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ABSTRACT: We consider extensions of the soft-gluon effective coupling that generalize
the Catani-Marchesini-Webber (CMW) coupling in the context of soft-gluon resummation
beyond the next-to-leading logarithmic accuracy. Starting from the probability density of
correlated soft emission in d dimensions we introduce a class of soft couplings relevant for
resummed QCD calculations of hard-scattering observables. We show that at the conformal
point, where the d-dimensional QCD g function vanishes, all these effective couplings are
equal and they are also equal to the cusp anomalous dimension. We present explicit results
in d dimensions for the soft-emission probability density and the soft couplings at the
second-order in the QCD coupling ag. In d = 4 dimensions we obtain the explicit relation
between the soft couplings at O(agd). Finally, we study the structure of the soft coupling in
the large-np limit and we present explicit expressions to all orders in perturbation theory.
We also check that, at the conformal point, our large-np results agree with the known
result of the cusp anomalous dimension.
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1 Introduction

The QCD computations of hard-scattering processes can lead to large contributions at
each order of the perturbative expansion in the QCD coupling ag. Large logarithmic
contributions always appear in the case of hard-scattering observables that are evaluated
in kinematical regions close to the exclusive boundary of the phase space. These large
logarithms are produced by the emission of soft and collinear partons, since hard emission
is kinematically suppressed near to the phase space boundary.

For a wide class of observables, logarithmic terms due to soft and collinear emission
can be resummed to all perturbative orders in exponentiated form (see, e.g., the reviews in
refs. [1, 2] and references therein). The exponentiated form can then be sistematically orga-
nized and computed in terms of leading logarithmic (LL) terms, next-to-leading logarithmic
(NLL) terms, next-to-next-to-leading logarithmic (NNLL) terms and so forth. A relevant
feature of these resummed expressions is that they have a quite general structure with a
high degree of universality and a ‘minimal’ dependence on the hard-scattering process and
on the specific observable to be treated. In particular, the ‘dominant’ (soft and collinear)
part of the logarithmic contributions is resummed and embodied in a ‘generalized’ Sudakov
form factor, whose kernel is perturbatively computable order-by-order in ag.

Known resummed results up to NLL accuracy show that the NLL kernel of the Sudakov
form factor is entirely and universally controlled through the use of the QCD coupling
a§™W [3] in the Catani-Marchesini-Webber (CMW) scheme (or bremsstrahlung scheme).

CMW
Aj

More precisely, the intensity of soft-gluon radiation from the hard-scattering parton

i (i =4q,q,g) in the Sudakov form factor at NLL accuracy is
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where Cj is the Casimir coefficient of the parton i (C; = C4 if i = g and C; = Cp if
i =q,q), as is the QCD running coupling in the MS renormalization scheme, agMW is the

CMW coupling [3] and the coefficient K depends on the number ng of quark flavours:
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The CMW coupling a§™W (k2) has the meaning of an effective (physical) coupling for
inclusive radiation of soft and collinear partons with total transverse momentum k7.

The NLL universality of the CMW coupling is evident in the context of threshold
resummation [4-6], transverse-momentum resummation [7-10] and event shape resum-
mation [11, 12]. Such universality is exploited for process-independent and observable-
independent formulations of NLL resummations [13-15]. The CMW coupling is also used
to achieve NLL accuracy in parton shower algorithms [16-20] for Monte Carlo event gen-
erators.

Definitions of soft-gluon effective couplings to all perturbative orders were introduced
in refs. [21] and [22]. These effective couplings generalize the CMW coupling beyond the
NLL level.

Reference [21] defined the effective coupling Az ;(as) (according to the notation of
ref. [22]), presented its explicit expression at O(a2) and discussed its use in the context of
NNLL resummations for two-jet observables in e*e™ annihilation [23].

Reference [22] observed that there is no unique extension of the CMW coupling beyond
NLL accuracy. Two effective couplings were considered in ref. [22]: the couplings Ar;(as)
(as in ref. [21]) and Ag;(ag). Moreover, ref. [22] considered the generalized d-dimensional
(d = 4 — 2¢ is the number of space-time dimensions) extensions, flT’i(as; €) and flo’i(as; €),
of these effective couplings. A remarkable result of ref. [22] is that the d-dimensional
couplings /IT,i(as; €) and flw(as; €) are equal at the conformal point € = 3(as) (B(ag) is
the four-dimensional QCD /S function) and equal to the cusp anomalous dimension [10, 24—
32]. Considering the four-dimensional couplings, ref. [22] explicitly computed Az ;(ag) at
O(ad) (confirming the result in ref. [21]) and Ag;(as) at O(ad) and O(ad) (in terms of
the cusp anomalous dimension at O(ag) [33, 34]).

The purpose of this paper is to further study the perturbative features of the soft-
gluon effective coupling. In d dimensions we introduce an entire class of effective couplings,
which includes the couplings Az (as; €) and A ;(as; €) of ref. [22]. Each effective coupling
within this class is specified by a scale that depends on the transverse momentum and
transverse mass of the inclusive soft radiation. We show that all these effective couplings are
equal at the conformal point and, consequently [22], they are equal to the cusp anomalous
dimension.

