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The XCHEM code was introduced in 2017 [1] to provide an accurate description of electron correlation and 
exchange in the electronic continuum of molecules at the same level as complete or restricted active-space 
self-consistent field (CASSCF or RASSCF) methods. This has allowed for an accurate description of molecular 
photoionization in the region of Feshbach resonances, shake up processes in which ionization is accompanied by 
excitation of one or several of the remaining electrons, and interchannel couplings. The success of XCHEM for 
small molecules has led us to improve its performance in several aspects, which now allows for the description 
of resonant molecular photoionization in larger systems. In addition, we have incorporated the possibility to 
calculate photoelectron angular distributions in the laboratory and molecular frames, which are essential to 
interpret angularly resolved photoionization experiments. Here we show its performance in the N2 and pyrazine 
molecules. The new version of the code, XCHEM-2.0, is freely available at https://gitlab .com /xchem /xchem _
public.
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Optical physics, even more nowadays with the advent of XUV and X-ray high-harmonic generation sources 
and free electron lasers. Photoionization can be employed to induce electron dynamics in molecules, e.g., by 
using ultrashort XUV or X-ray pulses, or as a probe of these dynamics by recording time-resolved photoelectron 
spectra. At low photoelectron energies, photoionization may result from various competing processes, such as 
direct ionization, autoionization of Feshbach and shape resonances, shake up, etc., each of these leaving its trace 
in the measured spectra. So, interpretation of these spectra can be a difficult task and theoretical simulations are 
often required to separate the different contributions. However, a method able to do so must be able to describe 
electron correlation in the electronic continuum beyond the Hartree-Fock (HF) and configuration interaction 
singles (CIS) approximations. XCHEM-2.0 has been designed to account for all these processes by providing an 
accurate description of electron correlation in the ionization continuum of molecules.
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Solution method: XCHEM-2.0 employs a close coupling formalism to describe the electronic continuum of 
molecules at the level of multiference configuration interaction (MRCI) methods in combination with a hybrid 
Gaussian-Bspline basis set (the so-called GABs basis). In particular, it makes use of a restricted active space self-
consistent field (RASSCF) approximation to evaluate the bound electronic states of the remaining molecular 
cation using localized Gaussian functions. These localized Gaussians are then supplemented with a single 
centered Gaussian expansion to allow the electron to leave the nuclear environment. Finally, the basis set 
includes a set of B-spline functions, centered at the same position as the single-centered Gaussians, which reach 
the asymptotic region. Thanks to the last B-spline function, which does not vanish at the box boundary, XCHEM-
2.0 can determine continuum states fulfilling any required asymptotic behavior. The present version of the code 
improves on the original version by incorporating a more efficient augmentation procedure to build 𝑁𝑒-electron 
configurations from (𝑁𝑒 − 1) ones, reducing the space to store data, providing a more efficient removal of linear 
dependencies resulting from the over-completeness of the polycentric+GABS basis and a more efficient solution 
of the scattering equations, and including new routines to calculate photoelectron angular distributions in the 
laboratory and molecular frames.
Additional comments including restrictions and unusual features: The proposed method focuses on RASSCF 
methodology, so part of electron correlation is still not included. Also, one- and two electron integrals 
involving exclusively Gaussian functions are done using a modified version of the OpenMOLCAS software, so 
the installation of this code is also required and limitation associated with the latter is applicable. The code is 
limited to include a few ionization channels (around 20) with medium angular momentum (limited to 𝓁 = 15 
as in OpenMOLCAS).
1. Introduction

The development of theoretical methods aiming at describing molec-
ular photoionization has received an important push since the begin-
ning of the 21st century. Two major experimental developments have 
spurred researchers to go in this direction: the advent of attosecond 
light pulses through the process of high harmonic generation (HHG) 
[2–9] and the recent production of few-femtosecond or even sub-
femtosecond light pulses in large-scale free electron laser (FEL) facilities 
[10–13]. In both cases, the generated pulses lie in the extreme ultra-
violet (XUV) and soft X-ray regions, so that any atom, molecule, or 
material can be ionized by absorbing just a single photon. And this oc-
curs in a gentle way, i.e., without appreciably affecting the potential 
that holds the electrons in the target, despite the high intensities pro-
vided by FELs, due to the high frequency of the light associated with 
these pulses (Keldysh parameter much larger than one). This means 
that the interaction can be well described by a truncated perturbative 
expansion. A good starting point for the theoretical descriptions of the 
photoionization process is, therefore, the evaluation of the electronic 
continuum states of the system in the absence of the radiation field.

The advent of synchrotron radiation sources in the late 20th century 
has promoted the development of several codes to model the ionization 
processes of atomic systems with varying levels of approximation (see 
e.g., [14–18]). However, the number of codes able to describe the ion-
ization of molecules is appreciably smaller. This is mostly due to the 
multicenter character of both bound and continuum electronic wave 
functions, and the well-known slow convergence of electron correla-
tion in molecular system with respect to the size of the configuration-
interaction space needed to reproduce it. The latter limitation is par-
ticularly challenging in the electronic continuum due to the presence 
of Feshbach resonances and the fact that, in contrast to atomic sys-
tems, the number of accessible partial waves is in principle infinite due 
to the lack of angular selection rules. For this reason, some of the ex-
isting molecular codes are designed to describe ionization in regions 
where Feshbach resonances are absent, or ignore all or some interchan-
nel couplings, or consider regions of the spectra far from the ionization 
threshold, where the ejected electrons are too fast to appreciably in-
teract with the remaining electrons [3,19,20]. Some other codes are 
designed to minimize as much as possible the multi-center character 
of the electronic continuum [21,22] and, therefore, are appropriate to 
describe the ionization continuum at very high electron energy.

Many current experiments performed with XUV pulses in molecules, 
however, lead to photoelectrons in a region within few tens of eV from 
the ionization threshold (see, e.g., [23–28]). In this region of the ion-
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ization continuum we often find several states of the molecular ion, 
corresponding to several excitation thresholds. Each threshold is associ-
ated, on the one side, to multiple Rydberg series of Feshbach resonances 
and, on the other side, to shake up processes in which ionization is 
accompanied by excitation of one or several of the remaining elec-
trons, for which interchannel couplings cannot be ignored. Therefore, 
fully correlated methodologies must be used, as e.g., the complex Kohn 
method [29–33], the multichannel Schwinger configuration interaction 
approach (MCSCI) [34–37], the UK Molecular R-Matrix method (UK-
MolRM) [38], tRecX [39], ASTRA [40] and the XCHEM method [1]. 
A common characteristic of all of them is that they combine existing 
multireference quantum chemistry packages, e.g., OpenMolcas [41], 
MOLPRO [42], GAMESS [43], DALTON [44], or LUCIA [45], specially 
designed to deal with the multicenter character of the molecular poten-
tial and to accurately describe electron correlation in bound states, with 
scattering theory methods appropriate to describe the ionization contin-
uum. Quantum chemistry methods make use of Gaussian basis functions 
centered on the atomic nuclei, which allow for an efficient and ac-
curate evaluation of two-electron integrals involving several centers. 
However, Gaussian functions decrease exponentially at long distances, 
so that they are not appropriate to describe the asymptotic oscillating 
behavior of continuum wave functions [46]. For this reason, in addition 
to combining the available quantum chemistry packages with the nec-
essary scattering tools, additional basis functions able to describe the 
continuum wave functions in the asymptotic region are necessary. This 
can be done by supplementing the Gaussian basis with a finite-element 
(FE) [47,48] or a discrete variable representation (DVR) [49–51] of the 
radial coordinate, with plane waves [52], or B-spline functions [53,54].

