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Abstract

Knowing accurate model of a system is always beneficial to design a robust

and safe control while allowing reduction of sensors-related cost as the system

outputs are predictable using the model. In this context, this paper addresses

the kinematical and dynamical model identification of the multipurpose reha-

bilitation robot, Universal Haptic Pantograph (UHP), and present experimental

validations of the identified models. The UHP is a pantograph based innova-

tive robot actuated by two SEAs (Series Elastic Actuator), aiming at train-

ing impaired upper limbs after a stroke. This novel robot, thanks to its lock-

able/unlockable joints, can change its mechanical structure so that it enables

stroke patient to perform different training exercises of the shoulder, elbow and

wrist. This work focuses on the ARM mode, which is a training mode used to

rehabilitate elbow and shoulder. The kinematical model of UHP is identified

based on the loop vector equations, while the dynamical model is derived based

on the Lagrangian formulation. To demonstrate the accuracy of the models,

several experimental tests were performed. The results reveal that the mean

position error between estimated values with the model and actual measured

values stays in 3 mm (less than 2% of the maximum motion range). Moreover,
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the error between estimated and measured interaction force is smaller than 10%

of maximum force range. So, the developed models can be adopted to estimate

motion and force of UHP as well as control it without the need of additional

sensors such as a force sensor, resulting in the reduction of total robot cost.

Keywords: Upper limb rehabilitation, Rehabilitation robots, Kinematical

modelling, Dynamical modelling, Force estimation, Experimental validation.

1. Introduction

According to the World Health Organization (WHO), every year, more than

15 million strokes or cerebrovascular accidents are diagnosed and two thirds

among them survive but have to live with the sequels of stroke. Nowadays,

more than 33 million people in the world are affected by stroke sequels [1, 2].

Up to date, various research results on stroke have demonstrated that, thanks to

brain plasticity, stroke patients may recover most of their skills executing ade-

quate rehabilitation exercises [3]. However, in classical rehabilitation programs,

stroke patients require constant supervision by the therapist, which increases

the economic cost of the therapy, and leads to the reduction of rehabilitation

times, impeding continuous and long-term rehabilitation interventions [4].

Hence, over the last couple of decades, several rehabilitation robotic devices

for stroke patients, particularly for upper limbs rehabilitation, have been de-

veloped [5, 6] and demonstrated at both academical and clinical settings. The

robots are believed to be a good alternative to traditional rehabilitation ther-

apies due to several advantages of the robot-mediated therapy [7]: 1) robots

emulate and replicate the movements produced by a physiotherapist, execut-

ing longer duration, higher frequency and better accuracy treatments; 2) with

the objective of evaluating the progress of the patient as well as adapting the

exercises to their needs, the device can act as a measurement tool that quan-

tifies forces and/or movements; 3) using a graphical interface, a virtual reality

environment can be built, facilitating patient involvement in the rehabilitation

process.
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The rehabilitation robotic devices can be classified into two groups: end-

effector type and wearable type (exoskeleton). The MIT-Manus [8], MIME [9],

GENTLE/s [10], REHAROB [11] belong to the end-effector type while Armin

[12], L-Exos [13], RUPERT [14] or Limpact [15] fall into the wearable type.

Differently from other robotics areas where the usual position control strategies

are used with great success, rehabilitation robots should take into account the

interaction between the patient and the robot, and use it so as to safely apply

assistive force to the patient during trainings. This indicates that it is neces-

sary to implement advanced control algorithms that combine motion and force

measurements [16]. In the literature, several approaches such as force control

[17], computed torque control [18], algorithms using EMG signals [19] or neuro-

fuzzy control [20] have been proposed to control the patient-robot interaction.

Among the proposed approaches, impedance control introduced by Hogan in

1984 [21], and its complimentary method, admittance control, have been the

most common [22, 23].

In order to implement these advanced controllers, an appropriate kinemat-

ical and dynamical model of the robot is required. This model determines the

human-robot interaction forces and its motion, and force transmission between

the actuators and the interaction point [24, 25]. Moreover, in order to imple-

ment the control law, the actual position and force exerted to the patient need

to be not only motorized but also sensorised continuously. However, direct force

measurement requires force sensors that add mechanical and electrical complex-

ity to the mechanical structure. In addition, these sensors are normally very

expensive compared to other components such as motor [26], resulting in un-

affordable price of robots. Such unaffordability is one of main barriers that

impede wide use of the rehabilitation robots.

Accurate models of the robot can be used to implement estimators of both

position and force as an alternative of direct measurement using the sensors in

order to reduce the cost of the robot. Normally, these estimators use the easily

measurable variables and elements information provided by manufactures (e.g.

actuator specifications) to estimate the motion and forces of the robots [27, 28].
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Therefore, a proper and accurate mathematical model of the robot not only

facilitates the design of the advanced control strategies but also possibly real-

izes affordable robotic solutions for rehabilitation area. In this context, this

study presents the kinematical and dynamical modelling approach and the re-

sultant models of a multipurpose upper limb rehabilitation robot, referred to

as the Universal Haptic Pantograph (UHP) [29]. The UHP is a pantograph

based innovative device actuated by two SEAs (Series Elastic Actuator) whose

main characteristic is the reconfigurability of its mechanical structure using

lockable/unlockable joints. This feature allows to adapt the structure to the

rehabilitation needs of different parts of the upper limb [30].

The article is organized as follows. In Section 2 the UHP rehabilitation

robot and the adopted modelling approach are presented. In Section 3, as a

first subsystem of UHP, the SEA based drive system and its kinematical and

dynamical models are identified. Section 4 describes the identification proce-

dure of the kinematical and dynamical models of the Pantograph which is a

subsystem directly contacting users upper limbs. In Section 5, several experi-

mental case studies are presented in order to validate the models. Finally, the

most important ideas and conclusions appear in Section 6.

