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Proof of the Kresch-Tamvakis Conjecture

John S. Caughma and Taiyo S. Terada

September 19, 2023

Abstract
In this paper we resolve a conjecture of Kresch and Tamvakis [5]. Our result is the following.

Theorem: For any positive integer D and any integers 4,5 (0 < i,5 < D), the absolute value of the
following hypergeometric series is at most 1:

aFy 1, D+2, —D

i1

To prove this theorem, we use the Biedenharn-Elliott identity, the theory of Leonard pairs, and the
Perron-Frobenius theorem.

Keywords. Racah polynomial; Biedenharn-Elliott identity; Leonard pair; 6—j symbols.
2020 Mathematics Subject Classification. Primary 33C45; Secondary 26D15.

1 Introduction

In 2001, Kresch and Tamvakis conjectured an inequality involving certain terminating 4F3 hypergeometric
series [B, Conjecture 2|. In this paper, we prove the conjecture.

To describe the conjecture, we bring in some notation. For any real number a and nonnegative integer n,
define
(a)p =ala+1)(a+2)---(a+n—1). (1)

Let 2 denote an indeterminate. Given real numbers {a;}?_; and {b;};_,, the corresponding 4 F3 hypergeo-
metric series is defined by

a1, ag, az, as | = (a1)n(a2)n(as)n(as)n 2"
o [ b1, b273b3 72} B 7;) (b1)n(b2)n(bs)n  nl’ @)

We now state the conjecture of Kresch and Tamvakis.

Conjecture 1.1. [5, Conjecture 2| For any positive integer D and any integers i,j (0 < i,5 < D), the
absolute value of the following hypergeometric series is at most 1:

P ran) .

4F3{ 1, D+2 -D
Note 1.2. Conjecture [[Ilis taken from [5, Conjecture 2] with

n =1, s =17, T=D+1.

1Corresponding author: caughman@pdx.edu.
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Next we discuss the evidence for Conjecture [[LT] offered by Kresch, Tamvakis, and others.

In [5, Proposition 2], Kresch and Tamvakis prove that the absolute value of (@) is at most 1, provided that
1 <3ori=D. In [ p. 863], Ismail and Simeonov prove that the absolute value of (3] is at most 1, provided
that ¢ = D — 1 and D > 6. They also give asymptotic estimates to further support the conjecture. In [7],
Mishev obtains several relations satisfied by the 4F3 hypergeometric series in question.

In this paper, we prove Conjecture[[.Ilfrom scratch, without invoking the above partial results. The following
is a statement of our result.

Theorem 1.3. For any positive integer D and any integers i,7 (0 < 4,5 < D), the absolute value of the
following hypergeometric series is at most 1:

4F3{ 1, D+2, —D ’1]'

To prove Theorem [[.3] we use the following approach. For 0 < i < D we define a certain matrix B; €

Matpi1(R). Using the Biedenharn-Elliott identity [II, p. 356], we show that the entries of B; are nonnegative.
Using the theory of Leonard pairs [8HI2], we show that the eigenvalues of B; are 2i + 1 times

; <7< .

4F3|: 1,D+2, —D 71:| (O—J—D)

We also show that the all 1’s vector in RP*! is an eigenvector for B; with eigenvalue 2i + 1. Applying the
Perron-Frobenius theorem [3] p. 529], we show that the eigenvalues of B; have absolute value at most 2i + 1.
Using these results, we obtain the proof of Theorem [[.3]

This paper is organized as follows. In Section 2, we recall the definition of a Leonard pair and give an
example relevant to our work. In Section 3, we use the Leonard pair in Section 2 to define a sequence of
orthogonal polynomials. In Section 4, we use these orthogonal polynomials to define the matrices {B;}2,.
We then compute the eigenvalues of {B;}2 . In Section 5, we show that the entries of B; are nonnegative
for 0 < 4 < D. In Section 6, we use the Perron-Frobenius theorem to prove Theorem [[3l In the appendix,
we give some details about a key formula in our proof.

Throughout this paper, the square root of a nonnegative real number is understood to be nonnegative.

