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Type A fusion rules

OMAR SALDARRIAGA*

Abstract. In this paper we will define fusion algebras and give the general
construction to obtain them from affine lie algebras. We also give several
known methods to compute the structure constants for fusion algebras of
type A.

1. Preliminaries

It is well known that the classical finite-dimensional Lie algebras are classified into four
infinite families known as types A (sl,,(C)), B (502,4+1(C)), C (52,.(C)) y D (s02,(C))
and some finite families known as types Fg — Fg, Fy y Go, also called sporadic.

Since all classical Lie algebras are subalgebras of gl,,, it is possible to define a bilinear
form (-,-) given by

(A, B) = tr(adaadp),

where ad4 : L — L is the function defined by ada(B) = [A, B].

It is also known that each of these Lie algebras contains an abelian subalgebra, known
as the Cartan subalgebra, which is usually denoted by h. This subalgebra plays an
important role in the theory of classical Lie algebras, since it allows us to decompose the

Lie algebra as a direct sum of eigen-subspaces, i.e., in the form

9 = Daeh9a, (1)

where go = {z € g| [h,z] = a(h)z, for all h € h}. If g, # 0, we say that « is a root.

The decomposition (1) is known as the root space decomposition. It can be shown that
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70 OMAR SALDARRIAGA

there are special roots ag,...,a,_1, known as simple roots, so that any other root « is

an integral linear combination of them, i.e., if « is a root then

n—1
o = E CiQj,
=1

with ¢; € Z. Moreover, the ¢;’s are all non-negative or all non-positive.

The bilinear form (-, -) can be extended to g* and its restriction to h* is non-degenerate
and positive definite; this introduce a geometry in the vector space generated by the
simple roots a;y,...,Qp_1.

Now, let’s take linear functional Aq,..., A\p,—_1 € b* so that

(Ai, aj) = i3

this functionals are called the fundamental weights of the algebra g.

We define the weight lattice as the set

n—1
P= {A l A= cidi, wither,...,en ez}.

i=1

The set of dominant weights, denoted by PT, is defined by

N-1
P+ = {Z aiAi
=1

The diagram below shows the type A weight lattice

OSQiGZ}.

1
® ®
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[ ] [ ]
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[ ] [ ]
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Type A fusion rules 71

where A\; and Ay are the fundamental weights.

The diagram below shows the set of dominant weights, PT, of type A.

The weights are very important in the representation theory of the Lie algebra, since
every irreducible module is uniquely determined, up to isomorphism, by an integral
dominant weight, and therefore there is a one-to-one correspondence between dominant
weights and irreducible finite-dimensional modules. If A\ € P*, we will denote by V* the
unique irreducible module determined by A. Furthermore, every irreducible module V>

decomposes as a direct sum of the form
VA = @gep V3,
where V3 = {v € V* | h.v = B(h)v, for all h € h}.

Example 1.1. Let g = sl3(C) = Span{eis,e13,e23,h1 = e11 — e€22,ha = €99 —
€33, €21, €31, €32} where e;; is the 3 X 3 matriz whose entries are all zero but the ij-
entry which is a one. The maximal abeliam subalgebra is b = (hy, ha), the simple roots
are linear functionals o1 and ae € h* so that the decomposition into root subspaces of g
1s given by

9= Gari+az D Oa; D Oaz D0 D F—a; P I—as D I-—a1—as-
It can be seen that this subspaces are all 1-dimensional except go, which is 2-dimensional;

more specifically, we have:
Yai+az = <613>a 9oy = <612>7 Jay = <€23>: O—a; = <621>:

G0y = <632>7 J—ai—ar = <613>7 Yy go= <h17h2>-

It can be shown that in this case the fundamental weights A1 and Ao form the dual base
for g* with respect to the base {hi,ha}. The weight diagram for this module is displayed

in FExample 2.1 below.
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72 OMAR SALDARRIAGA

1.1. Affine Lie algebras

Affine Lie algebras are classified into two groups: twisted and untwisted. Here we will

only present the construction of the untwisted.