The XCHEM code [1] was originally designed to provide an accu-
rate description of electron correlation and exchange in the electronic 
continuum of molecules at the same level as complete or restricted 
active-space self-consistent field (CASSCF or RASSCF) methods [55]. 
Therefore, it is ideal to describe Feshbach resonances in the electronic 
continuum, shake up processes and interchannel couplings. XCHEM 
makes use of a hybrid Gaussian-B-spline basis (GABS) [46] to supple-
ment the polycentric Gaussian basis functions provided by Quantum 
Chemistry packages. The GABS consists of a large number of monocen-
tric Gaussian and B-spline functions, all placed at the center of mass 
of the molecule (although they can be placed elsewhere if desired), 
with the B-spline functions starting at a given radius 𝑅0 and going as 
far away as desired. A clever choice of 𝑅0 allows one to avoid eval-
uating expensive one- and two-electron integrals that simultaneously 
involve polycentric Gaussian and the B-spline functions. These integrals 
can only be performed numerically. All the remaining integrals are eval-
uated analytically, which is very convenient when calculations involve 

a large number of electronic configurations. XCHEM leverages the B-
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spline flexibility to determine, within a close-coupling approach [56], 
the molecular electronic scattering states that fulfill required boundary 
conditions, thus providing the necessary dipole transition matrix ele-
ments (bound-bound, bound-continuum and continuum-continuum) to 
evaluate the ionization probabilities, cross sections, and photoelectron 
distributions in the framework of perturbation theory, for one-photon 
transitions [57–61], or by solving the time-dependent Schrödinger 
equation (TDSE), for multi-photon ionization processes [62–64]. Al-
though evaluation of these couplings is limited to the box part of the 
wave function, this has been shown to be an excellent approximation 
to evaluate one-photon ionization cross sections in atoms [1,65,62,63]
and molecules [1,57–61], and to simulate one-photon and multipho-
ton above-threshold ionization by ultrashort pulses, provided that all 
couplings, in particular continuum-continuum ones, are consistently 
evaluated in the same box and the photoelectron wave packet remains 
confined to the quantization box while the external field is on (see, e.g., 
[64]). Physically, this means that the photoelectron does not have the 
time to reach the box boundaries. In particular, once the light field is 
over, the projection of the wave packet on the scattering states of the 
field free Hamiltonian yields a photoelectron distribution that is time 
invariant, and hence exact.

In order to go to larger molecules while preserving the computa-
tional advantages of XCHEM, in the last few years we have increased 
the computational efficiency of several of its routines by adopting new 
algorithms. These improvements mainly affect (i) the augmentation 
procedures used to build 𝑁𝑒-electron configurations from (𝑁𝑒−1) ones, 
i.e., to build the 𝑁𝑒-electron wave functions from the (𝑁𝑒 − 1) states 
of the cation, (ii) the way data are stored (now, using the HDF5 li-
brary [66]), (iii) a more efficient removal of linear dependencies result-
ing from the overcompleteness of the polycentric+GABS basis and (iv) 
a more efficient solution of the scattering equations. In addition, (v) we 
have included new routines that provide photoelectron angular distribu-
tions [60] in the laboratory and molecular frames, which are essential to 
interpret angularly resolved experiments. The new version of the code, 
XCHEM-2.0, is available at https://doi .org /10 .17632 /t8tbk9gdt2 .1.

In this paper, we describe the most formal aspects of these improve-
ments, with a focus on the augmentation procedure and the solution of 
the scattering equations. The performance of the new XCHEM-2.0 re-
lease is illustrated by calculations of photoionization cross sections and 
photoelectron angular distributions in the lab and molecular frames for 
N2 and pyrazine. For N2, comparison with available experimental data 
is provided. For pyrazine, our results are predictions that should be con-
firmed in future experiments. In both cases, the presence at low energies 
of Feshbach resonances corresponding to diffuse Rydberg states associ-
ated with the different ionization thresholds introduces radical changes 
in the electron angular distributions. Although these variations may be 
experimentally invisible in the case of very narrow (i.e., long lived) 
resonances, due to nuclear motion or insufficient energy resolution, 
those associated with the broader resonances should be observable. This 
should be the case of the Hopfield series of resonances in N2 and of the 
lowest Feshbach resonances in pyrazine.

The paper is organized as follows. In Section 2, we describe the gen-
eral theoretical framework and the formal aspects of the improved aug-
mentation procedure, the new method to solve the scattering equations 
to impose the appropriate boundary conditions and the basic equations 
used in our implementation of electron angular distributions. In sec-
tion 3, we present our results for N2 and pyrazine, and in section 4 the 
main conclusions of the present work. Atomic units are used throughout 
unless otherwise stated.

2. XCHEM approach

The theory behind the XCHEM approach has been described in detail 
in Ref. [1], so here we will only summarize its basic ingredients in 2.1
and we will concentrate in the rest of the section on the new features 
3

available in the present version of the code.
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2.1. General framework

The 𝑁𝑒-electron wave function Ψ𝛼𝐸 describing a molecular cation 
with 𝑁𝑒 − 1 electrons and an electron in the ionization continuum of 
the neutral molecule is written as the close-coupling expansion

Ψ𝛼𝐸 ({𝐱}𝑁𝑒
) =

∑
𝑖

𝑐𝑖,𝛼𝐸ℵ𝑖({𝐱}𝑁𝑒
)

+
∑
𝛽𝑖

[
𝑁𝛽𝑖̂Υ𝛽 ({𝐱}𝐼 ; �̂�𝑁𝑒

, 𝜁𝑁𝑒
)𝜙𝑖(𝑟𝑁𝑒

)
]
𝑐𝛽𝑖,𝛼𝐸 , (1)

where ℵ𝑖 denotes short range states with all electrons occupying bound 
orbitals 𝜑QC, 𝜙𝑖(𝑟𝑁𝑒

) denotes the radial component of the electron 
ejected to the continuum, and Υ𝛽 is a channel function. The notation 
{𝐱}𝑁𝑒∕𝐼 indicates all or all but one (the photoelectron’s) electronic co-
ordinates, respectively. A channel function Υ𝛽 with total spin 𝑆 and 
spin projection Σ is represented by an ionic molecular state Φ𝑏 (with 
spin 𝑆𝑏 and spin projection Σ𝑏) coupled to an electron with orbital an-
gular momentum quantum numbers 𝑙 and 𝑚

Υ𝛽 ({𝐱}𝐼 ) = 2𝑆+1
[
Φ𝑏({𝐱}𝐼 )⊗ 𝜒(𝜁𝑁𝑒

)
]
Σ
𝑋𝑙𝑚(�̂�𝑁𝑒

)

=
∑
Σ𝑏𝜎

𝐶𝑆Σ
𝑆𝑏Σ𝑏,

1
2 𝜎

2𝑆𝑏+1 Φ𝑏,Σ𝑏

2𝜒𝜎𝑋𝑙𝑚 , (2)

where 𝐶𝑆Σ
𝑆𝑏Σ𝑏,

1
2 𝜎

are Clebsch-Gordon coefficients, 𝑋𝑙𝑚 are symmetry-

adapted spherical harmonics, and 𝜒 is the spin component of the photo-
electron. In Eq. (1), all terms but 𝜙𝑖(𝑟𝑁𝑒

) decrease exponentially and 
vanish far from the center of mass of the molecule, so that they can be 
evaluated by using multi-reference quantum chemistry methods with 
polycentric Gaussian (PCG) basis functions centered on the atomic po-
sitions. To represent the asymptotic oscillatory behavior of 𝜙𝑖(𝑟𝑁𝑒

), we 
use a hybrid basis of Gaussian and B-spline functions, GABS, which in-
cludes monocentric gaussian (MCG) functions, 𝐺𝑀 (𝑟), that effectively 
extend up to a radius 𝑅1, and B-spline functions defined in a linear grid 
beyond a radius 𝑅0. This radius should be large enough to ensure neg-
ligible overlap between B-splines and PCG functions, but small enough 
to ensure a significant overlap with the MCG functions. The antisym-
metrized products in the second line of equation (1), also called the 
extended-channel functions Ῡ𝛼𝑖({𝐱𝑁}), are constructed by augmenting 
the ionic states Φ𝑏 with an electron in an orbital built from either of 
the above mentioned basis functions. In this way, in the region where 
𝑟 < 𝑅0, the full wave function is exclusively expressed in terms of PCGs 
and MCGs, which allows us to compute matrix elements using standard 
methods implemented in quantum chemistry packages. More interest-
ingly, matrix elements that involve both the parts of the wave function 
exclusively represented by PCGs (the inner part) and those parts result-
ing from the augmentation of a given channel functions with a B-spline 
(the outer part) can be neglected [46]. In other words, if the radius 𝑅0
is chosen such that the values of the PCGs do not exceed a given thresh-
old, say 10−8, their overlap with the B-splines, which are only defined 
for 𝑟 > 𝑅0, will be nearly zero, so that any integral involving both kinds 
of functions can safely be neglected, including two-electron integrals.

