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ABSTRACT. An examination is conducted on the multinomial coefficients derived from
generalized quantum deformed algebras, and on their recurrence relations. The R(p, q)-
deformed multinomial probability distribution and the negative R(p, q)-deformed multino-
mial probability distribution are constructed, and the recurrence relations are determined.
From our general result, we deduce particular cases that correspond to quantum algebras
considered in the literature.

1. Introduction

The g-deformations of the Vandermonde formula, the Cauchy formula and the
univariate discrete probability distributions were investigated in [2]. Their limiting
distributions were derived, the g-deformed multinomial coefficient was defined, and
recurrence relations for these coefficients were deduced. Then, in [3], the ¢g-deformed
multinomial and negative ¢-deformed multinomial probability distributions of the
first and second kind were presented [3].

Now, let p and ¢ be two positive real numbers such that 0 < ¢ < p < 1. We
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464 Fridolin Melong

consider a meromorphic function R defined on C x C by [7]:

(oo}

(1.1) R(u,v) = Z rauvt,

s,t=—1

with an eventual isolated singularity at the zero, where r4 are complex numbers,
1 e NU{0}, R(p",¢") > 0,Vn € N, and R(1,1) = 0 by definition. We denote by
Dgr the bidisk

2
]D)R = H]D)Rj
j=1
= {e=(e1,e2) €C?:ej| < R;},

where R is the convergence radius of the series (1.1) defined by Hadamard

formula[12]:
limsup *%/|rs|R; RS = 1.

s+t—>00

We denote by O(Dg) the set of holomorphic functions defined on Dg.
The R(p, ¢)-deformed numbers are given by [7]

(12) [n]R(p,q) = R(p’n7 qn)7 ne N7
by which the R(p, ¢)-deformed factorials are defined as

)] _J 1 for n=0
"R (pyg) = R(p,q)---R(p™,q") for n>1,

and the R(p, g)-deformed binomial coefficients as

!
[ m ] = [m] R(p’q)| , (m,n) eNU{0}; m>n.
" gy MRegm = nllre.e

The linear operators on O(Dpg) are defined by

(q2)

(p2),

Q:pr—Qp(z):=¢
P:pr—— Pp(z):=¢
and the R(p, q)-deformed derivative given as
pP—9q p—q
ORp.q = Opg 55—~ R(P.Q) = —5—=R(pP,qQ)0yq,
Psq PIBP Q) (P,Q) P —q0 ( )0p.q
where 0, 4 is the (p, ¢)-derivative
e(pz) — p(q2)

Opq > Opqp(2) := p—
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We spoke of the quantum algebra associated with the R(p, ¢)-deformation. It is a
quantum algebra, Ax(p ), generated by the set of operators {1, 4, AT, N} satisfying
the following commutation relations [8]:

AAT = [N + 1]3%(1741)7 ATA = [N]R(p,tJ)
(1.3) [N, A] = —A, [N, AT] = AT
Its realization on O(Dg) is given by
Al =2, A= O0x(p,q)s N =20,
where 0, := a% is the usual derivative on C. Let us recall some notions useful in
this paper.
The model deformation structure functions 7,7 € {1,2}, depending on the

deformation parameters p and ¢ were introduced in [5].
For a,b € N, the R(p, ¢)-deformed shifted factorial is defined by [5]:

n < i— i— . 0
(a® b)R(pm = H (ari™' +b7m7 "), with (a® b)R(p’q) =1
i=1
Analogously,
n . i— i— . 0
(a S) b)R(p’q) = li[l (aTl Y bl 1), with (a S) b)R(p,q) = 1.

Furthermore, the R(p, ¢)-deformed factorial of a of order r is defined by[6]:

/2

(14) [a]r,y(p,q) = H[a -+ I]R(P»q)’ re N’

i=1

and the following relations hold :

(15) [a]R(pfl,qfl) = (7_1 7_2)1_(1 [a]R(p,q),
(1.6) [a)xp-1.4-19! = (1172) ") [a]z )y
and

—ar+("%1
(1.7) (Al (1.1 = (7172) ") [al, g

The R(p, q)-deformed of orthogonal polynomials and basic univariate discrete dis-
tributions of probability theory were defined and discussed by Hounkonnou and
Melong [5]. Relevant R(p, ¢)-deformed factorial moments of a random variable and
associated expressions of mean and variance established, and recurrence relations
for the probability distributions were derived, recovering known results as particular
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cases. Furthermore, the multivariate probability distributions (Pdlya, inverse Pdlya,
hypergeometric and negative hypergeometric) of the generalized quantum deformed
algebras were constructed. Their corresponding bivariate probability distributions
and properties were derived and determined [11].

Our aims are to construct the multinomial coefficients, the multinomial prob-
ability distribution and properties corresponding to the R(p, ¢)-deformed quantum
algebras [8].

