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HOMOGENEITY OF MAGNETIC TRAJECTORIES
IN THE REAL SPECIAL LINEAR GROUP

JUN-ICHI INOGUCHI AND MARIAN IOAN MUNTEANU

Dedicated to professor Iskander Asanovich Taimanov on the occasion of his 60th birthday

Abstract. We prove the homogeneity of contact magnetic curves in the real special linear
group of degree 2. Every contact magnetic trajectory is a product of a homogeneous geodesic
and a charged Reeb flow.

Introduction

According to Thurston’s Geometrization Conjecture (proved by Perelman), any compact ori-
entable 3-fold can be cut in a special way into pieces admitting one of the eight geometric
structures: the Euclidean, spherical, and hyperbolic structures (E3, S3, H3), two product man-
ifolds (S2 × R and H2 × R), and the 3-dimensional Lie groups (Nil3, Sol3 and S̃L2R). Each
model spaces admits compatible Riemannian metric. The resulting Riemannian 3-manifolds
are naturally reductive homogeneous spaces except Sol3. Notice that compact Riemannian
symmetric spaces are normal homogeneous spaces. It should be remarked that the class of
naturally reductive homogeneous spaces is strictly wider than that of normal homogeneous
space. Indeed, among the eight model spaces of Thurston geometry, the only normal homo-
geneous spaces are spheres. The class of simply connected 3-dimensional naturally reductive
homogeneous space is exhausted by the above seven model spaces together with Berger 3-
spheres.

Dynamical systems on 3-manifolds, especially, the model spaces (and their compact quotients)
of Thurston geometry have been paid much attention of mathematicians. An important study
concerning the relation between the integrability and the vanishing of the topological entropy
of the geodesic flow is done by Bolsinov and Taimanov. In [7], they gave a T2-bundle over
a circle S1 which provides an example of Liouville integrable geodesic flow with positive
topological entropy and vanishing Liouville entropy.

We concentrate our attention to S̃L2R and its quotients. The special linear group SL2R is a
non-normal naturally reductive homogeneous space. Thus all of geodesics are homogeneous.
This fact implies that geodesic flows of SL2R are integrable in non-commutative sense (see
[5, 15]). According to [8], the fact that the modular 3-fold PSL2R/PSL2Z is topologically
equivalent to the complement of the trefoil K in the 3-sphere was first observed by Quillen
(see Milnor [17]). Bolsinov, Veselov and Ye [8] proved that the periodic geodesics on the
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modular 3-fold SL2R/SL2Z with sufficiently large values of C = κ2/16 represent trefoil cable
knots in S3 r K, where κ is the geodesic curvature of the projected curve in the hyperbolic
surface. Any trefoil cable knot can be described in this way. These facts really prove that
geodesics flows in SL2R and its compact quotients are very attractive dynamical system from
both differential geometry and low-dimensional topology perspectives.

It would be interesting to perturbe geodesic flows of SL2R. Concerning this viewpoint, Arnol’d
[1] suggested to perturbe the symplectic form of the Hamiltonian system of geodesic flow of
arbitrary Riemannian manifolds by a closed 2-form on the configuration manifold. The 2-
form is regarded as a static magnetic field of the configuration manifold. Since then magnetic
trajectories on Riemannian manifolds have been paid much attention of mathematicians. In
particular, analysis and classification of periodic trajectories have been studied extensively,
see e.g., Bahri and Taimanov [4]. On the special linear group SL2R, there exists a unit Killing
vector field ξ (Reeb vector field) which is identified with the magnetic field (called the contact
magnetic field) whose potential is the canonical contact structure. The differential equation
of the magnetic trajectory strongly reflects geometric properties of SL2R. In this sense the
system of contact magnetic trajectory is a nice perturbation of geodesic flow. In our previous
work [13] we investigated periodicity of contact magnetic trajectories in SL2R.

