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Abstract

In this paper we first study some properties of the finite-dimensional
simple restricted Lie algebras. In the literature is found a one-to-one
correspondence between them and finite-dimensional simple Lie alge-
bras over a field of positive characteristic. Motivated by this fact,
we give a one-to-one correspondence between their morphisms, which
allow us to conclude that such categories are equivalent.
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1. Introduction

The finite-dimensional simple Lie algebras over an algebraically closed field
of characteristic zero are well known. A better description can be obtained
for instance in [4]. They are divided in four infinite families: the special
linear algebra A,, = sl(n + 1) for n > 1, the special orthogonal algebra of
odd rank B, = so(2n + 1) for n > 2, the symplectic algebra C,, = sp(2n)
for n > 3 and the special orthogonal algebra of even rank D,, = so(2n) for
n > 4; and five exceptional cases Fg, E7, Fg, G2 and Fy. Such algebras also
can be defined over an arbitrary field of characteristic p > 0, in the following
way: for a finite-dimensional simple Lie algebra over an algebraically closed
field of characteristic zero, one chooses a Chevalley basis of the Lie algebra,
i.e., a basis of the underlying vector space of the Lie algebra such that all
the structure constants are integers, and then one reduces these structure
constants modulo a prime number p. These new Lie algebras are called Lie
algebras of classical type and they are simple for p > 5 (for details see [16,
Ch. 4]).

However, over algebraically closed fields of characteristic p > 5 there
also exist several families of non-classical Lie algebras. Similar to Cartan’s
four families of finite-dimensional simple Lie algebras, there are four infinite
families of Lie algebras of generalized Cartan type, namely algebras of Witt,
special, Hamiltonian, or contact type. Moreover, in characteristic 5 there
exists another infinite family of so-called Melikian algebras.

The classification problem of simple Lie algebras of finite dimension over
an algebraically closed field F of characteristic p > 3 was resolved in the
period between 1980 and 2008 by Block—Wilson—Premet—Strade in several
of their works [1, 2, 3, 6, 7, 8, 9, 11, 12, 18, 16, 15, 14]. They give an
answer to the generalized Kostrikin—Shafarevich conjecture, formulated by
V. Kac in [5]. Exactly, they proved that, every finite-dimensional simple
Lie algebra over F with p > 3 is classical (and hence restricted), a filtered
Lie algebra of Cartan or Melikian type.

In characteristic p = 2, 3 there are many examples of simple Lie algebra
and simple restricted Lie algebras. The classification problem of these
algebras still remains open. The main result for the classification problem
of simple Lie algebras in characteristic 2 and 3 was obtained by S. Skryabin
in [13]. He proved that any finite-dimensional simple Lie algebra over an
algebraically closed field of characteristic 2 has absolute toral rank greater
than or equal to 2. In the same paper, Skryabin also proved that any finite-
dimensional simple Lie algebra of absolute toral rank 1 over an algebraically
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closed field of characteristic 3 is isomorphic to either sl(2) or psl(3). In [10,
Problem 1], A. Premet and H. Strade present the following problem which
is still open.

Problem 1: Classify all finite-dimensional simple Lie algebras of absolute
toral rank two over an algebraically closed field of characteristics 2 and 3.

In the case of absolute toral rank 2, work in progress by A. Grishkov
and A. Premet was announced in [10]. Their main result states that every
finite-dimensional simple Lie algebra of absolute toral rank 2 over an alge-
braically closed field of characteristic 2 is classical of dimension 3, 8, 14, or
26. The problem is still open in characteristic 3. Furthermore, extending
Problem 1 to absolute toral rank greater than two, is a problem still open
in characteristic two and three.

It is well-known that there is a one-to-one correspondence between sim-
ple restricted Lie algebras and simple Lie algebras over F (cf. [19, Proposi-
tion 4.1]). However, only this fact does not imply the equivalence between
such categories, for instance, the category associated to a group G has a
unique object and the set of morphisms is G itself.

Motivated by the equivalence of The classification problem between sim-
ple Lie algebras and simple restricted Lie algebras, we prove in this paper
that such categories are equivalent for any characteristic p > 0, which is
the main result of this paper.

The paper is organized as follows. In Section 2 we recall the general
notions of restricted Lie algebras (or Lie p-algebras), of p-envelope and
minimal p-envelope of a Lie algebra; we also give some known facts. In
Section 3 we define two functors between simple Lie algebras and simple
restricted Lie algebras, and we prove that these functors form a pair of
adjoint equivalences of categories.

