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Recently, scholars have argued that drawings have a crucial role in the students’ modelling
performance. Nevertheless, such a correlation cannot be extended to complex modelling problems.
In this work, we consider the students’ drawing activities when dealing with a complex geometry
problem. In particular, this paper reports an exploratory study from 11-grade students exposed to a
realistic scenario from the sport context on which they have worked for 4 hours. The analysed data,
which focus on one of the class discussions, show that drawings help students in going throughout
the modelling process and that even shared inaccurate drawings play a crucial role in this sense.
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Introduction and theoretical background

Mathematical modelling (MM) is relevant to prepare students for addressing problems arising in
everyday and professional activities (OECD, 2019). The term mathematical modelling indicates the
process of translating between the real world and mathematics in both directions (Blum, 2015), with
the purpose of tackling problems arising in the real world. Such a process can be schematised by the
Blum’s (2015) modelling cycle, which is composed of seven steps within and between reality and
mathematics. This scheme is not meant to be a process through which students go sequentially.
Despite its importance, MM is demanding because it requires mathematical and extra-mathematical
knowledge, as well as appropriate beliefs and attitudes, especially for more complex modelling
activities (Blum, 2015, Niss, 2003). One strategy to support students in overcoming these difficulties
can be the use of drawings (Rellensmann et al., 2022). In particular, Rellensmann et al. (2022) point
out a positive correlation between the drawings and the modelling performance in the context of
geometry. Namely, accurate drawings allow students to better achieve the solution of geometric tasks,
while inaccurate ones can prevent students from building a correct mathematical model. A drawing
is defined as accurate if it contains all the relevant elements and relationships between elements
(Rellensman et al., 2022). Nevertheless, Rellensman et al. (2022, p. 415) state that their “results
cannot be transferred to more complex modeling problems that students work on for days or weeks.”
We share the idea of complex modelling activity as a “realistic, authentic modelling problem”, in
which “students will experience this feeling of helplessness and insecurity, which is characteristic
during the process of solving real world problems” (Stender & Kaiser, 2015, p. 1255). We refer to
drawings as belonging to the paramount of resources that students and teachers may resort to during
mathematical activities (Arzarello et al., 2009). According to Arzarello et al. (2009), we distinguish
various types of resources: words (written and oral), expressions (gestures glances, etc.), inscriptions
(drawings, sketches, etc.) and instruments (paper and pencil, digital devices, etc.). The system made
by the former three resources and their relationship produced by a student or by a group of students
while solving a problem and/or discussing a mathematical question is defined as semiotic bundle
(Arzarello et al., 2009). Moreover, Arzarello et al. (2009) point out how students can successfully
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work together by sharing the semiotic bundle, which helps them to bridge the gap between the wordily
experience and the more formal mathematics. On the path of such works, we aim at presenting
findings about the employment of drawings in dealing with a complex modelling activity to contribute
to this rarely investigated topic, as evidenced in Rellensmann et al. (2022). Moreover, we will show
how even inaccurate drawings can help students in going through the mathematical modelling
process. More precisely we address the following research question: Do accurate and inaccurate
drawings help students in going throughout the modelling cycle when dealing with complex MM
activities? If so, where and how? To that end, we will analyze a MM activity carried out in high
school.

Research context

The present study involved two researchers (the authors), 18 grade 11 students (16-17 years old) and
their teacher, fictionally named Veronica. The mathematical modelling activity stems from a real-
world scenario in the context of sport. A peculiarity of this activity is that the modelling problem has
not been directly presented to the students. The students have instead been gradually introduced to
the complex scenario such that the problem has emerged from them. The activity has been carried
out through two meetings of two hours each and is framed in the context of rugby. More precisely, a
particular moment of the match is considered: the conversion kick. After scoring a try, which is worth
5 points, the team can score 2 additional points if a player, the kicker, can get the ball through the
posts, shooting the kick from an imaginary line, perpendicular to the try line and intersecting it at the
point where the try has been scored (see Figure 1-left). In this context, an optimization problem arises:
which is the distance from the try line that maximizes the angle under which the kicker sees the posts?
To make students identifying and solving such a problem, the following tasks were revised starting
from a previous version of the activity designed by the authors.

Figure 1: Left: The conversion kick; the white dot and the red line correspond to the try point and the
imaginary line, respectively. Right: an example of student’s drawing for Task 1. The “try zone” and
the “imaginary line on which it is possible to shoot the conversion kick” are also reported

In the first meeting, Veronica started with a brief introduction of the rules of rugby as well as the yard
sizes and the purpose of the game, supported by slides (using non-mathematical representation).
Afterwards, the students were introduced to the rule of the conversion kick supported by the text:
“The conversion kick must be shoot from any point belonging to an imaginary line which is
perpendicular to the try line intersecting at the point where the try has been scored”. Then, the students
were asked to draw the rugby yard and to mark a point from which it is possible to kick the conversion
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kick (Task 1). Task 1 was meant to guide students in understanding the conversion kick context and
in starting to build the mathematical representation of it (see Figure 1-right). In Task 2, with the
support of a large-size paper sheet (A0) on which a half of the yard was schematically represented,
students were asked to work in groups to make some conversion kick tests, using a small paper ball.
Task 2 was followed by a discussion, which will be analysed in detail in the next section, prompted
by the following questions: 1) Does the kick position have an impact on the result? 2) Does the
try point have an impact on the result? 3) Once the try point is fixed, which geometric element
has an impact on the result? Task 2 was proposed to support students in understanding and
structuring the real situation to get to the formulation of the optimization problem mentioned above.
During the second meeting, students worked in groups to introduce a coordinate system (Task 3),
thus pursuing the mathematization of the problem emerged at the end of Task 2. Then, in Task 4,
they were prompted to explore the variation of the angle under which the posts are seen by the kicker
and the variation of both the distance from the try line and the try point, using GeoGebra. Finally,
Task 5 was meant to guide students in finding the solution of the problem: the optimal locus of points
for the conversion kick is a hyperbole with vertices at the posts. Tasks 4 and 5 were designed to help
students in mathematizing, working mathematically, interpreting and validating.

