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Harmonic embeddings of the Stretched
Sierpinski Gasket

Ugo Bessi

Abstract. P. Alonso-Ruiz, U. Freiberg and J. Kigami have defined a large
family of resistance forms on the Stretched Sierpinski Gasket G. In the
present paper we introduce a system of coordinates on G (technically, an
embedding of G into R?) such that

e these forms are defined on C*(R?, R) and

e all affine functions are harmonic for them.
We do this adapting a standard method from the Harmonic Sierpinski
Gasket: we start finding a sequence G; of pre-fractals such that all affine
functions are harmonic on G;. After showing that this property is inher-
ited by the stretched harmonic gasket G, we use the formula for the
Laplacian of a composition to prove that, for a natural measure y on G,
C?*(R? R) C D(A) and Teplyaev’s formula for the Laplacian of C* func-
tions holds. Lastly, we use the expression for Au to show that the form
we have found is closable in L*(G, u).

Mathematics Subject Classification. 31C25, 28 A80.

Introduction

In [1], P. Alonso-Ruiz, U. Freiberg and J. Kigami extend a result of [2] and
define a family of resistance forms on the Stretched Sierpinski Gasket; we
briefly sketch the construction of this relative of the Sierpinski Gasket.

One considers the vertices of an equilateral triangle in R?;
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FIGURE 1. The first pre-fractal of the Stretched Gasket

and the three contractions, depending on a parameter « € (0, %)
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Denoting by PQ the segment joining P,Q € R?Z, the Stretched Sierpinski
Gasket is the unique compact set G C R? such that

3
G= U Pi(G) U [1(B)h2(A) Ui (C)s(A) U (C)ys(B)). (2)

The segments in Fig. 1 above are the first stage of the construction of G or,
technically speaking, the first pre-fractal G of formula (4) below; in the figure
the maps v, are called F; because this is the notation we’ll adopt when the
maps are affine, but not necessarily homotheties.

Many fractals G are induced by Iterated Function Systems: roughly
speaking, there are invertible contractions Fi,...,F,: R*> — R? such that
a “homogeneous” version of (2) holds:

G= ij Fi(G).

For this kind of sets, the construction of a resistance form is a staple of fractal
theory: we refer the reader to [10,15] for a purely analytical construction; [4]
has a different approach, which uses the dynamics on G (as we shall see in
Sect. 1 below, this dynamics exists if the maps F; are invertible) and the fact
that the “carré de champs” is closely related to a Gibbs measure.

This method cannot be applied directly to the stretched gasket because
the maps of [2,3] are not invertible: to build a form on the stretched gasket
one has to stretch the approach of [10]. In the present paper we re-prove
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the result of [1] using the dynamical approach of [4]; a side result will be a
harmonic embedding of G in R?, by which we mean that all affine functions
are harmonic on the image of G. The name comes from the analogous property
of the harmonic Sierpinski gasket (see [9] for a thorough study of this set).

We briefly explain our construction. A naive idea would be to replace the

homotheties ¥; with affine maps F; such that all pre-fractals are harmonic: by
this we mean that all affine functions are harmonic on them. This does not
work for two reasons:
1) it doesn’t yield a natural way to insert infinitely many parameters, as in [1].
2) The “cable” part of the Dirichlet form does not converge (a fact which will
be evident in Sect. 5). The term “cable” comes from [1] and we shall define it
precisely in formula (6) below.

Thus, we follow a different path: we consider a sequence {(F}, Fs, Fi)}i>1
of triples of affine maps. The maps of each triple are tied by a very strong
symmetry property and the first elements of the triples have the following
form, strongly reminiscent of the harmonic gasket: for ¢; € (0, 1),

5(G)-(31)

Now we define the [-th pre-fractal. We set F;, ;. = Fll1 o---0F} with
the convention that F;, ;. is the identity when s = 0; we define
Go=Go=ABUBCU AC.
For [ > 0 we set
G =G U (4)
where

G: = U F;, . .i,(Go). (5)
i1..i1€{1,2,3)

As we shall see, G; is a union of disjoint triangles; the number ¢ in (3) is
the relative size of F;, ;, (Gp) with respect to F;,. i, ,(Go) into which it is
contained; this fact somehow recalls the construction of the Cantor set of
positive measure [18]. The set C; of (4) is the set of the cables connecting the
triangles: namely, we set

0 = {F7(B)F;5(A), FT(C)F5(A), 5 (C)F5(B)} (6)

and

l
C = U U Fil---is—l(QS)'

s=14y...45-1€{1,2,3}

With the convention we have adopted, when s = 1 F;,_ ;. (°) = Q! is the
set of the first generation cables which connect together the first generation
triangles FJ»I(GO); it is the situation depicted in Fig. 1. When s = 2 we get
the cables connecting the second generation triangles F;, ;,(Go) and so on. The
stretched gasket is the Haussdorff limit of the sets G; as | — +o0.
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We define a Dirichlet form on G;. For the sequence {¢; };>1 of (3) we set

) A TN ) SR

If P,Q € R?, we parametrise the segment P(Q in the standard way:
For [ > 1, we set
Eri: CY(R%,R) x CY(R*,R) = R
Er(Vu, Vo) = Ex 1(Vu, Vo) + € ;(Vu, Vo). (9)
We define the two bilinear forms on the right hand side of (9) in a similar way
to [1]; with the same notation as above we set
a
\Eorpt 2
(5) iz € iy...€{1,2,3}
td

b0 Fina o v (t) -

Ex 1 (Vu, Vo) =

o By ot (10)
je{AB,BC,AC}" 0 dt
where a > 0 is a suitable number. When [ = 1, the integrals above are on the
three small triangles of Fig. 1; when [ > 2 we are integrating on the pre-fractal
G defined by (5).
Integrating on the cables and their images gives us 512; in other words,
for a suitable b > 0, for A, ééz,s as in formula (5.1) below and Q° as in (6),
we set

&z 1(Vu, Vo)

l 1
> > S b d
= — . f’U,OFZ- g o~.i(t
Ao+ (1 —¢) /0 dt 1iamr 07 (1)

s=14..i,€{1,2,3} jeQ*

d
"V 0 Finiam 05 (8)dt (11)
We shall see in Sect. 6 below that the form Ex; of (9) converges to a
bilinear form

Er: C*(R?*R) x C*(R*,R) — R.

The major problem here is not convergence, which follows in a standard
way from dynamical considerations: it is to show that £z has the properties
of a resistance form (a definition is in [1], the theory is in [10,11]). We shall
look at this from another perspective, that of Dirichlet forms; the relationship
between resistance and Dirichlet forms is in section 8 of [11]. In this setting,
the problem becomes proving that £x extends to a local, regular Dirichlet
form in L?(G, ) for some reasonable measure u. The part that requires more
work is closability and it is here that we need harmonicity: namely, our choice
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of the triples {(F}{, Fi, F%)} implies that affine functions are harmonic for all
forms €r ;. The limit form &g will inherit this property, i. e.

Er(Vu,Vuv) =0 (12)

whenever u: R? — R is affine and the test function v € C*(R?,R) satisfies
v(A) = v(B) = v(C) = 0. As we shall see, (12) allows us to show that C?
functions admit a Laplacian which is given by Teplyaev’s formula [19], i. e.
formula (7.1) below. The proof follows [6]: essentially, we see u(z,y) as the
composition of u with the two harmonic functions x and y, and then use
the standard method to find the Laplacian of a composition. Once we have
Teplyaev’s formula, integration by parts shows easily that the map : v —
Er(u,u) is lower semicontinuous on L?(G, u); by [14], this is tantamount to
the fact that £ is closable on this space.

We briefly outline the difference between the approach of [1] and ours. In
[1], the fractal is defined by the homotheties ¥; we defined after (1); the authors
look for resistance forms on the pre-fractals which increase to a resistance form
defined on a certain subspace of continuous functions on the fractal. In this
approach, the harmonic immersion comes last, since existence of harmonic
functions for resistance forms is a standard fact [11].

On the other side, we are looking for triples of affine maps (F}, F3, Fi)
such that
(1) the form Ex has the simple domain C'(R?, R).

(2) Affine functions are harmonic on the pre-fractals and, taking limits, on the
fractal. As a consequence,

(3) for a natural measure p on G, the Laplacian has a simple domain,
C?(R? R), and a simple expression.

As for the convergence of the forms on the pre-fractals, this will follow
from standard results of Dynamical Systems which imply convergence to the
Gibbs measure.

At the end, we shall have proven the following theorem.