The affine untwisted Lie algebras can be obtained from finite dimensional Lie algebras

as follows. If g is a finite-dimensional Lie algebra, we define
g2 Clt,t Yo ge Cea Cd, (2)
and define the bracket product C[t,t7!] ® g ® Cc @ Cd by

[z(m),y(n)] = [z, y](m + 1) + momino(z, y)c,
[d,z(m)] = mz(m), and [c,z(m)] =[cd] =0,
where z(m) = t™ ® z. We say that § is of type X i g is of type X,, where X =
A,B,C,D,E,F or G.

The symmetric bilinear form (-, ) can be extended from g to g by defining

(x(m),y(n)) = dmino(z,y), (2(m),c) = (y(n),d) = (¢,c) = (d,d) =0,

and

(¢c,d) = 1.

The affine Weyl group W of g is the subgroup of GL($)*) generated by the simple reflec-
tions

ri(A) = A —A(&)oy, for i=0,...,N—1,

and W = Span{r; | 1 < i < N — 1} is a subgroup of W. For ecach 0 < k € Z the
affine Weyl group W acts on the weight lattice P of g under the usual action of simple

reflections of W and with

ro(B) = re(B) + (k + h)0, 3)

B 2(\, 0)
where rg(\) = A — 0.0)

the dual Coxeter number. The set of weights of level k of g is the set

N-1
> <k,
j=1

0 is the reflection with respect to the maximal root 6 and b is

N-1
P]:r = Z CL]')\]' S Pt
j=1

and the fundamental region under the action of W on P is P]::_ -

The diagram below shows the set of weights of level 3, P;", for ;l\j The fundamental

region under the action of W is the region enclosed by the reflection lines 71, ro and rg.
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o

The representation theory of § is very similar to the one for g if we restrict to category O,
which satisfy certain special properties, in particular the property of having a maximal
weight A € P and the fact that irreducible modules are uniquely determined by this
maximal weight. The canonical central element ¢ acts on irreducible modules in this

category as a scalar k and we have that

N-1 N-1 (04' Oz')
k=Ac) =Y Aile)=> uT
=0 1=0

So, for a fixed k there exists a finite number of A € P* with A(c) = k. Moreover, it can
be shown that if A € P then A = \ + kc, where \ € P]j and c is the canonical central

element. Therefore, irreducible modules of level k for g will be denoted by V?*, where
Ne P

Example 1.2. The affine type A Lie algebra glN obtained by the previous construction

with g = sly, has simple roots
apy ..., N_1.

The central canonical element ¢ and the null root d* are given by

N-1 N-1
C:Zdi and d*:Zai.
i=0 i=0
The fundamental weights are given by the equations
Ao=c", Ni=c"+N, for 1<i<N-1, (4)
where A1, ..., A\n—1 are the fundamental weights for g = sly.
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74 OMAR SALDARRIAGA

Every highest weight irreducible module 1% for ;\ZN of level k is uniquely determined,
up to isomorphism, by a dominant weight A = Zili_ol n;\; that satisfies the condition
k= ZZI\;BI n;. From the equation (4) it follows that

N-1
A =ngoc* + Z (nic® +n;N\;) = ke* + A,

=1

where \ = Zfi;l n; <ke P,j.

1.2. Fusion algebras

The original definition of fusion algebras is due to J. Fuchs [9], (see also [5] or [16]) and

we give it below:

Definition 1.3. A fusion algebra is a finite dimensional associative and commutative

algebra over Q, that satisfies the following statements:

1. There exists a distinguished basis
B={z,|a€ A}, for some indexing set A,

so that the product of the elements of the basis are given by

Ta Tp = E Ngﬁbxc,

ceEA

where 0 < Ng’b € 7.

2. There exists an element w € A so that the function

C(za) = ) Ny )

beA

is an involution, i.e., the matrix C = (Cgup)apca for C, where Cpp = N(‘L‘jb, satisfies
the equation C? = I (the identity matrix). The function € is called the conjugate

function.