In [6], Bolsinov and Jovanović studied magnetic trajectories in normal homogeneous Riemann-
ian spaces. They showed that every magnetic trajectory starting at the origin is homogeneous
(see [6, Remark 1]). We expect the homogeneity of magnetic trajectories on more wider class of
homogeneous Riemannian spaces. As our first attempt, in this article we prove that magnetic
trajectories in the special linear group SL2R (derived from the canonical contact structure)
are homogeneous.

More precisely, we show that every contact magnetic trajectory γ of charge q starting at the
origin Id of SL2R with initial velocity X and with charge q is the product of the homogeneous
geodesic γX(s) with initial velocity X and the charged Reeb flow expSO(2){s(2qξ)}.

1. Preliminaries

1.1. Homogeneous geometry. Let N = G/H be a homogeneous space. Denote by G and
H the Lie algebras of G and H, respectively. Then N is said to be reductive if there exits a
linear subspace p of G complementary to H and satisfies [H, p] ⊂ p. It is known that every
homogeneous Riemannian space is reductive.

Now let N = G/H be a homogeneous Riemannian space with reductive decomposition G =
H+p and a G-invariant Riemannian metric g = 〈·, ·〉. Then N is said to be naturally reductive
(with respect to p) if it satisfies

(1.1) 〈[X,Y ]p, Z〉+ 〈Y, [X,Z]p〉 = 0

for any X, Y , Z ∈ p. Here we denote the p part of a vector X ∈ G by Xp.

A homogeneous Riemannian space N = G/H is said to be normal if G is compact semi-simple
and the metric is derived from the restriction of the bi-invariant Riemannian metric of G.
Normal homogeneous spaces are naturally reductive.
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As a generalization of naturally reductive homogeneous space, the notion of Riemannian
g. o. space was introduced by Kowalski and Vanhecke [16].

According to [16], a homogeneous Riemannian manifold N = G/H is called a space with
homogeneous geodesics or a Riemannian g.o. space if every geodesic γ(s) of M is an orbit of
a one-parameter subgroup of the largest connected group of isometries. Naturally reductive
homogenous spaces are typical examples of Riemannian g.o. spaces. (For more informations,
we refer to [3]).

1.2. The Euler-Arnold equation. Let G be a Lie group equipped with a left invariant
Riemannian metric 〈·, ·〉. Denote by g the Lie algebra of G. The bi-invariance obstruction U
is a symmetric bilinear map U : g× g → g defined by

(1.2) 2〈U(X,Y ), Z〉 = −〈X, [Y, Z]〉+ 〈Y, [Z,X]〉, X, Y ∈ g

The Levi-Civita connection ∇ is described as

∇XY =
1

2
[X,Y ] + U(X,Y ), X, Y ∈ g.

On the Lie algebra g, we define the linear operator ad∗ : g → gl(g) by

〈ad(X)Y, Z〉 = 〈Y, ad∗(X)Z〉, X, Y, Z ∈ g.

One can see that
−2U(X,Y ) = ad∗(X)Y + ad∗(Y )X.

Take a curve γ(s) starting at the origin (identity Id) of G. Set Ω(s) = γ(s)−1γ̇(s), then one
can check that

(1.3) ∇γ̇ γ̇ = γ
(
Ω̇ − ad∗(Ω)Ω

)
.

This implies the following fundamental fact [2, Appendix 2]:

Proposition 1.1. The curve γ(s) is a geodesic if and only if

Ω̇ = ad∗(Ω)Ω.

Now let us assume that G is semi-simple. Then G admits a bi-invariant semi-Riemannian
metric B. It is a constant multiple of the Killing form. On this reason we call the metric by
the name (normalized) Killing metric and denote it by B. Introduce an endomorphism field
I (called the moment of inertia tensor field) on g by

〈X,Y 〉 = B(IX,Y ), IX,Y ∈ g

and the (anglar) momentum (see [2, Appendix 2.C]) by

µ = IΩ.

Then Ω̇ = I−1µ̇ and hence

〈∇γ̇ γ̇, γZ〉 = 〈I−1(µ̇− [µ,Ω]), Z〉.

