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Walter Rudin and Elias M. Stein were giants in the world of mathemat-
ics. They were loved and admired from students and researchers to teachers
and academics, both young and old. They touched many of us through their
inspiring books at the undergraduate and postgraduate level. Although they
were leading researchers in both harmonic analysis and several complex vari-
ables, we are not aware whether they interacted and discussed mathematics. In
this article, Rudin and Stein meet mathematically through a reformulation of
the beautiful theory of Fourier series with gaps that Rudin developed in the
1950s as an equivalent Fourier restriction problem from the 1970s, a problem
Stein proposed and which remains a fundamental, central problem in Euclidean
harmonic analysis today.

Walter Rudin was born in Vienna on 2 May, 1921 and emigrated to the US
in 1945, completing his PhD at Duke University in 1949. While a C. L. E.
Moore Instructor at MIT in the early 1950s, Walter was asked to teach a real
analysis course but he could not find a textbook that he liked so he decided to
write Principles of Mathematical Analysis which despite its age, has remained
the paragon of high quality. After a stint of teaching at the University of
Rochester, he took up a position at the University of Wisconsin, Madison in
1959 where he remained until his retirement as Vilas Professor in 1991. He died
at his home in Madison on 20 May, 2010.

Elias M. Stein (known to friends and colleagues as Eli) was born in Antwerp
on 13 January, 1931 and emigrated with his family to the US in 1941, settling in
New York where Eli attended high school. He went to the University of Chicago,
received his PhD in 1955, and then went to MIT as a C.L.E. Moore Instructor
before Antoni Zygmund told Eli “it’s time to return to Chicago.” In 1963, Stein
moved to Princeton University as a full professor where he remained until he
died on 23 December, 2018.

Between 2003 and 2011, Eli expanded the presentation of Walter’s Principles
and published a series of four books aimed at advanced undergraduates. This
series is quickly becoming an important part of any young analyst’s education.
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However the majority of books written by Rudin and Stein are postgraduate
textbooks and research monographs (too many to list here), mainly in the areas
of harmonic analysis and several complex variables where both men were central
figures.

In this article, these two luminaries meet in the world of mathematical anal-
ysis. We look back at some important work Rudin did in the 1950s and recast
it in terms of a far-reaching problem from the 1970s that Stein gave us.

1950s: a golden age for Fourier analysis

At a 1946 conference in Princeton,! Zygmund gave a scathing review of the post
world war state of harmonic/Fourier analysis, describing the area as fettered
with unsolved problems with no guiding theme or programme. This all changed
in the 1950s in two profound ways. First, the 1950s represented a convergence
of the point of view that the most appropriate setting for Fourier analysis is fur-
nished by the class of locally compact abelian groups. This abstraction is not
done for the sake of mere generalisation. It not only gives conceptual clarifica-
tion to classical problems, it also leads to the introduction of new, interesting
analytical problems. A beautiful example is the theory Rudin developed in his
paper Trigonometric series with gaps [14] which we will turn to momentarily.

The second profound change from the 1950s is the advent of the real vari-
able method which emerged from the seminal paper of Calderén and Zygmund
[6], freeing us from the complex method which tied us to one dimension in the
study of Fourier series and the Fourier transform. This led Stein to propose a
series of fundamental problems addressing basic properties of Fourier series and
the Fourier transform in higher dimensions. These problems are interconnected
and the core conjectures underpinning each problem still remain unsolved to-
day despite the heroic efforts of many eminent mathematicians. One of these
problems is the Fourier restriction problem which Stein introduced in the mid
to late 1960s and which we will discuss in more detail below.

Trigonometric series with gaps

This paper [14] of Rudin introduced several kinds of sparse sets of integers with
interesting properties. In the 1920s Sidon showed that a continuous function on
T = R/Z, with a lacunary? Fourier series f ~ che%ﬂka, automatically has
an absolutely convergent Fourier series; i.e. >, |cx| < co. Giving us a glimpse
of how he thinks, Rudin took this isolated result and realised that there is a rich
theory of sets A C Z with the property that Cy(T) C A(T). Here A(T) is the
space of absolutely convergent Fourier series and Cy(T) is the closed subspace
of continuous functions on the circle T which are Fourier supported in A; that

~

is, the Fourier coefficients f(n) = 0 for all n ¢ A.