We compute the effective couplings at O(ad) for arbitrary values of d (of course, if
d = 4, the result at O(a3) is equal to the CMW coupling). In d = 4 we present the explicit
relation between the effective couplings at O(ag). Considering the limit of a large value of
the number nr of quark flavours, we explicitly evaluate the soft-gluon effective couplings
to all orders in ag.



The paper is organised as follows. In section 2 we introduce the probability density of
correlated soft emission and the soft-gluon effective coupling. In section 3 we present the
explicit computation of the correlated emission and of the soft coupling at O(a%). Some
general features of the soft-gluon effective coupling are discussed in section 4, while in
section 5 we present our all-order results in the large-np limit. Our results are summarised

in section 6.

2 Soft factorisation, correlated emission and soft-gluon effective cou-
plings

The perturbative calculations that we carry out in the paper are performed by using ana-
lytic continuation in d = 4 — 2¢e space time dimensions to regularise both ultraviolet (UV)
and infrared (IR) divergences. Specifically, we use the customary scheme of conventional
dimensional regularisation (CDR) [35-38] with d — 2 spin polarisation states for on-shell
gluons and 2 spin polarisation states for on-shell massless quarks and antiquarks. The UV
divergences are removed by renormalisation in the MS scheme. IR divergences, which are
encountered at intermediate stages of the calculations, cancel in the computation of IR and
collinear-safe quantities.

The QCD bare coupling o and the renormalised running coupling as(p%) in the MS
scheme are related by the following standard definition:

ol 13 Se = as(uf) 1y Z(as(puk)ie) (2.1)

Se = (4m)e B (2.2)

where p is the dimensional regularisation scale, pp is the renormalisation scale and vg is
the Euler number. The renormalisation function of the coupling is

2
Z(ag,e) =1— as% +ad (fg — gi) +0(ad), (2.3)

where [y and 7 are the first two perturbative coefficients of the QCD fS-function S(ag):

ﬁ(as) = —Bo ag — ,31 Oé% + O(Oég) s (2.4)
127 By = 11C 4 — ATgrny, 24723 = 17C% — 10C o Trnp — 6CrTrnp , (2.5)

and ng is the number of quark flavours. The colour coefficients in SU(N,.) QCD with N,
colours are C4 = N,, Cp = (N2 —1)/(2N,) and Ty = 1/2. The scale dependence of the

renormalised coupling in d dimensions is controlled by the following evolution equation

dlnags(u%)

dinge, = et Blas(uk), (2:6)

and f(ag) — € is the d-dimensional -function.
The all-order soft-gluon effective coupling is formally defined [21, 22] by considering
multiple soft-parton radiation in the simplest class of hard-scattering processes, namely, the



processes that involve only two massless hard partons. Owing to colour conservation in the
soft limit, the two hard partons have colour charge in complex-conjugate representations
and they can be either a ¢q pair (i = ¢q) or two gluons (i = g). This class of processess
is used to define the function w;(k;€) that gives the ‘probability’! of correlated emission
(including the corresponding virtual corrections) of an arbitrary number of soft partons
with total momentum k. The correlated probability w;(k;e) is a quantity that is IR and
collinear safe. The soft-gluon effective coupling is obtained by properly integrating w;(k; €)
over the soft momentum k. In the following we give details on this procedure starting from
soft-factorisation formulae of QCD scattering amplitudes.

We consider a generic scattering process whose external particles are two QCD hard
partons 4 and 4, soft partons and additional colourless particles. The corresponding scat-
tering amplitude with IV external soft partons is denoted as M (p1, p2; k1, ..., kn), where
p1 and pg are the momenta of the hard partons and kq,...,kyx are the momenta of the
soft partons. Hard and soft partons are massless. In the kinematical region where all the
momenta ky (¢ =1,..., N) simultaneously vanish the squared amplitude |M;|? (summed
over the colours and spins of the external particles) is singular. The dominant singular

behaviour is given by the following soft-factorisation formulas:

M (p1,p2i ks k)P o (M (pr,p2) P [ ik, - k)2 (2.7)

where J; is the soft-parton current and |J;|? is the corresponding squared current. The
factorisation formula in eq. (2.7) is valid [39-41] at arbitrary orders in the loop expan-
sion of the scattering amplitude and, correspondingly, J; is the all-order soft current. In
particular, the squared current |J;|? (analogously to |[M;|?) can be expressed in terms of
the renormalised coupling and it can be expanded in powers of Oés(#%)- The coefficients
of this perturbative expansion have no UV divergences, but they still have IR divergences
(in the form of € poles). These IR divergences cancel by combining the squared current
contributions in the computation of IR and collinear-safe quantities.

We recall that the soft-factorisation formula for generic scattering amplitudes leads to
colour correlations between the hard partons. In the case of two sole hard partons, colour
correlations are effectively removed since there is only one colour singlet configuration of
the two hard partons. Consequently, soft factorisation takes the form in eq. (2.7) (see, e.g.,
section 7.1 in ref. [42]), where |J;|? is a c-number function (rather than a colour matrix
operator).

