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ABSTRACT: We consider QCD radiative corrections to the production of a heavy-quark
pair in hadronic collisions. We present the computation of the soft-parton contributions at
low transverse momentum of the heavy-quark pair up to second order in the QCD coupling
ag. These results complete the evaluation at the next-to-next-to-leading order (NNLO)
of the transverse-momentum resummation formula for this process. Moreover, they give
all the ingredients that are needed for the NNLO implementation of the gr subtraction
formalism for heavy-quark production. We discuss the details of the computation and we
provide a code that can be used to obtain the relevant results in numerical form.
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1 Introduction

Heavy-quark pair production is one of the classic hard-scattering processes at hadron col-
liders. For a sufficiently-heavy quark, the cross section is perturbatively computable as an
expansion in the QCD coupling ag (u%%) where the renormalisation scale pg is of the order
of the mass m of the heavy quark. A large variety of QCD studies of heavy-quark hadropro-
duction have been carried out over the years. In this context top-quark pair production
plays a special role: being the heaviest particle in the Standard Model, the top quark cou-
ples strongly to the Higgs boson and is therefore particularly relevant for the mechanism of
electroweak symmetry breaking. As such, top-quark pair production is especially relevant
in searches for physics beyond the Standard Model, it constitutes a possible window on
new physics and, at the same time, a crucial background in many analyses. Bottom and
charm quark production have also been extensively studied at hadron colliders, and allow
us to probe QCD at smaller energy scales.



For the above reasons, the study of the hadroproduction of a heavy-quark pair has
attracted the attention and the efforts of the theoretical community for decades. Next-to-
leading order (NLO) QCD corrections to this process have been available since a long time,
both for the total cross section and for differential distributions [1-5]. Nevertheless, because
of the challenging complications arising at the next order in the perturbative expansion,
more than 20 years passed before next-to-next-to-leading order (NNLO) QCD corrections
for top-quark pair production were also computed [6-13]. Further progress regards the
combination of QCD and EW corrections [14] and the inclusion of top-quark decays [15].
Results by using the MS scheme for the renormalisation of the top-quark mass are also
available [16, 17]. More recently, the NNLO calculation of refs. [12, 13] has been extended
to bottom-quark pair production [18].

One of the two available NNLO computations for heavy-quark production [12, 13,
17, 18] is based on the gy subtraction formalism [19]. The gy subtraction formalism is a
method to handle and cancel the IR divergences in QCD computations at NLO, NNLO and
beyond. The method uses IR subtraction counterterms that are constructed by evaluating
the gr distribution of the produced final-state system in the limit ¢r — 0. If the produced
final-state system is composed of colourless particles (such as vector bosons, Higgs bosons,
and so forth), the behaviour of the ¢p distribution in the limit gy — 0 has a universal
structure that is explicitly known to the next-to-next-to-next-to leading order (N3LO)
through the formalism of transverse-momentum resummation [20-24]. In refs. [25-27] the
resummation formalism has been extended to the production of final states containing a
heavy-quark pair. Other recent studies on transverse-momentum resummation for heavy-
quark observables can be found in refs. [28—-30]. The heavy quarks do not lead to additional
collinear singularities (which are absent because of the finite heavy-quark mass) but, being
coloured, they lead to additional soft singularities that need to be properly taken into
account. The NNLO computations of refs. [12, 13, 17, 18] rely on the explicit evaluation
of such soft-parton contributions due to the coloured massive quarks.

The purpose of this paper is to report on the details of the computation of such soft-
parton terms. The final numerical results can be obtained by using the program provided as
Supplementary Material of the paper.! Our calculation is performed within the transverse-
momentum resummation formalism of ref. [27]. A similar computation, carried out within
the framework of Soft Collinear Effective Theory (SCET) used in refs. [25, 26], has been
presented in ref. [34].

We note that our formalism can be extended to the production of a heavy-quark
pair accompanied by colourless particles [35]. Such extension has been recently applied
to the evaluation of NNLO corrections to t/H [36] and Wbb [37] production. In this
paper, however, we will limit ourselves to the case of heavy-quark production, i.e., with no
additional colourless particles. The soft-parton contributions relevant for the production
of a heavy-quark pair and a colourless system will be documented elsewhere.

The paper is organised as follows. In section 2 we review the resummation formalism for

'The soft-parton contributions evaluated in this work also enter the MINNLOpg formalism for the
matching of NNLO calculations to parton showers for heavy-quark production [31-33].



heavy-quark production and we discuss the soft-parton contributions we want to compute.
In section 3 we illustrate our calculation, starting from single-gluon emission at tree level in
section 3.2, then going to single-gluon emission at one loop in section 3.3, soft ¢g emission
in section 3.4 and double-gluon emission in section 3.5. Our numerical implementation and
final results are presented in section 4. In section 5 we summarise our findings.

2 Heavy-quark production at low transverse momentum

2.1 Resummation formalism for heavy-quark production

We consider the inclusive hard-scattering process
hi(Pr)+ha(Py) = Q(ps)+Q(pa) + X (2.1)

where the collision of the two hadrons h; and he with momenta P; and P, produces
the heavy-quark pair QQ, and X denotes the accompanying final-state radiation. The
heavy quarks have four-momenta p3 and p4, total momentum q = ps+p4, invariant mass
M?=¢? and total transverse momentum ¢r = p3,7+pPsr. The rapidity of the QQ pair
is y=1/2In(q-P2/q-P1). The knowledge of M, y and ¢r completely specifies the total
momentum ¢ of the heavy-quark pair. The kinematics of the observed heavy quarks is fully
determined by ¢ and two additional independent kinematical variables, that we denote by
Q. For example, we can choose Q:{y3,¢3}, where y3 and ¢3 are the rapidity and the
azimuthal angle of the heavy quark Q.

The hadronic cross section corresponding to eq. (2.1) can be computed by convoluting
partonic cross sections with parton distribution functions f, /h(m,,u%) (a=q,q,g denotes
the massless partons) of the colliding hadrons. The partonic cross sections can be com-
puted in QCD perturbation theory. At the leading order (LO) only two partonic processes
contribute: quark-antiquark annihilation g7 — Q@ and gluon fusion gg — QQ. For both
processes the ¢ dependence of the cross section at LO is simply proportional to 5(2)(§'T),
since no radiation is emitted at this perturbative order. At higher perturbative orders the
partonic cross section in the limit gy — 0 receives large logarithmic contributions of the
form aS+2 L1nk(M?/¢2) (k <2n—1) that need be resummed to all orders. The resumma-

tion is customarlly carried out in impact parameter (5) space, to factorise the kinematics
of multiple parton emission.
The all-order structure of the logarithmically enhanced contributions can be written
s [27]

do(Py, Po; Gp, My, Q) M? b e
o(P1, Po; Gr, Y ): Z [daﬁg)}/ Qezb-QTS (M, b)
d2Gr dM?2 dy dS} 2P Py 4= (2m)

Ldz dz
> [ / T2 (HA)CLCoctanan Fan iy (0121, B3)07) fag o (w2 22, BB 0) . (2:2)
ar,as”®1 T2
where by =2¢77E (v =0.5772.... is the Euler number) and the kinematic variables z1 and

9 are defined as
M 4y

= 2.3
e aph ¢ 23



The symbol [dagg)] is related to the LO cross section d&i?_} Q0 for the partonic process

c(p1)+c(p2) = Q(p3)+Q(pa), c=4,4,9 (2.4)
with p; =z;P; (i=1,2), and we have

ds'?
[daﬁg)] = a%(MZ)%@Q . (2.5)
M?Z2dS)

We briefly recall the perturbative ingredients entering the resummation formula in eq. (2.2)
(more details can be found in ref. [27]). The formula contains process-dependent and
process-independent contributions. The functions C; include the contribution of radiation
collinear to the initial-state partons at small momentum scales ¢ < 1/b, while the Sudakov
form factor S, accounts for soft and flavour-conserving collinear emissions at scales 1/b <
q < M. Since they are originated by the spin- and gr-dependent collinear splitting kernels,
the functions C; feature also a dependence on the azimuthal degree of freedom of b. All
the information on the process-dependent corrections is embodied in the term HA, while
the collinear functions C; and the Sudakov form factor S, are universal. The radiative
factor A is specific of heavy-quark pair production and is due to soft radiation from the
QQ final state and from the initial-state and final-state interference. It depends on the
invariant mass M?, on the kinematics of the partonic process in eq. (2.4) and on the impact
parameter b. The azimuthal dependence can be specified through the angle ¢ = ¢3— ¢y,
where ¢3 and ¢, are the azimuthal angles of p3 7 and 5, respectively. The hard-virtual term
H, which embodies virtual contributions at scale ¢ ~ M, depends on the all-loop scattering

amplitude M ;5 for the partonic process cc — QQ.

The explicit form of the term HA is

(HA)cE: <MCE~>QQ|A|MCE~>QQ> (2.6)

a(M?) ‘MS;LQQ’Q .

The symbol MSC,))_) 00 denotes the Born-level amplitude, while M ci—QQ represents the all-
loop renormalised amplitude after subtraction of the IR singularities (see eq. (2.16)). The
amplitude \MV «e—00) 1s a vector in the colour space of {c,¢,@, Q} and A is a colour-space
operator. In the gluon fusion channel (c= g), the Lorentz (spin) indices of M in eq. (2.6)
are properly summed with the corresponding indices of the gluon collinear functions Cj
(see egs. (11) and (13) in ref. [27]).

The action of the colour factor A is expressed in terms of the operators? D and V [27]

A(b, M) =VT(b, MYD(¢,as(b3/b%)V (b, M). (2.7)

The evolution factor V resums logarithmic terms of (M?)In*(M20?) (with k<n). Tt is
obtained by the exponentiation of the integral of the anomalous dimension matrix I,

2Here and in the following, the additional dependence on the rapidity difference yss =ys—ya is left
understood.



which is specific of transverse-momentum resummation for Q) production

2 59
V(b,M)=Pqexp (— /bM dqgrt(aS(QQ))> . (2.8)

2/02

The symbol P, in eq. (2.8) denotes the anti path-ordering of the exponential matrix with
respect to the integration variable ¢?.

The soft-parton factor D in eq. (2.7) embodies the azimuthal correlations produced by
the soft radiation and it is defined [27] in such a way that it gives a trivial contribution
after integration over the azimuthal angle. We have

(D(9,0a8))ay. =1, (2.9)

where the symbol (...),y. denotes the average with respect to the azimuthal angle ¢.

The explicit expressions of the factor HA up to O(ag) and of the anomalous dimension
T'; up to O(ad) are given in ref. [27].3 In this paper we present a general discussion of
the resummation factor HA and of its detailed origin and dependence on soft-parton
contributions. Moreover we explicitly compute HA up to O(aZ). This O(af) result is
also relevant in the context of the QCD computation of heavy-quark production at NNLO.
Indeed, as recalled below, it permits the NNLO implementation of the gr subtraction
formalism for this production process. -

Within the gp-subtraction formalism, the NNLO differential cross section dal%%o of
the process in eq. (2.1) is split into a part with ¢r =0 and one with gr #0

QR _ ;5 QQ QQ
doNNLo = AoNNLO | g0 T AONNLO gy 0 - (2.10)

Since at the Born level the final state QQ has ¢r =0, the NNLO contributions at gy #0
are actually given by NLO contributions for the final state QQ+jets
Q Q+jet
o0l g0 = doRT0 " (2.11)
At NNLO, we can hence handle the IR divergences of the qr # 0 part with the available
NLO techniques. By doing so, we are nevertheless left with additional singularities of purely

NNLO origin connected to the limit ¢ — 0, for which we need an additional subtraction.
Following this strategy, we write the cross section as [19]

dogdo = Mo @dotg + | dogg ™ —doilio | - (2.12)
The cancellation of the extra singularities of NNLO type is performed by introducing the

counterterm dagELo, while the coefficient ”HIC\?IC\?LO embodies the information on the virtual
corrections to the process and contains the g7 =0 contribution.

3The explicit expressions of the corresponding resummation coefficients for the production of an arbitrary
number of heavy quarks accompanied by a colourless system is reported in ref. [35]. Note that the expression
of the first-order contribution D™ to D therein is mistyped. The correct expression is obtained by replacing
b— —b in eqs. (25) and (26).



The counterterm do%{mo needs to capture the singular behaviour of the amplitude in
the limit gr — 0 and it can been derived by using the knowledge on the low transverse-
momentum spectrum. In particular, it can be obtained from the NNLO perturbative
expansion of the logarithmically-enhanced contributions of the resummation formula in
eq. (2.2). It depends [38] on the resummation coefficients that already appear in the case
of a colourless final state, on the additional Q@Q resummation coefficients at O(ag) and on
the anomalous dimension I'y at O(a3).

The coefficient H%EI?LO contains the virtual corrections to the process in eq. (2.4) and
contributions that compensate for the subtraction of the counterterm dUI%TILO. It is defined
as the NNLO truncation of the following perturbative series

_ _ 2 _
290 _ 1+%%QQ<1) + (i“f) HOAD) (2.13)

where H?? can be expressed [12, 35, 38] in terms of the functions that we just introduced
in the context of ¢y resummation. We have

H9RQ = (HD)C, Cs) (2.14)

av.’

where the average is over the azimuthal angle ¢, which appears [27] both in the factor D
and through the functions C; in the gluon channel. Analogously to eq. (2.6), the explicit
form of the term HD reads

<A705HQ@|DM70HQ@>
2(M2) ‘M

(HD)ce = (2.15)

c—QQ ‘

The second-order coefficient H2P? can be computed with the results presented in this
paper.

2.2 Soft contributions

In our computation we regularise both ultraviolet and IR divergences by using conventional
dimensional regularisation in D =4-—2¢ space—time dimensions (see, e.g., ref. [39]). The
SU(N,) QCD colour factors are Cp = (N2—1)/(2N.), Ca = N,, Tr =1/2 and we use C, =
Crifc=qand C.=Cy if c=g. We consider ny flavours of massless quarks in addition to

the heavy quark Q. The QCD running coupling as(p%) = ( " )(

©%) is introduced through
MS renormalisation at the scale ug and decoupling of the heavy quark [39].
We start our discussion by considering the finite part M Q0 of the all-order virtual

amplitude M, , 55, which is defined through the relation [27]

Mz 0q) = [1 IcE—>QQ} Mesa) (2.16)

where the subtraction operator icE 0@ in colour space has the following expansion

L. o0(es(M?),e{pi}) Z (as i ) ((:Z)_}QQ(@MQ/M%%;{M})- (2.17)



It is useful to introduce the subtraction operator in the simpler case in which a colourless
system F' with invariant mass M is produced. In this case we can write [40]

|/\706%F> = [1_I~c} ‘McEﬁF> y (2.18)

where the subtraction operator I.(ag(M?),e) is now a c-number, and it can be pertur-
batively expanded as in eq. (2.17). The explicit expression of the first two perturbative
coefficients lcgl)(e,Mz/,uZR) and INC(Q)(E,M2/,U%%) can be found in ref. [40]. We note that I.
depends on the initial-state parton ¢, but it is completely independent of the produced
colourless system F'. For later convenience we also define V. as follows

Ve=In(1-1.), (2.19)
and we write its decomposition in IR divergent and IR finite components
‘/c — ‘/Csing_’_vvcﬁn' (220)

The term V& which includes the complete IR divergent contributions to V., is a per-
turbative series in powers of ag(M?) and the corresponding perturbative coefficients are
proportional to € poles, with no additional ¢ dependence. The remaining ¢ dependence
of V. is entirely embodied in Vcﬁ“, which is finite in the limit ¢ — 0. The all-order virtual
amplitude M z_r has IR divergent contributions that are cancelled by fc, and /(/lvcg_> Fin
eq. (2.18) is IR finite in the limit € — 0.