2. Preliminaries

In this paper F denotes a field of characteristic p > 0 and all Lie algebras
are assumed to be finite-dimensional over F. We denote by ady, the adjoint
representation of a Lie algebra L and by ad’ (z) the composition (adp,(x))"
for all z € L and n € N. We shall be interested in a particular class of Lie
algebras, called restricted Lie algebras (or Lie p-algebras). Such concept
was introduced by N. Jacobson [4, p. 187].

Definition 2.1. Let L be a Lie algebra. A map [p|: L — L such that
a — alP is called p-map if
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1. Na)Pl = X alPl for all A € F and for all a € L.
2. ad (a) = ady, (a[p]), for all a € L.

3. (a+ b)) =qlrl 4-plP) 4 Zf;ll si(a,b), for all a,b € L.

where is;(a, b) is the coefficient at t*~' in the expansion of ad’fl(at +b)(a)
over the indeterminate t. A Lie algebra with a p-map is called Lie p-algebra
and will be denoted by (L, [p]).

Some classical notions adapted to p-algebras follow:

Definition 2.2. Let L be a Lie p-algebra. A p-subalgebra (p-ideal) is a
subalgebra (ideal) of L which is closed under its p-map.

A simple Lie p-algebra (p-simple Lie p-algebra) is a Lie p-algebra which
does not have nonzero proper ideals (p-ideals).

In the literature a Lie p-algebra is frequently called a restricted Lie
algebra. In this sense a p-simple Lie p-algebra is exactly a simple restricted
Lie algebra.

Every simple Lie p-algebra is a p-simple Lie p-algebra, but its converse
is not true. For instance, the Lie algebra of derivations

Der(so(3)) = {(a;j) € M3(F) | a;; = aj; and a11 + ag2 + azz = 0},

of the special orthogonal Lie algebra so(3) over F with char(F) = 2 has a
canonical basis {hi, ha, €1, €2, €3}, where h; := e11 + ez, ha = e + €33,
e1 1= e1a2 + €91, €2 := €13 + €31, €3 := ea3 + e32. Table 2.1 exhibits inside its
diagonal the 2-map and outside its Lie bracket. Der(so(3)) is a 2-simple
Lie 2-algebra which is not a simple Lie 2-algebra, because span{ey, e, e3}
is an ideal of Der(so(3)).
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L [mfhelen]| e [es]
hl hl 0 0 €9 €3
ha || O | ha | ex e 0

€1 0 €1 h1 €3 €9
e || ea | e2 | e3s | hi+ha| er
€3 €3 0 €92 €1 h2

Table 2.1: Lie bracket and 2-map on Der(so(3))

Definition 2.3. Let (L1, [p]1) and (Lg,[pl2) be two Lie p-algebras. A p-
homomorphism f : L1 — Lo is a Lie homomorphism such that f (a[ph) =

f(a)P2 for all a € Ly.

For a category A (Lie algebras or Lie p-algebras), A® (respectively .A%°)
will denote the full subcategory of A consisting of simple objects (respec-
tively semisimple) and AP the full subcategory of A whose objects have a
p-structure.

Remark 2.4. Denote by Lie the category of finite-dimensional Lie alge-
bras. From above-mentioned, there exists a difference between the cat-
egories (Lie[p]>s and (Lies)[p]. However, the following relation between
their objects holds:

Obj(Lie*) N Obj (Liew)s — Obj (Lie®) .

For a subset S of a Lie p-algebra (L, [p]), the p-subalgebra generated by
Sin Lis Sy, := NierH;, where {H; | i € I} is the family of all p-subalgebras
which contain S. Such S), is the smallest p-subalgebra of L containing S.
Proposition 2.5. [17, p. 66] Let L be a Lie p-algebra and let M be a Lie
subalgebra of L and {ej, e, ...,e,} a basis for M. Then

1. M, = spanp {egp]j |i=1,2,...,n;j € Zzo}-
2. [L, My] = (L, M] and [My, My] = [M, M].
3. If I is an ideal of L, then I, is a p-ideal of L.

Lemma 2.6. Let L be a Lie p-algebra and let M be a Lie subalgebra of
L. If I is an ideal of M, then I is an ideal of M,,.
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Proof. Let x € I and y € M, be arbitrary elements. Suppose that
{e1,e2,...,ey} is a basis of M. From Proposition 2.5

J
Yy = Zaijegp] .
i’j

Therefore,
[z,y] = Zaij {a:, eg-p]j} = — ZaijadL (egp]j) () =— Zaijad’;j (e;) (z) € I.
i,j i.j ij

|

Lemma 2.7. If I is a nonzero ideal of L € (Lie[p])s, then I, = L. Fur-
thermore, [L, L] C J for any nonzero ideal J of I.

