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Abstract

A modification of boost transformation in arbitrary pseudo-Euclidean space is sug-
gested, which in the case of the Minkowsky space admits an existing of inertial reference
frames moving with velocities taking values in a certain bounded interval. The velocity
space may be partitioned by hypersurfaces β2

= β2
k = const, k = 1, 2, 3, ..., into a finite

or countable number of domains (shells), each of which has own class of inertial ‘reference
frames’ and the velocity composition law. These shells are in one-to-one correspondence.
A set of mappings of shells to each other forms the group, isomorphic to permutation
group ZN in the case of finite (N + 1) number of shells, or the group of integers Z in the
case of countable number of shells in the velocity space.
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1. As is well known, the Lorentz transformations can be derived in a purely mathematical
way without involving any physical ideas. The metaphysical assumption that space and time
constitute a single space-time continuum is in fact a mathematical definition of the Minkowski
space, ER

1,3, in which the infinitesimal distance between two points (events) is determined by
an interval

ds2 = ηµνdx
µdxν , η = {ηµν} = diag(1,−1,−1,−1) , (1)

so that all properties of space-time are determined by the metric tensor ηµν .
The Lorentz transformations in E

R

1,3 give a correspondence between quantities (such as vec-
tors and tensors) considered from the point of view of different inertial reference frames (i. r.
f.), which relative velocity is variable in the limits either 0 ≤ β2 = v

2/c2 < 1 (subluminal trans-
formations), or 1 < β2 < ∞ (superluminal transformations). It had been repeatedly pointed
out that superluminal Lorentz transformations can be obtained from conventional subluminal
ones by conformal transformation of the velocity that constitutes so-called the principle of

duality (see, e. g., review [1]). We may consider a structure of the velocity space firmly estab-
lished in the subluminal domain. It is three-dimensional space of constant curvature realized
inside the sphere β2 = 1. But as to its structure beyond the light barrier, it is impossible to
make so certain conclusions now. It means that standard superluminal modification of Special
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Relativity is not unique. Particularly, it is possible to raise the question of search of such
pseudo-orthogonal transformations which would admit variation of the velocity from c to some
finite value C > c. It is shown in [2] that Lorentz boosts are naturally generalized to (p + q)-
dimensional pseudo-Euclidean space, denoted further by E

R

p,q in accordance with [3]. Below we
suggest a generalization of Lorentz boosts in E

R

p,q, which parameters have both upper and lower
limits for the velocity.

2. Let’s briefly remind the main points of the paper [2]. Let xµ, µ = 1, 2, ..., p + q, be
coordinates, covering E

R

p,q, and xm (m fixed) has the meaning of time. Then real boosts,
x′µ = Lµ

· νx
ν , are given by

L̂ = {Lµ
· ν} = 1̂p+q + γ

v̂

c
+

γ − 1

β2
v

v̂
2

c2
, (2)

where

γ = (1− β2
v)

−1/2 , 0 ≤ β2
v = −ηmm

c2
ηABv

AvB < 1 ; (3)

η = {ηµν} = diag(+1, ...,+1
︸ ︷︷ ︸

p

,−1, ...,−1
︸ ︷︷ ︸

q

) , A, B = 1, 2, ..., m− 1, m+ 1, ..., p+ q ; (4)

(v̂)µ
· ν = vA(η

Aµδmν − ηmµδAν) , vA = ηABv
B . (5)

In the Minkowsli space, ER

1,3, v
A ≡ vi (A = i = 1, 2, 3) are components of the relative velocity

of two i. r. f. and eq. (2) is well-known Lorentz boosts in arbitrary direction. Transformation
(2) in E

R

p,q has a meaning also for non-positive values of β2
v: −∞ < β2

v < 0 and β2
v = 0, and in

the latter case eq. (2) degenerates into

L̂ = 1̂p+q +
v̂

c
+

v̂
2

2c2
. (6)