Comparing the transverse-momentum resummation formula in eq. (2.2) with the cor-
responding formula for the production of a colourless system F' [40], we recall [27] that
the factor <//\/lvcE%QQ|A|Jq65HQQ> in eq. (2.6) is analogous to the factor | Mg p|? for F
production and, therefore, we can introduce the following master formula®

(MIAIM) = [(M]e¥ Eexele \M>L_O : (2.21)
where we have written 1—1I, =", according to eq. (2.19). The term I, in eq. (2.18) is due
to real emission contributions to the underlying partonic process cc— F'. More precisely,
I~c is produced by radiation of final-state partons that are either soft or collinear to the
colliding partons ¢ and ¢ [40]. In the case of QQ production, the underlying partonic process
is c¢ — QQ, and the produced @Q and Q act as extra source of soft-parton radiation, while
the accompanying initial-state collinear radiation is the same as for F' production. The
amount of extra soft radiation due to @ and @ is embodied by the factor e*Fex in the
right-hand side of eq. (2.21). This factor is the result of the integration of the soft-emission
contributions after factorisation of the initial-state emission, which is taken into account
by the factor e">. We note that Fey is a colour space operator, which depends on the colour
charges of the partons ¢,¢,Q, Q.

The real-emission factor "< e2Fex®)eVe in eq. (2.21) is IR divergent, and it cancels the
IR divergences of the virtual amplitude M. This cancellation mechanism and the ensuing

4For convenience, here and in the following the amplitudes M, o and Mvca o are denoted as M
and M, by removing the subscript c¢ — QQ.



structure of the IR-finite terms A and M are discussed in the remaining part of this
section.

The structure of the IR singular contributions in QCD amplitudes with massive partons
is discussed in refs. [41-45]. The IR singularities of the amplitude M in eq. (2.21) are
factorised in the IR divergent operator Z [45] that permits to write the IR-finite remainder
M, of the amplitude as follows

M (pur)) = Z7" (ur) M) - (2.22)

Both Z(ur) and Mgy, (ur) depend on the arbitrary subtraction scale ur. The operator
Z(uR) is a perturbative series in powers of OKS(M%R) and the corresponding perturbative
coefficients are proportional to € poles, with no additional € dependence. Unless otherwise
stated we will use ur =M.

We write the operator Z as follows

Z(M) = Zex Zo(M), (2.23)

where the factor Z.(M) embodies the IR divergences due to the initial-state partons ¢ and
¢, while Zgy includes the additional IR divergences due to soft wide-angle radiation from
the colour-charged heavy quarks. Therefore Z.(M) is the IR divergent operator of the
amplitude Mz in eq. (2.18), and we also have

Zo(M) =" (2.24)

since the real-emission factor €' in eq. (2.18) cancels the virtual IR divergences of Mz s p.
The operator Zey can be obtained by exponentiation of the integral of the subtracted soft
anomalous dimension Iy, introduced in ref. [27]. We have

2 2
ZeX(M):Pqexp{—;/OM Cf;l"sub(as(q2))} , (2.25)

where ag(q?) is the renormalised QCD coupling in D =4—2¢ dimensions and the pertur-
bative expansion of Iy, is

2
as (1 as 2
rsub:%rgu{ﬁ(%) %) +0(ad). (2.26)

The explicit scale dependence of ag is

as(q?) = as(1?) (‘2)

where [y is the first coefficient of the QCD beta function

1—@048(,12) <1— (;‘j) ) +(’)(a§)] (2.27)

€

1278y = 11C4 —2ny. (2.28)
Using eq. (2.27), the operator Zeyx in eq. (2.25) can be written as

Zox (M) = e Vex(M?) (2.29)



where the explicit expression of Vex up to O( % reads

2
ag(M? 1 as(M?) 171'50 ny 11
Vo) = 00 (- Lot ) (S0} (LTr e ) rolad. 220

We note that the anti-path ordered operator P, in eq. (2.25) is irrelevant to evaluate Zey
up to O(ad).

Using egs. (2.22)—(2.24) in the right-hand side of eq. (2.21) we see that the colourless
subtraction operator V. only cancels the IR singularities of M that originate from the
initial-state emission factor Z.(M). The virtual IR divergences in Zey are removed by the
IR divergences in Fey, as discussed in the following. The perturbative expansion of Fex(l;)
can be written as

€ 2¢
- ap v ud (ao )2 b2 ud 3
Fex =5 _ RPel 79 Fex o _Pe Fex ) 2.31
=ges(5a0) st (525) (T8) Fearrowad). o

where g denotes the unrenormalised QCD coupling. In our calculation of Fex(l;), the
renormalisation of the coupling constant is taken into account by using the MS scheme:
the running coupling ag is related to the bare coupling ag via the relation

aon’s. =as(uiu (1-as(ui) 2 +0(ad)) (232

where® By is given in eq. (2.28) and
Se=(4m)e” " (2.33)
is the customary D-dimensional spherical factor. We note that the operator Fey(b) fulfils

the relation F (b) = Fey (—b). We also point out that, while the function Fex(b) depends
on the vector b the dependence on b in eq. (2.31) is fully embodied in the prefactors b?"¢
and, therefore, the perturbative coefficients Fex »(¢) only depend on the azimuthal degree
of freedom ¢ of b. In the following, this dependence is left understood. Each perturbative
coefficient can also be expanded in ¢ as follows

Fex1=— ng REE YAEES A (2.34)
T
Fex2=3 ng 7+ ng 3 +F(x)2+ (2.35)

The poles in egs. (2.34) and (2.35) are due to the soft singularities of the real-emission
contributions and, as previously mentioned, they have to cancel the virtual IR divergences
due to the factor Zex in eq. (2.21). The cancellation of IR divergences leads to relations
between the coeflicients Fglf()n in egs. (2.34), (2.35) and the coefficients I‘gﬁ% of the € pole
contributions in egs. (2.29), (2.30). We find the following relations

1

(-1 _ 1)
Food == (Fsub—i—h.c.) (2.36)
—2 1 1)
Féx 2) - 7TIBO:F@X 1) 8 |:< gu{) ) ng 1 } (237)
-1 1 0
Fd(sx,Q) = _g ( éu%)_‘_h C. )+27T50Fex 1+ {( su ) E)X)l} : (238)
At the end of section 3.3 we comment on the contribution to F. (5) of heavy-quark loops.



The explicit calculation of Fey is presented in section 3. We have verified that eqs. (2.36)—
(2.38) are fulfilled by our final result for Fey, which is an important cross-check of our
computation.

We can now consider the master formula in eq. (2.21), implement the cancellation of
the real and virtual IR divergences and derive the expressions of A and M. We write

(M|A|M) = |:<Mﬁ e~ VI (M?) ,—VEE Vi 2P ex(B) Ve = VE™E o= Vex(M?) ‘Mﬁn>:|

-,

nx _ /T _ in
= [(Min] /" e VexMD) 2Pex(Bl o= Ver (M) VI | 0, )|

e=0

= [(Min ] ¥V (b, M) VECR/P) 2P Vex By (6, M)eVE™ | M)

e=0

=0
(2.39)
In the first line of eq. (2.39) we have used eqs. (2.22), (2.23), (2.24) and (2.29). In the
second line we have used eq. (2.20), and the fact that V, is a c-number that commutes with
the other operators in colour space. In the third line we have introduced the evolution
operator Vg, defined by the following relation:

M2
¢~ Vex(M?) _ ,~Vex(83/0%) p exp< 1/ da” Fsub(O‘S(QQ))>
b2 /b2 q?

=e Ve 3/ v (b, M). (2.40)

The IR poles in the third line of eq. (2.39) are fully contained in the individual factors of the
operator e~ VE(b3/6%) ¢2Fex (B) o= Vex (03/6%) | Their cancellation takes place at the operator level
after combining the exponential functions together, and it is guaranteed by the relations
between Fey and Iy, that are reported in egs. (2.36) and (2.38). Therefore we can safely
perform the limit ¢ —0 and we obtain a finite reminder that, for later convenience, we
define as follows

. _ T 2 /1,2 N 2 /192 = -
25% (e VE(63/6%) g2Fex(B) ,— Vex (b3 /b )) =K'(-BK(), (2.41)
where we also used the relation Fi (b) = Fey(—b).

b
To recast egs. (2.39) and ( 1) in the form of egs. (2.6) and (2.7) we isolate the
azimuthal dependence of Ki(—b)K(b) in a factor with azimuthal average equal to unity,
thus identifying the operator D(¢,ag). We write

K'(—b)K(b) =h(as(b3/b?))D(¢,as)h(as(b3/b%)), (2.42)

with
h'(ag(b3/b?)) =h(as(b3/b%)), (2.43)
(D(¢,05))a, =1 (2.44)

The expressions for the colour operators h and D can be trivially obtained from K as
follows

(h(as(v3/6%))* = (K (~B)K(D)) . (2.45)
D(¢,as(53/6%) =h ™" (as(58/6%) (KT (~B)K(B)) h ' (as(B3/6%).  (2.46)
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In terms of Feyx and Ty, they read

2
1. 98 1 (0) ag ORI 2
h(aS) =1+ o <Fex,1>a\,.+ (271') {<(Fex 1) >av. 9 (<Fex,1>a\,.)

F D), om0 (B, — 1 (T —he) (Pl )a | J+0), (247

v2(2){ (P-2miorl (0 -e) BL])
+(FQ?) —EQ), (FQ), —(FQ) (FQ),, J+0ed),  (248)

where, to keep the notation compact, we have defined the azimuthal correlation (f)cor of
an operator f as

(f)cor = f_ <f>av. : (249)

In the operator h of eq. (2.42) the scale of ag is b3/b?. The scale in h can be evolved up to
the hard scale M? by using the operator Vg, of eq. (2.40) and by introducing the operator
V of eq. (2.8) through the following relation

V(b, M) =h(as(3/b*)) Vsun(b, M)h ™} (as(M?)). (2.50)

From here we also obtain the relation between the anomalous dimensions I'; and I'g,p in
egs. (2.8) and (2.40). Computing the logarithmic derivative of eq. (2.50) with respect to

M? we find
dh(ag)

_ 1 —1 —1
Fi(as) = 5h(0s)Tu(0s)h ™! (a5) +(0s) h b~ as). (2.51)
where we have introduced the QCD g function
9 dlnag(q
Blas(q”)) = ——5— Zﬁk 108 (q (2.52)

dl1n g2
with By given in eq. (2.28). At O(ad) eq. (2.51) is eq. (40) of ref. [27] with the identification
FO —o O
t < ex,1>av_
We can collect all the results of our discussion by inserting egs. (2.41), (2.42) and (2.50)
in the third line of eq. (2.39), and we obtain
(M| A M) = (M| VT(b, M)D(¢,as(b5/b%))V (b, M) | M) , (2.53)

where the IR finite matrix element |Jq> can be expressed as

M) =lim (h(as(M?)e'" 27" M) (2.54)
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and Z~!'| M) =|Myg,) can be obtained from ref. [39].° For convenience, we report the
explicit expression of Vcﬁn in the limit € — 0

2 2 0\ 2 4
i [ 7 (0sQ2)  (asud)\?[ (60767 , =t 77
Ve _C"’{ 12( o >+< o 162 144" "7 35)

4 5 4, 7 ot 3
+<—81+727r +18C3> ”f—l6/80] +0(as)}- (2.55)

In this section we have discussed how the factors A and M that appear in the transverse-
momentum resummation formalism of section 2.1 are related to the soft-radiation contri-
bution Fex(g). The first order resummation coefficients that were presented in ref. [27]
depend on the first-order term Fey 1 in eq. (2.31). In the following sections we illustrate
the explicit computation of the first- and second-order terms Fex 1 and Fex 2. In particu-
lar, Fex 2, controls the NNLO contribution to the operator h (see eq. (2.47)) and, through
eq. (2.54), it allows us to evaluate the NNLO subtracted amplitude M.

We conclude this section with a general comment on the comparison with the cal-
culation of soft-parton contributions performed in ref. [34] . The calculation of ref. [34]
is carried out within the SCET framework, following the approach of refs. [25, 26]. A
main difference with respect to our work is that the soft-parton terms considered therein
are defined without any subtraction of the corresponding terms for the production of a
colourless system. Therefore, strictly speaking, those soft terms are divergent and require
a regularisation of related rapidity divergences [47-51] (see the discussion in section 3.2).
The authors of ref. [34] use the regularization procedure of ref. [52]. Using a different
regulator would give a different result, which would need to be combined with collinear
contributions evaluated by using the corresponding regularisation prescription of rapidity
divergences. In contrast, we directly compute the subtracted soft-radiation contribution
FCX(E). In our calculation the subtraction of the colourless production terms ensures a
well-defined result for the soft-parton contribution, which does not lead to any rapidity

divergences as discussed in section 3.2.

3 Details of the calculation

3.1 The subtracted integrals

=,

The evaluation of the operator Fo(b) introduced in the previous section requires the inte-
gration of the soft-parton contributions after subtraction of the corresponding contribution
of initial-state emission. We can write this symbolically as

- 1

1
FeX(b) = 5 (‘FQQ_Fcolourless) = ifsub . (31)

5To be precise the numerical expression of the two-loop amplitude in ref. [39] is presented by using
wir =m as IR subtraction scale, while in eq. (2.54) the operator Z is defined at the IR subtraction scale
wuir = M. Therefore the implementation of the results of ref. [39] in eq. (2.54) requires the evolution of the
numerical result presented in ref. [39] from the scale m to the scale M. We also note that a fully analytic
result for the two-loop amplitude in the g§— QQ channel became available recently [46].
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At NLO we just have to consider the emission of one soft gluon, which can be described
by the customary tree-level eikonal factorisation formula, after subtraction of initial-state
emission. The relevant contribution is

10 =~ [ s ) 0 )

ib-k
(2m)P—1 sub ’ (3.2)

2
. is defined in eq. (3.28). At NNLO we

su

where the subtracted squared current }J go)(k:)
need to consider contributions from:

o single-gluon emission at one-loop order (see section 3.3);
 emission of a soft quark-antiquark pair (see section 3.4);
 emission of two soft gluons (see section 3.5).

The corresponding integrals read

10 (5) = k5 k) (300 k IO (k ib-kr 3.3

g ()=~ WM )( (k) ()+CC>Sub€ 7 (3.3)
. d°k;  dPk o

I((]%)( ):/ (27T)D171 (277)132*1 5+(k%)6+(k%)'[((]%)(kl’k2)|sube b-(kritkra) (34)
. dPk;  dPk .

10 0) =3 | Gy @m0+ (D8 (BYW) (ki ko)l e N C )

where the soft factors (J(O)T(k) I\ )(k)+c c) ((I%)(kl,kz) and Wé%)(k‘l,kg) are explicitly
given in eq. (3.49), (3.118) and (3.141), respectively. As in eq. (3.2), the label “sub” in
egs. (3.3)—(3.5) denotes the subtraction procedure that removes the initial-state emission
contributions. Details of this procedure are given in sections 3.3, 3.4 and 3.5. All the
integrals are computed by using dimensional regularisation with D =4—2¢ dimensions.
The relations with the perturbative coefficients Fex 1 and Fex 2 in eq. (2.31) are

CANGEAN .
2x 872 <b%> Fex,l(qb):IgO)( )7 (36)
S2 b2 2e ~ B )
“Ba2)2 <b2> Fox2(0) =1 (5)+T,0 (B)+1(3)5). (37)

We observe that the expression for Fex o (see eq. (2.35)) has up to double poles in e. This is
however not the case for the different contributions defined here: in particular terms 1/e3

(1)

are separately present in I’ and Ig%), but they cancel in eq. (3.7).

All the integrals presented so far have been written in b-space, that is, in the space of
the impact parameter b, connected to the ordinary space (gr-space) by a Fourier transform.
The transformation from a b-space integral in a gp-space one is hence obtained with the

formal substitution

52 (‘fT—FETl—FET?) et (Frithra) (3.8)
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For the computation of the function h in eq. (2.47), azimuthal averages are required,
which are denoted as (...)
function F(¢) as

av.- We compute the D-dimensional azimuthal average of a

1

<F(¢)>a\,‘ = m /_11 dCOS¢(1—c032 ¢)7%75F(¢)), (3.9)

N[ =

)

D=

where B(xz,y) is the Euler beta function.

