constraints as well as urban layouts. In this regard, this 
paper extends the worst-case analysis method to power line system of 
complex routing topology. The main objective is the identification of 
dominant coupling path and the derivation of analytical expressions of 
overvoltage upper bound, pointing out the contribution of different 
straight segments in the whole network and revealing the impact of 
different routing topology. 

The following hypothesis are adopted as necessary steps for simpli
fying the problem: 

• Since the overvoltage due to field coupling to power line is domi
nated by common mode coupling, the practical multiconductor TLs 
(3-phase conductors, shielding line, etc.) are equivalently repre
sented by single conductor TL.  

• A wide-range external electromagnetic field excites the entire power 
line network simultaneously. To avoid overestimation, TL network 
under analysis is limited to the parts where physical illumination by 
external disturbances occurs.  

• Both conductors and ground are assumed to be lossless for simplicity. 
Power line network is composed of straight-line segments and ter
minal lumped loads (modelling equipment like transformers, etc.), 
without losing generality, the terminal overvoltage associated to 
equipment at origin of the coordinates is assumed to be target of the 
analysis. 

The paper is organized as follows: Section 2 summarizes the key steps 
to evaluate the field coupling efficiency of the power line network with 
TL theory. Section 3 presents the prediction theory for overvoltage peak 
upper bound in power line systems, the impacts of topology on the 
statistics of overvoltage peak are investigated via numerical examples, 
both the implicit and explicit expressions to the upper bound of the field- 
induced overvoltage peak are formulated for the coupling-dominated 
branch. Section 4 validates the proposed method through case study. 
Finally, Section 5 draws the final conclusions. In addition, a step-by-step 
derivation of the implicit expression for upper bound prediction is re
ported in Appendix A. 

2. Generic approach for assessing upper bound of field induced 
overvoltage on power-line network 

2.1. Power-line network under study and deterministic field-coupling 
efficiency estimation 

A generalized representation of complex power-line system is shown 
in Fig. 1. All segments are assumed to be made of a lossless conductor of 
radius rw, and running at height h above a lossless ground. The power 
line network follows complex routing to accommodate to the landscape 
and urban planning. The terminal of power line is connected to power 
equipment, which can be modelled by lumped circuit according to the 

o o
k

Fig. 1. (a) Generic representation of power-line network excited by an external electromagnetic field, complex routing is adopted to accommodate the landscape; (b) 
Simplified illustration of power line network model (right) and definition of incidence θ, ϕ and polarization angle η of incident field (left). 
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frequency range of impinging field. Without losing generality, assuming 
the overvoltage at one of the terminal transformers is of concern, 
imposing the origin of coordinates at this point. Modelling the external 
impinging field as a linearly polarized plane wave with propagation 

vector k
→

and incident electrical field Ê
→inc

. The incidence direction is 
defined in spherical coordinates by the polar angle θ and the azimuth 
angle ϕ, while the polarization is defined by the angle η between the 
electric-field vector and the incidence plane. As a result, the electrical 

field Êi can be decomposed as orthogonal components Ê
inc
x , Ê

inc
y and Ê

inc
z 

aligning to the direction vector u→x, u→y and u→z of x-, y-, z-axis, respec
tively, that is, 

Ê
→inc

(x, y, z) =
(

Ê
inc
x u→x + Ê

inc
y u→y + Ê

inc
z u→z

)

e− j(kxx+kyy+kzz)

Ê
inc
x = Êi( − cosθsinϕcosη + cosϕsinη)

Ê
inc
y = Êi(cosθcosϕcosη + sinϕsinη)

Ê
inc
z = Êisinθcosη

(1) 

Due to reflection from ground, the total electrical field Ê
→tot 

above 
ground is the superposition of incident field and reflection field, i.e., 

Ê
→tot

= Ê
→inc

+ Ê
→ref

, with 

Ê
→ref

(x, y, z) =
(

− Ê
inc
x u→x − Ê

inc
y u→y + Ê

inc
z u→z

)

e− j(kxx+kyy− kzz) (2)  

Where j is the imaginary unit, propagation constant components are 
given by: kx = − ksinθsinϕ, ky = ksinθcosϕ, kz = − kcosθ, wave number 
k = 2πf/c0, f is frequency of the impinging field. 

Without losing generality, considering a TL network composed by n 
line segment of length [l0, l1, …], height h and radius rw, let the voltage 
across load Z0 being the interest of evaluation (V̂L). Resorting to the 
Baum-Liu-Tesche (BLT) modelling approach, the field-induced voltage 
across all terminal load (VL = [V̂L, V̂1,⋯]

T)in the frequency domain 
can be solved by, [28,29]: 

VL = (U + ρ)(− ρ + Γ)− 1S; (3)  

Where U is an identity matrix. Voltage reflection coefficient ρ is a di
agonal matrix, whose ith diagonal element is given by ρii =

(Zi − ZCi)(Zi + ZCi)
− 1, ZCi is the characteristic impedance of line, [30]. 