2. Universal Haptic Pantograph and the modelling approach

The Universal Haptic Pantograph (UHP) (Fig. 1) is a rehabilitation robot

developed to train impaired upper limbs after a stroke [29]. One of the most

important benefits of the UHP is its reconfigurability, which allows to modify its

mechanical structure thanks to its lockable / unlockable joints. In this way, for

each mechanical configuration, the UHP can execute different types of exercises

that focus on certain parts of the upper limb: the shoulder, elbow and wrist

[30].

This work focuses in one of the most complete modes, the ARM mode. This

mode is used to rehabilitate elbow and shoulder by means of 2 degrees of freedom

(DOF) motions that allow arm extension in forward, backward, leftward and
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rightward directions.

In order to provide this movement, a pantograph-based structure is used to

interact with the patient. The Pantograph is actuated by two perpendicular

SEAs (Series Elastic Actuator) in order to generate forces in x and y directions

as shown in ‘SEA based drive system’ block in Fig. 1.

Figure 1: Universal Haptic Pantograph (UHP).

The motion of the UHP results from the forces (FCn) exerted by the user in

the contact point (PCn) and the torques (τm) exerted by the motors through the

SEA based drive system. The two subsystems are connected in the transmission

point (PTr) such that the torque (τm) exerted by the actuators of the drive

system and the force (FCn) and motion (PCn) applied to the Pantograph by

the patient are transmitted bilaterally in the form of force (FTr) and motion

(PTr) (Fig. 1).
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As mentioned previously, a proper mathematical model of the robot is re-

quired to implement the robot-patient force interaction controller. Since the

model demands position measurements of the drive system for the estimation of

the torque (τm), the force (FCn) and motion (PCn) shown in Fig. 2, the UHP

prototype includes two optical encoders and two linear potentiometers to mea-

sure the actuators rotation angle (qm) and the lengths of SEAs upper springs

(nSA
and nSB

) respectively.

The inputs and outputs of the model are detailed in Fig. 2. The model of

the SEA based drive system is used to compute the actuators torque (τm) in

the force controller as well as to estimate the force (FTr) and motion (PTr) of

the transmission point. The Pantograph model, on the other hand, estimates

the force (FCn) and motion (PCn) applied by the patient. Both models will be

detailed in Sections 3 and 4 respectively.

Figure 2: UHP model subsystems.

3. Modelling of SEA based drive system

The UHP drive system is composed of two perpendicular SEAs [29, 31]

and each SEA consists of an electrical actuator and a spring that makes the

interface between the actuator and the load flexible, thus allows more accurate

and stable force control [32]. Due to these advantages, SEAs have been often

used in human-robot interaction devices [33].
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The SEAs used in the UHP are composed of two Maxon RE40 rotary motors

(m1 and m2) with integrated encoders, four elastic springs (SA, SB , SC and SD)

and actuated (p1) and unactuated (p2) pulleys as shown in Fig. 3. PTr, a point

where SEA based drive system is connected to the Pantograph, is referred to as

the transmission point and expressed by PTr = [xTr yTr zTr]
T (Fig. 3).

Figure 3: Detailed 3D Structure of SEA based drive system in UHP.

The force and motion transmission from the electric motors (m1 or m2)

to the springs (SA and SC or SB and SD) and the transmission point PTr is

carried out by cables. The SEAs are aligned with x and y axes (Fig. 3). By this

configuration, the torque (τm1
) exerted by motor m1 is transmitted to springs

SA and SC and accordingly its force (FSA
and FSC

) are transmitted to the

transmission point PTr, resulting in the movement (xTr) in the x axis. In a

similar way, the y directional motion (yTr) is generated by the SEA involving

motor m2 and springs SB and SD.

The parameters used to define the geometry of the SEA drive system are

detailed next. l1 is the distance from the equilibrium point of the transmission

point (P0 = PTr when xTr = yTr = zTr = 0) to the center of the actuated pul-

leys (p1). l2 is the distance between P0 and the center of the unactuated pulleys
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(p2) (Fig. 3). In Fig 5, it can be observed that li is a length vector between Pi

and the transmission point (PTr) to i = A;B;C;D. l0i is the initial length of

the spring Si. The passive joint variables, qnaS
= [βA βB βC βD δA δB δC δD]T ,

are the angles required to describe the direction and orientation of the cables

composing the drive system.

The role of the drive system is to exert the appropriate force to the Panto-

graph such that the transmitted force (FTr) tracks the desired one. The force

FTr depends on the variable length of the springs (nS = [nSA
nSB

nSC
nSD

]T ),

the dependent variables (qnaS
= [βA βB βC βD δA δB δC δD]T ), and the torque

exerted by the motors (τm = [τm1
τm2

]T ) (Figs. 3 and 5).

The relationship between the aforementioned variables will be formulated

through three steps as highlighted in Fig. 4. First, the kinematical model of

elastic components in SEA will be calculated in Section 3.1. Second, motor dy-

namics will be analyzed to obtain the relationship between their rotation angles

(qm) and the exerted motor torques (τm) in Section 3.2. Finally, transmission

point dynamics will be identified to calculate the transmission force (FTr) in

Section 3.3.

