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A B S T R A C T   

Here, a mass-based hybridity model is applied to inquire about the mixed convection of a ther-
momicropolar binary nanofluid (TMBNF) upon a shrinking and porous plate. The nanoparticles 
are the silver (AgNPs) and the graphene (GrNPs), in a spherical shape, suspended in an aqua base 
fluid. The applied methodology considers the masses of base fluid and nanoparticles as an 
alternative to the first and second nanoparticles volume fraction, according to the single-phase 
approach named the Tiwari-Das model. By using the similarity transformation technique, the 
dominating PDEs are changed to a system of ODEs that can be solved numerically by the bvp4c 
pattern of Matlab. To validate the numerical method, a comparison is implemented for the heat 
transfer, the shear stress, and the gradient of microrotation values, with results reported previ-
ously that consequently a supreme agreement is observed. The variations of the angular velocity, 
velocity, temperature distribution, gradient of microrotation, shear stress, and the heat transfer of 
the TMBNF with the prominent parameters are presented and analyzed by the tabular and 
graphical results. The originality of this work is related to the use of the mass-based model for 
TMBNF flow and the derivation of a new configuration of governing equations. It is concluded 
that the mass-based model with its significant benefits can be utilized successfully with 
tremendous assurance to abundant theoretical problems of micropolar binary nanofluid flow and 
heat transfer. New models for the nanofluid hybridity can undoubtedly be quite helpful in the 
many fields where cooling technologies are essential.   

1. Introduction 

The power density that challenges the current cooling techniques has significantly improved due to the quick advancements in 
producing potentials and component minimization. Numerous research initiatives have been carried out in the past to improve the rate 
of heat transfer using various active or passive techniques, including porous medium [1], micro-tubes [2], fins [3], cooling systems [4], 
maker of vortex [5], and free convection approaches [6]. The modest thermal conductance of traditional fluid (ethylene-glycol, water, 
etc) constrained their ability to transmit heat, but the aforementioned approaches have given a notable improvement. A traditional 
fluid’s thermophysical characteristics, on the other hand, may be changed to significantly improve heat transfer. Following the 
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presentation of the idea of scattering of particles in the base liquid and Choi’s naming of the resulting exceptionally effective heat 
transfer fluid as a "nanofluid" [7], many researchers have become fascinated with the exploration of nanofluids. This is due to their 
enhanced thermophysical characteristics and wide range of applications, including refrigeration system, solar collectors, heat 
exchanger, air conditioning, radiators, heat pipes, industrial thermal storage system, electronic cooling, etc. [8–10]. Using the idea of 
nanofluids, hybrid nanofluids are the mixing of two discordant non-metals or metal nanoparticles in the widely used heat transfer 
fluids. Hybrid nanofluids may be used for a variety of purposes, including improved heat exchangers, biomedical usages, microscopic, 
acoustics, solar systems, micro electrical, and micro-fluid, as well as naval structures, defense, propulsive, transportation, and 
manufacturing [11–13]. 

The Newtonian fluid theory states that some fluids, such as polymeric suspension, colloidal fluids, lubricants, crystals, biological 
fluids, slurries, paints, custard, and blood, do not obey the lineal stress-velocity gradient relation. Among all non-Newtonian fluids, the 
micropolar fluid has special situation in scientific debates. The idea of micropolar fluid was firstly remarked by Eringen [14], which 
introduced the angular momentum equation using the traditional Navier Stokes equations. Eringen expanded this idea by taking into 
account the heat effect and establishing the thermomicropolar fluids hypothesis [15]. Gorla [16] studied the flow on stretch-
ing/shrinking walls by 2D boundary layer equations. The thermomicropolar fluid flow across a perpendicular sheet was analyzed by 
Jena and Mathur through similarity relations and equations of buoyancy-driven flow [17]. As well, the effects of suction or injection 
with nonlinear temperature conditions, on thermomicropolar fluid flow upon a perpendicular plate investigated by them again [18]. 
The mixed convection upon an upright surface in a micropolar fluid was studied by Ishak et al. [19]. Micropolar nanofluid on a 
shrinking surface with the efficacy of magnetic field has been researched by lund et al. [20]. Hsiao [21], by taking into account the 
effects of magnetic field and viscous dissipation, explored micropolar nanofluid flow over a stretching sheet. The compound influences 
of Navier slip and magnetic field on flow over a vertical surface of an aqua nanofluid were researched by khan et al. [22]. The efficacies 
of radiation on the flow of micropolar fluid crossing a permeable surface were researched by Bhattacharyya et al. [23]. Al-Sanea [24] 
explored the convective specifications of a continuingly mobile wall of pulled out material near and very downstream from the 
extrusion slit. 