We note that, when considering the azimuthally averaged result, the step from b-space
to gpr-space is straightforward, and is determined by the overall dependence on b of the
integral under consideration. Given a b-space function I (5) we introduce the corresponding
qr-space transform as

4PN ]. _o9 -, 71?’.—»
[(qT)—(QW)D_Q/dD 2p1(b)e T, (3.10)

Performing the azimuthal average in g space of eq. (3.10) we obtain

. 1 . o
1(Gr))av. = =55 | d°720(I(D))ay. V. 11
e KA (3.11)
If the b-space function has the factorised form
I(b)=f(0*)I(b), (3.12)

where the function I(b) depends only on the azimuthal angle of b, eq. (3.11) gives

(TG = T D) ymg [ 772 102) e (313)

By inspection of the structure of eq. (2.31), we see that the soft integrals to be evaluated
at N”LO are of the form
I(b) =b*"I(b). (3.14)

We can then use eq. (3.13) with f(b?) =b?"¢ to obtain

1 )H(”‘”E T(14+(n—1)e)
2
4r

() )y, = 471 ( e (3.15)

We conclude this section by specifying the kinematical variables for the Born level
process in eq. (2.4). The polar angle 6 is defined as the angle between the beam axis and
the momentum of the final-state heavy quark in the centre-of-mass frame of the colliding
partons. The variable § is defined as

B=v1-—T, (3.16)

with 0<7<1
T=—", (3.17)
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where s = (p1+p2)% = (p3+p4)?. We also introduce the following auxiliary variables, that
will be useful in order to write our partial results in a more compact form
2 2 2
Pr3  Pry B
B = = = = = S1n 0 9 318
m2  m2 1-52 ( )

V1+B, (3.19)

om2 \? 28
v_%_(s_w) . (520
_1-8

—1=r21
op=——
T 1+vV1—r271

3.2 Single gluon emission at tree level

(3.22)

The evaluation of the soft-gluon contributions at NLO has already been performed in
ref. [27]. In the following, we describe the strategy adopted to carry out the calculation.
We note that, for the extension to NNLO, we need to obtain the NLO result up to O(e)
(see eq. (2.47)).

- 2
The integral I_E,O)(b) in eq. (3.2) is obtained from the subtracted current ‘J g (k) .

su
which is constructed as follows. We start from the tree-level eikonal current J! g (k) de-

scribing the emission of a soft gluon with momentum & from the ¢(p1)é(p2) — Q(p3)Q(p4)
Born level amplitude

3O (k) = 24:1“@- pif‘ . (3.23)

g
The corresponding factorisation formula reads’
M 00l ~ (9016 (Mo | TEN () @ (k) T (R)ME )
(o MY ol IO R IMD o). (3.24)
where gq is the bare coupling (g3 = 4may),
d" (k) = —g"" +gauge terms (3.25)

is the spin-polarisation tensor of the soft gluon and the gauge terms give vanishing con-
tribution due to current conservation. The square of the current can be written in the

form
’ ‘ - [ T+ Z pl sl VI
j=3,4 i i k) (05 k)
2 2p1 -
P3P T3 - T4+ b1 b2 T, -Ts. (326)

(p3-k)(psa-k) (p1-k)(p2-k)

"Here and in the following the unrenormalised scattering amplitudes are denoted as MY =
aopd® (/\/l(o) +MD ) where M© is the tree-level contribution, M is the one-loop virtual correction
and so forth.

~15 —



From this expression we need to subtract the initial-state contribution, which is relevant
for the production of a colourless system. It reads

(0) __pr oo (P1P2) g g
PP e = G 3 T = G ] (T
_ (p1-p2) (p1-p2) 5
B ((pl'k?)(p1+p2)'k+(pQ-k)(P1+P2)-k:) (T +T ) (327)

where we used the colour conservation relation T;+T9 =0 for the corresponding produc-
tion process. The subtracted squared current that appears in eq. (3.2) is defined as

2 2 2
’Jg]) (k) - ‘J(O) (k)’ N 'JEJO) (k colourless
. T.-T.
_ 240 pipj  D1p2 ) ; J]
]zz,:i 121:2 <p] ko (m+p)k) pik
2p3-pa Ts-T,, (3.28)

(p3-k)(pa-k)

We emphasise that each of the three colour contributions in eq. (3.28) is separately collinear
safe.

Using eq. (3.28) the evaluation of eq. (3.2) is reduced to the computation of the fol-
lowing integrals

b) = / de5+(k2)LZei5'ET (3.29)
(pj-k)? ’
7 1 |pipj P1-D2 a
I /dea k> J ekt 3.30
i0)= + >Pi'k [pj'k (p1+p2)-k (3.90)
(b :/decS g2 P3P ibkr 3.31
ul®) ) k) (s ) (3:31)

where i = 1,2 labels an initial-state parton, while j = 3,4 labels one of the final-state massive
particles. In terms of these definitions, eq. (3.2) reads

Igo)(*):_@ﬂljj_l{ > { (D) T%QZLJ )T;-T;

j=3,4 i=1,2

+2134(b) T3-T4}. (3.32)

The simplest contribution is the one where only a massive final-state particle is involved,
I;; defined in eq. (3.29). To perform its computation, we introduce light-cone coordinates

Do ipz

b+ = \/5 )

and eq. (3.29) becomes

p'ky=pik_+p_ki —pr-kr, (3.33)

m2 eib-kT

b) = / dky dk_ dP2kp 6(2k k_ —k2) (3.34)

(Pj,+k— +pj,—k+—pj T ’;T) i
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The delta function can now be used to perform the integral over k.
2m2 k. e’il;ET

2 2 Lo\
(pjﬁkT"i'ij# k< —=2k_pj T k‘T)

L;;(b) = / dk_ dP =2k (3.35)

The leftover angular integral can be simplified by removing the angular dependence from
the denominator with an appropriate shift of the ky variable. We obtain

- 2k it=bp; ki T (bk
1;;(b) = (2m) '~ “bm? /dk:_ e Pafbp”T/dk:T T (kQT)Q, (3.36)
(s )

where J,(z) is the Bessel function of the first kind. Including the azimuthal average, we
are now left with a three-fold integral that can be performed via standard techniques to
all orders in e.

=,

A similar strategy can be followed to compute I;;(b) in eq. (3.30), but this requires some

additional care. The term Iij(g) involves the contribution of the initial-state emitter that is
massless, and this may lead to a collinear singularity in the region p;-k — 0. The collinear
singularity is absent in the complete integrand of Iij(g), but it is present in the two separate
contributions that correspond to the two terms in the square bracket of eq. (3.30). To apply
the same integration procedure used for Ij; (5), the two contributions must be computed
separately and, therefore, a regulator for the collinear singularity needs be introduced. We

thus multiply the integrand by the factor [52, 53]
Lk 2\
(p’ > : (3.37)

m2
where X is a small, positive coefficient and the mass scale m has been chosen equal to the
heavy-quark mass, but it is in principle arbitrary. With the inclusion of this additional
factor, the collinear singularity is regularised, and after integration it leads to poles in A,
which cancel with each other once the results from the two contributions are combined.
The divergence that appears in the intermediate steps of the evaluation of Iij(g) is
just an artifact of the approximation used to compute the small-g7 behavior. Similar di-
vergences arise in SCET computations and are usually called rapidity divergences [47-51].
However, we point out that the term Iij(g) and our entire soft contributions in egs. (3.2)-
(3.7) have no collinear or rapidity divergences. In our computation the collinear singulari-
ties from initial-state emission can only appear due to technical reasons, since for practical
purposes we split integrable integrands in several non-integrable terms that are evaluated
separately.

We now focus on the final integral, I34(b) in eq. (3.31). It can be computed from I;;(b)
by using Feynman parametrisation

1 - 1
A D 2y_P3'P4 ibky _ P3°P4 o
(D)= [ dr [aPka, () 0 P PR [y (), Ly (39)

where we introduced the auxiliary momentum

P (x) =apy+(1—x)p . (3.39)
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The integration over the Feynman parameter can be easily performed in terms of multiple
polylogarithms after the azimuthal average and an expansion to O(e).
We now present our results for the azimuthally averaged integrals (I jj(5)>av,, (I;(5))aw.

and (I34(b))ay.. When the all order result is available, we show both the expression before
and after the ¢ expansion. We find

(15(B))av. =7 T (1—e¢) <ZQ> {—121*1 (L—61-¢ —B)}

=717 T(1—¢) <bg> [—i—ln(lJrB)JreLig (—B)+O(e2)1 ; (3.40)

4
. 1 (P LA AN [ /pipi\? A A

ij(0)av.=lim -7 — | T'( 5—¢|T'( 5 55 6l-€6—

O )l‘li% 2" <4> (2 6) (2) ( m ) 2F1(2 2 e B)

A
P1P2 A A 1>
— Fi|=,=——€el—€——
( \/§> 2 1(2,2 © © S

_ - l1=6) <62) [—iln (zp’%) +Liz (—B)+eLi (—B)+0(62)] , (341)

2 4 Vsm
2\ € 2
(T4 (B)yae. =7~ T(1—¢) <Z> 1;5 {—1LQ(B)—Ll(ﬁ,9)+6Pg(ﬁ,9)+(’)(62)], (3.42)

where the coefficient A is the one introduced with the collinear regulator in eq. (3.37) and
the functions L, (5,0), P,(5,60) are defined as

L(B,0) = (p3-ps) — /1 4z i <1+’7T($)22>—>/5 dz 1”(1_Z2COS9>, (3.43)

1+82 Jo p(x)? p(x) gl—22 . 1—22
B 268 ([t dx . pr(z)? B dz _ . [2%sin?0
)= 03w 1 5 [ g (‘ (@)’ >_>/_5122L1n< 2 ) (3.44)

The momentum p#(z) is defined in eq. (3.39), and in the last step in egs. (3.43), (3.44) we
have used p3 = —py. The explicit expressions of the functions Lo(5), L1(5,0) and P>(3,0)
read

Lo(8) =1n Gfg) , (3.45)
L1(3,0)=1n Gfg) In(1+ B)—Lis <(1iﬁm2> —%1112 Gfg) +Lis(1—cep)
+Liy (1—2) +%1n2 er, (3.46)

P50 =6 (00, S (5) )+ (0. St (5)
+G (O, B_ﬁl,o,sin2 (g)) +G (0, 52_/81’ 1,sin? (g))

-G (1,07 B2_B1,sim2 (g)) -G (1, 1, ﬁz_ﬁl,sin2 (g))
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oot (2)) - s (2)
—2In(1-8)G (1,1,5111 (g)) (1’ B— 1’1,51112( ))
(o0 (9o ()1 5 (2)

+2In(1-74)1n (sini(G)) In <C082 (g)) : (3.47)

with ¢ and ep defined in eq. (3.21) and eq. (3.22) respectively.

0
2
0
2

The function P5(f3,0) is expressed in terms of multiple polylogarithmic functions G.
We note that the same kind of integrals in eqgs. (3.43), (3.44) will also appear at a later
stage in the computation of the double gluon emission contribution (see section 3.5): in
this case though we will need L,, and P, up to n=3.

3.3 Single gluon emission at one loop

We now focus on the emission of a soft gluon at one loop order. The corresponding
factorisation formula reads [54, 55]

MY o MY o) ez (gop)? (MY o3 (k)3 () MY o) +ee]
+(gorig)* (M oIV (k) -TD (k) M o) +ee ]
(3.48)

where Jél)(k) is the one-loop correction to the soft-gluon current. The first contribution
in eq. (3.48) factorises the tree-level squared current from the interference between the
c¢ — QQ Born and one-loop amplitudes. Such term does not lead to new soft contributions
to Fex. The product of the tree and loop soft currents can be written as

9 g Z\ik)(pj-k)  (pj-k)? i ity
pz p aberma .
4772 j e R fTETETE, (3.49)
i,5,k pz

where Zéjk denotes the sum over distinct indices (i # j, j #k, k#1i). The expansion in €
of the R;j, Z;; functions can be found in ref. [55] and, in the case of two massive emitters,
a simplified expression has been presented in ref. [56].

Since we limit ourselves to considering heavy-quark production, we only need to eval-
uate the contribution proportional to R;;. In fact Z;; is proportional to the three-partons
correlator f“bCTi“T,STJ‘? that vanishes when acting on the tree-level amplitudes of the pro-
cess® cc— QQ [58-60).

8Note that this is not generally the case for processes in which the heavy-quark pair is accompanied by
particles with complex couplings (see the Note Added in ref. [57]).
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By using colour conservation, we can apply the same procedure employed in section 3.2
to isolate the initial-state radiation and thus replace the first contribution on the right hand
side of eq. (3.49) with

(IO ()-3 P (k) ec) =

sub
2(pi-py) m’ 2(pi-p;)

=2C — Rii— Rus| T:-T,

Ai;:z[((pi'k)(m'k) (i k)2 ) 7 (pik)(prtpa) ko J

=34

2(p3-pa) m? m2

+2Cj B B R34 T3-Ty+.... 3.50

s k) pak) (p3k)? (pak)?) 720731 (3.50)

where the dots stand for the contributions proportional to Z;; that will eventually vanish
when evaluated onto tree-level amplitudes. We now need to expand R;; in powers of €. In
order to match the normalisation used in ref. [55] we write

o (pi-p;j) .
R = <2<pi-k><pj-k>> Hig (3:51)

where

Rj= Y RIVe, (3.52)

n=-—2

and RZ(;L) with n <2 are given in section 2 of ref. [55]. The integral of the one-loop squared
current in eq. (3.3) can be organised into a massless-massive and a massive-massive con-
tribution based on their colour factor

fad 20 -, —
IV =~ s S LD (BT T+ 15 () T5-Ta p (3.53)

where the massless-massive contribution reads

W _ [ D 2 2pi-p)  m?  2(pipy) ot R
10 = 12500 |Gy~ o) S G e

(3.54)
while the massive-massive contribution is
- 2(p3-p4) m? m? B
W :/de(s 2 - - RagelFr 3.55

3.3.1 Massive-massless contribution: Ii(jl)

By inspecting eq. (3.54) we can identify three different contributions proportional to

(pi(,i")'&), ok (Ji)? and (prk()lzgf) -]21)2)' 7, respectively. We therefore define the three auxiliary
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integrals

150)= [ akou) o B R, (2@?25@?@ B (3.56)
R e e 050

In terms of these auxiliary integrals, Ii(jl) reads
15 () = 2133, (5)~ 135, (B)~21) 1 B) (3.59)

We start from Ii(;zj.

radiation from the initial-state massless particle which is due to the factor (p;-k) in the

In this case we have a collinear singularity associated with the

denominator. To take care of it, we can introduce a A regulator similarly to what was done
in the case of the NLO contribution in eq. (3.37)

(pi'k>% : (3.60)

m?2

with A being positive. The collinear singularity will then be translated into poles in A,

which will cancel with analogous poles in the massless-massless contribution 128'12(12)'

From this stage, we can closely follow the procedure used in section 3.2 to perform the
integral over the phase space of the emitted gluon. We obtain

2 2e—A\
1 2\—3X_1—c o[ b ['(—2e+) /°° Rij(w)
7Y By = iy b~ L(=2e+A) ~ Rij(w)
a3 (0) = (m7) = (pi-py) (4) (=N Jo M w(itw)re
x{w)‘+

- 2 -
1 (b-pr; ib-pr
F _2 e 5] _1_4 ol
2 1( €, €a27< bm ) U]) € bm

I'(2—-26)T(14¢) 1 1 3 g,ﬁij 2
X\/EI’(;—QE)I’(%—FG)QFI (2_26’2_6’2’< bm ) w)] }’ (3.61)

which after azimuthal average becomes

2 2e—\
(D) (B — (2)=3A 1—e(, 2 [ 07 [(—2e+1) /°° Rij(w)
(15500, = (m*) =27 (pi-p;) <4> (e ) o dwiw(l—kw)l“

X {w)‘—l-Re{[gFl (—2¢,—€;1—€;wB)—1] (1+ic0t(7r6))}} . (3.62)