Theorem 1. Let the numbers {€;};>1 C (0,1) in the sequence R of (7) satisfy

HQ > 0.

i>1

Then, R determines a sequence of triples of affine maps {(F{, Fi, Fi)}i>1 such
that the following points hold.

(1) Let Er, be the form on the pre-fractal G; defined by (9) and let Ex be the
form on G defined by (6.10) below. Then, for all u,v € C*(R? R), we have
that

Eri(Vu,Vu) = Ep(Vu, Vo) as | — +oo.

(2) Affine functions are harmonic for Eg, i. e. formula (12) holds.

(3) For the finite Borel measure p on G of formula (6.14) below, C*(R%, R) is
contained in the domain of the Laplacian.

(4) The form Er of point 1) above extends to a regular, local Dirichlet form in
LG, ).
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(5) Defining 5{29_7.} s asin (3.2) and €3, as after formula (6.3) we have that

1

5 -
€1

1
Er(Vu, V) = Eor(Vuo F},Vvo F}) + g?gfﬂj},l(Vm V).
Rl

[S){[eY)

i=1

The paper is organised as follows. In Sect. 1 below, we recall from [4]
the dynamical definition of Kusuoka’s measure and bilinear form. In Sect. 2,
we write down the maps F} and define F3, Fi by symmetry; in Sect. 3 we
define energy and harmonicity on the pre-fractal Gy; in Sect. 4 we choose the
coefficients of F} (which determine those of Fi and Fj by symmetry) so that
the set G1 of (4) is harmonic. In Sect. 5 we show that the sets G; are harmonic
for all [ > 1. In Sect. 6 we take limits as | — +oo and build the form £z and
the measure pu; in Sect. 7, we end the proof of theorem 1, proving closability.

1. A dynamical approach to Kusuoka’s measure and bilinear
form
Fractal sets. We begin considering a fractal G which satisfies hypotheses (F1),
(F2) and (F3) below; this is the case when the maps {F}}’;Zl do not depend
on the iteration [; the case when they depend on the iteration is treated at the
end of this section.
(F1) There are p invertible affine maps
F,....,F: RT = RY
satisfying
n: = sup Lip(F;) < 1. (1.1)
i€(1,...,p)

By theorem 1.1.7 of [10], there is a unique non empty compact set G c R4
such that

é:@m@y (1.2)
=1

If (F1) holds, then the dynamics of F on G can be coded. Indeed, we
define ¥ as the space of sequences
2:{1,,]3}1\1:{{1'1}121 $Z€(1,7p), VZZ].}
with the product topology. This is a metric space; for instance, if v € (0, 1),
we can define the metric

dy({witiz1, {yitiz1) =2
where
k=inf{i >1: z; # y;},

with the convention that the inf of the empty set is +00 and 47> = 0.
We define the shift o as

o — X, o: {xy,me,29,...} = {w2,23,24,...}.
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Ifzq,...,2;€(1,...,p), we define the cylinder
1...¢)={{yitiz1 €X: yy=a; for i€ (1,...,D)}
We also set

Fpfwy=Fy 0---0F, (1.3)

and

[@1... 2] = Fypy 0 Fpy 020 Fp (G). (1.4)

Ife = (ryz2...)andi € (1,...,p) we set (ix) = (iz122...). Now (1.4) implies
that

Fi([x1...x]a) = [izy ... 2]a. (1.5)

Since the maps F; are continuous and G is compact, the sets [z ...2;]5 are
compact. By (1.2) we have that F;(G) C G for ¢ € (1,...,p); by (1.4) this
implies that, for all {z;},>1 € X,

[Ty ... x1@]s Clor .. xa]g CG.
From (1.1), (1.3) and (1.4) we get that
diam([z1 ... 21]g) < nt- diam(é). (1.6)
Let {x;};>1 C %; by the last two formulas and the finite intersection property

we have that
ﬂ [xl e C(:l}é
1>1

is a single point, which we call ®({z;};>1); formula (1.6) implies in a standard
way that the map ¢: ¥ — G is continuous. It is not hard to prove, using
(1.2), that ® is surjective. We shall call d the distance on G induced by the
Euclidean distance on R? and, from now on, in our choice of the metric on %
we take v € (n,1); this implies by the definition of d, on ¥ and (1.6) that ®
is 1-Lipschitz.

In [4] we needed some control on the lack of injectivity of ®; since we
are going to apply this theory to the limit set G of the sequence (5), which
is totally disconnected, injectivity comes for free and we can introduce some
simplifications vis-d-vis [4].

(F2) We ask that, for i # j, F;(G) N F;(G) is empty.

It is easy to see that (F2) implies that G is totally disconnected and the
map P is injective.

(F3) Since by (F2) the sets F;(G) are disjoint and compact and since (1.2)
holds, we can find disjoint open sets Oq,...,0, C R? such that

GNO;=Fi(G) for ie(l,...,p).

We ask that O; C F; 1(0;) (or, equivalently, that F;(O;) C O;, since the maps
F; are diffeos).
We define a map F: [JI_, O; — R by

F(z)=F Y(z) if z€0;.

K2
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This implies the second equality below; the first one comes since we supposed
that O; C F; 1(0;) for alli € (1,...,p).
FoFy(x)=2z VY2€O;C F,*0;) and F,oF(z)=x VYzeO;. (1.7)

We call a; the unique fixed point of F;; note that, by (1.2), a; € G.
Note that, if x = (x122...), then by the definitions of ® and o

O(z) = ﬂ[zl...xl]é, Doo(x) = ﬂ[l‘gl‘l]é
>1 1>2

This implies the first and last equalities below. Now recall that, if z =

(r122...), then ®(x) € F,,(G) by (F2); thus, ®(z) € O, and (1.4) and
(1.7) imply the middle equality.

Fod(zx)=F m[xlzl]é :ﬂ[xg...zl]é:q)oa(x).
21 1>2

As a consequence, the two equalities below hold for all z € X.
Doo(r)=Fod(x)
O(1,2) = F(®(x)) Vie(l,...,p).
In other words, up to a change of coordinates, shifting the coding one place to
the left is the same as applying F. Iterating the first one of (1.8) we get that,
foralll > 1 and all x € %,
dool(x)=Flod(z).

A particular case (save for the fact that (F2) is not satisfied, but the
more general hypotheses of [4] are) is the harmonic Sierpinski gasket on R?;
we refer the reader to [9] for an introduction to the properties of this set. We

(1.8)

set
30 3 VB 3 _ B
le(g’l), =1 0 ), = (10, 0 ),
75 0° 2 0° 2
1 1
a=(0) =) o-(ty)
V3 V3
and

Fl(SU)ZTl(,I'), FQ(Z’):B-FTQ (SU—B), Fg(l'):C+T3((E—C)

Referring to Fig. 2 below, F; brings the triangle ABC into Abc; Fy brings
ABC into Bac and F3 brings ABC' into Cba. We take three disjoint open sets
01, Oz, O3 which contain, respectively, the triangle Abc minus b, ¢, Bca minus
¢,a and Cba minus a, b.

We define the map F as

F(z)=F '(z) if 2€0;
and on {a, b, c} we extend it arbitrarily, say F'(a) = A, F(b) = Band F(c) = C.
We have stated these hypotheses essentially with theorem 1.1. below in

mind; before coming to it, we need some notation on matrix-valued measures.
This is because, recently, several authors [8,13,17] realised that Kusuoka’s



NoDEA  Harmonic embeddings of the Stretched Sierpinski Gasket Page 9 of 34 80

B B

C C

FIGURE 2. The first two pre-fractals of the Harmonic Gasket

measure £ [12] is an object well-known in Dynamical Systems, namely a Gibbs
measure; we shall follow the approach of [4] and [5] in which the carré de
champs is expressed through a matrix-valued Gibbs measure 7.

The space of matrices and the measures valued in it. We define M as the space
of all matrices from R? to itself; we call M the subspace of symmetric matrices.
The space M is a Hilbert space under the Hilbert-Schmidt inner product

(A,B)gs: =tr(A'B)
where !B denotes the transpose of B. The norm is the standard one:
IAll7rs: = (A, A)ms.

We say that A € M is positive (or semi-positive) definite if (Av,v) > 0
(or (Av,v) > 0) for all v € R?\ {0}.

For positive or semipositive symmetric matrices we shall use the standard
notation, i. e. A > 0 and A > 0 respectively. If A, B € M, we shall say that
B>AifB-A>0. .

