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We compute the structure-dependent axial and vector form factors for the radiative leptonic decays
D; — fv,y, where ¢ is a charged lepton, as functions of the energy of the photon in the rest frame of the D,
meson. We work in the electroquenched approximation, using gauge-field configurations with 2 4+ 1 + 1
sea-quark flavors generated by the European Twisted Mass Collaboration and the results have been
extrapolated to the continuum limit. For the vector form factor we observe a very significant partial
cancellation between the contributions from the emission of the photon from the strange quark and that
from the charm quark. The results for the form factors are used to test the reliability of various Anzitze
based on single-pole dominance and its extensions, and we present a simple parametrization of the
form factors which fits our data very well and which can be used in future phenomenological analyses.
Using the form factors we compute the differential decay rate and the branching ratio for the process
D; — ev,y as a function of the lower cutoff on the photon energy. With a cutoff of 10 MeV for example,
we find a branching ratio of Br(E, > 10 MeV) = 4.4(3) x 107 which, unlike some model calculations,
is consistent with the upper bound from the BESIII experiment Br(E, > 10 MeV) < 1.3 x 107* at
90% confidence level. Even for photon energies as low as 10 MeV, the decay D, — ev,y is dominated by
the structure-dependent contribution to the amplitude (unlike the decays with £ = u or 7), confirming its
value in searches for hypothetical new physics as well as in determining the Cabibbo-Kobayashi-Maskawa
parameters at O(ay, ), where a., is the fine-structure constant.

DOI: 10.1103/PhysRevD.108.074505

I. INTRODUCTION

The comparison between experimental measurements and theoretical predictions for flavor-changing processes
accompanied by photon emission represents an important tool in the search of new physics (NP) beyond the Standard
Model (SM). In this paper we consider radiative weak leptonic decays of the form P — v, y, where P is a pseudoscalar
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meson, £, a lepton-neutrino pair, and y a real photon. For
each meson P, in addition to the leptonic decay constant
fp, the computation of the corresponding decay rate
requires the calculation of two structure-dependent (SD)
hadronic form factors, Fy and F,, which depend on the
energy of the photon in the meson rest frame. If instead
the structure dependence of the meson is neglected, i.e. in
the “pointlike” approximation, the only nonperturbative
input required to determine the decay rate is fp. An
interesting feature of these decays is that, because of
helicity suppression, the pointlike contribution to the decay
rate is suppressed with respect to the SD contribution by the
square of the ratio r, = m,/mp, where m, and mp are the
masses of the charged lepton £ and meson P respectively.
For heavy mesons P and light final-state charged leptons Z,
the SD contribution, which is sensitive to the internal
structure of the decaying meson, can already be dominant
at relatively low photon energies, and in particular those
well below the typical energy cutoff imposed in exper-
imental measurements. This makes such decay channels an
ideal place to probe the internal structure of the meson and
the presence of possible NP contributions. While for pion
and kaon decays several experimental measurements of the
axial and vector form factors exist (see e.g. Refs. [1-6]), for
heavy mesons only very little is known. For charmed
meson decays the BESIII Collaboration recently searched
for signals of the Cabibbo-suppressed decay D — e'v,y
[7] and of the Cabibbo-favored one D — eTv,y [8],
finding no events with emission of photons with energies
E, > 0.01 GeV, and setting the following upper bounds
on the branching ratios; Br[D — ev,y] <3 x 107 and
Br[D,; — ev,y] < 1.3 x 107 at 90% confidence level.
For the B meson, the Belle Collaboration has recently
set the bounds [9,10] Br[B— ev,y]<43x107® and
Br[B — uv,y] <3.4x107°, and observed photons with
energies E, > 1 GeV. We believe that by providing accu-
rate predictions from first principles for the axial and vector
form factors for heavy mesons, we will motivate further
experimental studies.

We have recently computed the rates for P — fv,y
decays where P is a light meson, P = 7z or K, [11] and
compared our results to experimental measurements find-
ing some puzzling and interesting discrepancies yet to be
resolved [12]. In Ref. [11] we have also computed the
amplitude for the decays of the D, meson, but only over
part of the physical phase space; specifically for photon
energies up to 0.4 GeV, as measured in the rest frame of the
D, meson. In this paper, we return to the radiative decays
of D, mesons and compute the relevant axial and vector
form factors Fy and F, over the full physical kinematic
range and with high-statistical accuracy, thus improving
significantly upon the previous study of Ref. [11]. The
computation is performed using the Ny =2+1+1
Wilson-Clover twisted-mass gauge ensembles generated
by the Extended Twisted Mass Collaboration (ETMC)

with quark masses tuned very close to their physical
values, for almost all the ensembles [13—-16]. The ensem-
bles correspond to four values of the lattice spacing a in the
range [0.56, 0.9] fm, with the spatial extent of the lattice, L,
ranging from 4.4 fm to 7.6 fm.

Our main results for the D, radiative form factors F', and
F, are collected in Table V and plotted in Fig. 8, and we
provide their correlation matrices in Appendix B. Recently,
numerical results for the lattice computation of Fy and F4
of the D, meson also have been published in Ref. [17]. The
primary focus of that paper however, is on developing and
testing different strategies for the lattice computation of the
form factors. Their numerical results are based on a single-
gauge ensemble at an unphysical pion mass, and for this
reason a direct comparison with our results is not possible
at present. In the future, it would be interesting to compare
our results with those obtained from other lattice regula-
rizations in the continuum limit.

We use our results for the form factors to compute the
branching fraction of the D, — e*v,y decay, as a function
of the lower cutoff, AE,, on the photon energy, as measured
in the meson rest frame. Our results are showed in Fig. 10.
For AE, =0.01 GeV, our prediction for the branching
fraction lies well below the experimental upper limit set by
the BESIII Collaboration [8]. Due to the strong helicity
suppression, the branching fraction is dominated by the SD
contribution, even for a lower cut on the photon energy as
small as 0.01 GeV. In Fig. 11, we show the SD contribution
to the differential D; — e*v,y decay rate, as a function of
the photon energy in the meson rest frame; this goes to zero
at the edge of phase space and reaches a maximum in the
region kinematic x, = 2E,/Mp, ~0.6-0.7.

Having calculated the form factors from first principles
in a lattice computation, we test how well model calcu-
lations based on single-pole dominance and light cone
sum rules (LCSR) reproduce our results. Such a test is
important because model calculations are commonly used
to describe the form factors of heavy mesons, in particular
the B meson [18-20], for which a direct lattice calculation
is currently missing. We fit our results for the vector and
axial form factors of the D, meson to several polelike
Ansitze, finding that, in general, a pure vector-meson-
dominance (VMD) Ansatz does not describe very well the
momentum dependence of the data, particularly for the
axial form factor F 4. However, by including the leading
nonsingular corrections in the Laurent expansion around
the pole, we obtain a very good description of our lattice
data. The resulting fit parameters are collected in Table VI
and can be used for future phenomenological analyses.

From the polelike fits to Fy we extract the coupling
9p:p,y» Which is the form factor describing the Dy — Dy
decay. Our estimate of gp.p, is in good agreement with
the direct lattice determination of Ref. [21] but strongly
disagrees with the value predicted by light cone sum rules
(LCSR) at next-to-leading order (NLO) [22], from which it
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differs by a factor 5. LCSR at NLO order were also used to
estimate the radiative form factors Fy and F, of the D,
meson, at one specific kinematical point [23]. Their
estimates disagree very significantly with those from our
direct lattice computation, differing by a factor 4 for the
vector form factor F'y, and by an order of magnitude and
a relative minus sign, for the axial form factor F,. We
conclude that caution should be exercised when using such
calculations based on LCSR to predict the heavy-meson
radiative form factors. A similar message is conveyed in a
recent paper on the B, — utu~y decay [24].

The plan for the remainder of this paper is as follows. In
Sec. II we explain how the two structure dependent form
factors contributing to the amplitude for D] — £tv,y
decays, Fy and F,, can be determined from suitable
Euclidean lattice correlation functions. In Sec. I we
briefly describe the mixed-action lattice framework which
we use and present detailed information on the technical
aspects of the simulations. Section IV contains the deter-
mination of the form factors, together with our estimates
of the systematic errors, including a description of the
extrapolations to the continuum and infinite volume limits.
In this section we also present the determination of the
differential decay rate and branching fraction, as a function
of AE,, for the Dy — ev,y decay. In Sec. V we provide a
simple polelike parametrization of our data for Fy, and Fu,
which may be useful for those interested in using our data for
phenomenological analyses. We also compare the results
presented in Sec. IV with predictions from models based on
pole dominance or light-cone sum-rules. Finally in Sec. VI
we present our conclusions. There are three appendixes to
supplement the information in the main text. In Appendix A
we explain the reason for the observed deterioration of the
signal-to-noise ratio at large photon energies. The results for
the form factors F'y and F, together with the corresponding
correlation matrices are tabulated in Appendix B so that they
can be used in phenomenological studies. In Appendix C we
present a detailed analysis of single-pole parametrizations of
our results for the form factors.

II. DEFINITION OF THE FORM FACTORS

In order to make this paper self contained, in this section
we briefly summarize our conventions and notation, and in
particular recall the definition of the structure-dependent
form factors which had previously been introduced in
Refs. [11,25-27]. The nonperturbative contribution to
the radiative leptonic decay rate for the processes Df —
¢*vyy is encoded in the hadronic matrix element

Hi (k. p) = el(k)HY (k.p)
=%®/fwwﬁﬂm@AMWﬁ®%
(1)

where T implies time ordering of the two currents, €, is the
polarization vector of the outgoing photon with four-
momentum k, p is the three-momentum of the D; meson,
and j% (x) and jin(x) are the weak- and electromagnetic-
hadronic currents respectively:

ﬂv(x> Jv(x) = ja(x) = @ () (" = r'rs)we(x),
() =D apwr()r'yp(x), (2)
7

where g is the electric charge of the flavor f. The hadronic
tensor HY, can be decomposed in terms of a “pointlike”
contribution H%/ pt (i.e. the expression obtained by treating
the D, meson as a pointlike particle) and four structure-

dependent (SD) scalar form factors, Fy,F,,H, and
H, [11,25-27]"
Hyy (k.p) = Hep(k.p) + Hy (k.p) (3)
H(p-k.K) Hy(p - k.K*)
HY (k,p) = "L [K2g — krk¥] +
sp(k.p) Mp, (kg ]+ Mp,
[(p “k— kz)kﬂ - kz(p - k)ﬂ] (p _ k)v
(p—k)* = M3,
F . 2 F . 2
B KK Py + a(p -k, k%)
MDJ ! MDS
x[(p-k=k)g" = (p—k)'k] (4)

(2p — k) (p — k)"
2p -k -k

H (p) = |+ | ®

where M, is the mass of the D; meson and p = (E,p) its

four momentum, with E = /M +p*. The pointlike

contribution Hf saturates the Ward identity (WI) satisfied
by Hy:

k,Hy (k.p) = k,Hy (k.p) = i(0]j3 (0)IDY (p)) = fp,p"

(6)

which implies that k,H(}(k,p) = 0. Moreover, when
integrating over the full three-body phase space, it is only
the square of the pointlike term which is infrared divergent.
Atorder O(a.y,), this infrared divergence is canceled by the
virtual photon correction to the purely leptonic decay.
Equation (5) is valid for generic (off shell) values of
the photon four-momentum k and can also be used to

'Here, we use the dimensionless definitions of H 1. introduced
in Ref. [27] which differ by simple factors from those used in our
earlier papers [11,25]. As explained below, the form factors H, ,
do not contribute to the decays studied here, i.e. those with a real
photon in the final state.
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study the four-body decay D — #Tv,£7¢"~, where the
¢’ are charged leptons, or more generally the decays
P - ¢v,"7¢'~ of any pseudoscalar meson P, as we
showed in an exploratory work with P = K [27]. In this
paper we study the emission of a real photon, so that k> = 0
and € -k =0, and therefore only the axial form factor
F,(p-k) and the vector form factor Fy(p - k), together
with the pointlike term, contribute to the decay rate for the
process Df — £tu,y.