Expanding in € the expression in the curly bracket of eq. (3.62) we obtain

Re{[2F1 (—2¢,—€;1—€;wB)—1] (1+icot(me)) } :—$Im [Liz (wB)]+0O(e?)
=2¢ln(wB) O (wB—1)+0(¢?).  (3.63)
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In egs. (3.61) and (3.62) we have defined the adimensional variable w as

m? k?
W= —5—"75. 3.64
v k¢ (364
The kinematical invariants can be written in terms of w as
(pi-k) = (pi:j ) krv/w, (3.65)
m 1
(pjk) = kr (\/EJF\/E) : (3.66)
while the explicit expression of the coefficients RZ(;”) presented in ref. [55] in terms of w
reads
RED__1 (3.67)
(=1 _
R;; =0, (3.68)
©o_ 1 2_
R = o1 (57r 6wln? ( 1)) (3.69)
RO =L (6w—1)Li ( )+6w 1)Li ( L )1 < v >+2(7 3w)Cs
12 ’ Nw+ +1
+In (Jil) (71'2(6w+1)—3(w—1)1n (;j’rl) ln(w—l—l)) > . (3.70)

Our task is now to integrate eq. (3.62) with the expansion of R defined in egs. (3.67)—
(3.70). The final result reads

2\ 26—A 2
W By —m2)y Pl (L) L2 J1) 1 5m7 TCse
T () g, = ()= piopy) (4) (e | X| 22 21 "6 +o(e)

(e () w5 i o ()
ot ()

—61In*(B)In(B+1)—27%In (;H) —2%In(B)+m*In(B+1) —6C3>

1
In(B+1)+In? (B 1)+ln3(B)—|—3ln(B)ln2(B—|—1)

+e<g3 n(B)+Cy 1n(B+1)—%Lig (—1> 2y Loy, <—1>

B 4 B
1 1 B 1 1
—92Li ~L —Liy( —— ) —=Lis [ ——= ) In*(B
14( B) 14<B+1> 4(B+1> 2 12( B> n’(B)
1
B 1 1 7
—92Li In(B+1 — | ——In*B)+—In*B+1
13<B+1) a( +)+S“< B) gq 0 (B)+ 5 n*(B+1)
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1 1 1
+§ln(B+1)ln3(B)—|—fln3 <B+

9 72 1 1 5
24 (B)+ In? (B—i—l) e In“(B+1)
1 1 1 1
——1 - w1 (1
. (B ) <2B+1> 24 (B ) . (2B+1+ )
1 35
—ln ( 1)1 <23+1) <2B—|—1+1)+67T In(B+1)In(B)

—77r ln( 1) In(B+1) —Tww >+O(62> —i—O()\)}. (3.71)

with B defined as in eq. (3.18) and S22 being the Nielsen generalised polylogarithm func-

1) ln(B+1)—%ln2(B+l)ln2(B)

_3212

tion.

We now consider the integral Ig; j (b). The only difference with Iz(j 23 (b) consists in the
(pi-pj)

PRSI (pfrf;)Q, which in terms of our integration variable w implies
J

replacement 0

2 R 2 2w
k2 (14+w) k2 (1+w) (1+w)’

(3.72)

that is, we simply need to multiply the integrand by a factor 2w/(14+w). In addition,
the presence of only final-state emitters in the integrand implies that we can set A=0

(1)

throughout. We can use this method to obtain from eq. (3.61) an expression for ;. as
an integral over w
W G mie () 20 [ Bt fp (- )
i35\ = 1) T+eJo Qrw)zre| |2\ 92%
(1 —2e)(1+¢) 1 1 3
—4eic; 2 F 2¢, — — 7
VY B 20T (Lre)? 1(2 ©37 9% ﬂ’w) B
where we have defined .
b-pr,;
b= L 3.74
Cjb bm ( )
The azimuthally averaged equivalent of eq. (3.73) can be obtained from eq. (3.62)
<I(1) (_‘)> —ql=e g ) [(=2¢) /OO dwiRZj(w)
.3 ey, 4 I(1+4¢€) Jo (14w)2+e
x{1+Re{[2F1 (—2¢,—€;1—€e;wB)—1] (14icot(me)) }} . (3.75)
We obtain
2e
- b2\~ I'(—2¢) 1 1
1) =l = S+-(2In(B+1)—1
I, = (T ) g {2+ s @B+ -1
" 2 5 (3 137 3
+<2L12< B)—l—ln (B)+In*(B+1)—2In(B+1) 5 T o +2
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: 1 . B _ 1
+€<—3L13<—B>+2L13 (B 1) —Lis (—i—l) +Liy (—B)

“Lis (fﬂ)—zn (Bl 1>+2L12< ;)(1n2(B+1)—21n(B+1)—6)

1 B 1 3
—2Lig (| —— |1 1)—Lig{ —— |1 1)+—1 Zn? 1
2L13(B+1) n(B+1) L13<B+1) n(B+1)+ e (B)+8 n*(B+1)

2 1 1 1
—§1n3(B+ 1)ln(B)+§ln3(B+1)+Zln2(B+ 1)ln2(B)—§ln(B+1)ln2(B)

1 In%(B
I 21H2(B)—3n2( )

1
2 _4 2y 2
B +In*(B+1)In(B) TH In“(B+1)

1 7 7T G (3
—~In?(B+1)+—7m’In(B+1)+3In(B+1)——— 2+
2n(—|—) 57 n(B+1)+3In(B+1) 5 4+6 5@)

+0(e) } . (3.76)

We finally consider [ (j 2(12)(5). To obtain a one-fold integral representation of this
I

YRV
This also means setting b-pT,j =0 due to the absence of a transverse component in p;+

contribution we can again take advantage of the result for [ identifying p; = p1+pa.

p2. Nevertheless, the identification between the results is not completely straightforward
because of the additional difference in the integrand

pipy) \ i)\
<(p,k:)(p]k)> —> ((p1'k)(p2~k)> ' (3.77)
However, we can notice that
(pip) \° (2 e
(MW) _(k:%> (1+w) (3.78)
while ( | ( | 6 E
_(prp2) pi*p) (2
<(p1'k)(p2'k:)> ((pi-k:)((pj.k)_(pi.k))> (,@1) . (3.79)

Thus we can take care of this additional difference by adding a factor (1+w)€ to the one-fold

representation of IZ(] 2]

A 2\ 2e—A —14A
JESBNT P1-P2 1—c (D I'(—2e+)) / w7 e
e — — 3.80
< 1]1(12)< )> ( 2m4> 7T (4) 2F(1+6—)\) 0 (1+ ) 12( ) ( )
The expression for Rja(w) can be obtained taking the massless limit of egs. (3.67)—(3.70),
which leads to the simplified expressions

Therefore, we have

R? = —% (3.81)
RGY=0 (3.82)
RrY Zgg (3.83)
R{y = gég, (3.84)
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and therefore straightforwardly

0 w1 HA
/0 d(l—l—w)Ru(w)_i{ 212—1— Cz—i—e Cg—l—O( )}—l—(’)(/\). (3.85)

By comparing with eq. (3.71) we see that the A — 0 singular terms cancel out as expected.
By using eq. (3.59) we can write the final result for IZ-(;)(I_)‘) as

0= (7)o ()

(—1—7:+21n<B+1>—1n2<B)‘2“2 (_;»

(22 137
71' 2In -
Vsm 12

ln3(B)—%ln3(B+1)—ln(B+1)ln2(B)—21n2(B)+1n2(B+1)1n(B)

_l’_

+

. . 1
—6Lig(—B)+2Lis ( B)+2L13 <B+1)

oo\»—l/—\ A=

+ln2(B+1)—%7r2 In(B)—2In(B+1) -3¢ —2Lis (—é) (1n(B+1)+2)>

+€(134@111 <2%§;))+2C31H(B)—Li% <—£13> +6Li2(—B)—2Li3 (—;)

—6Liy (—;) +Liy <—]13> (—1n2(B)—ln2(B+1)+21n(B+1)+7;2+6>

: 1 1 . 1 1
+2L14<B 1)+2S22< B>—2L13<—B>1 (B)+2L13(B+1>ln(B+1)

Loaipmy 14 1.3 2. 3 L 509
4ln (B) 4ln (B—|—1)+31n (B)—|—3ln (B+1)ln(B)+127r In“(B)

—%1n2(B—|—1)an(B)—I—ln(B—I—l)an(B)—|—31n2(B)—2ln2(B+1)

1, 1, 13¢3 297 7r2 5
—m*In(B)— ~7?In(B+1 : :
37 In(B) = gr’ In(B4+1)— =37 - S +0(€) (3.86)

3.3.2 Massive-massive contribution: Iéi)

Let us now consider the purely massive contribution, i.e. Ié}l)( ) in eq. (3.55), which can
also be written as

O [ opps o 2msp)  omE o m? (ps-p)  \ . ibkr
B _/d Ko+(k )<(p3'k>(p4'k‘) (p3-k)? (P4'k)2> (2(p3'k)(p4-k)) Has

(3.87)

where the functions R34 have been presented for the first time in ref. [55], while in ref. [56]

a simplified expression has been proposed. The coefficients Rgz) read

RS =1, (3.88)
V-

Ré; )= ln(v+)—7 (ln (Zi’)—i—ln (Z)) , (3.89)
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0 1 1
Rz(),4):>§1n (v +)+

(d?ﬁlLd ) ((a3v+—a4v_)1n2 (%i) + (044U+—O¢3v—) In2 (Z‘i))

4 <1n (j—j)+ln (jj)) (vs In(v4)—In(v)) — Lis <Z;)1 +6 (-129) o (3.90)
n (170w (57) +in (1= ()
w2 G e G(5) e (52) ( (E2) e 52)
#2 (1 ( ) Lis (12) ~Lis (1) +s) | =76 (1n (52) i (1))
((a4v+—agv_) i (22) + (0 —ag0-) o (g‘i)) In(oy)
+(ag—au) <ln2 (52)-w (Z‘_)) In()

(i 52 (2 () e
+i{ in(o) (217 (v+)—ln(v)>—9UCQ]( n(52)+m (24))
(e () oo (=)o ()

[Lu( +>+<2 (5+129v)]ln(v+)+12421n(v)}+6lng(er)—<;+11}) G. (391)

In egs. (3.88)—(3.91) we used the same notation of refs. [55, 56|, introducing the variables

m__ 1 N
R34 - d3+d4{(1 (d3+d4))

1
_i_f
v

m?(py-k)
oy = —2 P4 3.92
5= (o k) (o3 p) (3.92)
m?(p3-k)
o= 2P 3.93
! (pa-k)(p3-pa) (393)
1+
vy = 2”, (3.94)
dy=1—2as3, (3.95)
dy=1—20y, (3.96)

with v defined as in eq. (3.20).
We first discuss the contributions of R:()’f) and Ré;l). Both these coefficients are
independent of the gluon momentum k (note that azas=m*/(p3-ps)?), and, therefore,
the corresponding integrals can be evaluated with the same method. We start from the
generalised Feynman parametrisation
1 _ T(mtn) /1dx a1 (1—z) L
AmBnr T'(m)T(n) (xA+(1—z)B)mtn’

to write the denominators in terms of a single scalar product.

(3.97)
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For the term proportional to (ps-p4)/(ps-kps-k) in Ié}l), dropping overall constant
terms, the relevant integral is

ZEET 2 2 2 1—2)z€ 1b kT
(p3-k)F<(py-k)I+e T 1+€ (1—2)(pa-k)+z(ps-k))*T2e

(3.98)
while when considering the term proportional to m?/(p;-k)?, with j=3,4 we need to
evaluate

zI;ET (2 2 —1+e 1+e€ zI;ET
[ dPké () _ T2 / /de; ) —
(pj-k)*<(pi-k)s T(2+e)l (1—x)(ps-k)+x(p3-k))>+>
(3.99)
We see that both eq. (3.98) and eq. (3.99) depend on the same integral
ib-kr
M :/de(S B)— 3.100
k (IIZ) +( )(p(flf)'k)}’_?e ) ( )
with
p(z)=xph+(1—z)pl. (3.101)
This integral can be evaluated with the techniques used in section 3.2 and we find
4=epten2=c  T'(—2¢) ()
L) (@))ay. = - 2(2) "1 | —26,14€,1—6 - 202 )
i (@))av. sin(er) T(—ar@1aq @ @) 2l =2elde =500
(3.102)

We are now left with the integration over the Feynman parameter z. It is convenient to
expand in € the hypergeometric function

oF (—26,1+¢,1—6;—X) =1+2In(1+X) e—4Lis(— X) €

+§ <1n3(1+X)+31n(1+X)Liz(—X)—9L13(—5U)

—6Lis (1 XX> ) E+0(e4). (3.103)

By substituting eq. (3.102) in egs. (3.98), (3.99) we obtain a sum of integrals that in most
cases can be computed in terms of multiple polylogarithms. The remaining finite integrals
are computed numerically.

(0) (0)

We now focus on the contribution of Rs,’. We can split R;," in a part independent on

k, RZ(‘)(Z)L);COHSU and one with an explicit k& dependence, Réi); i

Ri(’)(é)l) - Ri(’Bl);const +Ri(’>(é)1),k : (3 104)
We define
© 1 (1 (98 oy (O e,
R3fconst = » l(ln (v+)+ln (v+)> (v In(vy)—In(v)) —Lis <v+> t3 In“(vy)
7 19
re(l-1). (3.105)
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and

© __ 1 _ 2 (03 _ a1 ©
Ry)) = (ot di)o [(agmr aqv_)In (v+)+(a4v+ asv_)In (U+)] = rd

(3.106)

The contribution of Rg(i);const can be evaluated as those of Réf) and Ré;l).
The singular part of the contribution of Réi);k can be computed by using the following

identity
/ dPkO(K?) O (ko) f (k,¢) e Fr — / dPkO(K?) O (ko) f (ke )0(p—kr)+O(),  (3.107)

which holds for the dimensionally regulated integral of a generic function f(k,e€) which is
singular as k7 — 0 and produces at most single poles in e. The identity in eq. (3.107) tells
us that, to the purpose of computing the singular term as ¢ — 0 the exponential factor
ePFr can be replaced by an ultraviolet cutoff y. This can be understood by observing
that 6(u—Fkr) and R both reduce to unity as k7 — 0. The identity holds also when the
cutoff is placed on the energy component kg of k (since k? >0 implies k2 > k‘%)

We consider the integral of the k-dependent part of Réi)

10 ®) = [ aPks () ! ((2(173-1)4) _om? m? ) (3.108)

ds+dy \ (p3-k)(pa-k)  (p3-k)?  (pa-k)?
(p3-p4) ) (0) ib-F
X| =7~ | Tage T,
(2(p3-k‘)(p4-k) 5

up to order 1/e. The reason to pull out the factor 1/(ds+d4) is because it allows us to use

the identity

Apsps)  m?  m (papa) (3.109)

(p3-k)(pa-k)  (p3-k)2 (pa-k)®  (p3-k)(pa-k)
which makes the integrand considerably simpler. If now we extract the pole structure of

the integral by using eq. (3.107), we get
1+€
(1 0) - /de5 kz ( P3 P4 ) T(O)H 2—k2 +O 60 . 3.110
I3 (b) = +(k%) 7@3.]{)@4_@ 34 0 (1 0) (€”) ( )

There is no singularity associated to the angular variables. We can thus safely set e=0 in
the angular integral, obtaining

7(10) > dky , 5 o /1 /1 9-2esq 4oy L (0) 0
34k() ; k1+469(u kg) ; dt B dcos0t 51—t )1_1]00897“34 +0(e”),

(3.111)
with ¢ = |k |/ko. Now we can perform the integral over ¢ by using the delta function, while

the (otherwise divergent) integration over kg is regulated by the cutoff we inserted. We
find for the pole

(1,0) 7 LI ()
I 0] e = 46/ deost ;i) (3.112)
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The integration of the pole part of eq. (3.90) is thus finally reduced to a one-fold integral
(0)

that can be computed with standard methods. In order to write r3, in terms of v, cosf
the following relations are useful

1—wvcosf
5
1—v? 1

2 1—vcosf’

a3 =

(3.113)

ay= (3.114)

The result for the pole part of this contribution reads

. b2\ % T (—2¢ 1-8%)2 L /1-
(I ( MNpote)av. =7 "¢ (4) F§€+1>) <2—( 2;) In? <5+€>> : (3.115)

(0)

The finite part in € of the contribution of R,,, can be integrated numerically.