The application to eq. (2) of a conformal transformation in the velocity space

vA =
uA

β2
u

, (7)

leads to transformation

L̂ = 1̂p+q +
Γ

β2
u

û

c
+

Γ− 1

β2
u

û
2

c2
, (8)

which is generalization of superluminal boosts of the Minkowski space E
R

1,3 to the space E
R

p,q.
Here

Γ = (1− β−2
u )−1/2 , 1 < β2

u = −ηmm

c2
ηABu

AuB < ∞ . (9)

Transformation (7) maps the domain β2
v ≤ 0 into itself, transforms (p+ q − 1)-dimensional

cone β2
v = 0 to infinity β2

u = ∞, and the domain 0 ≤ β2
v < 1 into domain 1 < β2

u < ∞.
Thus, union of domains β2

v ≤ 0, β2
v = 0, 0 ≤ β2

v < 1, β2
v = 1 and 1 < β2

u < ∞ is the whole
velocity space, which will hereinafter be denoted by V

R

p,q, said domains by V
−

p,q, V
0
p,q, V

<
p,q, V

1
p,q

and V
>
p,q, respectively, and V

+
p,q = V

<
p,q

⋃
V

1
p,q

⋃
V

>
p,q be a space, where β2

v ≥ 0. In E
R

1,3 there
remain only domains V<

1,3, V
>
1,3, which are the arenas of Special Relativity and its superluminal

generalization, respectively, and V
1
1,3.

If we go to (p+ q− 1)-dimensional space V
R

p,q, then transformations (2) and (8) are defined

inside and outside the hypersurface β2 = 1, which is a pseudo-Riemannian hyperbolic space
of constant curvature Hp,q. Transformation (7) conserves this hypersurface invariant and maps
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its interiority to its exteriority and vice versa (see [3]). Hypersurface β2 = 1 divides the space
V

+
p,q into two parts V

<
p,q = DH

p,q and V
>
p,q = D̃H

p,q, and eqs. (2), (8) on it degenerate into

L̂ = 1̂p+q − v̂
2/c2. Thus, the modification of transformations (2), (8) must consist in mapping

of V<
p,q into a space bounded by two similar hypersurfaces of singularity:

β2 = β2
1 = C2

1/c
2 and β2 = β2

2 = C2
2/c

2 , (10)

and besides the ratio between C1 and c can be arbitrary. We call such a domain the shell. The
required mapping can be written in the following form

vA =
uA

β2
u

√

β2
2 − β2

1

[√

β2
u(β

2
u − 1)− β1

√

β2
2 − β2

u

]

, (11)

with
β2
1 < β2

u < β2
2 , or C2

1 < u
2 < C2

2 . (12)

We find from eq. (12)

β2
v =

1

β2
u(β

2
2 − β2

1)

[

β4
u − 2β2

1β
2
u + β2

1β
2
2 − 2β1

√

β2
u(β

2
u − β2

1)(β
2
2 − β2

u)

]

, (13)

γ = (1− β2
v)

−1/2 =

√
√
√
√ β2

u(β
2
2 − β2

1)

(β2
u − β2

1)(β
2
2 − β2

u)− 4β2
1β

2
u

[

1−
√

4β2
1β

2
u

(β2
u − β2

1)(β
2
2 − β2

u)

]

. (14)

Substituting eqs. (11), (13) and (14) into eq. (2) yields the final expression for the boost
transform acting inside the shell (12) under consideration:

L̂ = 1̂p+q +

γ

(√

β2
u(β

2
u − β2

1)− β1

√

β2
2 − β2

u

)

β2
u

√

β2
2 − β2

1

û

c
+

γ − 1

β2
u

û
2

c2
. (15)

It is easy to see that in the limit C1 → 0, C2 → ∞, (i.e. β1 → 0, β2 → 1), the Lorentz-
Fitzgerald factor (14) tends to γ = (1 − β2

u)
−1/2, transformation (11) becomes the identity

mapping, vA = uA, and eq. (15) reduces to eq. (2), which corresponds to subluminal boosts.
In the other limit, C1 → c, C2 → ∞ (i.e. β1 → 1, β2 → ∞), the factor (14) tends to
Γ = (1 − β−2

u )−1/2, eq. (11) degenerates into a conformal transformation (7) in the opposite
direction, i.e. vA = −uA/β2

u, whereas eq. (15) reduces to the expression (8), corresponding to
superluminal boosts in the opposite direction. Thus, because of condition (12) expression (15)
in the case of the Minkowski space E

R

1,3 describes transformations of i. r. f., that can move
with velocities greater than C1 and smaller than C2.