In the following, as in our previous study [11], we find
it convenient to evaluate the form factors Fy, and F, as
functions of the dimensionless variable

. 2
xyEZP k; 0<x Sl—ﬂ<l, (7)
M3 4 M3

K

where m, is the mass of the charged lepton 7. In the rest
frame of the D, meson (p = 0) x, = 2E,/M, , where E, is
the energy of the photon. The above discussion applies to
other pseudoscalar mesons (z, K, D, Bm) with the natural

replacement of D, in Egs. (1)~(7) by the meson being
studied and the corresponding change of the quark flavors
in the weak current in Eq. (2).

A. Evaluating Fy and F, from Euclidean
lattice-correlation functions

In Sec. III and Appendix B of Ref. [11] we showed in
detail that for the emission of a real photon, the hadronic
tensor HY, can be extracted for all values of x, from the
Euclidean three-point correlation function:

T
Ci(tsk.p)==i> > D (0(T/2—1,)
=0y x
4 H(Zy _ T/2)e_EVT)et."EV_ik'pr'x
(O T[4 (1. 0) jem (1. 3) ), (0.%)]]0),  (8)

where T is the temporal extent of the lattice,’ qﬁz‘ is an
interpolating operator with the quantum numbers to create
the D; meson, k = (E,.k), and E, is the energy of the
photon. In the forward half of the lattice 0 <« t < T'/2 for
example, one has

2E
RY(t,E, . k,p) = - Cy (1, E, k,
wlts By kop) e EE)(D(p)|¢py (0)]0) Wi Epkeop)
= HYy (k,p) + - -, )

where the ellipsis indicates terms that vanish exponentially

in the large ¢ limit and E = /p° + M%):' Equation (8) is

°T is not to be confused with T which represents ‘“‘time
ordered”.

valid for ¢t < T/2, however, as explained in Appendix B
of Ref. [11], H%/ (k,p) can be obtained also from the
backward half of the lattice T/2 < t < T exploiting time-
reversal symmetry. In order to determine the form factors
Fy and F, it is convenient to distinguish the contributions
from the vector and axial-vector components of the weak
current, ji, = V¥ — A%, and to write
Ry (t,E,.k.p) = R (t;E, . k.p) — Ry (1 E, . k.p).  (10)
The Wick contractions of the correlation function in
Eq. (8) give rise to two distinct topologies of Feynman
diagrams, namely to quark-line connected and quark-line
disconnected diagrams; these are illustrated in Fig. 1. In
the disconnected diagrams the photon is emitted from a sea
quark. This contribution vanishes in the SU(3)-symmetric
limit and is neglected in the present study; this is the so-
called electroquenched approximation. We focus instead on
the calculation of the dominant, quark-connected contri-
butions for which as explained in Ref. [11], it is possible
to use twisted boundary conditions to assign arbitrary
values to momenta of the photon and D -meson, k and
p respectively, at the price of violations of unitarity which
vanish exponentially with the lattice extent L [28,29]. This
is achieved by treating the two quark propagators related to
the electromagnetic current in the right-hand diagram of
Fig. 1 as corresponding to two distinct quark fields y°, '
having the same mass and quantum number, but satisfying
different spatial boundary conditions. Defining y° to be the
spectator quark-field in the right-hand diagram of Fig. 1,
we set the spatial boundary conditions of the three quark
fields w°,y', y* as follows:

r=1{0,1,s},
(11)

where 6y, ,, are arbitrary spatial-vectors of angles, in
terms of which the photon and meson lattice momenta are
given by

2 . (am 2 . (an
p=_sin <f (0, —0s)), k = —sin <f (N —0,)),

' (x +nL) =exp 2rin - 0,)y"(x),

(12)

where a is the lattice spacing. The results presented in the
following sections have been obtained in the rest frame of
the D; meson (p = 0) and with the photon momentum
chosen to be in the z-direction, k = (0,0, k_), i.e. by setting
0,=(0,0,0,). (13)
With such a choice of kinematics, the two form factors F'y,

and F, can be obtained from the large-time behavior,
0 <1< T/2, of the following two estimators:
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The diagram on the left represents the quark-line disconnected contributions to the correlation function Cy;, in which the

photon is emitted by a sea quark. In our numerical simulations we work in the electroquenched approximation and neglect such
diagrams. The one on the right represents the quark-line connected contributions and illustrates our choice of the spatial boundary
conditions, which allow us to set arbitrary values for the meson and photon spatial momenta. The spatial momenta of the valence quarks,
modulo 2z/L, in terms of the twisting angles are as indicated. Each diagram implicitly includes all orders in QCD.

_i 12 21
Ry (1K) = 5 (RP(1.5.0) = R (1., 0)) —— Fiy (3,
(14)
1
R,(t,k) = S5 [(Ri!(t,k,0) — R\(2,0,0)) + (RF(1,k,0)
14
_ p22
R (1.0.0))] ——> Fa(x,) (15)

where x, = 2E,/Mp and, since for a real photon E, is
determined by k, we have redefined

Ry, (1.k,0) =R} (1. E, (k). k.,0),

E,(k) = 2 sinh~! <%> , (16)

a

where we used the lattice dispersion relation for the photon
energy. Notice that in the estimator R, (z,k) of the axial
form factor, the zero-momentum subtraction serves to
remove the pointlike contribution proportional to fp. As
discussed in Sec. IV of Ref. [11], the subtractions in
Eq. (15) of R}! and R%? at k = 0 allow us to isolate the SD
form factor F,(x,) without generating infrared-divergent
cutoff effects of order O(a?/x,). Such dangerous discre-
tization effects, which could hinder the determination of
F,(x,) at small values of x,, are present instead if one
subtracts the pointlike contribution H’gf in Eq. (1), using the
value of the decay constant f/, determined from two-point
correlation functions.

III. DETAILS OF THE COMPUTATION

Our results have been obtained using the gauge field
configurations generated by the ETMC employing the
Iwasaki gluon action [30] and Ny =2+ 1+ 1 flavors of

Wilson-Clover twisted-mass fermions at maximal twist [31].
This framework guarantees the automatic O(a) improve-
ment of parity-even observables [32,33]. A detailed descrip-
tion of the ETMC ensembles can be found in Refs. [13-16],
while essential informations on the ensembles we have used
in the present work are collected in Table I. The ensembles
listed in Table I correspond to four values of the lattice
spacing a in the range [0.058,0.09] fm, and lattice extent L
in the range [4.36, 5.46] fm. The mass of the light sea quarks
on the three finest ensembles, has been tuned so as to give
almost physical-mass pions, while on the coarsest ensemble
the pion mass’ is M ==~ 175 MeV. For all the ensembles, the
strange and charm sea-quark masses are set to within about
5% of their physical values, defined through the requirement
that (see Refs. [13,14,16] for more details)

M
Do 79401, =11.8+02. (17)
fDS nmy

We work in a mixed-action framework in which the
valence strange and charm quarks are discretized as
Osterwalder-Seiler fermions [33,35]. The corresponding
valence bare-quark mass parameters y, and y,., have been
tuned to reproduce the value of the pseudoscalar 7 mass’
determined in Ref. [36] and the PDG value [37] of the
pseudoscalar 7. mass (see Appendix C of Ref. [16] for
more details)

*For the present study of the D; meson, the presence of a
heavier-than-physical pion, with mass M, ~ 175 MeV, on the
coarsest ensemble does not require a chiral extrapolation since we
expect that the form factors are largely insensitive to the value of
the masses of the light sea quarks.

The 7,y is a fictitious pseudoscalar meson made of two
different mass-degenerate quarks s and s’ having mass equal to
that of the strange quark. Its mass is equivalent to that of the 57°s
meson if one neglects quark-line disconnected contributions.
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TABLE 1. Parameters of the ETMC ensembles used in this work. We present the light-quark bare mass, ay, = au, = auy, the lattice
spacing a, the pion mass M, the lattice size L, and the number of gauge configurations N, that have been used for each ensemble. The
values of the lattice spacing are determined as explained in Appendix B of Ref. [16] using the 2016 PDG value f?,hys = fifoQCD =
130.4(2) MeV [34] of the pion decay constant.

Ensemble B V/a* a (fm) auy M, (MeV) L (fm) N,
cA211.12.48 1.726 48%.128 0.09075 (54) 0.00120 174.5 (1.1) 4.36 109
cB211.072.64 1.778 643 - 128 0.07957 (13) 0.00072 140.2 (0.2) 5.09 199
¢C211.060.80 1.836 80% - 160 0.06821 (13) 0.00060 136.7 (0.2) 5.46 72
cD211.054.96 1.900 96% - 192 0.05692 (12) 0.00054 140.8 (0.2) 5.46 100

MP™* = 689.89(49) MeV,  MI™* = 2.984(4) GeV,

(18)

where the error in M5™ includes, in addition to the
experimental uncertainty, an estimate of the contribution
from the neglected disconnected diagrams [38,39]. The
values of u, and u,. used for each of the ensembles of
Table I are collected in Table II. Since the strange and
charm quark masses have been fixed using the mass of
the 5,y and 7, mesons, the mass of the D, meson deviates
from the physical value by O(a?) cutoff effects, as we
show in Fig. 2.