Motivated by the above investigations, we attempt to explore the mixed convection of a TMBNF over a shrinking surface through 
mass-based model. Many scientists have been interested in the study of nanofluids in fraction-based form. The mass-based concept was 
initially introduced by Dinarvand [25,26]. The base of this approach is the model with a one-phase binary nanofluid which proposes 
base fluid mass in addition nanoparticles masses as the needed inputs to receive the efficacious physical features of binary nanofluid 
[27–29]. The ultimate similarity ODEs with appropriate boundary conditions are numerically solved using Matlab’s bvp4c pattern for 
particular ratios of the controlling parameters. Additionally, after attaining a decent agreement between our computing outcomes and 
earlier reports, the effect of controlling factors on the flow is shown and analyzed. 

2. Problem explanation with mathematical framework 

Here, the 2D incompressible quiescent fluid flow of a thermomicropolar hybrid nanofluid on the shrinking sheet with suction and 
convection boundary condition has been considered. The x-axis is chosen along the surface whilst the y-axis is upright to it effects as 
displayed in Fig. 1. In addition, the linear shrinking/stretching velocity of the wall is uw(x) = cx in which c > 0 relates to stretching 

Fig. 1. Flow configuration, nanoparticles, and the conditions on the wall.  
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state, while c < 0 pretains to shrinking case. Two models are that assistance transport phenomenon, only. The first of them that is a 
two-phase model and explained as velocity of flow is the whole of base fluid and the slip velocity is recognized as Buongiorno model 
[3]. The second model is a single phase one named as Tiwari and Das model [24]. In the second model, to investigate the fluid dynamic 
and thermal behavior of some hybrid nanofluids, is employed here. It is supposed that solid phase (silver (AgNPs) as well as graphene 
(GrNPs)) and fluid phase (pure H2O) are in thermal equivalence and no slip occurs amongst them and the features of the original fluid 
and the nanoparticles are supposed to be constant. 

In this method of hybrdity, the silver is firstly added into original fluid to appearance nanofluid, and then graphene is scattered 
inside nanofluid (as a new base fluid, AgNps/water) for developing the selective thermomicropolar hybrid nanofluid [25,26]. By usual 
Boussinesq approximation and under above-mentioned considerations, the continuity, momentum, angular momentum and energy for 
the TMPBN may be inscribed as [27,30]: 

∂u
∂x

+
∂v
∂y

= 0, (1)  

u
∂u
∂x

+ v
∂u
∂y

=
μhnf + κ

ρhnf

∂2u
∂y2 +

κ
ρhnf

∂N
∂y

− g
(ρβ)hnf

ρhnf
(T − T∞), (2) 

Table 1 
Models of viscosity, density, heat capacity, thermal diffusivity, thermal conductivity and thermal expansion capacity for hybrid nanofluid [25,26,30,33].  

Property Relation for hybrid Nanofluid 

Viscosity (μhnf )
μf

(1 − φ)2.5 

Density (ρhnf ) φ1ρ1 + φ2ρ2 + (1 − φ)ρf 

Heat capacity (ρCP)hnf φ1(ρCP)1 + φ2(ρCP)2 + (1 − φ)(ρCP)f 

Thermal conductivity (khnf ) (khp + 2kf ) − 2φ(kf − khp)

(khp + 2kf ) + φ(kf − khp)
× (kf ),khp =

φ1k1 + φ2k2

φ1 + φ2 

Thermal diffusivity (αhnf ) khnf

(ρCP)hnf 

Thermal expansion capacity (ρβ)hnf φ1(ρβ)1 + φ2(ρβ)2 + (1 − φ)(ρβ)f  

Table 2 
Features of H2O, AgNPs and GrNPs [11,34].  