2.2. Augmentations

We use multiconfigurational methods to obtain the parent ion wave 
function Φ𝑎. Specifically, we use the restricted active space self con-
sistent field approximation [55]. In this way, the parent ion wave 
functions are expressed as linear combinations of configuration state 
functions (CSF) with a well-defined spin:

Φ𝑎(𝐱) =
∑
𝑖

𝑐𝑖𝑎
𝑀Ξ𝑖(𝐱), (3)

where Φ𝑎(𝐱) is an (𝑁𝑒 −1)-electron parent-ion wave function with mul-
tiplicity 𝑀 . Once the parent ions are defined, we need to include an 

extra electron that eventually can be ejected to the continuum. This is 
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done by augmenting the different parent ions in every possible orbital. 
To do this augmentation, we convert the wave function from CSFs (Ξ) 
to Slater Determinants (𝐷𝑖). In our case, we extract the GUGA table 
from the OpenMOLCAS package [41], obtaining the parent ion wave 
functions as:

Φ𝑎(𝐱) =
∑
𝑖

𝑐′𝑖𝑎𝐷𝑖(𝐱) (4)

The Slater determinants are constructed with orbitals 𝜙𝐿
𝑖

that result 
from the linear combinations of Gaussian basis functions localized at 
the atomic sites, hence the superscript 𝐿

𝜙𝐿
𝑖 (𝐱1) =

∑
𝑗

𝑑𝑗𝑖𝐺
𝐿
𝑗 (𝐱1). (5)

In our approach all the parent ions must be described with the same 
set of orbitals. One option is to use the state-averaged formalism, SA-
CASSCF, where the orbitals are optimized for an hypothetical wave 
function containing all states of interest. After evaluation of the differ-
ent parent ions, the non-occupied orbitals are removed from the system 
and the MCG functions belonging to the GABs basis [46] are incorpo-
rated. Finally, the parent ions are augmented with an extra electron in 
all possible orbitals, i.e. localized and monocentric orbitals:

Φ̄𝑎𝑖(𝐱) = 𝑎†
𝑖
Φ𝑎(𝐱), (6)

where Φ̄𝑎𝑖 represents the parent ion 𝑎 augmented with an electron in 
orbital 𝑖. Since our parent ion wave function is given by Slater determi-
nants, (see equation (4))

Φ̄𝑎𝑖(𝐱) =
∑
𝑗

𝑐′𝑗𝑎𝑎
†
𝑖
𝐷𝑗 (𝐱) =

∑
𝑗

𝑐′′𝑗𝑎𝐷
′
𝑗 (𝐱) (7)

where 𝐷′
𝑗

is the augmented Slater determinant. Finally, the augmented 
wave function is projected back to CSFs with the neutral GUGA table:

Φ̄𝑎𝑖(𝐱) =
∑
𝑗

𝑎𝑗𝑖
𝑀 ′Ξ𝑗 (𝐱) (8)

where 𝑀 ′ = 2𝑆 + 1 refers to the multiplicity of the augmented parent 
ion, as depicted in Eq. (1). Once the augmented wave functions are ob-
tained as combination of CSFs, the different electronic matrix elements 
are obtained. Specifically, Hamiltonian, overlap and dipole matrix el-
ements are evaluated in the basis of the augmented states. After that, 
B-splines functions belonging to the GABS basis are added and the cor-
responding matrix elements are evaluated as described in Ref. [1].

Finally, in the original work, the coupling matrix elements were 
calculated using the RASSI program of the OpenMolcas [41] package 
when only Gaussian functions were involved. However, in the case 
of two-electron integrals, calculations with OpenMolcas can become 
prohibitively expensive when increasing the angular momentum (since 
more monocentric basis functions must be added to the calculation). In 
the present version of XCHEM, this is solved by using a two-exponent 
scheme, where OpenMolcas only has two-exponents of the monocen-
tric basis and they are combined afterwards. In this way, OpenMolcas 
never sees the full monocentric basis set but only a reduced set, thus 
decreasing the computational requirements.

2.3. Evaluation of continuum states with proper boundary conditions

At variance with the original version of XCHEM [1], in this ver-
sion of the code the continuum states or scattering states are evaluated 
following the procedure introduced by Harkema et al. for atomic pho-
toionization [67]. In this new implementation, the scattering states are 
stored in a linked list, which allows using different options to set and 
improve the energy grid, offering more flexibility and in general a very 
4

good performance.
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The scattering states must fulfill incoming boundary conditions

Ψ−
𝛼𝐸

←←←←←←←←←←←←←←←←←←←←←←←←←←←←←←→
𝑟𝑁𝑒

→∞
1
𝑁𝑒

∑
𝛽

Υ𝛽

𝑢−
𝛽,𝛼𝐸

(𝑟𝑁𝑒
)

𝑟𝑁𝑒

, (9)

where

𝑢−
𝛽,𝛼𝐸

= 𝛿𝛼𝛽

√
2

𝜋𝑘𝛼

𝑒𝑖Θ𝛼 (𝑟𝑁𝑒
) +

√
2

𝜋𝑘𝛽

𝑒−𝑖Θ𝛽 (𝑟𝑁𝑒
)
⋆

𝛽𝛼
, (10)

 denotes the scattering matrix, and Θ𝛼(𝑟) = 𝑘𝛼𝑟 +
𝑍

𝑘𝛼
ln2𝑘𝛼𝑟 − 𝑙𝛼𝜋∕2 +

𝜎𝑙𝛼
(𝑘𝛼), where 𝑘𝛼 , 𝑍 and 𝜎𝑙𝛼

are the magnitude of the momentum of the 
ejected electron, the charge of the parent ion and the Coulomb phase, 
respectively [68].

To avoid undesired linear dependencies due to over-completeness 
of the basis that includes both polycentric and monocentric Gaussian 
functions, we first diagonalize the overlap matrix in this combined ba-
sis. From the resulting eigenvectors, we then remove those associated 
to eigenvalues smaller than a selected threshold (usually of the order of 
10−8). Hence, a new linearly independent and orthonormal basis is cre-
ated. This basis is then employed to create a set of orthonormal orbitals 
that do not overlap with the orbitals previously obtained with poly-
centric gaussians (including those in both active and inactive spaces). 
Then we diagonalize the Hamiltonian in the basis built by augmenting 
the parent-ion wave functions with both the new linearly independent 
gaussian basis and the B-splines. This leads to a discrete spectrum in-
stead to a continuous one. However, scattering states must fulfill the 
Scrhödinger equation for arbitrary values of the energy 𝐸. For this, the 
coefficients of the last B-splines placed at the end of the box (||𝐵𝑙𝑎𝑠𝑡

𝛼

⟩
), 

which are set to zero to obtain the box states, must in general be 
different from zero. Thus, we write the scattering states as a linear com-
bination of the box eigenstates (|Φ⟩) plus the parent ions augmented 
with the last B-splines (||𝐵𝑙𝑎𝑠𝑡

𝛼

⟩
),

|||Ψ𝛽𝐸

⟩
=

𝑁∑
𝑖=1

||Φ𝑖⟩ 𝑐𝑖 + 𝑀∑
𝛼=1

|||𝐵𝑙𝑎𝑠𝑡
𝛼

⟩
𝑐𝛽
𝛼 , (11)

where 𝑁 is the total number of box states, 𝑀 is the number of open 
channels at the energy 𝐸, and 𝛽 refers to one of the different 𝑀
open channels. By requiring that the scattering states |||Ψ𝛽𝐸