On each ensemble, we have analyzed O(100) gauge
configurations and performed the inversions of the Dirac
operator on four stochastic sources. The sources are
randomly distributed over time, diagonal in spin and dense
in the color. The interpolating operator d)})S(O) has been
smeared as in our previous works using Gaussian smearing
(see e.g. Ref. [40] for more details). We employ a local
discretization of the weak current,

(t.x) = o (ex) = ja(1.x) = Zafy™ = Zy ™
= ZAl/_/s(t’x)yyl//c(t’x) - ZVl/_/A'(tvx)ynyWC(t’x)'
(19)

Note that at maximal twist the renormalization constants

(RCs) to be used for /%" and j’;{bﬂre are chirally rotated
with respect to the ones of standard Wilson fermions, and
the bare vector (j%™®) and axial-vector (j%"°) currents
renormalize respectively with multiplicative renormaliza-
tion constants Z, and Zy. For the electromagnetic current

Jem, We use the exactly-conserved point-split current

in(a) = = {0 S U s+ )
f

_ o irpyrs 17
“wil ) S ) 20)
where U*(x) are the QCD gauge links, and r; = %1 is the

sign of the chirally-rotated Wilson term used for flavor f.
In the electroquenched approximation only the f = s and

2.02
Linear a? extrapolation ==
2.01F
Lattice data -~
9l
% Physical value -~
2 199} ci>
<
=
1.98¢
1.97 ®
1.96
0 0.002 0.004 0.006 0.008 0.01

2 [

FIG. 2. The value of the D; meson mass on the ensembles of Table I is plotted as a function of squared lattice spacing. The red band
corresponds to the result of the continuum extrapolation using a linear fit Ansatz in a®. The black data point at a*> = 0 is the experimental

value Mi® = 1.96847(33) GeV.
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TABLE II. Values of the bare valence-quark masses y, and p,
in lattice units used for each ETMC ensemble considered in this
work. They have been determined imposing the conditions
in Eq. (18).

Ensemble ayy ap,

cA211.12.48 0.0200 0.2725
cB211.072.64 0.0184 0.2370
cC211.060.80 0.0162 0.2019
cD211.054.96 0.0136 0.1671

f = c terms in jey contribute to the correlation function
in Eq. (8). In our numerical simulations, we have chosen
opposite signs for the chirally-rotated twisted term of the
strange and charm valence quarks, r. = —r; = 1. We evalu-
ate the correlation functions C}; in Eq. (8) and the estimators
R’ in Eq. (9) using the bare currents j‘{,"bfe in Eq. (19) and
the point-split electromagnetic current in Eq. (20).

The RC Z, which renormalizes the current 5", is
determined from the large-time behavior of the following
estimator:

7 2fp
Z p— ”S Z ) 21
V(t) Zi:l,sz (l, 0, 0) o<tV ( )

In the twisted-mass framework which we are using, the
decay constant f, can be determined from the large-time
behavior of the two-point correlation function Cpp(?),
without the need of additional renormalization, using

Crp(1) =D (0], (1, X)r°y(1.%)) (7:(0)r°w(0))[0)

) e_MU.\- /2
0<<t<<T| | 2 ) cosh (MDJ (t - T/2>), (22)
and
aﬂs + aﬂc
= \I12P o, 23
I, 2] M), sinhaM), (23)

where the strange and charm quark fields entering Cpp(?)
in Eq. (22) carry opposite signs of the chirally-rotated
twisted term. In practice, we find it convenient to define the
following estimators to extract the physical form factors Fy,
and Fy

Ra(1.K) = Zy (ORy (1K), Ry(1.K) = 22 Zy ()R (1K)

(24)
where the values of the ratio Z,/Z used for each of the

ensembles in Table I, are taken from the analysis of
Ref. [16], and reported in Table III.

TABLE III. The values of Z,/Z, used in the evaluation of
Ry (t,k) are given for each of the gauge ensembles of Table I.

Ensemble

cA211.12.48

cB211.072.64
cC211.060.80
cD211.054.96

Zs/Zy

1.0603 (26)

1.05176 (35)
1.04535 (22)
1.04011 (16)

IV. NUMERICAL RESULTS

In this section we present the numerical results for the
form factors F, and Fy at ten evenly spaced values of x,
(Sec. IVA). We then use these results to calculate the
differential decay rate and branching fraction for the
process D} — e*v,y (Sec. IV B).

A. Results for the form factors

In order to determine the form factors, we evaluate the
estimators R, y(7,k) at ten evenly-spaced values of the
dimensionless variable x,:

— ZE}’

X —— = nAx,, Ax, = 0.1,

' M, , ne{l,...,10}.

(25)

At finite lattice spacing a, the relations between the twist

angle 6,, the photon momentum k= (0,0,k;) and x, are
obtained from Egs. (12) and (16),

2 4 k.
k, = —=sin a—ﬂﬁ, , x, = ———sinh™! M .
' a L aMDS 2

(26)

For each gauge ensemble, we obtain each of the values of
x, by tuning the twisting angle 6, using the relations in
Eq. (26) and the value of aM, . The resulting statistical
uncertainty on the values of x, is negligibly small [typically
below O(0.1%)]. For an illustration of the quality of the
plateaus, we present in Figs. 3 and 4 the estimators
Ry a(t,x,) = Ry 4(2,(0,0,k,(x,)) for selected values of
x,, obtained on the ensembles cB211.072.64 (B64 for
short) and c¢C211.06.80 (C80 for short) respectively. In
each figure the blue band shows the values of F'y 4 obtained
from a constant fit in the region where the estimators
R,y (t.x,) display a plateau.” As is clear from the figures,
we observe a rapid deterioration of the signal for both Fy,
and F, at large values of x, 2 0.7. In particular the

SWe have checked that the results are stable under small shifts,
in both forward and backward direction, of the time intervals
adopted in the constant fit.
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FIG. 3. The estimators R4 (7, x,) and Ry (7, x,) as a function of #/a for selected values of x, on the ensemble B64. In each figure the
blue band corresponds to the result of a constant fit over the indicated region.

statistical errors on R, y(#,x, > 0.8) turn out to be very
large at small values of t/a, and then progressively
decrease as t/a increases. The origin of this peculiar
behavior, which is discussed in detail in Appendix A, is
due to the existence of a threshold value of E, above which
the intrinsic statistical fluctuations of Rf, start to grow
asymptotically with E,. As argued in Appendix A, this
threshold value of E, is given by the mass Mty of the
lightest pseudoscalar meson state 1/7qy51//q with ¢ = U, D.
The outcome of the analysis is that for E, > Mgg, the
fluctuation o of R’ scales asymptotically as

R
O'Rlx(t,k, 0) :—|E _]WWES
4 qq

+ ...

exp{(E, ~ ME3)(T/2- 1)}
(27)

where B R is a prefactor and the ellipsis indicate terms that
are subleading in the limit 7 — oo. For the D; meson

Mgg =M, , ~690 MeV (see footnote 4 for the definition
of 575¢) so that the threshold value of x, = x‘yh at which the
error on R} (¢,k,0) starts to grow asymptotically is given
by xP = 2%~O.7, in agreement with our numerical
results. Notice that in Eq. (27) aRqu(t,k, 0) is finite only
because of the finite temporal extent 7" of the lattice, and the
signal-to-noise (S/N) ratio problem is thus amplified on
large lattices. In addition, the S/N ratio problem becomes
much more severe for heavy-light mesons with a u or d
valence quark, such as P = D or B mesons, where xtyh is
proportional to the ratio between the pion mass and Mp.
Large errors are therefore to be expected even for rather
small values of x,. A way forward to mitigate this problem
is briefly discussed at the end of Appendix A. We note that
the approach that we propose in Appendix. A to tame the
S/N ratio problem in Eq. (27) has been discussed in great
detail in Ref. [17] where it was called the 3d method. In
Ref. [17] the authors provide a detailed comparison, on a
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FIG. 4. The estimators R4 (7, x,) and Ry (7, x,) as a function of #/a for selected values of x, on the ensemble C80. In each figure the
blue band corresponds to the result of a constant fit over the indicated region.

single coarse ensemble with @ ~0.11 fm, 7/a = 64, and
M, ~ 340 MeV, of the unwanted exponential contamina-
tion appearing in the 3d method and in the approach we use
in the present work, based on the study of the three-point
correlation function in Eq. (8) (in Ref. [17] this approach
goes by the name of the 4d method). On the single
ensemble analyzed, the authors of Ref. [17] find that the
3d method gives a better control over the unwanted
exponentials. Here, we argue that the 3d method can also
be helpful to tame the exponential S/N ratio problem
for E, > M3,

The ensembles of Table I all correspond to lattices with a
spatial extent in the range L ~4.4-5.4 fm. While these
volumes are expected to be large enough for the finite-size
effects (FSEs) on Fy and F, to be small,’ in order to
estimate the residual FSEs, we have also used a fifth

®In the electroquenched approximation employed in our
computation, FSEs are expected to be exponentially suppressed
by the spatial size of the lattice.

ensemble, the ¢cB211.072.96 ensemble (B96 for short),
with the same parameters as the B64 ensemble, except that
L is a factor 3/2 larger. We have measured both Fy and F 4
on the B96 ensemble up to x, = 0.7 using 100 gauge
conﬁgurations.7 As a conservative estimate of the FSEs, we
associate to the values of Fy,(x,) determined on each of the
ensembles of Table I an additional systematic uncertainty
oW$E(x,) given by®
o AFj(x,) ‘ ( AFY(x,) )

e . (28)

FW(X},, B64) \/Eg%(}mb (xy)

xy)__‘
Fy(x,)

"Beyond X, = xf/h = 0.7 the statistical errors on the B96
ensemble are too big for the results to be useful. Indeed, since
on the B96 ensemble 7/a = 192, the exponential increase of the
error with the photon energy E, described by Eq. (27), is much
faster than the one present on the B64 ensemble.

¥For x, > 0.8 we associate the same relative systematic

uncertainty as determined for x, = 0.7.
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(blue) ensembles, for two selected values of the dimensionless variable x, = 0.1 and 0.5. In each of the four figures the colored bands
correspond to the result of a constant fit in the given time interval. The B96 data have been slightly shifted in time for visualization

purposes.

where the subscript W represents V or A and

AFL(x,) = |Fy(x,, B96) — Fyy(x,. B64)|,

o™ (x,) = /ot (x,. B64) + 03" (x,, BIG),  (29)
which is the relative spread between the results obtained on
the BO6 and B64 ensembles, weighted by the probability
that the spread is not due to a statistical fluctuation. In
Fig. (5) we compare the two estimators R (x,) and Ry (x,),
at two selected kinematic points x, = 0.1 and 0.5, deter-
mined on the B64 and B96 ensembles. Reassuringly, we
find that for all values of x, and for both form factors
o} (x,) is smaller or of a similar size than the correspond-
ing statistical uncertainty, and the difference between the
results on the two volumes are most probably largely due to
statistical fluctuations.