Figure 4: Block diagram of sub-models composing the SEA based drive system.
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Figure 5: Schematic views of elastic elements and their configuration used in SEAs: (a) the

projected view of x directional elastic components of SEAs in xy-z plane, (b) the projected

view of x and y directional elastic components in x-y plane, (c) the projected view of y

directional elastic components of SEA in xy-z plane.
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3.1. Kinematical model of elastic components in SEA

To derive the kinematical model of SEA based drive system, spring variable

lengths (nS) (Sections 3.1.1 and 3.1.2) and the values of the dependent variables

(qnaS
) (Sections 3.1.3) will be calculated in terms of the rotation angles of the

motors (qm) (Fig. 4).

3.1.1. Upper springs kinematical model

If linear springs are considered, the force exerted by each spring is propor-

tional to the linear deformation, i.e., the variable length of the spring (nS). In

the UHP, springs SA and SB are sensorized using linear potentiometers, while

springs SC and SD are not sensorized.

Figs. 3 and 5 show that nSC
and nSD

depend on the rotation angle of the

motors (qm) and the motion of the transmission point (PTr). Hence, to obtain

nSC
and nSD

, first PTr needs to be calculated. To this end, in this section, the

PTr is formulated in terms of the rotary angles of the motors qm and the upper

spring lengths nSA
and nSB

.

If stiff and undeformable cables are considered, from Fig. 5, the vectorial

equation system that determines the upper cable length vectors (lA and lB) in

terms of the transmission motion (PTr = [xTr yTr zTr]
T

) and the position of

PA = [xA 0 zA]
T

and PB = [0 yB zB ]
T

is obtained,

lA + PA −PTr = 0→ lA =


xTr

yTr

zTr

−

xA

0

zA



lB + PB −PTr = 0→ lB =


xTr

yTr

zTr

−


0

yB

zB


(1)

From Eq. 1, the relationship between the upper cable lengths lA and lB and

the transmission point displacement PTr = [xTr yTr zTr]
T can be formulated
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by,

lA = |lA| =
√

(xTr − xA)2 + y2Tr + (zTr − zA)2

lB = |lB| =
√
x2Tr + (yTr − yB)2 + (zTr − zB)2 (2)

On the other hand, from Fig. 5 the relationship between the upper cable

length lA and lB and the measurable upper spring lengths nSA
and nSB

can be

defined in terms of the rotation angle of each motor qmi ,

nSA
= lA + (qm1

− θA) rp1 − l1

nSB
= lB + (qm2 − θB) rp1 − l1 (3)

where l1 is the distance from the equilibrium point (P0) to actuated pulley

(p1), rp1 is the radius of actuated pulleys, and the θA and θB , which are angles

depicted in Figs. 6 and 7, are derived as,

θA = arctan

(
xA + l1
zA + rp1

)
θB = arctan

(
yB − l1
zB + rp1

)
(4)

Therefore, combining Eqs. 2 and 3 yields

nSA
− qm1

rp1 =
√

(xTr − xA)2 + y2Tr + (zTr − zA)2 − θA rp1 − l1

nSB
− qm2

rp1 =
√
x2Tr + (yB − yTr)2 + (zTr − zB)2 − θB rp1 − l1 (5)

In order to solve Eq. 5, the position vectors of points PA ([xA 0 zA]
T

)

and PB ([0 yB zB ]
T

) are required. Applying the Pythagorean theorem to the

actuated pulley p1 in the xz plane (Fig. 6) leads to

(xA + l1)2 + (zA + rp1)2 = r2p1 (6)

On the other hand, vector r1 and the xz plane projection of lA (lAxz) are

normal, that is,

r1 · lAxz = 0→ (xA + l1)(xTr − xA) + (zA + rp1)(zTr − zA) = 0 (7)
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Figure 6: Relation between Pi (i = A and C) and kinematical parameters of the x-directional

SEA in Fig. 5.

Figure 7: Relation between Pi (i = B and D) and kinematical parameters of the y-directional

SEA in Fig. 5..
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Performing the same process to point PB (Fig. 7),

(yB − l1)2 + (zB + rp1)2 = r2p1

(yB − l1)(yTr − yB) + (zB + rp1)(zTr − zB) = 0 (8)

Combining Eqs. 5 to 8 leads to two equations that relate the transmission

point (PTr) and the measurable variables (qm, nSA
and nSB

). However, as PTr

has three variables (xTr, yTr and zTr), a third equation is required to solve

the PTr. The third equation can be obtained by analyzing the motion of the

Pantograph actuated bar. The actuated bar presents a spherical joint PE with

respect to the Fixed structure (Fig. 3). Thus, the motion of PTr is constrained

to the surface of a sphere of radius l3,

x2Tr + y2Tr + (l3 − zTr)2 = l23 (9)

which is the third equation to solve the PTr.

3.1.2. Lower springs kinematical model

After solving the PTr, the estimation of lengths nSC
and nSD

based on the

measurable variables is required according to the procedure presented in Fig. 4.

For that purpose, a similar procedure as that employed in the previous section

is applied. From Fig. 5,

PC + lC −PTr = 0→ lC =


xTr

yTr

zTr

−

xC

0

zC



PD + lD −PTr = 0→ lD =


xTr

yTr

zTr

+


0

yD

zD


(10)

where [xC 0 zC ]T and [0 yD zD]T are positions of PC and PD respectively.

The norm associated to each vector is,

lC = |lC| =
√

(xTr − xC)2 + y2Tr + (zTr − zC)2

lD = |lD| =
√
x2Tr + (yTr + yD)2 + (zTr + zD)2 (11)
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To determine the position of the point PC, the Pythagorean theorem is

applied to the unactuated pulley p2 (Fig. 6), which is contained in the xz

plane,

(xC − l2)2 + (zC + rp2)2 = r2p2 (12)

where l2 is the distance from the equilibrium point (P0) to the unactuated

pulleys (p2) and rp2 is the pulleys radius.