Let G C R? be compact; we define M(G, M) as the space of the Borel
measures on G valued in M. We define the integral of A € C(G, M) against
€ M(G, M); in order to do this, we recall from [18] that the total variation of

1 is a finite scalar measure ||4|| on the Borel sets of G. The polar decomposition
of p is given by

= My ||p|

where ||p|| is the total variation measure of y and M: G — M is a Borel field
of matrices which satisfies

[|Myllgs =1 for ||p|| -a.e. z€Q@. (1.9)

If A: G — M is Borel and ||A||gs € L'(G, |[|1]]), then by (1.9) and Cauchy -
Schwarz we have that
(Ay, M) ms € LY(G,||p||). Consequently, we can define the scalar

/ (Ay, dpa(e))is: — / (Auy M) |l ().
G G
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The duality coupling between C(G, M) and M(G, M) is given by
() C(G, M) x M(G,M) - R
o) = [ (Acsdu@))as. (1.10)

If Q € C(G,M) and . € M(G,M)), we define the scalar measure (Q, 1) s
by

/ F@)AQ, ) ns(@): — / (fQ. dw)s (L11)
G G

for all f € C(G,R). In other words, (Q,1)ps = (Qz, Mz)us - ||1|| for the
decomposition (1.9).

If v,w: G — R? are Borel functions such that ||v]| - ||w|| € LY(G,]|pl])
then, again by (1.9) and Cauchy-Schwarz, (v,, Myw,) € L*(G,||u||), which
implies that the third integral below converges. The second equality below is
the definition of the middle integral, the first one comes from the fact that
(v, Mw) = (v @ w, M)pys.

/G (00 & wa, dpi(2)) s — /G (v, dpa(z) - w(z)) = /G (v Myw,)d || ().
(1.12)

Now we concentrate on symmetric matrices, i. e. on the space M defined
above; the reason is that Riemannian tensors are symmetric and we want to
define a Riemannian structure on G, natural for the dynamics F' of (1.7).

We define M (G, M) as the linear space of the Borel measures on G valued
in M. Since M C M we have that

M(G, M) c M(G,M). (1.13)
By Lusin’s theorem, € M(G, M) belongs to M(G, M) if and only if, for all
a, 3 € C(G,R?) and the duality coupling (1.10) we have that

(a®B,p) = (B a,u). (1.14)

We say that u € M(G, M) is semipositive definite if 1(E) is semipositive-
definite for all Borel sets £ C S. Using again Lusin’s theorem we see as in [4]
that u € M(G, M) is semipositive definite if and only if

(A1) =0 (1.15)

for all A € C(G, M) such that A, >0 for all z € G.

We denote by M (G, M) the set of all semipositive definite measures of
M(G, M); by the characterisations (1.14)—(1.15), M, (G, M) is a convex set
of M(G, M ), closed for the weakx topology.

Let now Q € C(G, M) be such that @, is positive-definite for all z € G;
since G is compact there is € > 0 such that

1
ld<Q,<-Id Vzed. (1.16)
€
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For such a matrix ) we define Pg(G, M) as the set of all p € M (G, M) such
that

/ (Qur d()) s = 1.
G

As shown in [4], if @ satisfies (1.16) there is Di(e) > 0 such that, for all
He M+(G7 M)7
1
5@ was <|lpll < Di(e)(Q, p)us. (1.17)
Dy (e)

As a consequence, the two measures ||u|| and (Q, pu)gs are mutually abso-
lutely continuous and their mutual Radon-Nikodym derivatives are bounded.
Integrating (1.17) over G we get that, if u € Pgo(G, M), then

|plI(G) < Di(e).
By its definition and formulas (1.14)—(1.15), Pg(G, M) is a convex subset of
M(G, M), closed for the weaks topology; by the formula above, it is compact.
We introduce a last bit of notation. Let the set G be as in (1.2); we fix a
compact set Gy and we define iteratively the pre-fractal G; as

p
G = U Fi(Gi—1) for 1>1.
=1

By [10], G; converges to the fractal G in the Haussdorff distance for sets.

In particular, we can fix R > 0 such that B(0,R) contains all the
pre-fractals G; since the maps F; are contractions, possibly enlarging R
we can require that F;(B(0,R)) C B(0,R) for all i € (1,...,p). Let Q €
C(B(0, R), M) which satisfies (1.16) on B(0, R); we define P (B(0, R), M) as
the set of the Borel measures on 5(0, R) which are valued in M, are positive-
definite in the sense above and satisfy

/ (Qur dpa(x))ars = 1.
B(0,R)

The Ruelle operator. Let {F;}?_, be the affine maps defining the fractal and
let V€ C%*(B(0, R),R for some a € (0,1]. We define the Ruelle operator
L:C(B(0,R), M) — C(B(0,R), M)

by

P

(LA)(x): = V@ Y(DF))- A, - (DF)). (1.18)

i=1
Since F; is affine, its derivative is constant and we haven’t marked the point
where we calculate it.

It is easy to see that L is continuous; its adjoint
L£*: M(B(0,R), M) — M(B(0,R), M)
is defined by
(LA, p) = (A, L")
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for all A € C(G, M) and p € M(G, M); the duality coupling is that of (1.10).
In Dynamical Systems theory, the standard procedure to find Gibbs mea-

sures is to apply the Perron-Frobenius theorem to £ and a suitable cone con-

tained in C(G,M); in [4,5] it is shown that this is possible if the following

nondegeneracy hypothesis holds.

(ND) We suppose that there is v > 0 such that for all ¢,e € R? we can find

i€ (1,...,p) such that

[((DF)c, e)] = Allel] - [[ell

where the inner product on the left is that of R?.

In other words we assume that, given any ¢ € R\ {0}, the vectors
{(DF;)c}1<i<p generate R

It is immediate that £ preserves the cone of semi-positive definite matri-
ces. Actually, it is easy to see that £ sends this cone in a cone strictly contained
in it: namely, (ND) implies that, if A is a field of semi-positive definite matri-
ces, then LA is a field of positive-definite matrices. Now it is easy to apply [4, 5]
the Perron-Frobenius theorem as in [16,20] to show the following theorem; we
state the version of C'(B(0, R), M) instead of that on C(G, M).

Theorem 1.1. Let us suppose that (F1)-(F3) and (ND) hold; let V €
C%%(B(0, R), R) with a € (0,1]. Then, we have the following.
(1) The operator L of (1.18) has a simple, positive eigenvalue X > 0 with a

positive-definite eigenvector. In other words, there is Q € C(B(0, R), M) such
that Q(x) is positive-definite for all x € B(0,R) and

LQ = )Q.
Moreover, if Q € C(B(0,R), M) satisfies LQ = \Q, then Q = 6Q for some
0 €R.
(2) The number X is an eigenvalue also for L*. More precisely, let us fix a
positive eigenvector Q as in point 1) and let P(B(0,R), M) be the set we
defined after (1.17). Then, the map %ﬁ* brings P(B(0, R), M) into itself and

there is a unique T € Po(B(0, R), M) such that

LT = AT
The measure T is supported on G.
(3) Let us define the scalar measure k: = (Q, T)ms, where the notation is that

of (1.11). Then, k is a probability measure on G ergodic for the expansive map
F defined in (F3). Moreover, k is non-atomic; k and T are mutually absolutely
continuous, with bounded Radon—Nikodym derivatives ﬁ and 3—;.

(4) By (1.13), for f,g € C(R* RY) we can define

! = x x T\ = T T- x .
E(f,9): _/c:((f( )@ g(x),d7(x))ms /é(f( ),d7-g(x))  (1.19)

where the integrals are as in (1.12). If V. =0, then £ is self-similar; in other
words, for the maps F; of (1.1) and all f,g € C*(R? R?) we have that

d
E1(f.9) = 3 S E(DE)S, (DE)g). (1.20)

i=1
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(5) Let 7 be any element of Po(B(0,R), M) and let T be the eigenvector of
point 2); then,
1 l

</\£*) T—T1 for |— 400
in the weakx topology of M(G, M).
(6) The measure T has the Gibbs property; in other words, with the notation
of (1.3) and (1.4), there is a positive constant Dy > 0 such that, for alll > 1
and all x = {z;}i>0 € &,

Vi(® (@) .
W(DFOHM) (G) ( T7. Il) ST([ﬁlxl]G)
Vi(®(x)) ~
<D DF,, ) 7(G) - {(DFay )

< I\
where

Vi(®()): =V (®(x)) +V(®oo(z) +---+V(®od' ' (z))
and Fy,. .z is as in (1.3).

If V =0, then D1 = 1 and the inequalities above are equalities; in the case of
the harmonic Sierpinski gasket, 7(G) = Id.