This paper is organized as follows: Section 2 is focussed on multinomial coef-
ficients associated to R(p, ¢)-deformed quantum algebras. Alternate presentations
and their recurrence relations are derived. In Section 3, we contruct the R(p, q)-
deformed multinomial probability distributions of the first and second kinds. Sec-
tion 4 is dedicated to particular cases of our results corresponding to known quantum
algbras. We make some concluding remarks in Section 5.

2. R(p, q)-deformed Multinomial Formulae

In this section we investigate the multinomial coefficients, multinomial formula
and negative multinomial formula in the framework of the R(p, ¢)-deformed quan-
tum algebras. The recurrence relations are also determined.

Theorem 2.1. The R(p, q)-deformed multinomial coefficient

[x]T1+T2+"'+""k7R(pvq)
®(p,) [F2lRp,0)! [ R(pg)!

(21) Lrairasie ]R(pﬂ) - [71]

satisfies the recurrence relation

[ R = T I:T‘1:7E'T}""k:|ﬂ{(p,q) + 75" [t ] R(p,a)
(22) LA e P O S
+ o M et
Or, equivalently,
[y, s ]gz(p,q) = " I:T‘1:1E'T}Tk:|ﬂ%(p,q) + [Tl—lﬁ;l“' Tk ] R(p.q)
(2.3) T e gy T
S Gl PRy Py

where rj €N and j € {1,2,--- ,k}, with m; = Zk

. N
i=j T and s; =35 Ti.

Proof. Since
[@sk, %) = [T]R(ps0) [2 — Usp—1,R(p,0)

[z — s, %p,0) = & — Use—1,%(,0) [T — SklR(p,0)
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and
[2]®(p,q) = [z - Sk)R(p,g) T T " [sk]R(p.0)-

Then, the R(p, ¢)-deformed factorials of z of order s = Zle ri satisfies the re-
currance relation

k
(24)  [Harxpa =1 = Usron + 2% Filrea [ = Us-1.20.0-
j=1

Multiplying both sides of the relation (2.4) by 1/[ri]x(p.q)["2lrp.a)! - [MklR ()
and using the R(p,q)-deformed multinomial coefficient (2.1), we obtain rela-
tion (2.2). Similarly, the R(p, ¢)-deformed number can be expressed as

k
[Z]®(p,q) = ¢ o — Sk]R(p,q) T+ ZTf_mj TZSJ;l [ril=(p,q)
j=1

and the R(p, q)-deformed factorial of x of order s satisfies the recursion relation

k
(25) [‘T’]sk,ﬂi(p,q) = TQSk [LIJ - l]sk,R(p,q) I Z Tic_mj 7_2Sj71 [Tj]R(p,q) [ZE - l]sk—l,R(p,q)a
j=1
with sg = 0.
Dividing the both sides of the relation (2.5) by [r1]x(p.q)![r2lr@ma)!* [Mk]lrp.q)!
and using (2.1), the relation (2.3) is readily derived and the proof is achieved. O

Remark 2.2.

(i) From the relations (1.5), (1.6) and (1.7), we obtain the R(p~!, ¢~1)- deformed
multinomial coefficients in the simpler form:

= (rimp)” Timrilemmy)| @

(2.6) [rn-fﬁ-mk]oz(pfl,qfl) Tlv"‘”k]ﬁ(p,tﬁ

or
T = k ri(r—s; xT
(27) [Tl,"';Tk]R(p*1=q*1) = (7_17_2) ZJ:I 3 J)[rl,---,rk]gz(pvq)

where s; = Zgzln, and m; = Zf:jm, for r; € N, j € {1,2,--- ,k} and
ke N.

Indeed, by replacing R(p, ¢) with R(p~t,¢!) in relation (2.1), and using the
formulae

=t i

[@]rR(p—1,4-1) = (TlT? 7R(p,q)

and

[Mlrp-1,4-1)! = (Tl'r?)(g) LETTL
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(i)

(iii)

(iv)

Fridolin Melong

we obtain,
—xsk+ s+l
[ x ] _ (7172) i ( : )[m]m+rz+~-+rk,3€(p,q)
o R T TS ) . . .
(r172) M. r2lze.a! - Mze.o!
_xsg (kT +Z‘?7 73 i
_ (7_17_2) k ( 2 ) 1—1(2) [7’177‘2=“',7‘k]32(p7q)'
Moreover,
sp+1 T r;+1 T
_xsk—|—< 9 >+j§<2j>—_$3k+z7"gmg+1+z<<ﬂ ) (;))
k
——erx—m] erx—sj
j=1

Relations (2.6) and (2.7) follow.