Next we consider cutoff effects. For each value of x, the
extrapolation to the continuum limit is performed using the
following Ansatz

Fiy(x,.a) = Fyy(x,)(1 + Dyy(x,)(aA)? + Dy y(x,)(ah)*).
W={V, A}, (30)
with the parameter A chosen to be A=M, =

1.968 GeV’ and Fy(x,), Dy (x,) and D,y (x,) are dimen-
sionless fit parameters which depend on x, and are different

’With such a choice we find that the Dy (x,) are of O(1)
(see Table IV).

for the two channels W = {V,A}. The result of the
extrapolation for F, and Fy, obtained using the Ansatz
in Eq. (30) with the fit parameter D, fixed to zero, are
shown in Figs. 6 and 7. In the two figures, the blue bands
correspond to the linear a” extrapolation, performed omit-
ting the measurement at the coarsest value of the lattice
spacing. In Table IV, we report the values of the parameters
Dyy(x,) obtained from the linear a? fit to the full dataset
(orange band in Figs. 6 and 7), along with the correspond-
ing reduced y?, which is always very good, except for F at
the largest two values of x, (x, = 0.9 and 1.0). For most
values of x,, the fit parameter Dy, turns out to be of order

TABLE IV. Values of the fit parameters Dy (x,), their uncer-
tainties AD\y, and the reduced y? obtained in the linear fits to F
and Fy for the ten values of x, considered in this work.

F, Fy
x, Dy AD, y*/dof. Dy AD, y?/d.of.
0.1 -0.189 0.063 0070 -0.197 0.132  0.656
02 -0262 0057 0105 -0.339 0.038 0.786
0.3 -0325 0.049 0.147 —0.414 0.024 0.396
04 -0382 0045 0123 -0.470 0019  0.089
0.5 -0430 0.040 0179 -0.517 0.017 0.488
0.6 -0480 0.041 0.158 -0.551 0.016  1.597
0.7 -0531 0.041 0174 -0.595 0.018  0.946
0.8 —0.594 0055 0750 -0.676 0.030  0.510
09 -0.726 0.079 1927 -0.824 0.063 0.756
1.0 —0940 0.122 2023 —0.964 0.123  0.241
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FIG. 6. The extrapolation of F', to the continuum limit for all ten values of x

, considered in this work. The orange and blue bands

correspond respectively to the extrapolation curves obtained including or excluding the data at the coarsest lattice spacing.

O(1), suggesting the presence of cutoff effects in F and
F, that are of order O(a>M7, ).

We find that including the D,  (x,) (aA)* terms leads to
overfitting without substantially improving the quality of
the fit. The continuum values obtained using the Ansatz of
Eq. (30) are always consistent within errors with those
obtained from linear fits (i.e. with D, y (x,) set to 0) shown
in Figs. 6 and 7, but have substantially larger statistical
uncertainties. Moreover, the coefficient D, (x,) turns out
to be always consistent with zero within 1-1.5 standard
deviations, a clear signal of overfitting. Given these
observations we have decided to estimate the systematic
uncertainty due to the continuum extrapolation, using the
two linear extrapolations shown in each of Figs. 6 and 7.

Let f, and fp represent generically the continuum values
of Fy(x,) or Fy(x,) at some value of x, obtained
respectively from the linear fit by including or omitting
the result at the coarsest lattice spacing. We determine the
final central value f through a weighted average of the form

f=wafa+wgfs. wy +wp =1 (31)
Our estimate of the systematic error, which is added in
quadrature to the combined statistical and finite-volume
uncertainty, is then obtained using

o-gyst = Z wi(fi - .)_“)2 (32)

i=A,B
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The weights w;, with i = {A, B}, are chosen according to
the Akaike information criterion [41] (AIC) proposed in
Ref. [42], namely

W; & e~ U2V 2N )/2 (33)

where y? is the total ? obtained in the ith fit, and Né‘}rs and

N&as are the corresponding number of fit parameters and
measurements.'°

%We have checked that the use of uniform weights, w, =
wg = 1/2, leads to very similar results.

In Fig. 8 we show our final determination of the axial and
vector form factors as a function of x,. The error bars
include all the systematic uncertainties discussed above.
The results for F4, and Fy are compared with those of
Ref. [11], in which only the phase space region up to
x, = 0.4 had been explored. As the figures show, our results
are in good agreement with those of Ref. [11] for both F 4
and Fy, while the statistical uncertainty of the results is
significantly improved, particularly for Fy. In Table V we
collect our final results for the continuum values of F'4 and
Fy, while in Appendix B we present the full correlation
matrix between the form factors evaluated at different
values of x,, which may be useful for phenomenological
analyses.
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Loy

The form factors F4 (top figure) and Fy, (bottom figure), obtained after the extrapolation to the continuum limit, shown as a

function of the dimensionless variable x,. In each of the two figures, the red band is the result of a smooth cubic spline interpolation to
our data. The gray data points correspond to the results from Ref. [11] which have been slightly shifted horizontally to facilitate

comparison.

We have also determined separately the contributions
to the form factors F y from the emission of the photon
from the strange quark or the charm quark. In practice, the
strange-quark (charm-quark) contribution to R, y(t,k),
indicated in the following by R\, (1,k) (R(} (1K), is
obtained by setting the electric charge g. = 0 (¢, = 0) in
the evaluation of C*(z, E, k, p) in Eq. (8). The estimators
Rif,)A (t,x,) and RE/CA (. x,) are obtained using the usual ratio
of RCs Z,/Zy of Table 11 and the factor Zy (¢) of Eq. (21)
so that

Ry (t.k) = RY (1.k) + RY (1.k),
Ry(t.k) = R (1.k) + R\ (1. k). (34)

In Fig. 9 we show the strange- and charm-quark contribu-
tions to F4 and Fy, obtained after extrapolating the results

TABLE V. Continuum results for ¥4 and Fy for the ten values
of x, considered in this work. AF, and AF'y are the final errors,
which include all systematic uncertainties. The correlations

between the form factors at different values of x, are given
in Appendix B.

X}, FA AFA FV AFV
0.1 0.0813 0.0054 —0.1048 0.0097
0.2 0.0715 0.0041 —0.0819 0.0028
0.3 0.0641 0.0033 —0.0643 0.0013
0.4 0.0582 0.0028 —0.0519 0.0008
0.5 0.0534 0.0021 —-0.0431 0.0008
0.6 0.0495 0.0024 —0.0363 0.0008
0.7 0.0463 0.0031 —0.0316 0.0007
0.8 0.0432 0.0032 —0.0291 0.0010
0.9 0.0433 0.0083 —-0.0297 0.0056
1.0 0.0489 0.0229 -0.0315 0.0152
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FIG. 9. The strange- and charm-quark contributions to F, (top figure) and Fy (bottom figure) as a function of the dimensionless

variable x,.

to the continuum limit following the same procedure as
for the sum. It is interesting to note that while F, it is
completely dominated by the strange-quark contribution,
there is a very significant cancellation between the strange
and charm contributions to the vector form factor Fy,.
The cancellation between the two contributions becomes
more pronounced at large values of x,. The implications of
this cancellation in the vector form factor will be discussed
in the next section. Finally, as is clear from Fig. 9, at
large values of x, only the errors on I_?<VS.)A(I, x,) increase
exponentially, while no degradation of the signal is present

for I_?if/) 4(t.x,), as expected from the analysis presented
in Appendix A.

B. Differential decay rate and branching fraction

From the knowledge of the SD form factors Fy and F,
the differential decay rate dI'(D, — #vy)/dx, can readily
be evaluated. The relevant formulae have been derived e.g.
in Egs. (1)-(31) of Ref. [12], to which we refer the reader
for a more detailed discussion. However, for the sake of
completeness we briefly summarize them here. The differ-
ential decay rate is expressed as a sum of three different
contributions:

dl'(D; — £vy) _ %em o) {dRpt

dRint dRSD
. (35
dx 4r dx, v } (35)

’ dx, dx,
where T'¥) is the leptonic decay rate in the absence of
electromagnetism and is given explicitly by

_GHVLPS

ro =T b pa-2e )

and the three quantities dR?"/dx,, dR™/dx,, and dRS /dx,
correspond respectively to the pointlike, interference,
and SD contribution. The pointlike contribution does not
depend on the SD form factors, while the interference and
the SD contribution depend on Fy and F, linearly and
quadratically, respectively. The explicit expression of the
three terms is the following (r, = m,/Mp ):

dR™ 21 {[(Z—Xy)z ]
= - — —4r2|(1—x,—r2)
dx, (1-r2)x, 1-x, ‘ o
1-—x
—2(1=r2)(1+ 7% - Xx,) +xﬂ 10g< > 7) }
¢

(37)
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dRint - 2MDX
dx,  fp (1—r2)?

14

JdRSD M2D X3

= 3 (F2 + Fz)iy

dx, flz)x VMR =)
2+7r2-2x,)1-x,—r)? (39)

5 .
6(1—-x,)
The total decay rate
-7 dr(D, = fuy)

I,(AE,) = A_ fdxyT (40)

Mp, 14

can be then evaluated for any desired photon energy cut
AE, using the previous formulas and our determination of
the form factors Fy and F4. As Egs. (37)—(39) indicate, the
pointlike contribution gives rise, in the soft photon limit
AE, — 0, to a logarithmically divergent contribution pro-
portional to log(AE,) and is therefore the dominant
contribution in I',(AE,) for sufficiently small values of
AEJ,.11 However, the pointlike contribution is also chirally
suppressed with respect to the SD contribution by the factor

"The infrared divergence in the leptonic decay with a real
photon in the final state is canceled by the O(a,,) virtual photon
contribution to the purely leptonic decay amplitude, through the
Bloch-Nordsieck mechanism [43]. The inclusive leptonic decay
rate P — Zu(y) is infrared finite.

!
{FAx], {ﬁ— 1+x, —|—2r§10g<

X 2

1:—307)] + (FV_FA)X%|:1 i’f’xy— 1 +10g<1 :;)] } (38)

|

r2 = (mg/M)p,)?. Unlike the pointlike contribution, the SD
contribution to dI'(D; — #vy)/dx, is small at small photon
energies, then grows reaching a maximum at some value of
the photon energy which depends on the specific channel
considered, and then decreases to zero at the edge of phase
space, i.e. for x, =1— ré. Therefore, for a sufficiently
large photon energy cutoff AE, and a small value of r,, the
SD contribution to I',(AE,) is the dominant one.