Propagation matrix Γ is cast as 

Γ =

[
0 P
P 0

]

, (4)  

Where 0 is n-by-n zeros, P summarizes the propagation term ejkli asso
ciated to ith segment of line length li. The source matrix S = [S1, S2]

T 

represents the equivalent source due to external field illumination, [31]. 
Accordingly, for the ith line segment connecting terminal 

(
xL

i , yL
i , zL

i
)

and 
terminal at 

(
xR

i , yR
i , zR

i
)
, source term can be evaluated as: 

S1 =
1
2

∫ li

0
ejkτ V̂ S(τ)dτ+ V̂ SL

2
−

V̂ SR

2
ejkli (5)  

S2 = −
1
2

∫ li

0
ejk(li − τ) V̂ S(τ)dτ − V̂ SL

2
ejkli +

V̂ SR

2
(6) 

In which, V̂S = Ê
tot
(x, y, h)⋅ u→li − Ê

tot
(x, y, 0)⋅ u→li represents the 

contribution due to the tangential electrical field component along the 
line, u→li is direction vector along the ith line segment. Whereas, the 
vertical field component leads to: 

V̂ SL =

∫ h

0
E→

tot(
xL

i , y
L
i , z
)
⋅ u→zdz;

V̂ SR =

∫ h

0
E→

tot(
xR

i , y
R
i , z
)
⋅ u→zdz;

(7) 

Combing (1)-(7), the terminal voltage of interest V̂L could finally 
been solved. For convenience, defining the coupling efficiency as L̂ =

V̂L/Êi, namely, the transfer ratio between the induced overvoltage and 
the impinging electric field intensity. It is worth noting that, although 
perfect ground has been assumed for the formulation of BLT approach, 
the effect of lossy ground could also be incorporated by resorting to 
Sunde’s approximation for assessing ground impedance, [10,29] and 
Cooray-Rubinstein’s formula for quantifying reflection of incident field, 
[10,32]. In this connection, the following worst-case analysis could be 
smoothly applied to numerically predict the overvoltage upper bound. 

2.2. Worst-case analysis method and upper bound of overvoltage peak 
estimation approach 

With knowledge of coupling efficiency L̂ for given power line network, 
let us consider an impinging electromagnetic field with limited fre
quency bandwidth [f1, f2] and finite energy density WE (unit: J/m2). 
Such assumptions originate from physical limitations of practical pulsed 
electromagnetic field [25]. Accordingly, resorting to the worst-case 
analysis approach, the maximal peak of overvoltage waveform propa
gating the network could be identified by solving the optimization 
problem: 

max : VP =
1

2π

∫ +∞

− ∞
Êi⋅L̂ejωt0 dω

s.t. :
1

2πZ0

∫ +∞

− ∞
|Êi(ω)|

2dω = WE

(8)  

where Z0 ≈ 377 Ω is the free-space wave impedance. Through a rigorous 
functional analysis, it was demonstrated in [27] that the upper bound of 
the overvoltage peak is 

VP =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
Z0WE

π

∫ ω2

ω1

|L̂|2dω

√

(9)  

where ω1 = 2πf1, ω2 = 2πf2. the spectrum of the optimized external 
field waveform leading to expression: 

Êi(ω) =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
Z0πWE

∫ ω2
ω1

|L̂|2dω

√

L̂
*
e− jωt0 (10)  

where t0 is the time instant when the induced waveform reaches its peak. 
To this end, by combining the worst-case approach and BLT model, 

one can estimate the upper bound of field induced overvoltage peak for 
arbitrary (topology, terminal equipment) power system and arbitrary 
(bandwidth, incidence, polarization, etc.) external disturbance. Note 
that this method also demonstrating wide practicability, solution to the 
upper bound of overvoltage peak (9) appears to be function of coupling 
efficiency L̂ only, it is convenient to apply other field-coupling model 
approach to deal with more complex power line networks, e.g., 
nonuniform TL model for including the impact of line sag. This paper 
resorts to BLT approach for modelling the power line network, which is a 
proper compromise between preciseness and efficiency. 
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3. Upper bound of overvoltage peak for complex power-line 
network 

3.1. Power line network reduction in terms of statistics of overvoltage 
peak 

In this section, we apply the proposed approach to canonical power 
networks to unveil the impact of different network topology, to simplify 
the system from the worst-case viewpoint. 

Considering canonical TL parameters of a 10 kV distributed power 
line system, let wire radius rw = 13 mm (overhead line model: JKLYJ/Q- 
10); height h = 10 m. According to this geometry, the per-unit-length 
parameters of the power line lead to characteristic impedance of ZC =

440 Ω [33]. In view of practical impinging field parameters, assuming 
the external field is constrained by limited bandwidth [1 Hz ~ 10 MHz] 
and energy density WE ≤ 1 mJ/m2. Note that the energy density bound is 
selected based on statistics from a wide-range of practical electromag
netic radiators, [34], and also from indirect lightning field observations, 
[35], the value should be adjusted to accommodate less/more severe 
scenarios according to particular applications. In the following, we 
investigate the impacts of system parameters by case studies. The to
pology of TL network under consideration is defined by line segment 
length and orientation angle γ (with respect of + y direction). 