Thus we arrive at the so-called Euler-Arnold equation [18] (also called the Euler-Poincaré
equation [12])

(1.4) µ̇− [µ,Ω] = 0.
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When G = SO(3) equipped with Killing metric, Ωc := γ(t)−1γ̇(t) and Ωs := γ̇(t)γ(t)−1

are anglar velocity in the body (corpus) and angular velocity in the space, respectively. The
terminologies are due to Arnold and are justified by the fact that the motion of a rigid body
in Euclidean 3-space under inertia is a geodesic in SO(3) equipped with Killing metric.

1.3. Static magnetism. Let (M, g) be a Riemannian manifold. A (static) magnetic field is
a closed 2-form F on M . The Lorentz force ϕ derived from F is an endomorphim field defined
by

F (X,Y ) = g(ϕX, Y ), X, Y ∈ Γ (TM).

A curve γ(s) is said to be a magnetic trajectory under the influence of F if it obeys the Lorentz
equation

∇γ̇ γ̇ = qϕγ̇,

where ∇ is the Levi-Civita connection of (M, g), γ̇ is the velocity of γ(s) and q is a constant
called the charge.

The Lorentz equation implies that magnetic trajectories are of constant speed. Note that
when F = 0 or q = 0, magnetic trajectories reduce to geodesics. For more information on
magnetic trajectories, we refer to [14].

2. The special linear group

2.1. Iwasawa decomposition. Let SL2R be the real special linear group of degree 2:

SL2R =

{(
a b
c d

) ∣∣∣∣ a, b, c, d ∈ R, ad− bc = 1

}
.

The Iwasawa decomposition SL2R = NAK of SL2R;

N =

{(
1 x
0 1

) ∣∣∣∣ x ∈ R
}
, (Nilpotent part)

A =

{( √
y 0
0 1/

√
y

) ∣∣∣∣ y > 0

}
, (Abelian part)

K =

{(
cos θ sin θ
− sin θ cos θ

) ∣∣∣∣ 0 ≤ θ < 2π

}
= SO(2), (Maximal torus)

allows to introduce the following global coordinate system (x, y, θ) of SL2R:

(2.1) (x, y, θ) 7−→
(

1 x
0 1

)( √
y 0
0 1/

√
y

)(
cos θ sin θ
− sin θ cos θ

)
.

The mapping

ψ : H2(−4)× S1 → SL2R; ψ(x, y, θ) :=

(
1 x
0 1

)(√
y 0
0 1/

√
y

)(
cos θ sin θ
− sin θ cos θ

)
is a diffeomorphism onto SL2R. Hereafter, we shall refer (x, y, θ) as a global coordinate system
of SL2R. Hence SL2R is diffeomorphic to R × R+ × S1 and hence diffeomorphic to R3 \ R.
Since R×R+ is diffeomorphic to open unit disk D, then SL2R is diffeomorphic to open solid
torus D× S1.

The Iwasawa decomposition of SL2R can be carried out explicitly:
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Proposition 2.1. The Iwasawa decomposition of an element p =

(
p11 p12
p21 p22

)
∈ SL2R is

given explicitly by p = n(p)a(p)k(p), where

n(p) =

(
1 x
0 1

)
, a(p) =

( √
y 0
0 1/

√
y

)
, k(p) =

(
cos θ sin θ
− sin θ cos θ

)
with

x =
p11p21 + p12p22
(p21)2 + (p22)2

, y =
1

(p21)2 + (p22)2
, eiθ =

p22 − ip21√
(p21)2 + (p22)2

.

2.2. The standard Riemannian metric. The Lie algebra sl2R of SL2R is given explicitly
by

sl2R =

{
X ∈ M2R

∣∣∣∣ trX = 0

}
.

We take the following basis of sl2R:

E =

(
0 1
0 0

)
, F =

(
0 0
1 0

)
, H =

(
1 0
0 −1

)
.

This basis satisfies the commutation relations:

[E,F ] = H, [F,H] = 2F, [H,E] = 2E.