Data analysis

The data consist of the video recording and drawings produced by the students. In this work, the
episode under consideration is the class discussion that occurred at the end of Task 2. The episode is
analysed according to the diachronic and synchronic analyses of the semiotic bundle (Arzarello et al.,
2009). The synchronic analysis allows to consider the relationships among different resources
simultaneously activated by the students at a certain moment, while diachronic analysis focuses on
the resources activated by students in successive moments. In terms of synchronic analysis, we
describe the relationship between words, expressions and inscriptions activated at the same time to
identify one or more steps of the modelling cycle; while, in terms of diachronic analysis, we describe
the evolution of those resources during the discussion that lead to the formulation of the mathematical
modelling problem. For instance, at a certain moment a student (Luca) uses the following words: “I
would have defined the angle in a different way. The point in which we kick is the angle’s vertex and
the two half-lines which pass from the posts delimit the angle”. At the same time, he describes the
angle with gestures and, afterwards, he draws the angle at the blackboard (inscriptions). This
synchronic analysis allows us to identify that Luca is performing the "mathematizing "step of the
modelling cycle. From the diachronic point of view, we link this moment to a previous one where
another student (Robert) had referred to the angle in a different way. We recall that the questions that
prompted the discussion regard the interplay between the kick position and the difficulty of the
conversion kick. The episode under analysis lasted 30 min and can be divided into six moments,
corresponding to the interventions of six students, fictionally named respectively: Roberto, Gianni,
Luca, Mario, Gabriele and Paolo.

Moment 1 starts with Veronica inviting Roberto, a student who could realize a particularly difficult
“finger kick” at the beginning of task 2, at the blackboard. The teacher prompts Roberto to represent
that particular kick (point R1 in Figure 2-left) and an easier one. Roberto first draws the point R1 and
the segment R1-0O, called by Roberto as “the trajectory” (see Figure 2-left). Afterwards he draws also
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points R2 and R3, with the respective “trajectories”, affirming that the kick is easier. However, while
he strongly states that the kick in R1 is more difficult, he appears to be hesitant when saying that R2
and R3 are easier positions, and he does not reply to the teacher who asks for the reason why. Then,
the teacher prompts Roberto to take an example closer to the posts and he chooses to represent a point
in the middle of the posts themselves, marking first the try point R4 and, afterwards, the kick points
RS and R6 (Figure 2-left), stating that the trajectory is the same for the two points. The teacher, then,
asks Roberto to represent an intermediate case. He draws the green points and segments (Figure 2-
left) stating that the difficulty of the kicks follows the same pattern as for the points R1, R2 and R3.
From this first excerpt, we observe that Figure 1-right is mathematically enriched by Roberto by
adding two not real-world elements: the centre of the posts, O, and the segment which links the kick
point to the centre of the posts (the “trajectory” in Roberto’s words). In particular, the second one
shows that Roberto has already introduced a simplification by representing the trajectory as a straight
line. Moreover, Roberto seems to relate the difficulty of the kick with the trajectory. We notice that,
for the points RS and R6, Roberto states that “the trajectory is the same” even if its length is changing
between the two points. We can then conclude that the property of the trajectory on which Roberto
focuses is not its length. We can guess that Roberto thinks to the direction as the trajectory’s property
that influence the difficulty of a kick, but, since he does not answer when the teacher asks the reason
why points R2 and R3 are easier than point R1, we think that he cannot make this fact explicit.

Figure 2: Left: Roberto’s drawing. Center: Gianni’s drawing with the point G1 and the angles
represented in yellow. Right: Luca’s drawing. Points L0 and L1 correspond to the vertexes of the two
angles (in grey) for two different kicking positions.

At moment 2, a novel element to Roberto’s drawing is introduced by Gianni, who notices that the try
line and the trajectory identified by Roberto can be considered as the sides of an angle. Gianni’s
sketch of this angle for different kick points is depicted in yellow in Figure 2-center. Gianni
establishes and makes explicit a relationship between the difficulty of a kick and the width of the
angle, saying: “the smaller this angle, the more difficult it is to kick”. Veronica, then, puts the
attention on the pink elements in Figure 2-center: Gianni explains that this is the easiest case because
“the angle reaches the maximum width”. The discussion then shifts on the try point RO: Gianni
indicates and draws point G1, identifying it as the one for which the maximum width is reached. We
notice that, in doing this, Gianni’s tone of voice is uncertain. Afterwards, Gianni shifts the attention
once more to the the pink elements in Figure 2-center, repeating that it is the simplest case. We notice
that Gianni goes ahead on the same path as Roberto, by adding a new mathematical element, the
angle, and, thus, making explicit the vague idea introduced by Roberto. Thus, Gianni further
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structures the situation model and starts to mathematize it. The fact that Gianni tries to re-shift the
attention on the central case (represented in pink in Figure 2) makes us think that he is trying to put
the attention on a case which can be well described by the angle he has introduced: indeed, the angle
explains well the fact that it is more difficult to kick from a lateral position than from a central one.
On the other hand, the hesitation shown by Gianni indicates that he probably starts to feel
uncomfortable about the fact that the angle he has proposed suggests that, regardless from where the
try point is, the most advantageous kicking position is always on the half-way line.