IProblems of mathematics, Princeton University bicentennial conferences, series 2, confer-
ence 2, Princeton, New Jersey, 1947.

2More generally, the sequence {2’c } can be replaced by any sequence of positive integers
{by} satisfying infy bg41/by > 1.



Rudin called such spectral sets Sidon sets and observed they have interesting
arithmetic properties. He first developed the theory on the circle T and then
extended it to any compact, abelian group G, detailing a programme to charac-
terise Sidon sets in terms of their arithmetic properties. He intimated that the
key to unlock this arithmetic characterisation is the following improving bound:
for F' = exp(L?), there is a constant C' > 0 such that

Ifllr < Cllflez forall feCa. (F)

The function space exp(L?) lies near L*°; in fact, L> C exp(L?) C LP for
all finite p < oo. In the 1930s, Zygmund established (F) with F = exp(L?)
for lacunary sequences A and Rudin extended this to any Sidon set on any
compact abelian group G. Pisier established the reverse implication, showing
that (F) with F' = exp(L?) characterises when A is a Sidon set and he did this
on any compact abelian group; see [10, 11]. This led Pisier to his arithmetic
characterisation of Sidon sets, the definitive result in the theory of Sidon sets;
see [12].

There are many sparse families of spectral sets A which are defined by or
characterised by (F') for some endpoint function space F' near L*°. In his gaps
paper, Rudin introduced and developed the theory of A(p) sets which are defined
by (F) for F = LP when p > 2. Rudin conjectured that the squares A = {n?} is
a A(p) set for all p < 4 but this seems difficult and remains unsolved (see [3]).
A deep result of Bourgain [4] established that for every p > 2, there is a A(p)
set which is not a A(p + €) set for any € > 0.

In a different paper [13] from the 1950s, Rudin introduced Paley sets A C
Z and showed that the bound (F) holds for F = BMO(T) if and only if
sup;ep #[ANI] < oo where D is the set of dyadic intervals {£[2%,2*1] : k € N};
in other words, A is a finite union of lacunary sequences. Similar to exp(L?),
the function space BMO of bounded mean oscillation lies near L°°, again
L C BMO C LP for all finite p < oo.

The Fourier restriction problem

The Fourier transform

F©) = | fla)e " da,
R"L

defined initially for Lebesgue integrable functions, is a fundamental object in
many different areas. In the 1960s, Stein introduced the Fourier restriction prob-
lem which seeks to understand the singularities that arise when one computes
the Fourier transform of L?(R™) functions. When p = 1, the Fourier transform
is well behaved. A basic fact is that the Fourier transform of f € L*(R") is a
continuous, bounded function and so restricting fto any set S C R™ defines a
function on S, continuous with respect to the induced topology. On the other
hand, the Fourier transform defines a unitary operator from L? onto L? and
so the singularities of f for f € L?(R™) that arise are those of an arbitrary L2
function. Hence it can be identically co on any set S of measure zero.



By interpolation, one can define the Fourier transform for f € LP(R™) when
1 <p<2and ]? € LP where p/ is the conjugate exponent to p, satisfying
1/p+ 1/p’ = 1. However when 1 < p < 2, the mapping f — f is not onto
o (we have already seen this when p = 1; the function fis not a general L™
function, it is also continuous).

Stein observed that there is a range 1 < p < po for some py(n) > 1 so that
for any f € LP(R™), one can make sense of f as an L? density on the unit
sphere S"~1 = {|z| = 1}. More precisely, he showed the Fourier restriction
operator Rf = ﬂgn—l, defined initially on test functions, extends to a bounded
operator from LP(R™) to L?(S"~!) when 1 < p < py and so the singularities of
fon S"~1 can be no worse than an L? function on the sphere. The fact that
the unit sphere S*~! has curvature is crucial for Stein’s observation; if S is a
compact piece of a hyperplane, then for any p > 1, there is an f € LP(R") such
that ﬂ s = 0o. See [15] for this example and a general discussion of the Fourier
restriction phenomenon.