The Lie algebra n, a and k of the closed subgroups N , A and K are given by

n = RE, a = RH, k = R(E − F ).

The Lie algebra h is the Cartan subalgebra of sl2R. Moreover n and RF are root spaces with
respect to h. The decomposition sl2R = h⊕n⊕RF is the root space decomposition (or Gauss
decompostion) of sl2R.

Hereafter we use the left invariant frame field {e1 = E − F, e2 = E + F, e3 = H}. These left
invariant vector fields are given explicitly by

e1 =
∂

∂θ
,

e2 =cos(2θ)

(
2y

∂

∂x
− ∂

∂θ

)
+ sin(2θ)

(
2y

∂

∂y

)
,

e3 =− sin(2θ)

(
2y

∂

∂x
− ∂

∂θ

)
+ cos(2θ)

(
2y

∂

∂y

)
.

Define an inner product 〈·, ·〉 so that {e1, e2, e3} is orthonormal with respect to 〈·, ·〉. By
left-translating this inner product, we equip a left invariant Riemannian metric

g =
dx2 + dy2

4y2
+

(
dθ +

dx

2y

)2

.

The one form
η = dθ +

dx

2y

is a globally defined contact form on SL2R. The Reeb vector field ξ of the contact form η is
ξ = e1.
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The universal covering space of (SL2R, g) is one of the model space of Thurston geometry
[19].

2.3. The hyperbolic Hopf fibering. The special linear group SL2R acts transitively and
isometrically on the upper half plane:

H2(−4) =

(
{(x, y) ∈ R2 | y > 0}, dx

2 + dy2

4y2

)
of constant curvature −4 by the linear fractional transformation as(

a b
c d

)
· z = az + b

cz + d
.

Here we regard a point (x, y) ∈ H2(−4) as a complex number z = x+ yi.

The isotropy subgroup of SL2R at i = (0, 1) is the rotation group SO(2). The natural
projection π : (SL2R, g) → SL2R/SO(2) = H2(−4) is given explicitly by

π(x, y, θ) = (x, y) ∈ H2(−4)

in terms of the global coordinate system (2.1).

The tangent space TiH2(−4) at the origin i = (0, 1) is identified with the vector subspace m
defined by

m = {X ∈ sl2R | tX = X}.
The Lie algebra g = sl2R has the orthogonal splitting g = k⊕m. This splitting can be carried
out explicitly as

X = Xk +Xm, Xk =
1

2
(X − tX), Xm =

1

2
(X + tX).

It is easy to see that the projection π : (SL2R, g) → SL2R/SO(2) = H2(−4) is a Riemannian
submersion with totally geodesic fibres. This submersion π : (SL2R, g) → H2(−4) is called
the hyperbolic Hopf fibering of H2(−4).

Under the identification k ∼= R, the contact form η is regarded as a connection form of the
principal circle bundle SL2R → H2(−4).

2.4. The naturally reductive structure. On the Lie algebra g = sl2R, the inner product
〈·, ·〉 at the identity induced from g is written as

〈X,Y 〉 = 1

2
tr (tXY ), X, Y ∈ sl2R.

One can see that the metric g is not only invariant by SL2R-left translation but also right
translations by SO(2). Hence the Lie group G = SL2R× SO(2) with multiplication:

(a, b)(a′, b′) = (aa′, bb′)

acts isometrically on SL2R via the action:

(SL2R× SO(2))× SL2R → SL2R; (a, b) ·X = aXb−1.
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Furthermore, this action of SL2R×SO(2) on SL2R is transitive, hence SL2R is a homogeneous
Riemannian space of SL2R×SO(2). The isotropy subgroup H of SL2R×SO(2) at the identity
matrix Id is the diagonal subgroup

∆K = {(k, k) | k ∈ K} ∼= K

of K×K. The coset space (SL2R×SO(2))/SO(2) is a reductive homogeneous space. The Lie
algebra G of the product group G = G×K is G = g⊕ k. On the other hand the Lie algebra
H of H = ∆K is

∆k = {(W,W ) |W ∈ k} ∼= k.