At moment 3, Luca takes the floor, saying “I would have defined the angle in a different way: the
point in which we kick is the angle’s vertex and the two half-lines which pass from the posts delimit
the angle”. While saying this, he also draws the angle in the space in front of him using gestures.
Afterwards, when prompted by the teacher, he adds this new element to the previous drawing for two
different kicking positions (see angles with vertexes in points LO and L1 in Figure 2-right. Luca
further adds: “depending on the angle’s width we have a more or less open view on the posts”. He
then specifies, pointing the segment which connects the posts, that “it’s a better view on the space
between the posts”. He further comments that, with the angle introduced by Roberto and Gianni
before, the focus is put on the midpoint of the posts, which is not always visible from the kicker
perspective. He adds also that “from our perspective the posts have to be as far as possible”,
accompanying his words with the gesture of moving his indexes away. Luca, then supports his angle’s
proposal by focusing the attention on points LO and L2 (Figure 2-right) and saying that his angle is
“more accurate” because the angle varies with the distance from the try line (contrarily to the angle
proposed by Gianni), explaining that “here [pointing at L.O] it’s easier from closer because the angle
is wider, while, going further, it is more difficult”. We notice that, while Gianni follows the same
path as Roberto, Luca goes ahead in partial opposition to them: he bases his strategy on the drawing
made by Roberto and Gianni, but he proposes a different angle. We want to point out that, despite
Luca being a rugby player, he is not the first student taking the floor in the discussion. To propose
his angle, which will turn out to be a key element for building an accurate drawing of the modelling
problem, he exploited the inaccurate drawing proposed by Roberto and Gianni. The previous
discussion, summarized in the drawing by Roberto and Gianni, is the stimulus for Luca to find a
mathematical element (the angle) to represent an element belonging to the reality (“the view on the
posts”, in Luca’s words) which, as a rugby player, he identifies as a fundamental one. The use of
shared drawings is an important support to the exchanges among students: as a consequence, Luca
activated and shared a validation of the proposal of his classmates. Validation is evident both when
Luca criticizes the focus put on the midpoint of the posts by Gianni’s proposal and when he affirms
that his model is more accurate in explaining the central case.

At the beginning of moment 4, various elements are added to the drawing by Mario, who starts his
intervention by saying that he would define, in his words, “a piecewise line” to discriminate the case
“inside and outside the posts”. Inside the posts, he proposes to shoot from as close as possible to the
try line because “the kick is sure”. In the case outside the posts, Mario explains his strategy using the
angle proposed by Luca: “when we are far from the posts, to increase the possibilities to score [he
draws angle MO in Figure 4-left], we must move backwards because the angle increases slightly [he
makes a gesture with the hand in the direction of the arrow in Figure 5-left]. If we go closer, we just
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have to be here [he draws point M1 in Figure 4-center] to obtain the same result [he draws the angle
M2 in Figure 4-center]”.

Figure 3: Left and Center: Mario’s drawing. Right: Gabriele’s drawing

Mario, using Luca’s angle, is introducing a new element: the locus of points which allow to have the
same view on the posts, thus adding an important element toward the definition of the problem. A
second important element introduced by Mario is that, far from the try line, the posts can be
approximated as a single point and, according to him, this fact can support the proposal of Roberto
and Gianni, for which the midpoint between the posts is an important element. By doing this, Mario
introduces for the first time the edge case of what happens when the kicker is very far from the try
line and carries out a validation of Gianni and Roberto’s proposal. Mario’s drawing and his remark
about the edge case far from the try line, stimulates a new intervention by Luca. In opposition to
Mario’s statement that the posts tend to seem closer when moving far from the try line, Luca points
the attention toward what happens when we start moving away from the try line: “if [ am on the try
line, I can see a single post. If I make a step to the side, I see the posts as if they were joint, the more
I go backwards, the more the posts appear to be separated. The more I am toward the out line [toward
the sides of the yard] the more I have to go far so that I can see a wider space”. The last remark by
Mario is a trigger for Luca to describe what happens in the opposite edge case, on the try line, even
if Luca makes his remark in contrast to Mario’s one, not recognizing that both are true.

Afterwards, the teacher focuses the attention on the fact that an argument in favour to the angle
proposed by Luca is that, having the vertex on the kicker, it can be more functional in representing
his point of view. She then prompts the students suggesting them to think about what happens to the
two proposed angles very far from the try line. Gianni answers that the angle he has proposed gets
wider and wider but without reaching 90 degrees. The teacher then asks: “In Luca’s case that angle
is zero on the try line, then it gets wider and, afterwards, does it grow indefinitely?” Luca answers:
“No, at a certain point it will decrease again. It will reach a point of maximum amplitude, which is
the best point to kick and then it starts decreasing”. We notice that the last discussion allows Luca to
introduce a new element: the existence of an optimal position for the kick, mathematically described
by the point in which the angle is maximum. Despite the fundamental elements introduced by the
students in the discussion, we remark that, at this point, no problem has been formulated yet. In this
sense, the intervention of Gabriele at moment 5 is fundamental. He proposes a completely different
perspective and drawing with respect to his classmates, represented in Figure 3-right. Drawing the
half circle GA1, he says that “its radius depends both on the power of the kick and on the success
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rate”. He further states that the area within that half-circle must be eliminated because the kick would
be too difficult given the structure of the posts, which he represents as GA2 in Figure 3-right. Gabriele
then draws a second half circle (identified by GA3 in Figure 3-right and he states that the points
outside GA3 must be eliminated “because I have to use too much power and, above all, because there
is a quite low success rate, since the ball has to run a longer trajectory”. He then eliminates the lateral
zones GA4 and GAS and he further identifies a central zone, GA6, by referring in an unclear way to
the strategies proposed by his classmates, naming them “Gianni’s idea” and “Luca’s idea”. He
proposes to carry out a “probability calculation using a gaussian (distribution, ed.) in this zone [GA6]
to further identify the optimal points.” We point out that, even if Gabriele’s drawing is inaccurate
and, in some ways, confusing, it is the first one in which the problem of finding the optimal points
for shooting the kick clearly emerges. Moreover, Gabriele also introduces in his proposal many real-
world elements (the power of the kick and the three-dimensional structure of the posts) which gives
the teacher the opportunity to discuss about the fact that it is possible to build different mathematical
models of different complexity for the same situation.