Since in general there is a lack of knowledge on the incidence and 
polarization of impinging field, Monte-Carlo (MC) statistical analysis is 
applied to estimate the statistical distribution of overvoltage peak upper 
bound. It is assumed the probability of incidences are equal for all di
rections, accordingly, the incidence angle (θ and ϕ) and polarization 
angle (η) are treated as random variables governed by distribution: 

θ = acos(1 − 2u); ϕ = 2πv; η ∼ U[0, 2π]; (11) 

Where axillary random variables follow uniform distributions: 
u ∼ U[0,1]; v ∼ U[0, 1]. From a statistic viewpoint, the empirical cu
mulative distribution function (cdf) of overvoltage peak predicted by 
MC simulation could be used as figure-of-merit to quantify the worst- 
case field-coupling to power line system. Therefore, we analyze the 
impact of network topology by comparing cdfs. 

3.1.1. Impact of line segment 
The independence of upper bound of field induced overvoltage peak 

with respect to the length of segment is justified numerically through 
case studies in this section. 

Firstly, a 1-branch TL network of 3-segment is considered, we control 
the orientation of line segment and change the length of line segments. 
MC method is resorted to evaluate the empirical cdf of predicted over
voltage with input random variables defined in (11). MC method is 
resorted to evaluate the empirical cdf of predicted overvoltage with 
input random variables defined in (11). Fig. 2 compares the predicted 
cdfs of VP for different sampling size, the overlapped curves indicate all 
simulations have converged to the same results. As a result, 2000 sam
ples, as a suitable trade-off between computational efficiency and pre
ciseness, have been applied to the following MC simulations. 

The obtained cdfs are summarized in Fig. 3, apparently, regardless 
the lengths, the cdfs are practically overlapping with each other. The 
result implies that maximal overvoltage is independent from the length 
of any segments. 

In the second example, we increase the number of line segment to 5, 
in the same fashion, cdfs of the upper bound of overvoltage peak are 
evaluated and depicted in Fig. 4. 

In the third example, we consider the extension of findings to 
branched TL network. Namely, 5-segment, 2-branch TL #7-#9 are 
considered for comparison, the rotation angles of all TLs are identical, 
where only the length of individual segments are changed. The results 
depicted in Fig. 5 further proving the independent of VP distribution 
with respect to the segment length, since the cdfs are practically over
lapping with each other, the impact of differences of segment lengths are 

negligible. 
It is also interesting to directly compare the results in Fig. 3 and 

Fig. 4. It appears that with two more segments, the predicted cdfs in 
Fig. 8 spread in a wider range from 0 V to around 23.2 kV, whereas the 
cdfs for a three-segment TL network range from 0 V to around 16.4 kV. 
Also, for the 0.8-quantile, the five-segment network foresees 10.5 kV, 
which is also larger than 8.8 kV for the three-segment network. This 
result suggests that worst-case external field coupling scenario will 
deteriorate when the power-line network contains more segments. 

Conversely, by including Fig. 5 in the comparison, it is shown that 
even with same number of segments, the additional branch appear to 
reduce the predicted overvoltage peak (span narrower range in cdf), 
interesting still, cdf in Fig. 5 is much similar to Fig. 3, implying the 
contributions to VP are determined by one branch only, while the other 
branch could be overlooked from the statistical viewpoint. This char
acteristic is of great interest from network reduction viewpoint, the 
conclusion will be further verified in following sections. 

3.1.2. Impact of line segment orientation 
In this section, we change the orientation of segment to investigate 

Fig. 2. Predicted empirical Cdfs of VP for TL #4 with different random sam
pling size. Top view of TL layout is depicted in the inset, Z0 = 50 Ω, Z1 = 300 Ω. 

Fig. 3. Cdfs of VP for power-line network with changing line segment length. 
From left to right, rotation angles are: 0◦, 45◦, − 45◦, respectively. Line segment 
lengths are lists in the inset. General mismatched terminal impedances are 
assumed: Z0 = 50 Ω, Z1 = 300 Ω. 
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the impact on overvoltage peak. Firstly, considering a simple 2-segment 
line composed by two cascaded line of 100 m, the rotation angle of 2nd 

segment varies from 0◦ to 90◦, the cdf of VP is predicted and summarized 
in Fig. 6. In contrast to the length, the orientation angles of segments 
play a non-negligible role in overvoltage peak, with orientation angle 
increase, there is a clear wider spread of cdf, which suggests the over
voltage peak could be enlarged with drastic direction change. 