The Fourier restriction problem is to determine the complete LP — L7 map-
ping properties of R and the conjecture is that

(1) IRfllLasn-1y < Cllfllee@ny

holds if and only if 1 < p < 2n/(n+ 1) and (n+ 1)g < (n — 1)p’. Here the
space L4(S" 1) is defined with respect to surface measure do. In two dimensions
n = 2, the conjecture was solved by Fefferman and Stein [8] in 1970 and inde-
pendently by Zygmund [18] in 1974 but it remains open in dimensions n > 3.
One can formulate conjectures for the Fourier restriction problem associated to
other varieties of varying dimension with nonvanishing curvature.

Remarkably the Fourier restriction problem has profound applications in dis-
parate areas of mathematics, from PDEs in the form of fundamental Strichartz
estimates to the recent solution of decoupling conjectures which led to Bourgain,
Demeter and Guth’s [5] complete resolution of the Vinogradov Mean Value The-
orem, a central problem in analytic number theory from the 1930s.

Duality

The golden age of the 1950s brought to the fore the central role that the principle
of duality plays in Fourier analysis. By duality, we can give an equivalent
formulation of the improving bound (F'): if E is a Banach space of functions
near L! such that E* = F (the Banach space dual of E is F' with norms | - ||g
and || - |7, respectively), then

. 1/2
(X 1FmE) " < Clifile (E)
neA
with the same constant C' appearing in (F'). The bound in (E) holds for all func-
tions f € E and we are restricting the Fourier coefficients {J?(n)} to the given
sequence A (for general compact abelian groups G, the spectral set A lies in the



discrete Fourier dual group é) Here we see a connection between trigonometric
series with gaps and certain discrete variants of the Fourier restriction problem.

Our discussion of Rudin’s 1950s theory can be rephrased as follows: Pisier’s
deep result says that A is a Sidon set if and only if (E) holds with E = L/log L
and this holds on any compact abelian group. A spectral set is a A(p) set for
p > 2 if and only if (E) holds with E = L?'. Furthermore a set A C Z is a finite
union of lacunary sequences if and only if (E) holds for E = H*(T), the Hardy
space on the circle whose Banach space dual is BMO(T).

Also by duality, we can reformulate the Fourier restriction problem in terms
of the extension operator

£9(6) = [ glwye e ()
§n—1
the Fourier restriction conjecture (1) is equivalent to

1€l v @y < CllgllLer gn-1)

holding if and only if 1 <p < 2n/(n+1) and (n+ 1)g < (n — 1)p’, Here p’ and
¢’ are the conjugate exponents of p and ¢, respectively. At the endpoint, the
exponents p = ¢ = 2n/(n+1) agree but the bound (1) is known to fail (in fact it
suffices to take g = 1 and check that £1 € L? precisely when p’ > 2n/(n — 1)).
In [16] Tomas proved a local Fourier restriction estimate in two dimensions
(the one dimensional sphere St = T is the circle) at the endpoint p’ = ¢’ = 4;

1€gllLaBry < Cllog RIY* (gl pacm)

where Br = {]z| < R}. Nowadays it is known that this local estimate implies
the Fefferman-Stein/Zygmund result that (1) holds when n = 2.

In Zygmund’s paper [18], a connection was almost made between bounds
(E) or (F) for trigonometric series with gaps and Euclidean Fourier restriction
bounds. Zygmund proved two theorems in [18]. His second result established
(1) for n = 2 but his first result, answering a question by Fefferman, showed

~ 1/2
(2) (3 F@iR) ™ < 5 fllzscrey,

[n|=R

the sum being taken over all lattice points in Sg = {n = (m,n) € Z? : m*+n? =
R?}. He remarks that the bounds (1) and (2) are analogous and his proof of (1)
for n = 2 is modelled on the proof he gave for (2). Furthermore he comments
that his proof of (2) is quite general and works for any spectral set S which has
the property that #{(r,s) € S? : r + s =t} is bounded for all t.

The bound (2) simply says Sg is a A(4) set. It is the bound (E) for the
compact group G = T2, the Banach space E = L*/3 (T?) and the spectral set
Sr. In Rudin’s gaps paper the connection between A(4) sets and the number of
representations as the sum of two elements from the spectral set is made explicit
(see Theorem 4.5 in [14]). In what follows, we will show that (2) is equivalent
to a Fourier restriction bound for the two dimensional torus T?.