The squared current |J;(ky,--- ,kn)|? depends on the soft momenta and on the mo-
menta and colour representation of the two hard partons. The hard-parton dependence is
simply denoted by the subscript ¢ in J;.

The soft limit k, — 0 is insensitive to the actual size of the energies of the hard
partons. This implies that the squared current |.J;|? is invariant under the rescaling trans-
formation p; — &1p1, p2 — &op2 (&1 and & are arbitrary parameters) of the hard-parton

'Note that this ‘probability’ is not positive definite since it refers to the correlation part of the (positive
definite) total emission probability.



momenta.? Consequently, |.J;| is invariant under longitudinal boosts along the direction
of the momenta of the two hard partons in their centre-of-mass frame.

Owing to these invariance properties of the soft current, it is convenient to introduce
kinematical variables that are longitudinally boost invariant. For an arbitrary (i.e., off-
shell) d-dimensional momentum k” we define

2(p1 - k)(p2 - k) 2 2 2 1. p2-k
P ERPR2 R k2 =mE - k%, y=-In ,
D1 D2 T T =3 p1-k

mi = (2.8)
where myp is the transverse mass, y is the rapidity and kp is the (modulus of the) transverse
momentum with respect to the direction of the hard partons.

At the leading order (LO) in QCD perturbation theory, we have to consider only the
radiation of a single soft gluon (with momentum k) and the corresponding LO squared
current |J;(k) %LO). The LO differential probability dP; 1,0 of soft radiation is obtained by
supplementing ‘Ji(k)’%LO) with the corresponding d-dimensional phase space, and we have

dk

P10 = gyt

1
5 (2) AR Buoy = dydimd di S wio(kse). (2.9)
In the right-hand side of eq. (2.9) we have introduced the kinematical variables of eq. (2.8)
and we have defined the LO probability density w; 1o, which embodies the complete d-
dimensional dependence on the phase space. Since the phase space factor is

d' = L dy dm2 dr2 N, (k) N(k:):% (2.10)

9 T T tVe\NMT') e\hT F(]_ — 6) y .

where I'(z) is the Euler gamma function, we have
N(kr)
w;Lo(k;e) = = |5 (k) |toy 04(K%) - (2.11)
The LO expression of the renormalised squared current is (see, e.g., ref. [43])

(k) 2oy = 81— P2 (571 C; as () (1) (2.12)

7 (LO) — pl'kPQ'k € i Os\URr) (HR) > :

where S, is defined in eq. (2.2) and C; is the Casimir coefficient of the radiating hard parton
i (C;=Cyxifi=g,and C; = Cpif i = q or q). Therefore, inserting eq. (2.12) in eq. (2.11),
the expression of the LO probability density is

o 2 2\ €
wiro(k;€) = —5 8(mi — k7) C; s(2) (Z?) c(e) (2.13)
mr T
where )
_erm oty 1 4

2Such invariance is evident by using the eikonal approximation for the computation of the soft current
(see, e.g., ref. [43]).



and (j, is the Riemann (-function. We note that w; 1,0(k; €) does not depend on the rapidity
of the soft momentum k. The rapidity independence is a consequence of the boost invari-
ance properties of soft radiation and it persists at any perturbative orders. The density
w; (k; €) depends on m#% and k2. The factor 1/m? in the right-hand side of eq. (2.13) simply
follows from the eikonal factor (p; - k pa - k/p1 - p2) ! in the squared current of eq. (2.12).
The mp and k7 dependence of w; 1,0(k;€) is directly constrained by the on-shell condition
§(k?) = 6(m2 — k2. for single soft-gluon emission. At higher perturbative orders the total
momentum & of the soft partons is not on-shell and, consequently, w;(k; €) has a non-trivial
dependence on m3 and k2. (see section 3).

At the next-to-leading order (NLO) in QCD perturbation theory the probability of
soft radiation receives contributions from single-parton and double-parton emissions. The
renormalised squared current |.J;(k)|? for single-gluon emission has the following perturba-
tive expansion:

(k)1 = | Ti(K)[fo) + |i(k) [Exroy + - (2.15)

where |Ji(l<:)|%LO) is given in eq. (2.12), the NLO term |Ji(l<:)|%NLO) is obtained from the
one-loop soft-gluon current [39, 40] and the dots stand for higher-order terms (the two-loop
soft-gluon current is computed in refs. [44, 45]). In the case of double-parton radiation,
we have to consider the squared current |J7?(k1, ko) %LO) for double-gluon emission and
the squared current |J%(kj, kz)]%Lo) for the emission of a quark-antiquark pair of a given
flavour. The renormalised LO expressions of these two-parton squared currents are directly
proportional to the tree-level squared currents of ref. [43], and we write

| J79 (ky

Wiwoy = [i(k)[toy 1i(k2) [FLoy + W (K1, k2) Loy » (2.16)
| T3 (K1, ko)

Neeoy = Wi (k1 ka) (Lo - (2.17)

In the right-hand side of eq. (2.16), the first term is the contribution of the independent
emission of the two soft gluons and, therefore, W79 (k1, k2) is the irreducible-correlation con-

tribution to |J%(k1, k2)|%. In eq. (2.17) the irreducible-correlation component W (ky, ko)
|2

7k2
7k2

is equal to the entire squared current \Jiqq(kl, k2)|® since the soft quark and antiquark can-
not be radiated independently (i.e., the soft current for emission of a quark or an antiquark
vanishes).