3.1.3. Impact of cascaded segment number 
The impact of cascaded segments is studied in this section, in Fig. 7, 

the cdf of a zigzag line composing 2 ~ 5 segments are reported. It is 
evident that with cascaded segment number increasing, cdf spans in a 
wider range, the worst-case field coupling scenario is deteriorated. 
Therefore, from a statistical viewpoint, introducing less segments to the 
layout design can reduce the overvoltage level and ease the overvoltage 
stress on terminals. 

3.1.4. Impact of branching 
To analyze the impact of branching, we consider a zigzag TL #15 

comprising of 4 segments, then add additional branches at second nodes, 
generating TL #16 and TL 17. The cdf of VP is compared in Fig. 8, where 
one could notice the cdfs are overlapping with each other, despite the 
branches and complexity of network growing. This result implies that TL 
branch with the most segments dominating the predictions of over
voltage peak, the role of less-twisted branches can be neglected without 
leading to noticeable errors. From the viewpoint of network reduction, 
this property becomes particularly useful for simply a complex TL 
network, since one can identify the most-twisted branch as the coupling- 
dominate path for analyzing the worst-case overvoltage peak. 

3.1.5. Impact of terminal equipment 
In the last example, we consider the impact of far-end terminal 

equipment, that is, the input impedance modelling power equipment 
connected to the power line terminals. Without losing generality, the 
impedances are assumed to be matched to the TL (Z1 = ZC), overload (Z1 
< ZC) and underloading (Z1 > ZC), the predicted results are summarized 
in Fig. 9. It is shown the far-end terminal impedances do have non- 
negligible impact on VP, in general large terminal impedance will lead 
to larger overvoltage peak distribution, this is consistent with common 
understandings, and imply underloaded even no-load terminal 

Fig. 4. Cdfs of VP for power-line network with changing segment length. From 
left to right, rotation angles are: 0◦, 45◦, − 45◦, 45◦, 0◦, respectively. Line 
segment length are lists in the inset. Z0 = 50 Ω, Z1 = 300 Ω. 

Fig. 5. Cdfs of VP for power-line network with changing segment length. Line 
segment length are lists in the inset. Z0 = 50 Ω, upper branch: terminal Z1 = 1 
kΩ, rotation angel 45◦, 0◦, lower branch: terminal Z2 = 300 Ω, rotation angel 
− 45◦, 0◦. 

Fig. 6. Cdfs of VP for power-line network with changing rotation angle γ2. 
Terminal: Z0 = 50 Ω, Z1 = 300 Ω. 

Fig. 7. Cdfs of VP for power-line network with increased cascaded segments, 
lengths of all segments are 100 m. Z0 = 50 Ω, Z1 = 300 Ω. 
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condition representing a more severe scenario for the proposed analysis. 

3.1.6. Power line network reduction 
To this end, we could summarize the impacts TL network parameters 

on the predicted overvoltage peak, simplification strategies can be 
applied accordingly for network reduction. As shown in Table 1, since it 
is evident that the cascaded number, orientation and terminal imped
ance have significant effect on the solution, this information should be 
fully preserved during the reduction process. Conversely, the branch of 
most cascaded segment dominates the coupling and can be used to 
equivalently represent the complex network. The length of individual 
segments can be flexible adjusted to reduce the complexity of system, 
since large-scale TL networks are in general difficult to be analyzed, the 

analysis suggests a small-scale zig-zag branch line is sufficient to 
approach the original complex TL network for estimating the over
voltage peak. 

3.2. Overvoltage peak upper bound estimation for coupling-dominate 
branch of power line network 

The previous section demonstrates complex TL network could be 
drastically simplified to the coupling-dominate zigzag branch for 
analyzing the overvoltage peak. Thus, it is of interest to rigorously 
formulate the upper bound for a generic zig-zag power line branch. 

As shown in Fig. 10, enumerating the zig-zag wire segments from left 
to right as wire #1, #2, ••••, #n, respectively, where the terminal 
equipment Z0 is placed in the origin (O) of Cartesian coordinates. The 
corresponding segment lengths are l1, l2,⋯, ln, respectively. This power- 
line network is connected to ground through impedances Z0 and Z1 at 
the left and right terminals, respectively. The rotation angle γi of the ith 

segment is defined as a counterclockwise rotation angle with respect to 
the + y direction. 

3.2.1. Upper bound of overvoltage peak for straight line segment 
Considering the simplest case, where a straight line with length l 

running along y-axis (i.e., power line of only one segment), connected to 
matched terminal impedances (i.e., Z0 = Z1 = ZC), the closed-form 
expression of L̂ are solved and reported in [27] by a TL model as: 

Fig. 8. Cdfs of VP for power-line network with increasing number of branches, TL #15: Z0 = 50 Ω, Z1 = 300 Ω; TL #16: Z0 = 50 Ω, Z1 = 300 Ω, Z2 = 200 Ω; TL #17: 
Z0 = 50 Ω, Z1 = 300 Ω, Z2 = 200 Ω, Z3 = 1 kΩ. 

Fig. 9. Cdfs of VP for power-line network with varying far-end terminal 
impedance, Z0 = 50 Ω. 