⟩
satisfy the 

Schrödinger equation [(𝐸 − 𝐻) |||Ψ𝛽𝐸

⟩
= 0] within the box-eigenstate 

space and multiplying by 
⟨
Φ𝑗

|||, we obtain the following expression for 
the expansion coefficients 𝑐𝑗

𝑐𝑗 =
𝑀∑
𝛼=1

𝐸
⟨
Φ𝑗

||𝐵𝑙𝑎𝑠𝑡
𝛼

⟩
−

⟨
Φ𝑗

||| �̂� ||𝐵𝑙𝑎𝑠𝑡
𝛼

⟩
𝐸𝑗 −𝐸

𝑐𝛽
𝛼 (12)

Given a set of coefficients 𝑐𝛽
𝛼 defining the value of Ψ𝛽𝐸 at the box 

boundaries, the number of linearly independent solutions for the {𝑐𝑗}
coefficients at the energy 𝐸 is equal to the number of open channels. 
When the energy 𝐸 does not coincide with or is not close to any box 
eigenvalue 𝐸𝑗 , we choose 𝑐𝛽

𝛼 = 𝛿𝛼𝛽 for all open channels, so that the 
corresponding scattering function has the following expression

|Ψ𝛼𝐸⟩ = 𝑁∑
𝑖=1

|Φ𝑖⟩ ⟨Φ𝑖|(𝐸 − �̂�)|𝐵𝑙𝑎𝑠𝑡
𝛼 ⟩

𝐸𝑖 −𝐸
+ |𝐵𝑙𝑎𝑠𝑡

𝛼 ⟩. (13)

This formula may fail if 𝐸 is extremely close to one of the box eigenval-
ues 𝐸𝑗 , since the corresponding box eigenstate would be represented 
with a coefficient much larger than all the others. In other terms, as 
𝐸 approaches 𝐸𝑗 , all the scattering states generated with this formula, 
once normalized, approach the box eigenstate |Φ𝑗⟩. As a consequence, 
when reconstructing the set of orthogonal scattering states, a cancella-
tion error may emerge. For most practical purposes, it is unlikely for 
the sampled energy to fall within a distance from a box eigenstate en-

ergy so small (e.g., 10−10 a.u.) that such a cancellation error would be 
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of any concern. In principle, however, this possibility should be taken 
into account.

To determine how to do so, we first consider the limiting case of 
𝐸 =𝐸𝑗 exactly. At 𝐸 =𝐸𝑗 , the state |Φ𝑗⟩ is already an exact scattering 
state, namely, that one state that happens to vanish at the box boundary 
in all channels. Indeed, it is this specific boundary requirement that 
causes the energy of the confined system to be quantized. All the other 
states can be obtained by selecting the boundary conditions 𝑐𝛽

𝛼 for the 
residual 𝑀 −1 channels (𝛼 = 1, 2, …, 𝑀 −1) in the 𝑀 −1 dimensional 
space of vectors orthogonal to the boundary coupling vector ⟨Φ𝑗 |(𝐸 −
�̂�)|𝐵𝑙𝑎𝑠𝑡

𝛼 ⟩, e.g., by means of a Gram-Schmidt orthonormalization to this 
initial vector. In these cases, the coefficient 𝑐𝑗 of the solution in the box 
can be chosen to be zero, thus eliminating any potential issue at its root.

This consideration can guide the design of the algorithm also when 
𝐸 is very close to, but distinct from 𝐸𝑗 . While |Φ𝑗⟩ is not a legitimate 
scattering state in this case, it can be expected that it will be very close 
to one of the required scattering states, with minor contributions from 
the other box states and the boundary functions, particularly those most 
strongly coupled with |Φ𝑗⟩. A possible approach starts from identifying 
a boundary state 𝛾 that is maximally coupled with |Φ𝑗⟩, ∀𝛼, |⟨Φ𝑗 |(𝐸 −
�̂�)|𝐵𝑙𝑎𝑠𝑡

𝛾 ⟩| ≥ |⟨Φ𝑗 |(𝐸 − �̂�)|𝐵𝑙𝑎𝑠𝑡
𝛼 ⟩|. The scattering state closest to |Φ𝑗⟩, 

say |Ψ𝛾𝐸⟩, can then be determined by imposing 𝑐𝛽
𝛾 = −𝛿𝛽𝛾 (𝐸 −𝐸𝑗 ), so 

that

|Ψ𝛾𝐸⟩ =|Φ𝑗⟩⟨Φ𝑗 |(𝐸 − �̂�)|𝐵𝑙𝑎𝑠𝑡
𝛾 ⟩

−

[∑
𝑖≠𝑗

|Φ𝑖⟩ ⟨Φ𝑖|(𝐸 − �̂�)|𝐵𝑙𝑎𝑠𝑡
𝛾 ⟩

𝐸𝑖 −𝐸
− |𝐵𝑙𝑎𝑠𝑡

𝛾 ⟩] (𝐸 −𝐸𝑗 ). (14)

As in the previous case, the remaining 𝑀 − 1 solutions can be de-
termined by setting 𝑐𝑗 = 0 and choosing boundary conditions com-

patible with this choice, i.e., with boundary coefficients 𝑐𝛽
𝛼 that are 

orthogonal to the boundary-coupling vector to the |Φ𝑗⟩ box eigenstate, ⟨Φ𝑗 |(𝐸 − �̂�)|𝐵𝑙𝑎𝑠𝑡
𝛼 ⟩,

|Ψ𝛽≠𝛾𝐸⟩ =∑
𝑖≠𝑗

|Φ𝑖⟩ 𝑀∑
𝛼=1

⟨Φ𝑖|(𝐸 − �̂�)|𝐵𝑙𝑎𝑠𝑡
𝛼 ⟩𝑐𝛽

𝛼

𝐸𝑖 −𝐸
+
∑
𝛼

|𝐵𝑙𝑎𝑠𝑡
𝛼 ⟩𝑐𝛽

𝛼 . (15)

The 𝑀 different degenerate solutions ||Ψ𝛼,𝐸

⟩
will serve as a basis 

to construct the scattering states satisfying the correct boundary condi-
tions. For large values of the radial coordinate of any of the electrons 
in the system, say, 𝑟𝑁𝑒

→∞, Ψ𝛼,𝐸 must behave as a linear combination 
of the regular  and irregular  Coulomb functions in each of the 𝑀
open channels in the close-coupling expansion

Ψ𝛼,𝐸 ⟶
𝑟𝑁𝑒

→∞
1
𝑁𝑒

open∑
𝛽

Υ𝛽

𝑢𝛽,𝛼𝐸 (𝑟𝑁𝑒
)

𝑟𝑁𝑒

(16)

where

𝑢𝛽,𝛼𝐸 (𝑟𝑁𝑒
) =𝐴𝛽𝛼𝛽 (𝑟) +𝐵𝛽𝛼𝛽 (𝑟), (17)

and, for simplicity, we have used the notation 𝛽 (𝑟) =
√

8
𝜋𝑘𝛽

 (𝑘𝛽𝑟)

and 𝛽 (𝑟) =
√

8
𝜋𝑘𝛽

(𝑘𝛽𝑟). The values of the Coulomb functions at the 

end of the box, 𝛽 (𝑅𝑚𝑎𝑥) and 𝛽 (𝑅𝑚𝑎𝑥), and their first derivatives, 
 ′

𝛽
(𝑅𝑚𝑎𝑥) and ′

𝛽
(𝑅𝑚𝑎𝑥), are known. From the value of the 𝑢𝛽,𝛼𝐸 (𝑅𝑚𝑎𝑥)

and 𝑢′
𝛽,𝛼𝐸

(𝑅𝑚𝑎𝑥), therefore, we can readily determine the values of 
𝐴𝛽,𝛼𝐸 and 𝐵𝛽,𝛼𝐸 by solving the following linear system of 2𝑀 equa-
tions,{

𝛽 (𝑅𝑚𝑎𝑥)𝐴𝛽,𝛼𝐸 + 𝛽 (𝑅𝑚𝑎𝑥)𝐵𝛽,𝛼𝐸 = 𝑢𝛽,𝛼𝐸 (𝑅𝑚𝑎𝑥)
 ′

𝛽
(𝑅𝑚𝑎𝑥)𝐴𝛽,𝛼𝐸 + ′

𝛽
(𝑅𝑚𝑎𝑥)𝐵𝛽,𝛼𝐸 = 𝑢′

𝛽,𝛼𝐸
(𝑅𝑚𝑎𝑥).