The tangent space TIdSL2R of G/H = (SL2R× SO(2))/∆K is the Lie algebra g = sl2R. This
tangent space is identified with the vector subspace p of G = g× k defined by

p = {(V +W, 2W ) | V ∈ m, W ∈ k}.
The Lie algebra g⊕ k is decomposed as g⊕ k = ∆k⊕ p. One can see that this decomposition
is reductive. Every (X,Y ) ∈ g⊕ k is decomposed as

(X,Y ) = (2Xk − Y, 2Xk − Y ) + (Xm + (Y −Xk), 2(Y −Xk)).

One can see that the linear subspace p satisfies (1.1). Thus (SL2R×SO(2))/SO(2) is naturally
reductive with respect to the decomposition g⊕ k = ∆k⊕ p. It is known as the only naturally
reductive space representation of SL2R up to isomorphism (see [11]).

2.5. Curvatures. The commutation relations of {e1, e2, e3} are
[e1, e2] = 2e3, [e2, e3] = −2e1, [e3, e1] = 2e2.

The Levi-Civita connection ∇ of is given by
∇e1e1 = 0, ∇e1e2 = 3e3, ∇e1e3 = −3e2
∇e2e1 = e3, ∇e2e2 = 0, ∇e2e3 = −e1
∇e3e1 = −e2, ∇e3e2 = e1 ∇e3e3 = 0.

The Riemannian curvature R defined by
R(X,Y ) := ∇X∇Y −∇Y ∇X −∇[X,Y ]

is given by
R(e1, e2)e1 = −e2, R(e1, e2)e2 = e1,

R(e2, e3)e2 = 7e3, R(e2, e3)e3 = −7e2,

R(e1, e3)e1 = −e3, R(e1, e3)e3 = e1.

The basis {e1, e2, e3} diagonalizes the Ricci tensor. The principal Ricci curvatures are given
by

ρ1 = 2, ρ2 = ρ3 = −6.

The bi-invariance obstruction U defined by
2〈U(X,Y ), Z〉 = −〈X, [Y, Z]〉+ 〈Y, [Z,X]〉, X, Y, Z ∈ sl2R

is given by
(2.2) U(e1, e2) = 2e3, U(e1, e3) = −2e2.

All the other components are zero.
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From these we obtain
U(X,Y ) = [Xk, Ym] + [Yk, Xm], X, Y ∈ g.

The Levi-Civita connection is rewritten as

(2.3) ∇XY =
1

2
[X,Y ] + U(X,Y ) =

1

2
[X,Y ] + [Xk, Ym] + [Yk, Xm], X, Y ∈ g.

2.6. The contact magnetic field. The contact form η gives a left invariant magnetic field
F = dη called the contact magnetic field (see [13, 14]). The Lorentz force ϕ of F is given by

ϕe1 = 0, ϕe2 = e3, ϕe3 = −e2.
Then the quartet (ϕ, ξ, η, g) satisfies the following relations:

ϕ2 = −I + η ⊗ ξ, ∇Xξ = ϕX,

g(ϕX,ϕY ) = g(X,Y )− η(X)η(Y ),

(∇Xϕ)Y = −g(X,Y )ξ + η(Y )X,

for all X, Y ∈ Γ (TSL2R). These formulas imply that the structure (ϕ, ξ, η) is a left invariant
Sasakian structure of SL2R. The structure (ϕ, ξ, η) is called the canonical Sasakian structure
of SL2R. The Riemannian curvature tensor R of the metric g is described by the following
formulas:

R(X,Y )Z =− g(Y, Z)X + g(Z,X)Y

− 2 {η(Z)η(X)Y − η(Y )η(Z)X

+ g(Z,X)η(Y )ξ − g(Y, Z)η(X)ξ

− g(Y, ϕZ)ϕX − g(Z,ϕX)ϕY + 2g(X,ϕY )ϕZ }
in terms of the canonical Sasakian structure.