Thermophysical properties Pure water Siver (AgNPs) Graphene (GrNPs)

ρ (kg.m− 3) 997.1 10500 2250 
k (W.m− 1.K− 1) 0.613 429 2500 
Cp (J.kg− 1 K− 1) 4179 235 2100 

β × 105 (K− 1) 21 1.3 21 
Particle size (nm) – 2–5 10–30  

Fig. 2. Governing relations of mass-based modeling for hybrid nanofluid [25–27].  
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u
∂N
∂x
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1
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(
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κ
2
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κ
ρhnf j

(

2N +
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)

, (3)  

u
∂T
∂x

+ v
∂T
∂y

=αhnf
∂2T
∂y2 +

D
(ρC)hnf

(
∂T
∂x

∂N
∂y

−
∂T
∂y

∂N
∂x

)

. (4) 

Confined with this boundary conditions [27,30]. 

u = Auw(x), v = vw(x),N = − n
∂u
∂y
,T = T∞ + T0x at y = 0,

u = 0,N = 0, T = T∞ when y→∞.

(5)  

In the boundary conditions, vw(x) is the mass flux via the surface, uw(x) =cx is the velocity of the shrinking wall (c>0) related to the 
shrinking parameter (A<0) [30,31]. We mention that n is a constant so that 0 ≤ n ≤ 1. The state n=0 demonstrates N=0 on the surface 
and is thus like the no slip condition [17,18]. The item n=1 is applied for the turbulent flows, which is proposed by Peddieson [32]. The 
models that applied for thermophysical attributes of the hybrid nanofluid are as shown in Table 1. Here, the subscripts f, 1, 2 represent 
the values of the base fluid, silver nanoparticles and graphene nanoparticles, respectively. The thermophysical features of nano-
particles (AgNPs and GrNPs) and the base liquid are presented in Table 2. 

For AgNps-GrNPs/water nanofluid; we can offer our mass-based formulation model according to Fig. 2. Here, we have 5 equations 
and 8 unknown, (i.e. φ1, φ2, φ, m1, m2, mf , ρs and (Cp)s versus (Cp)1, (Cp)2ρ1, ρ2 and ρf ). 

Now, we present the similarity transmutations for the existing problem as [27,30]: 

ψ =
(
νf c

)1/2xf (η),N = c
(

c
νf

)1/2

xg(η), θ(η) = T − T∞

Tw − T∞
,

η =

(
c
υf

)1/2

y, u =
∂ψ
∂x

= cx
df
dη (η), v =

∂ψ
∂y

= −
(
cυf

)1/2f (η) .

. (6) 

Applying Eq. (6), the governing Eqs. (1)–(4) transform to following form: 

f ′′′

−
1

A1(1 + A2 K)

{
(f

′

)
2
+ f f ′′ +A3 K g′

+Ri A4 θ
}
= 0, (7)  
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.

In like manner, the relative boundary conditions may be written as: 

f (0) = S, f ′

(0) = A, g(0) = −
1
2

f ′′(0), θ(0) = 1, at η = 0,

f ′

(∞) = 0, g(∞) = 0, θ(∞) = 0, at η→∞.

(10)  

Here, the emerging parameters are the Prandtl number (Pr), the suction/injection parameter (S), the Richardson number (Ri), the 
micropolar heat conduction parameter (δ), the microinertia parameter (B), and the shrinking parameter (A) that their relations can be 
presented as 
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Table 3 
Shear stress, gradient of microrotation, and heat transfer for thermomicropolar nanofluid and comparison with previously reported results by Roy (Fraction-based model) [30].   

Roy [30] Present work 

S δ A K Ri B Pr φ1 φ2 f ′′(0) − g(0) − θ
′

(0) m1 m2 f ′′(0) − g(0) − θ
′

(0)
3.2 1 − 1 0.25 1 1 6.2 0.05 0 2.523871 − 3.254821 21.568212 21 0 2.523864 − 3.254836 21.568222        

0.1 0 2.520325 − 3.236784 17.021564 45 0 2.520322 − 3.236756 17.021534        
0 0.05 3.102564 − 5.056671 22.856201 0 47 3.102555 − 5.056678 22.856225        
0 0.1 3.638513 − 6.686541 19.651284 0 99.5 3.638526 − 6.686525 19.651275  
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S =
− vw

(
cυf

)1/2,M =
σB2

0

ρf c
,Pr =

υf (ρCP)f

kf
,

Ri =
g(ρβ)f (Tw − T∞)

c2 , δ =
cN∗

νf (ρC)f
,B =

νf

(jc)
,K =

κ
ηf
.