2 Leonard pairs

Throughout this paper, D denotes a positive integer. Let Matp1(R) denote the R-algebra of all (D + 1) x
(D + 1) matrices that have all entries in R. We index the rows and columns by 0,1,2,...,D. Let RPT!
denote the vector space over R consisting of (D + 1) x 1 matrices that have all entries in R. We index the
rows by 0,1,2,..., D. The algebra Matp,1(R) acts on RP+! by left multiplication.

A matrix B € Matpy1(R) is called tridiagonal whenever each nonzero entry lies on the diagonal, the sub-
diagonal, or the superdiagonal. Assume that B is tridiagonal. Then B is called irreducible whenever each
entry on the subdiagonal is nonzero, and each entry on the superdiagonal is nonzero.

We now recall the definition of a Leonard pair. Let V' denote a vector space over R with dimension D + 1.

Definition 2.1. [I0] By a Leonard pair on V, we mean an ordered pair of linear transformations A : V — V
and A* : V — V that satisfy both (i), (ii) below.

(i) There exists a basis for V' with respect to which the matrix representing A is irreducible tridiagonal
and the matrix representing A* is diagonal.

(ii) There exists a basis for V' with respect to which the matrix representing A* is irreducible tridiagonal
and the matrix representing A is diagonal.

The above Leonard pair A, A* is said to be over R.



Note 2.2. According to a common notational convention, A* denotes the conjugate-transpose of A. We
are not using this convention. In a Leonard pair A, A* the linear transformations A and A* are arbitrary
subject to (i), (ii) above.

Our next goal is to give an example of a Leonard pair. To do so, we give two definitions.

Definition 2.3. Define
3(D—i+1)i(D+i+1)

= 1<i< D), 4
¢ D(D +2)(2i + 1) (l=isD) )
3i(i+1) .

. 0<i<D), 5
“=DD+2) (0<i<D) (5)
3(D —i)(i+ 1)(D +i +2) .
b; = 0<:<D-1), 6
D(D +2)(2i + 1) (0=is ) (6)
We remark that the scalars {6;}2, are mutually distinct.
Let A, A* denote the following matrices in Matpi1(R):
ap bo 0 90 0
a a b 61
A= , A = (8)
¢p—1 ap—1 bp_1 Op—1
0 cp ap 0 Op

Definition 2.4. We define a matrix P € Matpy1(R) with the following entries:

Pij=Q@j+0abs | p Loy

1 (0<i,j<D). (9)
Lemma 2.5. ([11l Ex. 5.10] and [12, Thm. 4.9]) The following hold:
(i) P? = (D +1)I;
(it) PA= A*P;
(iii) PA* = AP;
(iv) the pair A, A* is a Leonard pair over R.
Proof. Calculations (i)- (i) are the following special case of [I1l Ex. 5.10] and [I2| Thm. 4.9]:

—6

d=D p=05=3 =s"=r=0 =D+1 h=h"=——.
) 0 0 ) S S 1 ) T2 + ) D(D+2)

Ttem (iv) follows from items (i)—(iii). O

The Leonard pairs from [I1], Ex. 5.10] are said to have Racah type. So the Leonard pair A, A* in Lemma [2Z7]
has Racah type. This Leonard pair is self-dual in the sense of [9] p. 5].



3 Some orthogonal polynomials

In this section we interpret Conjecture [T in terms of orthogonal polynomials.
Let A denote an indeterminate. Let R[\] denote the R-algebra of polynomials in A that have all coefficients
in R.

Definition 3.1. With reference to Definition 23] let ug(A), w1 (N), ..., up(A) denote the polynomials in R[]
that satisfy:
’U,O()\) = 1, ul()\) = )\/3,

)\ul()\) = bjuit1 ()\) + aiui()\) + ciui_l()\) (1 <i<D-— 1) (10)

Note that the polynomial u;(\) has degree exactly ¢ for 0 <4 < D.