3. The Euler-Arnold equation of SL2R

3.1. In this section we deduce the Euler-Arnold equation for SL2R. First of all we recall the
notion of contact angle. Let γ(s) be an arc length parametrized curve, then its contact angle
σ(s) is the angle function between Reeb vector field and γ̇(s), i.e., cosσ(s) = g(γ̇(s), ξ). An
arc length parametrized cure is said to be a slant curve if its contact angle is constant. In
particular, γ(s) is said to be a Reeb flow if sinσ(s) = 0 along γ(s). An arc length parametrized
curve is called a Legendre curve if cosσ(s) = 0. One can see that every geodesic is a slant
curve.

3.2. The Killing form of SL2R is given by
4tr(XY ), X, Y ∈ sl2R.

In this article we use the normalized Killing metric defined by

B(X,Y ) =
1

2
tr(XY ), X, Y ∈ sl2R.

As is well known the normalized Killing metric is a bi-invariant Lorentzian metric of constant
curvature −1. Thus (SL2R,B) is identified with the anti de Sitter 3-space H3

1. Here we explain
the reason why we choose the normalization as above. The naturally reductive Riemannian
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metric g is directly connected to the anti de Sitter metric. Indeed, the anti de Sitter metric
is given by

g − 2η ⊗ η =
dx2 + dy2

4y2
−
(
dθ +

dx

2y

)2

.

Moreover the endomorphism field I is given by a simple form
I(X) = tX, X ∈ g.

Hence the Euler-Arnold equation is rewritten as
(3.1) µ̇ = [µ, tµ].

3.3. Let us take an arc length parametrized curve γ(s) = (x(s), y(s), θ(s)) in G = SL2R.
Then the anglar velocity Ω is computed as

Ω = Ae1 +Be2 + Ce3,

where

A = θ̇ +
ẋ

2y
= η(Ω) = cosσ, B =

ẋ

2y
cos(2θ) +

ẏ

2y
sin(2θ), C = − ẋ

2y
sin(2θ) +

ẏ

2y
cos(2θ).

Since I is the transpose operation, we have
I(e1) = −e1, I(e2) = e2, I(e3) = e3.

Hence the momentum is given by
µ = −Ae1 +Be2 + Ce3.

Hence [µ, tµ] = [µ,Ω] is computed as

[µ, tµ] = 4A(Ce2 −Be3).

Hence the Euler-Arnold equation is

Ȧ = 0, Ḃ = 4AC, Ċ = −4AB.

The first equation means the constancy of the contact angle.

Hence the Euler-Arnold equation reduces to the matrix-valued ODE:
d

ds

(
B
C

)
= −4 cosσ

(
0 −1
1 0

)(
B
C

)
.

Thus the coefficient functions B(s) and C(s) are given explicitly by(
B(s)
C(s)

)
= expK(4s cosσ e1)

(
B(0)
C(0)

)
(3.2)

=

(
cos(4s cosσ) sin(4s cosσ)
− sin(4s cosσ) cos(4s cosσ)

)(
B(0)
C(0)

)
.

Split Ω as Ω = Ωk +Ωm along g = k⊕m, we notice that Ωk = Ae1 = Aξ,
expK(4s cosσ e1) = expK(4sΩk).

Let us demand the initial condition
γ(0) = (x(0), y(0), θ(0)) = (0, 1, 0)
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and
Ω(0) = A(0)e1 +B(0)e2 + C(0)e3 = cosσ e1 +B0e2 + C0e3,

where
B0 =

ẋ(0)

2
, C0 =

ẏ(0)

2
, cosσ = θ̇(0) +B0.

Proposition 3.1. Let γ(s) be a geodesic of SL2R starting at the identity Id whose initial
angular velocity is Ω(0) = cosσe1 + B0e2 + C0e3. Then the angular velocity Ω(s) of γ(s) is
given by

Ω(s) = cosσ e1 +B(s)e2 + C(s)e3,

where σ is a constant and

(3.3)
{
B(s) = B0 cos(4s cosσ) + C0 sin(4s cosσ),
C(s) = C0 cos(4s cosσ)−B0 sin(4s cosσ).