1.3. Fusion algebras from affine Lie algebras

There exists a way of constructing fusion algebras from affine Lie algebras, which can be

obtained by defining a truncated tensor product, ®, on the level k irreducible modules.
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Type A fusion rules 75

This truncated tensor product endows the algebra generated by irreducible modules of
g of level k with the structure of a fusion algebra. For affine Lie algebras obtained from
classical simple finite dimensional Lie algebras, the truncated tensor product is defined

as follows:

Given two irreducible modules of level V* y V# of level k for §, we define

Ve ve= Y N v, (6)
I/EPk+
where
N}Slf))\y = Z (=D)! ) Moulty(w(v + p) — i — p). (7
wE/VI\/

This truncated tensor product is known as the level k fusion product.

1.4. The connection

It is known that algebra generated by the level k£ modules for g under the fusion product
(6) is a fusion algebra, and the coefficients (7) are known as the fusion coefficients.
Hence, for each Lie algebra type A-G, there is a two parameter family of fusion algebras
F(Xn, k), where X = A, ... G is the type of the algebra, N is the rank and k is the

level.

For type A Lie algebras there are several known algorithms to compute the fusion
products; among them we have the Kac-Walton algorithm (which actually works for all
types of Lie algebras), and two other methods which only work for type A one using Sj-
orbits of Z&;, and other using Young diagrams. The main goal of this work is to present
these three methods which will be developed in the following sections as follows: Kac-
Walton algorithm, Section 2; the method Sg-orbits of Zlfv, Section 3; and the algorithm

using Young diagrams, Section 4.

2. Kac-Walton algorithm

The Kac-Walton algorithm is suggested by Formula (7). This algorithm computes the
full fusion product of two level k£ modules for g, where g is a finite dimensional Lie algebra

of any type. We describe this algorithm next.

Fix a level k and let V* and V#* two highest weight irreducible modules for § of level
k.
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Step 1 Shift the weight diagram of V* by adding p + p to each weight.

Step 2 Use the level k action of the affine Weyl group W on P to move all shifted
weights into the fundamental domain, P,:' , bounded by the reflection walls of all
simple reflections r;, for 1 <7 < N — 1, and of the affine reflection rg. That affine
reflection is a hyperplane perpendicular to 6 going through the point (k+h)8. The
reflected weights counted with inner multiplicities accumulate as an alternating
sum of inner multiplicities of V*, adding if the required w is even, subtracting if

it is odd.

Step 3 The resulting pattern of numbers will be non-negative integers, zero if on a
reflection wall, and after shifting the pattern back by subtracting p, we get the

level k fusion product multiplicities.

Example 2.1. Consider the modules V* and V* of sls, where A = A1 + Ao and pn = 2\,

and let k = 2. Below we can see the weight diagram of V:

*/\1;F2/\2 Ali/\g

Adding p+ p =2 1 + A1 + Ao = 3\ + A2 to each weight on this diagram, we get:
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where the lines connecting weights show where the weights outside the fundamental region
reflect inside it. In this case, two weights outside the fundamental region reflect onto the
weight 3\1 + A2, reducing its multiplicity by 2. Since weights over the reflection walls do

not contribute to the fusion product, we obtain the following pattern of weights:

Ai2he

Subtracting p = A\ + A2 to this weight we get the fusion product

V>\1+)\2 ®9 VQ)\l _ V)Q. (8)
3. Sy-orbits of 7k,

This method of computing fusion coefficients was first posed by Feingonld and Weiner,
(see [6]), who managed to prove that it worked for ranks 2 and 3, and completed by
Saldarriaga [16], who proved that it works for all ranks. We describe this method below.

Let g be the affine algebra of type 145\1,)71 built from g = siy.
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Let G be the group Z%, and let Sy act on it by permuting the k-tuples, so that every

orbit of Zﬂi, under this action has a unique standard representative in the form
(N =1)an=1 019, 0%)

where the exponent indicates the number of repetitions of the base.
We get a one-to-one correspondence between Si-orbits of Z]f\, and N-tuples whose sum
is k, by:
(N —=1)av=1 ., 19,0%) «— (ag, @1, --,aN—1)- 9)
Therefore, we get a correspondence between weights A € P,:r and orbits of ZX, under the
described action of Si. The orbit corresponding to A will be denoted by [A], and the
correspondence is given by

N—-1
A= aid € PF [\ =[((N—1)%, ..., 1,0%)], (10)
j=1

where ag = k— Z;\;l aj and [((N — 1)a~-1, ... 1% (0%)] denotes the orbit of Z& whose
standard representative is (N — 1)*¥-1 ... 11, 0%).