Eq. (15) leads to a composition of velocities law

V ′A = c
LA

·BV
B + cLA

·m

Lm
·BV

B + cLm
·m

=

=
V A − (γ − 1) (u·V)

c2β2
u

uA +
γ
(√

β2
u
(β2

u
−β2

1
)−β1

√
β2

2
−β2

u

)

β2
u

√
β2

2
−β2

1

uA

γ

[

1 +

√
β2
u
(β2

u
−β2

1
)−β1

√
β2

2
−β2

u√
β2

2
−β2

1

(u·V)

c2β2
u

] ,

(16)

where (u · V) = −ηmmηABu
AV B is a scalar product of two (p + q − 1)-dimensional vectors,

V A = cdxA/dxm and V ′A = cdx′A/dx′m are velocities of the material point in i. r. f. K and K′,
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moving with respect to each other with velocity uA. In the limit β1 → 0, β2 → 1 the law (16)
reduces to

V ′A =
V A + uA + (γ − 1)

(

1− (u·V)

c2β2
u

)

uA

γ
(

1 + (u·V)
c2

) , (17)

and when β1 → 1, β2 → ∞ it looks like

V ′A =
V A + (1/Γ− 1)uA − (Γ− 1)

(

1 + (u·V)

c2β2
u

)

uA

(Γ− 1/Γ)
(

1− (u·V)
c2

)

+ 1/Γ
. (18)

3. Transformations described above can be generalized to the case when the velocity space
V

R

p,q contains a finite (N) or countable number of hypersurfaces β2 = β2
k that divide it into a

finite (N + 1) or countable number of shells, and in the k-th shell β2 varies within the limits
β2
k−1 ≤ β2 < β2

k, where the equality sign holds only for k = 1, β0 = 0. For finite number of
shells k = 1, 2, ...,N and β2

N = ∞, and k = 1, 2, ..., for countable number. Then each shell
admits action of pseudo-orthogonal transformations consisting of (p+ q)-dimensional rotations
(and pseudo-rotations) and (p+ q)-dimensional boosts of the type (15):

L̂k = 1̂p+q +

γk

(√

β2
u(β

2
u − β2

k−1)− βk−1

√

β2
k − β2

u

)

β2
u

√

β2
k − β2

k−1

û

c
+

γk − 1

β2
u

û
2

c2
, (19)

where βk = Ck/c,

γk = (1− β2
u)

−1/2 =

=

√
√
√
√ β2

u(β
2
k − β2

k−1)

(β2
u − β2

k−1)(β
2
k − β2

u)− 4β2
k−1β

2
u

[

1−
√

4β2
k−1β

2
u

(β2
u − β2

k−1)(β
2
k − β2

u)

]

.
(20)

Between the shells under consideration it is possible to establish a one-to-one correspon-
dence, which, therefore, will generalize the above-mentioned principle of duality. If the maps
of the first domain into the k-th and m-th shells are defined by expressions

vA =
uA

β2
u

√

β2
k − β2

k−1

[√

β2
u(β

2
u − β2

k−1)−
√

β2
k−1(β

2
k − β2

u

]

, (21)

vA =
wA

β2
w

√
β2
m − β2

m−1

[√

β2
w(β

2
w − β2

m−1)−
√

β2
m−1(β

2
m − β2

w

]

, (22)

respectively, where β2
w = w

2/c2, then the map from the k-th shell into m-th one is given by

uA =

√

β2
u

β2
w

wA , (23)

where βu being function of βw, can be determined from an algebraic equation of fourth degree.
If we denote

X =
β2

u

βk−1βk
, D =

βk−1

βk
=

Ck−1

Ck
, (24)
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B = (D−1 −D)β2
v =

D−1 −D

β2
w(βm − βm−1)