Another fact, also shown in [4], is that there is a parallel Ruelle operator
on the coding space; namely, for the space ¥ we defined after (1.2) we can set

Ls:C(E,R) — C(E R)
,CEA Z Vod(ix) Fz) . A(ZT) . (DFZ) (121)

Note that Vo ® € CO%(%, R); 1ndeed, we saw above that that the coding map
® is Lipschitz and we are supposing that V € C%%(G, R).

For Ly, there is an analogue of theorem 1.1, and the relationship between
the eigenvalues and eigenvectors of £ on C(G, M) and Ls; on C(X, M) is the
natural one: for instance [4], the Perron-Frobenius eigenvalue of Ly, coincides
with that of £. Moreover, if we multiply the eigenvector Oy, of Lyx, by a suit-
able constant we get that @)z, = Q) o ®. Lastly, the eigenvector 75, of L3, and
Kusuoka’s measure kyx; on X satisfy

T = Oy7y, Kk = Oyry

where ®; denotes the push-forward of measures by ®.
In the following, we shall need a variation of this construction. Namely,
let

{Ff7 - 7F;}i21
be a sequence of p-uples of affine contractions of R?; we suppose that they are
all n-Lipschitz for some common 7 € (0,1) and that there is a compact set
Gy € R? with the following two properties:
(1) F;(G'o) C Gpforalli>1andje(1,...,p), and
(2) For all i > 1, Fi(Go) N Fj(Go) = 0 if j # L.
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We define

[ A} E 2 !
Fi il.—Fi10F;20~~~OF4

i

(1.22)

1o

and
iy i, = Fi..i(Go).
Let ¢ = (i1,142,...) € X; point 1) above implies that
[iv.. i, Cliv.. i—1]g,

and thus the finite intersection property holds. Together with the fact that
the diameter of [iy ... il]éo tends to zero, we get that there is a unique point

®(i) € R? such that
(@)} = [l - illg,- (1.23)

i>1

Tt is easy to see that ®(i) does not depend on the choice of the set éo, provided
this set satisfies points 1) and 2) above.

We skip the easy proof that 2) implies that ® is a homeomorphism of 3
onto its image. Thus, if we set

G =932 (1.24)

we get that G is totally disconnected.

The Ruelle operator behaves well in this situation if we suppose, as we
shall do in the rest of the paper, that V' = 0 and that the p-uples (F}, ..., F;)
are homotheties of the first one, (F{,. .., Fpl) More precisely, we suppose that

DF] =¢DF} forall i>1, je(1,...,p)

and we call £; the Ruelle operator on C(3, M) defined as in (1.21), but for
the maps {F;}j€(1,u.,p)' Now (1.21) immediately implies that, if for instance
e =1, L; = e?ﬁl; thus, the eigenvalue \; of L; satisfies \; = ef)\l. As a
consequence, all the operators )\iﬁl on C(X,R) coincide with )\1—1£1. As we
recalled after theorem 1.1, /\%51 induces a measure-valued Gibbs measure s
on Y, together with a scalar Kusuoka measure ky. We call @ the conjugation
of (1.23) associated to the sequence R = {¢;};>1 (we are abusing the notation
of (7)) and we define two measures on G-

TR — ((I)R)ﬁTE, RR: — (@R)ﬂ,‘ig. (125)

It follows easily by the definition of push-forward that these two measures are
supported on the set G of (1.24).

We define
Fil‘..il = Flll o ]—7'222 0---0 Fl

210

We can see as in (1.8) that @,z 00 = F o ®x. Since ky is o-invariant (i. e.
o4k, = Ky, formula (1.25) implies that

FﬁKJR = KoR-
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We define the energy as in (1.19), i. e
Er(Vu, Vv) = [(Vu, drg - Vo).
a

Let now Gy C R? be a compact set, let G; be defined by
G = U Fi, i, (Go)

and let B(0, R) be a ball which contains all the sets G;. Let us set
Le,: C(B(0,R), M) — C(B(0, R), M)

Z )+ Api () (DE}). (1.26)

We can restrict this operator to C(G' M); since @ (iz) = F}! o ,z (), there
is a relationship between the Ruelle operators on ¥ and G:

[:l(A O (I)R) = (LGIA) e} q)g']g.

Since 75 is an eigenvector for £}, the last formula implies that

1 *
N (‘Cé,l) ((I)U'R)ﬁTZ-

b =
(Pr)s7s N

We define
EL(f.g) = /G (f.drr - g).

The last two formulas imply that, if u,v € C'(R%, M), then
Ex(Vu, Vo) = Zé’gg (wo F}),V(vo Fl)). (1.27)

Let 7y € Pg(X, M); since the operators )\—i[,i coincide, theorem 1.1 implies

that
1 1) -
(A >....-(A£l)7-0_>7-2'

Let 79 € P (B(0, R), M) be supported on Go; we set

1 * *
= ()\156,1> ..... ()\ ﬁcl) (1.28)

It is easy to see, using the definition of L5, that 7, € Pq(B(0, R), M) and
that 7; is supported on the set G; defined before (1.26). Moreover, each oper-
ator A%L:CJJ is a contraction of the cone C of positive-definite matrices in the
hyperbolic metric, its Lipschitz constant is bounded away from 1 and all sets
,\%Eé,z(c) are contained in the same bounded subcone of C. Using these facts
it is easy to prove that, with the notation we used above,

T — TR

for the measure T defined above.
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In particular, defining Ex (Vu, Vv) as above, and setting

Ex 1 (Vu, Vo) = / (Vu,dr; - Vo)
B(0,R)

we get that, for all u,v € C1(R?,R) we have that
Er1(Vu, Vv) — Er(Vu, Vo). (1.29)

2. The affine maps

We could prove theorem 1 verifying that the maps F} of (3) (together with
F§ and F} defined by symmetry) generate harmonic pre-fractals. We follow a
different road, considering maps F} more general than the ones of (3). In the
next two sections we shall see that, if we want the pre-fractals to be harmonic,
then the maps F} must have the form (3).

Definition by symmetry. Let a, 8 € (0,1); using the column notation for vec-

tors we set
n(3)= ()
Fl(Zj) :Tl(;’). (2.1)

The function F} is an affine (actually, linear) contraction which fixes point A
of (1). Now we define by symmetry the other two maps F» and F3, which fix
B and C respectively.

We denote by Ry the rotation of angle 6 in the anticlockwise direction,

i. e.
cosf, —sinf
Re_(sin&, cos ) (22)
We set
T2<x)—R%~T1-R2w<x>,
Yy 3 S\Y
T T
F —T —- B| +B, 2.3
() =1(5) 7] 23)
T3<”’>:Rh Ty R_2x (x)
Yy 3 3 \Y

Fg,(;) :Tg[@)—c}juc. (2.4)

Disconnection. Let now R = {(«a;, 8;)}i>1 and let F}, Fji, Fi be the maps of
(2.1), (2.3) and (2.4) respectively for the parameters («;, 3;). We want to find
conditions on the parameters such that conditions 1) and 2) before formula
(1.22) hold. As we saw there, this implies that the sequence {F}, Fi, Fi};>q
determines a set G by (1.24); since for all i F fixes A, F fixes B and Fi
fixes C, it is easy to see that A, B,C € G and that F, .., € G for all
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j € {A,B,C} and i1,...,i; € {1,2,3}. Moreover, G is totally disconnected
since, by (1.24), it is homeomorphic to the totally disconnected set X.

Let us denote by Gy the compact set bounded by the triangle G of (4)
(the solid triangle, if you want). If o; > §; and «y, 5; € (0,1) then the map
Fi brings Gy into itself; since the maps Fy and Fi share the same property by
symmetry, point 1) follows. Note that, by (2.1), Fi(Go) C max(a, ;)Go and
a similar inclusion holds for Fi(Go); thus, Fi(Go) N Ei(Go) = 0 if

[B + max(oy, 5;)(Go — B)] Nmax(ay, 8;)Go = 0.
Since Gy is an equilateral triangle with side 1, this is implied by oy, §3; € (0, l).
Summing up, points 1) and 2) are implied by the two conditions below.

1
a; > 0, g, B € (O, 2) for all ¢>0. (2.5)

It will be possible to relax the second condition above for the particular choice
of (o, B;) we shall make in Sect. 4 below.

Explicit formula for Fi. We begin with an explicit expression for T%. The first
equality below is the formula before (2.3), the second one follows from (2.2)
with 6 = 2¢.