Table 1 
Impact of TL Network Topology on Cdfs of Overvoltage Peak.  

Parameter Impact Reduction strategy 

Orientation Significant Unaltered 
Length Negligible Rescale if necessary 
Branch Reducible Remove less-twisted branch 
Cascaded segment Significant Unaltered 
Impedance Significant Unaltered  

y

x

l
l l l

o

y

z

o

l l l l
h

Fig. 10. (a) top view of a zigzag power-line network; (b) front view of the 
power line, impedances model the terminal power equipment. 
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L̂(l, θ,ϕ, γ) = 2jhGsin
(

βl
2
(1 + sinθcosϕ)

)

e− jβl
2 (1+sinθcosϕ) (12)  

G(θ,ϕ, η) = cosη(cosϕ + sinθ) + sinηcosθsinϕ
1 + sinθcosϕ

(13)  

where j is the imaginary unit;β = ω/c0 is the phase constant; ω is angular 
frequency, c0 is the speed of light in vacuum. 

By substituting the coupling efficiency (12) into (9), one obtains the 
maximal overvoltage for the simplest case of power-line networks (one 
straight segment) as: 

VP = 2h|G|

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
Z0WE

π

∫ ω2

ω1

sin2
(

βl
2
(1 + sinθcosϕ)

)

dω

√

(14) 

It can be demonstrated that the long-line saturation property holds 
for the maximal overvoltage peak VP, that is, by increasing the length of 
power line, the value (14) will converge to: 

lim
l→+∞

VP = 2h|G|
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
Z0WE(f2 − f1)

√
(15) 

This limit can be approximately reached under the condition 
l≫c0π− 1(f2 − f1)

− 1
(1 + sinθcosϕ)− 1. In view of the large physical scale of 

power lines, the approximation holds for most realistic systems. This 
property demonstrates the equivalence between an infinitely long power 
line and a power line with suitable length in terms of the worst-case field 
coupling scenario, and could assist the simplification for complex 
power-line network. 

3.2.2. Upper bound of overvoltage peak for Coupling-Dominant Power-line 
branch 

Considering the coupling-dominant power-line branch, which could 
be modelled by a zig-zag TL line composed by n straight line segments. 
As shown in Fig. 10. For each segment, the expressions obtained for 
straight wire (12)-(14) can be readily adapted to address the upper 
bound of overvoltage peak for oriented TL by substituting ϕ with ϕ − γ, 
that is, the coupling efficiency of a oriented segment is cast as L̂

rot
i =

L̂(li, θi,ϕi − γi, γi). 
Consequently, by superimposing all the contributions of the indi

vidual segments, the coupling efficiency L̂NW of whole power-line 
network can be cast as: 

L̂NW =
∑n

i=1
L̂

rot
i e− jβ

∑i− 1
m=1

lm [1+sinθcos(ϕm − γm) ] (16) 

The phase term in (16) accounts for: a) the time delay of the wave 
propagating from this particular segment’s terminal to the power-line 
network’s terminal; b) the phase difference due to reference’s origin 
change in the expressions of the external field. By defining the auxiliary 
variables Gi = G(θi,ϕi − γi, γi) and τi as: 

τi =
li

c0
[1 + sinθcos(ϕi − γi) ] (17) 

one may simplify (16) as: 

L̂NW = 2jh
∑n

i=1
sin
(ωτi

2

)
e− jωτi

2 Gie− jω
∑i− 1

m=1
τm (18) 

Accordingly, the efficiency of field coupling to power-line network 
with complex routing strategy is finally obtained in the frequency 
domain. The worst-case analysis for a single straight segment can be 
applied. Indeed, by substituting in (7) the coupling efficiency L̂ previ
ously stated by (3), the upper bound of overvoltage peak for complex 
power-line network can be predicted by 

VP,NW =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
Z0WE

π

∫ ω2

ω1

|L̂NW |
2dω

√

= 2h

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

Z0WE

π

∫ ω2

ω1

∑n

i=1
sin2
(ωτi

2

)
⃒
⃒
⃒
⃒
⃒
⃒
Gie

− jω
∑i− 1

m=1
τm

⃒
⃒
⃒
⃒
⃒
⃒

2

dω

√
√
√
√
√ (19) 

Although the above implicit expression could fulfil the objective of 
predicting upper bound for field induced overvoltage peak for any 
power-line network, the contributions due to each segment are 
complexly coupled through integral and summation, which impedes 
physical interpretation and offers little information on how to reduce 
maximal overvoltage from the viewpoint of power system protection. 
Consequently, the following analysis is devoted to finding an explicit 
solution by simplifying (19). 