The problem is more accurately expressed, at moment 6, by Paolo who suggests to “find which is the
best distance to shoot the kick™ and he further says: “if we score a very lateral try because the defender
leads us laterally, we have to go backwards to have a better view for shooting the kick”. We remark
that Paolo uses Gabriele’s proposal to more accurately define the problem: while Gabriele a-priori
eliminates the very lateral zones, Paolo considers, also the possibility of scoring very lateral tries.
Luca supports Paolo’s proposal, saying that “the central zone identified by Gabriele [see zone GA6
in Figure 3-right] is the one from which shooting the kick is easier but, from a statistical perspective,
in matches lateral tries are much more likely”. Both Paolo and Luca activate a validation of the
problem and the solution delineated by Gabriele and they propose a problem which, from their
perspective, is more useful as a support for decision making in rugby.

Discussions and conclusions

We recall that in this work the research question was: Could accurate and inaccurate drawings help
students in going throughout the modelling cycle when dealing with complex MM activities and, if
yes, where and how? To address this question, a classroom discussion leading to the identification of
a mathematical modelling problem has been analysed, using diachronic and synchronic analysis
(Arzarello et al., 2009) and the mathematical modelling cycle of Blum (2015). The analysis suggests
that drawings (both accurate and inaccurate) help students’ exchanges when they are dealing with
complex MM activities. But the pivotal aspect in this context is that drawings have to be shared
among students. Indeed, results show how students use their classmates’ drawings either refining
them or as a stimulus for proposing alternative drawings. While in Rellensmann et al. (2022, p. 413)
it is said that “inaccurate drawings can hinder the student from constructing a correct mathematical
model because the drawing illustrates incorrect relationships between the objects which the students
translate into an incorrect mathematical model”, referring to drawings which are not shared among
students, we argue that, when resources are shared between students, also inaccurate drawings can
help students in progressing throughout the modelling process. Moreover, we noticed in which steps
of the modelling cycle students were helped during the MM activities. For instance, Luca performed
a validation step when the inaccurate drawings provided by his classmates prompted him to propose
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the correct angle because the midpoint of the posts is not always visible from the kicker perspective.
Somehow this is in contrast with previous findings: “Students normally do not validate their solutions,
it seems to be part of the “contract didatique™: checking the correctness and suitability of a solution
is exclusively the teacher’s responsibility” (Blum, 2015, p. 79). Finally, we can notice how the
synchronic and diachronic analysis of the semiotic bundle shed light on students’ modelling
processes, confirming once more that students (and more in general modellers) don’t proceed
throughout the modelling cycle in a sequential way: as an example, students propose solutions
without a proper mathematization and mathematical work or they activate validation processes in the
first phases of the modelling cycle.
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	Age- and gender-related differences in Danish students’ use of number-based strategies when solving multidigit addition tasks
	Introduction
	Students’ arithmetic-related strategy flexibility and adaptivity
	Gender and students’ arithmetic-related strategy use
	This Study
	Analysis
	Results
	Discussion
	References


	TWG02-Johann-661
	Using conceptual metaphors as lenses to understand fifth-grade students’ understanding of fraction constructs
	Introduction
	Conceptual framework and research questions
	Methods
	Design and students involved
	The “Vegetable-bed learning activity”
	Analysis

	Findings
	Fractions as containers and fractions as separated parts

	Fractions as sizes and fractions as containers
	Discussion


	TWG02-Lai-710
	Exploring students’ understanding of multiplication with eye tracking: A study on the use of strategies in array representations
	Introduction
	Theoretical background
	Multiplication of natural numbers
	Array representations
	Research on strategies when working on multiplication tasks with array representations

	Method
	Participants, multiplication tasks, procedure, and devices
	Qualitative analysis: Identification of strategies when working on multiplication tasks with AR

	Results
	Discussion
	Acknowledgement
	References


	TWG02-Papadopoulos-169
	Problem-posing training and its impact on the quality of the posed problems
	Introduction
	Theoretical background
	Methods of the study
	Results - Discussion
	Category C
	Category B
	Category A
	Combination of different strategies

	Conclusions
	References


	TWG02-Papadopoulos-374
	Primary school students’ use of unnecessary brackets while evaluating arithmetic expressions
	Introduction
	Theoretical background
	Methods of the study
	Results
	Unnecessary brackets for grouping purposes
	Alternative symbols instead of brackets
	Unnecessary brackets to show the order of operations
	Nested unnecessary brackets
	Use of unnecessary brackets for pairing numbers
	Detachment of an operation
	Associativity of the subtraction

	Discussion and Conclusions
	References


	TWG02-Peregrina Fuentes-540
	The illustrations effect in Word Problems-solving involving fractions
	Introduction
	Theoretical framework
	Methodology
	Results and conclusion
	References


	TWG02-Rathgeb-Schnierer-623
	Solutions in open-ended tasks by elementary school students with different achievement levels in mathematics
	Introduction
	Methods
	Sample
	Instruments and Materials
	Data collection
	Data Analysis

	Results
	Conclusion
	References


	TWG02-Sanz-611
	Semiotic function: music notation vs fraction knowledge
	Introduction
	Theoretical Framework
	Methods
	Samples
	Methodology
	Instrument and Research Variables

	Results and Discussion
	First, a descriptive analysis of the results obtained in the pre-test is carried out, followed by the analysis of the results obtained in the post-test. Subsequently, the evolution of the individual student is presented.
	Q1 Results
	Q1 Evolution

	Conclusion
	Acknowledgment
	References


	TWG02-Sjaastad-283
	Using a rich task to foster number sense
	Introduction
	Theory
	Methods
	Sample and context for students’ work on The Coin Task
	Instruments
	Data analysis

	Results
	RQ1: What strategies do 7-8-year-old students employ as they solve a rich task with a dependent-two-dimensional variation?
	RQ2: How may the rich task foster number sense?