3

The first equality below follows from (2.3 and (1), the third one comes from
the formula above and again (1).

F3(A) = T3(=B) + B = (Id — T3)(B)
(G L) () = (Re ). o
BB — o), T )3 §(24 B = 30)
By (2.1) and (1) we get that

. 0, V3
Fi(B) = (;;} 2 ) : (2.7)

Explicit parametrisation of the edges. In both formulas below, (8) implies the
first equality, (1) the second one.

wealt) = (108 = -0 (). (28)

- t) . (2.9)

Sl G

ve(t) =1 —-t)B+1tC = (

M\»—A
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We write down explicitly vpi(pypi(a); the first equality below comes from (8),
the second one from (2.6) and (2.7).

ey r e (1) = (1= OF (B) + tF5(4)
B ;3 V32— 3, — )
(1 t)<ﬁ22 )”(f(zw—zai))

) (@ﬂwfm—ﬁi—sai)) (2.10)

Bt t(2- 68— 3a)

3. Definition of the energy on the [-th pre-fractal

Before defining harmonicity on the [-th pre-fractal we must define the Dirichlet
form, which we do using the affine maps of the last section; since at this point
the only condition on the parameters («y, 5;) is (2.5), we are going to get a
form more general than that of (9), (10) and (11). In this section we write down
the form without explaining one of its features, i. e. its connection with the
dynamics induced by the maps F i: this connection will be studied in Sect. 5.

Let us consider a sequence {(a;,3i)}i>1 C (0, +00)2. For each couple
(a, B;) we define the maps FY, Fi and F% as in the last section; we require
that, if Gy is the solid triangle ABC, then points 1) and 2) at the end of Sect. 1
hold; as we saw above, this is true if (2.5) holds. Now we can define the maps
Fj,..i, as in (1.22) and the set G as in (1.24).

As in (7), we set R = {(a;,5i)}i>1 and oR = {(at1,8i+1)}i>1. For
(a4, B;) as above, we set

l
5 3, -
€ = Qy * g, Az = 567;7 AR,[ = H)\H e'R, s Hez (31)

Let ©° be as in (6) and let the pre-fractals G be defined as after (4); for
~y; defined as in (8) and b > 0 to be determined later we define an energy on
cables by

b 'd d
5{Q] s(Vu, Vo) = — T ) jEZQS /0 FTAR 5 (t) - e vi(t)dt  (3.2)

where €(2°) = €.

For a number a > 0 to be determined later we define

> [ o B o)

Rl gy iye{1,2 3}JE{AB BC,AC}

é%a,l(Vu,Vv) = =

d
-Ev o F;, .4 0v;(t)dt (3.3)
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and
) | 1
572271(%% Vo) = Z S Ta Z 5{2m},s(v(u 0 Fiyieor)s
s=1 "Ros—1 "Rys i 1€{1,2,3}
V(UOFH, s ) (3.4)

where Fj, ;. , is defined as in (1.22) and with the convention that, when
s =1, Fy,,. i, _, is the identity and Az o = 1. Clearly, in this way way we
have the first equality below, while the second one comes from (3.2) since

o {7} = {71} and e((0{2}).) = €ss.

1 1
Eoma(Vu, Vo) = < : : Y Eans(Vwo Fiy i, ),
s=1 AoR, 51 0725 i1,0is_16{1,2,3}
1
V(UOle ,,,,, 'Lgl :E b

s=1 )\UR s—1 O'R,s

> Elai st (V(wo Fiy iy 1), V(o Fiyig )
i1,eis_1€{1,2,3}

Lastly, we set
Er,i(Vu, Vo) = éﬁ}zyl(Vu, Vo) + é%yl(u, v). (3.5)

Just a word to justify the choice of the indices: when we are on the first
pre-fractal and [ = 1, by (3.3) 57111 contains the integrals on the three small
triangles of Fig. 1, while éR , contains the integrals on the first generation
cables which connect them, i. e. the elements of Q'. Loosely Speakmg, (3.3) is
the energy on the I-th pre-fractal G; of the disconnected gasket G of (1.24),
while (3.4) is the energy of all cables up to generation [, that is on all the
cables tying together the triangles of Gj.

The following lemma shows that the forms £ ; are related by an iteration.

Lemma 3.1. Let the form Er; be defined by (3.5) and let \;
Then, we have that

be as in (3.1).

(24 rs

3
1
Eri+1(Vu, Vo) = N Z&;RJ(V(U o F'),V(vo F}l))
i=1
1
+€l?5{2m}71(Vu, Vo). (3.6)
R,1

Proof. We skip the proof of the following formula, which follows easily from
(3.3) and is related to (1.27).

572 1+1(Vu, Vo) ZgoRl (uo F}),V(vo F})).

We show the recurrence for 57227l. The first equality below comes from
(3.4); the second one comes from the formula after (3.4) and the fact that,
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by (3.1), Ay - 5\072’5 = S\’R,_’s_l,_l and €f7R7s = €£,{i+1. The third equality comes
changing the indices while the last one is (3.4).

3 3

1 . 1 )
=Y Eru(V(wo B, Vwo ) = =33 ———
' =l 1i—1s=1 )\072,371
1
T Z 53{QJ},S(V(u0Fi1 o F? o0 F ),
CoRs iy ia ie{1,2,3}
V(oFoF}o---oFS )
Lo )
:ZS\ v Z 8{291},8+1(V(UOF110F1-21O-~-oFi5571),
s=1 "R CRsH1l i, €{1,2,3)
V(voFil o FZZ1 0.--0 Fiss—1))
I+1 1 1
2 1 s—1
:Zx—-m. Z Elay (Vo Fl oo F7h,
s=2 MRl Ros i €{1,2,3}

V(voFill o-~-oF-S_1))

1s—1

5 1
= E141(Vu, Vo) — glﬁgfm},l(vu, Vo).
R,1

Now that we have an energy, we can we define harmonicity.

Definition. Let G; be defined as in (4) and let Ex; be as in (3.5). We say
that Eg; is harmonic on G if for all u € C*(R* R) there is a bounded Borel
function g: G; — R such that, for all v € C'(R?,R) with v(A) = v(B) =
v(C) = 0 we have

Er,i(Vu, Vo) = 7/ g(x)v(z)dH (z) (3.7)
Gy
where H' denotes the one-dimensional Haussdorff measure on Gj.
We say that u € C*(R? R) is harmonic on G| if, for every test function
v as above, we have

Eri(Vu,Vu) =0 (3.8)

Remarks. By (3.5), g, is a sum of integrals on the edges of the graph Gy;
formula (3.7) says that, if we integrate by parts on the edges of Gy, the only
boundary terms which survive are those in A, B, C' and they too disappear
if v vanishes on them. In a sense, we are stipulating that the curvature terms
of the Laplace-Beltami operator, which concentrate on the vertices since the
edges are straight lines, are zero.

The name “harmonic” for the pre-fractals satisfying (3.7) comes from the
analogous property of the pre-fractals of the harmonic Sierpinski gasket, the
first of which is depicted in Fig. 2 above.

We must resist the temptation to call the function g of (3.7) the “Lapla-
cian” of u; in fact, our “Laplacian” is a different function because the measure
with which we endow G} in (6.14) below, though absolutely continuous with
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respect to H', does not coincide with H': the “Laplacian” will be the function
g multiplied by some density. Naturally, this has no effect when u is harmonic,
i. e. when g = 0.

Keeping in mind the last remark, the integration by parts formula on G
will eventually imply an integration by parts formula on the full fractal G, as
in [19].

Lemma 3.2. Let us suppose that the form Er; of (3.5) is harmonic on G;, and
let u: R? — R be affine. Then, u is harmonic on Gy, i. e. formula (3.8) holds.
Conwersely, if all affine functions are harmonic, then (3.7) holds.

Proof. We skip the proof of the converse, since it is the same argument we use
in Sect. 7 below to prove the integration by parts formula.

The argument for the direct part is very simple: if we integrate by parts
in (3.5) to get the Laplacian, by (3.7) we find no terms which concentrate on
the vertices of Gj; as for the edges, no terms concentrate on them because the
functions w o F;,  ;, o s are affine and thus their second derivative vanishes.
Now to the rigorous proof.

Let G be the disconnected gasket of (1.24) and let G; be the I-th pre-
fractal of G, i. e.

G = U  Fi.a(Go)
i1..i,€{1,2,3}
where Gy is the triangle of (4) and Fj, . ;, is defined as in (1.22).