For the radiative leptonic decays of the D, meson, the
only experimental measurement that is currently available
is the branching fraction for D, — ev,y, for which the
BESIII Collaboration has given the upper bound at
90% confidence level [8]

L(AE)
Br[D; — ev,y] (AE,) = T !
tot

ol = (5.04 +0.04) x 10713 s

<13 %1074,

including photons with energies E, > AE, = 10 MeV.
Because of the small mass of the electron, r, ~2.6 x
10~* compared to r, ~5.4 x 1072 and r, ~ 0.9, the elec-
tron channel is the most sensitive to the vector and
axial form factors Fy and F, and is therefore the most
interesting one phenomenologically. In Fig. 10 we show
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our determination of the branching fraction as a function
of the cutoff on the photon energy, starting from the cut
AE, = 10 MeV employed by the BESIII Collaboration in
Ref. [8], which is indicated in the figure by the dashed red
line. For this calculation, we used the following values of
the Cabibbo-Kobayashi-Maskawa (CKM) matrix element
V., and of the D, decay constant, which we have taken
from the 2021 FLAG review [44]

V.| =0.9741(65).  fp. =249.9(0.5) MeV
[Ny =2+ 1+ 1 averages|. (42)

We have computed the branching fraction by using the
form factors F, , determined either from the spline inter-
polation of our numerical lattice results or by fitting to the
phenomenological parametrization of the form factors
given in Eq. (43) below and discussed in the next section.
The two different determinations of the branching fraction
are represented in Fig. 10 by the blue and red bands
respectively. The phenomenological parametrization of the
form factor leads to a much more precise determination of
the form factors in the kinematical region of high values of
x, than the spline interpolation of the lattice data. This is
due to the fact that the fit parameters are mainly determined
from the most statistically accurate data points, which are
the ones at low and intermediate values of x,, while the
spline interpolation is designed to always reproduce the
actual data points with their corresponding error range. As a
consequence, the branching fraction obtained through the
phenomenological parametrization of the form factors is
more precise than the one obtained by using the spline
interpolation, and the difference in the precision increases

as the lower cutoff on the photon energy AE, increases.
On the other hand, results obtained by using the spline
interpolation of the lattice data are less affected by potential
systematic effects due to model dependence and for this
reason we conservatively consider these as our final results.
Note however, that the two determinations of the branching
fraction are always compatible within errors.

From Fig. 10 we see that the results obtained for
Br[D; — ev,y](10 MeV) using either the spline interpola-
tion (Br[D; — ev,y](10 MeV) = 4.4(3) x 107%) or the
phenomenological parametrization of the form factors
(Br[D; — ev,y](10 MeV) = 4.1(2) x 107°) are well within
the upper bound at 90% confidence level set by the BESIII
Collaboration (Br[D; — ev,y](10 MeV) < 1.3 x 107%).
Moreover, they are also much smaller than the quark-
model predictions of Refs. [45,46] which estimate a
branching fraction of order 10-107*, and of the deter-
mination of Ref. [18] where a branching fraction of
order 1073 is obtained combining perturbative QCD
with the heavy-quark effective theory. We find that, already
for AE, = 10 MeV and even more so for higher-energy
cuts, the decay rate is completely dominated by the SD
term. The pointlike contribution is always below one
percent and the interference contribution is even smaller.
For comparison, adopting the same cut on the photon
energy (AE, = 10 MeV), the corresponding branchings
into muon or 7 are respectively 1.86(3) x 10~* and
1.20(2) x 107%, and in both cases are dominated by the
pointlike contribution. Finally, in Fig. 11 we provide our
determination of the SD contribution to the differential
branching fraction in the electron channel, which has a
maximum for a value of x, of about 0.6-0.7. The blue and

1le-05

8e-06 |

6e-06 |

4e-06 +

Br[D; — evy]

_d_
dzy

2e-06 |

Spline interpolation ===

Phenomenological parameterization ===

01 02 03 04

FIG. 11.

05 06 07 08 09 ]
.'1:,7,

The SD contribution to the differential branching fraction for the decay Dy — ev,y as a function of x,. The blue and red bands

correspond respectively to the decay rate obtained by employing the spline interpolation of the lattice results for the form factors or their
phenomenological parametrization obtained by fitting the Ansatz of Eq. (43) (see also Sec. V and Table VI for more details).
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TABLE VI. Values of the parameters Cy,, Ry, and By, for the two form factors 4 and Fy, and for the individual contributions FE,C,V

)

and FS;)V, obtained by fitting the Ansatz of Eq. (43). For the axial data, and for the total vector form factor, the parameter By, is not
included in the fit and has been set to zero, since it is not necessary to describe the data. Correlations among the fitted parameters are also

reported in this table.

Cy Ry By cor(Cy, Ry) cor(Cy, By) cor(Ry, By) y?/d.of.
Fy 0.0518(30) 1.413(30) 0 (fixed) 0.766 e e 0.41
Flo —0.0135(10) 1.453(59) 0 (fixed) -0.732 e e 0.23
A

FI(:) 0.0662(56) 1.423(36) 0 (fixed) 0.975 e e 0.24
Fy —0.01792(76) 1.091(11) 0 (fixed) —-0.936 e e 0.45
Fi/c) 0.0624(15) 1.0809(43) 0.0369(14) 0.922 —0.864 —-0.819 0.31
F ~0.0792(24) 1.079437)  —0.0367(31) ~0911 ~0.936 0.831 1.8

red bands in Fig. 11 represent respectively the results
obtained by using the spline interpolation of the lattice
results for the form factors or the phenomenological para-
metrization based on their fit to the Ansatz of Eq. (43)
below. As before, in the region of high values of x, the
results based on the phenomenological parametrization of
the form factors become much more precise than the ones
based on their spline interpolation. However, the two
determinations are always compatible within errors.
Additional branching fractions, with specific cuts on the
photon and/or lepton energies, are available on request
from the authors.

V. PHENOMENOLOGICAL PARAMETRIZATION
OF THE FORM FACTORS

In this section we present a parametrization of the form
factors inspired by single-pole dominance. In this approxi-
mation the form factor is described in terms of the
propagation of the nearest resonance. We find that a good
description of the momentum dependence of our lattice
data is obtained by employing the following Ansatz:

)= Sy
\/R%V+§<\/R$V+§+%— )

W = {A,V}, (43)

Fw(.x},

+ By,

in which the single-pole dominance approximation corre-
sponds to fixing Ry = M'/Mp, where M' is the mass of
the nearest resonance, and setting By, = 0. Here instead
Cw, Ry and By, are three free parameters to be determined
from the fit. The constant term By, represents the leading,
nonsingular correction in the Laurent expansion of a
function around a pole. We refer the reader to
Appendix C for a more detailed analysis of the different
Ansitze which we have examined.

The Ansatz of Eq. (43) has also been used to fit
separately the contributions from the emission of the
photon from the charm and strange valence quarks.

These are simply obtained by setting the charge of the
other quark to zero. We label these separate contributions

by F Ef)v and F S,)V’ where the superscript indicates the quark
from which the photon has been emitted. Interestingly, we
find that including the parameter By, is only required to

obtain an acceptable fit for the separate contributions F §f>

and FE,S). For all the other cases [Fﬁf), Fff), F,,and Fy], By
can be set to 0 without increasing the y?/d.o.f., resulting in
good parametrizations of the form factors. The results of
the fits are reported in Table VI, while in Fig. 12 we plot the
resulting fitting functions together with our lattice data. We
see from Fig. 12 and Table VI that the fits provide a very
good representation of our lattice data and low values of
the correlated y?, even for the most precisely determined
form factors. The remarkably strong, O(90%), cancellation

between the obtained values of B%,c ) and B%f ) in Table VI
explains why By can be dropped when fitting the total

vector form factor. The degree of cancellation between B§f>

and Bg), and also between the contributions to the form

factor Fy from F E,C) and F E/s) in the lower panel of Fig. 9,
depends on both the charges and masses of the two valence
quarks and should therefore be considered to be accidental.
It will be interesting in the future to observe to what extent
these cancellations hold for the decays of the B-meson.
Finally, we observe that the parametrization we provide for
the form factors is more precise than the lattice data points
for kinematics above the threshold value x, ~0.8. This is
because the fit parameters are mainly determined from the
most statistically accurate data points, which are the ones at
low and intermediate values of x,.

Single-pole dominance implies that the values of Ry, and
Cy are related, respectively, to the masses of the nearest
internal resonances contributing to the correlator and to
their transition amplitudes to the external states. In the
present case, the resonances are the Dj for the vector
channel and the Dy, for the axial one. The values of the
amplitudes Cyy are therefore related to the couplings gp:p ,
and gp p,, i.e. to the Dj — Dy and Dy — D,y decay
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FIG. 12. The fit functions corresponding to the Ansatz of Eq. (43) are plotted, along with the lattice data, for the axial channel (top
panels) and for the vector channel (bottom panels). The “single-pole fit” denotes the fit to the data with By, fixed to zero, while “Single
pole plus constant fit” denotes the fit to the data with all the three parameters Cy,, Ry and By left free.

amplitudes respectively. However, for such an interpreta-
tion of the Cy, to be considered to be physically mean-
ingful, we first need to check that the fitted values are stable
under variations of the fit Ansatz. We perform such an
analysis in detail in Appendix C. The outcome is that the

data in the axial channel, i.e. for F4, F ﬁf) and F), are well
described by any of the different Ansétze we employed, but
the resulting values for the amplitude C, are very different
depending on the Ansatz which was used. We conclude that
the fitted value of C, is not stable and is not reliable as an
estimate of the coupling gp p,. Note that in the axial
channel, there is a second resonance, the D, (2536), with a
mass which is only 76 MeV above the nearest resonance,
the D,;(2460). Since the difference in the masses is so
small, the fitted residue C, may encode contributions from
both of these internal states, resulting in an unreliable
determination of the coupling gp p,. For the vector
channel on the other hand, we found that the value of
Cy is very stable under variations of the fit Ansatz,
provided that the corresponding fits result in a low value
of y?/d.o.f..

Having established in Appendix C that the value of Cy is
stable, we obtain the corresponding value of the coupling
9p:p,y» Using the relation,

_ Mp:fp:9p:p,y

Cy= ,
Y 2’MDS

(44)

where f - is the decay constant of the D meson, for which
we take the value fp. = 268.8(6.6) MeV obtained from
the lattice computation of Ref. [47]. In Table VII, we report
our estimate for the coupling gp:p ,, and for the individual
contributions from the radiation from the strange and charm
quarks. In the quoted uncertainties, we include an estimate
of the systematic error due to the use of single-pole
dominance as a model parametrization of the form factors.
This is obtained in Appendix C from the variation of the
results in Table IX determined using different Ansitze. In
Table VII we also provide a comparison of our results with
the values of the gp:p , couplings obtained from a direct

TABLE VIL Our results for the gp:p,. gp, and gy
couplings are presented and compared to the previous compu-
tations of Refs. [21,22], based on lattice simulations and LCSR at
NLO, respectively. Note the indirect nature of our estimate of the
couplings, obtained by using an effective single-pole paramet-
rization of the radiative form factors, as compared to the direct

lattice computation of the D} — D,y decay amplitude [21].

