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Abstract

Algebraic structures are often converted to ordered structures to gain information about the algebra using the properties of
partially ordered sets. Such studies have been predominantly undertaken for semigroups, using various proposed relations. This
has led to a spate of works dealing with associative fuzzy logic connectives (FLCs) and the orders that they generate. One such
relation, proposed by Clifford, is employed both for its generality as well as utility. In a recent work, Gupta and Jayaram classified
the semigroups that yield a partial order through the relation. In this work, we characterise groupoids that would give a partial
order by introducing a property called the Generalised Quasi-Projectivity. Further, for the groupoids that lead to an ordered set,
we explore the monotonicity of the underlying groupoid operation on the obtained poset. Finally, in light of the above results, we
explore the major non-associative fuzzy logic connectives along these lines, thus complementing and augmenting, already existing
works in the literature. Our work also shows when an FLC from a given class of operations remains one even w.r.to the order
generated from it.
© 2023 Elsevier B.V. All rights reserved.
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1. Introduction

Order-theoretic exploration of semigroups has been undertaken in the classical works of Mitsch, Nambooripad, and
Clifford [18-20,7], to name a few. The impact of such studies is twofold. Firstly, we can associate a partially ordered
set to an algebra and secondly, depending on the type of poset obtained, we can gain insights into the algebra itself.
Associating a partially-ordered set to an algebra can help us intuitively interpret an algebra, much like a graph of the
function can help us understand the algebraic expression better. Also, it can help us gather valuable insights into the
nature of the algebra. A point in case is the seminal result of Clifford, which states that a commutative semigroup can
be written as an ordinal sum of subsemigroups if Clifford’s relation yields a total order.

Inspired by these classical studies on semigroups, researchers proposed orders based on associative fuzzy logic
connectives (FLCs). Karagal and Kesicioglu suggested an order in [13], based on a t-norm 7 defined on a bounded
lattice L by conveniently modifying the relation given by Clifford in [7]. The relation <7 was defined as follows:
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x 27y <= thereexistsanf{ € L suchthat T (£, y) =x . (1)

Note the relation in (1) is a modified form of the dual of the relation in [7], as reflexivity is assumed in the latter.

We shall use this relation and its dual depending on the considered fuzzy logic connective. We shall call the relations
multiplicative and additive variants of Clifford’s relation and denote them by <r and C r, respectively. The respective
relations, (MCR) and (ACR), are given in Definition 3. In the sequel, we may simply use the phrase Clifford’s relations
to refer to (MCR) and (ACR), when no confusion can arise in the considered context, and Clifford posets to refer to
the corresponding posets.

1.1. Motivation for and main contributions of this work

While Clifford’s seminal results were under the assumption of the relation (ACR) giving rise to total order, there
were no available results on the conditions under which (ACR) itself would lead to a partial order on the underlying
set.

In [12], the authors characterise semigroups that lead to an order using (MCR). Note that the duality of the orders
implies the same conditions hold for (ACR), and in [11], the same authors discuss the conditions under which im-
plicative type operations, which are not typically associative, lead to an order using the relation (ACR). However, a
complete characterisation of groupoids' leading to posets through the above relations is unknown, which forms our
first motivation for this work as captured below:

(M1) Let (P, F) be a groupoid. Characterise the binary operations F' that yield a partial order through (ACR) and
(MCR), i.e., characterise operations F that ensure (IP, C ) and (P, <f) are partially ordered sets.

In fact, as a groupoid operation, the considered F is not expected to possess any further algebraic properties, though
it very well may. However, if we do obtain a Clifford poset, it would be worthwhile and interesting to study if the
obtained order infuses any type of monotonicity onto F. This gives us the second of our motivations, viz.,

(M2) Let (P, F) be a groupoid. Given (PP, <r) is a partially ordered set, characterise the operations F that are
monotonic or antitonic w.r.to <z in each variable.

In fact, in the context of fuzzy logic operations, one already has a poset underneath and the considered opera-
tions thus possess some form of monotonicity. However, neither the original poset’s properties nor the operation’s
monotonicity may be preserved by and on the obtained Clifford poset.

Consider for example the Godel implication given in Example 6. Clearly, [0, 1] w.r.to the usual order is bounded.
However, the poset obtained by (ACR), given in Fig. 6(i), is not bounded below.

We see from the example mentioned above that even though we start with a bounded set, the obtained Clifford poset
may not be bounded. Similarly, given a monotonic operation F on the original order, even if it leads to a Clifford poset,
it need not be monotonic on the obtained Clifford poset. Example 3 shows such a semi-copula.

The above observations prompt us to explore the behaviour of non-associative FLCs on the obtained Clifford poset.
Since every FLC satisfies some boundary conditions, in this context, it is also important to discuss the boundedness
of the obtained Clifford poset. These form the last of our motivations for the work contained in this submission:

(M3) Let ([0, 1], F) be the considered groupoid where F is a non-associative fuzzy logic connective. Given
([0, 1], <F) is a partially ordered set, determine the conditions under which
- ([0, 1], XF) is bounded, and
— F is monotonic and/or antitonic on the obtained poset.

Remark 1. Note that some preliminary explorations relating to the above motivations were presented in [21] and

[22]. This submission contains an in-depth study of the above with related explorations. For instance, we explore the
conditions under which the obtained Clifford poset coincides with the underlying order on the set. We also present

LA groupoid is a non-empty set endowed with a closed binary operation.
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results showing that every poset is, in fact, a Clifford poset and characterise groupoids with differing monotonicities
w.r.to the Clifford order. The contents of this submission augment the earlier works by providing examples showcasing
the variety of Clifford posets obtainable from semi-copulas and fuzzy implications and enlarging the admissible
families of fuzzy implications that can yield a Clifford poset.

The proofs, if reproduced from [21], are either for completeness or due to their augmentation, and these are clearly
indicated through a footnote in the appropriate context.

1.2. Outline of this submission:

In Section 2, we begin by presenting some definitions from order theory. We then define the relations (ACR)
and (MCR), and propose necessary and sufficient conditions for them to become a partial order. We also show that
any partially ordered set can be seen as a Clifford poset. In Section 3, we introduce the properties (namely (LA),
(LEP), (LLC), and (LRC)) that characterise monotonic and antitonic operations in both the variables. In Section 4, we
discuss some non-associative operations on [0, 1] and explore the conditions under which they yield a poset. We also
examine if and when they are monotonic and-/or antitonic in each variable w.r.to the new order. Finally, we present
our conclusions in Section 5.

2. Order from non-associative operations

In this section, we begin by presenting some definitions from order theory. We then characterise groupoids yielding
a partially ordered set through (ACR) and (MCR). After providing a few examples of such groupoids and the posets
they generate, we also show that the characterising properties are mutually independent. We then show that every
poset is a Clifford poset obtained from an appropriate binary operation.

2.1. Some order-theoretic concepts

We begin by presenting some notions from order theory, and for further details, refer the readers to the book of
Davey and Priestly [8].

Definition 1. [cf. [8]]

(i) Let P # @. A partial order on IP is a binary relation < on PP such that, for all a, b, ¢ € P, the following properties
hold:
e Reflexivity: a <a,
e Antisymmetry: If a <b and b <a, thena =b,
e Transitivity: fa <b and b <c, thena <c.

Definition 2. [cf. [8]] Let (P, <) be a poset.

(i) An element a in IP is said to be

e a maximal element if there does not exist any b € P such that a < b.
e a minimal element if there does not exist any b € P such that b <a.
o the greatest element (maximum element) if for every element b in P we have that a > b.
o the least element (minimum element) if for every element b in P we have that a < b.

(ii) A pair of elements a, b € P is said to be comparable, denoted a ~ b, if either a < b or b < a. If not, we denote
itby a ~ b.