	Conclusion
	References


	TWG02-Soezen Oezdogan-729
	A bridge between tools and conventions: a transition to ratio and proportion concepts after ratio table
	Introduction
	Theoretical Background
	Methodology
	Findings
	Using Verbal and Symbolic Representations for Composite Units
	Representation of Proportion: Equality of Composite Units

	Discussion



	TWG03
	cím_TWG03_cím
	introTWG03
	An introduction to the papers of TWG3: Algebraic thinking
	Overview of themes
	Algebraic thinking from different perspectives
	Patterns and functions
	Equal sign and equivalence
	Variables and equation solving
	Key issues from discussions and challenges


	TWG03-Çelikdemir-570
	Eighth grade students’ proportional reasoning: Strategies used in missing value and comparison problems
	Introduction
	Proportional reasoning
	Methods
	Participants
	Data collection instrument
	Data collection and analysis

	Findings
	Frequency and diversity of proportional problem-solving strategies (RQ-1)
	Students’ performances and strategies based on problem types (RQ-2)

	Discussion
	References


	TWG03-Chimoni-658
	The association of algebraic thinking with working memory, control of processing, and speed of processing
	Introduction
	Theoretical framework
	Main characteristics of algebraic thinking
	Algebraic thinking and cognitive functions

	The current study
	Method
	Results
	Discussion
	References


	TWG03-Day-158
	Algebraic reasoning: Connecting research to practice
	Introduction
	Research Methods
	Connecting Research to Practice
	Conclusion
	Acknowledgment
	References


	TWG03-Fred-805
	Introduction
	Algebraic wicked problems
	Methods
	Planning of the lesson to create an AWP
	Discussion
	The result also shows how easy it is to fall into the trap of what Rittel and Webber (1973) would describe as a ‘tame problem’, an ordinary math task. When the pupils were asked to create a joint budget there where nothing that invited them to explore...
	Acknowledgment
	References

	TWG03-GoĄi-Cervera-423
	Strategies used by a student with autism when solving a pictorial pattern task under an instructional approach
	Introduction
	Method
	Procedure
	Prior to instruction, the participant solved five pre-tests with pictorial pattern tasks involving for each test, one of the functions, 𝒇,𝒙.=𝒙+𝟏, 𝒇,𝒙.=𝒙+𝟐, 𝒇,𝒙.=𝒙+𝟑, and 𝒇(𝒙)=𝟐𝒙, without support material or instructor’s help. After the...

	Results
	Table 1: Strategies, representations and responses by Philip in different phases
	Pre-test
	As can be seen in Table 1, during the pre-test session Philip answered incorrectly to all the questions, providing as a response the same number for which he was asked (“five” for step 5, etc). He employed also drawings, but showed not understanding t...
	At the beginning of the instruction, the instructor showed the student the pictorial pattern task and the materials available. The instructor began by modeling with dot stickers under the observation of the student the terms provided in the task (step...
	Instruction guidance phase
	Figure 2: Task resolution during the guidance phase (left) and evaluation phase (right)
	When asked about the general term, Philip also answered "counting one more" which was coded as an operation strategy. In order for him to understand the general term, the instructor encouraged him to particularize other cases such as 20 or 100. For ca...

	In the evaluation phase, Philip filled every step in the table from the first to the requested one, and after obtaining the solution, he used dot stickers to represent it. For example, to build the figure in step 4, he first filled in the table, corre...
	Discussion and conclusions
	References


	TWG03-Gregorio-564
	Algebraic generalisation of a student with MLD: Skills despite difficulties and implications for diagnostic tests
	Introduction and literature review
	Theoretical framework and research question
	Method
	Context and participant
	Procedure
	Mathematical problem

	Results
	Discussion
	References


	TWG03-Holmlund-287
	The work done when solving linear equations: Altering experiences due to change of numbers
	Introduction
	Background
	Method
	Results
	First, Emil’s solution to 𝟎.𝟏𝟐=𝟎.𝟒∙𝐱 in the test, is displayed in Figure 1. It shows a clear distinction between how he, at that moment, interpreted a multiplicative equation including numbers with decimals differently from other equations. Emil...
	Figure 1: Emil consequently transformed numbers with decimals in multiplicative equations in the test
	In the interview, Emil does not come to think of multiplying the equation with ten as he did when he took the test but approaches the equation in another way.
	First part of the interview: guided by a learnt strategy
	Second part of the interview: struggling with similarities and differences
	Third part of the interview- Ignoring numerical values

	Discussion
	References


	TWG03-Kaloutsi-881
	Introduction
	Methods
	Results
	Discussion
	References

	TWG03-Klingbeil-859
	“p stands for packs” – diagnosing the letter as object misconception with SMART online tests
	Introduction
	Theoretical background
	Understanding algebraic letters
	Formative assessment with SMART online tests

	Methods
	First results
	Discussion & Outlook
	References


	TWG03-Korntreff-262
	Supporting students’ comparisons of different conceptions of variables by telling stories – Insights from a design research study
	Theoretical background
	Understanding the variable as a generalizer and as an unknown by learning from comparison
	Inventing mathematical narratives as a way to connect abstract ideas to experiential contexts

