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Abstract. Tetravalent modal logic (TML) was introduced by Font and
Rius in 2000. It is an expansion of the Belnap-Dunn four-valued logic
FOUR, alogical system that is well-known for the many applications found
in several fields. Besides, TMJL is the logic that preserves degrees of truth
with respect to Monteiro’s tetravalent modal algebras. Among other things,
Font and Rius showed that 7ML has a strongly adequate sequent system,
but unfortunately this system does not enjoy the cut-elimination property.
However, in a previous work we presented a sequent system for TML with
the cut-elimination property. Besides, in this same work, it was also pre-
sented a sound and complete natural deduction system for this logic.

In the present article we continue with the study of 7ML under a
proof-theoretic perspective. In the first place, we show that the natural
deduction system that we introduced before admits a normalization theo-
rem. In the second place, taking advantage of the contrapositive implication
for the tetravalent modal algebras introduced by A.V. Figallo and P. Lan-
dini, we define a decidable tableau system adequate to check validity in the
logic TML. Finally, we provide a sound and complete tableau system for
TML in the original language. These two tableau systems constitute new
(proof-theoretic) decision procedures for checking validity in the variety of
tetravalent modal algebras.

Keywords: tetravalent modal logic; natural deduction; tableaux; normal
proofs; paraconsistent logics; paracomplete logics; Belnap-Dunn logic
1. Introduction

The class TMA of tetravalent modal algebras was first considered by An-
tonio Monteiro (1978), and mainly studied by Loureiro, Figallo, Ziliani
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and Landini. From Monteiro’s point of view, in the future these algebras
would give rise to a four-valued modal logic with significant applications
in Computer Science [see 21]. Later on, Font and Rius were indeed
interested in the logics arising from the algebraic and lattice-theoretical
aspects of these algebras.

Although such applications have not yet been developed, the two
logics considered in [21] are modal expansions of Belnap-Dunn’s four-
valued logic FOUR, a paraconsistent and paracomplete logical system
that is well known for the many applications it has found in several
fields. In these logics, the four non-classical epistemic values emerge: 1
(true and not false), 0 (false and not true), n (neither true nor false)
and b (both true and false). We may think of them as the four possible
ways in which an atomic sentence P can belong to the present state of
information: either it was told that (1) P is true (and it was not told that
P is false); (2) P is false (and it was not told that P is true); (3) P is both
true and false (perhaps from different sources, or in different instants
of time); or (4) nothing was told about the truth value of P. In this
interpretation, it makes sense to consider a modal-like unary operator [
of epistemic character, such that for any sentence P, the sentence LJP
would mean “the available information confirms that P is true”.! It is
clear that in this setting the sentence [JP can only be true in the case
where we have some information saying that P is true and we have no
information saying that P is false, while it is simply false in all other
cases (i.e., lack of information or at least some information saying that P
is false, disregarding whether at the same time some other information
says that P is true); that is, on the set {0,n,b,1} of epistemic values
this operator must be defined as (01 =1 and (On = [Ob = [J0 = 0 . This
is exactly the algebra that generates the variety of tetravalent modal
algebras (TMAsS).

In [21], Font and Rius studied two logics related to TMAs. One
of them is obtained by following the usual “preserving truth” scheme,

! This is closely related to the so-called logics of evidence and truth (LETs),
introduced by Carnielli and Rodrigues in [13]. That logics are paraconsistent and
paracomplete expansions of FOUR by the addition of a classicality operator o which
locally recovers the classical properties of negation for the given negation —. Indeed,
it can be proven that TML, the logic preserving degrees of truth asociated to TMAs
to be studied in the present paper, is a LET in which op =45 O(¢ V —¢) (meaning
that the information conveyed by ¢ is reliable). Thus, Oy is equivalent to op A ¢, the
claim that “¢p is reliably true” under the perspective of LETs.
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taking {1} as designated set, that is, ¢ follows from 1,..., %, in this
logic when every interpretation that sends all the ¥; to 1 also sends % to
1. The other logic, denoted by TML (the logic we are interested in), is
defined by using the preserving degrees of truth scheme, that is, ¢ follows
from 41, ..., v, when every interpretation that assigns to 1 a value that
is greater or equal than the value it assigns to the conjunction of the ;’s.
These authors proved that TML is not algebraizable in the sense of Blok
and Pigozzi, but it is finitely equivalential and protoalgebraic. However,
they confirm that its algebraic counterpart is also the class of TMAs:
but the connection between the logic and the algebras is not so good
as in the first logic. As a compensation, this logic has a better proof-
theoretic behavior, since it has a strongly adequate Gentzen calculus [see
21, Theorems 3.6 and 3.19].

In [21], it was proved that TML can be characterized as a matrix
logic in terms of two logical matrices, but later, in [21], it was proved
that TML can be determined by a single logical matrix (see Proposi-
tion 2.3 below). Besides, taking profit of the contrapositive implication
introduced by Figallo and Landini [18], a sound and complete Hilbert-
style calculus for this logic was presented. Finally, the paraconsistent
character of TML was also studied in [14] from the point of view of
the Logics of Formal Inconsistency (LFIs), introduced by Carnielli and
Marcos in [12] and afterward developed in [11].2

In this paper we continue with the study of TML from a syntactic
point of view. For the reader’s convenience, in Section 2 we recall the
definition of logic TML as well as its sequent calculus introduced in
[21]. In Section 3 we recall the natural deduction system presented in
[17] with introduction and elimination rules for every connective, and
we show that every deduction D in this system reduces to a normal
form. In Section 4 we present TML in a different signature containing
the contrapositive implication defined in [18]. In Section 5, by adapting
the general technique introduced in [7], a decidable tableau system is
defined, in the language {—, >}, proving the corresponding soundness
and completeness theorems. Finally, in Section 6 we provide a new
tableau system for 7ML in the original language.

2 Moreover, as mentioned above, TML is both paraconsistent and paracomplete,
being in fact a LET.
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2. The logic TML

Recall that a De Morgan algebra is a structure (A, A, V,—,0) such that
(A, A, V,0) is a bounded distributive lattice and — is a De Morgan nega-
tion, i.e., an involution that additionally satisfies De Morgan’s laws: for
every a,b € A ——a =a, and =(a V b) = -a A —b.