(iii) Let y € P. Then
e y|={aeP|a <y} iscalled the downset of y.
e y1t={a eP|y<a}iscalled the upset of y.

(iv) LetY C P.
e Ancelement a € P is an upper bound of Y if y <a forall y e Y.
e Anelementa € P isalower bound of Y if y>a forallyeY.
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(v) P is said to be

e a chain or totally ordered if for any a, b € P eithera <borb <a,i.e.,a ~ b foreverya,b € P.

e an anti-chain if no two distinct elements are comparable.

e bounded if there exist elements «, 8 € P such that, for all x € P, « < x < 8. In such a case, for emphasis, the
poset will be denoted as (P, <, «, B).

e a join-semilattice if every pair of elements x, y € P has a least upper bound. It will be denoted by x V y,
where the operation V is also known as the join.

e a meet-semilattice if every pair of elements x, y € P has a greatest lower bound. It will be denoted by x A y,
where the operation A is also known as the meet.

e a lattice if it is both a meet-semilattice and a join-semilattice. In other words, for any pair of elements in P
both the join and meet exist.

e a complete lattice if it is a lattice and for all ¥ C P both the least upper bound of Y - denoted sup Y or \/ Y,
and the greatest lower bound of Y - denoted inf ¥ or A Y, exist.

o a distributive lattice if it is a lattice and if the following identity holds for all x, y, z € P:

XAV =xXAYV(xAZ).

e a modular lattice if it is a lattice and if for any a, b € P such that a < b, modular law is satisfied for every
xelP,ie.,

aV (xAb)=(aVx)ANb.
Remark 2. We make the following observations on the notations used in the sequel.

(1) In the sequel, P will always denote a non-empty set with no further structure assumed on it.
(i) L will denote a bounded poset (L, <, 0, 1).
(iii)) By [a, b] € L we denote an interval w.r.to the order < defined on L, i.e., [a,b] ={x € L | a <x < b}.
(iv) F will denote a binary operation on [P without any further assumption except closure, i.e., F : P x P — P.
(v) By F* we mean the first partial function of F, i.e., F*(m) = F(m, x).
(vi) Given a function F, we shall denote its range by Ran(F).

2.2. Clifford posets and some functional equations
We shall now define the multiplicative and additive variants of Clifford’s relation that we shall employ in the sequel.

Definition 3. Let P £ ¢ and F : P x P — P. The multiplicative and additive Clifford’s relation, denoted by <r and
C r, respectively, are defined as follows:

X Xpy <= thereexists{ € Ps.t. F({,y)=x, (MCR)

XCrpy <= thereexists{ePst. F({,x)=y. (ACR)
Note that < is nothing but the dual of T, i.e., x <p yifand only if y CF x.
In [12], the authors characterise semigroups that yield a partial order through Clifford’s relation. For this purpose,
they introduce the properties of (LLI) and (QP) and show that associativity is not necessary to obtain a partial order.
Here, we provide a complete characterisation of groupoids that yield a poset.

In the following definition, we introduce the property of (GQP) and define relevant functional equations that help
us characterise the groupoids that yield a partial order.

Definition 4. Let P A @ and F : P x P — P. F is said to satisfy the

e Local Left Identity property [12], if for every x € P, there exists an £ € IP, possibly depending on x, such that
Fl,x)=x, (LLD

i.e., every element has a local left identity w.r.to F.



K. Nanavati and B. Jayaram Fuzzy Sets and Systems 467 (2023) 108484

Table 1
Functions F; fori =1,2,3,4,5 in Example 1.
Fi x|y |z]1 FHlx|y|z|1 Fz | x|y |z |1 Fy | x|y | z 1
X x|y lz|1 X x |1 1|1 X 1 1 111 X x|y | x| x
y x|y |z |1 y 1 y 1 1 y z 1 1 1 y x|y l|lz |y
z x|y l|z|1 z 1 11z |1 z y |1 111 z x|y |z 1
1 x|y |z |1 1 1 1 1 (1 1 x|y |z |1 1 x|y |z]|z
Fs | x|y |z |1
by x|y | x| x
y | x| x|z |y
z | x| x|y z
1 x | x| x| 1
e Quasi-Projection property [12], if for any x, y,z € P,
Fx,F(y,2)=z=F(y,0)=z. (QP)
e Generalised Quasi-Projection property, if for any x, y, z, w € P such that
F(x, F(y,z)) =w, there exists £ € P such that F({,z) =w . (GQP)

Theorem 1 (cf. Theorem 1, [21]). Let P # @B and F : P x P — P.
The following are equivalent’:

(i) (P,CF) is a poset.
(i1) (P, <F) is a poset.
(iii) F satisfies (LLI), (QP), and (GQP).

Proof. Since <r and CF are the dual of each other, (i) and (ii) are equivalent.

We thus complete the proof by showing that (ii) is equivalent to (iii).

Suppose, (P, <F) is a poset. That the reflexivity of < is equivalent to (LLI) and its antisymmetry is equivalent
to (QP) follows from Theorem 2.4 in [12].

Thus it suffices to show the equivalence between the transitivity of <r and (GQP).

Let us suppose that < is transitive and that F(x, F(y, z)) = w for some x, y, z, w € P. Thus, from (MCR), we
have w < F(y, z). Since F(y,z) = F(y, z), we have that F(y, z) <r z and by transitivity of <r, we have w <F z.
Clearly, from (MCR), there exists an £ € P such that F (¢, z) = w. Thus, F satisfies (GQP).

Suppose F satisfies (GQP) and that x <r y, y <F z. Thus, there exist £, m € PP such that F'(m, z) = y and

Fl,y)=x=—=F{,F(m,2))=x.

Now, by (GQP) we have an n € P such that F(n, z) = x and hence, x <r z, i.e., < is transitive. 0O

We present in the following examples some binary functions on a finite set, satisfying the properties mentioned
above and the corresponding Hasse diagrams obtained through (MCR).

Example 1. Let P = {x, y, z, 1}. The functions given in Table 1 satisfy (LLI), (QP), and (GQP) and hence, yield a
poset.

e Note that the poset given in Fig. 1(i) obtained from F) is an anti-chain, i.e., every element is both maximal and
minimal and there are no maximum and minimum elements.

e The poset obtained from F,, given in Fig. 1(ii), is bounded below by the element 1 and has three maximal
elements.

2 The proof is reproduced from [21] for the sake of completeness.
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@) (@ii) (iii) (iv)

Fig. 1. Hasse Diagrams of the Clifford posets obtained from functions F;, i =1, 2, 3, 4 presented in Table 1.
Table 2
Functions Fl.’ fori =1,2,3 in Remark 4.
FllOo|x|y|z]|1 Fplolx]|y|lz]|1 Flolx]ylz]|]1
0 | x| x| x| x|x 0 z |1 |{x]|y]|O 0 |0 |x|yl|z]|1
X x| x|y |x|«x X 11y |z]0]|«x X Of(x | 1]z |1
y X | x| x| x| x y x|z |O0]| 1]y y Of(x |y |y |1
b4 x| x| x| x|x b4 y | 0|1 |x|z b4 O|lx |y |z|1
1 x| x| x| x| x 1 0| x|y z 1 1 0| x|y z 1

e The poset obtained from F3, given in Fig. 1(iii), is a bounded lattice.
e The poset obtained by Fu, given in Fig. 1(iv), is bounded above by the element 1 and has two minimal elements.
e The poset obtained from Fj5 is a chain, i.e., totally ordered with x <p y <p z <p 1.