W. Rudin meets E. M. Stein

Here Rudin’s theory of trigonometric series with gaps meets Stein’s theory of
Fourier restriction. We will work on the compact group T" instead of the circle.
Continuous functions f € C(T™) can be identified with (multiply) periodic
functions on R™; they have a Fourier series

Y F)e* il where f(n)= [ f(0)e "% dp.
nezn A

The result is a general statement about spectral sets A that lie in the n-
dimensional lattice Z™ and Banach function spaces F = E(T") with norm ||-|| g
which are continuously embedded in L!(T™).

We will also need to assume E continuously includes LP(T") for some 1 <
p < 4/3; thus we will assume there are two continuous embeddings

LP(T™) < E < LY(T™) for some p < 4/3.

This implies that there is a constant C' such that the following norm inequalities
(for some p < 4/3) hold:

3) CM N fllzy < Ifle < Clifloeem.

Therefore if F' = E* is the Banach space dual of E, then L>*(T") — F —
L?P (T™); or equivalently,

(4) CT ISl zny < MIflle < Clfllpee(eny.-

We will consider the extension operator for T": let z = (z1,...,2,) € C"* ~
R?" and define

E9(z) = / 9(8) >0 gp.

Finally we set Bp = {z € C" : |z;| < R, Vj}, a polydisc of radius R sitting in
R2",

Theorem 1. Let A and E be as above. Then the following two statements are
equivalent:

(W. Rudin) There is a constant Ax such that
[fllremy < Anllfllzzcemy, VF € CA(T").
(E. M. Stein) There is a constant By such that

1€9la(Br) < Ba (log R)™* ||gllpern),

for all R > 2 and for all g € Cx(T™).



The (W. Rudin) statement is simply the bound (F) (or equivalently (F)) in
the setting of the compact group T™. The theorem does not recover the local
Fourier restriction endpoint bound of Tomas since E cannot be taken to be L*
as we are assuming that E continuously includes LP for some 1 < p < 4/3 (see
(3)). The (E. M. Stein) statement is an extension of the Tomas local endpoint
Fourier restriction bound to functions in some function space E(T™) with Fourier
support in A C Z™.

Applying the theorem to E = L*/3(T?) and A = Sg, the lattice points on a
circle of radius R, we see that Zygmund’s result (2) is in fact equivalent to an
endpoint Euclidean Fourier restriction bound for T?.

Again if A C Z" is a Sidon set (that is, if Cy(T™) C A(T™), the space of
absolutely convergent Fourier series), then we can take E = Ly/log L(T™) so
that E* = F = exp(L?)(T"). Interestingly, the product of Sidon sets is not a
Sidon set (for example, {2¥} x {2/} C Z? is not a Sidon set). It was shown in
[1] that if A = Ay x --- x A, € Z" is an n-fold product of (countably infinite)
spectral sets A; € Z, then each A; C Z is a Sidon set if and only if (£) holds
for E = L(log L)™?(T"™). We have E* = F = exp(L?*/™)(T"). See also [11].

Rudin’s theorem for Paley sets in Z was extended by Oberlin [9] to the n-
dimensional torus T™. Specifically, the bound (E) holds for E = H(T") if
and only if supp #[A N R] < oo where the supremum is taken over all dyadic
rectangles R C Z". In this case, E* = F = BMO(T").

The proof

First we introduce some notation. We write points z € C"* ~ R?" in polar form
z; = rje% for each component of z. We think of r = (r1,...,7,) as the n radii
for z and § = (01, ...,0,) as parametrising points on T™ so that points in R?"
can be expressed as

re = (rie, . ety € R

and functions on R?” can be formally represented as

F(re®) = > falr)e™?

kezn

We define the following mixed norms for functions F : R?® — C,

. p/2
190 e, = [ ([ 1R ag) v
¥

Tn

With this notation the polydisc in the theorem can be expressed as Bp = {re® :
Vj, 0 S Ty S R}
The proof factors through a variant of a result of L. Vega [17]. Namely,

(5) HggHLiL%n(BR) < C(logR)"/‘ngHL?(Tn).



The theorem of L. Vega is a global mixed norm LfadLg.ng estimate for the Fourier
extension operator on the sphere S¢~1. See also [7]. The proof of (5) follows
from classical bounds for Bessel functions which give the (log R)"/* bound, see
e.g. [2].