Proof. Since I, is a p-ideal (Proposition 2.5) and L € (Lie[p])s we
deduce that I, = L. Now, consider a nonzero ideal J of I. From Lemma
2.6 follows that J is an ideal of I, = L. Proposition 2.5 now implies that

Jp is a p-ideal of L, which yields J, = L because L & (Lie[p]>s. Finally,
the same proposition gives [L, L] = [L, J,] = [L, J] C J. O

The following well-known result (see [19, Proposition 4.1]) is a conse-
quence of the previous lemma.

CMMMWZB.HLE(M&ﬂiﬁmﬂLLh:LamHLMeLm?

Proof. Let us consider I = [L, L]. If J is a nonzero ideal of I we have

I=[L,L]CJ. O
The next concept is the main tool to define our functor from Lie® to
S
(Liel)".

Definition 2.9. [17, pp. 92 — 94] Let L be a Lie algebra.

1. A triple (G,[p],?) is called a p-envelope of L if (G,[p]) is a Lie
p-algebra and 1: L. — G is a Lie algebra monomorphism such that
(L), =G.

2. A p-envelope (G, [p],2) of L is called minimal if its dimension is
minimal among the dimensions of all p-envelopes of L.

The following proposition is well-known (see for example, [19, Proposi-
tion 4.1])

Proposition 2.10. If L € Lie®, then ad(L), € (Lie[p])s is the minimal
p-envelope of L with the monomorphism ady, : L — adp,(L).
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3. Functorial approach

In the literature (see [3, 19]) is possible to find a one-to-one correspondence
of objects between (Liem)S and Lie®. Thus the classification of the finite-
dimensional p-simple Lie p-algebras is equivalent to classification of the
finite-dimensional simple Lie algebras. We will show that the categories
(Lieh’])s and Lie® are equivalent.

To this end, let us start with the functor from p-simple Lie p-algebras
to simple Lie algebras

Proposition 3.1. There exists a dense and faithful covariant functor F :
S
(Lie[p]) — Lie® given by

F(L) =L, L), forall L € Obj(Liel")",

fuy:ﬂ for all f € Hom(ge)+ (L, L').

[L,L]

Proof. It is easy to check from Corollary 2.8 that F is a covariant func-
tor. Now, consider f,g € Hom(Lie[p])s (L, L") such that F(f) = F(g),

— ich imoli Py _ P13
o f‘[L,L} = g‘[LjL}, which implies that f([z,y])"2 = g ([z,y])"'2, for

all x,y € L and n € Z,. Since f,g are p-homomorphisms we have
f ([m, Y] Mil) =g ([m, Y] [p}{l)‘ It follows from Proposition 2.5 that f’ =
[LrL}P

g‘[L g and [L, L], is a p-ideal of L. Therefore L = [L, L], and f = g.
Wg proceed to show that F is dense. From Proposition 2.10, for every
L € Lie® its minimal p-envelope G = ad,(L), of L is an object in (Lie[p]> )

Furthermore, it follows from Proposition 2.5 and the simplicity of L that
F(G) = [adL(L)p,adL(L)p] = [adp(L),ad(L)] = ad(L) = L.

d

The remainder of this section will be devoted to the construction of a
covariant functor G : Lie® — (Lie[p}> which is an equivalence of cate-
gories.

Let £ be the category either Lie®* or Lie®. Since ady, : L — ad(L) is
an isomorphism in £, because ker(ady) = z(L) is a solvable ideal of L, we
can conclude that ad(L) € £ where ad is the covariant functorad : £ — £
given by

ad(L) :=adp(L), forall LecL,
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ad(f)(adr(z)) := adp/(f(z)), forall fe& Homg(L,L").

Moreover, there exists a natural isomorphism ad : id — ad, where
id : £ — L is the identity functor and ad := {ady : L — ad(L) | L € L}.
Therefore the functor ad is an equivalence of categories.

Let adL be the full subcategory of £ with objects {ad(L) | L € L}.

Lemma 3.2. Let H be a Lie subalgebra of L. Then,

(i) ady(h)| = adj(h), for all h € H and n € Zy.

H

i) [ad?(h),adT (R = lad%(h), ad?(Rh)], for all h,h' € H and n,m €
L L I H H
Z,.

Lemma 3.3. Assume that f € Homy,;e(L, L') and write H = Im(f). Then

(1) adg (f(x))(f(y)) = f(adf(x)(y)), for all n € Zy and x,y € L.

(i) lady (f(x)), adg(f ()] (f(2)) = [ ([ad} (x), ad} ()] (2)), for alln, m €
Z, and z,y,z € L.