A tetravalent modal algebra (TMA) is an algebra A = (A, A,V, —,
0, 0) of type (2,2,1,1,0) such that its non-modal reduct (A, A, V, -, 0)
is a De Morgan algebra and the unary operation [ satisfies the following;:

Oa A —a = 0,

=Oa A a~ —aAa.

Every TMA A has a top element 1 which is defined as —0. These algebras
were studied mainly by Loureiro [25, 26], and also by Figallo and Landini
[18] and Ziliani [19], at the suggestion of the late Monteiro [see 21].
The class of all tetravalent modal algebras constitute a variety which is
denoted by TMA. Let My = {0,n,b,1} and consider the lattice given
by the following Hasse diagram:

This is a well-known lattice and it is called L4 [see 1, p. 516]. Then, TMA
is generated by the above four-element lattice enriched with two unary
operators = and [J given by -n = n, =b = b, =0 = 1 and -1 = 0 and the
unary operator [ is defined as: On = Ob =00 = 0 and [J1 = 1 [see 21].
This tetravalent modal algebra, denoted by 94y, has two prime filters,
namely, F, = {n,1} and F, = {b,1}. As we said, M4, generates the
variety TMA, i.e., an equation holds in every TMA iff it holds in 99%4,,.

LeEmMA 2.1 ([21]). In every TMA A and for all a,b € A the following
identities hold:

(i) "OaVvar=l, (vi) O(a v Ob) = Oa Vv Ob,
(ii) O0a ~ a, (vii) Oa A —=Oa = 0,
(iii) Oa V —a ~ a V —a, (viii) O-0a ~ —-Oa
(iv) O(a A b) =~ Oa A O, (ix) Oa N a=a,
(v) )

Oa VvV -Uae ~ 1, (x) a ANO-a =0,
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(xi) O1 ~ 1, (xiii) 00 ~ 0,
(xii) O(0a A 0b) ~ Oa A Db, (xiv) O(0a Vv Ob) ~ Oa Vv Ob.

Let . = {V, A, —,} be a propositional language. From now on, we
shall denote by §m the absolutely free algebra of type (2,2,1,1,0) gener-
ated by some denumerable set of variables, i.e., gm = (Fm, A, V,—, 0, 1).
As usual, we refer to formulas by lowercase Greek letters «, 8, v, ... and
so on; and to finite sets of formulas by uppercase Greek letters I', A,
etc. Then

DEFINITION 2.1 ([21, 14]). The tetravalent modal logic TML defined
over §m is the propositional logic (Fm,=7amcz) given as follows: for
every finite set I' U {a} C Fm, I' F=7me « if and only if, for every
A € TMA and for every h € Hom(gm, A), A{h(y) :v € I'} < h(a). In
particular, § FE7ame « if and only if h(a) = 1 for every A € TMA and
for every h € Hom(gm, A).

Remark 2.1. Observe that, if h € Hom(gm, A) for any A € TMA, we
have that h(L) = 0. This follows from the fact that L is the O-ary
operation in §m, 0 is the O-ary operation in A and the definition of
homomorphism (in the sense of universal algebra).

It is worth mentioning that there are a number of works on modal
logics which either share the non-modal fragment with TML or have
non-modal fragments which are characterized by the same four-element
matrix. Clearly, these logics have some relation to TML. Some ex-
amples of such systems are Priest’s KFDE [30], Belnapian modal logics
of Odintsov and Wansing [28, 29] and modal bilattice logic [31]. The
following result was proved in [14] and will be useful in the sequel.

LEMMA 2.2. Let h € Hom(gm,Myy), V' C Var and b/ € Hom(Fm,
Mam) such that, for allp € V',

h(p) if h(p) € {0,1},

W(p)=qn  ifh(p)=Dh,
b it h(p) =n

Then for all « € §m whose variables are in V',

h(a) if h(a) € {0,1},

W(a)=<n if h(a) =D,
b ifh(a)=n
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Font and Rius proved in [21] that the tetravalent modal logic TML
is a matrix logic. In fact, TML can be determined by the matrix
My = (Mam, {n,1}) and simultaneously, it can be determined by M}, =
(M4m, {b,1}) (both matrices are isomorphic).

PROPOSITION 2.3 ([21]). TML is the logic determined by the matrix
Mb - <9:n4m’ {ba 1}>

In order to characterize TML syntactically, that is, by means of a
syntactical deductive system, it was introduced in [21] the Gentzen-style
system &. The sequent calculus & is single-conclusion, that is, it deals
with sequents of the form A = « such that AU {a} is a finite subset of
F'm. The axioms and rules of & are the following:

Axioms
(Structural axiom) o= « (Modal axiom) = oV -0«

Structural rules

. A=« A=a Aa=p
(Weakening) Ai=a (Cut) A= 5
Logic rules
Aaa’ﬁév A:>Oé A:}ﬂ
=) A arg=s NS5
Aa=~y AfB=~
(V=) AaVp=ry
(=V) A=« A= j
A=aVp A= aVp
a=f A= 1
- ==2 1
=) -0 =« (L) A=«
A,Oé:>ﬁ A:>a
=) A—a=p G F—a
A o, ~a= 0 A= a N«
(0=) A a,-Oa= 6 (:>D)A:>a/\—Doz

The notion of derivation in the sequent calculus & is the usual. Besides,
for every finite set I'U{p} C F'm, we write I" kg ¢ iff the sequent I" = ¢
has a derivation in &. We say that the sequent I" = ¢ is provable iff
there exists a derivation for it in &.
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In [21], it was proved that & is sound and complete with respect to the
tetravalent modal logic TML, constituting therefore a proof-theoretic
counterpart of it.

THEOREM 2.4 (Soundness and Completeness, [21]). For every finite set
ruv{a} C Fm,

I' E7pme a ifand only if I''kg a.
Moreover,

PROPOSITION 2.5 ([21]). An arbitrary equation ¢ ~ ¢ holds in every
TMA iff » 4+ ¢ (that is, ¥ Fe ¢ and ¢ b ).

As a consequence of it we have that:

COROLLARY 2.6 ([21]). (i) % =1 holds in every TMA iff Fg ).
(ii) For all ¢, € Fm, A € TMA, h € Hom(gm,2),
b e ¢ iff h(1) < h(ep).

Corollary 2.6 is a powerful tool for determining whether a given se-
quent of & is provable or not. For instance,

PROPOSITION 2.7 ([17]). In & we have that the sequent -Oa = « is
provable iff the sequent = « is provable.