Another recurrence relations can be obtained by replacing R(p, ¢) by R(p~1, ¢~ 1),
and using the expression (2.6), respectively. Thus, the recursion relations
(2.2) and (2.3) take the following forms:

_ —1
[ ]R(p,q) = " [Tliﬁ'"}rk]ﬂ%(p,q) i [Tl_lg’c”’“' ””’C]R(M)
(2.8) I P w PO
—i1
+ Tlm I:Tl,’r‘za,z“' Tk—1 ] R(p,q)
and
- —1
[rl,-?- o ]R(p,q) = Wi [mz_, T ] R(pq) sz 51 [m—lg,crz,--. Tk ] R(p,q)
(2.9) S T PP PUS
iy —1
+ TQI * [hwf’ﬁ' Th—1 ] R(p,q)”

The g-multinomial coefficients and formula given in [3, eq (2.1)] can be re-
covered by taking R(x,1) = (1 — ¢)~!(1 — z) involving 71 = 1 and 72 = q.

Taking k& = 1, we obtained the R(p,q)-deformed binomial coefficients and
related relations of [5, p.3].

Let us generalize the multinomial formulas to the general framework of the R(p, q)-
deformed quantum algebras.

Theorem 2.3. For n a positive integers, x,p, and q real numbers, the following
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relation holds:

: n T3 (7)
ECCESIED i IR I ) E0 L
j=1 ’ ’ R(p.q) j=1

(2.10) X (Tl" S @y T 1);(:@,

where r; € {0,--- ,n}, j € {1,--- ,k}, with Zle L n and 8; = Zgzl 75, So = 0.
Proof. Setting

.

n P n J Tj
3 HwJTl ") (%)
T1,0 Tk

R(p,q)

n—Ssj—1 nN—Ssj—1
('rl Dz;Ty )

Sn(mlf" 7$k;p7Q)

Sj71

R(p,q)

X

and using

ew o] e L = L]
" rpgl "2 lrpa) Tk R(p,q) "L 0Tk J»(p,g)

we get:

k n—sj—1 ) ;
n-—=s;— T o J
sp(T1,- -+, 2130, q) = II ( E : [ ij ! ]R( )ijTl( : )72(2)>
j = Pq

n—s;_1 n—s;_1 Si—1
(7’1 T oxT, ) .
R(p,q)

X

From the R(p, q)-deformed binomial formula, the j*"-sum is
N—Sj—1

N1 n—Ssj_1
1o _ j
(tom)mn = 2 | "7

r;=0

r; ("57) (%)

T~ Tq To y

] R(p.q)

where j € {1,2,--- , k}. Moreover,

n—sj—1 . Sj—1 n
1@35-) (’T"—SJ ‘@i, T 1) 2(16995-) ;
( ') R(p.q) ! i R(p.q) ') R(p.q)

with j € {1,2,--- ,k}. Thus

k
sn(T1, -+, TKi P, q) = H 1@% 5d)”
j=1
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Theorem 2.4. Let n be a positive integers, p and q real numbers. Then,

k Tj
;T Ty

k ("27) _(3)
\n . n+s,—1
H(l@xj)ﬁ(pyq)_z[rl,rz,---,rk ]R( L. o
=1 P.9) j=1 (7] @ ;7§
R(p,9)

Equivalently, H;—;l (le ‘T’j)R(p,q) -

n—rj) (n+sk—s]-,1)+7‘j

k n+sg—sj—1 ( 2 2
Z[”+S’“_1] 11~ 12
Sk—Sj—1 ?
"1 Tk R(p,q) j=1 ’

= (1 @25m8)
R(p,q)

where j € {1,2,--- ,k}, with s; = Zzzl r; and so = 0.

Proof. Consider the multiple sum defined as follows:

koo (757) ()

o0
ior e sy = 35 [ P i
n\4Ll, """ k = ——
’ ’ T T1,72, Tk R(p,q) ; n n SRS
r;=0 p,q) j=1 1 @xj'rQ
R(p,q)

and using the relation (2.11), with n + s — 1 instead of n, we obtain:

RN

] R(p.q) ('rl” @ ijgl)

k 0o
n—Sr—Sj—
Sn(:El,"',xk;p;Q):H(Z [ krj =
j=1

Tj =0

Sk—Sj—1
R(p,q)

From the negative R(p, ¢)-deformed binomial formula:

n

L o= (59,8

=1 k=0 R(p,q) (71" 5] Tél)g{(pﬂ)

we get:

oo 7 " 5 ijjTl(n;rj)TQ(rzj) i
— ok — 9oj—1
(2.12) Y [ Y ] j 2 - (1 eaxj>

r;=0 R(p,q) (7‘” Dz -7‘") R(pa)
’ ! 72 ) R(p.q)

and so

n

R(p,q)

k
Sn(xlf o 7*T'k;p7Q) = H (1®$J)
j=1

An equivalent formula can be derived by putting p =p~,¢ = ¢ ", 2; = Ty

R(p,q) =R~ ' q7).