	Methodological framework of the design research study
	Design experiments as method of data gathering
	Methods of data analysis

	Empirical insights into students’ construction of mathematical narratives
	Annika and Mara’s construction of a narrative for the variable as an unknown
	Rafik and Nadim’s narrative challenge of constructing a sense-making context

	Discussion
	Acknowledgment
	References


	TWG03-Lócska-505
	Rethinking the bridging function of graphical model method in the arithmetic-algebra transition: The issue of strategy choice
	Introduction
	Theoretical background
	Method
	Subjects and corpus of the research
	Grouping students based on task-specific graphical representation skills

	Results
	Students’ groups and mathematics grades
	Results of the answers to tasks A and B

	Discussion
	The choice of a strategy
	The effect of teachers’ control

	Further research
	Summary
	Acknowledgement
	References


	TWG03-Mestre-943
	The new Portuguese mathematics curriculum (Canavarro et al., 2021) presents, for the first time, Algebra as a theme in elementary school, from grades 1 to 4. In this new curriculum, arithmetic equalities begin with addition in first grade. The learnin...
	The task presented was developed in one of the first-year classes of the new curriculum implementation and aimed to promote the development of algebraic thinking, namely relational thinking, to achieve objectives defined in the curriculum for the firs...
	This communication focused on evidence from the work conducted by the students on the task proposed in the classroom. The evidence focused, first, on the students' works made autonomously in pairs, and then on different pairs' resolutions presented an...
	The task
	Acknowledgment
	References

	TWG03-Mora Badilla-629
	Identification of pre-algebra problems of generalization that discriminate mathematical giftedness
	Introduction
	Theoretical framework
	Methods
	Conclusions
	Acknowledgment
	References


	TWG03-Nyman-265
	Grade five students’ different experiences of patterns
	Introduction
	Background and theoretical framework
	Method
	Result
	Category 1. Students experience patterns as images
	Category 2. Students experience patterns as a row of systematically larger images
	Category 3. Students experience patterns as a rule that enables connection between images

	Summary and discussion
	Acknowledgements
	References


	TWG03-Oldenburg-105
	The didactical transformation of the concept of variables
	Introduction
	ATD
	Symbols and variables at university level
	Symbols and variables as seen from the didactics of mathematics
	Symbols and variables in German school mathematics
	The transposition 𝓅U ➔ 𝓅S
	The transposition 𝓅U ➔ 𝓅D
	The variation aspect
	The simultaneous aspect

	The transposition 𝓅D ➔ 𝓅S
	Conclusion
	Literature


	TWG03-Oliveira Cabral-928
	Deepening preservice teachers’ algebraic thinking by noticing children’s thinking
	Introduction
	Theoretical framework
	Algebraic thinking
	(Preservice) teachers’ mathematical knowledge and the noticing skill

	Methods
	Results
	Relational thinking – Anabela and Bianca
	Functional thinking – Beatriz and Júlia

	Discussion
	Acknowledgment
	References


	TWG03-Palm Kaplan-547
	Mathematical generalization in school algebra – an overview
	Ideas of mathematical generalization
	Methods and results
	References


	TWG03-Petersson-469
	Does solving arithmetic linear equations offer transferable algebraic competence?
	In this study we have investigated the relation between grade 9 students’ responses to a simple linear equation and a visually similar but proportionally-based linear expression task. Analyses, based on data from the results of a test of 359 Swedish y...
	Keywords: Secondary school mathematics, algebra, linear equations, assessment, proportionality.
	Introduction
	Relevant literature
	Methods
	A multi-step analysis of students’ responses

	Results
	Discussion
	Concluding thoughts

	References


	TWG03-Radford-267
	Symbolic equational algebraic thinking in young students
	Antecedents
	Theoretical framework
	Methods
	Solving the equation 𝟕𝒏+𝟐=𝟔𝒏+𝟖
	Reasoning within a symbolic system
	The general classroom discussion
	Concluding remarks
	Acknowledgment
	References


	TWG03-Sabakova-727
	The role of scaling in the development of students' functional thinking
	Introduction
	Theoretical background
	Methods
	Results and discussion
	References


	TWG03-Sjöstrand-182
	Do students’ ways of solving linear equations influence their later mathematical learning? Evidence from a study of Swedish upper secondary students
	Keywords: Algebra, linear equations, Sweden, upper secondary school, mathematics achievement.
	Introduction
	Swedish students’ linear equations-related competence

	Methods
	Data analysis
	Results
	In the following, we first present the results of an initial quantitative analysis before offering illustrative examples from the ongoing qualitative.
	Quantitative results
	Qualitative results

	Discussion
	References


	TWG03-Venkat-948
	Working with early number algebraically: The Mental Starters Assessment Project
	Introduction
	South Africa: Context, conditions and evidence on early number sense
	Early algebraic approaches to arithmetic
	The Mental Starters Assessment Project
	Concluding comments
	References


	TWG03-Wladis-579
	How do college students conceptualize algebraic properties?
	Properties and forms
	Theoretical framework
	Grundvorstellungen
	Operational vs. Structural Conceptions and Extracted vs. Stipulated Definitions

	Methods
	Results and discussion
	Operational conceptions
	Pseudo-object GV
	Object GV

	Conclusion
	Acknowledgements
	References



	TWG04
	cím_TWG04_cím
	IntroTWG04
	An introduction to TWG4: Geometry teaching and learning
	The role of tools and geometric activities with a combination of different tools
	Networking theories and negotiation of meaning for main theoretical notions
	International versus local curricula for geometry
	Research-inspired teaching and learning geometry in the 21st century
	References