By [11, Ex. 5.10], the polynomials {u;(A)}2, are a special case of the Racah polynomials. Also by [L1}
Ex. 5.10],

ui(0;) = 4Fs Dz p il (0<4,j < D). (11)
Lemma 3.2. The following hold:
(1) ui(6;) = u;(6;)  (0<i,j<D);
(ii) ui(f) =1  (0<i<D);
(iii) wo(0) =1  (0<j<D).
Proof. Each of (i)—(iéi) is immediate from (IT). O
In light of Equation (I, Conjecture [[I] asserts that
|ui(6;)] <1 (0<4,j<D). (12)

To prove ([I2) it will be useful to adjust the normalization of the polynomials w;(A).
Define

boby -+ b1 .
ki= ——— 0<i<D). 13
(0<i<D) (13)
One checks that
ki=2i+1 (0<i<D) (14)
Definition 3.3. With reference to Definition [3.1] let
By construction,
vi(0;) = kiui(6;)  (0<1i,j < D). (16)

The polynomials v;(A) satisfy the following three-term recurrence.
Lemma 3.4. [12, Lem. 3.11] We have
vo(A) =1, vi(A) = A,
i (A) = cip1vip1(A) + aivi(X) + bi—1vi—1 () (1<i<D-1). (17)

Lemma 3.5. For 0 <1i,57 < D we have
P j = v;(6s). (18)



Proof. Immediate by (@),(),([4), and (I0). O

We emphasize two special cases of (Ig]).

Lemma 3.6. The following hold:

(i) Pio=1 (0<i< D)
(ii) Poj =k; (0<j<D).
Proof. Immediate from (I6) and (IJ)). O

We have some comments about the parameters (I3). For notational convenience, define
v=(D+1)>. (19)
By (@),
D
Z kl = V.
i=0
Next, we state the orthogonality relations for the polynomials {u;(\)}2,.

Lemma 3.7. [12, p. 282] For integers 0 < n,m < D we have

D
Z k]un(HJ)um(ﬁj) = Vk;15n7m; (20)
j=0

D
> ki (0n)1; (0m) = vy S m. (21)
7=0

Next, we state the orthogonality relations for the polynomials {v;(\)}2,.

Lemma 3.8. [12] p. 281] For integers 0 < n,m < D we have

D
> " kvn(0)vm (05) = vk b m; (22)
j=0
D
Z ki 07 (0n) 0 (Bm) = vk, 0 (23)
§=0

4 Two commutative subalgebras of Matp(R)

We continue to discuss the Leonard pair A, A* from Definition 231

Definition 4.1. Let M denote the subalgebra of Matp41(R) generated by A. Let M* denote the subalgebra
of Matp41(R) generated by A*.

In this section, we describe a basis for M and a basis for M*.

Definition 4.2. For 0 < ¢ < D define
Bi = Ui(A), Bik = ’Ui(A*),

where v;(A) is from ([I5)).



Lemma 4.3. For 0 <i <D we have
PB; = B}P, PB; = B;P.
Proof. By Lemma 2.5l Definition [£2] and linear algebra. O

Lemma tells us that for integers 0 < 7,57 < D, column j of P is an eigenvector of B; with eigenvalue
v;(6;). We emphasize one special case. Let 1 denote the vector in RP+! that has all entries 1.

Lemma 4.4. For 0 < i < D the vector 1 is an eigenvector for B; with eigenvalue k;.
Proof. Immediate from Lemma and Lemma O
Lemma 4.5. The matrices {B;}2  form a basis for M. The matrices {B;}2 , form a basis for M*.

Proof. By Definition 2.3l the matrix A* has D + 1 distinct eigenvalues, so M* has dimension D + 1. By
Definition 2] the matrices { B} }?, belong to M*. By these comments, the matrices {B;}2 , form a basis
for M*. We have now verified the second assertion. The first assertion follows from this and Lemma O

Next we discuss the entries of the matrices {B;}? . The following definition will be convenient.

Definition 4.6. For 0 < h,i,7 < D let pﬁj denote the (h, j)-entry of B;. In other words,

P}, = (Bin.;- (24)
We have a comment about the scalars pﬁ‘) -
Lemma 4.7. [9, Lem. 4.19] For 0 < i,5 < D we have
D D
BiBj =Y p!Bn, B;B; =Y pl;B;. (25)
h=0 =0

The scalars pz ; can be computed using the following result. This result is from [8]; we include a proof for
the sake of completeness.