Recall that a rule of inference is admissible in a formal system if the
set of theorems of the system is closed under the rule; and a rule is said
to be derivable in the same formal system if its conclusion can be derived
from its premises using the other rules of the system.

A well-known rule for those readers familiar with modal logic is the
Rule of Necessitation, which states that if ¢ is a theorem, so is Q.

Formally, N
¥
= U

(Nec)

Then, we have that:
LEMMA 2.8 ([17]). The Rule of Necessitation is admissible in &.

PROPOSITION 2.9 ([17]). Every proof of = O(a VvV —=Oa) in & uses the
cut rule.

Moreover, we have that, for every ¢ € F'm such that = ¢ is provable
in & then = Uy is provable in &; and every proof of = [y in & makes
use of the cut rule [see 17]. Consequently,

THEOREM 2.10 ([17]). & does not admit cut-elimination.
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In [14], taking advantage of the contrapositive implication > intro-
duced by Figallo and Landini in [18], we introduced a sound and com-
plete Hilbert-style calculus for 7TML. Later, using a general method
proposed by Avron, Ben-Naim and Konikowska [3], it was provided an
ordinary two-sided multiple-conclusioned sequent calculus, SCyaqc, for
TML with the cut-elimination property; and, inspired by the latter,
it was presented a natural deduction system, sound and complete with
respect to TML [17]. The axioms and rules of SCraqz are the following:

Axioms
o=«
Structural rules
(w=) TI'=4 (=w) =4
W Ia=A W I'= A«
(cut) I'=Aa TNa=A
o I'=A
Logic rules
I'= Aa,p Na=4A TI=A
V) ————————— V
(= )F:>A,a\/6 (V=) avp=A
I'—a,-f= A I'=sA-«a I'=A-p
=V =V
V=) v S a D By Sy VR
o = A I'=sAa I'=sAPB
N=) Forgsa (=) T=Aang
I-a=A I -8=A I'= A —a,—f
A=) — T oaap S a =N TS A @A
(e =) Ia=A (= =) I'= A«
o I''———a= A o I'= A -«
Na=A I'= A -«
(@@= I'da= A (E=h NOa= A
I'=s Ao INa= A I'=s Ao IN~a= A
(=) = A Oa (-0 =) T —Oa= A
INa= A I'= A -«
(= -0 I'= A -Oa (= ~0)s I'= A, -Oa
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3. Normal proofs for TML

From now on, it will be assumed that the reader is acquainted with the
basic definitions related to natural deduction systems, such as minor and
major premises of a rule, as well as the notion of normal proof. A good
reference is the book [33].

In this section, we shall present a natural deduction system for 7ML.
We take our inspiration from the construction made earlier. In particu-
lar, it threw some light on how the connective [J behaves. The proof sys-
tem ND7aq, will be defined following the notational conventions given
in [33].

DEFINITION 3.1. Deductions in NDys are inductively defined as fol-
lows:

Basts: The proof tree with a single occurrence of an assumption ¢ with
a marker is a deduction with conclusion ¢ from open assumption ¢.
Inductive step: Let D, Dy ,Ds, D3 be derivations. Then, they can be
extended by one of the following rules below. The classes [-¢]", [-¢]",

[@]* , [¢]" below contain open assumptions of the deductions of the
premises of the final inference, but are closed in the whole deduction.

v oOs MA
D, Dy D D
¢ Y AP b A
[—g]" [—]”
R S T
0 o — Y @AY ¥ 5
—(pNY) M =(d A Y) N ~ —AE,u,v
(9] [¥]"
> o n o oa B b
— PV Y g Y
sve Vb vy 5 VE,u,v
D, Dy D D
—|¢) _\w —\(gf)\/d}) —|(¢\/w)
v Y ST 5 VE2
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D D
[—o]"
D, D D
¢ 0% L OILu Df OE
D D, Dy
. E -
D D
wj_l %J_E

Remark 3.1. (i) Actually, in [17], the introduction rule for [ is

[~
Dy D,
YVO W

(CAgE

If we take ¥ as L in OI* we get LI as in Definition 3.1.
(ii) The intuition behind rule I is the following: “if we have a de-
duction for ¢ and —¢ is not provable, then we have a deduction for Clg”.

As usual, by application of the rule =AE (VE) a new proof-tree is
formed from D, D;, and D, by adding at the bottom the conclusion
~ while closing the sets [—¢]* and [—t]* of open assumptions marked
by u and v, respectively. By application of the rule [JI a new proof-
tree is formed from D; and Ds by adding at the bottom the conclusion
O¢ while closing the set [—¢]* of open assumptions marked by u. Note
that we have introduced the symbol L: it behaves here as an arbitrary
unprovable propositional constant whose negation is provable.

Let I'U{a} € Fm. We say that the conclusion « is derivable from
a set I' of premises, written I' - «, if and only if there is a deduction in
ND7 e of a from I'. Direct consequences of the I-rules and E-rules for
A, V and — we obtain:
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LEMMA 3.1. For all o, 8 € Fm:

(i) (aVB) Ay - (aAy)V(BAY),
(ii) (@A B)Vy A= (aVvy) A BV ),
(iii) —|(a V ,6) = —a A —-p

(iv) ~(a A pB) 4+ —a Vv —p,

(v) =—a - a.

LEMMA 3.2. For all o, 8 € Fm:
(i) F O(a Vv -Oa),
) "OaAa-d--ana,
) FOa V-0,
) Oa A —Oa 4- L,
) O(0a A D) 4 Oa A DB,
(vi) OO v 08) 4 Oa v OB,
) Da Va4 aV -a,
) 00« - O,
) D(a A B) 4 Oa AOB,
) D(a v OB) 4 Da v OB,
) O-Oa 4 —Oa
(xii) aAO-a 4+ L.

PrOOF. We shall only prove (i), (ii), (ix) and (xi).

(i)

—(a VvV Oa)"
—a A "o ——Ua
— —=a "\ Ca Al E
—a A Do
_ — (L
a VvV - MA L 01 15 )
O(a vV "Oa) ’
(ii)
o\«
e ﬂ%]:}l Ao
—Oao —a M
-Ha A
—Ha A a O
L FANC IN O Ua A o
—Ha ! o) NE2 -Ha A o
— -0OE —=ANQ AR,
—a N\ o Al

(ix) See figure 1.