	TWG04-Arnal-Bailera-281
	Design of a questionnaire item to assess the acquisition of Van Hiele level 5 with regard to the definition process
	Introduction and objectives
	Theoretical framework
	Methods
	Preliminary results
	Discussion
	Acknowledgment
	References


	TWG04-Aydnyer-797
	Conceptual framework

	TWG04-Bímová-573
	Developing students' visuospatial abilities in geometry using various tangible and virtual 3D geometric models
	Introduction
	Theoretical framework
	Methods section
	Results
	Conclusion
	We will report on the results of the ongoing phases of the pilot experiment in our following papers. The mathematics teacher has already asked us to integrate the same activation methods and supporting models into teaching spatial geometry in the seve...
	Acknowledgement
	References


	TWG04-Bokova-639
	Acknowledgment
	References

	TWG04-Bretscher-697
	Exploratory analysis of a survey item designed to capture teachers’ mathematical digital competency in geometry
	Introduction
	Theoretical background
	Methods
	Discussion
	Conclusion
	Acknowledgment
	References


	TWG04-Büttner-449
	The role of representations in developing a conceptual understanding of trigonometry
	Introduction
	Theoretical background: Duval’s theory of registers
	Research context
	Methods of data collection
	Methods of data analysis

	Empirical insights
	1st transcript excerpt: Constitution of the slope as an object
	2nd transcript excerpt: Using graphical representations for further constitution of the slope

	References


	TWG04-Gambini-627
	Doubling the side, doubling the area: Managing representation with a Geoboard tool
	Introduction
	Theoretical framework
	Methodology
	Analysis and discussion
	a) b)
	Conclusions
	References


	TWG04-Halverscheid-837
	Are geometric concepts of vectors bookable? An analysis of the didactic transpositions in mathematics textbooks
	Introduction
	Theoretical framework
	Methodology
	Analyses
	Outlook
	References


	TWG04-Hilf-296
	Using the theories of Fischbein and Shulman to study teachers’ algorithmic knowledge of the concept of the altitude of a triangle
	Introduction
	Methods
	Participants
	Instruments

	Results
	Discussion
	References


	TWG04-Imamoglu-631
	Preservice teachers’ perceptions on the role of the geometric working spaces model in learning and teaching geometry
	Theoretical background
	Method
	Findings
	Impact of the model
	Thoughts on the use of model in future practices

	Discussion
	Acknowledgement
	References


	TWG04-Kuzle-103
	Diversity and coherence of geometry topics in the designated mathematics curriculum: The case of Germany
	Introduction
	Theoretical background
	Methods
	Results
	Diversity and coherence of fundamental ideas in the German national mathematics curriculum
	Diversity and coherence of fundamental ideas in the joint federal mathematics curriculum

	Discussion and conclusions
	References


	TWG04-Palatnik-790
	Keywords: Spatial geometry, 3D sketching, middle school students, embodied learning, cognitive apprehension of geometric drawings.
	Introduction and theoretical background
	3D sketching as a form of enactive/ embodied geometry activity
	Analytical framework: four types of cognitive apprehension of a figure

	Methodology
	Participants and tasks
	Data collection and analysis

	Findings
	The case of R: 3D sketching educates perceptual and sequential apprehension of a figure
	The case of Z: 3D sketching educates operational apprehension of a figure

	Discussion
	References

	TWG04-Papadaki-911
	Visualisation and spatial manipulation in argumentation:  Creating a hypothesis
	Introduction
	Visualization and argumentation in geometry
	Methodology behind the study and the data analysis
	Tasks
	Implementation, participants and data analysis

	Findings
	Axel and Dave:  Creating claims
	The roles of non-iconic visualization and spatial manipulation in students’ argumentations

	Conclusion
	References


	TWG04-Papadopoulos-195
	Collaborative geometry problem solving in secondary education: The issue of control strategies
	Introduction
	Theoretical background
	Methodology
	Results
	Discussion and conclusions
	References


	TWG04-Proulx-139
	On students’ ways of dealing with area and perimeter’s relation
	Introduction – area and perimeter entanglements
	Research objectives – studying students’ work
	Conceptual grounding – mental mathematics and enactivism
	Mental mathematics as mathematics without paper-and-pencil
	Mental mathematics strategies and enactivism

	Methodological considerations
	Characterization of strategies related to perimeter – The hexagon task
	Localized strategies
	Globalized strategies
	Flexible-curve strategies

	Discussion: figure’s detachment and fluent 1D-2D interplay
	Concluding remarks
	References


	TWG04-Rubio-Sánchez-466
	Geometrical reasoning and the influence of fluid intelligence over geometrical competence
	Introduction
	Theoretical framework
	Duval´s model of cognitive apprehensions
	Mason´s attention structures
	Fluid intelligence

	Method
	Objective
	Participants
	Instruments and analysis

	Results
	Geometrical reasoning
	Descriptive and correlational analyses

	Discussion and conclusion
	References


	TWG04-Sua-427
	Plane representations in a 3-dimensional dynamic geometry environment: An analysis of soft constructions
	Introduction
	Theoretical background
	Construction problems: robust and soft constructions
	Iconic and non-iconic visualization: two ways to see 2D representations

	Methods
	Constructing the centre of a sphere
	Hector's construction, based on a property of the right triangle
	Mario's construction, based on a diameter
	Rafael's construction, based on a combination of 2D perspectives and dragging

	Discussion
	Conclusions
	Acknowledgment
	References


	TWG04-Surynková-808
	Concrete 3D printed manipulatives in geometry learning and problem solving: usefulness of instructional 3D printed tools in the topic of polygons and tilings
	Introduction
	Theoretical Framework
	Concrete and virtual manipulatives in mathematics education
	Multiple representations
	3D printing technology
	Polygons, congruence transformations, and tilings

	Materials and methods
	A construction set of polygons
	Research context and data collections

	Results
	Discussion
	Conclusion and future plans
	Acknowledgment
	References


	TWG04-Vargas Herrera-626
	Contexts and connections in prospective elementary school teachers training
	Establishing good mathematical connections is a powerful tool for learning mathematics, as it links the mathematical and the everyday world. Understanding geometry as a way of understanding the world, the study of connections and contexts becomes rele...
	Keywords: Preservice teachers, geometry, contexts, connections.
	Introduction
	Theoretical Framework
	The study of contexts in the didactics of mathematics is not a new idea, since mathematics is recognized as a human activity, it is necessary to teach it in connection with the students' reality, thus allowing to develop cognitive flexibility, and to ...