On the other hand, vector r2 and the xz plane projection of lC (lCxz) are

normal (Fig. 6), that is,

r2 · lCxz = 0→ (xC − l2)(xTr − xC) + (zC + rp2)(zTr − zC) = 0 (13)

Performing the same process to point PD (Fig. 7),

(yD + l2)2 + (zD + rp2)2 = r2p2

(yD + l2)(yTr − yD) + (zD + rp2)(zTr − zD) = 0 (14)

Therefore, by solving Eqs. 12 - 14 and inserting PC = [xC 0 zC ]T and

PD = [0 yD zD]T in Eq. 11, lC and lD are calculated.

So, the variable length of unsensorized springs are (Fig. 5),

nSC
= lC − qm1 rp1 + θC rp2 − l2

nSD
= lD − qm2

rp1 + θD rp2 − l2 (15)

where from Figs. 6 and 7,

θC = arctan

(
xC − l2
zC + rp2

)
θD = arctan

(
yD + l2
zD + rp2

)
(16)

3.1.3. Determination of dependent variables in the model

As described in Fig. 4, after formulating the springs variable length (nS)

and the position of the PTr, it is required to compute the dependent variables

(qnaS
= [βA βB βC βD δA δB δC δD]

T
) to complete kinematical model of the

drive system.
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As it can be seen in Fig. 5, βi is the angle between axes x and y, and

δi is the angle between axis z and plane xy that defines the direction of li

to i = A;B;C;D. By applying trigonometry, the following relationships are

obtained:

βA = arctan

(
yTr

xTr − xA

)
βB = arctan

(
xTr

yB − yTr

)
βC = arctan

(
yTr

xC − xTr

)
(17)

βD = arctan

(
xTr

yTr − yD

)

δA = arctan

(
zTr − zA√

(xTr − xA)2 + y2Tr

)

δB = arctan

(
zTr − zB√

x2Tr + (yB − yTr)2

)

δC = arctan

(
zTr − zC√

(xC − xTr)2 + y2Tr

)
(18)

δD = arctan

(
zTr − zD√

x2Tr + (yTr − yD)2

)

3.2. Dynamical model of the actuators

Once the variable lengths (nS) of the springs and the dependent variables

(qnaS
) are calculated, the dynamical model of the motor can be obtained (Fig.

4).

The actuation torque exerted by each motor j = 1; 2 (τmj
) is calculated as,

τmj
− τSj

= Imj
q̈mj

+Bmj
q̇mj

+ Fcj tanh(βj q̇mj
) (19)

where Imj
is the inertia, Bmj

the torsional viscous friction coefficient and Fcj

and βj the Coulomb friction [34]. τS1 = τSA
+τSC

and τS2 = τSB
+τSD

define the

equivalent torques exerted by the springs in each motor j = 1; 2. This torque is

calculated by multiplying the force exerted by each spring (Fm
Si

) by the radius
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of the actuated pulley (rp1) (Figs. 8 and 9). As motor m1 is contained in plane

xz and motor m2 in plane yz,

τS1
= τSA

+ τSC
=
∣∣∣Fm

SAxz

∣∣∣ rp1 +
∣∣∣Fm

SCxz

∣∣∣ rp1
τS2

= τSB
+ τSD

=
∣∣∣Fm

SByz

∣∣∣ rp1 +
∣∣∣Fm

SDyz

∣∣∣ rp1 (20)

Figure 8: Representation of forces and torques resulting from the springs and motors in SEA

based drive system.

On the other hand, the magnitude of each spring force (FSi
) depends on its

variable length (nSi) and its constant (kSi), while its direction (ui) depends on

the passive variables (qnaS
),

Fm
Si

(nSi
,qnaS

) = FSi
ui = kSi

nSi
ui (21)

where the unitary force direction vectors ui are (Figs. 5 and 9),

uA = [ cosβA cos δA sinβA cos δA sin δA ]
T

uB = [ sinβB cos δB − cosβB cos δB sin δB ]
T

uC = [ −1 0 0 ]
T

(22)

uD = [ 0 1 0 ]
T
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Figure 9: Torque exerted by each motor (τmj , j = 1; 2).

So, the torques exerted by the springs in each motor are,

τS1 = τSA
+ τSC

= kSA
nSA

rp1

√
cos2 βA cos2 δA + sin2 δA + kSC

nSC
rp1

τS2
= τSB

+ τSD
= kSB

nSB
rp1

√
cos2 βB cos2 δB + sin2 δB + kSD

nSD
rp1 (23)

3.3. Dynamical model of the drive system: dynamics of Transmission Point

As a final step in modelling of SEA based drive system, dynamics of the

transmission point is identified (Fig. 4). The transmission point PTr defines the

contact point between the Pantograph and the drive system. As the drive system

is based on a motor-spring actuation, the exerted force (FTr) is calculated based

on the spring forces that are transmitted through the cables (FTr
Si

) (Figs. 8 and

10),

FTr =

D∑
i=A

FTr
Si

= FTr
SA

+ FTr
SB

+ FTr
SC

+ FTr
SD

(24)

The magnitude of each spring force (FSi) depends on its variable length (nSi)

and its constant (kSi
), while its direction (vi) depends on the passive variables

(qnaS
),

FTr
Si

(nSi
,qnaS

) = kSi
nSi

vi (25)
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Figure 10: Resultant force (FTr) at Transmission point (PTr).

where vi is the unitary direction vector of li to i = A;B;C;D, which depends

on qnaS
= [βA βB βC βD δA δB δC δD]