LCSR [22]  HPQCD [21]  This paper
9p:p,y [GeV™] 0.60(19) 0.10(2) 0.118(13)
9b!p,, 1GeV] 10 0503)  0532(5)
T,y [GeVT] —04 —0.40(2) -0.415(16)
Al -25 ~125(10)  —1.282(61)

PO
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lattice computation of the D} — D,y decay amplitude [21],
and from the calculation based on LCSR at next-to-leading

order [22]. Our results are in excellent agreement with

those of Ref. [21] and with the value of gg? p,, Obtained in

the LCSR calculation [22]. However, we find a discrepancy

of a factor of about 2 with the value of gg) p,, Obtained in

Ref. [22] which, given the strong cancellation between the
strange and charm-quark contributions, is amplified in
the total coupling gp:p , to a factor of about 5; specifically
the value from the LCSR calculation is about five times
larger than the ones obtained from the lattice computa-
tions."?

The authors of Ref. [23] have also provided the values of
the radiative form factors F4 and Fy for the D meson at a
single kinematic point x, = 0.846; F,(x, = 0.846) =
—0.44 and Fy(x, = 0.846) = —0.11. They add that they
refrain from estimating the uncertainties on these values
as they “only aim to provide rough estimates in order to
motivate experimental searches” [23]. Nevertheless, these
estimates are in strong disagreement with the values col-
lected in Table V from our direct lattice computation. In
particular, we notice that, around this specific kinematic
point, the magnitudes of F'y, differ by approximately a factor
4, while for F, the results differ by an order of magnitude
and have the opposite sign. This raises some questions about
the precision of the approach of Refs. [22,23], based on
LCSR, for describing heavy-meson radiative form factors.

VI. CONCLUSIONS

In this paper we have presented a lattice calculation,
in the electroquenched approximation, of the structure-
dependent axial and vector form factors, F4 and F'y,, which
contribute to the amplitudes for the radiative leptonic
decays D, — Zv,y. Our results extend and improve the
analysis presented in Ref. [11], and are the first lattice
predictions for these form factors over the whole physical
phase space in the continuum limit.

We have also presented the individual contributions to the

form factors from the emission of the photon from the charm
)

and strange valence quarks, F' &,‘ 4 and F i,‘)A respectively, with
Fy,=F E/Czq +F yA A remarkable feature is that if) (x,)=

-F E,S) (x,), see the lower panel of Fig. 9, so that there is a
very significant cancellation in the determination of Fy (x, ).

The axial form factor F', is dominated by F' Ef) and there is no
such cancellation, see the upper panel of Fig. 9.

We use our results for the form factors to compute the
differential decay rate for the process D; — ev,y as a

2 According to Ref. [48] the uncertainty in the 9p:p,, coupling
given in Ref. [22] may be an underestimate because of the
significant cancellation between the charm- and the strange-quark
contributions.

function of the photon energy in the meson rest frame,
separating the SD contribution from the pointlike one.
By integrating the differential decay rate, we obtain the
branching ratio for the D, — ev,y decay as a function of
the lower cutoff, AE,, on the energy of the photon in the
rest frame of the decaying meson. Our result for the
branching ratio for AE, = 10 MeV is 4.4(3) x 107°, well
below the upper bound of 1.3 x 10™* set by the BESIII
Collaboration [8]. Even for as low a value of AE, as
10 MeV, we find that the SD contribution dominates the
branching ratio due to the strong helicity suppression, by a
factor 2 = (m,/Mp_)?, of the pointlike term.

Having determined the form factors, we use the results
to investigate the validity and applicability of model-
dependent calculations, such as ones based on single-pole
dominance or light cone sum rules. Such model estimates
are commonly used in the analysis of radiative processes
involving heavy mesons for which lattice calculations are
often not available. We showed that the LCSR computa-
tions at next-to-leading order of Refs. [22,23] fail to
reproduce our results for the form factors of the D; meson,
and that a pure VMD parametrization does not always
reproduce their momentum behavior. In Eq. (43) and
Table VI we propose a simple parametrization of the
form factors, based on an extension of the single-pole
dominance Ansatz, which reproduces our lattice results
very well and may therefore be useful for future phenom-
enological analyses.

For Fy (x,) we find that results for the residue of the pole
are very stable, allowing us to interpret the result in terms of
the gp p:, coupling. The result is presented in Table VII,
where it is also compared to the results from a direct lattice
computation of the rate for the decay D* — Dy [21] (we
find good agreement) and to the LCSR calculation of
Ref. [22] (we disagree significantly).

A nonperturbative, model-independent theoretical pre-
diction for the amplitudes of real photon emission in
leptonic decays is important for testing the Standard
Model and for searches for new physics. Indeed, such
results are required in order to include O(a,,) corrections
in the determination of fundamental SM parameters such as
the CKM matrix elements. In addition, the SD contribution
to P — fuv,y decays probes the internal structure of the
decaying meson and by comparing SM results for the form
factors to experimental measurements one can test for
hypothetical new physics effects. This is especially true
for the decays of heavy mesons into an electron and its
neutrino, where the SD contribution dominates the rate
already at low photon energies such as 10 MeV, which
are included in some current experimental studies. First-
principles lattice computations are particularly important
for heavy mesons since chiral perturbation theory does not
apply in that case. For this reason, in the future we plan to
compute the radiative SD form factors also for the D and B
mesons. When applying the strategy that we have presented
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in this work to these mesons however, the presence of a
light valence quark will significantly lower the threshold
value of the photon energy above which statistical fluc-
tuation start to grow exponentially. We have identified the
origin of this issue in Appendix A, where we also briefly
discuss a possible way to mitigate this problem based on
the different lattice approach proposed in Ref. [17], where it
is called the 3d method.
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APPENDIX A: BEHAVIOR OF THE SIGNAL-TO-
NOISE RATIO FOR Fy AND F, AT LARGE x,

In this appendix, we show why the intrinsic statistical
fluctuations of Cy (¢, E,.k,p) become exponentially large
for small values of  and large values of x,. For this discussion
we make a certain number of simplifications, but these have
no impact on the main conclusions. We consider only the
case p = 0, i.e. we always work in the decaying hadron’s
reference frame. We shall also use continuum notation
throughout this appendix, and replace lattice sums by definite
integrals. Also, when considering the Euclidean three-point
correlation function in Eq. (8) we only consider the term with
t, < T/2, which is the dominant one in the limit 7 — co.
We discuss the case of an arbitrary pseudoscalar meson
P = Uy’D made of an up- and a down-type quark.

We choose the 4-momentum k= (|k|,k) and
p = (mp,0), therefore we now denote the correlation
function C}/(t;k, p) in Eq. (8) simply by CY,/(z,k). For
t,t, < T/2 it is given by

v . T/Z Lo BN A
Ciy(t:k) = _lA dr,eB (0T[4, (2, 0) fem (. k)

x ¢1(0,0)]0), (A1)

where

Boltep) = / Pxf (1, x)e,

Jem(ty. k) = / dyjbm(ty,y)e*> (A2)

and E, = |k|. We now separate the contribution from the
region with 7, <t from that with 7, > 1,

Chy (t:k) = Cly (1.k) + Ch (1K)
t N R
— i /0 dt e (0] (1.0) (1, K) (0, 0) 0)

y A A
- i[T Zdt)yeErty' <0|]lelm(ly’k)]lljv(t’0)¢}’(ov0)]|O>
(A3)

The time ordering relevant for our discussion is
t<t,<T/2, ie. with the weak current acting before
the electromagnetic current; this corresponds to the second
contribution to the correlation function, C%? (¢, k). We also
distinguish the contributions to C’;;;z(t, k) from the emis-
sion of the real photon from the up-type (U) or down-type
(D) valence quark, and define

Ol (1K) = Ci(t.k) + Cp (1K), (A4)
where
. T/2 N
CU2(1.k) = i [ et (O o (1K) 2y (1.0)
x p(0,0)]0).  f=(U.D) (AS)

in terms of the single-flavor contribution to the current,

Frenlt R = a7 [ e 0600w (1,3). (A6)

Since we aim at understanding the behavior of the error at
small #, we focus on the case in which the weak current j%,
and the interpolating operator ¢ are separated by a time
distance of a few lattice spacings. In this case, we can
interpret the quantity
- 4t

O (1) = jiw(1,0)¢(0,0) (A7)
as a nonlocal interpolating operator for vector states (in
both cases W =V, A), and

My (ty = 1.1.k) = (017 (1. k) 4, (1. 0) 1, (0. 0)[0)

= (01 (1. k) 0%,(1)[0). (A8)
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as a standard two-point correlation function, where vector
states propagate between Euclidean time ¢ and Euclidean
time ¢, > ¢. Ignoring finite volume interactions, a standard
application of the Parisi [49] and Lepage [50] argument,
shows that at fixed time 7 and large-time separations 7, — 1,
the variance GMW (t,—t,1,k) of M?',“W(ty —1,1,k) decreases

exponentially as

o2 (1, — 1. 1.k) e M) (A9)
fwo

with Ml;fp the mass of the lightest pseudoscalar fy>f
state. Instead, the signal M;fw(ty
totically as

—t,t,k) scales asymp-

My (ty — 1,1, k) o< e Ev B0,

Ef,V(k) —\/ szf,v + |k|2,

where My is the mass of the lightest vector state

(A10)

interpolated by J ... (t,.k). This implies the following
asymptotic scaling of the signal-to-noise (S/N) ratio of

My (1, = 11, k)

(Ef.v(k)—M_l;_i)(fy—f)
opr, (ty— 1.1, k) ’

(A11)

Equations (A9)—(A11) enable us to understand the scaling
of the error as we discuss in the following subsection.
When P = D,, we have Ms,v =My~1GeV, M.y =
MJ/\I, ~3.1 GeV, Miy =M, ,~0.69 GeV and ME =

_~2.98 GeV. We underline that Eqs. (A9)—(A11) only
hold for large time separations 7, — t.