[√

β2
w(β

2
w − β2

m−1)−
√

β2
m−1(β

2
m − β2

w

]2

, (25)

then equation for X looks like

X4 − 2BX3 + (B2 + 4BD − 2)X2 − 2BX+ 1 = 0 , (26)

and its solutions are

X1,3 =
B ± 2

√
1− BD

2

[

1 +

√

1− 4

[B ± 2
√
1− BD]2

]

, (27)

X2,4 =
1

X1,3

. (28)

From these solutions one should choose only those that satisfy the condition (12), or
D < X < D−1. It follows from eqs. (3) and (25) that D2 ≤ 1 − BD < 1, and the condi-
tion of reality of the solution leads to inequalities

B ± 2
√
1−BD

2
> 1 , if X > 0 ,β2

u > 0 , (29)

or
B ± 2

√
1− BD

2
< −1 , if X < 0 ,β2

u > 0 . (30)

Obviously, condition (30), corresponding to solutions X3 and X4, is unacceptable, since
X > 0 due to condition (12). Thus, (23) gives two solutions

uA =

√

βk−1βkX1(β
2
w)

β2
w

wA (31)

and

uA =

√

βk−1βk

β2
wX1(β

2
w)

wA , (32)

which are inverse to each other in the sense that if (31) maps the internal boundary β2 = βk−1

onto the internal one, β2 = βn−1, and the external boundary β2 = βk onto the external one,
β2 = βn , then (32), on the contrary, maps the internal boundary β2 = βk−1 onto the external
one, β2 = βn, and the external boundary β2 = βk onto the internal one, β2 = βn−1. The
mappings (31)-(32) include the mappings (7), (11), (21), (22) as the limiting cases at βk−1 → 0,
βk → 1.

4. Now, if we denote the coordinates in k-th shell by vAk , then the mapping (31), (32) can
be written as

vAk = Zkn(β
2
vn)v

A
n . (33)

The transformation of coordinates inside k-th shell is given by the expression (19), where vAk
should be substituted instead of instead of uA, and besides it induces similar transformations
in all shells. Indeed,

v′Ak = LA
k·B(v

2
k)v

B
k = LA

k·B(v
2
k)Zkn(β

2
vn)v

B
n =

= Zkn(β
2
vn)L

A
k·B(Z

2
kn(β

2
vn)v

2
n)v

B
n = Zkn(β

2
vn)L

A
n·B(v

2
n)v

B
n = Zkn(β

2
vn)v

′A
n .

(34)
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Suppose now that there are two mappings k → n and n → m. Then we can define the
product of these mappings by formula

Zkm(β
2
vm) = Zkn(Z

2
nm(β

2
vm)β

2
vm)v

2
n)Znm(β

2
vm) . (35)

Obviously, there exists the identity mapping Zkk(β
2
vk
) = 1, as well as the inverse mapping

Z−1
kn = Znk(β

2
vk
). Associativity of the multiplication law is evident from eq. (35). Therefore,

the set of mappings (33) forms a cyclic group ZN of order N in the case of a finite, N + 1,
number of shells, or a group isomorphic to the group Z of integers if the number of shells is
countable.

The mappings (31), (32) can be extended to the domain V
−

p,q, so that the latter can also
be divided into finite or countable number of shells that are characterized by boundaries with
negative β2

vk
. In this case, condition (30) will be satisfied, and the mapping from the k-th shell

to m-th one will be given by formulae (31), (32), where X3 < 0 should be substituted instead
of X1 > 0.

In conclusion, we note that the velocity space V
R

p,q is a subspace of the parameter space
of the group O(p, q). From this point of view, the mapping (7), (11), (21), (22), (31), (32)
are reparametrizations of boosts of the group O(p, q), defining the structure of the parameter
space. Obviously, for E

R

1,3 the space V
R

1,3, realized inside the sphere β2 = 1, acquires the
physical meaning. The question of the physical meaning of the shell structure of VR

1,3 remains
open. We can note only some similarities with the splitting of the front of an electromagnetic
wave into Fresnel zones. From infinite set of parametrizations of group O(p, q) (in particular,
of group O(1, 3)), which probably to think up, apparently, some of them can be applied to
physical problems.
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