(18)
5

Since, asymptotically,
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2

𝜋𝑘𝛼

𝑒±𝑖Θ𝛼 (𝑟) =
𝛼(𝑟) ± 𝑖𝛼(𝑟)

2
, (19)

the scattering states that satisfies incoming boundary conditions, |Ψ−
𝛼,𝐸

⟩, with channel radial components 𝑢−
𝛽,𝛼𝐸

specified by Eq. (10), are 
obtained by the following linear combination of the solutions |Ψ𝛼,𝐸⟩
|Ψ−

𝛼,𝐸
⟩ =∑

𝛽

|Ψ𝛽,𝐸⟩ [ 1
𝐁− 𝑖𝐀

]
𝛽,𝛼

, (20)

where [𝐀]𝛽,𝛼 = [𝐀(𝐸)]𝛽,𝛼 = 𝐴𝛽,𝛼𝐸 and [𝐁]𝛽,𝛼 = [𝐁(𝐸)]𝛽,𝛼 = 𝐵𝛽,𝛼𝐸 . In-
deed, with this choice, the function Ψ−

𝛼,𝐸
has only outgoing components 

in channel 𝛼,

Ψ−
𝛼,𝐸

⟶
𝑟𝑁𝑒

→∞
1
𝑁𝑒

Υ𝛼

√
2

𝜋𝑘𝛼

𝑒𝑖Θ𝛼 (𝑟𝑁𝑒
)

+ 1
𝑁𝑒

∑
𝛽

√
2

𝜋𝑘𝛽

𝑒−𝑖Θ𝛽 (𝑟𝑁𝑒
)
[𝐁+ 𝑖𝐀
𝐁− 𝑖𝐀

]
𝛽,𝛼

.

(21)

By comparing with Eqs. (9) and (10), the scattering matrix is thus given 
by

𝐒 = 𝐁− 𝑖𝐀
𝐁+ 𝑖𝐀

. (22)

Notice that, despite the inherent asymmetry between the channel in-
dexes of the matrices 𝐀 and 𝐁 (the right index referring to the scattering 
state as a whole, and the left index referring to a specific channel within 
that scattering state), the Hermiticity and reality of the Hamiltonian op-
erator requires that the scattering matrix so computed to be unitary. 
Indeed, the quantity tr(|𝐒†𝐒 − 𝟏|) is used as a measure of the numerical 
accuracy of the whole procedure.

Using this technique, we only need the energies of the box eigen-
states, the radial derivative of the box eigenstates (Φ) at 𝑅𝑚𝑎𝑥 and 
the Hamiltonian with the last B-Splines. The size of these matrices is 
substantially small compared to the size of the Hamiltonian matrix. 
Therefore, the scattering states can be computed immediately after the 
diagonalization of the box for any system size. Since the scattering states 
are stored as linked lists, it is possible to select a first coarse energy grid, 
and refine it on the most relevant regions. This is very useful to resolve 
any interesting feature without increasing the density of energy points 
across the whole energy grid.

2.4. Electron angular distributions

Another important addition to the new XCHEM version is the cal-
culation of electron angular distributions. Scattering states representing 
electron ejection in a particular direction �̂� and spin 𝜎, |Ψ−

𝛼𝐸�̂�𝜎
⟩, can be 

expressed in terms of the spherical scattering states |Ψ−
𝛼𝓁𝑚𝐸

⟩, in which 
the outgoing photoelectron has a well defined orbital angular momen-
tum

|Ψ−
𝛼𝐸�̂�𝜎

⟩ =∑
𝓁𝑚

𝑖𝓁−1𝑌 ∗
𝓁𝑚

(�̂�)𝑒−𝑖𝜎𝓁 (𝑘)
∑
𝑆Σ

𝐶𝑆Σ
𝑆𝑎Σ𝑎,

1
2 𝜎
|Ψ−

𝛼𝓁𝑚𝐸
⟩. (23)

In a first step, XCHEM provides scattering states in terms of symmetry-
adapted spherical harmonics 𝑋𝓁𝑚 instead of the ordinary spherical 
harmonics 𝑌𝓁𝑚,

𝑋𝓁0 = 𝑌𝓁0 (24)

𝑋𝓁𝑚 = 1√
2
(𝑌𝓁𝑚 + (−1)𝑚𝑌𝓁−𝑚), 𝑚 > 0 (25)

𝑋𝓁−𝑚 = 1√
2 𝑖

(𝑌𝓁𝑚 − (−1)𝑚𝑌𝓁−𝑚), 𝑚 > 0. (26)

Using the above relations, Eq. (23) can thus be written as

|Ψ− ⟩ =∑
𝑖𝓁−1𝑌 ∗ (�̂�)𝑒−𝑖𝜎𝓁 (𝑘)

∑
𝐶𝑆Σ 𝑎𝑚 (|Ψ− ⟩
𝛼𝐸�̂�𝜎
𝓁𝑚

𝓁𝑚
𝑆Σ 𝑆𝑎Σ𝑎,

1
2 𝜎

√
2

𝛼𝑋𝓁𝑚𝐸



V.J. Borràs, P. Fernández-Milán, L. Argenti et al.

+ 𝑖𝑏𝑚|Ψ−
𝛼𝑋𝓁−𝑚𝐸

⟩), (27)

where 𝑎𝑚 = 1 if 𝑚 > 0, 𝑎0 =
√
2, and 𝑎𝑚 = −𝑖(−1)𝑚, if 𝑚 < 0, and 

𝑏𝑚 = 1 −𝛿𝑚0. Similarly, XCHEM works with cartesian components of the 
electronic dipole operator. The corresponding spherical components are 
obtained by using the standard relations

𝑑1 = −
𝑑𝑥 + 𝑖𝑑𝑦√

2
(28)

𝑑0 = 𝑑𝑧 (29)

𝑑−1 =
𝑑𝑥 − 𝑖𝑑𝑦√

2
. (30)

From equation (27), XCHEM computes molecular frame photoelectron 
angular distributions (MFPADs) from the expression (see Ref. [60])

𝑑𝑃𝛼

𝑑𝐸𝑑�̂�
= (2𝑆 + 1)

∑
𝑗𝜇

𝑌𝑗𝜇(�̂�)𝐵𝑗𝜇 (31)

where

𝐵𝑗𝜇 =
∑
𝓁𝓁′

Π𝑗𝓁′√
4𝜋Π𝓁

𝑖𝓁
′−𝓁𝑒𝑖(𝜎𝓁−𝜎𝓁′ )𝐶𝓁0

𝑗0,𝓁′0 (32)

×
∑
𝑚𝑚′

𝐶
𝓁 𝜇+𝑚′

𝑗𝜇,𝓁′𝑚′

𝑎∗𝑚𝑎𝑚′

2
[𝐴𝑎𝓁𝑚𝐸 − 𝑖𝑏𝑚𝐴𝑎𝓁−𝑚𝐸 ][𝐴∗

𝑎𝓁′𝑚′𝐸 + 𝑖𝑏𝑚′𝐴∗
𝑎𝓁′−𝑚′𝐸 ],

Π𝑎𝑏⋯ =
√
(2𝑎+ 1)(2𝑏+ 1)⋯, and 𝐴𝑎𝓁𝑚𝐸 is the partial photoionization 

amplitude, which to first order of perturbation theory is simply given by 
the dipole transition matrix element connecting the initial bound state 
and the final continuum state

𝐴𝑎𝓁𝑚𝐸 = ⟨Ψ−
𝛼𝓁𝑚𝐸

|𝑑𝜇|Ψ0⟩. (33)