T
(Figs. 5 and 10),

vA = [ − cosβA cos δA − sinβA cos δA − sin δA ]
T

vB = [ − sinβB cos δB cosβB cos δB − sin δB ]
T

vC = [ − cosβC cos δC sinβC cos δC sin δC ]
T

(26)

vD = [ sinβD cos δD cosβD cos δD sin δD ]
T

So, the transmission force (FTr) in terms of the variable length (nS) of the

springs and the dependent variables (qnaS
) is given by,

FTr = kSA
nSA


− cosβA cos δA

− sinβA cos δA

− sin δA

 + kSB
nSB


− sinβB cos δB

cosβB cos δB

− sin δB



+ kSC
nSC


− cosβC cos δC

sinβC cos δC

sin δC

 + kSD
nSD


sinβD cos δD

cosβD cos δD

sin δD


(27)
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4. Modelling of Pantograph structure

The Pantograph is the part of the UHP rehabilitation robot which interacts

with the patient. It is composed of three mobile bars (actuated, transverse

and parallel) and a fixed structure [30] (Fig. 11). Moreover, these bars can be

represented by five mobile elements (E1, E2, E3, E4 and E5) and five joints (PE,

PF, PG, PH and PI), where joints PF, PH and PI are lockable/unlockable.

This mechanical structure allows 2 DoFs motion, depending on the combination

of joints PF, PH and PI.

Figure 11: Pantograph in ARM mode.

In ARM mode, as the joint PF is locked, relative motion between elements

E2 and E3 does not happen. Furthermore, revolute joint PH and universal joint

PI are unlocked, in order to allow the motion of the parallel and transverse bars.

As a result, a four-bar mechanism structure is defined, where all the bars are

always contained in plane π while allowing rotation (α) about y axis (Fig. 11).

Similarly, the four-bar mechanism allows motion in the direction of the y axis
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of π plane, which is defined by the variation of the angles of the actuated (ϕ1),

parallel (ϕ2) and transverse (ϕ3) bars with respect to the xz plane.

Therefore, when the drive system applies force at the lower end of the ac-

tuated bar (PTr), this generates movement of both parallel and transverse bars

and consequently moves the patients arm attached to Pantograph. The resulting

motion in ARM mode is 2 DoFs in x and y directions.

Moreover, thanks to the slider that allows relative translation between ele-

ments E1 and E2, the actuated bar length can vary. In this way, the transverse

bar inclination can be modified to achieve an ergonomical position for the pa-

tient (Fig. 11). During the execution of the training exercise, the variable length

d1 is locked in a known position to prevent undesirable changes in its length for

the safety(Fig. 12).

Figure 12: Representation of parameters describing the Pantograph configuration.

In the particular case where the variable length d1 is zero (Fig. 12), the

parallel bar and the actuated bar have the same length. Hence, the structure is
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a regular four-bar mechanism, in which both pairs of bars, parallel and actuated

and transverse and fixed are always parallel (ϕ1 = ϕ2, ϕ3 = 0).

The equilibrium position of the UHP is achieved when the actuated bar is

in vertical position (ϕ1 = 0 and α = 0), defining the origin of the base reference

frame P0 = PTr (xTr = yTr = zTr = 0).

On the other hand, the rest of the parameters that are used to define the

geometry of the Pantograph are detailed in Fig. 12.

With the aim of identifying the relationship between the contact (PCn) and

transmission (PTr) points, the kinematical (Section 4.1) and dynamical (Section

4.2) models of the Pantograph in ARM mode are derived (Fig. 2).

4.1. Kinematical model

First, the Pantograph kinematical model, that relates the motion of the

transmission point PTr = [xTr yTr zTr]
T

, and the contact point position PCn =

[xCn yCn zCn]
T

are calculated based on the kinematical loop equation (Fig. 12),

PTr + l5 + d1 + l7 −PCn = 0 (28)

Solving for PCn,
xCn

yCn

zCn

 =


xTr

yTr

zTr

+
l5 + d1 + l7

l3


−xTr
−yTr
l3 − zTr


(29)

=
−l4 − d1 − l7

l3


xTr

yTr

zTr

+


0

0

l5 + d1 + l7


Eq. 29 relates the input (PTr) and output (PCn) motion, but in order to

fully define the motion of the Pantograph, the position of point PH must be

calculated. For this purpose, a geometrical approach based on the intersection

of circumferences is used.
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In ARM mode, the bars composing the Pantograph are always contained in

the π plane, which can rotate α around y axis (Fig. 11). Hence, considering

that the Pantograph behaves as a four-bar mechanism, its kinematics can be

calculated by defining two circumferences of center in joints PG and PI, and

constant radius l8 and l9, respectively (Fig. 13). To calculate the intersection,

PH, the coordinates of PG and PI have to be projected to the plane. To perform

this projection the reference system is moved to point PE and the axes yπ and

wπ are taken as coordinates, where yπ = y and wπ =
√
x2 + (l3 − z)2.

Figure 13: Pantograph projection on the plane π.