Remark 3. If F is associative, it satisfies (GQP). However, associativity is only sufficient and not necessary for
(GQP). Note that while the functions F; and F, are associative, F3, F4, and F5 are not, since

Fi(x, F3(y,2)) =1#z=F3(F3(x,¥),2) ,
Fy(y, Fa(z, 1)) =y # 1 = Fu(Fa(y,2), 1) ,
Fs(x, Fy(y,2)) =x #z=F5(F5(x,y),2) .

Remark 4. Let P = {0, x, y, z, 1}. In the functions F/ : P x P — P given in Table 2, exactly one of (LLI), (QP), and
(GQP) is not satisfied, showing that the properties are mutually independent.

(i) Clearly, F| does not satisfy (LLI), since there exists no £ € P such that F| (¢, 0) = 0. However, F| satisfies (QP)
and (GQP).
(ii) Similarly, F; satisfies (LLI) and (GQP). However F}(y, F}(z,x)) = x # 0 = F;(z, x), i.e., F}; does not satisfy
(QP).
(iii) Note that F; satisfies (LLI) and (QP). However, F;(x, F5(y, z)) = 1 # F;(¢, z) for any £ € P, i.e., F; does not
satisfy (GQP).

2.3. Relation between the underlying and Clifford relation

For some groupoids (P, F), the underlying set P may have a preexisting order <. In that case, if the Clifford
poset exists, it is natural to ask when the Clifford relation coincides with the preexisting relation, i.e., when will
(P, <) = (P, <F)? In the following results, we characterise such groupoids. Recall the definition of downset and

upset of an element given in Definition 2. Given y € P. Then

e y]|={a eP|a <y} iscalled the downset of y.
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e y1t={a eP|y<a}iscalled the upset of y.

Theorem 2. Given an ordered groupoid (P, <, F) such that < is a partial order, then (P, <) = (P, <Xr) if and only
if Ran(FY)=y | forall y € P.

Proof. Let x, y € P be arbitrary.
Suppose (P, <) = (P, <F). Then
x € Ran(FY) <= 3¢ e P suchthat F(¢, y) =x
= X=FYy
= X<y
& xeyl.
Thus, Ran(FY) =1y |.
Conversely, suppose Ran(F?) =y |. Then
x<y<=xeyl
&= x € Ran(F”)
<= 3¢ €Psuchthat F({,y) =x
— X =F).
Thus, (P, <) =(P,<Fr). O

The proof of the following theorem for the additive Clifford relation follows along similar lines.

Theorem 3. Given an ordered groupoid (P, <, F) such that C is a partial order, then (P, <) = (P, CF) if and only
if Ran(FY) =y * forall y € P.

2.4. Every poset is a Clifford poset

While in the previous section, we discussed the coincidence of the underlying and the Clifford’s order, in this
section, we discuss if every poset can be considered a Clifford poset for a suitable operation.

Similar to our exploration, Neggers and Kim [14] have discussed obtaining an order from a groupoid. Given
a groupoid (P, F), Neggers [23] defines it to be a pogroupoid, if for all x, y, z € P, the following properties or
functional equations are valid:

F(x,y)e{x,y}, ()
F(x, F(y,x))=F(y,x), 3)
F(F(x,y),2)=F(F(x,y), F(y,2)) . 4)

Further, for a given pogroupoid (IP, F), they associate a partial order <, with PP as follows:

XZ4y &= F(y,x)=y. (5)
Conversely, given a poset (P, <), they define a pogroupoid (P, F’), where F’': P x P — P is given as follows:

x, ify<ux,

F'(x,y) ={ (6)

y, otherwise.

Note that (5) can be seen as a special case of (ACR) with £ = y. Further, every pogroupoid (IP, F') also satisfies
(LLI), (QP), and (GQP) as shown below.

Theorem 4. If (P, F') is a pogroupoid, then F satisfies (LLI), (QP), and (GQP).

7
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Proof. Since F satisfies (2), it is idempotent. Thus it satisfies (LLI).
Now suppose F(x, F(y,z)) =z.Thenby (2),z=x or z= F(y, 2).

o If z=F(y,2), (QP) is satisfied.
e If z=x, wehave F(x, F(y,x)) =x.By (3), we get F(y,x) =x. Thus (QP) is satisfied.

Suppose F(x, F(y,z)) = w. Then we need to show that there exists an / € P such that F(/, z) = w. Now, by (2),
either w =x or w = F(y, 2).

e If w=F(y,z2),thenl =y and (GQP) is satisfied.
e If w=ux, we have F(x, F(y,z)) =x.By (2), we have F(y,z) =z or F(y,z) =y.
- If F(y,z) =z, we have F(x, z) = x = w and with [ = x we see that (GQP) is satisfied.
- If F(y,z) =y, we have F(x,y) = x. Thus F(x, F(y,z)) = F(F(x,y), F(y,2)) = x. By (4), we get
F(F(x,y),2) =x,ie., F(x,z) =x = w and with [ = x we see that (GQP) is satisfied. O

Remark 5. Note however that the converse of the above theorem is not true. A function satisfying (LLI), (QP), and
(GQP), need not satisfy the axioms of a pogroupoid. The product #-norm 7Tp(x, y) = xy defined on [0, 1], satisfies
(LLI), (QP), and (GQP), but is not locally internal, i.e., Tp(x, y) ¢ {x, y} for any x, y € (0, 1), and hence ([0, 1], Tp)
is not a pogroupoid.

From Theorem 4, we see that every pogroupoid, in fact, gives rise to a Clifford poset. Taking cue from the construc-
tion proffered in (6), we can also show that every poset is a multiplicative Clifford poset obtained from an appropriate
groupoid.

Theorem 5. Given a poset (P, <), there exists an operation F : P x P — P such that (P, <) = (P, <p).

Proof. Let us define F : P x P — P as follows:

x, ifx<y,
Fx,y)= > ()
y, otherwise.
We claim that given x, y € P, x <y iff x <f y. Suppose x < y, then F(x, y) = x, which implies that x <f y.
Conversely, if x <F y, then there exists an £ € P such that F (¢, y) = x. Since F is locally internal, x = y or x = £.
If x =y, x <y follows trivially, and if x = £ then F'(x, y) = x and x <y from (7). Hence, (P, <) = (P, <Xr). O

Note that F’ defined in (6) leads to an additive Clifford poset. The following dual result can be obtained easily.
Theorem 6. Given a poset (P, <), there exists an operation F' : P x P — P such that (P, <) = (P, E/,).

The main line of exploration in [14] is to characterise semigroups that are also pogroupoids while our intention in
the sequel is to investigate the behaviour of F on the obtained Clifford poset, which we take up in Section 3.

3. Monotonicity of the groupoid operations on the obtained Clifford posets

In the previous section, we studied the minimal conditions a groupoid should possess to give a partial order. Given
an operation F' that yields a partial order, we obtain an ordered algebra, i.e., (P, <F, F). It is then natural to ask if F'
is imbued with monotonicity w.r.to < in either of the variables. In the sequel, we investigate the conditions required
on F that would ensure the desired monotonicity of the induced poset.

Similar to the vital role played by the functional equations in Definition 4, the following conditional functional
equations will prove immensely useful in our quest to study the conditions on F' to ensure the appropriate type of
monotonicity on the Clifford poset.

Definition 5. A function F : P x P — P is said to satisfy the

8
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e Localised’ associativity property, if for any x, y, z € P, there exists an £ € P such that

F(F(x,y),2) =F(, F(y,2)). (LA)
e Localised exchange principle, if for any x, y, z € P, there exists an £ € P such that

Fx, F(y,2))=F{, F(x,2)). (LEP)
e Localised Left Contraction property, if for any x, y, z € IP, there exists an £ € P such that

F,F(F(y,x),z) = F(x,2). (LLC)
e Localised Right Contraction property, if for any x, y, z € P, there exists an £ € P such that

F(, F(F(x,y),2) = F(x,2). (LRC)
We now present the results* that show the importance of the functional equations introduced in Definition 5.
Theorem 7. Let F : P x P — P be such that (P, <r) is a poset. Then the following are equivalent:

(1) F isincreasing in the first variable w.r.to <p.
(i) F satisfies (LA).