181
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(xi) By OE we have that O0-Oa - —Oa. For the converse, consider
the following deduction

—\—||:|O[u
Ua 0o 1 and item (iv)
O-Oa ’

_|
Note that all syntactic proofs displayed in Lemma 3.2 are normal.

THEOREM 3.3 (Soundness and Completeness, [17]). Let I A C Fm, I
finite. The following conditions are equivalent:

(i) the sequent I' = A is derivable in SCra.,

(ii) there is a deduction of the disjunction of the sentences in A from
I' in NDpe.

In what follows, the del-rules (for “disjunction-elimination-like") of
NDuz are VE and —AE. As usual, a segment (of length n) in a deduc-
tion D of ND7a . is a sequence aq, ..., a, of consecutive occurrences of
a formula « in D such that for 1 < n,i < n,

(a) «; is a minor premise of a del-rule application in D, with conclusion
Qi41,

(b) «, is not a minor premise of a del-rule application, and

(c) a; is not the conclusion of a del-rule application.

It is worth observing that, in this paper, the complexity (or degree) of a
formula « is defined as follows:

DEFINITION 3.2. Let a be a formula. The complexity (degree) of «,
¢(a), is the natural number obtained by

(i) if p is a propositional variable then ¢(p) = 0,
(i) e(Bty) = c(B) +c(v) + 1 for f € {V, A},
(iii) ¢(—a) =c(a) + 1,
(iv) ¢(Oa) = c(a) + 2.

A formula occurrence which is neither a minor premise nor the con-
clusion of an application of a del-rule always belongs to a segment of
length 1.

A segment is maximal, or a cut (segment) if oy, is the major premise
of an E-rule, and either n > 1, or n = 1 and «,, is the conclusion of



_\ﬁv

L"u _‘/\Il 7/\ _‘/\12 0 A
Oanpg) _@AB) O(anp) . O@ApB)  ~(aAp) (anp)
ahp ~(aAB) AO(a A B) ahp (oA B) AO(aAB) N
« = 1 OLu + B = L OLw
OaAOg
OaAOg
OaAOg , AE
Oa AOp M - Oa Al NEq B 0p Al 2
Oo D_ﬁ —a A Do 11 -6 A0B N
Ta Ié; —(aAB)Y € L
AB T “AEu,v
- OILw
O(a A B)

Figure 1. The proof of (ix)
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an I-rule. The cutrank cr(o) of a maximal segment o with formula « is
the complexity of a. Besides, the cutrank cr(D) of a deduction D is the
maximum of the cutranks of cuts in D. If there is no cut, the cutrank
of D is zero. A critical cut of D is a cut of maximal cutrank among all
cuts in D. A deduction without critical cuts is said to be normal.

LEMMA 3.4. Let D be a deduction in ND7aqz. Then, D reduces to a
deduction D’ in which the consequence of every application of the LE
rule is a propositional variable p (atomic) or its negation —p.

Proor. Consider the following deduction with an application of the L E
D

1
— IE
«

It is not difficult to check that if a has the shape of v1 Aya, v1 V2, =(11 A
v2), =(v1 V 2), =—y1, Oy and =7, we can remove this application of
1E using application(s) of LE with consequence formula(s) that has
complexity strictly less that the complexity of c. Thus, by successively
repeating this transformation we can finally obtain a deduction with the
required characteristics. o

In what follows, we shall only consider deductions in which the con-
sequence of every application of the LE rule is a propositional variable
p (atomic) or its negation —p. Observe that, in this kind of deductions,
there cannot be occurrences of formulas that are consequences of 1 E
and the major premise of an E-rule.

We first show how to remove cuts of length 1. Besides, A-conversions
and V-conversions are as in the system of natural deduction for intu-
itionistic (or classical) logic.

—A\-conversion

D [Fal]* [nag]? D
T Dy (2 converts to [Fa] for
(i has) o T e D,
Y ) Y
1=1,2.
—=V-conversion
D, D,
4 T2 converts to Di fori= 1,2.
—|(041 VAN 042) e
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——-Cconversion

D
o converts to D
Y (8]
«
O-conversion
[—a]®
D, Dy D,
converts to
(6] 1 Ie
Oa
1)
—O-conversion
D1 D
_—a D2 converts to 1
—Ha «o e’
o

In order to remove cuts of length > 1, we permute E-rules upwards over
minor premises of del-rules:

[oq]" [a2]”
D Dy Dy
o V
1V Qa2 v vy VE o
Y
; E-rule
y
converts to
[o]" [a2]”
Dl DZ
/ D/ ,
D 2l 5 E-rule 7 5
ay Vas Y
77
[ma]" [~as]”
D D, Dy
= N
(o1 A o) . v " B o
5 E-rule
y
converts to
[maq]" [~az]”
Dl DQ
D v ' v D,
———— E-rul ;
(a1 Va) Y e 0
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Applications of VE (=AE) with major premise a1 V ag (—(a1 A az)),
where at least one of [a1], [a2] ([-a1], [~a2]) is empty in the deduction
of the first or second minor premise, are redundant and can be removed
easily. We are now ready to prove the main result of this section.

THEOREM 3.5 (Normalization). Every deduction D in NDya e reduces
to a normal deduction.

PrOOF. We assume that, in every application of an E-rules, the major
premise is always to the left of the minor premise(s), if there are any
minor premises. We use a main induction on the cutrank n of D, with
a subinduction on m, the sum of lengths of all critical cuts (= cut seg-
ments) in D. By a suitable choice of the critical cut to which we apply a
conversion we can achieve the result that either n decreases (and we can
appeal to the main induction hypothesis), or that n remains constant
but m decreases (and we can appeal to the subinduction hypothesis).
Let o be a top critical cut in D if no critical cut occurs in a branch of
D above 0. Now apply a conversion to the rightmost top critical cut
of D; then the resulting D’ has a lower cutrank (if the segment treated
has length 1, and is the only maximal segment in D), or has the same
cutrank, but a lower value for m. =

4. The contrapositive implication in TML

The original language of the logic of TMAs —in particular, the language
of logic TML —does not have an implication operator as a primitive
connective. It is a natural question to ask how to define a binary operator
in TMAs, in terms of the others, with the behavior of some kind of
implication. Such operators are useful in order to characterize the lattice
of congruences of a given class of algebras.