We consider the differential probability dP; of correlated emission of an arbitrary num-
ber and type of soft partons. At fixed value of the total momentum k of the soft partons,
dP; can be expressed through the all-order probability density w;(k;e¢), which generalizes

the LO expressions in egs. (2.9) and (2.11). We write
dP; = dy dm? dk% % w;(k;€), (2.18)
where w; has the following perturbative expansion:
wi(k;€) = w;Lo(k;€) + winvo(kse) +..., (2.19)

and the dots denote higher-order terms.



The NLO contribution w; Nn,o to the probability density w; in eq. (2.19) is given in
terms of the correlation component of the single-emission and double-emission soft factors
in egs. (2.15)—(2.17). Specifically, we have

wLNLo(k;e):Ne(kT){ 5 () sk vy (2.20)

_
(2 )d—l
d’k d’k 1
+/ dl 70+ ( 2)ﬁ5 (k?2)( W9 (k1,k2) oy +nrW/ (k17k2)(LO)>5(d)<k_k1—k2)}7
and the explicit computation of w; n1,0 is presented in section 3.

The general all-order definition of the probability density w;(k; €) was given in ref. [21],
where w;(k; €) was called web function. We have

wilkie) = Ne(kr) 51 (k%) | (k) 2 (2.21)

1
+00 g N ddki s /{2 WaL-an (L 5(d) ks
—|—Z Z al,...,aN/ HW +( l) i ( Lyees ( Z >}

N=2 {al,...,aN} =1
where W/ N (ky, ..., kn) denotes the irreducible-correlation component of the squared
current |J" N (kq, ..., kn)|? for emission of a set of N partons with flavours a1,...,ay

(a; = g,qf,qy and gy denotes a quark of flavour f). At fixed soft-parton multiplicity
N, eq. (2.21) involves the sum over all parton configurations {ai,...,an} and S, 4, is
the customary Bose symmetry factor for identical partons in each parton configurations
(e.g., Say,..ay = 1/NUif all partons are gluons). The N-parton irreducible correlation
WHON(ky, ... ky) is directly extracted from |J N (ky,...,kyx)|? by subtracting the
contributions from independent emission and from correlations of a lower number M (M <
N) of partons (see, e.g., ref. [42] for explicit expressions with N < 4 and egs. (8.1)—(8.5)
therein for general N).

Note that |J;(k)[? and WV (ky, ..., ky) in eq. (2.21) are all-order renormalised ex-
pressions, and they have their customary perturbative expansion in terms of contributions
at LO, NLO and so forth (see, e.g., eq. (2.15)). The virtual radiative corrections embodied
in |J;(k)|> and W N (kq, ..., kx) lead to IR divergences and corresponding e poles in the
limit e — 0. However the probability density w;(k;€) is an infrared and collinear-safe quan-
tity. Therefore, in eq. (2.21) the virtual IR divergences are cancelled by the IR divergences
that are produced by the integration over the momenta k; of the real-emission partons in
WiN(ky,...,kn). The cancellation of the IR divergences takes place order-by-order in
the perturbative expansion with respect to as(/ﬁ%), and at each perturbative order w;(k;¢€)
is finite at ¢ = 0. Throughout the paper we consider the general d-dimensional function
w;(k; €), although it is well defined in the physical four-dimensional limit e — 0.

The probability density w;(k; €) can be used to define soft-gluon effective couplings [21,
22], which generalise the NLO CMW coupling ASMW in eq. (1.1). As previously observed,
w;(k;€) depends on two kinematical scales, namely, the transverse momentum k7 and
the transverse mass mp. The soft effective couplings are obtained by integrating w;(k;¢€)
with respect to one of these two scales. Following ref. [22], we consider the d-dimensional



effective couplings ./NlTﬂ-(as; €) and ftovi(as; €), which are defined as

~ 1 o]
Arias(u®)ie) = 5 i [ dmdh dich 8> = k) wilhs ), (2.22)

~ 1 ]
Aoilas(ue) = 5 1 [~ dmddi 8(2 = md) wilhs o), (223)

where ﬁTﬂ'(as; e = 0) corresponds to the four-dimensional effective coupling introduced in
ref. [21].