Let us look at the affine function w in the integrals of (3.5). The form
Er, is a sum of two terms: the first one is 571171 and it contains by (3.3) the
integrals on the edges of Gj; using the notation of (8) and (1.22), u appears in
them as
uwoFy . i, 070 [0,1] = R
with
i1,...,0 € {1,2,3}, j€{AB,BC, AC}.
The second term is (3.4) and it contains the integrals on the “cables”; with
the usual convention that Fj, ;, = id, u appears in them as
uoFy . i 07v.:[0,1] = R
with
it ...i, € {1,2,3}, 1<r<l-—1, zeQrtt
In both cases, these functions of t € [0, 1] are affine, since they are compositions
of affine functions. In particular,
d? d?
@U oF . 0% = @U ol . 4,07, =0.
Thus, if we integrate by parts in (3.5), the only terms which survive are the

boundary ones, which are calculated at the vertices of G;: if we show that the
sum of the boundary terms at all vertices is zero, the lemma follows.
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Let S be a vertex of Gy, i. e. S = F;, 4, (P), with P € {A, B, C}. Inspec-
tion of Fig. 1 shows the following: if S & {A, B,C}, then at S lands exactly
one cable, Fi,. ;. , ov,(h) with h € {0,1}, z € Q" and 1 < r < [. Moreover,
at S land two edges of the pre-fractal é’l, namely the two segments F;,  ;, 07s
such that F;, ; ovs(c) = S for some ¢ € {0,1} and s € {AB, BC, AC}. By
formulas (3.3), (3.4) and (3.5) this implies that the sum of the boundary terms
at S is given by

a d b
—v(S)- | = —uoF; i ov(c)(—=1)°+ =
( ) A'R’l (SZC) dt 1 l fy ( )( ) AR’T,lgéz’T(l _ GT)
d
e P 001 (39)

where the sum is on the two edges of G; we mentioned above. Formula (3.7)
tells us that all the terms in square parentheses vanish, save possibly those at
A, B, C. These too, however, are zero. Indeed, by Fig. 1 no cable arrives at A,
B or C; thus, for S € {A, B, C'} we have a similar formula to (3.9) but without
the cables: for instance, in A,

1 d
: Sl S aqullmqulloys(O). (3.10)

The sum is on the two elements s € {AB, AC} which satisfy Fil o 0 Fl o
~s(0) = A. Now the expression above is zero because we are stipulating that
the test function v satisfies v(A) = 0. O

4. Harmonicity on G,

Let G; be the set defined in (4). In particular,
3
G = JF(Gyua! (4.1)
i=1

where Q! is as (6) and Gy is as in (4); the graph G; is homeomorphic to that
of Fig. 1.

We are going to find conditions on the maps F}', Fj, F3 such that £g 1
satisfies (3.7) on G;. In other words, if we integrate by parts on the edges of G1,
we want the boundary terms to cancel out, save those in A, B, C. Inspection
of (4.1) (or of Fig. 1, since G has the same topology) shows that there are six
vertices of GGy different from A, B, C:

Fi(B), F{(C), Fy(A), F(C), F;5(A), F5(B).

By symmetry, it suffices to impose that the sum of the boundary terms at
F}(B) vanishes. We list the edges that land at this point; with the notation
of (8) and looking again at Fig. 1, they are

Fl oypa, Fl ovpc, YFL(B)FL(A)-
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Note that, by (8), the three curves above are in F}(B) at t = 0; as a conse-
quence, we have that, in (3.9), (—1)¢ = (—1)" = 1; moreover, | =7 = 1.

Let € be as in (3.1). On the graph G; there is the form £z 1 of (3.5);
we integrate by parts in this formula. The only contributions to the boundary
term at Fy(B) are those of the three edges above; we apply the chain rule to
(3.9) and recall that Az = 1; we get that (3.9) vanishes at S = B for all
u,v € CY(R?,R) if and only if

a d d b d
M@ﬂowﬂm+&ﬂowd%+ﬁuqmﬂmmwm@zu
(4.2)
Since

DF! =T, = (31,%1>’

the chain rule and (2.1), (2.8), (2.9), (2.10) imply that (4.2) is equivalent to
the equality below.

=5 ()G (ol e (8525005

The last equation is equivalent to the system

{mfm@_&_mﬂ=%f

(2 o) = S

Note that, by the second formula of (2.5), 2 — £ — 3aq > 0; thus, for al a > 0
there is b > 0 which satisfies the formula above if and only if

a1 = 3ﬁ1. (43)

This brings us to the following lemma.

Lemma 4.1. Let

@) =a(35). @O (4.4

and let the maps F}, Fi, Fi be defined as in section 2 for (i, [3;) as above.
Then, the following holds.

1) Conditions 1) and 2) before (1.22) hold for the solid triangle Gy, which we
defined after (2.4).

2) If b = a, then the pre-fractal Gy is harmonic.

3) For all i > 1 the triple of maps (F}, Fi, Fi) defined in Sect. 2 satisfies
hypothesis (ND) of Sect. 1.

Proof. Point 2) has been proven at the beginning of this section: by the system

before (4.3) we get that

_3 da
5 A1

where the last equality comes if we take A; as in (3.1).

b



80 Page 24 of 34 U. Bessi NoDEA

As for point 1), we call Fy, Fs, F5 the maps of (2.1), (2.3) and (2.4) for
(o, ) = (%, %), i. e. for ¢; = 1; these maps are well-studied, since they yield the
harmonic gasket of Fig. 2. We continue to call Gy the solid triangle ABC and
we recall from [9] that Fy(Go), F2(Go) and F3(Go) intersect only at the three
points a, b, ¢ of Fig. 2. Thus, conditions 1) and 2) before (1.22) follow if we show
the following: when ¢; € (0,1), Fi(Gy) is contained in F}(Go)\{b, ¢}, Fi(Gy)
is contained in Fy(Go) \ {a,c} and Fi(Gy) is contained in F3(Go) \ {a,b}. By
symmetry, it suffices to verify the assertion for F}, but this follows easily from
(2.1).

Point 3) follows from the three points below.
e As shown in [4], (ND) holds for the harmonic Sierpinski gasket, where v = £
and 3 = %
e Let € > 0; it is immediate that (ND) holds for the derivatives DFy, DFy,
DFj if and only if it holds for eDF}, eDFy, eDF;.

e By formula (4.4),
1 , 2.0
~DFi= (5
a0h (O, é) 7

i. e. the derivative of the map F} (and consequently that of Fi and Fi) is a
multiple of the derivative of the corresponding map for the harmonic gasket.
O

5. The I-th pre-fractal is harmonic

In lemma 5.1 below we are going to show that, if all couples («;, ;) satisfy
(4.4), then G, is harmonic; before proving it, we need to fix some notation. We
suppose that (ay, 3;) are defined as in (4.4); as in (7) weset R = {€; (2,1)}..,
and oR = {ei41 (2, 1) }iZI' We re-write (3.1) under this condition.
3 ) 1 l

)\i = 36?, )\T\’,,l = H)\“ g%%,s = Hei. (51)

i=1 i=s
We explain the choice of the constants A; in (5.1); since ); is the eigenvalue

of a Ruelle operator, we must expand a little on this topic.
We define a matrix-valued measure 7o supported on the set Go of (4)
in the following way: let E € C(B(0, R), M) be an arbitrary, continuous field
of symmetric matrices, let P, denote the orthogonal projection on the vector

v € R?; for a > 0 to be determined presently we set

/_ (E,dm0)us
B(0,R)

1
KD SR RSN PR

jE{AB,BC,AC}

Now note that the eigenvector @ of theorem 1.1 is positive-definite (by lemma
4.1 this is the identity, as for the harmonic gasket); thus, if in the formula
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above we set £ = @, each of the three integrals in the sum on the right is
positive. In particular, we can find a > 0 such that 7 € Po(B(0,R), M) (a
space we defined before (1.18)) and this will be our choice.

Note that, with the definition above, if u,v € C*(R? R), then the chain
rule and second equality of (1.12) imply that

/ (Vu,dry - Vo)
B(O,R)

d
=a / Ve 5 (t &U o, (t)dt.
jE{AB BC,AC}

For the maps F}, Fi, Fi determined by the constants (v, 3;) of (4.4) we
define the Ruelle operators £; on the coding space as after (1.24).