3.4. We wish to solve the ODE γ̇(s) = γ(s)Ω(s) where Ω(s) is the one given in Proposition
3.1. For this purpose, let us consider curves of the form:

γ(s) = expG(sW ) expK(−sV ), W ∈ sl2R, V ∈ so(2).

Here expG and expK are the exponential maps
expG : sl2R → SL2R, expK : so(2) → SO(2),

respectively. Express W and V as

W = ae1 + be2 + ce3 =

(
c a+ b

−a+ b −c

)
, V = ue1 =

(
0 u
−u 0

)
.

By using the relations
Ad(expK(sV ))e1 =e1,

Ad(expK(sV ))e2 =cos(2us) e2 + sin(2us) e3,

Ad(expK(sV ))e2 =− sin(2us) e2 + cos(2us) e3,

the angular velocity is computed as
Ω(s) = γ(s)−1γ̇(s) = Ad(expK(sV ))W − V = w1(s)e1 + w2(s)e2 + w3(s)e3,

where

(3.4)

 w1(s) = a− u,
w2(s) = b cos(2us)− c sin(2us),
w3(s) = b sin(2us) + c cos(2us).

Obviously w1 is constant along γ. Thus γ(s) is a geodesic if and only if
ẇ2 − 4w1w3 = 2(u− 2a){b cos(2us) + c sin(2us)} = 0,

ẇ3 + 4w1w2 = −2(u− 2a){b cos(2us)− c sin(2us)} = 0.

Thus we conclude that γ(s) = expG(sW ) expK(−sV ) is a geodesic if and only if u = 2a. It
follows that

γ(s) = expG{s(ae1 + be2 + ce3)} expK{s(−2ae1)}.
Set

X = Xk +Xm, Xk = −ae1, Xm = be2 + ce3.
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Then γ(s) is rewritten as
γ(s) = expG{s(−Xk +Xm)} expK{s(2Xk)}.

Comparing the systems (3.3) and (3.4), the uniqueness of geodesics implies a = − cosσ and
b = B0 and c = C0 and hence the initial velocity is

X = cosσe1 +B0e2 + C0e3 ∈ sl2R.
Thus we retrive the following fundamental result.

Theorem 3.1 ([9, 10, 11]). The geodesic γX(s) starting at the origin Id of SL2R with initial
velocity X = Xk +Xm ∈ TIdSL2R = g is given explicitly by

γX(s) = expG{s(−Xk +Xm)} expK{s(2Xk)}.

Here we give homogeneous geometric interpretation for this fundamental theorem.

The exponential map expG×K : sl2R⊕ so(2) → SL2R× SO(2) is given by
expG×K(X,Y ) = (expGX, expK Y ), (X,Y ) ∈ sl2R⊕ so(2).

Take a vector (X,Y ) ∈ sl2R⊕ so(2), then the orbit of Id under the one-parameter subgroup
{expG×K{s(X,Y )} }s∈R ⊂ G×K is given by

expG×K{s(X,Y )} · Id = expG(sX) · Id · (expK(sY ) )−1 = expG(sX) expK(−sY ).

Since SL2R = (SL2R × SO(2))/SO(2) is naturally reductive, every geodesic starting at the
origin Id is an orbit of Id under the one-parameter subgroup of G×K with initial velocity X ∈
TIdSL2R = g. Under the identification of TIdSL2R with p, the initial velocity X = Xk +Xm

is identified with (Xm −Xk,−2Xk). Thus the geodesic
γX(s) = expG{s(−Xk +Xm)} expK{s(2Xk)}.

is nothing but the orbit expG×K(sX) Id.