The position of the circumferences center (PG and PI) in the reference

system of the UHP (x, y, z) are (Fig. 13),

PG = PTr + l3 + l4 + d1 + l6 =
l4 + d1 + l6

l3


−xTr
−yTr
−zTr + l3

+


0

0

l3
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PI = PTr + l3 − l10 =


0

l10

l3

 (30)

So, their projection on the plane π (PG
π and PI

π),

PG
π =

(l4 + d1 + l6)

l3

 −yTr√
x2Tr + (l3 − zTr)2


PI

π =

 l10

0

 (31)

Therefore, the circumferences, defined in the π plane,(
yπH +

l4 + d1 + l6
l3

yTr

)2

+

(
wπH −

l4 + d1 + l6
l3

√
x2Tr + (l3 − zTr)2

)2

= l28

(yπH − l10)2 + (wπH)2 = l29 (32)

Solving the Eq. 32, the intersection point PH
π defined in the π plane coor-

dinate system is obtained. So, its value in the reference system of the UHP (x,

y, z) is,

xH = wπH sinα

yH = yπH (33)

zH = wπH cosα+ l3

where the angle α is the inclination angle of plane π with respect to xz plane,

and is defined as,

α = arctan

(
xE − xTr
zE − zTr

)
= arctan

(
−xTr
l3 − zTr

)
(34)

Once the α is calculated , the rest of the passives variables that define the

kinematical model of the Pantograph (qnaA
= [α ϕ1 ϕ2 ϕ3]

T
) can be obtained

knowing that yπ = y and wπ =
√
x2 + (l3 − z)2 (Figs. 11 and 13),

ϕ1 = arctan

(
yπE − yπTr
wπE − wπTr

)
= arctan

(
yπTr
wπTr

)
= arctan

(
yTr√

x2Tr + (l3 − zTr)2

)
(35)

23



ϕ2 = arctan

(
yπH − yπI
wπH − wπI

)
= arctan

(
yπH + l10
wπH

)
= arctan

(
yH + l10√

x2H + (l3 − zH)2

)
(36)

ϕ3 = arctan

(
wπG − wπH
yπG − yπH

)
(37)

where yπG and wπG are defined in Eq. 31, so,

ϕ3 = arctan

(
l3wH − l4 − d1 − l6

√
x2Tr + (l3 − zTr)2

l3yH + l4 + d1 + l6yTr

)
(38)

In the particular case where d1 = 0, the actuated and the parallel bars will

have an equal length, so wπH=wπG, ϕ3=0 and ϕ1 = ϕ2.

Once the position problem is defined, the speed problem of the Pantograph

can be completely defined by calculating the Jacobian matrices relating the time

derivatives of the output variables (ṖCn) and passives variables (q̇naA
) with the

time derivative of the input variables (ṖTr).

Hence, derivating Eq.29, the input-output Jacobian can be calculated,

ṖCn = Jx︸︷︷︸
3x3

ṖTr (39)

Similarly, inserting PH value and taking the time derivative in Eqs. 34 - 37,

α̇ = Jα︸︷︷︸
1x3

ṖTr

ϕ̇1 = Jϕ1︸︷︷︸
1x3

ṖTr

ϕ̇2 = Jϕ2︸︷︷︸
1x3

ṖTr (40)

ϕ̇3 = Jϕ3︸︷︷︸
1x3

ṖTr
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Combining Eqs. 39 and 40,

q̇naA
=


α̇

ϕ̇1

ϕ̇2

ϕ̇3

 =


Jα

Jϕ1

Jϕ2

Jϕ3

 ṖTr = JqnaA
ṖTr = JqnaA

Jx
−1ṖCn (41)

4.2. Dynamical model: dynamics of Transmission point

The dynamical model of the Pantograph is used to determine the relation-

ship between the transmission force from the SEA (FTr) and the contact force

from the patient (FCn) depending on the transmission motion (PTr). For this

purpose, the Lagrangian formulation is used [35].

In ARM mode the Pantograph is composed by five elements (E1, E2, E3,

E4 and E5, where E1, E2, E3 have the same motion due to the lockable joints

PF) (Fig. 14).

Figure 14: Position of center of mass of Pantograph segments.
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Therefore, the Langrangian function can be defined as,

L = KE1 +KE2 +KE3 +KE4 +KE5− (UE1 +UE2 +UE3 +UE4 +UE5) (42)

where KEi
and UEi

are kinetic and potential energies of each element, defined

as,

KEi
=

1

2
mEi

vCMEi

T vCMEi
+

1

2
ωCMEi

T IEi
ωCMEi

(43)

UEi
= mEi g hCMEi

(44)

where mEi is the mass of each element, IEi
its inertia, hCMEi

the z coordinate of

the center of mass position, vCMEi
the linear velocity of the center of mass and

ωCMEi
its angular velocity. The position of the center of mass of each element

CME is shown in Fig. 14,

CME1 = PTr + lCME1

CME2 = PTr + l3 + l4 + d1 − lCME2

CME3 = PTr + l3 + l4 + d1 + lCME3
(45)

CME4 = PTr + l3 + l10 + l9 + lCME4

CME5 = PTr + l3 + l10 + lCME5

The linear velocity (vCMEi
) is obtained by differentiating CMEi

,

vCMEi
=
∂CMEi

∂PTr
ṖTr (46)

On the other hand, the angular velocities are calculated in terms of the

passives variables,

ωCME1
= ωCME2

= ωCME3
=


−ϕ̇1 cos(α)

−α̇

−ϕ̇1 sin(α)

 (47)

ωCME4
=


−ϕ̇3 cos(α)

−α̇

−ϕ̇3 sin(α)

 (48)
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ωCME5
=


−ϕ̇2 cos(α)

−α̇

−ϕ̇2 sin(α)

 (49)

Combining Eqs. 43-49, kinetic and potential energies are defined in terms

of the transmission motion (PTr), the dependent variables (qnaA
) and their

derivatives (ṖTr, q̇naA
). So, the Lagrangian function of the Pantograph will

depend on these two sets of variables (L(PTr, ṖTr,qnaA
, q̇naA

)).