(11) 

We emphasize that S > 0 illustrates the suction case, while S < 0 shows the injection one. 
Finally, Cf and Nux also can be given according to the following relations [17,20]: 

Cf =

(
μhnf + κ

)
(

∂u
∂y

)

y=0
+ (κN)y=0

ρf .U
2
w

,

Nux =

− xkhnf

(
∂T
∂y

)

y=0

kf (Tw − T∞)
.

(12)  

That can be transformed to below form by applying Eq. (6). 

[Rex]
1
2Cf =

⎧
⎪⎨

⎪⎩

⎛

⎜
⎝1 −

m1
ρ1
+ m2

ρ2
m1
ρ1
+ m2

ρ2
+

mf
ρf

⎞

⎟
⎠

− 2.5

+ K

⎫
⎪⎬

⎪⎭
f ′′(0) + Kg(0),

[Rex]
− 1
2 Nux =

khnf

kf
θ
′

(0),

(13)  

Here, Rex = Uwx/υf denotes the Reynold number. 

3. Validation and numerical technique 

The boundary conditions (10) and similarity governing Eqs. (7)–(9) demonstrate a substantially nonlinear character, making it 
difficult to determine an exact solution or closed form for this issue. As a result, the function of bvp4c from MATLAB may be used to 
numerically solve the existing nonlinear equations [35]. Parameters might typically emerge as the actual model is determined, or they 
might be added misleadingly as a feature of the solution procedure, e.g., on the off chance that there are solitary coefficients or the 
issue is presented on an infinite boundary. Unlike many other solvers, the bvp4c (current method) directly accepts problems with 
unknown parameters. To utilize the bvp4c procedure, the boundary value problems must be recast as a collection of first-order ODEs. 

Fig. 3. The effect of m2 on angular velocity, velocity, and temperature, when = 0.25,m1 = 25gr,A = − 2,Pr = 6.2, δ = 1,B = 1, S = 3.2.  
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The bvp4c needs an initial guess for the reply of the ODEs (7)-(9). The guess should demonstrate how the solution is handled and 
persuade the boundary conditions. The issue is first addressed for groups of parameter quantities for which the answer is straight-
forward. The obtained answer is then used as a first estimate to solve the issue with minimum modification to the settings. This may be 
done over and over again until the parameters are set to their precise values [36–39]. 

Table 3 is presented to validate the applied computational method. This table shows the amount of the gradient of microrotation, 
the shear stress, and heat transfer for thermomicropolar nanofluid and compares with previously reported results by Roy [30]. 

Fig. 4. The effect of Ri on angular velocity, velocity, and temperature, when = 0.25,m1 = m2 = 25gr,A = − 2,Pr = 6.2, δ = 1,B = 1, S = 3.2.  

Fig. 5. The effect of K on angular velocity, velocity, and temperature, when = 4,m1 = m2 = 25gr,A = − 2,Pr = 6.2, δ = 1,B = 1, S = 3.2.  
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Consequently, Table 3 implies that the existing mass-based resultants with former similar single-phase work based on volume fraction, 
are in fine agreement. 

4. Results and discussion 

4.1. Analysis of temperature and velocities components 

In this section, the boundary layer behavior of velocity, microrotation and temperature will be studied and discussed. According to 
Tiwari and Das model [24,40–43], the results in this article, have been calculated for 0 ≤ φ ≤ 0.2. The effects of the graphene 
nanoparticles mass (second particle) on the angular velocity g(η), velocity f ′

(η), and temperature θ(η) are displayed in Fig. 3. This 
figure clearly shows that the temperature and velocity increase with the augment of m2. But in the diagram of g(η), nearby the η =0.5, 
there is an inflection point that treatment of angular velocity shows reduction before and conversely after it. Inserting the nanoparticles 
of Gr demonstrates a light influence on profiles of f ′

(η), g(η), and θ(η). (See Khan et al. [31]). In these plots we can see that θ(∞)→0, f ′
(∞)→1 and g(∞)→0 (10) as far field boundary conditions, are well pleased alternatively which advocate the validity of the numerical 
results. The energy is scattered in the form of heat physically; owing to the effect of the second nanoparticle Gr, thus the temperature is 
increased in the boundary layer. 