(1)

The last contribution to be computed is that from Rs,. Since it comes with an overall

e factor we can directly apply eq. (3.107) to evaluate it. The analytic result is too lengthy
to be reported.

We conclude this subsection discussing the contribution of the one-loop heavy-quark
vacuum polarization. Such term can be inserted in the radiated soft-gluon line, thus
leading to an additional virtual contribution to the one-loop soft-gluon current. Then
such contribution has to be consistently taken into account through the renormalization
procedure, which amounts to the wave function renormalization of the soft-gluon line and
the MS renormalization of ag with n #+1 quark flavours (the n; massless quarks and the
heavy quark Q). Finally, we can apply the decoupling relation of the heavy quark [39]
and introduce the running coupling oz( ! )(/ﬁ%) that we use throughout this paper (see
the comment at the beginning of section 2.2). To the purpose of computing the soft
contributions at small g7, the final result of this entire procedure is equivalent to avoiding
the introduction of the heavy-quark vacuum polarization and to directly renormalizing the
QCD coupling with ny light-quark flavours as in eq. (2.32).

3.4 Light-quark pair production

We start the analysis of the double real contribution by focusing on the process in which
a massless soft quark-antiquark pair is radiated

cpr)é(p2) —  Q(ps3)Q(pa)q(kr)q(ks). (3.116)

The corresponding factorisation formula for the squared matrix element is [61]

MO ol ~ o M 1T (k) M) (3.117)

where the singular contributions are controlled by the soft factor
f
T4 (ot o) = [0 (k) | T (e, o) 0 (ke - oo - (3.118)

91 g,V
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Ineq. (3.118) J é(,);); is the tree-level soft current in eq. (3.23) and we have defined the tensor
I1*" as:
Tr
M (ky, ko) = ——— (—g" k1 ko + k' kY +EVEY) (3.119)
(k1-k2)?

The dots in eq. (3.118) stand for gauge dependent contributions that are proportional to
the total charge of the hard partons, thereby vanishing when evaluated on the c¢— QQ
matrix element. Our task is now to integrate eq. (3.118) over the phase space of the ¢q
pair after subtracting the initial-state contribution, i.e., to evaluate the integral Ié%)(g) in
eq. (3.4).

To perform this calculation, we first integrate over the light-quark momenta ki and ko
while keeping their total momentum k= kj+ko fixed. This procedure will leave us with
expressions similar to the ones for the NLO-like contribution already described in section 3.2
and will be useful in order to organise the final integration over & in a similar way.

To proceed in this direction, we rewrite the integration of the soft factor in eq. (3.4)

in the following way:

O (D)0 ()LL) (k) 7 (ot Fre)

/ del de‘Q
(27T)D_1 (QF)D—I

_ / (deJ(?) (k)IO) (k) P () ™ (3.120)

obtained by inserting the identity
1:/de:6(D)(k—k1—k2), (3.121)
and by isolating the integral over the soft-quark momenta in the tensor F*(k), defined as:

1
F“”(k:):2)D_1/dD/-cl/deQH“”(kl,k2)6+(k1)5+(k2)5([))(k—k1—kg). (3.122)

(27

We now continue with the computation of the tensor F*”. Since F* is a symmetric
tensor fulfilling k,F* =k, " =0 it must take the form

k)= (=g s B
(k)=C{—g""+—5) - (3.123)

The normalisation factor C' can be fixed by evaluating the quantity g, F'** using eq. (3.122)
and eq. (3.123) and comparing the results. From eq. (3.123) we immediately obtain

G F* =—-C(3-2¢), (3.124)

while from eq. (3.122)
2—2¢

FH =_T .
Juv R (k2)1+611(%_6)]_61—6ﬂ.%fe

(3.125)

We can therefore write
(3.126)
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with
Tr(1—¢)

Fle)= r (é—e) 161-cxs—c

(3.127)
2

With the explicit expression for F*” just obtained, the right-hand side of eq. (3.120) reads:

d"k 0) (1) v (1) B d’k  F(e) Pibi ik
| e I P ) = [ i 2N e
(3.128)
where the term in F'*¥ proportional to k#k" gives no contribution because of colour con-
servation.
We observe that eq. (3.128) has a similar structure to eq. (3.2), the corresponding NLO
integral for single soft-gluon emission at tree-level, after the substitution

6 (kY — (3.129)

which removes the on-shell constraint for the gluon. We can thus apply for the computation
a similar strategy as the one already employed in section 3.2, when dealing with the NLO-
like contribution.

Before performing the final integration over k of the expression in eq. (3.128), we need
to subtract the initial-state contribution from the soft current. We therefore write the
integral Ié%)(l;) in eq. (3.4) as

I(O_) = _Fl(e / T2 2 (N 1 7 j

2p3-p4

We can split eq. (3.130) in different integrals according to the different colour factors

g7 dPk m?  pE
qq _ ib-k
(7 d°k 1 (pipj  pipe BE
199(3) = / iPj ibky 132
i (0) (k2)1+e pi-k <pj'k (tp2) k) (3.132)
7,7 dPk D3 P4 B
I (b) = / b :
W= ] G G ki) € (8.138)

In terms of these integrals, eq. (3.130) reads

R P P

j=34 i=1,2

+2I§§(5)T3-T4}. (3.134)
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The integrals in egs. (3.131)—(3.133) can be evaluated with a similar strategy as to the one
used for the integrals in egs. (3.29)-(3.31). The azimuthally averaged results are

_ . b2 2e 1
<I§1§1(b)>av.:Wlfer(l—f)r(—%) <4> [—62F1(17—26§1—6;—B)

2e
(1 — )T (—26) (T) {121n(1+B)
+¢[2Lis (~B)~In?(1+B)] —I—O(€2)} , (3.135)

2\ 26 ~A O (2
(L (0))ay. =57 =T (1—€)0(~2¢) (Z) W

PiD; A A ) (p1 )A (A A )
2 F 2¢:le: — B F 2¢;1—¢;0
XKm?)“(zz”’ Vs ) 2T

)
9 2e
:%wlfer(l—e)r(—ze) (Z) {—iln(ig’;>+2m?( B)

P2
S
j

+§[ln3(l+B)+6ln(1+B)Lig( B)— 6L13<B€i1)]+(’)(62)}, (3.136)
2e
(199 (5)) . =T (1—€)T(—2¢) (T) 1‘;52 {—1L0—2L1+e(2P2—L2)+O(62)} .

(3.137)

The functions L,, and P, have been defined in eq. (3.43) and eq. (3.44), respectively, while
their explicit expressions are reported in eqs. (3.45)—(3.47). In the present case we also
need the function Ly(/3,0), which reads

Ly(B,0) =2(G(1,—-1,—sec(8),5)+G(1,—1,sec(f),5)+G(1,1,—sec(h), 5)
+G(1,1,sec(h), )+G(1 —sec(0),—1,8)+G(1,—sec(d),1,8)—G(1,1,1,0)
—G(1,—sec(f),—sec(d),B)+G(1,sec(h),—1,8)+G(1,sec(),1,5)—G(1,1,—1,)
—G(l,sec(&), se ( ),8)—G(1,sec(f),sec(),B)—G(1,—sec(0),sec(d),5)
-G(1,-1,-1,8)-G(1,-1,1,5)). (3.138)

Note that in eq. (3.136), the expression for <If]q(g))av, before the e-expansion depends on
the regularisation parameter A. As in section 3.2 the integration in eq. (3.132) needs to be
carried out separately for the two terms, by using the regulator factor in eq. (3.37). We
can then perform the limit A — 0 in the expanded result.

3.5 Double gluon emission

We finally consider the contribution due to the emission of a soft-gluon pair, i.e. we consider
the process

c(p)é(p2) —  Q(ps3)Q(pa)g(k1)g(ks). (3.139)
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In the limit in which the two gluons become soft the singular behaviour is controlled by
the double-soft current J g,%)“ “(k1,k2) [61, 62]. The general expression of the squared soft
current reads

aila T g v ala
[T (b ko) | A7 (1) (ko) T ) (ke )
1

2 2
=3 {Jg)) (k1), 30 (kz)}+wgg>(kl,k2)+... :

(3.140)

where the purely non-abelian two-parton correlations are controlled by the function
W (ky, ks), which is defined as

W (k1,ke) = —Ca Y Ty T; Sij(kn, ka) - (3.141)
ij=1

The dots in eq. (3.140) stand for gauge-dependent terms proportional to the total colour
charge of the hard partons and, thus, give a vanishing contribution when evaluated on
the ¢¢ — QQ matrix element. The soft factor can be separated into massless and massive
contributions

Sij (1, k) = S50kt o)+ (m? S0 (kr, o) +m3 77 (ko)) (3.142)

where m;(m;) =0 for i(j) =1,2 and m;(m;) =m for i(j) =3,4. The massless contribution
reads [61]

(1—€) pi-kipj-ka+pi-kapj-ki
(k1-k2)? pi-(k1+ka) pj- (k1 +k2)

N (pi-pj)?  pirkipjkotpikapjka
2pi-k1pj-kopi-kapj-k1 pi-(k1+k2) pj-(k1+k2)

DiDj [ 2 2 1

S0k, k) =

+ —
2ky-ky | pi-kipj-k2  pj-kipicke  pi-(ki+k2) pj-(ki+k2)

. . .. .. 2
o (4 PirFrpihotpikap k) | (3.143)
pi-k1pj-kapi-kapj-ki

pi, pj being the momenta of the emitters. The massive contribution is [62]

B 1 n pi-p; pj-(k1+k2)

dki-kopi-kipi-ka  2pi-kipj-kapi-kapj-kipi-(k1+k2)
B 1 (pj-k1)? n (pj-k2)?
2k1-kypi-(ki+ko)pj-(k1+ke) \pi-kipj-ka  pi-kapj-kr

Sgio(klﬂkﬂ =

) . (3.144)

On the right-hand side of eq. (3.140), Wg%) is the irreducible correlation component
of double-soft radiation, while the anticommutator term corresponds to the independent-
emission component. We have to evaluate the b-space contribution of the squared current in
eq. (3.140). Going to b-space, the phase space for double-parton emission factorizes in terms
of single-parton factors (see eq. (3.8)). Therefore the b-space integral of the independent-
emission component of eq. (3.140) is fully factorized and it leads to the straightforward
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exponentiation of the tree-level single-emission contribution Fey ; in eq. (3.6). Consequently

the b-space contribution Ig%) (b) of double soft-gluon emission to Fec 2 in eq. (3.7) is entirely

due to the correlation component WE,%) of eq. (3.140). More precisely, we have to perform
the integral in eq. (3.5) where Wg%)(k‘l,k:gﬂsub is defined from Wg%) (k1,ko) in eq. (3.141)
after the proper subtraction of the contribution from initial-state radiation.

Part of the contribution to Ig%)(g) is similar to Ig%)(g). The soft term in eq. (3.118)

involves the factor

Py 0% My (K1, ka) Tr  —(pi-pj)(k1-ko)+(pi-k1)(pj-k2)+ (pi-k2)(pj-k1)

pi-(ki+ko)pj-(ki+k2)  (k1-k2)? pi- (k1+k2)p;- (k1 +k2)

(3.145)

In eq. (3.143) we have some terms with a similar structure as the ones in eq. (3.145). Those
are

ngo(kl’b)’m: 4 pipj) (=€) (pi-k1) (pj-ka)+(pi-k2) (pj-k1) (3.146)

(k1-k2) (pi-k)(pj-k)  (ki-k2)?  pi-(ki+k2) pj-(k1+kz)

Indeed by defining
1

1M (ky, ko) = TR (—4g" (k1 ko) +(1—e) ki kY +(1— ) KA RY) (3.147)
1-k2
we can rewrite eq. (3.146) as
Sii (kla’@)\ = ————— (ki ko) ’ (3.148)

12 pi'(k’l—Fk‘z) pj'(kil—l-kig) ’

Now the integration of eq. (3.148) can be performed exactly in the same way as the inte-
gration of eq. (3.118) in the case of the emission of a soft ¢g¢ pair in section 3.4, leading to
the same results with an overall multiplicative factor.

By following the strategy of integrating over k1 and ko at a fixed value of k= ki+k2,
similarly to what was done in eq. (3.122), we isolate the following integral

Ty 1 Ty
FH (k):(%)Dl/de:l/degH“ (k1 k)61 (k)64 (k3)0P) (k—ky —ky).  (3.149)

The structure of F#*(k) must be of the form

kHEY

F‘“’(k) =ag"’ +b 2

(3.150)

The coefficients a and b can be obtained by contracting eq. (3.149) with g,, and k,k,. We
find
v

1 1 11— %
( Te g > (3.151)

- 9" +(1—¢)
(k)1 F(gfe) 1612 2 k?

Because of current conservation, the second term will give no contribution to the integrals.
The first term, on the other hand, is exactly the same we obtained in the computation for
the soft-quark pair emission, but with an overall multiplicative factor: —(11—7¢)/(1—e).
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Hence, to compute the integral of the contribution in eq. (3.146), we can take the result
for the ¢q pair production and perform the formal substitution

(3.152)

where we also included the Bose factor 1/2 of eq. (3.5), which is due to the production of
two identical particles.

We can now define a new soft factor, in which we subtract the contribution that can
be computed as described above

Sij(k1 ko) = S0 (ky, ko) + (m S0y, ko) +m? s;;‘#o(kl,@)) : (3.153)
where
S0k ey) = ST=0(hy, hy) — ST (;ﬁ,;@)’ . (3.154)
8570 (kr k) = S50k ). (3.155)
We have
SZ'T‘;L:O(]CLICQ):_Q(])(f?Z)p(jP)] k) <(Pz k1)2(pg k1) (pi'kl)l(Pj'k2)>

) ((pi-k1) (pj-k2) = (pi-k2) (p) - k1))
2k%(pi-k)(pj-k)  (pi-k1)(pj-k2)(pi-k2)(pj k1)

(pi-pj) 2
+ sz (pi‘kl)(pj.k2)+(1e2), (3.156)

m#0 _ (pipy) 1 1
Sy " k) = 5y (m )y ) (pi‘k:l)(pj'kz))

! 1 (pik1)® — (pik1)?
B ek) <p@~k1><<pj.k><pj.k2> <pi‘k><pi-kz>>+(m2>’ (3.157)

where we have introduced k=k;-+ko. We now need to subtract the contribution from
initial-state radiation. We can use the same technique already used in the previous sections.
The sum over the colour configurations can be organised as

4
Z ((k1,ko)T;- T =

4
> ST Ty~ (~Sia(T+T3))

3,j=1

+(=8u(TF+T3)) . (3.158)

The second term on the r.h.s. is the same we would have for a colourless final state. The
first term is the new contribution to the subtracted current we have to compute and, by

using colour conservation, we can rewrite it as

+28~34T3~T4. (3159)

D

j=34

SjjT?—F Z (231']‘—5‘12) Ti'Tj
=12
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Hence we need now to compute
/ dPky dPky Sij(k1, k)01 (E2) 54 (K3), (3.160)

for all the contributions involved in eq. (3.159). This means we have to consider the
following combinations of emitters ¢ and j:

e ¢ and j being the two initial-state massless emitters;

e i being an initial-state massless emitter, j a final-state massive emitter;

e i =7j being the same final-state massive emitter;

e 4 and j being the two final-state massive emitter.

It is convenient to integrate over the soft-gluon momenta k; and ko at fixed k* = kY + kb
after that, we are left with only the integration over k. With this goal in mind, we define
the shorthand notation

r(-o

Flkt k) = —2 /de:lde;Qf(kl,k2)5+(k%)5+(k§)5<D>(k—k1—k2), (3.161)
(12 Jemh e

and we apply it to the functions SZ-L:O and S’Z 70 To perform this computation, we can first
integrate one of the soft-gluon momenta (e.g. k;) using the delta function 6(P) (k—kj —ky).
Afterwards, we can go in the rest frame of k and integrate over the energy component
and the modulus of Eg by using the two remaining delta functions: this way only angular
integrals are left.