The new version of the code also provides the asymmetry parameter 
𝛽 through the following equation

𝛽 = −5
√

2
5

𝐹2
𝐹0

, (34)

where

𝐹𝐽 =
∑

𝓁𝑎,𝑚𝑎,𝜇𝑎

∑
𝓁𝑏,𝑚𝑏,𝜇𝑏

𝛿𝜇𝑎+𝑚𝑎,𝜇𝑏+𝑚𝑏
(−1)𝐽𝐶𝓁𝑎0

𝓁𝑏0,𝐽0
𝐶

𝓁𝑏𝑚𝑏

𝓁𝑎𝑚𝑎,𝐽 𝑚𝑏−𝑚𝑎

× 𝐶
1𝜇𝑎

1𝜇𝑏,𝐽 𝜇𝑎−𝜇𝑏
𝑖𝓁𝑎−𝓁𝑏 𝑒

𝑖(𝜎𝓁𝑏−𝜎𝓁𝑎 )⟨Ψ−
𝛼𝓁𝑎𝑚𝑎𝐸

|𝑑𝜇𝑎
|Ψ0⟩∗⟨Ψ−

𝛼𝓁𝑏𝑚𝑏𝐸
|𝑑𝜇𝑏

|Ψ0⟩.
The 𝛽 parameter is then used to evaluate the photoelectron angular 
distribution in the laboratory frame through the equation

𝑑𝜎𝜇′

𝑑𝐸𝑑Ω
=

𝜎𝜇′

4𝜋
[1 + 𝛽2(cos𝜃)], (35)

where 𝜇′ refers to a photon polarized in the 𝑧 direction of the laboratory 
frame, 𝜎𝜇′ is the total cross section, 2 is the well known Legendre 
polynomial and 𝜃 is the angle between the laser polarization and the 
photoelectron.

3. Validation, benchmarking and performance

We have checked the validity of XCHEM-2.0 in different ways. First, 
by comparing with photoionization cross sections of N2 [58,57] ob-
tained with the original version of the code. For this, the same basis 
sets were used. The results are identical to numerical accuracy. The cal-
culated cross sections are also in good agreement with the available 
experimental ones (see [58,57] and Fig. 2 below). This is specially re-
markable in the region of the Hopfield series of N2 resonances, where, 
to our knowledge, there is only one more theoretical calculation [40], 
also in very good agreement with the original XCHEM results. In pre-
vious work, we have also compared our calculated cross sections and 𝛽
6

parameters for CO [60] and water [61] with those obtained with other 
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methods and with experiment, finding a reasonable agreement in all 
cases.

The MFPAD routines have been validated by comparing our cal-
culated MFPADs with previous theoretical ones reported by Lucchese 
[69] for the CO molecule in a wide range of photoelectron energies 
(see [60]). The agreement is very good, the differences being much 
smaller than typical experimental uncertainties. For N2, the compari-
son between our calculated and measured 𝛽 parameters presented in 
the following section also shows a good agreement, giving further sup-
port to our implementation of these parameters.

In addition to this, we have compared our results for the CO 
molecule with those obtained with the recently developed ASTRA code 
[40] by using exactly the same active space and basis sets. For this test 
we had to use a reduced active space to make it compatible with the 
one that can be currently employed with the latest version of ASTRA. 
The results are in perfect agreement.

All the improvements described in the previous section have also led 
us to significantly reduce storage space by a factor of 10 with respect to 
the original version, which is one of the key questions to extend XCHEM 
to larger molecules. In this work we have taken advantage of this fact to 
study photoionization of pyrazine by including up to 𝑙 = 8, the largest 
calculation ever performed with XCHEM.

Finally, the new way of obtaining the scattering wave functions de-
scribed in the previous section allows for a significant reduction in 
computer time, by a factor of two or three depending on the system 
and the problem, when one is interested in obtaining a description of 
these states in a wide range of photoelectron energies or in a dense grid 
of photoelectron energies without increasing the density of states (i.e., 
the box size).

At the low photoelectron energies considered in this work, the lim-
itations in molecular size and computational effort are only slightly 
higher than for excited state calculations performed within the CASSCF 
and RAS methodologies. This is because the logic of XCHEM 2.0 closely 
follows that of OpenMOLCAS. The higher price comes from the addi-
tion of the monocentric gaussian basis and the computation of integrals 
involving this basis and the polycentric gaussian basis. The computa-
tional cost of integrals involving B-splines is significantly much smaller 
because they are evaluated analytically.

4. Results and discussion

4.1. Nitrogen molecule

In previous work [57,58], we have reported photoionization cross 
sections of N2 in the region of the Hopfield series of resonances, i.e., 
between the 𝐴2Π𝑢 and 𝐵2Σ+

𝑢 ionization thresholds. These resonances 
have been observed in several synchrotron radiation experiments with 
high energy resolution [70–72] and more recently in attosecond exper-
iments [23]. Here we have evaluated molecular-frame photoelectron 
angular distributions (MFPADs) and 𝛽 asymmetry parameters in the 
same energy region. For this, we have repeated and extended the calcu-
lations performed in [57] and [58] by using the new XCHEM-2.0 code.

In these calculations, we have considered photoionization of N2
leaving the 𝑁+

2 cation in the three lowest electronic states: 𝑋2Σ+
𝑔 , 𝐴2Π𝑢

and 𝐵2Σ+
𝑢 . The nuclear positions were fixed at the experimental equilib-

rium geometry (D(N-N) = 1.1 Å). The orbitals used in our calculations 
have been obtained with MOLPRO [42] by performing a state average 
Restricted Active Space SCF (SA-RASSCF) that comprises the ground 
state and the lowest three excited states of the neutral, uses a cc-pVQZ 
basis set and considers all configurations in which the 1𝜎𝑔 and 1𝜎𝑢 or-
bitals are doubly occupied, the 2𝜎𝑔 , 2𝜎𝑢, 3𝜎𝑔 , 3𝜎𝑢, 1𝜋𝑔 and 1𝜋𝑢 orbitals 
can be occupied by an arbitrary number of electrons (complete active 
space) and the 4𝜎𝑔 , 4𝜎𝑢, 5𝜎𝑔 , 5𝜎𝑢, 6𝜎𝑔 , 6𝜎𝑢, 2𝜋𝑔 , 2𝜋𝑢 3𝜋𝑔 , 3𝜋𝑢, 1𝛿𝑔 and 
1𝛿𝑢 orbitals can have up to two electrons (restricted active space). These 
orbitals were then used to describe the 𝑋2Σ+, 𝐴2Π and 𝐵2Σ+ cationic 

states included in the second term of the close-coupling expansion 
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Fig. 1. N2 Cross section. (a) Partial photoionization cross sections for the 𝑋2Σ+
𝑔

(red) and 𝐴2Π𝑢 (blue) ionization channels. (b) Partial cross section for the 1Σ𝑢

(green) and 1Π𝑢 (purple) final symmetries of the system. Total cross section in black. Solid and dashed lines correspond to length and velocity gauges respectively. 
Triangles are experimental data from Dehmer P. M. et al. (blue), Peatman W. B. et al. (green) and Gürtler P. et al. (orange). The vertical lines labeled as 1, 2 and 3 
correspond to 17.87, 17.945 and 18.07 eV photon energies. (For interpretation of the colors in the figure(s), the reader is referred to the web version of this article.)
Fig. 2. N2 Beta asymmetry parameter. Beta asymmetry parameter of the 
𝑋2Σ+

𝑔
(red) and 𝐴2Π𝑢 (blue) ionization channels. Circles correspond to experi-

mental data for the first vibrational state obtained by West J. B. et al. [74]. The 
vertical lines labeled as 1, 2 and 3 correspond to 17.87, 17.945 and 18.07 eV 
photon energies.