The effect of Ri on the temperature and velocities components are illustrated in Fig. 4. In spite of the fact that an immaterial impact 
is of Ri on the stream properties, a bit of diminish can be seen within the temperature and angular velocity whereas a small increase in 
velocity is appeared. Besides, any infection point can not be seen on the angular velocity profile. Additionally, Lund et al. [20] explored 
the influence of the Richardson number on the temperature profiles and velocity and come about in a smaller-than-expected increase 
within the thermal boundary layer when Ri is upgraded. 

For various values of the material parameter, K, the angular velocity, velocity, and temperature are showed in Fig. 5. The present 
figure clearly illustrates when the material parameter enhances, the velocity and temperature decrease and increase, respectively. 
Moreover, an inflection point is observable in the profile of angular velocity. The behavior of this profile changes before and after this 
point with enhancement and decrement, respectively. The reader can refer to Bhattacharyya et al. [23] for more description. Mahmood 
et al. [44] apperceived that as K increases, the temperature outline also enhances too. It is substantial to mention here that with the 
enhancement in K, thermal boundary layer thickness grows but in status of temperature gradient at the wall the effect is quite opposite. 

Fig. 6 is plotted to show how velocities and temperature change with the shrinking parameter. An important point to note is that no 
inflection point can be seen in angular velocity. In Ref. [45], the same results about thermal and hydrodynamics boundary layers with 
the change in the shrinking parameter have been reported. At the surface, the function θ(η) have positive gradient and the profiles 
reduce gently to zero and decreases suddenly from an amount of one as η increases. Physically, it shows that at the inception, the heat 
slowly spreads from the wall to the fluid and the wall’s temperature is higher than fluid. 

Fig. 6. The effect of A on angular velocity, velocity, and temperature, when = 4,m1 = m2 = 25gr,K = 0.25, Pr = 6.2, δ = 1,B = 1, S = 3.2.  
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4.2. Engineering quantities of interest 

Main motivation of this section is to present and analyzed the engineering quantities of interest. Thus, Fig. 7 shows the variations of 
foregoing quantities as a function of shrinking parameter A for various amounts of the second nanoparticle (graphene) mass. One can 
see that the heat transfer, the shear stress and the gradient of microrotation enlarge in first and decrease with this parameter in 
continuation. Besides, for growing value of m2, the gradient of microrotation and shear stress enhance while heat transfer rate 
dramatically reduces. It is attractive mentioning that Khan et al. [31] have studied the effects of same volume fractions of distinguished 

Fig. 7. Influence of m2 on gradient of microrotation, shear stress and heat transfer, when Ri = 4,m1 = 25gr, S = 3.2,K = 0.25,Pr = 6.2, δ = 1,B = 1.  

Fig. 8. Influence of Ri on gradient of microrotation, shear stress and heat transfer, when m1 = m2 = 25gr, S = 3.2,K = 0.25, Pr = 6.2, δ = 1,B = 1.  
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nanoparticles (in the present geometry) on the above-mentioned quantities, in which their results demonstrate the same behavior with 
present work. The heat transfer rate, the gradient of microrotation and the shear stress for diverse values of Richardson’s number Ri 
have been plotted in Fig. 8. Here is seen a weak and increasing efficacy of Ri upon the heat transfer rate, the gradient of microrotation 
and the shear stress. 

Fig. 9 has been plotted to present the affect of the suction parameter (S), on the heat transfer, the gradient of microrotation and 
shear stress. Thinner hydrodynamic boundary layer is a result of increased suction. A surface large-velocity gradient is the result of this 

Fig. 9. Effect of S on gradient of microrotation, shear stressand heat transfer, when m1 = m2 = 25gr,K = 0.25,Ri = 4, Pr = 6.2, δ = 1,B = 1.  