	Method
	Discussion
	Acknowledgment
	References


	TWG04-Vízek-127
	Lower secondary school students reflecting their two-week experience with quadrilaterals and GeoGebra
	Introduction
	Theoretical background
	Design of the study
	Participants
	Lessons
	Data collection and data analysis

	Findings
	Novelty
	Visual impression
	Construction impression
	Shape properties
	Multiple shapes perspective

	Discussion and conclusion



	TWG05
	cím_TWG05_cím
	IntroTWG05
	Introduction
	Developing research networks


	TWG5-Akar-414
	Preservice mathematics teachers' reasoning about data analysis: Balloon activity
	Introduction
	Theoretical Framework
	Methods
	Findings
	CSP1: Reasoning through the concept of the mean
	CSP2: Reasoning through the shape of the distribution

	Conclusion and Discussion
	References


	TWG5-Akoglu-804
	The Impact of an Undergraduate Course on Teaching Statistics and Probability on Preservice Mathematics Teachers’ Statistical Knowledge
	Introduction
	Theoretical Framework
	Statistical Reasoning
	Statistics Education of Teachers

	The Methods
	Participants
	The Course
	Analysis

	Results
	Discussion & Conclusion
	References


	TWG5-Avila Betancourt-773
	A case study about the understanding of addition and product of probabilities of a technological high school student
	Theoretical Framework
	The cognitive axis includes Tall's (2013) three worlds of mathematics, which evolve from conceptual embodiment to symbolic operations to axiomatic formalism. More particularly, for Duval (2017) there are three main cognitive operations ruling the math...
	Methodology
	Findings
	MC showed an understanding of probability ideas such as probability measure and sample space, still, some misconceptions regarding combinations of events emerged. She struggled to differentiate mutually exclusive from independent events when applying ...
	Conclusion
	References


	TWG5-Bata-544
	Introduction
	Theoretical background and research question
	Teaching and learning of machine learning
	In the context of model building and model validation the statistical tests and performance measures seem to be hurdles for learners (Lavesson, 2010), which leads to approaches how to exclude these topics at all (Fiebrink, 2019). It is also unclear to...
	Research question

	Building on the results of Bata et al. (2021, 2023), this paper aims to address the research question:
	Method
	The observed task
	From analyzing with the category system to the processing graph

	Results
	Finalization in the initialization phase
	The first characteristic structure is, that some groups finalize one or two of the parameters testsize (C2.1) and metric (C2.2) directly during the initialization phase (see group 3, Figure 2). In this case, the associated activity is almost always th...
	Justification increasing
	The second characteristic structure is that, activities of the category C1.1 (decision, without content reason) and C1.2 (decision, targeted trying) frequently occur in the initialization, but when progressing, the parameter choices for these activiti...
	Parameter selection phase with or without revisiting
	The third characteristic structure is, that the parameters are set as far as possible one after the other and not in a mixed way. This characteristic structure can be recognized in the processing graphs by several nodes of the same color following eac...
	Systematic trial and error versus discussion phases without verification by the model
	Systematic parameter optimization
	The last identified characteristic structure is “presence and position of conversations about systematic parameter optimization with a loop”. Systematic parameter optimization with a loop means, the students do not change the parameter again and again...

	Discussion
	References

	TWG5-Binder-402
	How odd are odds? Students´ difficulties in converting relative frequencies into odds
	Introduction
	Theoretical background
	Research interest
	The present study is dedicated to the question of how well medical students and law students (as a comparison group) succeed in translating relative frequencies from different forms of representation into odds. Since odds are frequently communicated i...
	Method
	Participants
	Study design

	Results
	Discussion
	Funding statement
	References


	TWG5-Birk-659
	Interpretation of statistical information and the role of contextual knowledge – a pilot study among fourth-grade students
	Early statistical thinking and the role of context – theoretical background
	The role of context is essential in statistics due to the underlying understanding of data: they are regarded as naturally in-context-embedded numbers (Ben-Zvi & Aridor-Berger, 2015). It is of no surprise that context, therefore, is also considered a ...
	Integration of contextual knowledge into the interpretation of statistical information – a design-based research study
	Due to the lack of prior research on situational differences integrating contextual knowledge at the elementary level, its role in the interpretation of statistical information in form of stacked dot plots is explored within this research study. It fu...
	Research question
	Data collection and participants
	Data analysis
	Results

	Interpreting statistical information with the help of contextual knowledge – first findings
	References


	TWG5-Boller-323
	Comparative analysis of teaching correlation and regression in three European countries
	Introduction
	Theoretical background and methods
	Results
	Discussion and Conclusion
	References:


	TWG5-Brehm-905
	To develop risk literacy – a design-based research approach
	Introduction
	Theoretical framework
	Risk competency

	Methods
	Preliminary findings illustrated by some data: Risk reasoning and risk notions
	Summary of the results

	Discussion, reflection and conclusion
	Acknowledgement
	References
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