By following these steps, we obtain

Sm= k2 —le Pi-Pj RN oL _
/(12)81]—0:( (p)k)(z()k)]) I:(l_‘_nznJ)AI1_2(1_nZn])A1,1+A1,O+AO,1j|
i j
)T Wi D)) cggy
= R eR) 0 ), (3,162
o=t (L) ATy — (L 7078;) Ay — S AT 43410~ 5 A
(12) i T (p; k)2 i nj)Aga i nj)Agg 9/ M,-1 10— 5400
(kQ)—l—e

e
"y o2 0 (T T ) (3.163)

where we defined 7; and 7; as vectors in the centre-of-mass frame of k via p; = E;(1,7;)

and p; = Ej(1,7;). In terms of invariants, we have

k2m?

=2 7
=1 (3.164)
2o B (3.165)

pj-k

k2(pi-pj)

it = 1— - \PiPj) 3.166
= B (3.166)

— 36 —



The functions f{, g/ are defined as the sum of the angular integrals (with appropriate
multiplicative factors) for the massless and massive case respectively. The angular integrals
.A,fl are defined as

sin? =3 0sinP % ¢

:t ™ ™
- d0/ d , 3.167
A /0 0 ¢(1—aicosﬁ)"“(1:tajcosxcosﬁiajsinxsin9008¢)l ( )
with: Lo
a; = ﬁf cosy = iy . (3.168)

The expression of the angular integral in eq. (3.167) in many cases of interest can be found
in ref. [63]. Observe that A; ¢ and A, only depend on a; and a; respectively, and are
independent of the label & in eq. (3.167).

We now need to perform the integration over k (and, when needed, the explicit eval-
uation of the angular integrals) of the expressions in egs. (3.162) and (3.163) for all the
possible emitters.

3.5.1 Massless-massless contribution: S

We start by addressing the problem of the integration of eq. (3.162) in the case in which
both the emitters are massless. The first step is to write explicitly the function f%g for this
configuration. By using the results of ref. [63] we find

dm= _W(pl']h) (kZ)ili6 8 1+71 -7\ €
(12)812 0(k1,k2)—§ (p1-k) (2 K) {_e |:1—F(1—|—6)F(1—6) <1—ﬁ1-ﬁ2) }

2

where the integration over t in the last line is the integral representation of an hypergeo-
metric function.

Our task is now to compute

/ dPketFr [ S0k ). (3.170)
(12)

We observe that, while the first term on the right-hand side of eq. (3.169) is singular in
the limit k? — 0, the second term is regular since 772 — 1 as k%2 — 0 (see eq. (3.166)) and
thus it can be safely expanded in e.

To proceed further, we need to regularise the additional collinear singularity due to
the presence of massless emitters, and we do it by partial fractioning

1 1 1 1
(p1-k)(p2-k) N (p1+p2)-k ((prk‘) + (p2'/€)> J (3.171)

and by multiplying each singular contribution by the regulator already introduced in

eq. (3.37). The next step is, after switching to light-cone coordinates, to add the inte-
gration over the delta function of k2

/dK25(k:2—K2). (3.172)
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which is used to integrate over k. Then we can introduce the dimensionless variables
K? k2

A _ = 3.173
x Wz Y 2 ( )

obtaining expressions where the integrals over k7 and the one over x and y are factorised.
The calculation can be completed with standard techniques: we find

2e—\ 2
([ Pk gmo(pi~k)”> L R A G
az 7 \m2/) 4 2m? T (1+e—\)

>< {1 5 86-28Ge+0(E) |+ (310ie+O(e) +0<A>} SENCREE)

A

3.5.2 Massless-massive contribution: 8~ij

We now consider the massless-massive contribution. In this case we have to integrate both
eq. (3.162) and eq. (3.163) for i =1,2 and j=3,4.

Mass-independent part. We start our analysis with the massless-like part of the soft
factor. After writing explicitly the function fl%-g for this configuration by using the results
of ref. [63], we split it into a regular and a singular part as done for the massless-massless
contribution in section 3.5.1, immediately expanding in € the regular part. Because of the
e-pole coming from phase-space integration, the expansion of the integrand needs to be
performed up to order e.

We now describe the integration over k of the angular function fi’f . The collinear
singularity due to the presence of the massless momentum p; is regularised as before with
the regulator factor in eq. (3.37). We then introduce a delta function 6(k*—K?) as in
eq. (3.172) and we use it to perform the integral over k.

Unlike the massless-massless contribution to the double gluon soft current but similarly
to the single-gluon computation, the emitter has a non-zero transverse momentum and
hence we have a dependence on ET in (pj-k). As it is by now customary, we remove it with
the shift

ET — ET—F k;ﬁT,j . (3175)
Dj,—
This way the only dependence left on the angular part of ET is in the exponential and the
angular integral can now be easily performed.

The integrals that are left are now the one over K2, over k7 and over k_. We introduce

the dimensionless variables

K2 k2 2
u=tr w=ooo (3.176)
in terms of which i (73;-7;, 1,73) is now independent of k%
£99 (#1115, 1,75) = [ (u,w). (3.177)
Because of this, the integral over kr factorises in the form
o ST
/ dkr k7 32N (bkg)el PTs Vk/m (3.178)
0
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and can be computed separately obtaining an hypergeometric function.? As for the integral
over the variables u and w we obtain, up to overall factors

2X
/deelb kT Sm 0 <pl ) x
(12) m?

—eq—1+2¢ 1 b2m2
/ dudwd—Y o Fy —26+)\, —2e+\;1— —— | [P (u,w). (3.179)
14+u+w (b pT ) J

Notice that the collinear divergence, regulated by the parameter A, is now described by the
limit w — 0.

It is now useful to perform some manipulation on eq. (3.179) in order to move the
dependence on the regulator A outside of the hypergeometric function. We use the following
relation

L(b—a)l'(c)
FOTe—0)
) N PN |

W( ) gFl(b,b +1,b —i—l,z). (3.180)

By applying it to eq. (3.179) and by exploiting the w — 0 limits of the new hypergeometric

1
oF1(a,b,c;2) = (—2) % Fy (a,a—c+1,a—b+1;)
z

functions, the limit A — 0 can be easily carried out and we obtain

2e—\
[arweti [ Sm=0<pi'k)n:(prpj)” AT e D(=2e40)
(z) 7 \m? (m?)3* \ 4 2T (1+e—A)

oo —1—e¢,,—1 1
X du dw £ (u,w) u’LU{w)\+ [QFl <2€,6; 2;c?bw) -1

0 Y 14+u+w
I'(—26)T(14¢) 1 1 3
—4€icipy/w—=2 Fi(=—26,-—¢=5c2 > 3.181
€icjy wF(1—2e)F(%+e)2 1<2 €5 € 53 CjpW , ( )

where cj;, is defined in eq. (3.74). By comparing eq. (3.181) with the expression obtained
in the one loop case in eq. (3.61), we can observe that they share the same structure, the
only differences being an overall multiplicative factor, an additional integration over u and
the formal substitution
T 1
— .
I4u+w — w(l4w)lte

(3.182)

By using this relation, the azimuthal average can be directly deduced from eq. (3.62)

2e—X
</deeig'ET/ sp= 0(“ k) oo = PRI (DN T(-2e4A)
az m? T (m2)3 \ 4 2 (14€e—N)

1—5w—1
/ du dw ) {wA—l-Re{(gFl (—2¢,—€;1—;wB)—1)

1+u+w

x (1+icot(re)) }} (3.183)

9See formula 6.621 in ref. [64].
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The two-folded integral in eq. (3.183) does not present significant complications and can
be computed with standard techniques. We obtain

. . 2\ o 2e—A
</de€ib-kT/ SZ’L 0 (pz f) >av. _ (pz‘];]giA g 7_(_2—6 F<)\—26)
(12) m (m ) 4 26F(6—)\—|—1)
1 2 9 3
X X —24‘4(264—14(36 +0(6 ) +| —

In? (é“) +1n®(B)+31n (B)In? (B4+1)—61n? (B)In(B+1)

21n? (B) 44Liy (—é) +2¢

L2
—€
3

ot ( 1) ot (2) oo ( b 1) r2mes

7 1 1 2
—In(B+1)) G| +€ | In* (B+1> +14¢5 In? <B+1) —In(B+1)

12

1 B 1 1
3 2
x In (B >+L12( 1)hq (+1>+81n(B+1)C21n< +1)

31, 4 10y T 3 _ .(_1)2
121 (B)+121n (B+1) 3lm(B)ln (B+1)—2Li 5
+L12<B 1)2 §1n3 B)In(B+1)— 4ln(B+1)L13< ;)

(
+41n (B+1) L13( ) 12L14( >+6IH(B+1)LI3<31 1)

B 1
L 10L — | =271 L
+8 14<B+1)+014<B+1> 7In*(B) (>+3 12<B 1)

x (In? (B+1)~6¢2) ~33In? (B+1) &+ 601In (B) In (B+1) Gy

—4L12<BBl)(2—L12( 113) <1n2 (;—1—1) +31In%(B)—2In%(B+1)
G4

+2Lig< )+10C2)+4ln(3+1)C3+2

51 +0(&) ) +O(N) } . (3.184)

Combining the results in eq. (3.184) and eq. (3.174) to construct the second term in the
square bracket of eq. (3.159) we see that the A — 0 singularities cancel out, as expected.

Mass-dependent part. We now address the problem of the integration of the mass-
dependent part, thus considering eq. (3.163). The structure of this integral is similar to
the one we evaluated for the mass-independent part, but with some differences that simplify
the computation. In particular, the overall factor multiplying the angular functions changes

according to the substitution

(k)1 (pi-p;)  (K*)~1€
(pi-k)(p;-k) (p; k)2 (3.185)

which in terms of the dimensionless variables introduced in eq. (3.176), corresponds to:

U 2uw

R , 3.186
I+u+w  (I+utw)? ( )
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This replacement removes the dependence on the massless momentum from the denomi-
nator of the integrand: as a consequence, the integration of this term will not give rise to
additional collinear singularities and thus there is no need for the regulator we introduced
in eq. (3.37), that we can safely drop.

Eq. (3.163) can thus be written in terms of two-folded integrals simply by applying the
substitution (3.186) in eq. (3.183), setting A =0 and considering the function gf{ rather
than ff7. By doing so, we obtain

2e
0 5 b [(—2¢) [~ u e
dPEetkr [ §m#0y [ 2] gl / dudw
</ c (12) Y Jar. 4 i L(1+¢€) Jo “ w(l—i—u—i—w)2

X {1+Re{[2F1 (—2¢,—€;1—€e;wB)—1] (14icot(me)) } }gigjg(u,w) ) (3.187)

where we have defined gff (;-7;,1,73) = g7¢ (u,w). The computation of this integral does
not present any particular additional challenge that cannot be solved with standard tech-
niques. The expression of the angular function g/7 can be obtained from ref. [63] and it is
again convenient to identify and immediately expand its contribution which is regular in e.
To simplify the expression of the integrand, we also isolated a part that, after integration,
would have been independent of any kinematical variables: we evaluated numerically this
contribution to obtain its constant result cg, finding co = —37.73041235261383. The final
result reads

2¢
i b2 I'(—2e) i 1
dDP k. ibkr Sm#0 == 2—e 2\ 77 1 ——6—2Li ( )
</ ‘ 12) " Jav 1] T T+te G 2152

2 1
co+30Li; (2)
.

i
6
1 1 1
2Li —120( Lig | —— ) —Lig | ——
#r2tiy (1= ) =120 (1 (75) -1 (55

1
+12Li, (2> (In(r)—5)+167% coth™* (1—27«2) +8In3(r—1)—161n3(r)
T

—In?(r?—1)+21n(r)(2In(r)+2)

+81n3(r+1)—361In(r+1)In(r—1)+361n?(r)In(r—1)
—361n2(r+1)In(r—1)—192In%(r)+361n2(r) In(r+1)
+1201n(r) In(r—1)+472In(r) — 1441In(r) +1201In(r) In(r+1)

+63C3+137%+24— 307> ln(2)] } : (3.188)

where the variable r is defined in eq. (3.19).

— 41 —



3.5.3 Massive-massive contribution: S;;

We now examine the case in which only one massive final-state emitter is involved and we
consider Sj;, with j =3, 4. By plugging in eq. (3.153) the condition p; =p;, we obtain

- - . 4 Am?
S =8m=0 4 2m28T*0 = m +
e o (pirka)(piok2)(pi-k)? K2 (pyka)(py-k2)
m?* 4Am? 1
_9 + , 3.189
((Pj'k)3 kﬂ(pj‘k)> (pj-k1) (3189)

where k= k1+ky. This more compact expression for Sjj allows us to obtain a simplified
version of egs. (3.162), (3.163)

5 m? 4m?2 (k2)—62—2+2e
=2 1
i ((pj‘k)i” +k2(pj-k)> Avo. (3190)

and, by using the result of the angular integral A; ¢ from ref. [63], we can write

s ()7t m? 2m [ mPk? (1 3 ﬁ2>
= 4| oF it ). 191
/m)s” R 12 i )2 b (19

The integration of eq. (3.191) can be carried out in a similar way as the integration of Sij

has been performed in section 3.5.2. Also in this case it is convenient to split the integrand
into its singular and regular part, immediately expanding in € the latter. The final result

. . \* L T(—2e)[2 4
D, ibkr R 2—¢ 2 4 2)
</d ke /(12)Sj]>av' <4> T [(e+1) 62+6 (ln <T) 1)
1 . 2 2 2
3 [—24L12 (1—r )—241n (r )—57r +30}
o 1 1 8 9 C/1—r
o (2 i (2 (142)) 2 (rorem (2) s (15

+ (224 +64ln(7“+1)) Lig(1—r)+2 <4+i+8ln <r(:+11)2)> Liy (1>

182 8 (r—1) /1 2r C(r—1
————+32In Lis | — 21 L
+< 3 +3 <2r2(r+1) )) 19 <r>+3 n(r—l) 12( 5 >
r— oT+1 .
+32In Liy —3+41In ( 2r*—— ) ) Lia(—r)
o r—1
—G4In(r—1)Li ( ) (7+121n< 2 ))Li (2)
YRR GH) T r+1)) 2 \rt1
2r 1 1-—
+32ln< >L12< >+32L13( <1+ ))—32L13< 2’">
—1 r—1
—64Lig(1—r +8L13< > 4L13< )+32L13( 5 > 32L13( >
r r
64Li —64Li ( ) 39Li ( 2 ) —64Li <r 1)
—64Li i —32Li3 [ — i
3 3 3 r+1 3 r4+1

reads

+e€
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. r . (r+1 . 2 1 3
—32L s 41, —— ) —8Lig (1— — [ —32rl —1
32Li3 <r+1)+6 13(1_T> 8 13( r )+3r< 32rln°(r—1)

+967 In () +71n? () (77496 1n(2) — 144 1In(r+1)) + 967 In(r—1)
xIn(r+1)—2In(r—1)(4r (572 =7In(2) ) +In(r) (—6+r(—67
+481n(2))+72r In(r)) +4r(7—48In(r)) In(r+1)+96r In2(r +1))
+121n(r) (2r (9+810%(2) ) ~In(r+1)(142r(5+8In(2)) ~8rIn(r+1)) )
+7(=60+72(27+161n(2)) +41n*(2) (~T+81n(2)) +2 (~24+72) In (12)
—81n® (12) +4In(r+1) (6 (72 —41n%(2) ) +(7+361n(2)) In(r+1))

+121? (r?) (=2+In (r2—1)) +276§(3))>] } (3.192)

3.5.4 Massive-massive contribution: Sz4

We finally analyse the case of the interference between the two final-state emitters. Our task
is to integrate both the mass-independent and mass-dependent expressions in eq. (3.162)
and eq. (3.163) for i =3, j=4.

Mass-independent part. Let us start our analysis with the mass-independent contri-
bution. We need to integrate the dimensionless angular function f§§ (s 4, 3,73) defined
in eq. (3.162).