Proposition 4.8. [8, Lem. 12.12] For 0 < h,4,j < D we have

k.
p?,j =—

k. D
J Z ktut(ﬁi)ut(ﬁj)utwh). (26)

v
t=0

Proof. We invoke Equation ([24). By Lemma 2.5(i) and Lemma 3] we have that B; = v~ PB}P. Recall
that the matrix P has entries P, ; = kju;(0;). We also have B} = v;(A*) and A* = diag(6y,01,...,0p).
Evaluating (24) using these comments, we obtain the result. O
We have a comment about Proposition [£.8
Lemma 4.9. For 0 < h,i,57 < D we have

Pl =l knpl; = kipl, ; = kipl . (27)

Proof. Immediate from (26]). O



. . h
5 The nonnegativity of the p;;
Our next goal is to show that pf) j 2 0for 0 < h,i,j < D. To obtain this inequality, we use the Biedenharn-
Elliott identity [I, p. 356].
Recall the natural numbers N = {0,1,2,3,...}. Note that %D\l = {0, %, 1, %, 2, %, .

Definition 5.1. Given a,b,c € %D\l, we say that the triple (a, b, ¢) is admissible whenever a + b+ ¢ € N and

a<b+ec, b<c+a, c<a-+b. (28)

Definition 5.2. Referring to Definition 5] assume that (a, b, ¢) is admissible. Define

(a+b—c)!(b—i—c—a)!(c—i—a—b)!)%.

Ala,b,¢) = ( (a+b+c+ 1) (29)

Next, we recall the Racah coefficients.
Definition 5.3. ([I} Eq. 5.11.4] and [6, p. 1063]) For a,b,c,d, e, f € %D\l, we define a real number W (a, b, ¢, d; e, f)

as follows.

First assume that each of (a,b,¢), (¢,d,e), (a,c, f), (b,d, f) is admissible. Then

A(CL, bv e)A(Ca da e)A(a, c, f)A(ba da f)(ﬂl + 1)!(_1)ﬁ17(a+b+c+d)
(B2 = B1)Y(Bs — B)!(B1 — an)!(Br — a2)!(Br — a3)!(B1 — ag)!

ay — B, ag — B1, a3 — Bi, ag — B 1
b)

—Br—=1, =B +1,B8-051+1

W(a7 b, C7 d; 67 f) =
(30)
x 4F3

)

where
(a1, a0, a3, 4) = any permutation of (a+b+e, c+d+e, a+c+ f, b+d+ f),

and where
B1=min(a+b+c+d, a+d+e+ f, b+c+e+f),

and fs, B3 are the other two values in the triple (a +b+c+d,a+d+e+ f,b+ c+ e+ f) in either order.
Next assume that (a, b, e), (¢, d,e), (a,c, f), (b,d, f), are not all admissible. Then

W{(a,b,c,d;e, f)=0. (31)

We call W (a,b,c,d;e, f) the Racah coefficient associated with a,b,c,d, e, f.

Let 0 < h,i,5 < D. In order to show that pﬁ‘)j > 0, we will show that

)

Py = Qi+ 1)+ )P+ 1)(W (B, 5,0

[N}

We will use the Biedenharn-Elliott identity.
Proposition 5.4. (Biedenharn-Elliott identity [I p. 356]) Let a,a’,b,¥’,¢,c e, f, g € %D\l. Then
S (IR YW, e, dye)W (a,d e,y d, f)W (a,a’,b,83d, g)
dein (32)
= (=1)HIW(a,b, fre 9, )W (d Y, fresg, ).

In order to evaluate the Racah coefficients in the Biedenharn-Elliott identity, we will use the following
transformation formula of Whipple.



Proposition 5.5. (Whipple transformation |2l p. 49]) For integers p, q, a1, az,7,b1,be we have

4F3 —-D, q, a1, a2 -1 (bl B q)P(bQ _ q)P —-p,q, T —ai1, T —a -1

= ml4tq-bi—pliqbi—p 1o B3

— F:
by by O)pb2)y  °

provided that p >0 and g+ a1 +as+1 =1+ by + b + p.

We are interested in the following Racah coefficient. For 0 <4, j < D consider

W22, 2, D).

Evaluating this Racah coefficient using Definition [5.3] we get a scalar multiple of a certain 4 F3 hypergeometric
series. Applying several Whipple transformations to this hypergeometric series, we get the following result
as we will see.