Fig. 10. Effect of K on gradient of microrotation, shear stressand heat transfer, when m1 = m2 = 25gr, S = 3.2,Ri = 4, Pr = 6.2, δ = 1,B = 1.  
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problem, which increases friction. Besides, the suction speeds up the change to a turbulent flow and postpone boundary layer sepa-
ration in the case of curved surfaces. For researchers to achieve their objectives, a favorable suction is typically observable. The 
graphical results demonstrate that a growth in the amount of S dramatically enhances the heat transfer, the gradient of microrotation 
and shear stress, but it can be declared that the effects of S on the shear stress is less than two other quantities. For these physical 
interests as a function of A, Khan et al. [31] for the Ag–TiO2/water hybrid nonoparticles in stagnation point problem with the higher 
value of S have observed that the conclusions first upsurges and then lessens. Moreover, like this study, they have mentioned that 
augmenting nanoparticles has a very little infiltration on the gradient of micro-rotation and skin friction coefficient, the rate of heat 
transfer. It can be predicable that augmenting S leads to the boundary layer separation becomes delay [46]. 

The heat transfer, the gradient of microrotation and the shear stress for the various amounts of the material parameter K are 
schemed in Fig. 10. To increment the value of K the foregoing quantities noticeably reduce. Anuar et al. [47] has explored numerically 
the unsteady flow of micropolar Cu–Al2O3/water hybrid nanofluid accompanied by thermal radiation effect, operated by a deformable 
wall in stagnation region. The outcome also revealed that a rapid growth in the material parameter have been regarded to decrease the 
local Nusselt number of micropolar hybrid nanofluid. 

5. Conclusions 

In mechanical designing and fabricating activities like metal extrusions, persistent glass casting, wire drawing, and so on, the 
boundary layer stream caused by the stretching or shrinking wall is pivotal. In expansion, thermomicropolar investigation can be 
utilized to show biological liquids like blood. Blood stream in contact with the artery divider may be an aggregate application that 
incorporates both stretching/shrinking wall and thermomicropolar subjects. Also, two nanoparticles that are included in the essential 
liquid (blood) can be parts of a nano-based pharmaceutical. The stream of TMBNF on a vertical shrinking and penetrable wall with the 
mixed convection impacts in participation of latitudinal magnetic field is investigated by a numeric approach. The technique is 
implemented through the Tiwari-Das model, and instead of addressing the volume fraction of the first and second nanoparticles, it 
discusses the masses of the base fluid and nanoparticles. By utilizing a similarity transformation approach, the controlling PDEs are 
changed into a set of ODEs, which can be numerically solved using the Matlab bvp4c pattern. The validation is done with the formerly 
reported outputs that indicate a superb compromise. The effect of the emerging parameters on the angular velocity, velocity, the 
temperature distribution, the gradient of microrotation, the shear stress, and the heat transfer of the TMBNF is explored by the various 
forms of results. It was concluded that the mass-based method with its significant interests likes convenience of use and the deter-
mination of thermophysical features of TMBNF with assistance of both base fluid and nanoparticles masses may be prosperously 
employed to numerous theoretical problems with significant confidence. The accurate operation of the mass-based model for TMBNF 
flow is most considerable accomplishment of the current investigation; while the body of the paper has already provided and analyzed 
the details findings in depth. 
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Nomenclature 

A: shrinking parameter 
B: microinertia parameter 
c: constant 
C: heat capacity 
Cf : skin friction coefficient 
CP: specific heat at constant pressure 
D: coefficient of micropolar heat conduction 
g: acceleration due to gravity 
h: coefficient of convective heat transfer 
hp: hybrid particle 
j: micro-inertia density 
k: thermal conductivity 
Κ: material parameter 
m: mass 
n: component of microrotation 
N: microrotation in the xy plane 
Nux: local Nusselt number 
Pr: Prandtl number 
R: radiation parameter 
Ri: Richardson number 
Rex: local Reynolds number 
S: suction or injection parameter 
T: temperature field 
u,v: velocity components along x and y axes 
x,y: 2D Cartesian coordinates system 
n: component of microrotation 

Greek symbols 
φ: volume fraction 
β: coefficient of thermal expansion 
η: independent similarity variable 
f(η): non-dimensional stream function 
θ(η): dimensionless temperature distribution 
μ: dynamic viscosity 
υ: kinematic viscosity 
ρ: density 
A1 to A5: coefficients of ODE equations 
ρCP: volumetric heat capacity at constant pressure 
κ: vortex viscosity 
δ: micropolar heat conduction parameter 

Subscripts 
s: equivalent property of nanoparticles 
f: base fluid 
nf: mono-nanofluid 
hnf: hybrid nanofluid 
1: first nanoparticle (Graphene) 
2: second nanoparticle (Silver) 
∞: Conditions in the free stream 
w: surface of the plate 
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