Now, for each N-tuple of nonnegative integers
(ag,a1,...,an—1), such that ap+ar+---+an-1 =k,

we define the subset of G

[(ao,ai,...,an—1)]

:{mGZ?\, | j occurs a; times inz, 0< j < N —1}. (11)

Then G is a disjoint union of these subsets.

Note that the symmetric group Sy acts on G' by permuting k-tuples. The set of orbits
under this action, O = O(N, k), consists of the subsets (11) defined above, and each

orbit contains a unique representative in standard form
(N —1)en=1 19, 0%) (12)
where the exponent indicates the number of repetitions of the base.

Notation. Given x € Z%;, we will denote the orbit of x by [z], and the representative

in standard form of this orbit will be denoted by Z.

[Revista Integracién



Type A fusion rules 79

For orbits [a],[b] and [¢], we define the set
T([al, [0], [c]) = {(z,y, 2) € [a] x [b] x [c] | x +y = 2}
Note that o € Sy, acts on (z,y,2) € T([a], [b], [c]) by o(z,y,2) = (ox,0y,02).

Definition 3.1. Denote by ME:])[[‘CJ]] the number of Sg-orbits of T([a], [b],[c]).

We have the following theorem due to Saldarriaga [16]

Theorem 3.2. For m < k let [mA1] and [kX1] be the orbits in ZX; corresponding to
the weights mA1 and kA1, respectively. For 0 <t < N — 1 let A\ be the weight whose
corresponding orbit in 7%, is given by [\] = [mA1] x [kA1]t, and let p be any other weight

on level k. Then for every weight v on level k we have

Ry _ (0]
Ny = Mpy -

This theorem states that the type A fusion coefficients can be computed via Sk-orbits
of Z’j’v. But before we give examples, we next describe how to compute the product of

two Sk-orbits of Z’f\,.
Definition 3.3. Let [a], [b] € O, and assume that [b] = {y1,...,¥:}. For 1 <i <t set
zi =0+ Y- (13)

We say that the equation z; = @ +y; in the list (13) is redundant, if for some 7 < j and

o € S we have

o4 =a, oy; =y; and 0z; = z;,
that is, if the triples (a,y;, 2;) and (a,y;, z;) are in the same Si-orbit of T'([a], [b], [z]).
Removing all redundant equations from (13), and reordering them as z; = @ + y; for

1 < i < s, so that no two triples (G,y:, %), 1 < i < s, are in the same Si-orbit, and
noticing that several z;’s could be in the same orbit, and for every [c] € O, we have
M[Elk])[[;]] =Card{1 <i<s]|z €|} (14)

We can also observe the following.
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Remark 3.4. From Equation (14), we also get that M[(:])[[Z]] can be computed by removing

all redundancies from the list of equations
z=a+y,
where y € [b] and z € [c].
Next we give some examples to illustrate this remark.

Example 3.5. Let a = (2,1) and b = (1,1) be elements in Z3. Then we have that
a=(2,1) and [b] = {(1,1)}. Now to compute [a] x [b], we remove all redundancies from
the list

2,1+ (1,1) = (0,2),

from which we get that

[(2,1)] x [(1,1)] = [(2,0)]. (15)
From this equation and relation (10), we get the fusion product

VAT @, N = e,
Notice that this result matches the result obtained in (8) computed by using the Kac-

Walton algorithm.

The next example shows that the fusion product depends on the level, as we will
compute the same fusion product of the previous example, but in level three we will see

how the result is different.

Example 3.6. Let a = (2,1,0) and b = (1,1,0) be elements in Z3. Then we have that
a=1(2,1,0) and [b] = {(1,1,0),(1,0,1),(0,1,1)}. Now, to compute [a] x [b], we remove

all redundancies from the list:

(2,1,0)+ (1,1,0) = (0,2,0),
(2,1,0)+ (1,0,1) = (0,1,1),
(2,1,0)+(0,1,1) = (2,2,1).