According to [8], the fact that the modular 3-fold PSL2R/PSL2Z is topologically equivalent
to the complement of the trefoil K in the 3-sphere was first observed by Quillen (see Milnor
[17]). Bolsinov, Veselov and Ye [8] proved that the periodic geodesics on the modular 3-fold
SL2R/SL2Z with sufficiently large values of C = κ2/16 represent trefoil cable knots in S3rK,
where κ is the geodesic curvature of the projected curve in the hyperbolic surface. Any trefoil
cable knot can be described in this way.

4. Homogeneous magnetic trajectories in SL2R

4.1. The magnetized Euler-Arnold equation. Now we magnetize the Euler-Arnold equa-
tion. Since ϕ is left invariant,

ϕγ̇ = γϕΩ.

Hence
ϕΩ = I−1IϕΩ = I−1(IϕIµ).

One can confirm that IϕI = ϕ. Hence the Lorentz equation is rewritten as the following
magnetized Euler-Arnold equation:
(4.1) µ̇− [µ, tµ] = qϕµ.
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Express µ = −Ae1 + Be2 + Ce3 as before, then the left hand side of the magnetized Euler-
Arnold equation is

−Ȧe1 + (Ḃ − 4AC)e2 + (Ċ + 4AB)e3.

On the other hand,
ϕµ = −Ce2 +Be3.

Hence the magnetized Euler-Arnold equation is the system

Ȧ = 0,

Ḃ = (4A− q)C,

Ċ = −(4A− q)B.

One can check that this system coincides the system obtained in [13, p. 2181]. The first
equation implies the constancy of the contact angle A = cosσ. Under the initial condition
B(0) = B0 and C(0) = C0, we obtain(

B(s)
C(s)

)
= expK(s(4 cosσ − q) e1)

(
B0

C0

)
(4.2)

=

(
cos((4 cosσ − q)s) sin((4 cosσ − q)s)
− sin((4 cosσ − q)s) cos((4 cosσ − q)s)

)(
B0

C0

)
.

4.2. To solve the ODE system (4.2), here we determine contact magnetic curves of the form
γ(s) = expG(sW ) expK(−sV ), (W,V ) ∈ sl2R⊕ so(2).

Note that when (W,V ) ∈ p, then γ(s) is a geodesic. Express W and V as

W = ae1 + be2 + ce3 =

(
c a+ b

−a+ b −c

)
, V = ue1 =

(
0 u
−u 0

)
.

Use the same notations as before, that is Ω(s) = γ(s)−1γ̇(s) := w1(s)e1 + w2(s)e2 + w3(s)e3.
Thus γ(s) is a contact magnetic trajectory if and only if

ẇ2 − 4w1w3 + qw3 = (2u− 4a+ q)(b sin(2us) + c cos(2us)) = 0,

ẇ3 + 4w1w2 − qw2 = −(2u− 4a+ q)(b cos(2us)− c sin(2us)) = 0.

Thus we conclude that γ(s) = expG(sW ) expK(−sV ) is a contact magnetic trajectory when
and only when u = 2a− q/2. Namely

γ(s) = expG{s(ae1 + be2 + ce3)} expK
{
−s(2a− q

2)e1
}
.

Set
X = Xk +Xm, Xk = −ae1, Xm = be2 + ce3.

Then γ(s) is rewritten as
γ(s) = expG{s(−Xk +Xm)} expK{s(2Xk +

q
2ξ)}

=expG{s(−Xk +Xm)} expK{s(2Xk)} expK{s( q2ξ)}
=γX(s) expK{s( q2ξ)}.

We may state the following result.

Theorem 4.1. Every contact magnetic curve γ of SL2R is homogeneous.
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More precisely, we may explicitly describe contact magnetic curves in SL2R.

Theorem 4.2. Every contact magnetic curve γ starting at the origin Id of SL2R with initial
velocity X ∈ TIdSL2R = g and with charge q is the product of the homogeneous geodesic γX(s)
and the charged Reeb flow expK{s( q2ξ)}, namely

γ(s) = γX(s) expK{s( q2ξ)}.

Remark 4.1. Recall that contact magnetic curves in SL2R are slant (e.g., [13]). Theorem 4.2
is another justification of this fact.
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