Proof. Suppose F is increasing in the first variable. Let x, y, z € P be arbitrary. Since F (x, y) = F(x, y), we can say
that F(x, y) <r y. Since F is increasing in the first variable, F(F (x, y), z) <r F(y, z). Hence, there exists an £ such
that F(F(x,y),2)=F(, F(y, 2)).

Conversely, suppose F satisfies (LA). Let x, y € P such that x <r y, and z € P be arbitrary. Then there exists an
m € IP such that F'(m, y) = x. Using (LA), we can say that there exists an £ € P such that, F(x,z) = F(F(m, y),z) =
F(, F(y,z)). Hence F(x,z) <f F(y,z). O

Theorem 8. Let F : P x P — P be such that (P, <r) is a poset. Then the following are equivalent:

(i) F isincreasing in the second variable w.r.to <.
(ii) F satisfies (LEP).

Proof. Suppose F is increasing in the second variable. Let x, y, z € P be arbitrary. Since F(y, z) = F(y, z), we can
say that F'(y, z) <F z. Since F is increasing in the second variable, F (x, F(y, z)) <r F(x, z). Hence, there exists an
£ € P such that F(x, F(y,z2)) = F(, F(x,2)).

Conversely, suppose F satisfies (LEP). Let y,z € P such that y <f z, and x € P be arbitrary. Then there ex-
ists an m € P such that F(m,z) = y. Using (LEP), we can say that there exists an £ € P such that, F(x,y) =
F(x,F(m,z))=F(, F(x,z)).Hence F(x,y) <r F(x,z). O

Once again, by duality, we have the following result:
Theorem 9. Let F : P x P — P be such that (P, <r) is a poset. Then the following are equivalent:

(i) F isincreasing (decreasing) in the first (second) variable w.r.to <p.
(ii) F is increasing (decreasing) in the first (second) variable w.r.to C .

Proof. Suppose F is increasing in the first variable w.r.to <. Let z € P be arbitrary and x, y € P such that x CF y,
i.e., there exists an £ € P such that F (¢, x) = y. Hence y <p x. Thus, F(y,z) <r F(x, z). Hence there exists an

3 Itis worthy to highlight here that the conditional functional equations (CFEs) in Definition 5 are quite different from the usual CFEs in that we
allow an argument to be substituted with another, albeit depending on the considered fixed triple and hence the nomenclature of being ’localised’.
4 Note that the Theorems 7 - 10 appear in [22] without the proofs.
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m € P such that F(m, F(x,z)) = F(y, z). Hence, F(x,z) Ef F(y, z). Thus F is increasing in the first variable w.r.to
CF.
The converse of the above can be proven similarly. O

In the following theorems, we characterise the functions that are decreasing on the induced poset, showcasing the
importance of (LLC) and (LRC). We shall use (ACR) in the following results, since it is considered to obtain order
from fuzzy implications, and it would be interesting to investigate when a fuzzy implication is decreasing in the first
variable w.r.to the induced order.’

Theorem 10. Let F : P x P — P be such that (P, CF) is a poset. Then the following are equivalent:

(1) F is decreasing in the first variable w.r.to C .
(i) F satisfies (LLC).

Proof. Suppose F is decreasing in the first variable w.r.to Cr. Let x, y, z € P be arbitrary. Since F(x,y) = F(x, y),
we have y Cp F(x,y). Thus, F(F(x,y),z) Cr F(y,z). Hence there exists an / € IP such that F (I, F(F(x,y),2)) =
F(y,z). Thus F satisfies (LLC).

Conversely, suppose F satisfies (LLC). Let z € IP be arbitrary and x, ! € P such that x T [. Hence there exists a
y € P such that F(y, x) =1. Given x, y, z, there exists an m € P such that we have F(x,z) = F(m, F(F(y,x),2)) =
F(m, F(l,z)). Hence, F(l,z) Ef F(x,z). Since z is arbitrary, F is decreasing in the first variable. O

Theorem 11. Let F : P x P — P be such that (P, EF) is a poset. Then the following are equivalent:

(1) F is decreasing in the second variable w.r.to C .
(1) F satisfies (LRC).

Proof. Suppose F is decreasing in the second variable w.r.to Cp. Let x, y,z € P be arbitrary. Since F(y,z) =
F(y,z), we have z Cf F(y,z). Thus, F(x, F(y,2)) CF F(x,z). Hence there exists an £ € P such that F (¢, F(x,
F(y,z2))) = F(x,z). Thus F satisfies (LRC).

Conversely, suppose F satisfies (LRC). Let x € IP be arbitrary and m, z € P such that z C r m. Hence there exists a
y € P such that F(y, z) = m. Given x, y, z, there exists an £ € P such that we have F(x,z) = F({, F(x, F(y,2))) =
F(, F(x,m)). Hence, F(x,m) Cr F(x,z). Since x is arbitrary, F is decreasing in the second variable. O

4. Clifford posets induced on [0, 1] by non-associative operations

Among the non-associative fuzzy logic connectives, the well-studied classes are that of semi-copulas - and their
variants, viz., quasi-copulas and copulas - fuzzy implications, overlap, and grouping functions. In this section, we
deal with each of them and discuss if and when they lead to a Clifford poset, which essentially means studying the
satisfaction of the properties (LLI), (QP), and (GQP) by these operations. We follow it up by discussing the order-
theoretic behaviour of the induced ordered algebras, i.e., boundedness of the obtained Clifford posets and monotonicity
of the operations w.r.to the new order.

We begin by giving a general sufficiency result for an operation F to satisfy (LLI), (QP), and (GQP).

Lemma 1 (¢f [21]). % Let F : [0, 11> — [0, 1].
(1) If F has a left neutral element e € [0, 1], then it satisfies (LLI).

(ii) Further, if the neutral element of F is e =0 or e =1, and F is monotonic, then it satisfies (QP).
(iii) Further, if F is continuous, then it satisfies (GQP).

5 Also, please see the discussion at the end of Section 4.1.
6 We reproduce the proof from [21] for the sake of completeness.
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(mﬂyfw) (MJL§W>

a

Fig. 2. The general structure of the Clifford poset ([0, 1], <y ) obtained from a nullnorm V = (Sy, a, Ty) on P =0, 1].

Proof. (i) is obvious and (ii) follows from Proposition 4.1 in [12].
To see (iii), let us consider the case e = 1 and F is increasing. The other cases can be shown similarly. Suppose
F(x,F(y,z))=w.Then F(x, F(y,2)) =w < F(y,z) = F(1, F(y, z)). Since F(1,0) =0, by monotonicity we have

0=F0O,2)<w=<F(y.2).
Now, by the continuity of F, there exists £ € [0, 1] such that F (¢, z) = w, i.e., F satisfies (GQP). O

Remark 6. Note that the converse of the above statements is not true, as can be seen from the following examples.

e Consider the function

x, ifx=y,

F(x,y) =
(x, ) {O, otherwise.

While it does not have a neutral element, it satisfies (LLI).
e Consider the uninorm

max(x,y), ifx,ye[0.5,1],
min(x, y), otherwise.

U(x,y)={

While it satisfies (ILILI) and (QP), it does not have ¢ = 0 or 1 as a neutral element. Instead ¢ = 0.5.
e Consider the drastic t-norm

min(x, y), if max(x,y)=1,
TD(X,Y)=iO Y g

, otherwise.