Let L, L' be simple Lie algebras, for any non zero homomorphism
f € Hompes (L, L"), we will denote by ad(f), the linear map given by

ad(f)p : ad(kL)p - ad(kL,)p
adj, (z) +— adf,(f(z))

From Proposition 2.10 we get ad(L), and ad(L’),, are object in (Lie[p]) ’
Therefore, make sense to ask if ad(f), is a p-homomorphism. To this
end, let us consider a finite basis B = {x;};; of L. Since f is a Lie
monomorphism we can conclude that f(B) is a basis of H = Im(f) and
ad(L) = ad(H) in Lie. Lemma 2.5 implies that C' = {adﬁki (:L‘Z)}n and

i=1

ad(f),(C) = {adﬁ’;i (f(xl))}_l are a basis of ad(L), and ad(H), respec-

tively, where adﬁki (z;) € C for all x; € B and some k; € Z,. Consequently
. n

{adﬁlj’ (f(:vz))}zzl is a basis for ady/(H)p, because ad(H) = Im(ad(ig)) =

adr/(H) in Lie, where ify : H — L’ is the canonical inclusion. Using such

basis we will prove the following proposition.

Proposition 3.4. ad(f), is a p-homomorphism for any f € Homy ;e (L, L").
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Proof.  To prove that ad(f), is a morphism in Lie, let us consider

[adgkt (71), a } Z a,ad zi), a; €F
Since [adﬁét (f(xy)), adlzljj (f(l‘j))} € adp/(H)p,

{adzz’jt(f(xt)),ady ] Z@ady 7)), Bi€F.

We shall prove o; = ; for alli =1,2,...,n. From Lemma 3.2 it follows
that

" (), adly’ (FGag))| = o () (7)) |
= Yi Biad}) (/ (i)
= Sy fiadyy’ (@)

H

H

On the other hand, from Lemma 3.3 we have

" (). adyy ()| (F@) = 1 ( [ad] (1), adL <%]< )
=f (Zl 1ozlad (4)(

Therefore
[ad’;;t (f(z4)), ad } Zazadp

Consequently a; = 3; for all i = 1,2,...,n and
ad (), ([ady" (w00’ )] ) = ad(), (St cvact” 22)
= Tl aiad (), (ad (21)
— S agad? (f(x2))
= s (@), ad? (o)
= [ad(n), (o (@) .ad (), (o] () ]
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We proceed to show that ad(f), is a p-homomorphism. Let us consider
T = Z ozzad x;), o; €F
be a nonzero element in ad(L),. Since

k+1

ad(f), ((aad} (1)") = ad(f), (aad? " (1)) = a*adt," (f(y))
= (aad?, (f())"

forall « € F, y € L and k € Z. Now suppose that for 1 < ¢ < n holds

t—1 p t—1 ) P
P ((Z ozzadlil(;pz)> ) = (Z_: Oziadlz,l(f(l‘i))> .
Then

ad(f), ((Zle aiadﬁki (:Ez))p) = Fp (( i 10@ dp Z(:L‘l) +atadIL’kt (xt)>p)

- (( Laiad " (@))")
+ad Dy ((atadp t xt) )p> +ad(f),

(Zt 1aladp i), atadﬁkt (xt)>

= (zt %azad% <f<:cz>>)p + (vadh) (f(21)))
+zj s (S Logady, (1)), onadd)’ (f()))

= (S wiad?) (f(z:)))

= (ad(f), iy asadt’ ()"

The third equality follows from [17, Exercise 4, p. 69]. This completes
the proof. O

p

Corollary 3.5. There exists a covariant functor (—), : adLie® — (Lie[p])s
given by
(=)p(ad(L)) :==ad(L),, forall L € Lie®,

(—)p(ad(f)) :=ad(f)p, forall f € Homyses(L,L").

To prove our main theorem, we will need of the following technical
lemma.
S S
Lemma 3.6. IfL € (Lie[p}) ,thenad(L) € (Lie[p}) . Moreover, ady, ([L, L]),, =
ad(L).
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Proof.  From the fact that ad;, : L — ad(L) is a p-isomorphism it
S
follows that ad(L) € (Lie[p]> . Now, since for all adz(z) € ad(L) and

ad?, ([ei, e;]) € ady, ([L, L)),
{adL(a:),ad’ik ([ei,ej])} = {adL(a:),adL ([ei,ej][p]k)}
= ady (|2, [er,e5)0")) € adp, (L, L]) € ady ([L, L)),

we can conclude that ady, ([L, L]),, is an ideal of ad(L) and from Proposition
2.5 we have adr, ([L, L]),, is a p-ideal of ad(L). This proves our Lemma. O

Theorem 3.7. The functors F : (Liem)s — Lie® and (—)p o ad :

Lie® — (Liem>S are a pair of adjoint equivalences of categories.