The definitions in eqgs. (2.22) and (2.23) differ only in the kinematical variable that
is kept fixed in the integration procedure over k: flm(as (42);€) is defined at fixed value
k7 = p of the transverse momentum, while ﬁoyi(as(ﬁ); €) is defined at fixed value mgp = p
of the transverse mass. In this paper, we also propose a generalised version of the couplings
flT,i and fLo,i, which is introduced by keeping fixed a scale p that depends on both k7 and
myp. The generalised effective coupling A 7, is defined as follows:

2

- o0

Ar.i(as(u®);e) = % M2/0 dmi dk? 5<M2 - f(k%?m%)) w;(k;€), (2.24)
where F(k%/m?2) is a generic smooth function of k%/m? that is equal to unity in the
limit k7 — my of on-shell radiation (k? — 0), namely, F(k%/m%) = 1 at kr = mr (see
more comments in section 4). The coupling in eq. (2.24) reduces to ﬁTﬁ- and flw for
F(k%/m%) = 1 and F(k3/m%) = k2./m2., respectively. In general, the effective coupling
A Filas(p?);€) measures the intensity of inclusive correlated emission of soft partons at
the momentum scale y? = k2 /F (k2./m2.).

As mentioned in ref. [22], the effective coupling A~072~ has direct applications in the
context of threshold resummation [4-6]. Similarly, the coupling ANT,;’ is directly rele-
vant for transverse-momentum resummation [7-9, 46]. By properly choosing the function
F(k%/m%) in eq. (2.24), one can introduce soft effective couplings A 7, that can be useful
for resummed calculations of different classes of hard-scattering observables. The gener-
alised definition in eq. (2.24) is also relevant to highlight more formal properties of the
soft-gluon effective couplings (see section 4).

In the right-hand side of eqgs. (2.22)—(2.24), the factor u? is introduced for dimensional
reasons, so that the effective coupling® A; is dimensionless. In the definitions of eqgs. (2.22)~
(2.24) the renormalisation scale ugr of the QCD coupling ag is set to the value ur = p.
Obviously, the soft coupling fLi(aS (42); €) is a renormalisation group invariant quantity, so
that, at the perturbative level, it can equivalently be expressed in terms of the running
coupling ag(p%) and the ratio u?/u% (i.e., as(u?) can be re-expressed in terms of ag(u%)
and 12/ 13

The effective coupling A; in egs. (2.22)—(2.24) is defined to all perturbative orders in
an arbitrary number d = 4 — 2¢ of space-time dimensions. The integration over m7r and
kr in egs. (2.22)—(2.24) is infrared and collinear safe and, consequently, the limit e — 0 is

3We use the notation ﬁl without subscript 7,0 and F if we consider features that refer to all the effective
couplings At ;, Ao,; and AFx ;.



finite and well defined. By simply setting ¢ = 0 in fli, we have

Ai(as) = Ai(as;e = 0), (2.25)

which defines the soft-parton effective couplings Ar;(asg), Aoi(es) and Ar;(ag) in the
physical four-dimensional space-time. The perturbative expansions of A; and A; are writ-
ten as
Aifasio =Y (L) A0, A=Y (L) a0 @)
n=1 n=1
where the coefficient ftz(n)(e) depends on € and Agn) = ﬁgn)(e =0).
The LO coefficients fl(l)(e) and A" are obtained by inserting the LO expression

7 7

w; 1,0(k;€) of eq. (2.13) in egs. (2.22)—(2.24), and we get

AD(e)=Cicle), AW =Ci=a", (2.27)

where c(e) is given in eq. (2.14). We note that flgrl)l(e) is completely independent of the
specific form of the function F(k2./m2) in eq. (2.24) (we recall that F(k%/m%) = 1 at kp =
mr). This independence simply follows from the fact that the lowest-order contribution
to wj(k;€) is proportional to 6(k?) = §(m% — k2). Therefore, all the d-dimensional soft
effective couplings that we are considering are exactly equal at the LO. The € dependence of
flgl) (€) in eq. (2.27) is due to c(e) and it is entirely of kinematical origin, since it arises from
the d-dimensional phase space of the total soft momentum k. In the four-dimensional case,
the coefficient Agl) is simply equal to the Casimir charge C; of the radiating hard parton .

The computation of the d-dimensional couplings fli(as;e) at NLO is presented in
section 3. We anticipate that, in the physical four-dimensional space time, the NLO soft
coupling Ar; is also completely independent of the specific function F. Therefore, all
the four-dimensional soft couplings A; defined through egs. (2.22)—(2.24) are equal to the
CMW coupling ASMW up to O(ad), and we have

AR = AP (2.28)
where
1 2 1
A2):*CZ'K:§C¢ [(?;—2) CA—QOTRTLF] . (2'29)

The origin of the NLO equality of the four-dimensional soft effective couplings is discussed
in sections 3 and 4.