Remarkably, likewise in (14) for a single straight line, one can show 
that each single addend of the summation in (19) becomes independent 
from length (i.e., from τi) if li is much greater than a critical electrical 
length ls associated to the bandwidth f2-f1: 

li≫ls =
c0

π(f2 − f1){1 + sinθcos(ϕi − γi) }
(20) 

On the other hand, Section 3.1 also suggests that changing the length 
of any segments exerts negligible effect on the upper bound for the 
power-line network under analysis, provided that all segments satisfy 
the “long line” criterium in (20). Accordingly, by flexibly modifying the 
length of individual segments, an arbitrary large, unique value τ = τ1 =

τ2 = ⋯ = τn can be inconsequentially assigned to (19), which can be 
rewritten as: 

VP,NW = 2h

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
Z0WE

π

∫ ω2

ω1

sin2
(ωτ

2

)∑n

i=1
|Gie− jω(i− 1)τ |

2dω
√

(21) 

In line with the objective of this paper, it is interesting to clearly 
recognize and separate in (21) the contributions of each single segment. 
In particular, by imposing the mathematical manipulations reported in 
Appendix A, a straightforward relation between the maximal over
voltage peak of the power-line network as a whole VP,NW and the one of 
individual segments VP,i is identified, that is, VP,NW can be simplified as 
function of VP,i: 

VP,NW =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

∑n

i=1
V2

P,i −
∑n− 1

i=1
sign(GiGi+1)VP,iVP,i+1

√
√
√
√ (22) 

where signum function sign(x) is defined as: 

sign(x) =

⎧
⎨

⎩

1, x > 0
0, x = 0
− 1, x < 0

(23) 

It is confirmed that routing strategy playing an important role in the 
determination of upper bound. In particular, it is worth noting that, in 
the absence of the second summation in (22), VP,NW could be simply a 
geometric mean of VP,i pertaining to individual power line segments. 
Conversely, the second summation implies effects due to adjacent seg
ments (i.e., ith and (i + 1)th segments), that is, effects due to the specific 
routing geometry. 

In the special case when all segments are aligned (γi = 0, ∀i) forming 
one single straight power line, equation (22) consistently reduces to 
VP,NT = VP,i, that is, to the contribution of just a single segment, which 
does not depend on length as said above. In general, power line routing, 
i.e., the presence of unaligned segments may lead to increase/decrease 
of the overvoltage with respect to a straight line, depending on the 
relative orientation of adjacent segment according to (22). 
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3.3. Procedure for evaluating overvoltage peak of complex power line 
network 

To this end, the theory concerning overvoltage peak assessment for a 
general complex power line network has been discussed in details. A 
step-by-step flowchart for evaluating the overvoltage peak is presented 
in Fig. 11, the analysis starts with determining the threat level and 
power line system scale based on assessment of practical electromag
netic radiation concerns. A generic numerical approach is firstly pro
posed to predict VP for arbitrary (topology, terminal) power line 
network under illumination of arbitrary field (incidence, polarization), 
the approach exploits the BLT equation for the solution of coupling ef
ficiency in the frequency range of interest. 

However, the computation burden of numerical approach grows 
drastically with the complexity of power line system increasing. To 
overcome this issue and furthermore, unveiling the coupling mecha
nism, an analytical solution to the worst-case voltage peak is also 
formulated, for this purpose, power line network reduction strategy is 
developed to equivalently represent the complex network to its 
coupling-dominate zig-zag branch, accordingly, analytical solution 
based on TL model is obtained, which also reveals the contributions of 
each segment to the network, the analytical solution can be used to 
approximate the numerical solution of overvoltage peak, demonstrating 
a convenient way to assess the worst-case field-coupling response of TL 
network. 

4. Validations and case studies 

4.1. Power-line network under case study 

In order to verify the existance of the predicted upper bound in (19), 
a canonical power-line network with routing shown in Fig. 3 is consid
ered. Without losing generality, the proposed exemplification refers to a 
system composed of 5-segment with radius rw = 2.3 cm and height h =

4.5 m, the topology of TL is depicted in the inset of Fig. 12. Assuming the 
external field excited from direction: θ = 73◦, ϕ = 90◦, η = 60◦. An 
independent TL model exploiting the Baum-Liu-Tesche (BLT) equations 
[33] was implemented, particularly, without enforcing a priori as
sumptions related to matched impedances or to the segment lengths. 
This model is used to directly evaluate the coupling efficiency L̂NW for 
matched terminal condition, i.e., Z0 = Z1 = ZC = 351 Ω, the obtained 
magnitude |L̂NW| is reported in Fig. 12. 

Fig. 11. Step-by-step procedure for evaluating the overvoltage peak for power line system.  

Fig. 12. Coupling efficiency of power line network under analysis (top view of 
network in the inset). From segment l1 to l5, lengths: 100 m, 100 m, 200 m, 100 
m, 100 m; orientation angle γ: 0◦, 45◦, − 45◦, 45◦, 0◦. 
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4.2. Validation of implicit solution to the upper bound 

To verify the proposed upper bound solution, canonical electro
magnetic disturbances like Gaussian, double exponential, sinusoid (one 
cycle) waveforms are considered as comparisons for exciting the system. 
To enforce the same constraints for consistent comparison, the out-of- 
band spectra of all fields are filtered out, whereas the amplitudes are 
conveniently normalized to adjust the energy density to WE = 1 mJ/m2. 
The external field and the predicted induced overvoltage waveform in 
the time-domain are summarized in Fig. 13. 