Proof.  Denote by G the functor (—), o ad. Note that

FG(L) = [ad(L)p,ad(L),] = [ad(L),ad(L)] = ad(L), for all L € Lie®.

On the other hand, for all L € (Lie[p])s we have ¢, : ad([L, L]), —

. pk pk: . . . . .
adr([L, L]), given by ¢, (ad[LL] (:B)) = ad} (z) is a p-isomorphism. Simi-
larly to Proposition 3.4, it is easy to check that 17, is a p-homomorphism.
From Lemma 3.6

S

GF(L) = ad([L, L)), = ad, (L, L]), = ad(L), for all L € (Lie”)

Let us consider the following morphisms sequences in Lie® and (Lie[p])s
respectively

ni={n:L— fg(L)}LeLies and v:={v,: L — gf(L)}Le(Lie[p])s

given by 71, := ady, and vy, := ¢ZladL

-1
L ™% ady, = adp((L, L)), “=> ad((L, L]),.

Since L is simple (resp. p-simple) Lie algebra, we deduce that 1y, (resp.
vr,) is an isomorphism (resp. p-isomorphism)
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For all f € Homyes (L, L') the following diagram commutes

L —">ad(L)

fl lfgtfjl

L' TL!} El.(l( Lf)

because,

FG(f) = F (ad(f)y) = ad(f)| = ad(f)|

[ad(L)p,ad(L)y] [ad(L),ad(L)]

= ad(f),|_, . =ad(f).

ad(L)

On the other hand, for every g € Hom( )s(L, L) the following dia-

Liel?]

gram commutes

L~ ad([L, L)),

QJ lgflisrj

L'—ad([L, L)),

IfL.f

because, for any x € L (from Corollary 2.8 without loss of generality we
can assume z = yP* with y € [L, L] and k € Zy)


pc
fe1

pc
fe2
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GF(gvila) =GF(g) (vr'ads (3))
= GF(g) (vr ady (y))

= GF(g) (ad, ;;(»))

=9 (g’[L,L]) (ad][pL,L] (y))
_ ad g\m)p (ad?} 1y (w)
=adly, 1, (9(v))

= yptadl, (9(y))

= ytadp (g (v7"))

= yptadp (g(x))
= uL/g(a:).

N NN

Therefore, both  and v are natural isomorphism, which implies that
the functors F and G are adjoint equivalence of categories. This proves our
theorem. |

Let us mention two examples.

Example 3.8. For every L € (Lie®)! = Lie® N (Lieh’])s we have G(L) =
ad(L) and G(f) = ad(f) for all f € Homyzes(L,L’).

Example 3.9. Let us consider the simple Lie algebra so(3) with char(F) =
2 and the Lie homomorphism

f: so(3) — so(3)
ei +— f(e):=eqy, for i =1,2,3

Since so(3) C Der (so(3)) and so(3)2 = Der (so(3)) by abuse of nota-
tion
ad(f)2: Der(so(3)) — Der(so(3))
h; — hs_;, for 1=1,2
€; — e4_4, for 1=1,2,3

Note that 6[12} = hl; 6[22] = hl —+ h2 and 6:[32} = h2, SO {6176276376[121565]} is

a basis to Der (so(3)).

It is well known that for an algebraically closed field F with char(F) =
p > 5, all objects (up to isomorphism) in Lie® are classical Lie algebras,
Lie algebras of generalized Cartan type, or Melikian algebras (see [10, p.
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202]). As a consequence of Theorem 3.7 for an algebraically closed field
with char(F) = p > 5 (up to isomorphism) all objects in (Lie[p]>s are
minimal p-envelopes of classical Lie algebras, Lie algebras of generalized
Cartan type, or Melikian algebras (using the image over the functor G =
(—)poad: Lie®* — (Liem)s). For more details on the computations of
such minimal p-envelope see Example 3.8 for classical Lie algebras and [16,
p. 368] for the other ones.

In contrast with p > 5, the classification problem of simple Lie algebras
is open for p = 2,3 and one of the approach is fixing the absolute toral rank.
Since the absolute toral rank of a simple Lie algebra L and the relative toral
rank of G(L) coincide, from Theorem 3.7 such classification problem fixing
the absolute toral rank is equivalent to following problem:

Problem 2: Classify all finite-dimensional p-simple Lie p-algebras of fizved
relative toral rank over an algebraically closed field of characteristics 2 and
3

Note that Problem 1 (Section 1) and Problem 2 are equivalent when-
ever the toral rank is 2.
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