Proposition 5.6. For integers 0 < i,5 < D we have

DD DDy GO il —j 41
W(?v?a?v?a%]) _D7H4F3 1,D+2, -D 51 . (34)

Proof. To evaluate W (%, %, %, %; i,j), we will consider two cases: i +j < D and i+ j > D.

Case i+ j < D. In this case, from Q) we get 51 =D +i+j, B =2D, 835=D+i+j, a1 =as =D +1,
as = ay = D + j. The hypergeometric term in (B0]), after rearranging the upper indices, becomes

_iu_iu_j7_j .
4F3[—D—i—j—1,D—i—j+1,1 71] (35)

The coefficient in [B0) is
2 2 "
(A(5.2.9) (2(2.2.5) (D+i+j+Di(-1)+P

(D —i— )52 ()?
_ (D =)D =) EH* (D +i+5+ DI(=1)™P

(D+i+1)I(D+j+ DD —i—j)(GH2)2 (36)
The expression (36) is equal to
(D — )ID — (D +.i+j+1)!('—1)i.+J’—D o
(D+i+ 1D+ j+ 1D —i—j)!
Performing a Whipple transformation ([B3)) with the substitutions —p = —i, ¢ = —j, a1 = —i, a2 = —j,

r=1,b=-D—i—j—1,by=D —1i— j+ 1, the hypergeometric component in (B3], after rearranging
lower indices, becomes

50y pyoTp o (38)
The coefficient contribution from the Whipple transformation is
(=D —i—1);(D—i+1); (=)D +i+1) D! (D+j+1)! (D —i—3j)! (39)
(-D—i—j—1)(D—i—j+1); (D +1)! (D—i (-1)(D+i+j+1)! (D-j)

_qyi+i—D
We see that coefficients (7)) and (BY) multiply to %, as desired.

Case i+ j > D. In this case, from @B0) we get 51 =2D, Bo=D+i+j, 8s5=D+i+j, a1 =as =D +1,
ag = ag = D 4 j. The hypergeometric term in ([B0) becomes

i—D,v—D,j—D,j—D 1l (40)

) op 1 i4j-D41ivj-D+1



The coefficient in (B0 is

(A(%WQ,Q)Q(A(gyghﬂ)?2D4—D!: (D — )@2(D — PIG)(2D + 1)!
(i+7 =D (D =) (D=5  (D+i+D)(D+5+1D)((+j—D)ND—i)(D—j))

The expression (1) is equal to

z- (41)

+

(@NH2%(51)2(2D + 1)!
(D+i+1)(D+j+ 1)+ — D)W (D —i)(D—j)

Co = (42)

Now we will perform three Whipple transformations. For each one we list the indices chosen —p, ¢, a1,
as, 1, by, ba, the resulting hypergeometric term (with possible rearranging of some upper indices), and the
coeflicient contribution, C;, from the corresponding Whipple transformation.

1. Using —p=i—D,q=j5—D,a1=1—D,as=j—-D,r=i+j—D+1,by = —-2D—1,bs =1+j—D+1:

i—D,i+1,j—D,j+1

o livjve, -Ditj-p+1 (43)
cn— (=D —j—1)p-ili+1)p_;
" (2D —1)p i(i+j-D+1)p,
_ (=P 4D D4+ D) (45— D) (44)
N (i+j+1)! il (=1)P={(2D +1)! 4! '
2. Using —p=i—D,q=7+1,a1=i+1,aa=7—D,r=—D,by=i1+j+2,bo=1+5j—-—D+1:
i—D,—-D—i—-1,—5,7+1
4F3 —D,—D,ljj i1 (45)
O = (i+1)p_i(i—D)p—;
2T i+ +2pii+j-D+1)p,
D! —i L G@+i+1D) (i+j— D)
== (-1)P7(D —i)! . 46
TR RS (e (46)
3. Using -p=—j,qg=j+1l,a1=1—D,asa=—D—-i1—-1,r=-D, by =—-D, by =1:
31 p pio ’1}_4F3[ 1.D+2.-p Y (47)
o (=D 1))
3 =
(=D);(1);
~1)/(D+j+1)! (D=1
_ =)D +5+1) (—1)Jﬂ( )L (48)
(D+1)! (-1)iD! j!
Combining coeflicients we see that CyC1C2C5 = “%i?ﬂ = (’15:]1.71) , since 1, j, D are integers. O
We now evaluate the Biedenharn-Elliott identity using Proposition
Proposition 5.7. For integers 0 < h,i,j < D we have
D 2
> (2 + Dwe(On)ue(0:)ue(6) = (D + 1)3(W (2,2, i, hsj, g)) . (49)
t=0