Some proposal for an implication operator in TMAs have appeared
in the literature. For instance, Loureiro proposed in [25] the following
implication for TMAs:

x—y=-UxVy.
In turn, by considering the operator

r=y=(r—y) A Oy V-z),
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Figallo and Landini introduced in [18] an interesting implication operator
for TMAs defined as follows:

z=y=(zx—y) A((mxVy) — (O-zVy)).

This operator was called in [34] contrapositive implication for TMAs.
It is easy to see that the contrapositive implication can be written in
a simpler form:

r=y=(x—=>y) Ay —-2)A((-~xVy) = (O-zVy)).

The main feature of contrapositive implication is that it internalizes the
consequence relation (whenever just one premise is considered), as we
shall see in Theorem 4.5. Another important aspect of contrapositive
implication is that all the operations of the TMAs can be defined in
terms of > and 0. In fact:

PROPOSITION 4.1 ([18]). In every TMA it holds:

(i) 1~ (0> 0), (iv) x Ay = ~(—z V —y),
(ii) -z~ (z > 0), (v) Oz = =(x = —z).
(iii) zVy~(z~y) -y,

Therefore, > and 0 are enough to generate all the operations of a given

TMA.

Additionally, from Proposition 4.1 an axiomatization for TMAs was
given in [18] in terms of > and 0 as follows.

PROPOSITION 4.2 ([18]). In every TMA it can be defined a binary oper-
ation >~ and an element 0 such that the following holds:

(C1) 1»2)~ux,

(C2) (z>-1)~1,
(C3) (z>y) =y~ (y>z)>ux,
(C4) z > (y = z) = 1impliesy = (x = z) = 1,

(C6) (0> x)=~1,
(CT) (z>0)~ -z,
(C8) ((zAy)»=2)=((x=2)V(y==z)=1.

)
|

(C5§ (x=(x>=y)=z)=ax=~1,
)

Conversely, if an algebra with a binary operation > and an element 0
satisfies (C1)—(C6) and (C8), where 1 :=0 >0, zVy:=(x = y) >y
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and z Ay := —(—x V —y) such that -z := (z > 0), then the resulting
structure is a TMA, where Oz := —(z > —x).

DEFINITION 4.1. A contrapositive tetravalent modal algebra is an algebra
(A, >, 0) of type (2,0) that satisfies items (C1)—(C6) and (C8) of Propo-
sition 4.2 (with the abbreviations defined therein). We shall denote the
class of these algebras by TMA®.

Observe that the classes TMA and TMA® are termwise equivalent.
The main differences reside in the underlying language defining both
classes and the fact that the characterization of the latter does not allow
to see that in fact it is a variety. As it was showed in [14], the contraposi-
tive implication operator > is very useful when describing a Hilbert-style
system for TML.

It is worth noting that in 94, the canonical TMA, the contraposi-
tive implication operator > has the following truth-table:

[~ [O0[n][b]1]

oj|1|]1]|1]1
n{n|l1l|b|l
b{b|n|1]|1
1//0(n|bj|1l

Remark 4.1. Clearly, the logic of the contrapositive tetravalent modal
algebras =rprae can be defined by analogy with Definition 2.1.

The new connective > has some nice properties, displayed below. As
usual, we define the dual connective <) as an abbreviation of —=[J—. By
the simple inspection of the truth-tables we obtain:

PROPOSITION 4.3. For all o, 3 € Fm, the following holds in TMJL:

1) Frme L= a, (vi) Frme o - —a,
(i) Frmec a =T, (vil) Frme Oa = O0«,
(iii) Frme o= (B = a), (viii) FErme Oa = a,
(iv) Frme (@VB) = (BVa), (ix) Frme o= 00a,
(v) BFrme —a - a, (x) EFrme Oa = Oa,

(xi) Erme O(a = B) = (Oa = 0p),
(xii) Frme (QaA$B) = (OlaANGB) vV O(an B)V OB A Ga)).

Remark 4.2. Theorem (xi) is the (K) axiom [see 6]. Theorems (vii),
(viii), (ix), (x) and (xii) correspond to the axioms (4), (T), (B), (D) and
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(.3), respectively [see 6]. Therefore TML satisfies all the modal axioms
of the classical modal logic S5. Nevertheless, we cannot affirm that 7ML
is a normal modal logic since the implication operator > does not satisfy
some properties of classical implication [see 6].

There exist interesting similarities between Lukasiewicz’s L3 (seen as
a modal logic) and TML. In both logics, Do and {« are defined by the
same formulas, namely —(a > —a) and —a = «, respectively (in the case
of L.3, = and > denote the respective negation and implication operators).
Moreover, both implications (L3’s implication and the contrapositive
implication) do not satisfy the contraction law: « > (o > () is not
equivalent to (a > (). From this follows that both logics satisfy the
following modal principle: « > (o = Oa), which is not valid in the
classical modal logic S5.

Let °a =4y a and 0" Mo =4.; O"Oa for any n € N. $Ma s
defined analogously. Then, from Proposition 4.3 we obtain:

PROPOSITION 4.4. TMUL satisfies the following well-known instance of
the Lemmon-Scott schemes [cf. 24] for any n,l, k,m € N,

Erme OF0'a = O0™O
but %TM[Z O00a = Sla.

Finally, in TML we have a weak version of the Deduction Metathe-
orem with respect to the contrapositive implication.

THEOREM 4.5 ([18]). Let o, € F'm. The following conditions are
equivalent:

(1) o FErme B,
(i) Erme o= B.

This last result shows that contrapositive implication > internalizes
the consequence relation of TML whenever just one premise is consid-
ered. In algebraic terms, > internalizes the partial order < of TMAs.

It is worth noting that it is not possible to improve Theorem 4.5 in
the following sense:

PROPOSITION 4.6. In TML both directions of the deduction metathe-
orem, with respect to >, fail if more than one premise are allowed.
Specifically:

(i) @B Erme 7 does not imply that a F=rae 8 - 7,

(ii) o FErme B =y does not imply that o, 8 Erame -
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PROOF. (i) Observe that n Ab < 0, but n £ b = 0 = b. In order to
find an example of this, consider « = (ep AegAe(p = q) Ap), B =¢q and
v = 1, where p, q are two different propositional variables, and e =g
(0 A —0) is the inconsistency operator. Then h(a A 5) = 0 = h(vy) for
every h € Hom(gm,My,,). That is, o, 8 E7me 7. Now, let h such
that h(p) = n and h(q) = b. Then h(a) = n and h(S) = b and so
h(a) £ h(B > v) =b > 0 =b. Therefore, @ Erame B > 7.