1. Analysis of the scaling of the signal-to-noise
ratio of Cy'yy v:2
We now have all the necessary ingredients to understand
the scaling of the S/N ratio of C’;”u%(t) To this end, we
define a time, ., such that for 7, — ¢ > 1, the asymptotic
formulas in Eqs. (A9)—(A11) hold, i.e. both M?’W(ty
t,t,k) and o-M,w (t. —t,t,k) are dominated by the contri-

butions from the lowest-energy vector and pseudoscalar

Mi‘t',UW( t,— 1.1, k) intermediate states respectively:
|
M?”W(ty —1,1,k) = ZIA . e~ Ern®)(t,=1) 4 A fvoe—Efy(k)(ty—ﬁty_i g Aso o—Ev(k)(1,~1) (A12)
2 —M 2 —ZMBS_(ty—t) ~ 2 —ZMPS(I —1)
where E;, (k) > E;y(k) and M, > 2M;JS‘. for n > 1. We thus have'’
Cﬂyz(t k A Ef” k> fe d E/n ) ) A E[v(k) T/2 d E/ v(k) -E )tv A14
W —i Z Fn tye” v+ Agge tye” : (A14)
t

T/2 Bt

Since for each value of the photon’s energy, E, = |k|,
one has E;,(k) > E;y(k) > E,, the integral over t, in
Eq. (Al4) is always convergent and dominated by the

BIn writing Eq. (A15) we are assuming that the values of
M’;’fw(t‘, — 1,1, k) at different times #, are fully correlated, which
is a fairly good assumption given that the different times are
typically evaluated using the same set of gauge configurations.
However, the main result obtained in this appendix, namely the
exponential growth of the error in Eq. (A16), does not depend
upon this assumption.

fout T/2 PS
t,—t.t.k) = / dt, \/Z[B;ﬂezwf.n e~ Mr=2E)] 4 B oMt / drye” M
t n=0 eyt

(A15)

|
time region where t, is close to z. Indeed, there are no
intermediate states lighter than the energy of the external
states. However, this is not always the case for the standard
deviation acufp;(t,k). When passing the threshold value

E, =M jl-jf; the leading exponential contribution in Eq. (A15)
(the term proportional to B ) grows asymptotically with 7,
and is only regularized by the finite time extent 7" of the
lattice. In this case, from the leading exponential term in

Eq. (A15) one has that the divergent part of the error for
E, > M?j, is given by
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Ucﬁ (1.k) = Bf’OeM;]S,z [ T/2 dtye—(M;j—Em,
_ B bt |:e(EV_M!;5f)(T/2—t) _ 1} (A16)
f’O(Ey—MI—)S) . :

1r
The prefactor e in Eq. (A16) is irrelevant since it does not
contribute to Rf; [see Eq. (9)] and thus to the hadronic
tensor HY,.

The reason behind the behavior described by
Egs. (A14)—(A16) is that the kernel function %, account-
ing for the propagation of the photon, weights the different
regions in 7, in different ways, giving an exponential
enhancement at large times 7, which are therefore noisier.
For real photon emission, the kernel £/ never gives rise to
a divergent integral in Eq. (A14), since the propagating
vector states have nonzero three-momentum k& so that
E;y(k) > E, [see Eq. (A10)]. However, the states propa-

gating in Giﬂfw(ty — 1, 1,k) are at rest, and when E, > M];;,

the leading exponential contribution proportional to
f dt},e(E’_M;?)"’ in Eq. (A16) becomes divergent in the
limit 7 - oo.

2. Numerical checks

For the D, meson studied in this paper, the threshold
value of x, =2E,/M above which the error starts to
grow asymptotically is, according to Eq. (A16), given by

s’ 7
Mp

M
xih =2l ) (A17)

s

For x, > x}’,h the error will increase only in the contribution
to Cly, (t,k) where the photon is emitted from the strange
quark, because for the emission from the charm quark, one
has Mg? = M, , ~3 GeV, and the corresponding thresh-
old value of x, is well beyond the physical region
explored x, < I.

The total error on the strange-quark contribution to
Ry (t,k) = R}/ (1,k,0) [see Eq. (16)] for small times ¢
can be modelled as

BR’;‘I/I (Ey_Mq”/ )(T/Z—),‘)
B, =M Nyt

where ARF‘;; is a background noise term, which we take as
being independent from E,. The contribution A Ry tO the
noise arises from the nondivergent contributions to the
noise in Eq. (A14) as well as those coming from the first
time ordering, ¢ > f,, in Eq. (Al). Assuming that at x, =
0.8 the error is large enough such that the term Agw is
negligible compared to the one proportional to B R, We can
directly test Eq. (A18) against our numerical data. This is
shown in Fig. (13) where the error on the strange-quark
contribution to Ri?(t,x,) = Ri?(t,k(x,)) is plotted as a
function of x, > 0.8 for two different times #/a = 2, 3. As

100000
t/a =2, charm contribution @
10000% ¢/ =3, charm contribution v ‘/
—~ 000l t/a =2, strange contribution / 7
< . . v
= t/a = 3, strange contribution v
=100} / ,
= y
R[N
b‘:: 10+ v 1
ly _® @ 9 9 | ]
0.1 ‘ ‘ ‘ ‘
0.8 0.9 1.1 1.2 1.3

Lry

FIG. 13. The statistical error on the strange- and charm-quark contribution to R}y (¢,k), with y = 1, =2 and W = V, is plotted as a
function of x, for two different times ¢#/a = 2, 3. The orange and blue curves correspond to the theoretical prediction of Eq. (A18)
with Age = 0. Both the theoretical predictions and the numerical data have been rescaled in such a way that at x, = 0.8 the error is

exactly one.
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it is clear from the figure, the data are in remarkably good
agreement with the theoretical prediction.

We conclude this appendix with a remark concerning the
possibility of extending the calculation of F', and F'4 to the
decays of D, and B, mesons over the full kinematical
range, which is of even greater interest for phenomenology.
In light of the above discussion, for these heavy-light
mesons the threshold value of the photon energy E, above
which the errors will start to exhibit the exponential
behavior shown in Eq. (A16), is given by the pion mass
M . This means that intrinsically large statistical fluctua-
tions are to be expected in Cly (,k) already at very small
values of x,. In this case, a possible step towards avoiding
the S/N problem, consists in evaluating the integral over 1,
in Eq. (A1) on a reduced time interval , € [0, ], and then
checking for convergence of the result as a function of 7.
In this way one can expect to avoid including in the
integration large values of z, which do not contribute

substantially to the signal (which is dominated by the
region of times ¢, close to 7) but which are responsible for
the exponential increase of the error.

However, such approach requires the computation of the
Euclidean three points function

My (1, 5k, p) = (O1T[4 (1) Jem (1, k) (0. p)][0),  (A19)

for different values of 7 and for all values . In this way it is
later possible to perform the integral over 7, for each value
of ¢. Computations at several values of ¢ need to be
performed in order to verify that the ground state has been
isolated. This makes the approach more expensive than
computing C}; in Eq. (8) directly, which can be done for all
values of ¢ at the cost of a single sequential propagator.
Whether such an extra cost for heavy-light mesons is offset
by a significant improvement in accuracy remains to be
seen. We plan to investigate this in the future.

APPENDIX B: RESULTS AND CORRELATION MATRICES FOR F,(x,) AND Fy(x,)

X

Fa

Ap,

r 1.00000 | 0.93275 | 0.90319 | 0.87687
0.1 | 0.08129 0'00338 0.93275 | 1.00000 | 0.92220 | 0.91694
g'i 3'8213 Z 2'3832(6) 0.90319 | 0.92220 | 1.00000 | 0.91785
- - - 0.87687 | 091694 | 0.91785 | 1.00000
04 | 0.05824 | 0.00282
0.83165 | 0.86874 | 0.88262 | 0.89968
0.5 | 0.05337 | 0.00213
0.76844 | 0.80104 | 0.82681 | 0.84780
06 | 004953 | 0.00243 0.65813 | 0.65870 | 0.67405 | 0.67133
0.7 | 0.04626 | 0.00309 i i ’ s
08 | 008325 | 000325 | 039596 | 040917 | 043075 | 042214
09 | 004332 | 000527 | 0-19820 | 019818 | 020483 | 0.22359
0 | 004893 | 002201 0.05885 | 0.06649 | 0.04460 | 0.06804
Xy Fy Ar, 100000 | 088397 | 076281 | 0.62931
0'; —0.10483 0'00262 0.88397 1.00000 0.92314 | 0.76805
0. —0.08188 | 0.0028 0.76281 0.92314 1.00000 | 0.88045
03 | —0.06428 | 0.00131
0.62931 0.76805 0.88045 1.00000
04 | —0.05187 | 0.00085
0.41384 0.49098 0.59188 0.82870
0.5 | —0.04307 | 0.00080
0.24756 0.31933 0.43306 0.61088
06 | -008632 | 000078 0.20298 0.19618 0.23283 0.44651
0.7 | —0.03157 | 0.00071 : : ’ ’
08 | —00m53 | onolol 0.08518 0.08374 0.09787 0.20618
09 | 002966 | 00059 —0.01028 0.01045 0.03337 0.08193
0 | —003127 | oois1 —0.02871 | -0.02545 | —0.01943 | 0.02915

F, correlation matrix

0.83165 0.76844 0.65813 0.39596 0.19820 0.05885
0.86874 0.80104 0.65870 0.40917 0.19818 0.06649
0.88262 0.82681 0.67405 0.43075 0.20483 0.04460
0.89968 0.84780 0.67133 0.42214 0.22359 0.06804
1.00000 0.86177 0.70806 0.46356 0.21540 0.04650
0.86177 1.00000 0.78497 0.54501 0.27262 0.08763
0.70806 0.78497 1.00000 0.65900 0.36929 0.16734
0.46356 0.54501 0.65900 1.00000 0.60339 0.35453
0.21540 0.27262 0.36929 0.60339 1.00000 0.59821
0.04650 0.08763 0.16734 0.35453 0.59821 1.00000
Fy correlation matrix
0.41384 0.24756 0.20298 0.08518 -0.01028 —0.02871
0.49098 0.31933 0.19618 0.08374 0.01045 —0.02545
0.59188 0.43306 0.23283 0.09787 0.03337 —0.01943
0.82870 0.61088 0.44651 0.20618 0.08193 0.02915
1.00000 0.68718 0.59022 0.29135 0.13671 0.08414
0.68718 1.00000 0.61811 0.38090 0.21946 0.14966
0.59022 0.61811 1.00000 0.69088 0.45154 0.29618
0.29135 0.38090 0.69088 1.00000 0.79170 0.56277
0.13671 0.21946 0.45154 0.79170 1.00000 0.75941
0.08414 0.14966 0.29618 0.56277 0.75941 1.00000

APPENDIX C: ANALYSIS OF SINGLE-POLE PARAMETRIZATIONS FOR F,(x,) AND Fy(x,)

Single-pole dominance, sometimes called vector-meson dominance (VMD) in the literature, is a model used to describe
the momentum behavior of form factors, as determined by the propagation of the nearest internal resonance contributing to
the amplitude. In this appendix we fit the data from our nonperturbative lattice computation of F4(x,) and Fy(x,), to check
the validity of such a parametrization. After demonstrating that a pure VMD Ansatz is not consistent with our results for the
form factors, we propose a simple extension of the parametrization that can fit our data with good precision over the whole
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kinematical range. This parametrization provides a simple
and practical description of our data which can be used in
future phenomenological analyses. We also check the
stability of the fitted values of the residues of the singular
pole terms in the parametrization [i.e. the Cy, in Eq. (43)].
This is a necessary test in order to assess the validity of
relating the fitted Cy, to the D} — D,y and Dy, — D,y
decay amplitudes for the vector and axial channels respec-
tively, as predicted by single-pole dominance.