Sk—Sj—1 "

)
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Theorem 2.5. Let x;,j € {1,2,--- ,k+1},p, and q real numbers. For n positive
integer, the following result holds.

n " n
(1e Ak):lz(p,q) - sz_o [ T, T2, Tk ]R(p,q)
k L
(2.13) x [T277 (10 25) 5.0 (10 Zht1) gy
Jj=1

where r; € {0,---,n}, j € {1,--- ,k}, with Zle ri <nands; = Zgzl 74, So = 0,
and Ay, = HkH Zj.

j=1
Proof. From the R(p,q)— deformed binomial formula, we get

(on) = X[r] AT (-
Rp:a) e B EOX)
Using the relation

n—r
Z n—r
T1

T1 =0

$711_T_T1 (1 fa) $1> ! =1

:|fR(p,q) R(p.q)

and interchanging the order of summation, we obtain:

(1A, = [ " ]
Re0) rlzzo " I R(p.q)
n—ry
% Z |: n ; T1

r=0

oy 4 (1 S) xl);l(p’q)

] Tl(”ET)TQ(Z) (= A
R(p.q)

By applying the R(p, ¢)-deformed binomial formula, we get:

n - n
(1 eA’“)i‘%(zuq) - Z [ r
’I“]':O

and generally,

T1

n—ri . k+1 )
T (1 S x1> H (T{_l - H xj7§_1>
R(p.9) e

i=1

]R(p,q)

n—sj—1 k+1 n—sj_1 N
H (Tf_l — H ijQi_1> = Z [ s ] :E;L_sj (1 S) LEj) ’
i=1 v=j ;=0 " R(p,q) R(p.q)

n—s; k+1
X H <7’1i_1 — H xj75_1>
i=1 v=j+1

for j € {1,2,--- ,k} with sg = 0. Applying the last expression, successively for
j€{1,2,--- ,k} and using the relation (2.11), the result is immediately deduced. O
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The results contained in the corollary below are the particular case of the relation
(2.13) by taking xp.1 = 0.

Corollary 2.6. Let n be a positive integer. Then,

k sp(1+sg—2n)
2

n

n :| H n—sJ-( T _

E T lez ) =7
J I R(p, 1
r;=0 [ 1,72, TR 1 R(p.g) j=1 1)

and

L s (145, —2n)
2

n 75 n—s; St
Z |:T1,T2,-",Tk ] ij (leij)i‘z(nq)_T1 ?

r;=0 R(p,a) j=1

k
where j € {1,--- ,k}, with er <nands; = Zgzl 75, So = 0.
i=1
The generalization of the multinomial formula given by Gasper and Rahman [4]
can be determined as follows:

n k

n n
(1@Ak)ﬁ(p7q) - Z [rl,rz,--- Tk

Tj =0

n—sg
R(p,q)’

H I;j (1 o xj—l);;(

] (1o zk)
R(p:9) j=1

P,q)

k
where j € {1,2,--- ,k}, with er <nands; = Zzzl 7.

i=1

3. R(p, q)-deformed Multinomial Distribution

In this section, we construct the multinomial and negative multinomial prob-
ability distribution of the first and second kind in the framework of the R(p,q)-
deformed quantum algebras. Moreover, the R(p, gq)-deformed multiple Heine, Eu-
ler, negative multiple Heine, and negative Euler are obtained as limit of the above
probability distriburion as n — co. We use the following notations in the sequel:
O = (61,02, ,0k).

3.1. R(p,q)-deformed multinomial distribution of the first kind

We consider a sequence of independant Bernoulli trials with chain-composite
successes (or failures) and suppose that the odds of success of the j** kind at the
it" trial is furnished by:

0]-,1-:9]-711_1'721‘_1, 0<9]'<OO, (],Z)EN
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The probability of success of the j kind at the i* trial is derived as

i—1
0; 15

3.1.1 =
( ) pj, = 0; 72—1

Naturally, the probability of failure of the j* kind at the i trial is deduced as

i1
-

3:d2 =t

12 R

Note that, taking R(x,1) = —q we recover the following g-deformation of proba-

bilities (3.1.1)and (3.1.2) given in [3, eq. 3.2]:

_ 9j qi_l d - il
L T

We denote by Yj,j € {1,2,---,k} the number of successes of the j*" kind in a
sequence of n independent Bernoulli trials with chain-composite failures, with the
probability of success of the jt* kind at the i'? trial given by the relation (3.1.1).
The distribution of the random vector (Yl, Yo, .- ,Yk) can be called the R(p,q)-
deformed multinomial probability distribution of the first kind with parameters
n, O, p, and q.

Theorem 3.1.1. The probability function of the R(p,q)-deformed multinomial
probability distribution of the first kind with parameters n,©,p, and q is
k eij(néyj) (*9)

-
(3) P(Y1=yl,---,Yk=yk)=[ n ] ﬁ
Y1,Y2, » Yk fR(p,q)jzl (1@0) R(p.q)

and their recurrance relations are

k k n—y;_y;
0;m Ty’ Py
Py = [n ] : 2
Z k,R(p,q) ]];[1 y] + 1 (1 D Hj)y(pvq)
with Py = Hj:1 W’ where for j € {1,2,--- ,k} we have y; € {0,1,--- ,n}
R(p,a)

and 2521 y; <n,s5 = lel ¥i,0 < 6; < 1.