Since there are no redundant equations in that list, we get that
[(2,1,0)] x [(1,1,0)] = [(2,2,1)] + [(1,1,0)] + [(2,0,0)]. (16)
From this equation and Relation (10), we get the fusion product

V}\1+/\2 ®3 VQ)\l _ V)\1+2)\2 e V2>\1 o V)\Z.
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Another important feature of this method, is that allows us to compute type A fusion
products for any rank in a piece of paper. If we were to compute a rank 3 fusion product
using Kac-Walton, we would have to draw a three dimensional weight diagram. Here we

do not need any graph at all, as the next two examples illustrates.

Example 3.7. Now let a = (3,2,1) and b = (1,1,0) be elements in Z3. Then we have
that a = (3,2,1) and [b] = {(1,1,0),(1,0,1),(0,1,1)}. To compute [a] x [b], we remove

all redundancies from the list:

(372a l) + (17 150) = (Oa 3, 1)7
(3,2,1)+ (1,0, 1) =(0,2,2),
(3,2,1)+ (0,1,1) = (3, 3,2).

There are no redundant equations, so we get
(2,2, )] x [(1,1,0)] = [(3,1,0)] + [(2,2,0)] + [(3,3,2)]. (17)
Hence, following Relation (10) we get the fusion product
V>\1+/\2+/\3 @5 V2>\1 — V)\lJr)\g @ V2)\2 @ V/\2+2>\3.

Example 3.8. Now let a = (3,2,1) and b = (2,2,1) be elements in Z3. Then we have
that & = (3,2,1) and [b] = {(2,2,1),(2,1,2),(1,2,2)}. To compute [a] x [b], we remove

all redundancies from the list:

(3,2,1)+ (2,2,1) = (1,0,2),
(3,2,1)+ (2,1,2) = (1, 3,3),
(3,2,1)+ (1,2,2) = (0,0, 3).

We can see that the there are no redundancies, so we get
(3,2, )] x [(2,2,1)] = [(2,1,0)] + (3,3, )] + (3,0, 0)].
Hence, we get the fusion product in Az level 3

V/\1+>\2+>\3 ®3 V>\1+2>\2 _ V)\1+/\2 o V/\1+2/\3 @ V/\z.

4. Young diagrams

A partition is a finite sequence of non-negative integers (f1,. .., fin,...) so that pu; >

fo > -+ > [t > ---. The length of the partition p, [(u), is the number of non-zero pu;’s.
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There is also a map between partitions of length at most N and dominant integral

weights of Ax_1 given by

N-—
(1,0 pN) — Z — pj+1)j € PT (18)

and if g — puy < k, then)\eP,j'.

Also, given a dominant integral weight of g = sly, p = Z;V;ll aj\j, we have associated

to it a partition, denoted by (u), by:

() = Zaj,za”..., No1 | = (1, pas - pN—1) s (19)

7j=2

where p, 1 <t < N —1, is the t*" part of the partition (). To such partition we can
associate a Young diagram which is defined as the set of unit squares centered at the
points (s,t) € Z2 for 1 < s <y and 1 <t < (1), where () denotes the length of (p),
the largest value of ¢ such that p; # 0. The Young diagram associated to the partition
(19) is given below:

aAN-1

aN—2 + aN—1

N—
Zj:?l ]

N-1 |
Zj:l flj

Here the label at the end of every row means the length of the row. The conjugate of
the partition (u) is the partition whose Young diagram is obtained by interchanging the
rows and the columns of the Young diagram of (u).

The following definitions are important to describe the product of symmetric polyno-

mials.

Definition 4.1. If (v) and (u) are Young diagrams so that p; < v; for all i, the set
difference between () and (u) is called a skew diagram, and we denoted it by (v)/(u).

Example 4.2. Let (1) = (3,2,1,0) and (v) = (5,4,1,1); the Young diagram below corre-
sponds to (v)/(p).
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]

Definition 4.3. A skew diagram is called an m-column strip if it has m boxes with at
most one box in each row, and it is called an m-row strip if it has m boxes with at

most one box in each column.

Example 4.4. Let (p) = (3,2,1,0) and (v) = (4,3,1,1)

The skew diagram (v)/(p) in this example is both a 3-row strip and a 3-column strip.