Li: C(S,M) — O, M)

3
= UDF))- Agja) - (DF)).
7=1
The operator Lyx: C(3, M) — C(X, M) is defined as above, but with ¢; = 1;
it is the Ruelle operator on the Harmonic Sierpinski Gasket (or better, on its
coding) and it is well-known [4,9] that its eigenvalue A is equal to 2. By the
arguments before (1.25), this implies that, for all ¢ > 1,

1

2 E 2
)\’LE - )\EE and )\ GZA EZ (5 )

which explains the first equality of (5.1). Analogously, we define Zél as in
(1.26) and 7; as in (1.28). The definition of the adjoint and a comparison with
(3.3) shows that

5%271(Vu, Vo) = / (Vu,dr - Vv). (5.3)
B(0,R)

Lemma 5.1. Let the coefficients (a, 3;) satisfy (4.4) for a sequence {€;};>1 C
(0,1); let a > 0 be as at the beginning of this section; let \; be the eigenvalue
of Li as in (5.2). Let b= a as in Lemma 4.1, and let Mg, E’R,s be as in (5.1).
Then, for alll > 1, the form Er; of (3.5) is harmonic, i. e. it satisfies (3.7).

Proof. The proof is by induction, with lemma 4.1 catering for Gj.
Let us suppose that G is harmonic; we prove that Gy41 is harmonic.
We re-write the recurrence (3.6), using (3.2).

Eri+1(Vu, Vo) Zg"Rl VuOF V’UOFl) (5.4a)
_] 1

b /1 d d
_—_ —uov(t) - —wuoy,(t)dt. (5.4b)
%—11(1 — 61) jezﬁl 0 dt J dt J
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First of all, by the induction hypothesis, the boundary terms of £, ;(Vuo
Fl VvoF}) are all zero, save the ones at A, B, C; by (5.4a) they contribute to
the boundary terms of £z ;+1(Vu, Vv) at the following nine vertices of Gj41:

Fl(A), FNB), FHO), i€ {1,2,3}.

7

We integrate by parts in (5.4b); by (6), the boundary terms concentrate on a
subset of the set above, i. e. on the following six vertices:

F{(B), F(C), Fy(A), F(C), F5(A), F5(B). (5:5)

Let us show that the boundary terms vanish at the nine vertices above.
The three points A = F(A), B = F}(B), C = F1(C) are dispatched easily:
the boundary terms at these points vanish by (3.10) because we are stipulating
that v(A) = v(B) = v(C) = 0.

We show that the boundary terms vanish at the remaining six points,
those of (5.5). By symmetry, it suffices to show that they vanish at Fi!(B).

We integrate by parts in the left hand side of (5.4a); by (3.5), or directly
by (3.9), we see that the boundary term of Eg ;11(Vu, Vo) at FL(B) is, up to
the sign,

d
’U(Fll(B)) . [7~ a —qull 0F22 0. oFQH'1 ovpa(0)
AR, i1 dt

d
L)
ARi41 dt

d
| *“OVFHB)F;(A)(O)]
fri(l—e) ) dt

Just a word of explanation: the first two summands come from integration
by parts in (3.3), namely from the two edges of Gj;; which contain F}(B);
since FJ(B) = B for all j, these edges are F} o Ff o ---0 Fi*' o yp, and
FloF3}o---0F: ™ oype. The last summand comes from (5.4b), namely from
the element of Q! which contains F}(B).

We have to show that the expression above is zero for all v,u €
C'(R2,R); by the chain rule this is tantamount to the following vector equal-
ity.

a d
—— —FloF20...0Ftlo 0
ARt Qi 2 2 vB4(0)
—|—~LEF11 o F22 0---0 FzH'1 ovpc(0)
AR dt
a d
- | — 0)=0. 5.6
+ <€§§j(l - 61)> dt’YF;(B)F;(A)( ) (5.6)
Formula (4.2) tells us that

L ad a d _
Nt ovEa) + - oype(0) + (61(1_61>> /B E(4)(0) = 0.
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Let us compare the last two formulas: if we multiply the second one by %

R,1
we get that (5.7) holds if

1 d 4 2 I+1 1 d 2 I+1
= —FoFy0---0F,  oypa(0)+ =——— —=F, 0o Fy0---0F;, " ovypc(0)
AR, dt AR, dt
€1 1d 1 1d 1
-9 | lp 0+ —SF 0
a1 1OVBA()+)\1dt 1 ovBc(0)],

where we have simplified the constant a > 0. By the chain rule and recalling
that DF} is invertible, the last formula holds if
1

1 . . €1 . .
< D(F3 o0 Fy™)[¥54(0) + 4pc(0)] = v ﬁ[VBA(O) +¥Bc(0)].
AR, I+1 1 €1

(5.7)

Formulas (1) and (8) (or, if you prefer, direct inspection of Fig. 1) show that,
for some § > 0,

¥84(0) + B (0) = w

1
wz—d(%).
2

We re-write (5.8) with this notation, getting the equivalent formula

1 1 €
_ CDF2.....DFH = — .1 4. (5.8)
AR I+1 ’ ? AEF

with

An easy calculation using (4.4) and the formula for 7% = DF} before (2.6)
shows that

4 3
DFw=¢;- - -w.
W =€t W
This implies the second equality below; as for the first one, it comes from (5.2),

which implies that \; = 2¢2, and the definition of €§§j in (5.1).

5
d1
L . DF?.....DFt
AR 141
1 1 1
_ .~ DF2.....DF"Ly = — . (5.9)
+1 172 2 3
[ize (3) 5
Since
€1 1
—w = w
/\1 %61

by (5.2), formula (5.9) follows. O
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6. The limit form and the natural measure

Let é%’l(Vu, Vo) be as in (3.3) for a sequence («;, 3;) which satisfies (4.4); the
numbers A; and a are as in the last section. We recall formula (1.29): for all
u,v € CY(R?,R),

571371(Vu, Vo) — Ex(Vu, Vo) as | — +oo (6.1)

where

Ex(Vu, Vv) = / (Vu,drg - Vv).

B(0,R)

Let 7 and ky be as at the end of Sect. 1; by point 3) of theorem 1.1
these two measures are mutually absolutely continuous with bounded Radon—
Nikodym derivatives; since ® is bijective, the push-forwards 7 and « share the
same property and are supported on G. In particular, we can write 7 = T,k
where T: G — M is a bounded Borel function. With this notation, we get

Er(Vu, Vv) = / (T, Vu(x), Vo(z))ds(x). (6.2)
G
Let now 5723’1 be as in (3.4): it is the part of the energy carried by the
cables up to generation [. We want to show that 872%7[ too converges.

Lemma 6.1. Let (v, 3) be as in (4.4), let Ar.,, €IR7$ be as in (5.1) and let °
be as in (6); let b > 0 be as in Lemma 4.1. We suppose that

[[e>o. (6.3)
i>1
In particular, for some § > 0 independent of s we have the first inequality

below; the equality is the definition of €x , and the second inequality comes
from the fact that €; < 1 for all i.

+oo
d<EéR = H € <1 forall s>1 (6.4)
For u,v € CY(R?,R) we consider the sum

&% (Vu, Vv)

a td
=22 ) 1—c) /O U0 Firiama 0% (8)

3 ~0o0
s>1 €05 iy..i5_1€{1,2,3} /\Rvs—leR,s

d
.aUOFil---is—l O")/](t)dt (65)

We continue in the convention that, when s = 0, Fy, ;. is the identity and
5\7370 = 1. We assert that the sum on the right converges absolutely for all
u,v € CY(R?,R). In particular, E% is defined on C'(R? R).

Moreover, for all u,v € C*(R?,R) and the form E%J of (3.4) we have
that

Ex 1(Vu, Vo) = €4 (Vu,Vv) as | — +oo. (6.6)
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Proof. The second inequality below follows from the fact that, by (5.1), the
product on the right contains more factors ¢; € (0,1) than the product on the
left.

1 1
€Rs R

%
converging to (€% )" as | — +00; these numbers are uniformly bounded in s
by (6.4). Thus, each coefficient of the sum (3.4) converges to the corresponding
coefficient of (6.4); by dominated convergence for series, (6.5) follows if we show
that

In particular, for fixed s the sequence { }i>1 is bounded, increasing in [ and

1y
/O 40 Fivis 07 (1)

1
22 X ARo1(l—€)

s21§€Q° iy..ig_1€{1,2,3}

d
-—voF,

dt i1...95-1 © ’Y](t)dt‘ < +00.