3 Perturbative results

The NLO probability density w; n1,0 receives contributions from soft single-gluon emission
at the one-loop level and from the soft emission of two gluons and a quark-antiquark pair.
The corresponding soft-current factors in eq. (2.20) can be found in refs. [40, 43]. We can



cast them in the following form:

c(2e mcos(me 2 (pq - €
|Ji(k)‘%NLO):—Ots(,u%) [2(02( %C ( )( (HR(pl p2) ) _'_ﬁo

Ain2(ne) \ 2001 -B) 0 B) = | 7k, (3:1)

W (k1 k) oy = (Amas (i) % S Y2 Ci Jyu(ky + ko) I (ky, ko) Ty (K1 + ks) (3.2)
W9 (k1 k) Loy = (4mas(uy) pEST1)? CaCy

X [ = Ty + ko) T (e ki) J, (e + ) + 28 (ko) | (3.3)

where J#(k) is proportional to the LO current,

n n
> P by
Th(k) = — : 3.4
(k) " (3.4)
and we have defined
v _ Tr i W1y | VLB
I (k17k2)_ 2(*9 kl'k2+klk2+klk2)7 (35)
(k1-k2)
_ 1
Hw(khka):—W(—49W<k1'k2)+(1—6)%]?5"’(1—5)]“5%)7 (3.6)
s (p1-p2)* ( ) (p1-p2) 2
Sk ka) = — N
(k1. ko) 2(p1-k)(p2-k) \(p1-k1)(p2-k1)  (p1-k1)(p2-k2) k2 (p1-k1)(p2-k2)

 (prp2)  ((proka)(p2-ke) = (p1-k2) (P2 k1))
2k2(p1-k)(p2-k)  (p1-k1)(p2-k2)(p1-k2)(p2-k1)

with k = k1 + ko.
While the phase space integration for the single-gluon emission at one loop is elemen-

—|—(k1 <—>k‘2), (37)

tary, similar to the case of w; 1,0, in the contributions arising from the emission of two soft
partons we need to carry out an additional integration over ki and ks at fixed k = k1 + ko.
These integrals have been computed in ref. [47] in the context of the evaluation of the soft
contributions to heavy-quark production. In the following we highlight the main steps of
their computation.

We start from the gq contribution. Since we want to integrate at fixed k = k1 + ko,
the factors J, (k1 + k2) can be trivially integrated by using the delta function

[ 0) R S R ko) oy ® by k) (38)
(27)d-1 (2m)d (LO)
ety s € B prey
and we only need to compute the following quantity
P = [T 85 (8 (kO (k) (89)

The tensor F'*” depends only on k, and in addition satisfies k,k, F'*” = 0. This
implies that its structure is F* (k) = C(—g" + k*k¥/k?), with C being a constant to
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be determined. We can extract the value of C', for instance, from the computation of
guwF* (k). We find

oo TR -k~
T3 —e)l6l—crz—c

We now consider the integration of the double-gluon current. The procedure to com-

(3.10)

pute the integral of the first term is identical to the one we just described, the only difference
being the structure of the tensor II*” with respect to II*. By following the same steps, it
can be proven that its contribution to w; nr,o can be simply obtained by replacing

11 — 7e

i o (3.11)

nFTR — —CA

in the ¢q result. The replacement in eq. (3.11) also includes the symmetry factor 1/2 in
eq. (2.20), due to the emission of two identical gluons.

The last remaining contribution in the double-gluon soft current is the one proportional
to S (k1,k2). We proceed by integrating over k; against the momentum conservation delta
function. Then, we consider the rest frame of k and integrate the energy component and
the modulus of the (d — 1) spacial components against the two remaining delta functions.
In this way, we are left only with angular integrals. By following the procedure described

above, we arrive to the intermediate expression,

A g2y DT @y — k) S ) — 3.12
(2m)d1 +( 1)W +(k3) 6 (k — k1 — k) Sk, k2) = (3.12)
—11/243e€ 2 —l—€(p . 200 . 200 .
__7 - (k%) (P1-p2) Q_M Qﬁ_QMQﬁ‘FQQIO ’
641=T(53—¢) (p1-k)(p2-k) (p1-k)(p2-k) (p1-k)(p2-k)
where the angular integrals Qi are defined as
i T s,d—3 gsind74¢

OF :/ de/ d I , 3.13
Z’J 0 0 ¢ (1 — cos0)i(1 + cos x cos 6 + sin x sin 6 cos )7 ’ (3.13)

with 2
cosy =1-— (P1 - p2) (3.14)

(p1-Kk)(p2- k)

The results for the required angular integrals can be found for instance in ref. [48].
After putting together all the pieces whose calculation was described above, we arrive

to the following d-dimensional result:

wiNLo(ki€) = C; (M%>26 cl2e) <aS(M2R)>2 (3.15)

K

k’% T
([ () s oo,y

(1 —€)2T(1 — 2¢)
el'(4 — 2¢)

(1- t)—l—etZ—l—e L0y 2m (1— t)—1—25t2+26

—((12 = 9¢)Cy — 4Tgnye) sin(7e)

Fi(1,1;2 1—1) —
62 i te ) 1—c¢

2
+CA L 2F1(1,1;25;1t)} (1t)—€t2+5}7
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where we have introduced the dimensionless variable ¢, which is defined as
t = k3 /m2, 0<t<1. (3.16)

The expression in eq. (3.15) is apparently singular: there are explicit poles of the dimen-
sional regularisation parameter €, plus there are endpoint divergences at ¢ = 1 for which
keeping the expression in d-dimensions seems necessary for their regularisation. However,
this is not the case, and we can make a more direct connection to the d = 4 result by ex-