To evaluate the angular integrals contained therein, we relate them to the imaginary
part of a massive box diagram via the optical theorem.'® All order results for the box
diagram with a single mass, equivalent to fix a; = a; in eq. (3.167), are presented in ref. [66],
while results with two different masses but only at the lowest order in e can be found
in ref. [67]. We extended the latter expression to all orders in ¢, obtaining the angular

integral Afl

A :/ﬂdQ/ﬂdgb sin?30sinP % ¢
1,1 0 0 (1—agcosf)(1+aycos x cosf+aysin xsinbcos )

L T3+ 1713714 y
2e—1 12 (22 4 (i -114)2 + 2ty - 714 — i13712)
1 13 = 22 2222 —2
XFl 7_6;1>7;7_6; — > \9 n:inli n3_g4 5959, 5920 _—»;Lg
2 2°2 (7i3-114)% 42113114+ 15 —T5N5 + 115 ng—1
+(3¢4). (3.193)

By following the same strategy applied in the previous sections, we isolate in the angular
function {49 (7i3-7i4,73,7:) a term o4y~ that will give rise to singularities upon integration
over k? and a regular term p55=" that vanishes in the k? — 0 limit and that can be directly
expanded in €

£99 (7t -ty 12, 72) = —g (0570 e o0+ (ps > pa)| - (3.194)

103ee e.g. the discussion in appendix A of ref. [65].
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By using eq. (3.193), the k%-singular part can be written in the following way

_ 1_—'2 € 1—7=2-1 1 3
o—gﬁ'}l—0:2_2h(e)< 4n3> {1—26(W’W‘2F1<1,—e;;><34)}, (3.195)

72— i3 i 2792

where the function h(e) is defined as
1
h(e)=n"1/2 47T(5 -9 T(1+e), (3.196)

and the k2-independent coefficient x34 is given by
(7§ —7i5-7i1)°
(715 —7i3)2 + (7t -a) 2 — 733 115

X34 = (3.197)
and fulfils 0 < y34 < 1. We observe that the factor (1—1i3-7i4)/ (i3 —i3-74) is also indepen-
dent of k2.

Let us start by considering the integration of the singular contribution. By inserting
egs. (3.194), (3.195) in eq. (3.162) we obtain a sum of integrals with the following structure

- 2\—1—e¢ .
Igf[fa]Z/deeib.kT (k(p)g.]g)(;iékl;ﬂfa(ﬁ3’ﬁ4>’ (3.198)

with three possible functions f,(7i3,74) (a=1,2,3)

f1(7ig,fis) =1, (3.199)
L 1-a2\ "

f2(n3,n4)=< 1 3) : (3.200)

fy(iig. ) = —dmh(e) (2B (=i oo L 8 (3.201)

3(n3,ng) = 4 ﬁ%—ﬁs'ﬁzx 241 D) 72,X34- .

With those definitions, we have

ke (K27 (ps- - 2 2
[ aPreen CT ) (7 o) ) g L) (3202)
99

We start by considering I3y [ f1]

_ Dy DP3'P4  ov—1—c ibkp
I::‘,’f[fl]—/d ke (B e (3.203)

This integral is exactly the same appearing in eq. (3.133) for the case of soft ¢¢ emission,
and the result up to O(e) was already presented in eq. (3.137). In the present case, however,
we need it up to O(€?), since in eq. (3.202) I37[f1] already appears with an overall factor
1/e. We find

b2
(I f]),, =7 T(1—e)I'(—2¢) (4)

2¢
1+8%2( 1
;5 {—6L0—2L1+e(2P2—L2) (3.204)

—§62 (L3—6P3_3Q3)+O(63)} :
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The functions L,,, P, have been defined in eqgs. (3.43)—(3.44). Here we also introduced the
function @, defined as

2 2
Qn(B) = / R (—’mn(e)> (3.205)

gl—22 22 —sec?(6)

The explicit expressions of the functions Ly, L1 and P» are already provided in eqgs. (3.45)—
(3.47) while Ly can be found in eq. (3.138). The functions L3, P; and @3, that can be
obtained in a similar way.

We can use a similar strategy to evaluate I57[f]

I f) = <TZ2> _e/de: itk (K1) (p3-pa) (3.206)

(p3-k)' =% (pa-k)

In this case, the generalisation of Feynman parametrisation needs to be applied

1 m+n Y1—z)nt
= dx 2
AmBn / 1:A+ 1 x)B)mtn’ (3:207)
thereby obtaining
2 e k‘2)71726
%9 ) 1-20) / d / gPp bR (B 3.208
34 [fQ] (p3 p4) ( ) € TT € (p(.%)']{)2_26 ) ( )
with p(z) =zps+(1—z)ps. The azimuthally averaged integral (I3][f2])av. can be evalu-
ated as
2\ ~€ 1 dx
I e, = (p3pa) [ =) (1-2 / (3 () 3.209
< 34 [f2]> . (p?; p4)< 4 ) ( 6) 0 (pQ(m'))l_ex < 2 ($)> ) ( )
with

- 2\—1—e¢ 202(p €
<Iaux( )>av': </de€ib-kT (k ) pz(x) <(k D ( )2> >

(p(z) k) p(z)-k) ,
2\ % r1-e9-2-2¢ P2 () 2e
:<4> mr(l_%)r(l—e) <1+p§(m)> : (3.210)

The leftover integral over the Feynman parameter can be performed in a standard way and
the solution expressed in terms of multiple polylogarithms.
The last integral we need for the evaluation of the singular part is

99 —Agh(e D eiE~IZT(k2)_1_€(P3'p4)
Billa] = =amh(e) ke e e h)

l—ﬁz - (1—ﬁ3-ﬁ4)X34 1 3
X L Fi(l,=—e—; , 3.211
( 1 > ﬁ%—ﬁs‘m 2 1( 5 € B X34> ( )

with h(e) and x34 defined in egs. (3.196) and (3.197), respectively.
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In order to simplify the expression of the integrand we define the auxiliary momentum

1 m?
== ph——->ph |, 3.212
v <p3 (p3'P4)p4> ( )

with v defined as in eq. (3.20). By using the definition of /# and an integral representation
for the hypergeometric function, we can rewrite I3j[fs] as

1) = - [ apetir 2e) () 2 (( m>> L

v (pa-k) p3-k Lk
! 1 X34
X dt(t) 27 ¢(1-¢t)° .
a2
. 1 ib-kr
o (2 —e(p3 p4)/ dE (51—t e/de p2)—1-2¢__©
7r(m ) 02 0 ( ) 2 ( ) ( ) (p3_k)1_26

1 < 1 ) m? 11
) - N oty 3.213
((1—52) (pa-k)) " 2(ps-pa) c,;ﬂ 14+o¥l 5(0)"“) 2

where for convenience we introduced
Uy =ph Ve (3.214)

By analysing the dependence on t of the integrand, we observe that it is expressed as a

sum of functions, some of which feature a divergence for t=wv?

. This singularity has no
physical origin and will eventually cancel in the final result when summing together these
divergent contributions. In order to regularise it, we fix a small imaginary part for v and

take its finite limit to zero at the end of the computation. The dependence of the integrand

(k2)—1—26 1 . 1
I3[ f3] o Dy F)12 {(m-k)’ (ﬁ(i)-k)} : (3.215)

By applying the generalised Feynman parametrisation introduced in eq. (3.207), we obtain

on k is via a factor

a single momentum integral equivalent to 15" in eq. (3.210), the only difference being the

expression of the auxiliary momentum, which now reads:
p(z)=zps+(1—z)P, (3.216)
with the three possibilities
P =py, P={g, P={.,. (3.217)

The integration over k can thus be performed by using the partial results already obtained.
The leftover integrals over the Feynman parameter x and the variable ¢ we used for the
integral representation of the hypergeometric function can be performed with standard
techniques, and the result can be expressed in terms of multiple polylogarithms.
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We now consider the contribution to f§§ that vanishes in the k% — 0 limit, p§5=°. It
can be written at all orders in € in the following compact way

1 —€
1. . Dlz—¢)l(e) (1= i3 1+ D34 —24/713 1 .
;pTSZ—OZ ( ) |: 1—|—D34)2F1 <2,171+6,1—n§>:|

VT i3 \/173
2(1 n3 T4) X34 —3- e e .
_ /d e UX34 (1w —u (14 )]

—Tig-Ti4
(1—u)2 —€
—|—D347/ du , (3.218)
0 /1—iBu(l—(1—u)y)
where the coefficient x34 is defined in eq. (3.197) and
1 N
Dy = L8 ) iy i) (3.219)
(75 +17i%)? + (13- 7i4)* — 715 70
(fig-714)% — 73713
_ , 3.220
T R iy )P (8:220)
(i3 -7ia)* — 715715
= 3.221
B A RN O 1 3221
Because of its regular behaviour, p§i=" can be safely expanded in ¢
- =0,(0 =0,(1
pm=0 = pm=0.00) 1 ¢ m=0.(1) L ry(¢2) (3.222)

=0,(0)

Due to the complexity of the functions pgi =0.(1)

and pgi , we perform numerically the
last steps of their integration. The representation of the soft integrals in gr-space, rather
than the impact-parameter space used until now, is more convenient for this purpose,
as it allows us to trivially carry out the D—2 dimensional integration of the transverse
components of the soft momentum k. The conversion to the representation in b-space can
be obtained by applying to the final result the relation in eq. (3.15). To be specific, the

integral that we will compute is

. k2 —1—¢ . e e
< / 4P ka0 iy — ) B PP (000 °’“’>> . (3.223)

(p3-k)(psa-k)

To perform its azimuthal average, we can fix the azimuthal angle ¢ such that pr3-¢r =
pr,3qr cos@. With this choice the integral over the other angles becomes straightforward.
After integrating over d”~2ky, the remaining computation can be performed for instance
by introducing an integral over the virtuality of k. We obtain

(¢7)~! 1—rig-iy 1. 1/2—e ,m=0,(0) 0,(1)
B(% I / dcos¢/ da:dyW (1—cos? )~ Y27(p P34 +epgy ),
(3.224)
where we introduced the dimensionless integration variables
k2 k_
r=—, y=—">. (3.225)
qr qr
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=0, (0)

Given that the functions pyy m=0, (1)

and ps4 vanish by construction in the limit z —
0, the integrand in eq. (3.224) can be safely expanded in € and integrated numerically over
x, y and cos¢. The result is a function of the LO phase-space, which can be reduced to the
dependence on 8 and cosf and can thus be provided in the form of a two-dimensional grid.

In order to obtain a more stable and fast numerical evaluation of eq. (3.224) we isolate
its contributions that can be expressed only as a function of 8. To be specific, we observe

that in the e—expanded expression,

—1—e¢ 1— e
l T / dcosqﬁ/ dxdy n3 n4(1 cos? )~ 1/2[ 0(0)+6p =0.(1)
(32

—eln [z(1—cos?¢)| pii " (0)}, (3.226)

the integral of the first two terms in the square bracket is independent of cosf, allowing us
to simply compute a one-dimensional grid. In addition, these terms can be integrated by
using the following identity,

/ dcos¢/ dady 2= ”3 it 11— cos? ¢) =1/ f(fig i, 72, 72)

—/ dt/ dcos ¢ ! fl1= -t 21-(1-v )1;752
—Jo 1 1—t21—vtcos¢ 1—wvtco SQS (1—vtcosg)? |’
(3.227)

which is valid for a generic function f, and that can by proven by using the relation in
eq. (3.107). The right hand side of the equation is only a two-fold integral, leading to a
further simplification of the corresponding numerical integration.

Mass-dependent part. We now consider the case of the contribution coming purely
from the massive case, 3&17&0_ We can approach the computation in a way similar to
that used for the mass-independent part we just described, considering eq. (3.163) rather
than eq. (3.162). The factor multiplying the angular functions, however, is not anymore
symmetric under the exchange p3 <> ps. Unlike the mass-independent contribution, we
thus cannot assume that the final result respects such symmetry and we need to separately
compute the integral of Sgﬁséo and the one of Sg#o

As it is by now customary, we write the dimensionless angular function g4 (i3 -4, 75,73)

defined in eq. (3.163) as the sum of a singular and a regular contribution
g (713 711,733, 71) = — = —Z o7+ e+ (s pa)] (3.228)

The singular part, which generates singularities after integration over k2, can be writ-
ten as

0 (l—ﬁg)*ﬁF(%—e)F(l—i—e) (1+ 2x34(1—1i3- n4)2F1( '3 e;g;X34))
€

o =
34 n%—ng-n4

1+€

i3 iy — 113

\/77-
(1—7@21)6{‘\(/%?—6) [(1+e€) ( 2x34(1—1i3-74) 211 (1v§_65§5X34)) . (3.229)
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while the regular part can be directly expanded in € and we can symbolically write
0 =iy e ps "D+ O(e), (3.230)

where higher order terms can be neglected in our computation.

Let us start with the integration of the singular part in eq. (3.229). Its computation
requires the evaluation of integrals in the form

2
U{:)Wfa(ng,m;) (3.231)

19(f,] = / dPJ. eiE-ET
i1 fal o

with j=3,4 and where the possible functions f,(7i3,74) are the same already introduced
in the mass-independent case in eq. (3.199). With this definition we have

7176
Z /de, ZkaT k)2 ( 6(0.?7;1750_1_ m7£0))

j=34

=(—f@%m+fma@%m+;@%m+jqﬂm—jmaﬁ%m+;ﬁ%ﬁo+@w»m»

(3.232)

We start from Ijgg[fﬂ,
oib-kr

Dy,
Igg [f1]= /d 1+e (p k)2

(3.233)

This integral has already been computed in section 3.4 and we have m*I¥[f1] = Ijq]q , where
qq - : 94 (P :
I3} is defined in eq. (3.131). The result for (I]/(b)) ~ was reported in eq. (3.135).
We now turn our attention to I77[f]. We first consider I37(f2). The integral to

compute is

Dy, ibkr (k?Q) 12 m? B
199(£,) /d bttt (4(p3_k)2> : (3.234)

which has the same structure as 3", introduced in eq. (3.210). We can thus take the
result of (I§9[fa])ay. from eq. (3.210) with the replacement p(z) — p3

p2\ %€ 1-e9—2-2¢ 2\ 2
<‘[§g[f2]>av, = % <4> 62(12_2t€)r(1—26)r(1—6) ( Ij’f{g) B (3235)

The integral I9[fs], on the other hand, is not proportional to I5"(x)

oo 2\—1—2¢ m2 ¢
19172 = [ aPkeir (lzpi-kﬂ (4@3%)2) , (3.236)
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but the structure of I8"*(z) can be recovered by applying the generalised Feynman parame-
trisation of eq. (3.207):

( 2)71726

<L€g[f2]>av, = —21+266(1—26) /01 dfﬁx(l—x)_l_Qe </deeiz§.ET >

(p(l‘) ’ k)2_2€ av.
dx

_ _21+2e€(1_2€)/1 e (1—2) 7 2 (I3 ()
o (P?(x))t o

_ _Mfm%ﬁl—e (If)% <;>1_EF(1—26)F(1—6)
) S L e

where in the last step we used the known result of (I5"*(x)),, from eq. (3.210). At this
stage, the integrand cannot yet be expanded in ¢, since the integral does not converge in

the limit € — 0 due to a singularity in y = 3. In order to perform the expansion, we need to
isolate the singular behaviour and subtract it. We consider the following auxiliary integral:

[Lantee () )

a2 (F g (p-eaees)
2

1+ /32 1
+67+5 o Fy ( 1—26,3—26,52> . (3.238)
T (%—26) 2 2

We observe that the integrand in eq. (3.238) has the same behaviour as I4[f2] in the
y — B limit, while having a simpler structure that allows for a straightforward analytic
integration. We can thus add the r.h.s. of eq. (3.238) to eq. (3.237), while subtracting
the Lh.s. at the integrand level in order to obtain a regular expression that can be safely
expanded. The resulting integral can be evaluated separately at each order in € in terms
of multiple polylogarithms.