While it satisfies (LLI) having 1 as a neutral element, (QP), and (GQP), it is not continuous.

Note that every fuzzy logic connective is either monotonic or mixed monotonic, thus it is defined on a set with a
pre-existing order. Also, each FLC satisfies some boundary conditions, which implies that the underlying set is also
bounded. To examine, if an FLC remains an FLC on the induced Clifford poset, we first require the obtained poset
to be bounded. Before analysing FLC’s in isolation, we discuss the conditions on an algebraic operation that would
ensure the boundedness of the obtained poset.

4.1. On the boundedness of the obtained poset

Given that we obtain a Clifford poset, we would now like to peek into the nature of the obtained poset by charac-
terising the conditions under which the underlying operation of the groupoid gives a bounded poset. In Example 6,
we observe that while [0, 1] w.r.to the usual order is bounded, the poset obtained by (ACR), given in Fig. 6(i), is not
bounded below. One might suspect it is the lack of associativity of Igp that leads to the lack of boundedness of the ob-
tained Clifford poset but this is not the case. Consider a nullnorm V on P = [0, 1], which by definition, is associative.
It has been shown in [12] that while all nullnorms do give rise to Clifford posets, such posets are only bounded below,
and not bounded above. Note that any nullnorm V with annihilator a € ]0, 1[ leads to a poset whose Hasse diagram is
given in Fig. 2.

The following, easy to obtain results, show the necessary and sufficient conditions required to ensure that the
Clifford posets are bounded below and above. Note that we shall employ the following results in the setting of unit
interval but they hold true in a more general setting as presented below.

11
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Lemma 2 (cf. [12] Proposition 2.10). (P, <F) is bounded below iff there exists an £ € P such that £ € Ran(F”") for
all x € P.

Proof.

(P, <F) is bounded below <= 3¢ € P such that, forall x e P, £ <p x
<= foreach x € P, 3m, € P such that F(m,,x) =14
&= forallx e P, £ € Ran(F*). O

Corollary 1 (cf. [12] Lemma 6.1). Suppose that £ is a left annihilator of (P, F). Then (P, <F) is bounded below by
L.

Lemma 3 (c¢f. [12] Proposition 6.2). (P, <) is bounded above iff there exists a t € P such that F' : P — P is onto.
Proof.

(IP, <) is bounded above <—> It € P such that, forallx e P, x <p ¢
<= for each x € P, 3m, such that F(m,,t) =x
<= F':P—>Pisonto. O

Corollary 2 (cf. [12] Lemma 6.1). Suppose t is the right identity element of (P, F), then (P, <) is bounded above
byt.

Since (ACR) is the dual of (MCR), the dual of the corresponding results given in Section 4.1 hold, i.e., (P, <) is
bounded below (above) iff (P, Cr) is bounded above (below). It also follows from here that given the existence of an
annihilator or identity element, (P, C ) is bounded above by the annihilator, and below by the identity element.

Note that in the literature, typically, (MCR) is employed to obtain the order from FLCs that are monotonic in both
the variables and whose function values do not exceed the meet of their arguments, i.e., F < A, see [13,12]. On the
contrary, (ACR) is usually considered to obtain the order from FLCs whose function values always exceed the join of
their arguments, i.e., F >V, see [11]. We shall choose the order for the considered operations accordingly. For fuzzy
implications, in case we consider (MCR), 1 would be the least element on the Clifford poset as 7(0, x) = 1 for all
x € L,and I(1, 1) = 1, which is not the top element. We shall thus consider (ACR) for fuzzy implications.

4.2. Posets from semi-copulas

We now explore whether and when the non-associative FLCs yield a Clifford poset, essentially studying the sat-
isfaction of the properties (LLI), (QP), and (GQP), starting with a semi-copula. A semi-copula can be seen as a
generalisation of the classical notion of intersection. They generalise f-norms as they are not required to be commu-
tative or associative. Quasi-copulas and copulas form a subclass of semi-copulas. We investigate the orders obtained
from them, and investigate if they retain their order-theoretic properties on the induced poset.’

Definition 6 (Definition 2.1, [9]). A function S : [0, 1]> — [0, 1] is said to be a

e semi-copula, if for all x € [0, 1],
- S(L,x)y=S(x,1)=x,
— S is increasing in both variables.
e quasi-copula, if it is a semi-copula and if for all xy, x2, y1, y2 € [0, 1], it satisfies the 1-Lipschitz property,
= [8Cer, y1) = S(2, y2)| < Ix1 — x2l + |y1 — y2l.
e copula, if it is a semi-copula and if for all x, x1, x2, y1, ¥2 € [0, 1] such that x; < xp and y; < y, it satisfies the
2-increasing property,

7 For the proofs of the results in this subsection, please refer to [21].
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0.4 0.6 >< 0.7 A
0.4’ 0.5 0.4 \0.5
0 0. 0 0

® (i) (iii) (iv)
Fig. 3. Hasse Diagrams of the Clifford posets obtained from Semi-Copulas in Example 2.

= S(x1,y1) + S(x2, y2) = S(x1, y2) + S(x2, ¥1)-
Remark 7 (/9]).

e Quasi-copulas and copulas are continuous functions.
e Every copula is a quasi-copula but the converse is not true.
e We will use the notation Q for a quasi-copula and C for a copula.

From the definition of a semi-copula S and Lemma 1, we see that semi-copulas always satisfy (LLI) and (QP).
However, they may not satisfy (GQP) and thus may not always give rise to a Clifford poset on [0, 1].
For instance, consider the semi-copula

min(x, y), if max(x,y) =1,
S(x,y)=10, if (x, y) € [0, 0.4]%,
%min(x, y), otherwise.

While S(0.7, S(0.5,0.4)) = S(0.7,0.2) = 0.1, there does not exist any £ € [0, 1] s.t. S(¢,0.4) =0.1. Thus S does
not satisfy (GQP), and the relation <g does not give rise to a poset on [0, 1]. In the following example, we present
examples of semi-copulas that give rise to Clifford poset.

Example 2. In Table 3, we present some examples of semi-copulas that give rise to posets. The corresponding Hasse
diagrams can be seen in Fig. 6. We see that semi-copulas can give rise to a variety of ordered structures. Notice that
while the semi-copula is defined on a totally ordered set, the poset obtained through multiplicative Clifford relation
may not be a chain.

e The Hasse diagrams of the posets obtained from S1, Sz, S3, and S are given in Figs. 3(i) — (iv), respectively. As
shown, S, $> and S5 yield bounded lattices, whereas S4 does not yield a lattice. Note that A = (0, 0.6) \ {0.4, 0.5}
in Fig. 3(iv).

e All the obtained lattices, viz. through S7, S>, and S3 are non-distributive. However, a semi-copula may give rise
to a distributive lattice. For example if S(x, y) = min(x, y), we obtain a total order, which is distributive.

e The posets obtained from Sy, and S3 are not modular, while the poset obtained from S, is.

Note that since associativity implies (GQP), every associative semi-copula gives rise to a poset. Also, from Theo-
rem 2 it follows that ([0, 1], <) is a chain if and only if S is continuous in the first variable. Thus, every continuous
semi-copula yields a chain.
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Table 3

Some examples of semi-copulas that retain their properties on the Clifford poset.

Semi-copula (10, 1], <)
min(x, y), if max(x,y)=1,

S1(x,y)=10, if min(x, y) <0.4 and max(x, y) <1, Fig. 6(i)
0.4, otherwise.

min(x, y), if max(x,y)=1or

Sr(x,y)= min(x, y) < 0.4, Fig. 6(ii)
0.4, otherwise.