The first row depicted the proposed worst-case disturbance wave
form by resorting to (10) and the induced overvoltage waveform, 
respectively. In the same fashion, the solution for Gaussian, double 
exponential and sinusoid (one cycle) are reported in the 2nd, 3rd and 4th 

row, respectively. These canonical electromagnetic disturbances 
encompass the characteristics of realistic threats to a power system, and 
the distinct characteristics of the induced overvoltage waveform imply 
different degree of threat to the system. By assuming correlation be
tween threat level and peak of the overvoltage waveform, one can 
conclude that the proposed method succeeds in predicting the worst- 
case scenario, since the induced overvoltage reaches 13.9 kV, whereas 
the peaks of overvoltage for canonical Gaussian, double exponential and 
sinusoid fields reach 8.0 kV, 6.3 kV, and 3.1 kV respectively, much 
smaller than the predicted upper bound. 

4.3. Validation of explicit solution to the upper bound 

In order to validate the proposed explicit expression (22), consider 
again the power-line network in Section 4.1. The coupling efficiency 
evaluated by BLT equations is used to compute the implicit solutions of 
the upper bound (19) and results are compared versus the proposed 
explicit solution (22). For greater generality, this is repeated for 
randomly selected incidence and polarization angles. 

As shown in Table 2, the upper bound of overvoltage predicted by 
explicit solutions are roughly consistent with the implicit solutions. 
Preciseness depends on the incidence/polarization angles and the 
maximal relative error (implicit solution as reference) reaches 4.2 % for 
θ = ϕ = 30◦,η = 45◦.Monte Carlo simulations (2000 repeated runs) are 

performed to evaluate the empirical distribution of the upper bound, 
with explicit (19) and implicit expression (22) applied as deterministic 
solutions, respectively, leading to comparison of cumulative distribution 

Fig. 13. Comparison of canonical external fields (left column) and induced overvoltage waveforms (right column) for the power-line network under study. The 
external fields are both filtered and normalized to enforcing both bandwidth and energy density constraint, respectively. 

Table 2 
Upper Bound of overvoltage predicted by implicit and explicit solution for 
external field of different directions.  

θ ϕ γ Implicit solution, 
kV 

Explicit solution, 
kV 

Relative error, 
% 

90◦ 70◦ 0◦ 15.55  15.50 0.3 
45◦ 70◦ 90◦ 14.75  15.16 − 2.8 
60◦ 0◦ 45◦ 12.04  12.22 − 1.5 
60◦ 90◦ 45◦ 14.89  14.89 0 
30◦ 30◦ 45◦ 15.43  16.08 − 4.2 
30◦ 120◦ 150◦ 23.08  23.12 − 0.2 
45◦ 45◦ 60◦ 14.12  14.41 − 2.0  

Fig. 14. Cdfs of VP predicted by explicit solution and implicit solution. The two 
terminals of network are connected to matched impedances. 

T. Liang et al.                                                                                                                                                                                                                                    



International Journal of Electrical Power and Energy Systems 154 (2023) 109426

10

functions. In the case of matched terminals, the cdfs are compared in 
Fig. 14, where one can appreciate almost perfect agreement of two 
distributions; the slight discrepancies could be ascribed to the angles 
failing to meet (20) for the network under analysis. 

4.4. Relaxing the matched terminal assumption 

The explicit solution of the upper bound for overvoltage peak is 
derived under the assumption of matched terminals. For large-scale 
power systems, the assumption is valid for assessing the overvoltage 
wave propagation along the long power line. However, if the voltage 
induced across the power system equipment is of interest, the terminal 
reflection due to the mismatch between line’s characteristic impedance 
and the input impedance of power system equipment must be included. 
In this connection, it is interesting to point out that the explicit solution 
in (22) still roughly valid for mismatched terminals from statistical 
viewpoint, even though it is rigorously developed for matched 
terminals. 

To prove this statement, in Fig. 15, the cdfs of overvoltage upper 
bound obtained from both implicit solution and explicit solution are 
compared for two mismatched cases, i.e., a) the left terminal (at original 
point) is terminated by Z0 = 50 Ω, right terminal is terminated by Z1 =

300 Ω; and b) Z0 = 200 Ω and Z1 = 800 Ω are imposed to the two ter
minals, respectively. Results presented in Fig. 15 suggest that the pre
diction error of (22) is largely acceptable in the case of mismatching 
terminals. 

5. Conclusions 

This paper proposes analytical expressions for predicting the upper 

bound of overvoltage peaks, which are induced by external electro
magnetic disturbances in complex power-line network above lossless 
ground. Through a rigorous derivation process, based on a TL model of 
the power line, it is demonstrated that a complex power line system can 
be equally represented by its coupling-dominate branch for assessing the 
overvoltage peak from a statistical viewpoint. Accordingly, a power line 
network reduction strategy is proposed to drastically simplify the 
system. 