If the (W. Rudin) statement holds (that is, (') and hence (F) holds for A
on T™), then our spectral set is a A(4) set. To see this, we use (4) with p’ > 4,

together with (F') for A, to conclude
[Allacny < Wfllwr ey < CliflE < AxlIfllz2cm

for every f € Cx(T™). Hence, for every r € R},

. , 4/2
[ tegteetias < 4k ([ legteeyP ap)
n T’!L
whenever g € Cy(T").% Integrating over B := {r : Vj, 0 < r; < R} shows that

”59”L4(3R) = AAHggHLiLQ (Br)

Tn

for g € Cp(T™).
Therefore by (5),

|59HL4(BR) < Ba(log R)n/4||g||L2(1rn)

and 12
lgllzzn = (32 G@)2) " < Clglme
nen

for g € CA(T™) by (E). This shows that the (E. M. Stein) statement holds.

The reverse implication is more involved and so, for clarity, we only give the
proof when n = 1. The extension to general n > 1 is straightforward. Suppose
that the (E. M. Stein) statement holds for n = 1 and fix a sequence {a }xrea.
Our goal is to show

0 IS ae O, < A (3 )
keAn keAn

with a constant Ax which is independent of N. Here Ay = {k € A : |k| < N}.
This will establish (F'), the (W. Rudin) statement.
From {ax}, we will construct a function

(7 H(re') = Z b (r)e™?
kEAN

with certain properties, including that each by y is supported in {r < N2} and
so H is supported in the disc Byz. To construct by v, we first note that

fl(ew) = Z [ bk,N(r)Jk(Qwr)rdr]eike

kEAN Ry

3Note that g € Cx(T™) implies that Eg(r-) € Cx(T").



where Jj is the classical Bessel function of order k. We use the asymptotic
formula

2
Ji(2mr) =4/ — cos(2mr — km /2 — 7 /4) + O(r~3/2)

T
where, importantly, the implicit constant in O(r~3/2) is uniform in k for r > 5k.
See [2].

We now construct a function hy n(r) which depends on N and k. For every
m € N satisfying
5N <m < N? if k=jmod4, j=0,1,2,3,
we set hy n(r) = V2r~3/2 for
m+(2j+1)/8 < r <m+(2j+1)/8+107"

and we set hy n(r) = 0 otherwise. Hence for 5k < N,

N2
(8) hi N (r)Jx(2mr)rdr =
0
NZQ 2/m+(2j+1)/8+1010 cos(2mr — g /2 — w/4)) i
o VT S @i s r
+ ONY)Y = clogN + ONh

for some ¢ = ¢,y > 0 with ¢ ~ 1.
Let us denote the integral in (8) by Ay n. Hence |Ag n| ~ log N. With
{ak}reay in (6), we define {gx}rea, by the relation

gkAkJ\f = ClOgNCLk so that \gk|§|ak|.

We finally arrive at our by n(r) := grhy, n(r) which defines H in (7). Note that
br,n is supported in {r < N?} since the same is true for hy n.

The dual formulation of the (E. M. Stein) statement with R = N? implies
(since 4/3 < 2)

(9) |Hlxle < Batlog N)Y4H] s

where

”HHL‘_‘/SL% = (/0°°< Z |bk,N(7")|2>%%’l"d7“)3/4.

keAn

Since each by, x is supported in [N, N2] and |hs n(r)| S 773/2|ay|, we see that

IHl 5,2 < C (/NW {ﬁ%r/%dr)i’)/zx ( 3 Iak|2)1/2

keAN



and so 12
, < 3/4 ( 2) )
1 oo < Cog NP/ (3 Jal

keAn
Also o _
H(e"?) = [clog N| Z are™?
keAN
implying

1Hlzlr = [clogN]|| > are™0)|,..
keAn

Therefore (9) implies

IN

[clog N] H Z akeik(')HF
kEAN

Ap logN< Z |ak|2) 1/27

keAN

showing that (6) holds, establishing the (W. Rudin) statement.

Conclusion

Here we tried to draw some parallels between two great men; similar life stories,
similar research interests and similar influence through their books and mono-
graphs. And although they may not have interacted mathematically as working
researchers, their mathematics is nonetheless intimately connected. This is the
beauty of mathematics.
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