Proof. The random variable Y7 is defined on the sequence of n independent Bernoulli
trials with space w = {s1, f1}, follows the R(p, ¢)-deformed binomial distribution of
the first kind with probability function:

n—yl Y1
991 ( 2 ) (2)
%, y1 €{0,1,--- ,n}.

(1o 01);(1041)

P(leyl)—[;] o
p,q
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In the same way, the random variable Y} is defined on the sequence of n — sg_1
independent Bernoulli trials, with conditional space w = {sg, fr}, obeys a R(p, q)-
deformed binomial distribution of the first kind with probability distribution:
(), (4)
eyk,rl 2 2

n—Sk_1 ]
Yk R(p.a) (10 O1) g

T2
n—sk—1 "’

P(Ykzyk|Y1:yl,"',Yk—1:yk—1)=[
P.q)

where y € {0,1,--- ,n — sg—1}. Then, from the relations (2.11) and the multi-
plicative formula for probabilities, the result follows. Using the R(p, ¢)-deformed
multinomial formula, we get:

Y PMi=y,- Ye=wy) =1
The recurrence relation is obtained by simpler computation. O

We consider Tj,j € {1,2,---,k} the number of successes of the j" kind until
the occurrence of the n'* failure of the k** kind, in a sequence of Bernoulli trials
with chain-composite failures, with the probability of success of the j* kind at the
it" trial is given by the relation (3.1.1). The distribution of the random vector
(Tl,Tg, e ,Tk) may be called the negative R(p, ¢)-deformed multinomial probabil-
ity distribution of the first kind with parameters n,©,p, and gq.

Theorem 3.1.2. The probability function of the negative R(p, q)-deformed multi-
nomial distribution of the first kind with parameters n,©,p and q is given as

ko ogts (737) (%)
n+sp—1 9'71 To
(4) P(leth'"?Tk:tk):[t1;t2,-..,tk] n+se—s;—1

R(p,a) j=1 (19, ) Tl

and their recurrence relation by

L 0,71 ~tizlip,
By q— [ tj] 1 2 7
; kﬂ%(qu];[lt +1R(pg)(1@0)ﬁ(pq)

I

71

j=1 (1@934);(?&)

Z:l t;, 0 < 9j <1,.

Proof. From the multiplicative formula, we have:

wiht Py =[] , where for j € {1,2,--- ,k} we have t; € N and s5; =

P(Ty=t1, -, Tr=tp) = PTi=t1|Toa=ty,-,Tp =1)
x P(To=ty|Ts=t3, - T =tx) - P(Tk =tx).

The random variable T is defined on the sequence of n + s;, independent Bernoulli
trials with space Q; = {s1, f1}, obeys the negative R(p, ¢)-deformed binomial dis-
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tribution of the first kind with probability function

et g T
P(Tl:t1|T2:t2,"',Tk:tk):|: 11 2

ty ]m i
(p;q) (1 D 91)9{( )
P.q

t1 € N.

Then, given the occurrence of the event {T, = ¢}, the random variable Ty, is
defined on the sequence of n + s, — sp,_1 = n + t; independent Bernoulli trials,
with conditional space Qx = {sk, fx}, obeys the negative R(p, q)-deformed binomial
distribution of the first kind with probability distribution:

n+ Sp —Sg—1— 1 0,2"“7104—2%)72@)
P(Tk = tk) = |: :| n+Skg—Sk—1 "’
Uk R(p.q) (1 @ 9k>
R(p.q)

where t;, € N. Then, multplying all the above probabilities and using the relation

_ﬁ n+8k—8j_1—1
= tj

j=1

—1
[n+sk  s0=0

tl; tg, e ,tk:| (R(p,q) :| R(p,q)

the result follows. Using the negative R(p, q)-deformed multinomial formula, we get

Y BB =00 = i) =L

O

Remark 3.1.3. We denote by Vj,j € {1,2,...,k}, the number of failures of the
4t kind until the occurrence of the n'” success of the k** kind, in a sequence of in-
dependent Bernoulli trials with chain-composite successes and (Vl, Vo, .- ,Vk) the
random vector. The probability function of the negative R(p, ¢)-binomial distribu-
tion of the first kind is:

n (3)_(3)+v
(5) P(V:v):[”“L;’_l] A YN}
R(p.q) (1 ® 91>
R(p.a)

From the relation (5) and the steps used to get the (4), the probability function of
the random vector (‘/1,‘/2, e ,Vk) is given by P(V1 =vy,- , Vi = vk) =

i ntsp—si_1 .
n+8k B 1 k 0;7,—0—Sk—8j—17_1(2j)7_2( 2 J )“FUJ
(6) V1, V9, , Uk e L ,
1Y2: 7 R(p,q) j=1 (1 ® Oj)ﬂi(p,q)