(eq. (1)) by performing the same RASSCF calculation. This approach 
yields a good description of the considered states as can be checked 
by comparing the calculated and the experimental ionization energies 
(experimental values indicated in parentheses), 𝑋2Σ+

𝑔 : 15.35 eV (15.58 
eV), 𝐴2Π𝑢: 16.84 eV (17 eV) and 𝐵2Σ+

𝑢 : 18.52 eV (18.8 eV). To account 
for the small difference between the theoretical and experimental ion-
ization potentials, the theoretical data were shifted +0.23 eV. The set of 
monocentric GABS used to describe the photoelectron is placed at the 
center of mass of the molecule. It consists of a set of 390 B-splines of 
order 7 defined in a linear grid between 𝑅0 = 7 a.u. and 𝑅𝑚𝑎𝑥 = 200
a.u. with 𝑙 ≤ 3, and a set of 22 even-tempered Gaussian functions 
𝑀
𝑖
(𝑟) ∝ 𝑟2𝑘+𝑙𝑒−𝛼𝑖𝑟

2
, where 𝛼𝑖 = 𝛼0𝛽

𝑖 (𝛼0 = 0.01, 𝛽 = 1.46, 𝑖 = 0, 1, ..., 21), 
𝑙 ≤ 3 and 𝑘 ≤ 2. The short range states included in the first term of the 
close-coupling expansion (eq. (1)) are the ground state and the lowest 
7

three excited states of the neutral molecule.
The calculated total cross sections, shown in Fig. 1, are nearly in-
distinguishable from those of Ref. [57]. For completeness, Fig. 1 also 
shows the cross sections obtained from synchrotron radiation experi-
ments [70,71,73], as well as the calculated partial cross sections for 
both 𝑋2Σ+

𝑔 and 𝐴2Π𝑢 channels (panel a) and the contribution from 
continuum states of 1Σ𝑢 and 1Π𝑢 symmetries (the only accessible ones 
within the dipole approximation). Apart from the lowest Feshbach res-
onance, which is a bit shifted, probably due to the neglect of nuclear 
motion in the present calculations, the agreement with the experimen-
tal data is reasonably good. The difference between results obtained in 
the length and velocity gauges is very small, thus indicating that our 
description of the electronic wave function in such a highly correlated 
region is very good. For more details about the meaning of the differ-
ent structures observed in the calculated spectra, we refer the reader to 
Refs. [57,58].

Fig. 2 shows the calculated 𝛽 asymmetry parameter and the cor-
responding experimental values obtained by West et al. [74] for the 
lowest vibrational state. The agreement is quite remarkable irrespective 
of the chosen gauges. The values of 𝛽 clearly indicate that the preferred 
direction of photoelectron ejection with respect to the light polariza-
tion axis is very different in the 𝑋2Σ+

𝑔 or 𝐴2Π𝑢 channels. When the N+
2

cation is left in the 𝑋2Σ+
𝑔 state, the electron is preferentially ejected 

along the polarization direction, while the opposite is observed when 
the cation is left in the 𝐴2Π𝑢 state. The degree of anisotropy in the elec-
tron ejection (i.e., how much 𝛽 departs from zero) changes abruptly 
in the vicinity of the Feshbach resonances. These abrupt variations are 
very well represented by the calculations, which is remarkable in view 
of the high sensitivity of the 𝛽 parameters to electron correlation ef-
fects. Similar abrupt variations of the 𝛽 asymmetry parameter close to 
Feshbach resonances have also been reported for the CO [60] and water 
[75] molecules.

Fig. 3 shows normalized MFPADs in length gauge (those in velocity 
gauge are indistinguishable) for the different final cationic states and 
polarization directions at the photon energies represented with verti-
cal lines in Fig. 1 and 2. When the cation is left in the 𝑋2Σ+

𝑔 state, the 

preferred electron ejection direction roughly follows the polarization 
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Fig. 3. N2 MFPAD Normalized MFPAD for the 𝑋2Σ+
𝑔

and 𝐴2Π𝑢 ionization channels and x (1Π𝑢) and z (1Σ𝑢) polarization directions at 17.87, 17.945 and 18.07 eV 
of photon energies.
direction irrespective of the chosen energy, with a noticeable excep-
tion: the MFPAD for 𝑥 polarization (i.e., polarization perpendicular to 
the molecular axis) at 17.95 eV (vertical line 2 in Fig. 1). This is due 
to differences in electron correlation between the resonance populated 
at this energy and that populated at 17.87 eV (vertical line 1), and 
between the former and the non resonant continuum at 18.07 eV (ver-
tical line 3). This change in electron correlation is also at the origin 
of the abrupt change of the 𝛽 parameter in the same energy region. 
When the cation is left in 𝐴2Π𝑢 state, electron emission follows neither 
the polarization direction nor the internuclear axis, except for the Π𝑢,𝑥

component (B3𝑢,𝑥 in D2ℎ symmetry) at 17.95 eV (vertical line 2) for 𝑥
polarization (i.e., perpendicular to the molecular axis). In this case, one 
observes the largest variations of the MFPADs when moving from re-
gion 1 to 2 and then to 3, again as a consequence of the different role 
played by electron correlation in the corresponding final states. How-
ever, similar abrupt changes in the MFPADs with energy are observed 
neither for the other Π component with 𝑥 polarization nor for 𝑧 po-
larization (i.e., parallel to the molecular axis). These results show that, 
in the vicinity of Feshbach resonances, it is almost impossible to guess 
the preferred electron emission directions without explicitly performing 
fully correlated calculations.

4.2. Pyrazine molecule

As a first attempt to describe photoionization in the vicinity of Fes-
hbach resonances in significantly larger molecules, we have considered 
pyrazine. Pyrazine is an aromatic heterocycle, isomer of pyrimidine, 
a constituent of the nucleo-bases cytosine, thymine and uracil. Even 
though it is not itself a nucleobasis, it has been used as a model for 
pyrimidinic nucleobases thanks to its high 𝐷2ℎ symmetry [76,77]. We 
have focused on the energy region delimited by the first and third ion-
ization thresholds, where we expect to encounter a large number of 
these resonances. Therefore, this is the first step towards investigat-
ing their potential role in the photoionization of biologically relevant 
molecules. Rydberg states of pyrazine lying below the first ionization 
threshold have been investigated in previous works [78,79], but, to 
our knowledge, never above the ionization threshold. Asymmetry pa-
rameters have been measured experimentally [80] for photon energies 
higher than 13 eV, and theoretically [81] in the range 0–30 eV of pho-
toelectron kinetic energy, but without the energy resolution required to 
8

perform a detailed analysis of the Feshbach resonances.
Fig. 4. Partial cross sections for the single-photon ionization of pyrazine for the 
two lowest ionization channels �̃�2𝐴𝑔 (red) and �̃�2𝐵2𝑔 (blue) between the first 
and third ionization thresholds. Top, middle and bottom panels: partial cross 
sections for polarization along 𝑥, 𝑦 and 𝑧 directions, respectively. We compare 
the length (solid line) and velocity (dashed line) gauges. The photon energy was 
shifted by 0.92 eV to match the experimental ionization energy.