Let us finally consider the contribution of the function f3. By following the same
procedure already applied for the evaluation of I§7[fs] in the mass-independent case, we
define the momentum ¢ as in eq. (3.212) and by using eq. (3.213) we have:

so (k)12 m2 B 1 X34
799 __T /de i 7/ G- (1 )¢
< 3 [f3]>av. v < € (p3k) (pgka)Q 0k 0 2 ( ) 1_tX34>av

(3.239)

which, once we substitute in it the definition of y34 as in eq. (3.197), gives us an expression
that only depends explicitly on two momenta, ps and ¢. By applying partial fractioning
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and defining ¢4 as in eq. (3.214) we obtain:

s

<I§g[f3]>av.=—v</deei5-ET(77122)_6

1 e . (k‘2) 1—-2¢ (k2) 1-2¢
X/o e (1Y ((pg‘k:)l‘ze(ﬁ_-k)_(pg-k)1‘2€(€+-k)>>av" 3210

By applying the generalisation of Feynman parametrisation introduced in eq. (3.207) we

can reduce the dependence of the denominators of the integrand to a single momentum,
and retrieve the structure of I3"*(x) as defined in eq. (3.210). The leftover integral over
the Feynman parameter x and the variable £ can be computed in terms of multiple poly-
logarithms with a standard procedure.

The evaluation of I{?[f3] can be performed by following the same steps, but the differ-
ences in the integrand make the procedure of partial fractioning a bit more involved. After
introducing the momentum ¢ and applying partial fractioning for a first time, we obtain
an expression similar to eq. (3.240):

(

)

1]} === ([ @Pher 2

. (k2)—1—25 (k2)—1—2e
/ dtt™17¢(1-1)¢ (( k)_1_25(€_-k)_(pg-k)—1—2€(£+.k)>>a""
(3.241)

but, in this case, we can not yet apply Feynman parametrisation, since each denominator
involves three different products of the momenta. We can circumvent this problem by
performing an additional partial fractioning:

- . 1 ,%, 2\—1—2¢
(I fs))ay, == 5 (m*) / dee“’”"/o * = - )t) {pS‘(:)‘)Qf(m-k)z

- (1+vi2) (k2)~1-2 m? Vi
(1—1)%) (p3-k)1=2¢(pa-k)  2p3-ps v
t2)

((HU (k2):1‘26 _(1_52) (kQ):l_Qe k))”%v,. (3.242)

(1-%) s B) =20 k) (145 (P R) T2l

It is now possible to apply Feynman parametrisation to eq. (3.242), obtaining integrals

m2
D3-P4

+
X

over the momentum k that can be written in terms of I3"*. By using the known result of
(I5"*) provided in eq. (3.210) to perform the integration over k, we are left with the final
two integrals over the Feynman parameter and the variable ¢, that can be performed with
a standard procedure.

Let us finally analyse the regular part of gif(is-7i4,713,713), that can be safely be
expanded in e. We need to evaluate the following integral:

1—e¢
(8 [ L e (3.243)
7=3,4
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The explicit all-orders expression of the integrand reads:

1 mA0 | mA0\ _ gy (L 279€ 1 ﬁs'ﬁ4)
]233429] (P34 43) ( ”3)( e(1-2¢) 1-2¢ 2

o [1 T(A=26)T(e) (1—72\ [ Dsy
+(2—-73— ”Z)( + T 1
€ I'(1—e) 4 n3/
1 1 _ [ A2 +7i3-Tig 6712
1 1
+ c (3(1—’5:%)4—1)34(2—771,% )) o FY ( 1,146 1— )

o

n3+n3 Tig)o Fy ( —e,1+€;

1+f )

1_ﬁ3'ﬁ4 -2 92 /1 u) 2 —€
—————(2—15—1 dui 14u) —u(1+1))°
n%—ng-m( 5—15) X34 ; = [(1+uy) (1+4) ]
o o [N (1—u)e 7\
+D341_ —n%—ni)/o dui_’2 (l—i- 1’Y> , (3.244)

where the variable x34 has been defined in eq. (3.197) while D3y, v and 1 are given in
egs. (3.219)—(3.221). We introduce the following notation for the e-expansion of the inte-

grand:
PO = 0O 0 L o). (3.245)
As for the case of the mass-independent contribution, due to the complexity of the
functions involved in the integrand, we perform numerically the last steps of this com-
putation. We follow the same steps as for the integration of p5i=°, by considering the
gr-space representation of the integral and by fixing the azimuthal angle ¢ such that
DT,3-qr = P1,3qT cOs$. After switching to the dimensionless variables x, y already intro-
duced in eq. (3.225) and inserting an integral over the virtuality of the momentum, we

obtain:
]432 —1—¢ e m
/de(S (D= 2)(kT QT)(i(pZM 0.0 )+6P34 0 (1))>av =
S (pj-k)?
a 1/2
11 )"
X Z " {p34 )—l—epgfféo {1 )—eln[ (1—cos ¢)] m#0. (0 )}. (3.246)
j=3,41%7

We can observe that also in this case the integral of the first two terms in the square
bracket only depends on 8 and can be thus evaluated on a one-dimensional grid. We can
also reduce the 3-fold integrals of eq. (3.246) in 2-fold ones by replacing the exponential
by a f-function in the corresponding b-space representation, in a similar fashion as it was
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done in eq. (3.227). Adapting it to the present functions we obtain:

1 /1 o 1
;[1dcos¢/(] dacdy2$2y93—1_6(1—0082¢)_1/2_5p(ﬁ3-ﬁ4,ﬁ§,ﬁi)

vt t2 -t 5 1—¢2
= dt d 1— t*1—-(1—v)———= | . 3.247
/0 /—1 Cos¢l—t2p 1—vtcosgp’ (1-v )(1—vtcosqb)2 ( )

We have now summarized in detail the technical aspects of our calculation, and pre-

sented explicit partial results in the cases the expressions were obtained in a compact
analytic form. Our complete final results are collected and implemented in a numerical
code, which is described in the next section.

4 Numerical results

In section 2 we described in detail the ingredients entering the transverse-momentum re-
summation formalism for heavy-quark production. For the purpose of the application to the
gr-subtraction framework, the key role is played by the coefficient HOQ defined in eq. (2.14),
which depends on the subtracted matrix element M via the master formula (2.15), while
M can be obtained through eq. (2.54). All the ingredients entering in these equations are
finite, since the cancellation of the IR poles has been carried out at the operator level as
described in eq. (2.41). The cancellation is guaranteed by the relation with the subtracted
soft anomalous dimension Iy}, in egs. (2.36)—(2.38): we were able to verify analytically this
cancellation for all the contributions, with the exception of the ns-independent part of the
term proportional to the colour factor T3-Ty4. This term depends only on the variable 5.
As described in section 3.5.4, part of this term was evaluated numerically, and, therefore,
only a numerical check of the cancellation is possible. In figure 1 we compare the coefficient
of the 1/e pole as a function of 5 computed analytically with eq. (2.38) against our nu-
merical result. The lower plot shows the relative difference between the two: The relative
difference is below the 0.0005% in all the regions of the phase-space, showing a perfect
agreement with the prediction and providing a strong cross-check of our computation.
Having discussed the cancellation of the IR singularities, we now consider the ingredi-
ents needed for the implementation of the function HOQ. In the gr-subtraction formalism,
a final average over the azimuthal degree of freedom of b is required (see eq. (2.14)), and
since the operator D is defined in such a way that (D), =1, it gives no contribution in
our computation, except when interfering with the azimuthally dependent part of the C
coefficients in eq. (2.14). Therefore, as a new perturbative ingredient at NNLO we just
need to evaluate the subtracted amplitude M through eq. (2.54) at second order. At this
order the subtracted amplitude Z~'| M) appearing in eq. (2.54) is provided by the nu-

merical grids in ref. [39]. The operator e"<"

at the same order is already known from the
implementation of gr-subtraction for a colourless final state at NNLO [40] (see eq. (2.55)).

We are left with the coefficient h, whose perturbative expansion is given in eq. (2.47).
The term involving the commutator produces contributions proportional to three-parton

correlators, which vanish when evaluated on the Born ¢é— QQ amplitude. Therefore we
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Figure 1. Numerical results for the coefficient of the 1/¢ pole of the contribution proportional to
T3 T4 in Fex 2 (red points), compared to the expected analytical result (gray curve) from eq. (2.38).
The lower plot shows the relative difference (in percentage) between the two.

can simply write

! as\? 1 2
hias) =1+ 53 B, +(52) {(EQ),, -5 (F2,,)
+HED),, ~2m60 FL),, }+0(ad). (4.1)

The two last terms in the O(a%) contribution involve the product of two colour charges;
we have chosen to write the results in the numerical implementation in terms of the colour
structures T3-T4 and T;-T; with i=1,2 and j = 3,4.

The results for the T;-T; structure are obtained in a fully analytical way, and the
explicit expression, which can be obtained from the results in the previous sections, is
implemented in the numerical code. The results corresponding to the colour structure
T3-T4 have contributions from the integral of the soft correlators Sﬂzo and ngo of
eq. (3.143) and (3.144), which are partially obtained numerically in the form of a two-
dimensional grid.

The numerical integration is performed using the implementation of global adaptive
strategies available in MATHEMATICA. For the terms independent of #, the integral is
evaluated for a grid in the variable § from 0 to 1, in steps of 0.001 in the range (0;0.8)
and a smaller step of 0.0001 in the high-energy region (0.8;1), in which the variation of the
function is larger. For the remaining term, which depends both on 5 and cosf, the integral
is evaluated for a total number of 5000 phase-space points in the range € (0;1), cosf €
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(0;1) (the result is symmetric under the exchange cos — — cos ), which were obtained from
the NNLO parton level generator MATRIX [68] after the optimisation for the integration
of the LO ¢t cross section.

Given that a numerical interpolation of the grid is already needed, and also due to the
fact that the numerical evaluation of the analytical terms entering the Tj3-T4 structure

of <F£?()72>av. is computationally very expensive, we decided to encode all the contributions
0)

proportional to Ts-T4 in the terms (Féx,2
composed by the same phase-space points used for the numerical integration of the afore-

mentioned pieces of S~ and Sﬁio. The different pieces entering the final result are

Yav. —27Bo <F,g;1()71>av. in a two-dimensional grid

defined in three independent grids and combined afterwards, in order to have a fully flexi-
ble implementation in the number of light-quark flavours n;. The numerical evaluation of
the multiple polylogarithms appearing in some of our analytic expressions, needed for the
construction of the grids, is performed using GINAC [69, 70].

In addition to the contributions described above, the result for the azimuthal average

of the square of the NLO result, i.e. the term <(F£§21)2>av,, is also obtained numerically, by
(0)

simply starting from the known result for F ./,

and computing the azimuthal average of
its square, again in the same set of phase-space points used before. In this case, the results

are grouped in three different colour structures, (T3-T4)?, Cr T3-T4 and CIQ;.

The grids described above are afterwards fitted using a spline approximation [71].
Given that we do not expect our results for each phase-space point to have a large deviation
from the correct value, as the uncertainties of the numerical integration are at the per mille
level, the parameters of the spline fitting are chosen such that the fit is very close to the
original points. In addition, and in order to improve the quality of the fit, the grids are
divided by appropriate factors depending on  and cos@ before performing the fit, which
were checked to generate surfaces with smaller variations and therefore easier to fit. A
concrete example of this procedure is given by the way to handle the threshold region:
all the grids had a divergent logarithmic behaviour in the §—1 limit. We thus divided
all the points by a factor (1+log?(1—£%)"), with the value of n chosen in order to get a
regular grid in such limit, and this factor was added back after the fitting. Also, in order

to work with more evenly distributed points, we worked with the variables 32 (instead of
B) and cosé.

We have studied the self-consistency of the fit by comparing the results obtained with
it to the original values on the grids used to construct it. We observed that, for the majority
of the points (93.9%), the difference is below the per mille level, while the points that agree
better than 1% almost cover the full phas?—)space (98.9%). The largest relative differences
0

ex1))av., in the regions in which simultaneously

show up in the grids corresponding to ((F
[ and |cosf)| are close to 1, the reason being the sudden variation of the fitted function in

that area, and its value being very close to zero.

In order to see if the error coming from the fitting of the grids has an impact in the
computation of a physical quantity, we checked the difference between the original grid
and the fit once combined with all the other ingredients entering the coefficient HOQ,
This involves, among other things, the evaluation of lower-order (colour-correlated) matrix
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Figure 2. Contributions to the second order coefficient of h proportional to T3- T4 (upper panels)
and T4 -T3 (lower panels). The results correspond to ny = 0. The left panels show the 3 dependence
for a fixed value of cosf =0, while the cosf dependence is shown in the right panels for 5=0.5.

elements, the finite part of the two-loop amplitudes, plus all the soft contributions that
were obtained and encoded analytically. We performed this check for the specific case of
top-quark pair production, using OPENLOOPS [72] for the evaluation of tree-level and one-
loop amplitudes, and the results from ref. [39] for the two-loop corrections. We observed
that the point-wise difference is always below 0.25%, and that, from the total of points,
only a handful of them present a deviation larger than 0.05%, indicating that the accuracy
obtained through the fit is more than enough to reproduce the original results.

The checks described above only tested the accuracy of the fit on the very same points
used to generate it: it is also important to perform some checks on the rest of the phase-
space. To this end, we reduced the number of points used to perform the fit by a factor of
2 and checked how the accuracy of the final result is affected, finding results similar to the
ones described above, thereby confirming the reliability of our implementation.

We illustrate our final results in figures 2 and 3. As described in the text, we split our
results into the different colour structures appearing in h, specifically

as 1 1
h(aS) = 1+% (h;())4) T3'T4+h:(33) CF)

2
#(5e) (T Tt b T T T T b T Ty T

+ h§3hy Ty T Ty T+ hii{sy Ty Ty Cp+hiihs CF) +0(af). (4.2)
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Figure 3. Same as in figure 2 for the contributions proportional to T3-T4 T3-T4 (upper panels),
CrT3-T4 (middle panels) and C% (lower panels).

We note that this particular choice of colour structures is not unique, and different choices
can be made which are related by colour conservation. Results for hgi) and hg? are given
in figure 2, while hgi):,A, hgi)g:s and h:%)% are presented in figure 3. In both cases, the results
correspond to ny=0. The numerical code used to evaluate all the terms in eq. (4.2) is
included as supplemental material of this paper, allowing for the evaluation of our final

results for arbitrary values of 3, cos and ny.
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5 Summary

This paper has been devoted to the evaluation of the soft-parton contributions that are
relevant when a heavy-quark pair is produced at small transverse momenta in hadronic
collisions.

When a colourless system (vector boson(s), Higgs boson(s) and so forth) is produced
in hadron collisions only soft and collinear radiation from the initial-state colliding partons
plays a role. When a heavy-quark pair is produced, the coloured heavy quarks can emit in
turn soft radiation (soft gluons and light quark-antiquark pairs), which gives an additional
contribution to the structure of the singular contributions at small transverse momenta.
We have evaluated such soft-parton contributions to NNLO in QCD perturbation theory.

Our computation has been carried out by using a semi-numerical approach, and eval-
uating all the relevant integrals in impact parameter space. We have explicitly considered
only the contributions that are relevant to apply the gp subtraction formalism to this pro-
cess. After having introduced our framework in section 2, in section 3 we have provided
the details of our calculation, by first starting from the NLO in section 3.2, which had
already been obtained in ref. [27]. We then moved to the evaluation of the integrals from
soft-gluon emission at one-loop order in section 3.3, soft light-quark pairs in section 3.4,
and finally double gluon emission in section 3.5. We have provided all the relevant details
of the computation by highlighting the difficulties that had to be overcome. At NNLO the
most challenging contributions are those from the double-real emission, and in particular,
those from double gluon radiation. These contributions need first to be integrated over
the angles of the emitted partons by keeping their total momentum k fixed. Then, the
remaining integrals have been evaluated by splitting them into a singular and a regular
part as k? — 0. For some of the contributions, the latter has been evaluated numerically.
After checking the cancellation of the e poles, the complete results for the final remainders
are provided through a numerical code that is provided as Supplementary Material of the
paper.

Together with the results already available in the literature, the soft-parton contribu-
tions presented in this paper complete the evaluation at NNLO of the azimuthally-averaged
transverse momentum resummation formula for the production of heavy-quark pairs. In
particular, the results can straightforwardly be implemented to carry out fully differential
NNLO calculations for the production of a pair of heavy quarks with arbitrary mass by
using the g7 subtraction formalism.
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