S3(r,y) = 0,. if (x, y). €1[0,0.5] x [0, 1), Fig. 6(iii)
min(x, y), otherwise.
0.6, if (x,y) €[0.6,1) x (0.6, 1) U (0.4,0.6] x (0.7, 1),
0.4, if (x,y) €[0.4,0.5) x 0.7U[0.6,0.7] x 0.6,

S4(x,y)=40.5, if (x,y) €[0.5,0.6) x 0.7U[0.7, 1) x 0.6, Fig. 6(iv)

min(x, y), max(x,y)=1,

0, otherwise.

We now move our attention specifically to quasi-copulas and copulas. From Lemma 1, we see that every quasi-
copula Q and a copula C give rise to a poset. In fact, due to their continuity, they give rise to a totally ordered complete
lattice on [0, 1].

Lemma 4. If F : [0, 112 = [0, 1] is either a quasi-copula or a copula, it satisfies (LLI), (QP) and (GQP).

Lemma 5. Given a quasi-copula Q, the poset obtained from <¢g on [0, 1] is a chain, and is in fact, the usual order
on [0, 1], i.e, ([0,1], =) = ([0, 1], =).

Corollary 3. Given a copula C, the poset obtained from <¢ on [0, 1] is a chain and is the usual order on [0, 1].

Thus, for copulas and quasi-copulas, unlike semi-copulas, the multiplicative Clifford relation always yields a totally
ordered set.

Remark 8.

e In the case of a semi-copula, due to the presence of O as its annihilator and 1 as its identity, it is clear from
Corollary 1, and Corollary 2 that if it does lead to a Clifford poset, it is bounded below by 0 and bounded above
by 1.

e A semi-copula, as is well known, is not associative or commutative, and thus its satisfaction of (LA) and (LEP)
does not follow directly. In general, a semi-copula S may or may not be monotonic on the induced poset, and
hence may or may not be a semi-copula. Table 3 presents some examples of semi-copulas that satisfy both (LA)
and (LEP), and are thus semi-copulas on the obtained Clifford posets.

Note that the semi-copula S in Example 3 does not satisfy (LA) and hence, is not increasing in the first variable.
The semi-copula in Example 4 does not satisfy (LEP) and hence, is not increasing in the second variable.
e Since quasi-copulas, and copulas give the usual order, they retain their properties on the induced poset.

Example 3. Consider the semi-copula S : [0, 11?2 = [0, 1] given as follows (see Fig. 4(i)):

min(x, y) if max(x,y) =1,

0.1, ifx=0.2,y€[0.7,1),

S(x,y)=1{0.2, if (x, y) € (0.2,0.9) x [0.7, 1),
0.6, if (x,y) €[0.9,1) x [0.7, 1),
0, otherwise.
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T

(07...1)

(0. . .0.7} ~{0.1,0.2,0.6}

{0.1,0.2,0.6}

(i)
Fig. 4. Hasse Diagrams of the Clifford posets obtained from Semi-Copulas in Examples 3 and 4.

Note that S does not satisfy (LA), since there does not exist any £ € [0, 1] such that 0.1 = §(5(0.5,0.9),0.7) =
S, S(0.9,0.7)) = S(¢,0.6). Thus S is not increasing in the first variable w.r.to <g as

0.2 <50.9but 0.1 =5(0.2,0.7) ﬁs $§(0.9,0.7) =0.6.
while it is on ([0, 1], <).
Example 4. Consider the semi-copula S : [0, 11?2 = [0, 1] given as follows (see Fig. 4(ii)):

min(x, y) if max(x,y) =1,

04, if (x, y) €[0.8,1) x [0.5,0.6) U[0.5,0.6) x [0.8, 1),
S(x,y)=1{0.5, if (x, y) €[0.6,0.8) x [0.8, 1),

0.6, if (x,y) €[0.8,1) x [0.6, 1),

0, otherwise.

Note that §(0.8,5(0.7,0.9)) = §(0.8,0.5)
=0.4+#S50,0.6) =S, 5(0.8,0.9)) for any £ € [0, 1].

Thus (LEP) is not satisfied, and S is not increasing in the second variable w.r.to <g, as

15
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0.5 <5 0.9 but 0.4 = $(0.8,0.5) A5 $(0.8,0.9) = 0.6.
4.3. Posets from overlap and grouping functions

Introduced by Bustince et al. [26,27], overlap and grouping functions also generalise the notion of classical inter-
section and union, respectively. They play an important role in image processing and have been a subject of theoretical
investigation in recent works. Since they are not required to be associative, we investigate the order induced from
them and compare it with the results of [24]. We then see if their order-theoretic properties are retained on the induced
poset.®

Definition 7. Let F : [0, 1] — [0, 1] be a commutative and a continuous function that is non-decreasing in both
variables. F is said to be

e an overlap function if, further, for any x, y € [0, 1]
- F(x,y)=0 < xy=0;
- Fx,y)=1< xy=1;

e a grouping function if, further, for any x, y € [0, 1]
- Fx,y)=0 <= x=y=0;
- Fx,y)=1l<= x=lory=1;

We denote an overlap function by O and a grouping function by G.

From [24], we have the result that an overlap function O yields a poset w.r.to the order defined in (MCR) if and
only if O has a neutral element 1, i.e., O(1, x) = x for every x € [0, 1]. We show in the following result that the above
condition is equivalent to an overlap function satisfying (LLI), (QP), and (GQP).

Proposition 12. Given an overlap function O : [0, 11> — [0, 1], the following are equivalent:

i) O(,x)=x, forall x €[0,1].
(ii) O satisfies (LLI), (QP), and (GQP).

Note that the above result emphasises the value of order-theoretic exploration of algebraic structures. Whether a

given overlap function O has a neutral element or not is characterised by whether it leads to a Clifford poset or not.
Once again, by the continuity of an overlap function and 1, we have the following result:

Lemma 6. Given an overlap function O such that 1 is the left neutral element of O, the poset obtained from <o on
[0, 1] is a chain, and is in fact, the usual order on [0, 1], i.e., ([0, 1], <o) = ([0, 1], <).

Remark 9. Since overlap functions yield the usual order through multiplicative Clifford relation, their order-theoretic
properties are retained on the induced poset.

For grouping functions, we consider the relation (ACR). The results follow along similar lines, hence, we present
only the statements without their proofs.

Proposition 13. Given a grouping function G : [0, 11> — [0, 1], the following are equivalent:

(i) G0,x)=x, forall x €[0, 1].
(ii) G satisfies (LLI), (QP), and (GQP).

8 For the proofs of the results in this subsection, please refer to [21].
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Lemma 7. Given a grouping function G such that O is the left neutral element of G, the poset obtained from T on
[0, 1] is a chain, and is in fact, the usual order on [0, 1], i.e., ([0, 1], CE¢g) = ([0, 1], <).

Remark 10. Like overlap functions, grouping functions also yield the usual order through additive Clifford relation.
Hence their order-theoretic properties are also retained.

Note that while the continuous FLCs such as quasi-copulas, copulas, overlap and grouping functions always yield
a total order, not all continuous functions yield a total order. For instance, consider the projection map F(x,y) =y.
While the function is continuous, it does not yield a total order. In fact, < is an anti-chain.

4.4. Posets from fuzzy implications

Fuzzy implications generalise the notion of classical implication and are one of the important fuzzy logic connec-
tives. They play a vital role in fuzzy control [15], fuzzy logic systems [25], and approximate reasoning [3,28,16].
Unlike semi-copulas, overlap, and grouping functions, fuzzy implications do not include any associative versions of
them. We investigate the posets obtained from them in this section.’