The algebra of symmetric polynomials in /N variables is the algebra of polynomials f €
Q[z1,x2,...,xy] invariant under the action of the symmetric group Sx that permutes
the variables. This algebra is denoted by An = Q[x1,Xa,...,xN|5N.
For m > 0 we define the homogeneous symmetric polynomial

hm = Z Liy * 0 Ly
1<i1 < <in <N

and we define e,, = 0 = h,;, for m < 0. We also define eg = 1 = hg.

A basis for Ay is given by the Schur polynomials S,y indexed by partitions (u) =
(1, o, - - ., piv) with I(p) < N, defined by

Sy = det(hy,—itj), (20)

if 1 <1I(u) < N. Note that S(,) = hp, if (1) = (m) consists of a single part.

Equation (20) is known in the literature as the Jacobi-Trudi determinant.
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It was proved by Goodman and Wenzl [13] that the fusion algebra F(An_1, k) asso-
ciated to sl ~ on level k is isomorphic to the quotient algebra of symmetric polynomials

An/TNF) | where
IR = (Siny =1, | 1 — v =k + 1).
The isomorphism AN/I(N”“) >~ F(An_1,k) gives the following dictionary:

AN JINR) s F(An_1, k), (21)
Sy — VH,
_ (k) (v) 7 A (B)vy v
S S = 2 N (nSe <= Vi@V @Nm Ve
)
where the left hand side is indexed by partitions (@) = (u1,...,un) C N X k, and the
right hand side is indexed by weights y = Zé\f:—ll(uj —pj+1)Aj € P, The correspondence
(18) allows us to move from left to right in the dictionary, and the correspondence (19)
allows us to move in the opposite direction in the dictionary. We also get an equality of

structure constants in both rings, i.e. N((k))((”/g) = N<k)"

We now present a modification of an important result of Goodman and Wenzl, (see
[13], [16], or [17] ) which provide another way of computing the multiplication in the
fusion algebra F(An_1, k).

Theorem 4.5 (Fusion Pieri rule for multiplication by %,,). Let (1) C (N —1) x k, and
let m < k. Then, in AN/I(N*k) we have

S(H)hm = Z S(V). (22)
(v)CN xk,
(v)/(n) is an m-row strip

Next, we give examples using this result to compute type A fusion products.

Example 4.6. Let () = (2,1), N =3 and k = 2. Using Theorem 4.5 to compute S(,)ha

we get
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that is, in the algebra A3/I(3*3), we have that
Seunh2 = S@21)

Now, by the correspondence (18), the weight associated to the partition (p) = (2,1) is
= A1 + A2, the weight associated to ha = S(2,0,0y is 2A1, and the weight associated to
(2,2,1) is Ao. Then, the above equation translates into the fusion product in F(Asz,3)

V>\1+)\2 ®3 VQ)\l _ V)\2.

Notice that this calculation matches the one we got in Example 3.5, which was done via

Ss-orbits of Z3.

Example 4.7. Let (u) = (2,1), N =3 and k = 3. Using Theorem 4.5 to compute S(,)hz

we get

that is, in the algebra A3/I(3*3), we have that:
Senh2 = Si2.2,1) +93,1,1) + 53,2)-

Now, using the dictionary (21), the above equation translates into the fusion product in

?(A% 3)
V>\1+)\2 ®3 V2>\1 — V)\z @ V2>\1 @ V>\1+2)\2.

Notice that this calculation matches the one we got in Example 3.6, which was done via

S3-orbits of Z3.

In the next example we see another fusion product done via Pieri rules, whose outcome

agrees with an orbit calculation for N = 4.

Example 4.8. Let (1) = (3,2,1), N =4 and k = 3. Using the Theorem 4.5 we get
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This shows that Sz 2 1)ha = S(3,3,2) + 5(3,3,1,1) + 5(3,2,2,1), where the computation is done

in the algebra A4/I(4*3). By taking away columns of length 4 we get

S2nhe = S5332) + 52,2 +52,1,1)-

By the dictionary (21) we get the fusion product

V>\1+/\2+/\3 @3 V2>\1 _ V>\2+2>\3 o VQ/\Q o V>\1+)\3.

Notice that this calculation matches the one we got in Example 3.7, which was done via

S3-orbits of Z3.
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