—1—ae

panding the factors (1 —1t) in terms of plus distributions and rearranging the different

terms. We arrive to the following result

2

1B\ e20) (as(id)\’
w; NLo (K5 €) = Cj (lﬁ) ! <TFR> 21 (wio + wkio) (3.17)
T T

b .
where w{; o and wyxy,o are given by

67CA - QOTRHF - (44CA - 16TRT7,F) €

wlio = 56 =390 =20 5(1—1t) (3.18)
110,4 - 4TRnF - (7CA - 4TR”F> € —1—e¢
+C4(1 —1t)°¢ <1+62F1(1,1;2+6;1—t)— 1;25(1,1;2—6;1—@) ,

—4Tgrn c(e 2\ 7°
wipo = 0(1 —t) <(HCA 6€4TR g (1 B C((QE)) <Z%> ) + 620Af(€)) (3.19)

207 (g 10-07 - 10 =07 )|

with f being a function of € defined as

T E mE 2 7T4
flo =+ (2 _ cos(n e)()) _ L o). (3.20)

€ ~ sin(me) sin? (7 €)

In order to take the d — 4 limit, we can directly replace ¢ = 0 in wg; 5. The expression
of w%LO still has explicit poles in ¢, though it is straightforward to show upon expansion
that it is also finite in the € — 0 limit.

Using our result in eq. (3.17) for w; npo(k; €), we can compute the soft-gluon effective
coupling at order a%. We consider the generalised definition in eq. (2.24). It is possible
to obtain compact results for the functional form F(k2/m%) = (kr/mr)?, which corre-
sponds to the definition of ﬁTJ- and flo,i for p =0 and p = 1, respectively, and it smoothly
interpolates between them for p € (0,1). The integrals over k% and m3 in eq. (2.24)
can be performed in a relatively straightforward way (one of them is trivial due to the
presence of the delta function). The most complicated terms are those containing hyper-
geometric functions in eq. (3.18), and the computation is more easily carried out by using
an integral representation of 9 F7 and exchanging the order of integration, thus leading to
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hypergeometric functions of the type sF>. We obtain the following result:

ﬁgz()t):tp,i(e) — CZ{—C(E)(HC{L;GZITRHF)—1—6(26)‘2(6’1)) [CA(li@’Yf)ZE)TTIEZZ)(le)] (321)
Cac(2¢)g(ep)rp(e) Cac(2e) | (me)*cos(me)  (me)g(2¢,p/2)
+ 2(1—2pe) T 2¢2 sin?(re) * sin(e) —2g(e,p)] }’
with
rp(e) = 12_|_63F2(1,1,1—6;2—2p6,2—|—6;1)—11_63F2(1,1,1—€;2—2p6,2—€;1), (3.22)
g(e,p) = F(l_;)(f(_lg;z)_m). (3.23)

Its € expansion up to O(€?) is

101 117° 7(3 14 72
CA( o7 144 (1—|—4p) >+2TRnF (—27+72(1+4p)

ARy i(0=4P 1eC;

607 677> 11¢5 4
2
cle 142p)— =22 (7T—6p+12 21—31p+20
+e A<81 516 (1+2p) == ( +12p*)— 360( p+ p))
82 5
+2TRnF< 81+%( +2p)+ C3(7 6p-+12p ))h@(ef”). (3.24)

The results in egs. (3.21) and (3.24) for the particular cases p = 0 and p = 1 were anticipated
in ref. [22].

4 Properties of the generalised soft effective coupling

In this section we discuss some general features of the soft-gluon effective coupling.

We consider the generalised effective coupling in eq. (2.24). The scale p of the effective
coupling is specified through the function F(¢) with ¢ = k% /m?%. The function F(¢) is a
smooth function of ¢ in the interval 0 < ¢ < 1, with the following behaviour at the endpoints
t =0,1. In the limit ¢ — 0 we have tIn" F(¢) — 0 for any positive integer n = 1,2,..., so
that the integrand in the right-hand side of eq. (2.24) is integrable in the highly off-shell
region where mry > kr. In the limit ¢ — 1 (i.e., in the on-shell limit k2 — 0) we have
F(t) — F(1), where F(1) is a finite (non-vanishing) constant value. The finite value of F(1)
is a consequence of the fact that in the on-shell region we have kr = mp and, therefore, in
this region there is basically only a single scale (modulo its overall normalisation) that can
be used to define the effective coupling through the integration of the probability density
w;(k;€). Actually, even the overall normalisation of the scale has a trivial effect on the
effective coupling, since from eq. (2.24) we have

Arilas(p?);€) = Azrayilas (P F(1)se). (4.1)

Therefore, as already mentioned below eq. (2.24), in the following we limit ourselves to
considering the case with F(1) = 1 (the more general case with F(1) # 1 can be simply
recovered through the replacements F(t) — F(t)/F(1), u? — u?F(1)).
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The generalised soft effective coupling is obtained through eq. (2.24) by integrating the
probability density w;(k;e). We introduce the rescaled density w;(k;€), which is defined as
follows 1

w;(k;e) = 5 mp w;(k;e). (4.2)

The function w;(k; €) is dimensionless, and it depends on the renormalisation scale pp of ag
and on the scales k7 and mp. We find it convenient to specify the perturbative expansion
of w;(k; €) in the following form:

~ ~ ) & (asB)\" )
Wi(kye) = Api(as(kT);e) 6(1—t) + > E— (@i (t;e)], (4.3)
n=2

where ﬁrm is the effective coupling in eq. (2.22), and [@(") (t;€)] . is the plus-distribution
over t of the function @™ (;€).