We have performed an MP2 geometry optimization of pyrazine and 
then considered that the molecule remains fixed at the equilibrium ge-
ometry. We have considered photon energies for which the pyrazine 

cation can only be left in the lowest electronic states (parent ions), 
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namely, �̃�2𝐴𝑔 , �̃�2𝐵2𝑔 , �̃�2𝐵2𝑢, �̃�2𝐵3𝑔 and �̃�2𝐵1𝑢. These are also the 
target states included in the second term of the close coupling expan-
sion given (eq. (1)). We have used polycentric orbitals and parent ion 
states resulting from a state-averaged SA-CASSCF(9,8) calculation us-
ing the cc-pVTZ basis set, including all the above-mentioned cationic 
states. The active space includes the occupied orbitals 1𝑏3𝑢(𝜋), 1𝑏2𝑔(𝜋), 
5𝑏1𝑢(𝑛), 1𝑏1𝑔(𝜋) and 6𝑎𝑔(𝑛); and the virtual orbitals 2𝑏3𝑢(𝜋∗), 1𝑎𝑢(𝜋∗)
and 2𝑏2𝑔(𝜋∗), i.e., we have included all the 𝑛, 𝜋 and 𝜋∗ orbitals. The 
ground state of neutral pyrazine has been calculated by using the 
same set of polycentric orbitals resulting from the above-mentioned 
SA-CASSCF calculation. It has also been included in the first term of 
the close-coupling expansion (eq. (1)). The calculated ionization ener-
gies are 8.49, 8.63, 9.90, 10.02 and 12.26 eV, to be compared with the 
experimental values 9.4 (8.7-10.0), 10.2 (10.0-10.8), 11.3 (10.8-11.4), 
11.8 (11.4-12.8) and 13.4 (12.8-13.8) eV from Holland et al. [82], 
where the numbers within parenthesis indicate the lower and upper 
binding energies of the observed bands. We have used a GABS ba-
sis consisting of 380 B-splines of 7th order defined in a linear grid 
between 𝑅0 = 8.0 a.u. and 𝑅max = 200 a.u. with 𝑙 ≤ 8, and a set of 
even-tempered Gaussian functions 𝐺𝑖(𝑟) ∝ 𝑟𝑙+2𝑘𝑒−𝛼𝑖𝑟

2
with 𝛼𝑖 = 𝛼0𝛽

𝑖

(𝛼0 = 0.01, 𝛽 = 1.46, for 𝑖 = 0, 1, … , 21) for each pair of 𝑙 ≤ 8 and 𝑘 ≤ 0.
We have computed single photoionization cross sections and asym-

metry parameters for the �̃�2𝐴𝑔 and �̃�2𝐵2𝑔 ionization channels for pho-
ton energies from 9.4 to 10.8 eV. In the following, we will consider that 
the molecule lies in the 𝑥𝑦 plane with the nitrogen atoms located along 
the 𝑦 axis. Fig. 4 shows the partial photoionization cross sections for 
the �̃�2𝐴𝑔 and �̃�2𝐵2𝑔 channels for the three polarization directions of 
the electric field (𝑥, 𝑦 and 𝑧). Although the differences between the re-
sults obtained in length and velocity gauges are more pronounced than 
for N2, suggesting that more ionization channels should have probably 
been included, the corresponding curves exhibit the same features and 
basically differ by a global scaling factor. Therefore, one can trust that, 
apart from the absolute value, all the observed features are correctly 
reproduced.

First of all, as can be seen, the cross sections are roughly an order 
of magnitude larger than for N2, except for the 𝑧 polarization case (i.e., 
perpendicular to the molecular plane), which is expected due to the 
larger size of pyrazine. The cross sections for 𝑧 polarization are roughly 
an order of magnitude smaller due to the fact that the electron den-
sity is delocalized all over the molecule and is mainly localized in the 
vicinity of the molecular plane, which leads to much larger dipole tran-
sition amplitudes for polarization directions parallel to this plane. As 
can be seen, the investigated energy region is crowded with Feshbach 
resonances, some of them broader than 0.1 eV, e.g., the resonances at 
around 10.1 eV photon energy for 𝑥 polarization and at around 9.7 eV 
for 𝑦 polarization. Therefore, despite the expected vibrational spread-
ing, one may expect these resonances to be observed experimentally. 
We will first focus our attention on the 𝑥 polarization. In the �̃�2𝐵2𝑔
channel, we can clearly distinguish two series of Feshbach resonances. 
Elements of this two series appear as pairs, with the wider resonances 
always appearing first. We see that as we approach the third ionization 
threshold, the resonances become narrower and closer to each other, 
suggesting that they come from the autoionization of Rydberg states. 
In contrast, the �̃�2𝐴𝑔 partial cross section exhibits a single series of 
resonances, whose positions approximately coincide with those of the 
narrow series observed in the �̃�2𝐵2𝑔 channel. For 𝑦 polarization, for 
which the absolute value of the cross section is comparable to the 𝑥
polarization case, other resonances show up, leading to different asym-
metric peaks. The same occurs for 𝑧 polarization, although in this case 
the contribution of the resonances to the total cross section would be 
barely visible due to the much smaller value of the cross section.

Fig. 5 shows the calculated asymmetry parameters for the �̃�2𝐴𝑔 and 
�̃�2𝐵2𝑔 ionization channels. Length and velocity gauges are almost su-
perimposed to each other. As in N2, one can see that the 𝛽 parameter, 
and consequently the preferred electron emission direction, depends 
9

very much on the state in which the remaining molecular cation is 
Computer Physics Communications 296 (2024) 109033

Fig. 5. Asymmetry parameter for the pyrazine molecule between the first and 
third ionization thresholds for the two lowest ionizations channels �̃�2𝐴𝑔 (red) 
and �̃�2𝐵2𝑔 (blue). Length gauge appears as solid lines, while velocity gauge as 
dashed lines. The photon energy was shifted by 0.92 eV to match the experi-
mental ionization energy.

left. Also, the presence of Feshbach resonances causes the 𝛽 parameter, 
hence the degree of anisotropy in electron emission, to change abruptly.

Finally, Fig. 6 shows the calculated MFPADs for the �̃�2𝐴𝑔 and 
�̃�2𝐵2𝑔 ionization channels for 𝑥 and 𝑦 polarization directions, which 
are associated to the largest ionization cross sections. We have only 
plotted the results obtained at the three photon energies indicated by 
vertical lines 1, 2 and 3 in Fig. 4 (10.09 eV, 10.14 eV and 10.26 eV, 
respectively). In general, for either polarization, the MFPADs depend 
very much on the final state of the cation and the preferred electron 
emission direction does not coincide with the polarization direction. In-
terestingly, in most cases, the preferred electron emission directions do 
not lie in the molecular plane, despite that the polarization directions 
do. Furthermore, the MFPADs exhibit a multilobe pattern that changes 
abruptly when one crosses a particular resonance, e.g., when moving 
from 10.09 eV (vertical line 1 in Fig. 4) to 10.26 eV (vertical line 3 
in Fig. 4). Interestingly, in the case of the �̃�2𝐴𝑔 channel for 𝑥 polar-
ization, we observe a change in the directions of emission from the 𝑥𝑧
plane (perpendicular to the pyrazine ring) to the 𝑥𝑦 plane (the pyrazine 
ring). In the case of the �̃�2𝐵2𝑔 ionization channel and 𝑥 polarization, 
we can see the shrinking and enlargement of lobes as we move from be-
low the resonance to above it. The latter two changes are not observed 
for 𝑦 polarization.

5. Conclusion

The XCHEM code was originally designed to represent the electronic 
continuum of molecules in those regions of the spectrum where elec-
tron correlation plays a major role, as in the vicinity of the ionization 
threshold and Feshbach resonances. The success of this implementation 
for small molecules has led us to improve its performance in several 
aspects, which now allows for the description of resonant molecular 
photoionization in larger systems. The main improvements concern (i) 
the augmentation procedures used to build 𝑁𝑒-electron configurations 
from (𝑁𝑒 − 1) ones, (ii) the way data are stored, (iii) a more efficient 
removal of linear dependencies and (iv) a more efficient solution of 
the scattering equations. All of which has led us to significantly reduce 
computer time, and storage space by a factor of 10, with respect to 
the original version. In addition, (v) we have included the possibility 
to evaluate photoelectron angular distributions in both the laboratory 
and molecular frames. The performance of the new version of the code, 
XCHEM-2.0, has been demonstrated in the N2 and pyrazine molecules, 
for which we have provided photoionization cross sections and photo-
electron angular distributions in the region of Feshbach resonances. We 
hope that the new code will allow for systematic investigations of reso-
nant photoionization of molecules containing up to around 10 atoms by 
including electron correlation effects at a level similar to that provided 

by state-of-the-art quantum chemistry packages for bound states.
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Fig. 6. XCHEM computed MFPADs for the �̃�2𝐴𝑔 and �̃�2𝐵2𝑔 ionization channels of the pyrazine molecule for 𝑥 and 𝑦 polarizations at 10.09, 10.14 and 10.26 eV 
photon energy. The photon energy was shifted by 0.92 eV to match the experimental ionization energy.
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