(ii) Note that n <n > 0 =n, but n An =n £ 0. For instance, con-
sider « = p, 8 = —p and v = L, where p is a propositional variable. Then
a Erme B 7, since o E=raqe o Consider h € Hom(Fm, My, ) such
that h(p) =n. Then h(a A ) =n £ 0= h(v) and so «, 8 FEgme 7.

In particular, the contrapositive implication does not satisfy local
modus ponens (in the sense of [10]).

The importance of the contrapositive implication was confirmed in
[14], where a Hilbert-style axiomatization for TML was given in terms
of = and L.

5. A tableau system for 7ML in the language {—, >}

In this section, by adapting the general techniques introduced in [7], we
define a decidable tableau system adequate to check validity in the logic
TML. This constitutes a new (proof-theoretic) decision procedure for
checking validity in the variety of tetravalent modal algebras, besides the
four-valued truth-tables of TML and the one available in terms of the
cut-free sequent system introduced in [17].

The procedure for finding a set of tableau-rules for TML is based
on the general method presented in [7] for obtaining bivalued semantics
and tableau rules for a wide class of finite matrix logics [see 8 for further
development of this technique]. The given matrix logic must satisfy
just one condition: to be expressive enough to “separate” among the
different truth-values of the same kind, namely distinguished and non-
distinguished.

Since we are here interested in just one example, the logic TML,
we will simplify the procedure for obtaining the tableau rules without
entering in the (rather involved) details of the general construction pre-
sented in [7, 8]. Moreover, for the sake of the reader, we will present
original proofs of soundness and completeness of the generated tableau
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system, generalizing the classical ones of [32], and so this section will be
self-contained.

For simplicity, and making use of contrapositive implication, we will
use the language gm” = (Fm”, =, =). The use of - instead of L as
primitive will be convenient in order to simplify the presentation of the
rules, besides the fact that the negation — will play a fundamental role in
the sequel. It is worth noting that the “expressive power” of Fm” is the
same as that of Fm’, since L can be defined in the former as =(a = )
for any «. Additionally, the tableau rules will be extended to the usual
language §m of tetravalent modal algebras.

In the following subsections, we will assume that the reader is ac-
quainted with the definition of tableaux, as well as with the related
notions such as closure rules, closed and open branches etc. The reader
unfamiliar with such concepts can consult [32].

5.1. Separating the truth-values of TML

From now, TML will be seen as the matrix logic My = (Myy,, {b, 1}).
Consider the function f: My — {T,F} given by f(1) = f(b) = T and
f(0) = f(n) = F. This function splits the truth-values into two classes:
the distinguished and the non-distinguished ones.

Consider now the formula —p in Fm”. This formula (seen as an
operator over My) “separates” the truth-values of TML as follows: for
T € My,

x=1iff f(z)="T and f(-z) =F;
=b iff f(x)=T and f(-x)=T;
=n iff f(z)=F and f(-z) =F;
x=0iff f(zr)=Fand f(-z)=T

From this it follows:

x e {1,b} iff f(z) =T,
) ze{l,n} iff f(-z)=TF,

xz € {0,b} iff f(-x)= T

ze{0,n} iff f(z)=
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5.2. Describing the truth-table of >~ in terms of T/F
By inspection of the truth-table of = and by using (1) it follows, for all
T,y € My:
fly) =T OR

flx)=F  f(y)=F, f(-y)=F

flz)=T, fly)=F, f(-y)=F, OR

flx =y) =F iff { f(oz)=F, f(y)=F, f(-y) =T.

flx)=T, fy)=F, f(-y)=T OR
f(=(z = y)) =T iff

f("%) =F, f(y) =T, f(_'y) =T.
f(oy) =F OR

f@=y))=Fiff { fox)=T. fly)=T fly)=T OR

fl@)=F, fly)=F f(-y)=T

5.3. Obtaining the tableau rules for 7ML

By substituting in the expressions above the truth-values z, y by for-
mulas «, B of Fm”, and by substituting equations “f(z) = T” and
“f(z) = F” by signed formulas T'(«) and F(«), respectively, we obtain
automatically the following tableau rules for TML:

T(a > p)
T(B) | T(~a), F(B), T(=8) | F(a), F(B8), F(=8)
F(a > B)
T(a), F(B), F(=B) | F(~a), F(B), T(=8)
T'(=(a > B))
T(a), F(B), T(=B) | F(~a), T(B), T(=B)

F(o(a > B))
F(=6) | T(=a), T(8), T(=p) | F(), F(B), T(=5)
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T(~—a) F(-—a)
T(c) F(a)
Closure rule:
T (), F(c)
*

Let T be the tableau system defined by the rules above. Given a signed
formula 7, a completed tableau starting from 7 is called a tableau for 7.
We say that a formula « in F'm” is provable in T, written as Fp «, if
there exists a closed tableau for the signed formula F'(«).

Given a tableau system, it is in general convenient to define derived
rules in order to get shorter proofs. So straightforward, by using the
rules of T. we state a fundamental set of derived rules:

ProprosiTION 5.1. The following rules can be derived in T:
T(a > p), T(=(a > B))
F(=a), T(8), T(=p) | T(), T(=e), F (), T(=5)
Fla > B), F(-(a > p))
T(), F(B8), F(=p) | F(a), F (=), F(3), T(=5)
Fla - B), T(~(a > B))
T (), F(-a), F(8), T(=5)

T(a > p), F(=(a > B))
F(a), T(—a) | F(a), F(=a), F(8), F(=8) | (), T(~), T(8), T(=8) | T(8), F(=8)

5.4. Soundness and completeness of T

Now we will prove the adequacy of T, that is, that Fr « if and only if
E71me a, for every formula a. We begin by introducing some definitions
and previous results.

Given a formula o € Fm”, the degree of a, denoted by d(a), is a
natural number defined as follows: d(p) =1 (for p € Var); d(a > 5) =
d(a) +d(B) + 1; d(—~a) = d(a) + 1.