J
where v; € N, s; = v;,0<0; <1,and j € {1,2,--- ,k}.
J J J

i=1
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Remark 3.1.4. The R(p, q)-deformed multinomial distributions (3) and (4) can
be approximated by the probability function of the R(p, ¢)-deformed multiple Heine

distributions (7) and (8). In fact, setting p1; = —— and using 0 < ¢ <p < 1, we
have:
=X :
e = ok i
n—o0 | Y1,Y2, Yk 1 R(p,q) Hj:l (7'1 - 72)y [yj]R(qu)!
and 1
n—s;_1
i (Lepn—m) e L
n—700 MJ( ! 2) R(p,q) eﬂ%(p,q)(_uj)
Thus,
kg (";y") (%) & vi (F)
n—>ao0 Y1, 5 Yk R(p,q) j=1 (1 D 0; )R(qu) j=1 [ j]ﬂ%(p,q)-
Similarly, we get:
(8)
o ("39) (4 t; (%4
. [n+sk—1] k 0_7_1( 2 )7_(2) ﬁ R( ) NjJT2(2)
n—> o0 tl; o 7tk R(p,q) j=1 (1 D 0; );—(i_:’;) “a j=1 P [tj]R(p,q)!

3.2. R(p,q)-deformed multinomial distribution of the second kind

We consider a sequence of independent Bernoulli trials with chain-composite
successes(or failures) and suppose that the conditional probability of success of the
4" kind at any trial, given that i — 1 successes of the j** kind occur in the previous
trials, is given by:

(3.2.1) pii=1—0;77"m", 0<6;<1, (ji) €N,

We denote by X; the number of failures of the j'* kind in a sequence of n in-
dependent Bernoulli trials with chain-composite successes, where the conditional
probability of success of the j* kind at any trial, given that i — 1 successes of the
4" kind occur in the previous trials, is given by (3.2.1).

Theorem 3.2.1. The probability function of the R(p, q)-deformed multinomial dis-
tribution of the second kind with parameters n,©,p and q is determined by:
(3.2.2)

n —5

k
P(Xy =2y, Xy = 1) = 0, (190>
( 1 1 k k) |: L1, L2, , Tk :|R(p7q)j—1_[1 ’ (p q)

The recurrence relation for the R(p, q)-deformed multinomial distribution of the
second kind is given by:

(1e6;) k

k k
PxH:[n—Z LRMH—W‘”P with Py=T[(106)5, ..
& =

x] *1 R(P q) j=1



Multinomial Probability Distribution and Quantum Algebras 477

k J

where z; € {0,1,--- ,n},ij <n,sj = in,O <f;<1,andje{l,2,--- k}.
= i=1

Remark 3.2.2.

(i) Taking k = 1, we deduced the R(p, ¢)-deformed binomial distribtuion of the
second kind ([5], Definition 3.5 in page 9).

(i) The multinomial probability distribution presented in ([13], eq 1 in page 18)
is recovered by putting R(p,q) = 1.

Corollary 3.2.3. The recursion relation for the q-deformed multinomial distribu-
tion of the second kind is deduced as :

Poir = [ ij} 1:[ l—qf”a-‘rl Fo-

j=1

Proof. By taking R(z,1) = i_Ti’; in the general formalism. O
Remark 3.2.4. We denote by Yj,j € {1,2,--- ,k}, the number of usccesses of
the j*" kind in a sequence of n independent Bernoulli trials with chain-composite
failures, where the conditional probability of success of the j** kind at any trial,
given that i — 1 successes of the j kind occur in the previous trials, is given by
the relation (3.2.1).

Using the same procedure to derive the relation (3.2.2), the probability function
of the random vector (Yl, Yo, -- ,Yk) is obtained as:

k
I1¢ ~(1e0;)%

")
» Yk R(p,q) j=1

3.23) P\Yy=vy1,---,Yr = =
( ) (1 Y1 k yk) [yhy%___

R(p,q)’

k J
where y; € {0,1,--- ,n},Zyj <n,s; =Zyi,0 <#; <1, and je{1,2,---,k}.

j=1 i=1
Let W;,j € {1,2,...,k} be the number of failures of the j* kind until the occur-

rence of the n'” success of the k" kind, in a sequence of n independent Bernoulli
trials with chain-composite successes.