Applying the Lagrangian formulation (Eq. 42),

DTr P̈Tr + CTr ṖTr + GTr =
d

dt

(
∂L

∂ṖTr

)
− ∂L

∂PTr

=
∑

λTr
∂ΓTr(PTr,qnaA

)

∂PTr
+ FTr (50)

Dq q̈naA
+ Cq q̇naA

+ Gq =
d

dt

(
∂L

∂q̇naA

)
− ∂L

∂qnaA

=
∑

λTr
∂ΓTr(PTr,qnaA

)

∂qnaA

(51)

where, ΓTr(PTr,qnaA
) = 0 is the closure equation that relates the input and

output variables (Eq. 29), λTr is the set of Lagrange multipliers, and FTr is

the force applied in the transmission point (PTr). On the other hand, inertia

D, Coriolis C and gravity G terms, which depends on the dependant variables

(Dq, Cq and Gq) or transmission motion (DTr, CTr and GTr), can be easily

defined by grouping acceleration, velocity and gravitational terms.

If the model is to be defined in terms of PTr, and considering that JqnaA
=

∂qnaA
/∂PTr (Eq. 41),

FTr = DTrP̈Tr+CTrṖTr+GTr+JqnaA

T (Dqq̈naA
+ Cqq̇naA

+ Gq)−Jx
TFCn

(52)

which can be rewritten in compact form in terms of PTr and its velocity and

acceleration,

FTr = D P̈Tr + C ˙PTr + G + FE (53)
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where,

D = DTr + JqnaA

TDqJqnaA

C = CTr + JqnaA

TCqJqnaA
+ JqnaA

TDqJ̇qnaA

G = GTr + JqnaA

TGq

FE = −Jx
TFCn

(54)

Thus, the relationship between the interaction force (FCn) and dynamical

behavior (FTr and PTr) of the transmission point is obtained by Eq.54.

5. Experimental Validation

Several experimental tests were carried out to demonstrate the effectiveness

of the identified kinematical and dynamical models of the UHP rehabilitation

robot. With this objective, the defined models were implemented in Matlab,

and its results were compared with data obtained from experimental tests with

the UHP prototype.

For that purpose, in addition to the sensors included in the prototype, (i.e.

the encoders measuring motor rotation angle (qm) and the linear potentiometers

used to determine the lengths of upper springs (nSA
and nSB

)), a force sensor

(MINI40, ATI) and a 3 axis inclinometer (YNGS1, Sensor-Technik Wiedemann

GmbH ) were added to the actuated bar. The force sensor, which was located

in the contact point (PCn), was used to measure the contact force (FCn), while

the inclinometer, measuring the actuated bar inclination in x and y axes, allows

to precisely estimate the contact point motion (PCn).

The motor controllers, prototype sensors and extra sensors were connected

to a centralized embedded controller based on CompactRIO platform. The data

acquisition system was implemented in Labview Real-Time.

The distance parameters of the UHP were experimentally identified, while

the motor-pulley parameters (Eq. 19) were identified using the Grey-box proce-

dure [34]. And the Pantograph mass and inertia were obtained from combining
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real measurements and MSC ADAMS multibody simulation software. The pa-

rameters of the UHP are summarized in Table 1.

Parameter Value Parameter Value

Im1
0.003615Ns2/rad l6 0.202m

Im2 0.002742Ns2/rad l7 0.12m

Bm1
1.02 · 10−7Ns/rad l8 0.268m

Bm2
5.27 · 10−9Ns/rad l9 0.662m

Fc1 0.840395Nm l10 0.268m

Fc2 0.731213Nm lCME1
0.17m

β1 4223.98s lCME2
0.21m

β2 4318.25s lCME3
0.101m

rp1 0.047m lCME4
0.134m

rp2 0.0325m lCME5
0.331m

l0A 0.035m mE1
0.882kg

l0B 0.032m mE2
1.25kg

l0C 0.038m mE3
1.23kg

l0D 0.031m mE4 1.55kg

kSi
4000N/m mE5

1.17kg

l1 0.575m IE1
[13.5 0.49 13.4 ] 10−3kg m2

l2 0.15m IE2
[ 9.7 0.59 9.51] 10−3kg m2

l3 0.18m IE3 [ 4.9 1.96 3.61] 10−3kg m2

l4 0.46m IE4
[ 40 13.5 28 ] 10−3kg m2

l5 0.64m IE5
[ 31 0.53 31 ] 10−3kg m2

Table 1: Parameters of the UHP prototype.

Four tests were carried out to validate the kinematical and dynamical models

of UHP rehabilitation robot. In order to show that the models work correctly

when the robot interacts with the user, the experimental tests were performed

with healthy people. It is noted that 75 experiments were carried out, and that
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only the most significative results are shown to demonstrate the validity of the

models.

First, the kinematical models of the drive system SEA (Section 3.1) and

the Pantograph in ARM mode (Section 4.1) were validated. For this purpose,

the motors executed a 5s period sinusoidal motion without external force. This

means that the user did not execute any resistive force to the movement of

the motors. The motor rotation angles (qm) and variable length of the upper

springs (nSA
and nSB

) were used to estimate the contact motion (PCn). In

order to validate the estimation, PCn was also calculated from the inclinometer

measurements.

In Fig. 15, the real and estimated values of x and y components (xCn and

yCn) of PCn are depicted. As it can be seen, the mean error is smaller than

3mm and the maximum error is 6mm. Note that the motion area of the UHP in

ARM mode is a circumference of 150mm radius, hence, the motion error is less

than 2% of the motion area and the obtained kinematical model can be used to

estimate the contact motion (PCn) without the need of additional sensors.