It is clear that the degree of the formulas occurring in the conclusion
of a rule of T is strictly less than the degree of the premise of the rule.
From this, it is easy to prove the following useful result:

ProproSITION 5.2. Given a signed formula n, it is always possible to
build a (open or closed) completed tableau in T for 7.
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Given a homomorphism h: Fm” — My, and a signed formula 7, we
say that h satisfies n if

e n=T(a) and h(a) € {1,b};
e = F(a) and h(a) € {0,n};

It follows that h satisfies T'(—«) iff h(a) € {0,b}, and h satisfies F'(—«)
iff h(a) € {1,n}.

Let 7 be a set of signed formulas. Then h satisfies T if h satisfies n
for every n € 7. By a straightforward proof by cases we obtain:

LEMMA 5.3. Let h : gm” — M4, be a homomorphism, and let

_n
... |1,

be a rule of T. If h satisfies  then h satisfies T; for some 1 < ¢ < n.

PROPOSITION 5.4. If F7ae « then every completed tableau for F(c)
is open.

PROOF. Assume that [~7ae o and suppose that there exists a com-
pleted closed tableau T for F(«). Since FE7ame «, there is a homo-
morphism h such that h(a) € {0,n}. Thus, h satisfies F'(a). By the
previous lemma, h must satisfy the set of signed formulas occurring in
some branch 6 of 7. Since T is closed, the branch 6 is closed, that is,
the closure rule was used in #. But it is an easy task to verify that no
homomorphism can satisfy simultaneously both premises of the closure
rule. This leads to a contradiction, and then every completed tableau
for F(a)) must be open. -

COROLLARY 5.5 (Soundness of T). If b « then FErame .
In order to prove completeness, we need to state the following result.

PROPOSITION 5.6. Let 6 be an open branch of a completed open tableau
T, and let T be the set of signed formulas occurring in 6. Let h be a
homomorphism such that, for every a € Var:

h(a) € {1,b} if T(a) € T;
h(a) € {1,n} if F(-a)€Y;

D9 ha) e fo.n} if Fla)eT;
h(a) € {0,b} if T(-a) € T.

In any other case h(«) is arbitrary, for a € Var. Then (I) holds for any
complex formula o.
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PRrROOF. By induction on the degree of «.

(i) @ € Var. The result is clearly true.

(ii) @ = =f. If T(a) € T then T(=5) € T and so h(5) € {0,b},
by the induction hypothesis. Thus, h(«) € {1,b}. If T(-«a) € T then
T(——B) €Y and so T'(B) € T, since T is completed. Thus h(3) € {1, b},
by induction hypothesis and then h(a) € {0,b}. The other cases are
proved analogously.

(iii) a = B = 7.

(iii.1) T(«) € 7. Since T is completed then the rule for T'(3 > )
was eventually used, splitting into three branches. One of them is a
sub-branch of 6, thus one of the following cases hold:

(iii.1.1) () € T. Then h(y) € {1,b}, by the induction hypothesis.
Then, h(a) € {1,b}, by the definition of >.

(iii.1.2) T(=p), F(v),T(—y) € Y. Then h(5) € {0,b} and h(y) = 0,
by the induction hypothesis, and so h(a) € {1,b}.

(iii.1.3) F(58), F(v), F(—y) € 7. Then h(B) € {0,b}, by the induction
hypothesis, and so h(a) =1 € {1,b}.

The proof of the remaining sub cases for (iii) (namely: F(a) € 7,
T(—«a) € T and F(—a) € T) are analogous. o

PROPOSITION 5.7. Assume that there is a completed open tableau for
F(a). Then FErme a.

ProoOF. Consider, by hypothesis, an open branch 6 of a completed open
tableau T for F'(«), and let T be the set of signed formulas occurring
in #. Let h be a homomorphism defined as in Proposition 5.6. Then
h(a) € {0,n}, since F(a) € T, and so Erme a. -

THEOREM 5.8 (Completeness of T). If =raqe « then b a.

PROOF. If =7z @ then, by Proposition 5.7, every completed tableau
for F(«) is closed, and so there exists (by Proposition 5.2) a closed
tableau for F'(«). That is, b a. =

COROLLARY 5.9. Let a be a formula. Then every completed tableau for
F(a) is open, or every completed tableau for F(«) is closed.

PROOF. Suppose that there exists a completed open tableau T for F(«),
as well as a completed closed tableau 7’ for F(«). By Proposition 5.7,
E7ac . On the other hand, by Corollary 5.5, it follows that =7ame «,
a contradiction. —|
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ProrosiTIiON 5.10. Suppose that Fr . Then every completed tableau
for T'(—a) is closed.

PROOF. If Fp « then =7amz «, by Corollary 5.5. Thus, h(a) € {1,b}
for every homomorphism k. Suppose that there exists a completed open
tableau T for T'(—c), and let 1" be the set of signed formulas obtained
from an open branch 6 of 7. Define a homomorphism h as in Proposi-
tion 5.6. Then h(a) € {0,b} since T'(—a) € 7. But h(a) € {1,b} and
so h(a) = b. Using Lemma 2.2 there exists a homomorphism A’ such
that h'(«) = n, a contradiction. Therefore every completed tableau for
T(—a) is closed. -

The last result shows from the tableau perspective the fact that, in
TML, the tautologies just get the truth-value 1 by means of homomor-
phisms.

It is worth noting that the tableau system T allows us to decide
whether a given formula is valid or not in TML, and so it decides the
validity in the variety TMA of equations of the form o =~ 1. With respect
to inferences of the form a F7aq. 3, they can be recovered in T by means
of tableaux for F(« > (). Thus, T decides the validity in the variety
TMA of equations « =~ 3. Finally, as it happens with the classical case
[cf. 32], the set of signed formulas of an open branch of a completed open
tableau allows us to find a model for that set of formulas: in particular,
it finds a counter-model for a non-valid formula.

6. A tableau system for 7ML in the original language

In this short section, we use the results exposed in the previous section
to present a tableau system for 7ML in the original language.