Furthermore, it is shown that the upper bound can be assessed by 
both an implicit solution of the coupling problem as well as an 
approximated, explicit solution. In particular, the implicit solution 
highlights the contribution of each power-line section to the overvoltage 
peak induced in the whole network. It is demonstrated that specific 
section lengths do not influence the predicted upper bound provided 
that all the sections are sufficiently long. On the contrary, the routing of 
the power line, that is, the relative rotation angle between adjacent line 
sections, can exert a strong impact on the predicted values. 

The predicted upper bound turns out to be a useful tool offering a 
quantitative figure-of-merit for the vulnerability of powerlines with 
complex layout, under the effects of external electromagnetic distur
bances. Possible applications include the design of protection equipment 
as well as planning of the power line system. 
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Appendix A. Derivation of explicit solution to the upper bound for zigzag power line branch 

Let variable I denotes the integral term in (21), i.e., 

I =
∫ ω2

ω1

sin2
(ωτ

2

)∑n

i=1

⃒
⃒Gie− jω(i− 1)τ ⃒⃒2dω (24) 

Since the value of VP,NW becomes independent from large value of τ, one can evaluate I by imposing τ→∞, that is, 

I = lim
τ→∞

∫ ω2

ω1

sin2
(ωτ

2

)∑n

i=1

⃒
⃒Gie− jω(i− 1)τ ⃒⃒2dω (25) 

By separating the real and imaginary parts, the summation term inside the integral can be expanded as 

Fig. 15. Cdfs of VP predicted by explicit solution and implicit solution. The two 
terminals of network are connected to mismatched impedances. 

T. Liang et al.                                                                                                                                                                                                                                    



International Journal of Electrical Power and Energy Systems 154 (2023) 109426

11

⃒
⃒
⃒
⃒
⃒

∑n

i=1
Gie− jω(i− 1)τ

⃒
⃒
⃒
⃒
⃒

2

=
⃒
⃒G1 + G2e− jωτ + ⋯ + Gne− j(n - 1)ωτ ⃒⃒2

= |G1 + G2cos(ωτ) + ⋯ + Gncos[(n - 1)ωτ ] |2 + |G2sin(ωτ) + ⋯ + Gnsin[(n - 1)ωτ ] |2
(26) 

By expanding the square operation and combining with trigonometric identity 

cos(a)cos(b)+ sin(a)sin(b) = cos(a − b) (27) 

The summation term can be cast as: 
⃒
⃒
⃒
⃒
⃒

∑n

i=1
Gie− jω(i− 1)τ

⃒
⃒
⃒
⃒
⃒

2

= G2
1 + G2

2 + ⋯ + G2
n⏟̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅ ⏞⏞̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅ ⏟

I1

+ 2G1

∑n

i=2
Gicos[(i − 1)ωτ ]

⏟̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅⏞⏞̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅⏟
I2

+
∑n

k=2;k>i

∑n

i=2
2GiGkcos[(i − k)ωτ ]

⏟̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅⏞⏞̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅⏟
I3

(28) 

By applying the identity sin2(a/2) = (1 − cosa)/2 to (25), the integrand of I can be fully written as the summation of cosine product. Meanwhile, 
resorting to Riemann-Lebesgue Lemma [36,37], it is easy to prove: 

lim
τ→∞

∫ ω2

ω1

cos(iωτ)cos(kωτ)dω = 0 (29) 

for unequal integers i ∕= k. 
Therefore, only terms involving the product of same frequency components contribute to the integral. Since sin2(ωτ/2) contains dc and the 1st order 

harmonic ωτ, the effective terms in (28) include only DC terms in I1, 1st order harmonic terms in I2 (i.e. 2G1G2cos(ωτ) when i = 2) and in I3 (i. 
e.,2G2G3cos(ωτ)+⋯+2GiGi+1cos(ωτ)+⋯ when k = i + 1). Accordingly, I can be dramatically simplified as 

I = lim
τ→∞

∫ ω2

ω1

1
2
∑n

i=1
G2

i −
∑n− 1

i=1
GiGi+1cos2(ωτ)dω =

1
2
∑n

i=1
G2

i −
1
2
∑n

i=1
GiGi+1 (30) 

Substituting (30) to (21), the upper bound of overvoltage for power-line network can be obtained for 

VP,NW = 2h

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

Z0WE

2π

(
∑n

i=1
G2

i −
∑n

i=1
GiGi+1

)√
√
√
√ (31) 

In the same fashion, the upper bound of individual segment is given as: 

VP,i = lim
τi→∞

2h

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
Z0WE

π

∫ ω2

ω1

G2
i sin2(ωτi)dω

√

= 2h
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
Z0WE

2π G2
i

√

(32) 

Finally, by combining (31) with (32) and eliminating the variable Gi, one can obtain the explicit solution in (22). 
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