Now recall that u and v have bounded derivatives in a ball B(0, R) which
contains all the sets G;. Using this fact and the chain rule we get that the
formula above is implied by

Y Y

s>1j€Q¢ iy...i,€{1,2,3} AR,s—1(

d 2

(6.7)
Before showing (6.7) we recall from [4] that 7(G) and Q are positive-definite
matrices (actually, multiples of the identity). Now the Gibbs formula, i. e.
point 6) of theorem 1.1, implies that, for some C} > 0 independent of iy .. .44
and s,

1 . .
< IDF;, iy l7rs < Cuk(fin - is—1] ) (6.8)

)\R,sfl

where the notation is that of (1.22). Moreover, from (6) and the definition of
the triple F, Fy, F§5 we easily get that, for some C4 > 0 independent of s,
d e s
a'yj(t) <Cy(l—es) if jeQr. (6.9)
We show (6.7): the first inequality below comes from the properties of
the Hilbert-Schmidt norm, (6.9) and the fact that 2° has three elements; the

second inequality comes from (6.8); the last equality comes from the fact that
k is probability and the sets [i; ...i5_1]5 are disjoint, a fact we saw in Sect. 1.



80 Page 30 of 34 U. Bessi NoDEA

The last inequality follows from (6.3), taking logarithms.

1 1
22, X XR,S_1(1—65>'/0

s>1EQ% iy...15_1€{1,2,3}

2

d
dt

aF’il...i571 o fY](t)

1
<Y Y IDFy s - )

s>141..is_1€{1,2,3} Ars-1(1 =€)

< 03012 Z H([il...is_l}g)(l—65)20301 2(1—63)<+OO.

$>14d1.is-16{1,2,3} s>1
0
For £% as in (6.2) and £% as in (6.5) we define
Er: C*(R%*,R) x C*(R*,R) = R
Er(Vu, Vv) = Ex (Vu, Vo) + E5 (Vu, Vv). (6.10)
Now (6.1) and (6.6) imply that, for all u,v € C'(R%, R),
Er1(Vu, Vo) — Ex(Vu, Vv). (6.11)

We end this section re-writing the form Ex of (6.10) in a way more similar to
(6.2).

We begin with (6.5), which we write as our first equality below; the
second equality comes from the chain rule; for the third one we define P,
as the orthogonal projection on the space generated by v. The fourth one
comes from the definition of the push-forward of a measure; we have set P, =
Ppr, . s if e =Fy i, 07;(t). The last equality is the definition of the
measure .

&% (Vu, Vv)
1

d
vy 5 a %0 P (®)

= . _ .
s>15€9Q% iy..i,_1€{1,2,3} )‘RvS*IER,s(l €s) Jo

d
AE'U [e] lez<717_7(t)dt

=22 X 9

= o, — .
s>15€Q%iy...i,_1€{1,2,3} )‘RvsfleR,s(l €s)

1
/ (Vulp, .oy, DFi iy 45 (8) - (VIR oy DFiyiy - 5(1))de
0

=22 X 9

= o — .
s>15€Q%4y...i,_1€{1,2,3} )‘R’S—leR,s(l €s)

1
/0 IPDF, . i, 35 VUl Ry i, ol 1PDF, i, 3@ VOLR L, om ol
NDF;, i,y ()]t

=22 X 9

- p— —
s>15€Q%4y...i,_1€{1,2,3} )‘RvsfleR,s(l €s)
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/ 1P Vu(@)|| - |1 Pe V(@) |d(Fi.i, 0 1)l DFiy i35 (8)]7d]
JFiy gy 05 ([0,1])

- /C';Hﬁmw:cm-||P¢Vu<x>||dm<x>. (6.12)

An argument akin to that of Lemma 6.1 implies that m is a finite measure.
The last formula, together with (6.2) and (6.10) implies that

Er(Vu, Vv) :/G(TxVu(xLVv(x))dm(x)

+ / (P,Vu(z), Vo(z))dm(z). (6.13)
G

Now note that the union of the vertices of all the pre-fractals G; is a
subset of G; being countable, it is null for Kusuoka’s measure «, which is non-
atomic by [4]. On the other side, the set of vertices contains the ends of the
cables, i. e. of the segments F;, ;. , ov;([0,1]), with j € Q°; by (6.12), it is a
null set also for m. In other words, the intersection of the support of £ (which
is the set G of (1.24)) and that of the support of m (which is the union of the
“cables” Fj, ;. o©v;([0,1])) in null for the measure p defined by

= K+m. (6.14)
Thus, if we define the following matrix field
Fo_ {ij if zeG .
* P, if z€G\G
then we can re-write formula (6.13) as
Er(Vu, Vo) = /G (T, Vu(z), Vo(z))du(z). (6.15)

We saw above that T is bounded, while P, is bounded by definition; at
the end, the Borel field of matrices T, is bounded.

7. The form is Dirichlet

Lemma 7.1. Let u: R?> — R be affine and let Er be as in (6.10) or, more
explicitly, as in (6.15). Then, w is harmonic for &, i. e. formula (12) holds.

Proof. Let v € C*(R? R) be such that v(A) = v(B) = v(C) = 0; lemmas 3.2
and 5.1 imply that, for all [ > 1,
SRJ(VU, VU) =0.
Now (12) follows from (6.11). O
Proof of theorem 1. Point 1) is formula (6.11).
Point 2) is lemma 7.1.

We only sketch from [6] the proof of point 3) for the measure p of (6.14):
it is based on the standard calculation of the Laplacian of a composition. A
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side result will be Teplyaev’s formula for the Laplacian, namely that, for all
¢ € C*(R?,R) we have

A¢(x) = tr(T,D*¢(z)) for pu -a.e. z€QG. (7.1)

Let ¢ € C?(R?,R) and let the test function v € C*(R2, R) satisfy v(A) =
v(B) = v(C) = 0. The first equality below is (6.15), the second one follows from
a dumb application of the chain rule; the third equality needs no explanation
and the fourth one comes from the Leibnitz formula for C' functions; the
fifth one comes from the fact that the coordinate functions are affine and
thus harmonic; as for the last equality, a simple computation shows that the
integrands coincide: the expression in the round parentheses is the matrix
whose two columns are V¢ and V0.

& (V6. Vo) = [ (T - V0. To)du(a)
= /G(Tx cO1¢- V(1) + T, - Oah - V(zs2), Vo)du(z)
= / (T}, - V(x1), 016 - Vo)du(z) + / (T, - V(x2), 026 - Vo)dpu(z)
G G

- /G (T, V(1) V(@16 0))dpu(z) + / (T, - ¥ (22), V(02 - ))dpu(x)

G
7/ (T - V(z1),v - VO ¢)dp(z) — / (T, - V(z2),v - VOao)dpu(x)
G G

=~ [ (@ 9@). V010)  vduta) ~ [ (T V(o). V) - v
G G

== /G tr[T, - (VO (x), VOa)] - vdpu(x).

Now (7.1) follows from the last formula.

We show point 4), i. e. that £ extends to a local, regular Dirichlet form.
It is local because it is the extension of local forms [7]; regularity follows easily
from the fact that £ is defined on C*(R? R) which is dense in L*(G, u) and
C(G,R). We show closability.

Actually, we prove the equivalent fact [14] that the quadratic form : v —
E(Vu, Vu) is lower semicontinuous in L?(G, p): if u,,u € C*(R? R) and u,, —
win L?(G, ), then

Er(Vu,Vu) <liminf Eg(Vuy,, Vu,).

n—-+0o

We sketch the proof of [6]. It follows easily from (6.15) that
Er(Vu, Vu) = sup Er (Vu, pVv)

where the supremum is over all couples ¢,v € C?(R?,R) such that
e $(A) = ¢(B) = ¢(C) =0 and
o Er(pVu, V) < Er(Vu, Vu).
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Thus, the thesis follows if we prove that the function from C'(R? R) to
R
s u— Er(Vu, pVv)

is continuous for the L?(G,u) topology for all couples (¢,v) as above. We
show this: the first equality below follows from (6.15); the second one from the
Leibnitz formula for C! functions and (6.15) again; the third one follows from
the integration by parts formula.
S'R(Vu7 ¢VU) = SR(¢VU, VU)
= SR(V((bU), V’U) - gR(UVQSv VU)

:f/ Av-é-udp — Eg(uV, Vo).
G

Since v € C?(R?,R) and T}, is bounded, (7.1) implies that Av is bounded too;
since ¢ is bounded and p is a finite measure, we get that the function

:u—>/AU~¢-ud,u
G

is continuous from L?(G, 1) to R. The fact that
cu — E(uVe, Vo)

is continuous follows from (6.15) and the fact that T}, V¢ and Vv are bounded
on the compact set G.

As for point 5), it follows taking limits in the recurrence (3.6) and recalling
(5.1) and (6.11). O
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