Theorem 3.2.5. The probability function of the negative R(p, q)-deformed multi-
nomial distribution of the second kind with parameters n,©,p and q is furnished

by:
(3.2.4)

n—+s —1 w n+9 s
Pw::P(W1:w17“'7Wk:wk):[w1..]-c_wk] R( )He]l@e R(P’; '
’ ’ P,q) j=1
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J

where w; € N,s; = Zwi,o <b; <1, and j € {1,2,--- ,k}. Furthermore, their
i=1

recursion relations are given by:

Fusr = [ Z }k:wq)H

j=1

0; (1e6; )R(p 2 k
—Pw, ith Py = I I 166;
[wj + 1]5'2(17 q) v ’ j=1 ( )R(p i

Remark 3.2.6. The limit of the R(p, ¢)-deformed multinomial distribution of the
second kind (3.2.2), as n — oo is the R(p, ¢)-deformed multiple Euler distribution:

k k %

n . n—_s; Hj
lim 6% (1 o0, ) J) .
n—oo |: L1, L2, Tk :|fR(;D,q)j_1_[1 J R(p.q) 1;[ ['T’j]R(p,q)

Moreover, the limit of the R(p, ¢)-deformed multinomial distribution of the second
kind (3.2.4), as n — oo is the R(p, ¢)-deformed multiple Euler distribution:

k wj
. n+s,—1 wj n+sk—s; Hj
1 9 J 1 9 = E; i) -
ninoo |: Wi, W2, -+, Wk :|iR(p ) ]1—[1 © R(p,q) E R(qu)( Iuj) [wj]R(qu)

Remark 3.2.7 Several kind of the R(p, q)-deformed multivariate absorption dis-
tribution are also attracted our attention. Replacing R(p,q) by R(p~*,¢7 1), 6; by
7 "7y for j € {1,2,--- ,k} in the relation (3.2.1), the probability of successes is
reduced as:

mji+1 mJ+1 1
2 9

pji=1—1 0<mj <oo, je{l,2,...,k}, ie{1,2,---,[my]}.

Using the relation (2.6) and the R(p, ¢)-deformed factorial, the probability function
(3.2.2) takes the following form:

k
=D wilmy —n+s))

K (7'17'2) J=1

PR =on - K =a) = [551 T, xk]m( )
) ) ) D,q

k
n S]'
H 1 —=72)" 7 [Miln—s; Rp.a)-

Furtermore, from (2.6), the probability function (3.2.3) can be rewritten as:

k
= (mj —y;)(n—s;)

e (T1’7'2) J=1

P(leyl,"'7yk:yk) = |:y1 i, ¢

» Yk ]R(p,q)

k
H = 72 mj]yJ R(p,q)-
i=1
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4. Particular Cases of Multinomial Distribution

In this section, we derive particular multinomial coefficient and multinomial

probability distribution induced by the quantum algebras known in the literature.

(i) Taking R(z,y) = %, we obtain the results from the Jagannathan-
Srinivassa algebra [10]: the (p, ¢)-deformed multinomial coefficients

[ T ] _ [x]T1+T2+"'+TkaPaq
1,79, T =
e " P [rlp,q!lralp.g! -+ [Tkl p.a!

satisfy the recursion relation:

O R I I P N
s qz_mQ[h,mz—_l,l--wrk]pﬁq
i qz_m’“[rl,miﬂ-:lrk—l]p-,q
and alternately,
O K G C = I Sl B I
+ e L
+ gt e ]

Moreover, the (p~t, ¢~1)-deformed multinomial coefficients provided by

Sk L i
[raorases i ]p,l’q,l = (pq) 2= mJ)[m,rQ?",m]p,q
= (pg)~ Sk ri(e—s;) [0

T1,72, Tk ]p’q

obey the recursion relations

mll: x—1

71,725 4Tk ]p q T qmz [7‘1—1?_271'“ Tk ]qu

+oe _|_pm [7‘1,7“2:-,6:1-,ka1

[Tlﬂ“ﬁ'" Tk ]p7q =

ms z—1
S A P

b

P L

and

:Ipvq
T—Sg r—1
+t--tq [?"177“2,"',7%4

- = -1
[T11T21x’"ark]p,q = pz[m,ri;-l-,m]p,q_"qz 51[“_1?27”’”

s qx—sz I: x—1

T17T2—1,'",Tk]p7q ’

]qu

where 7; € Nand j € {1,2,--- ,k}, with m; = Zf:j 7 and §; = 25:1 4.
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For n a positive integers, x,p, and g real numbers, the following relation
holds:

k

H(l @ xj):’q =

Jj=1
Si_1

k
n ri ("I ) n—5;_ n—s;j_ J
S (o | T o

P:q j=1 Pl

where 7; € {0,---,n}, j € {1,--- ,k}, with Zle r; <nands; = 25:1 T4,
and sg = 0.
Furthermore, for n be a positive integers, we have

K TR PN e B )
n n+s,—1 Tooph o2 /gh2

[Laow), =], 0wt ] 11

j: VJ:

e 1 ] ) ) pq 1(

pr@zqn) T
Equivalently,
k
H (1 (S3) xj):’q =
j=1
Z [ n+s,—1 ] ﬁ x?+8k_sj71p(n?j)q(n+5k;5j71)+”
et TLHLT2 5Tk |, e (p'n. e qun):th—sj—l ’