Definition 8. An 7 : [0, 112 — [0, 1] is said to be a fuzzy implication if:

e [ is decreasing in the first variable, i.e.,
X1 2xp = I(x1,y) =2 1(x2,y) 1)
e [ is increasing in the second variable, i.e.,

i<y = I(x,y1) <1(x,y2) (I2)

e [ satisfies the boundary conditions:

1(0,00=1(1,1)=1,1(1,0)=0 I3)
Definition 9. [4] A fuzzy implication [ is said to satisfy the

o left neutrality property if

I(1,y)=y, y€[0,1]. (NP)
o law of importation w.r.to C if there exists a binary operation C such that
I(x,1(y,2)) =1(C(x,y),2), x,y,z2€[0,1]. (LI(C))

In [11], the authors introduced the concept of an importation algebra. They showed that (ACR) imposes a poset
structure on the underlying set of such an algebra. We present below the definition and the corresponding result.

Definition 10 (cf. [1]], Definition 2.1). Let P # (J. An algebra (P, I, C) is an importation algebra, if I satisfies (NP),
(QP), and the pair (I, C) satisfies (LI(C)).

Theorem 14 (cf. [11], Proposition 2.7). Let (P, I, C) be an importation algebra. Then the relation (ACR) is a partial
order on P.

Remark 11. In the literature, if an I satisfies (LI(C)) w.r.to a z-norm, i.e., C = T, it is simply called the law of
importation. If C is increasing, conjunctive, and commutative, it is called the weak law of importation [17].

9 For the proofs of the results presented in the conference in this subsection, please refer to [21]. The other results are either stated for the first
time or have been provided in [22] without proofs.
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The following lemma shows that any fuzzy implication satisfying (NP) and (LI(C)) w.r.to any C yields a partial
order through Clifford’s relation.

Lemma 8. A fuzzy implication I satisfying (NP) and (LI(C)), satisfies (LLI), (QP), and (GQP).
Note that the converse of the above lemma is not necessarily true as illustrated in the following example.

Example 5. Consider the fuzzy implication Iyg[11], defined as

max(l — 4/x,y), ify<0.5,

Iyg(x,y) =
VG (. y) {max(l—xz,y), if y > 0.5.

In [11], it was shown that Iyg does not satisfy (LI(C)) with respect to any C. However, it satisfies (NP), and thus
(QP). Despite being discontinuous, it satisfies (GQP) and yields the usual order.

There exist many families of fuzzy implications. Among the major ones, it is well-known that the families of
(S, N)-, f- and g-implications satisfy both (NP) and (LI(C)) w.r.to an appropriate ¢-norm, see for instance, [2,1,6]. It
is also known that an R-implication generated from a left-continuous 7, also satisfies (LI(C)), see [3], Theorem 7.3.5.
Thus when these families are considered, =; do give rise to posets. This has been extensively dealt with in [10,11].

The family of QL-implications however has not been investigated. Also, there exist Q L-implications that do not
always satisfy (LI(C)). Thus it is interesting to study if fuzzy implications / belonging to this family give rise to a
poset w.r.to the relation = as defined in (ACR). In the following, we introduce this family of fuzzy implications and
study certain sufficient conditions under which they do yield a poset.

Definition 11. [3] A function 7 : [0, 1]*> — [0, 1] is called a QL-operation if there exist a f-norm T, a t-conorm S, and
a fuzzy negation N such that 7 (x, y) = S(N(x), T (x, y)) for all x, y € [0, 1]. We will denote such an I by I7 s n.If
a QL-operation I7 s,y is a fuzzy implication, then we call I7 s y a QL-implication.

Remark 12. It can be easily seen that a QL-implication always satisfies (NP). Hence, a QL-implication always satis-
fies (LLLI) and (QP).

Definition 12. Let S be a r-conorm and N be a fuzzy negation. The pair (S, N) is said to satisfy the law of excluded
middle if:

S(N(x),x)=1, xe]0,1]. (LEM)
Lemma9. [5] If IT s n is a QL-implication, then the pair (S, N) satisfies (LEM).

Proposition 15. Consider a QL-operation It s n. If the pair (S, N) does not satisfy (LEM), It s n does not satisfy
(QP).

Proof. Since (S, N) does not satisfy (LEM), there exists a y € (0, 1) such that S(N(y), y) < 1. Now, 1 (0, I(y, 1)) =
LbutI(y,1)=S(N(y), T(y,1))=S(N(),y) <1.Hence It s n does not satisfy (QP). O

Remark 13.

(i) We infer from the result above that the satisfaction of (QP) implies (LEM). However, the satisfaction of (LEM)
may not ensure (QP). For instance, consider the product #-norm 7p(x, y) = xy, the fuzzy negation N¢c(x) =1 —x
and the nilpotent maximum ¢-conorm

max(x,y), ifx+y<l,
Sam(x, y) = .
1, otherwise.



K. Nanavati and B. Jayaram Fuzzy Sets and Systems 467 (2023) 108484

a 1

RN

0..D\{a)  A—{1) 0...1)\A
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Fig. 5. Hasse diagrams of the Clifford posets obtained from the QL-operation given in Remark 13((ii),(iv)), where A = Ran(N).

It can be seen that (Spm, N¢) satisfies (LEM). However,

I =1 ify=1,
x,y)= :
Tp. Sam.Nc (X5 Y max(l — x,xy), otherwise.

does not satisfy (QP), since

T2 500 Ne (0.8, T 5u0p NG (0.5, 0.4)) = 0.4 % I g0 Ne(0.5,0.4) = 0.5 .

(i1) Also, it is not true that every QL-operation that satisfies (QP) or (GQP) is a QL-implication.
The following is an example of a QL-operation I which is not a fuzzy implication but satisfies (LLI), (QP), and
(GQP). Let S = Sp be the drastic 7-conorm defined as:

max(x, y), if min(x,y)=0,
SD(x,y)=! Y Y

1, otherwise .

T = Tp be the drastic t-norm defined as:

To( ) min(x, y), if max(x,y)=1,
x’ = .
DY, Y 0, otherwise .
1, x=0,

and N,(x) =10, x=1, where a € (0, 1) is arbitrary but fixed. Then

a, otherwise.

I, x=0ory=1,
Iy o Na (X, ) =1y, x=1,
a, otherwise.

where a € (0, 1). The corresponding Hasse diagram is given in Fig. 5(i).
(iii) [5] For any t-conorm S, the pair (S, Np,) always satisfies (LEM) where

0, ifx=1,
1, otherwise.

Np, (x) = {
In fact, given any t-norm T, It s, Np, is the Weber implication

, ifx=1,
IWB(X»Y):{y

1, otherwise.

It can be easily verified that the Weber implication satisfies (QP) and (GQP) and hence leads to a Clifford poset,
whose Hasse diagram is the same as given in Fig. 6(i). Notice that we obtain a join-semilattice where 1 is the
greatest element, and all the other elements are minimal.
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Fig. 6. Hasse diagrams of the Clifford posets obtained from fuzzy implications in Tables 3 and 4, respectively.

(iv) Let S = Sp be the drastic f-conorm and N be any non-vanishing negation, i.e., N(x) =0 < x=1.If T
is a positive f-norm, i.e., T (x,y) =0 <= xy = 0, then the QL-operation obtained from the triple (7', Sp, N)
satisfies (LLI), (QP), and (GQP).

The QL-operation obtained by the above construction is an implication and is of the given form:

N(x), ify=0,

I(x,y)=
*x, ) 1, otherwise.

The corresponding Hasse diagram is given in Fig. 5(ii), where A = Ran(N).

Note that it is well known that if a fuzzy implication I does not satisfy the exchange principle (EP)
I(x, 1(y,2) =1(y, 1(x,2)), x,y,z€[0,1], (EP)

then it does not satisfy (LI(C)) with any commutative C [3].