Figure 15: Kinematical model validation results.

The second test was used to validate the dynamical model of the drive system

(Section 3.2). With this objective, the Pantograph was locked in the equilibrium
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position (PTr = [0 0 0]T ) and the motors were induced to perform a sinusoidal

motion with 5s period. The force of the sensorized upper springs (FSA
and FSB

)

was calculated based on the motor torques (τm) and rotation angles (qm). These

values were compared with the forces directly computed with spring constants

and their length variations measured by the linear potentiometer.

Fig. 16, shows the real and estimated values of FSA
and FSB

. In this case,

the mean error is 2N . The springs of the UHP present a maximum variable

length (nS) of 30mm, hence, with its constant (kSi
) 4000N/m, the maximum

force that can apply to each spring (FSi = kSi nSi) is ±120N . Therefore, the

estimation error is less than 3% of the force range of the spring.

Figure 16: Dynamical model validation results: SEA based drive system.

The third experimental test was implemented to validate the transmission

point (PTr) dynamics (Section 3.3) and Pantograph dynamical model (Section

4.2). For this purpose, the motors were locked and the user moved the UHP

through its motion range. The variable length of the upper springs (nSA
and

nSB
) were used to obtain the transmission force (FTr) based on the drive system

dynamical model (Eq. 27). This estimation was compared with the measure-

ment of the contact force (FCn) and the use of the dynamical model of the

Pantograph.
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Fig. 17 shows the values of FTr calculated with both the dynamical models

of the SEA based drive system and the Pantograph in ARM mode. As it can

be observed, the mean error is smaller than 5N . In a robust and safe robot

operation, the contact point impedance of the UHP in ARM mode should be

less than 400N/m, so the contact force (FCn) oscillates in the range ±60N .

Considering the geometry of the Pantograph, the estimated transmission force

(FTr) range is 3.2 times wider than the contact force (FCn) range so the max-

imum FTr becomes ±192N . Hence, the mean error is less than %3, while the

maximum error is smaller than 10% of the maximum force range.

Figure 17: Dynamical model validation results: Pantograph structure.

In the previous tests, the kinematical and dynamical models of the SEA drive

system and Pantograph were validated separately under specific constrained

motions of the robot. In the fourth and last test, the whole system was validated.

For that purpose, the drive system was induced to perform a sinusoidal motion

with 5s period, while the user tried to maintain the robot as close to the origin

as possible.

For that purpose, the motor rotation angles (qm) and the variable length of

the upper springs (nSA
and nSB

) were used to calculate the motion of the contact

32



point (PCn), which was compared with the actual values reconstructed with the

inclinometer signals. In addition, the transmission force FTr was obtained based

on the drive systems model, and with the force sensors measures and the use of

the dynamical model of the Pantograph.

In Fig. 18, the real and estimated values of PCn are observed. As it can be

extracted from the experimental data, the mean error is smaller than 3mm and

the maximum error is 10mm. As mentioned previously, motion area of the UHP

in ARM mode is a circumference of 150mm radius, hence, the motion error is

less than 3.34% of the motion area.

Figure 18: Kinematical validation results of UHP model.

Fig. 19 shows the values of FTr calculated with both the dynamical models

of the SEA based drive system and the Pantograph in ARM mode. As it can

be seen, the mean error is smaller than 10% of the maximum force range.

It is noted that in health and care applications such as rehabilitation, move-

ment accuracy is not as critical as in other applications like surgery. In the

literature [36], the position resolution that healthy humans can control during

upper limbs movement is 5mm in the average, indicating that the mean error

of 3mm is higher than the resolution of human arm movement. Moreover, in

the most of actual robot mediated trainings using force, the force magnitude is
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Figure 19: Dynamical validation results of UHP model.

smaller than 20N for the patient safety [37], which means force errors of 10%

correspond to 2N . In this sense, the position and force errors obtained in this

study are likely to be acceptable in the use for rehabilitation purpose.

6. Conclusions

In this paper, kinematical and dynamical models of the multipurpose reha-

bilitation robot, Universal Haptic Pantograph (UHP) have been identified. This

work focuses on the ARM mode which is used for impaired elbow and shoulder

rehabilitation, among different rehabilitation modes offered by UHP thanks to

its reconfigurable mechanical structure.

The UHP structure can be divided in two subsystems: a SEA based drive

system, and a Pantograph structure with which the user interacts. These two

subsystems are connected through the transmission point, allowing the control

of motion and force of UHP depending on the purpose of the rehabilitation

program. Based on the loop vector equations and the Lagrangian formulation,

the kinematical and dynamical models of both subsystems have been derived,
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aiming to estimate system outputs with the minimum of required sensors as

well as facilitate the design of advanced interaction controllers between user

and UHP.

In order to demonstrate the validity of the model and its application as

motion and force estimators, several experimental tests were carried out. For

the validation, the system outputs estimated using the models were compared

with those obtained by measurements. The results demonstrate that the motion

mean error in the contact point (PCn) is less than 4% of the motion area,

while the transmission force (FTr) error is smaller than the 10% of maximum

force range. Moreover, these results imply that the models can be used in

the estimation of the system outputs as well as in the design of the controller

with acceptable accuracy and reliability for rehabilitation applications as the

obtained accuracy is higher than human motion and force resolution. Therefore,

it is concluded that the use of the developed model can minimize required sensor

sets, resulting in the reduction of the robot cost.

In future works, the proposed kinematical and dynamical models will apply

to the implementation of advanced controllers for rehabilitation purpose. And

the control performance will be compared with that based on direct measure-

ment of force and motion while interacting with the user.
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