DEFINITION 6.1. Let T’ be the tableau system defined by the following
set of rules:

T(aVp) T(~(aVp))
T(a)|T(B) T (=), T(=P)
Flavp) F(=(av )
F(a), F(B) F(=a) [ F(=p)
T(aAp) T(~(aApB))

T(a), T(P) T(=a)|T(=P)
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FlaAp) F(=(anpB))
F(a) | F(p) F(=a), F(=5)
T(~~a) F(--a)
T() F(a)
T (D) F(Oa) T(—0Oa) F(—Oa)
T(«a), F(—a) F(a) | T(—a) F(Oa) T(Oa)
Closure rules:
T(a), F(a) (L) F(=1)

The satisfaction of a signed formula 7 by a homomorphism h: Fm —
Mym is defined as in Subsection 5.4. Then, by a straightforward proof
by cases, we obtain:

LEMMA 6.1. Let h : §m — 9y, be a homomorphism, and let
"
Y| ... |Tn
be a rule of TV for n = 0,1,2. If h satisfies n then h satisfies 1; for some
1 <1< n.

By a similar argument to the one given for T, the following result is
clearly valid:

PRrROPOSITION 6.2. Given a signed formula n, it is always possible to
build a (open or closed) completed tableau in T’ for 7.

By analogous proof to the proof of Proposition 5.4 we have:

PROPOSITION 6.3. If ~7ae « then every completed tableau for F(«)
is open.

COROLLARY 6.4 (Soundness of T). If b « then Frae a.
Next, we prove a version of Proposition 5.6 for this setting.

PROPOSITION 6.5. Let 6 be an open branch of a completed open tableau
T inT’, and let T be the set of signed formulas occurring in 6. Let h be
a homomorphism such that, for every a € Var:

h(a) € {1,b} if T(a) € T;
h(a) € {1,n} if F(-a)eT;

D9 ha) e {o.n} if Fla)er;
h(a) € {0,b} if T(-a) € T.
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In any other case h(«) is arbitrary, for « € Var. Then (I) holds for any
complex formula c.

PROOF. By induction on the complexity of « (see Definition 3.2). We
analyze just some cases, the others are analogous.

(i) @ € Var or a = L. The result is clearly true.

(ii) @ = =f. If T(a) € T then T(=5) € T and so h(B) € {0,b},
by the induction hypothesis. Thus, h(a) € {1,b}. If T(-a) € T then
T(——p) € Y and so T(B) € T, since T is completed. Thus h(S3) € {1, b},
by the induction hypothesis and then h(a) € {0,b}. The other cases are
proved analogously.

(iii) @« = B A 7.

Suppose that T'(a) € T. Since T is completed then the rule for
T (BAv) was eventually used. Then T'(3),T(y) € 7', and by the induction
hypothesis, h(3), h(y) € {1,b}, hence h(5 Av) € {1,b}.

If T(—«) € 7, then the rule for T'(=(5 A 7)) was eventually used
splitting into two branches. One of them is a sub-branch of §, thus one
of the following conditions hold:

(iii.1) T(=B) € Y. Then h(—3) € {1,n}, by the induction hypothesis.
Then, h(—«a) € {1,n}, by the definition of of the operations in TML and
by the fact that h(—-a) = h(=8V —y).

(iii.2) T(—y) € 7. Analogous to (iii.1).

The proof of the remaining sub cases, namely F'(«) € 7 and F(—a) €
7)), are analogous.

(iv) a = 0OB.

We just analyze the case where F([J3) € 7. Since T is completed,
the rule F'(J8) was used splitting into two branches. Then, one of the
following conditions hold.

(iv.1) F(B) € Y. By the induction hypothesis, h(8) € {0,n} and
then A(OB) =0 € {0,n}.

(iv.2) T(=B) € T. By the induction hypothesis, h(S) € {0,b} and
therefore h(OJ5) =0 € {0,n}. .

Finally,
THEOREM 6.6 (Completeness of T'). If =7 o then Fp .

PROOF. Let « be a formula. Note that (as in Proposition 5.7), if there
is a complete open tableau in T’ for F(«), then e o So, if Ervme o
then every tableau in T’ for F'(«) is closed and therefore, by Proposi-
tion 6.2, there exists a closed tableau for F'(«). That is, b1 a. o
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COROLLARY 6.7. Let a be a formula. Then every completed tableau in
T’ for F(«) is open, or every completed tableau in T’ for F(«) is closed.

PROOF. Analogous to the proof of Corollary 5.9, but now by using
Proposition 6.5. =

PropPoOSITION 6.8. Suppose that 1 . Then every completed tableau
for T'(—«) is closed.

PRrROOF. It is similar to the proof of Proposition 5.10, but now by using
Corollary 6.4 and Proposition 6.5. -

Now it can be proved, only by tableau tools, the admissibility of the
Rule of Necessitation (Nec) (recall Lemma 2.8). In order to see this,
suppose that FE7ae @, and start a tableau in TV for F(Oa). By Defi-
nition 6.1, two branches are created: one with F'(«) and the other with
T(-a). By Proposition 6.2, both tableaux will eventually terminate.
Using Theorem 6.6, Corollary 6.7 and Proposition 6.8, both tableaux
are closed. From this, the original tableau in T’ for F(Oa) is closed.
This shows that =7a Oa, by Corollary 6.4.

7. Concluding remarks

In this paper, we have continued the study of TMJL under a proof-
theoretic perspective. First, we showed that the natural deduction sys-
tem ND7aq, introduced in [17] admits a normalization theorem. Later,
taking advantage of the contrapositive implication for the tetravalent
modal algebras introduced in [18], we defined a decidable tableau system
for TML. The original language of the logic of TMAs —in particular,
the language of logic TML —does not have an implication connective
as a primitive connective. However, using the contrapositive implication
for TML as a primitive connective and following a general techniques
introduced in [7], we defined a sound an complete tableau system for
this logic. Finally, inspired by this last system, we provided a sound and
complete tableau system for 7ML in the original language. These two
tableau systems constitute new (proof-theoretic) decision procedures for
checking validity in the variety of tetravalent modal algebras, besides the
four-valued truth-tables of TML and the one available in terms of the
cut-free sequent system introduced in [17].
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An interesting task (for future work) would be to provide a natural
deduction system for 7ML in terms of negation and implication (-, ).
This would involve to find proper introduction/elimination rules for >
which does not seem an easy job in the light of the unusual properties
of this implication.

Also, we propose to extend TML to first-order languages. This would
provide a suitable context for studying and developing its potential ap-
plications in computer science as envisaged by Antonio Monteiro fifty
years ago.
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