J
where j € {1,2,--- ,k}, with s; = Zri, so = 0.
i=1

Let zj,5 € {1,2,--- ,k + 1},p, and ¢ real numbers. For n positive integer,
the following result holds:

n k
no_ n n—s; \Ti n—=>sg
(1@Ak)p,q - Z |: 7"177'2,... 7Tk‘ :| ij J(lexj)paq(lexk‘*‘l)p,q ’
r;=0 P.q j=1
where r; € {0,--- ,n}, j € {1,--- ,k}, with Zle ri <nands; =3Y3_
so =0, Ap =31 2;.
For n a positive integer, we have:
r - k

n
n n—s; vy sk(si=2n)
Z H Zj Oexj)p,q_p ?

L T1,72, 0 3Tk

and

n
n r; n—s; sp(tsp—2n)
> [T (1 om) =™
T1,72, 0 3Tk p.q
r;j=0 %
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k
where j € {1,--- , k}, with er <nands; = Zzzl ri, So = 0.
i=1
The (p, q)-deformed of the multinomial formula given by Gasper and Rah-
man [4] can be determined as follows:

n

k
n n s; n n—s
(1@Ak)p,q: ZO|: 1T, TR :| ij (lefﬁj—l)p (1@ )pq ’“7

P,q j=1

k
where j € {1,2,--- ,k}, with er <nands;j=37_ 7

i=1

(a) The probability function of the (p, ¢)-deformed multinomial distribution

of the first kind with parameters n, (01, Oz, -+, Hk) ,p and q is presented
by:
kv p("37) ¢(F)
n 0 27 ) g\
P(Y1=y1,---,Yk=yk)=[ ] —nsl’
Y1:Y2, 5 Yk Pd j=1 (1@0) g

and their recursion relations as:
k k S
0;p" Y q¥ Py
+1 = |: :| )
o Z:: 4"11;[ yj"'lpq(l@e) P

with Py = H§:1 %, where for j € {1,2,---,k} we have y; €

{0,1,--- ,n}, and ijlyj <n,s; = 21:1-% for 0 < §; <1.

(b) The probability function of the negative (p,q)-deformed multinomial
distribution of the first kind with parameters n, (01, Oz, -+ ,Ok),p and
q is given as follows:

L e
B B - n+sp—1 H.Jp( 2 )q(2)
Pi=ty o Te=t) = [tl,trz,--- ,tk]p,qjl:[l (1@g;) s

and their recurrence relation by:

. - "k gt Py
S
i " th kpq];[t —|—1pq(1@9)

Jj=1

P,q

with PO = H?:l %

and S5 = Zgzl t; for 0 < 0j < 1.

where for j € {1,2,--- ,k} we have t; € N
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The probability function of the (p,q)-deformed multinomial distribu-
tion of the second kind with parameters n, (01, Oa,- - ,Ok),p and ¢ is
determined by:

P(Xlle,---,Xk:xk):[ " ] He””weo g
Tkl pg o1
and the recurrence relation

Par=[n-5),

Jj=1

k9;i(106;)
H qum
=1 [zj + 1]pq

with Py = H?:l (1o Oj):q where z; € {0,1,--- ,n}, Z?:l z; <n and
Sj =2 i1 Ti-

Another (p, ¢)-deformed multinomial distribution of the second kind

k
R O IR I | Al (UK
7 ’ P9 j=1

k J
where y; € {0,1,--- ,n},Zyj < Aysy = Zyi,() <f; <1 and j €

j=1 i=1
{1727"' 7k}

The probability function of the negative (p,q)-deformed multinomial
distribution of the second kind with parameters n, (61,62, - ,6;),p and

q is furnished by:

P(Wy=w1,- , Wi =wy) =

[ nt sy -1 ] Hewnee

w w .. w
1, w2, y Wk P.q j=1

Furthermore, their recursion relations are given as follows:

Pras = [1-3055],

=1 j=1

(126;) k

k
H ;D —— P p with Py= H (leﬁj);q

[z 1]
i+ 1pq =1

J
where w; € N, s; :Zwi’0<0j <1l,and j € {1,2,---,k}.

i=1

(ii) Putting R(z,y) = 17”3(1), we obtain the multinomial distribution and prop-

(p

erties corresponding to the Chakrabarty and Jagannathan algebra [1].
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(iii) The multinomial distribution and properties associated to the Hounkonnou-

Ngompe generalized ¢-Quesne algebra [9] can be deduced by putting

R(z,y) = oy

5. Concluding Remarks

The multinomial coefficients and the multinomial probability distribution and

the negative multinomial probability distribution from the R(p, ¢)-deformed quan-
tum algebras have been examined and discussed. Particular cases have been de-
duced. The numerical interpretation of these probabilitu distributions is in prepa-
ration.
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