4.4.1. Bounded additive Clifford posets from fuzzy implications:

We saw that all the operations considered above give a bounded poset due to the presence of an annihilator, and
an identity element. However, as can be seen in the following example, an implication may not have a right identity
element and hence may not lead to a bounded poset.

Example 6. Consider the Godel implication

1, ifx<y,
Igp(x,y) = .
y, ifx>y,

defined on [0, 1]2. Clearly, [0, 1] w.r.to the usual order is bounded. However, the poset obtained by (ACR), given in
Fig. 6(i), is not bounded below.

We thus investigate the conditions under which an implication yields a bounded poset.

Definition 13. Let / : [0, 11> — [0, 1] be a fuzzy implication. The function Nj(x) =1 Ox)=1I(x,0)isa fuzzy nega-
tion, called the natural negation of /.

From the results and discussion in Sections 4.1, we have the following result:
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Lemma 10. ([0, 1], =) is bounded below by £ iﬁ[Z is onto.
Since 79 is onto iff Ny is continuous, we have the following corollary.
Corollary 4. A fuzzy implication I on [0, 1] is bounded below on (0, 1], T;) by 0 iff N is continuous.

Corollary 5. If I : [0, 11> — [0, 1] satisfies the neutrality property and E; yields a bounded partial order, then 0 is its
bottom element.

Proof. Let [ € [0, 1] be the bottom element of ([0, 1], ;). Note that the range of ! when I satisfies (NP), is
[1(1,1),1(0,1)]=1[l,1]. Hence, by Lemma 10, we have [ =0. O

Interestingly, as the following result shows, from the bottom element of the obtained poset, one may be able to
determine if the original 7 is an implication on the induced poset.

Lemma 11. Let I be an implication on the bounded poset ([0, 1], <,0, 1). If ([0, 1], C;) is a poset bounded below by
anl # 0, then I is not an implication on (L, Cy).

Proof. Suppose I is an implication on ([0, 1], C;, [, 1), i.e., ([0, 1], C;) is bounded below by /. We can then say that
I(1,]) =1 and since x <1 for all x € [0, 1], we have that [ < I(x,/). Thus 0 < is not in the range of I'. Clearly
then I’ is not onto and ([0, 1], E) can not be bounded below by . Hence our assumption that / is an implication on
([0, 1], Cy) is incorrect. 0O

4.4.2. Monotonicity of fuzzy implications on additive Clifford posets:

Below we examine if and when the mixed monotonicity of an / is preserved on the obtained poset, i.e., the satis-
faction of (LLC), and (LEP) by [I.
Lemma 12. If [ satisfies (EP), it satisfies (LEP).

Lemma 13. Every I defined on [0, 1] satisfying the neutrality property such that Ran(I*) = [I, 1] for all | € [0, 1],
satisfies (LLC).

Proof. Let x, y,z € [0, 1] be arbitrary. We have, by the antitonicity in the first variable and neutrality of I, y =
I(1,y) < I(x,y). Thus, I(I(x,y),z) < I(y,z). Hence there will exist an [ € [0, 1] such that I(l, I(I(x,y),z)) =
I(y, z) since Ran(I'0 &9y = [I (I (x,y), z), 1]. Thus, I satisfies (LLC). O

Corollary 6. (/22]) Every continuous fuzzy implication I : [0, 11> — [0, 1] with 1 as the left neutral element satisfies
(LLC).

Based on the above results, we now present the main result of this section, that completely characterises functions
that give rise to fuzzy implications on the obtained Clifford poset.

Theorem 16. Lez I : [0, 11> — [0, 1]. The following statements are equivalent:

(1) 1 is a fuzzy implication on ([0, 1],Z;,0, 1).
(ii) I satisfies (LLC), (LEP), I(1,0)=0, I(1,1)=1, 1% is onto, 1(0, x) = 1 forall x € [0, 1].

From Theorem 16, we see that the function I need not be an implication on ([0, 1], <) to begin with. For a fixed
but arbitrary ¢ € (0, 1), the function given by

I( ) ]_tv if(x7y)e(031)2a
X,y) =
(XY max(l —x,y), otherwise.
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Table 4

Some examples of Clifford posets from Fuzzy Implications.

Implication (0,11, &y)
1, if x €[0,0.5]

IT#Mch (x,y)= & ye(0,1], Fig. 6(iv)

max(l —x,y), otherwise.

Ik (. y) = min(1, 1~ x + ) Usual order

on [0, 1]
v, ifx=1,
Ipp(x,y)=491—x, ify=0, Fig. 6(iii)
1, ifx<landy>0.

is not a fuzzy implication on [0, 1], but is one on the induced poset. The induced poset is shown in Fig. 6(ii).
Now the following result specifying when a fuzzy implication on the original poset will again be one on the Clifford
poset follows easily.

Corollary 7. Let I : [0, 11> — [0, 1] be a fuzzy implication. The following statements are equivalent:

(1) 1 is a fuzzy implication on ([0, 1], &)).
(i) 1 satisfies (LLC), (LEP), and Ny is continuous.

Example 7. Note that not every fuzzy implication satisfies (LLC). Consider, for example, the following implication:

min(l —x, y), if max(1 —x,y)<0.5,
I(x,y)= .
max(l —x, y), otherwise.
The Hasse diagram is given in Fig. 6(v). Note that there exists no ¢ € [0, 1] such that 7(¢, I(I(1,0.3),0.5)) =
1(0.3,0.5), and hence I does not satisfy (LLC).

Example 8. In Table 4, we present some examples of fuzzy implications, that satisfy the conditions of Corollary 7,
and hence are fuzzy implications on the additive Clifford posets as well. We see that fuzzy implications yield a variety
of partially ordered sets. Notice that while the fuzzy implication is defined on a totally ordered set, the poset obtained
through additive Clifford relation may not be a chain.

e Since /1 k yields a total order on [0, 1], it is bounded, distributive and modular. In fact, from Theorem 3, it follows
that ([0, 1], ;) is a chain if and only if 7 is continuous in the first variable and satisfies (NP).

e [pp yields a modular but non-distributive lattice on [0, 1]. The corresponding poset is obtained in Fig. 6(iii).

° IT{C; N Yields neither a distributive nor a modular lattice on [0, 1]. The corresponding poset is obtained in
Fig. 6(3iv).

e Note that fuzzy implications do not always yield a lattice. Igp defined in Example 6, does not yield a lattice on
[0, 1]. The Hasse diagram is given in Fig. 6(i). For any x, y € [0, 1), the infimum of x and y does not exist.

5. Concluding remarks

In this submission, we characterise groupoids that yield a partial order through Clifford’s relation. Also, given a
groupoid, we study if and when we can obtain an ordered groupoid using Clifford’s relation, i.e., we provide the
necessary and sufficient conditions under which the original groupoid operation is monotonic or antitonic w.r.to the
new order. Further, we employ the obtained results for fuzzy logic connectives and see if and when they retain their
properties on the induced poset.

We see that the monotonic (or antitonic) operations on the induced poset are characterised through conditional
functional equations. The importance of these results can be understood from Example 3, where the semi-copula S
while increasing in the first variable w.r.to the original order, is not increasing in the first variable w.r.to the new
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order. We can conclude by Theorem 7 that this semi-copula S does not satisfy (LA), and in turn we can conclude
that S is not associative. Similarly, if the operation is not increasing in the second variable w.r.to the new order, we
can conclude that the operation does not satisfy the exchange principle. Thus, we see that knowing about the order-
theoretic behaviour on the induced poset can provide us insights on the algebraic properties of the operation.

In future work, we would like to characterise operations that would yield special Clifford posets, namely lattices,
distributive lattices, or modular lattices, and investigate if these ordered structures correspond to specific algebraic
properties, thus enriching the pursuit of order-theoretic exploration of algebras.
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