VMD predictions are obtained by inserting a sum over
intermediate states between the two operators in the
correlation function defining Hiy (k,p) in Eq. (1) and
approximating this sum by the contribution from the
nearest state. This approximation is also appropriately
called single-pole dominance. For the vector and axial
components of the weak current the nearest internal states
are the D and D mesons respectively, contributing to the
time-ordering in which the electromagnetic current acts on
the initial meson D at an earlier time than that at which the
weak current is inserted, i.e. 7, <0 in Eq. (8). Thus, by
assuming single-pole dominance, we obtain the following
parametrization for the momentum behavior of the form
factors'*:

CI
e I e E,—E)
_ Ca
M+ P (kP 4 e = M)
(c1)
cy
Fyli) = Ep, (k)(Ep; (k) + E, — E)
¢M% + k2 WMZ K+ k| = Mp, )
(c2)

where Mp ~and Mp. are the masses of the Dy and Dj
mesons respectively and €/, and C}, are constant coef-
ficients with the dimension of energy squared. By dividing
both the numerator and denominator of Eqs. (C1) and (C2)

by MZDS and expressing |k| in terms of x, as |k| = % we
obtain
Ca
x,) = — . (C3)
\/RD,VI + %(\/RD.H +3t7- 1)

“Here and in the following, we employ the reference frame in
which the initial D meson is at rest.

. (C4)

Cy
xy) - 2 X2 2 X2 X
\/RDj: +Ty(\/RD§ tit3- )

Mp ‘1 Dt}

where Ciyyy = and Rip, p: = are now

M2
dimensionless parameters. By inserting the Values Mp, =
2460 MeV, Mp. =2112 MeV and Mp = 1968 MeV,
taken from the PDG [51], we obtain the ratios Rp =
1.25 and Rp: = 1.073. Thus, Egs. (C3) and (C4) describe
the momentum dependence, as predicted by VMD, for the
axial and vector form factors, and also for the contributions
corresponding to the emission of the photon from the charm
and strange quarks separately. In order to check the validity
of the VMD prediction, we fit our lattice results to the
parametrization of Eqgs. (C3) and (C4), with C4 and Cy,
taken as free parameters to be determined from the fit."
The results of these fits are shown in the plots in Fig. 14. It
is clear from the figure, and confirmed by the correspond-
ing high values of y?/d.o.f., that the results of the fit are in
general very poor. The only exception is the VMD fit for
the total vector form factor Fy(x,), which proves to be a
good fit of our data.

Since the pure VMD fit, with only one free parameter,
fails to describe our lattice results for the form factors, we
now introduce a more general Ansatz; one that represents
the Laurent expansion of a function around a pole:

7)_\/13 +"’(\/R 1)

+BW -+ Dwxy,

(C5)

where we have included corrections up to linear terms in x,,
with Cy, Ry, By, and Dy, being free parameters to be
determined from the fit. In Eq. (C5), the difference of the
parameters Ry from the VMD values Rp, = 1.25 and
Rp: = 1.073, partially accounts for the contributions from
heavier internal states. The free parameters By, and Dy,
that describe the first two nonsingular terms of the Laurent
expansion of a function around a pole, are also expected to
encode non-negligible contributions that are not included
in the pure VMD description. In order to check for the
stability of the residues C, and Cy, and hence their
interpretation in terms of the Dy, — D,y and D — D,y
decay amplitudes, we have performed several fits of our
data, based on the Ansatz of Eq. (C5), fixing on each
occasion some of its parameters to their VMD values.'®
Specifically, the CR fit is performed by fixing

BAll the fits of this analysis have been performed by
minimizing the correlated y*.
'With the limited number of points for which we have results,
it is not possible to perform fits with all four parameters left free
to be determined by the fits as this results in overfitting.
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FIG. 14. The fit functions, corresponding to the pure VMD Ansatz of Eqgs. (C3)—(C4), are plotted, along with the lattice data, for the
axial channel (top panels), and for the vector channel (bottom panels).

By = Dy = 0, while the CRB fit is performed by setting
only Dy, = 0. The CB fit is obtained by fixing Dy, = 0 and
Ry = Rp: for the vector channel and Ry = R for the
axial one. Finally the CBD fit, obtained by setting Ry, =
Ry for the vector channel and Ry, = R | for the axial one,
with the remaining three parameters determined by the fits.
The results of these fits, for each form factor and for their
individual charm and strange contributions, are reported in
Table VIIL

From the table, we see that all the different Ansitze
provide an adequate fit to our data for the axial channel,
but we notice that the fitted values for the residue of the
singular term, C4, obtained from the CR fit are very
different from those obtained from the fits with B, as a
free parameter. Although all three fits with B, as a free
parameter give consistent results for C4, we avoid relating
these results to the Dy; — D,y decay amplitude for two
reasons. Firstly, because the value of C, obtained from the
CR fit, which is also a good fit to our data, is very different.
Secondly, because of the presence in the axial channel, of
another resonance, namely the Dj;(2536) meson, with a
mass which is only slightly above the nearest resonance,
i.e. the Dy;(2460) meson. Since the 76 MeV difference
between the masses of the two resonances is so small, the
fitted amplitude C, could encode contributions coming
from both of these internal states, resulting in an unreliable
determination of the coupling gp_p,-

In the vector channel, we note that when fitting our

results for F i,s) and F $f> we need to include the presence of

the constant terms Bi,s) and B&,‘T) to obtain low values of

;(2 /d.o.f.. However, we find that in the sum of the charm
and strange-quark contributions to Fy, the individual

nonsingular terms cancel almost exactly, i.e. Bif) :—Bif').
As a result, the simple single-pole Ansatz, with By and Dy,
fixed to zero, already provides a good fit of the data for the
total vector form factor F'y. In the fits with a low value of

y?/d.o.f., ie. all the fits except the CR fit to Fg,s) and FE,C),
the value of Ry is remarkably close to that from the pure
VMD Ansatz, i.e. Rp: = 1.073, differing by less than 3%,
and the values of Cy are all very similar. The similarities
between the values of Ry and Rp:, and the stability of the
values of the Cy, parameter allow us to relate the fitted value
for the residue of the pole term, Cy, to the D — Dy decay
amplitude, and to its characteristic coupling gp:p ,, using
the pole-dominance relation

Mp:fp:9p:py

Cy =
v 2M ),

(Co)

In order to determine gp:p, and its individual strange
and charm-quark contributions, we use the values of Cy,
from the fits with low values of y?/d.o.f. and take the value
fp: =268.8(6.6) MeV from the lattice calculation of
Ref. [47]. The corresponding estimates of the couplings
are reported in Table VII. Averaging the values of the
couplings reported in the table, we obtain our final
estimates
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TABLE VIIL

contributions, as determined from the different fits based on the Ansatz of Eq. (C5).

Values of the fit parameters for each form factor, and for their individual charm and strange-quark

F, fitted parameters

CA RA BA DA )(z/d.o.f.
CR fit 0.0518(30) 1.413(30) 0 (fixed) 0 (fixed) 0.41
CRB fit 0.0229(76) 1.242(59) 0.0185(67) 0 (fixed) 0.04
CB fit 0.0239(20) 1.25 (fixed) 0.0176(18) 0 (fixed) 0.03
CBD fit 0.0246(51) 1.25 (fixed) 0.016(11) 0.002(10) 0.04
F' fitted parameters
CA RA BA DA /}’z/dof
CR fit —0.0135(10) 1.453(59) 0 (fixed) 0 (fixed) 0.23
CRB fit —0.0075(26) 1.27(11) —0.0025(14) 0 (fixed) 0.08
CB fit —0.00696(88) 1.25 (fixed) —0.00280(47) 0 (fixed) 0.07
CBD fit —0.0068(23) 1.25 (fixed) —0.0030(37) 0.0002(22) 0.08
Fg” fitted parameters
CA RA BA DA }(2/d0f
CR fit 0.0662(56) 1.423(36) 0 (fixed) 0 (fixed) 0.24
CRB fit 0.031(17) 1.26(10) 0.021(13) 0 (fixed) 0.09
CB fit 0.0298(18) 1.25 (fixed) 0.0215(31) 0 (fixed) 0.08
CBD fit 0.0309(87) 1.25 (fixed) 0.018(22) 0.003(18) 0.08
Fy fitted parameters
CV RV BV DV )(Z/dof
CR fit —0.01792(76) 1.091(11) 0 (fixed) 0 (fixed) 0.45
CRB fit —0.0193(23) 1.100(19) 0.0018(28) 0 (fixed) 0.47
CB fit —0.01619(58) 1.073 (fixed) —0.0017(16) 0 (fixed) 0.66
CBD fit —0.0153(16) 1.073 (fixed) —0.0064(77) 0.0045(71) 0.75
F if) fitted parameters
CV RV BV DV )(Z/dof
CR fit 0.1144(13) 1.2001(41) 0 (fixed) 0 (fixed) 53
CRB fit 0.0624(15) 1.0809(43) 0.0369(14) 0 (fixed) 0.31
CB fit 0.05971(55) 1.073 (fixed) 0.03886(82) 0 (fixed) 0.76
CBD fit 0.0579(13) 1.073 (fixed) 0.0466(45) —0.0055(33) 0.43
F i’,g fitted parameters
CV RV BV DV }(z/dof
CR fit —0.1099(11) 1.1245(29) 0 (fixed) 0 (fixed) 11
CRB fit —0.0792(24) 1.0794(37) —0.0367(31) 0 (fixed) 1.8
CB fit —0.07571(96) 1.073 (fixed) —0.0410(17) 0 (fixed) 1.8
CBD fit —0.0759(16) 1.073 (fixed) —0.0399(69) —0.0011(67) 2.1
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TABLEIX. Predictions for the gp:p , coupling, and for its individual charm and strange contributions, as obtained
from our various fits, based on the Ansatz of Eq. (C5). Only results from fits with a low value of y>/d.o.f. have been

included.
CR fit CRB fit CB fit CBD fit
9pip.y 1GeV] 0.1223(51) 0.130(14) 0.1123(49) 0.106(11)
dlp., 1Gev1] - 0.546(20) 0.525(15) 0.526(17)
g, 1GeV] —0.429(14) —0.414(11) —0.402(13)
gpep,y = 0.1177 £ 0.0048, & 0.012,, GeV~', (C7)  where we include half of the maximum dispersion among
o the values obtained from the different fits as the systematic
() _ 0.532 4 0.010-. &+ 0.011... GeV-! c8 uncertainty. In Sec. V, we compare these results to two
9pip,y =Y 0104 0.0y GeVT, - (C8) previous estimates of the same quantities, obtained either
© through a direct lattice computation [21] or by using LCSR
Ip:p,y = —0-4150 £ 0.0073, £ 0.014y5 GeV™l, (C9)  at next-to-leading order [22].
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