Proof. First we apply Proposition b4l with a =a’' =b=V =c=¢ = %, e=h,f=i,9g=j,and d =1 to
obtain

Z (_1)D_t(2t + 1)W(§7 %7 %7 %;tu h)W(gu %7 %7 %; tvl)W(ga %7 %7 %; tvj)
tesN
= (D)MW, 5,0 i, B) W (S, 50 ki, F). (50)
Note that % + % + ¢t is an integer if and only if ¢ is an integer. So by [3I)), the terms of the sum vanish in
which ¢ is not an integer or ¢t > D. By Proposition [5.6] and (III), the left hand side of (B0) becomes

< (D™ Pug(0n) (D Pug(0s) (1) Puy(9)

—1)P 2t +1
;( )Rt ) D+1 Dr1

which simplifies to

_1)i+ith D
((D)w (2t + Due(Br)us (0:)ue (05). (51)
t=0

Setting (BI) equal to the right hand side of (B0) and dividing by the coefficients completes the proof. O

Corollary 5.8. For 0 < h,i,7 < D we have

2
ply = Qi+ 1)+ )P+ 1)(W (8,204, 8)) . (52)
Proof. Using Propositions .8 57 and substituting (I4),([I9) we have
n_ Kiki
P == > kg (6:)us (6;)ue (0n)
t=0
_ 20+ 1)(25+1) 3 D D ;. DY)
ST (D+1) (W (2,2, h; 7))

= 2+ 1)@+ 1)+ 1) (W (B, 8.4 hs g))2,

Corollary 5.9. For 0 < h,i,5 < D we have

Proof. Immediate from Corollary (.8 O

6 Proof of the Kresch-Tamvakis conjecture
We are now ready to prove our main result. We will use the Perron-Frobenius theorem [3] p. 529].
Proposition 6.1. For 0 <i,57 < D we have

|us(6;)] < 1.

Proof. By Lemma [4.4] the vector 1 is an eigenvector for B; with eigenvalue k;. By Corollary 5.9 the entries
of B; are all nonnegative. By Lemma 3 the scalar v;(;) is an eigenvalue of B;. By the Perron-Frobenius
theorem [3 p. 529], we have |v;(6;)| < k;. The result follows from this and (I6]). O

Equation (1)) and Proposition [6.1] imply Theorem

10



7 Appendix
In this appendix we give more detail about the formula for pﬁ ; in Corollary 5.8 By Lemma [£9] without
loss of generality we assume i < j < h. Also, in order to avoid trivialities we assume that h, i, j satisfy the

triangle inequalities; which in this case become h < i + j. As we evaluate pz ; in line (E2) we consider the
last factor. We evaluate that factor using Definition [£.3] with

For these values,
ay =D +1, as =D+ 7, a3 =D+ h, ag=h+1i+7,
Note that

ay — B = —j, ag — f1 = —i, a3 —p1=h—i—j, ar—p1=h—D

“Bi—1=-D—i—j—1, Bo—Pri+l=h—j+1, Bs—fi+l=h—i+l.

For the above data, (B2) becomes

2
h __ vh : . _]a_lvh_l_]ah_D .
pij=Ci2i+1)2j +1)(D+1) | 4F3 D it h—i41l h—it1 s1 ],
where
o _ A(%%i)A(% % DA, 2 h)AGLG,)(D +i+j+1)!

)it 2(Z+J— MWD — h)!

—J
B (D —i){(D =)D —h)(j+h—i)(h+i—7) ( (D +i+j+1)! )2
_(D—|—Z—|—1)(D—|—j—|—1)( Th+ DG+ +h+DG+j—h)! \(h=—i)l(h— (D —h)
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