The structure of eq. (4.3) can be easily explained. To introduce the perturbative expan-
sion in eq. (4.3) we have first set ur = k7 in the scale of ag. Then the corresponding pertur-
bative coefficients are dimensionless and depend on the variables ¢t and €. As we know from
the explicit LO and NLO computations of w;(k;e) (see sections 2 and 3), the ¢t dependence
of these perturbative coefficients includes singular distributions such as §(1 — t) and plus-
distributions of singular functions at t = 1 (e.g., [(1—t)"'In*(1—#)]4). In eq. (4.3) the t de-
pendence is entirely expressed in terms of §(1—t) and plus-distributions of generic functions
@gﬂnl) (t; €), which are not necessarily singular functions of ¢ in the limit ¢ — 1. We note that
the series in the right-hand side of eq. (4.3) has n > 2, since the LO term with n = 1 is fully
proportional at §(1 —t). Inserting eqgs. (4.2) and (4.3) in eq. (2.22), we note that the terms
[@(") (t;€)] | give vanishing contributions to the integration over m7 and, consequently, the
factor in front of §(1—t) in eq. (4.3) is (by definition) the effective coupling ﬁTﬂ- of eq. (2.22).

The explicit expression of the NLO function @g Z(t; €) in eq. (4.3) directly follows from
egs. (3.17)—(3.19), and we have

R C; . 11C4 — 4Trnp — (71C4 — 4TRrnp) € o
B (tre) = 5 20t {— 68(2( 5 ) (1—t)"

2 1
+Ca(1—t)"€ (1+ oF1(1,1;24¢1—1t) — _62F1(1,1;2—6;1—t)>

+20, - (1—t) ( T t6(1—t)6—1>}. (4.4)

sin(7e)

In particular, in the four-dimensional case we have

_ G

1
{—(110,4 — 4TR’I7,F) +Cyln

: (4.5)

7
(1—)2]"
The perturbative representation in eq. (4.3) can be used to obtain a general master

formula that relates soft effective couplings that are specified by different scale functions
F(t). Inserting eqs. (4.2) and (4.3) in eq. (2.24), we straightforwardly obtain

Azilas ()i e) = Aralas(n zﬂn [ dt a2 7 (0) - 0] @80 (40
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Then, considering eq. (4.6) for two different functions Fi(t) and Fa(t), we equivalently
obtain

~ ~ I 1
Aralas(?)i0) = Az ias() ) = 3 = [t [od(F1(0) — a3 D (t50).
n=2

(4.7)
We note that the coupling ag(k%) in eq. (4.3) becomes the t-dependent function ag(u?F(t))
after its insertion in eq. (2.24). Then, the action of the plus-distribution of @5? Z) (t;€) leads
to the subtraction term [af (12 F(t)) — aZ(u2F(1))] (we recall that we set F(1) = 1) in the
right-hand side of eq. (4.6).

The master formula in eq. (4.6) (or, equivalently, eq. (4.7)) gives a relation between
the soft effective couplings. In particular, the difference between the soft effective couplings
is directly controlled by the difference of the QCD coupling ag at the scales that specify
the effective couplings. This implies that the difference in the soft effective couplings has
basically an UV origin from the running behaviour of ag. This feature is somehow expected
since the soft effective coupling is IR/collinear safe and dimensionless and, therefore, the
dependence on the corresponding scale momentum function F(k%/m%) can only occur
through the scaling violation due to the scale dependence of ag.

Using eq. (4.6) or (4.7), we can derive important relations between the soft effective
couplings, the cusp anomalous dimension and the CMW coupling. We discuss these rela-
tions in turn.

The cusp anomalous dimension is a relevant quantity that controls the evolution of the
parton distribution functions in the soft limit [24-26], the renormalisation of cusped light-
like Wilson line operators [27] and the IR divergences of QCD scattering amplitudes [10, 28—
31]. The cusp anomalous dimension A;(ag) can be expressed as a power series expansion
in ag in the following form:

2 (os\" 4
Afas) =3 (%) A, (4.8)
n=1

and it is presently known up to O(ad) [33, 34]. We recall that up to O(a3) the cusp
anomalous dimension is equal to the CMW coupling [3]. Beyond O(a3), Ai(as) is not
directly related to physical observables, since it refers to IR or UV divergent quantities
and, in particular, it is related to MS-scheme factorisation of IR and UV divergences in
the context of dimensional regularisation in d = 4 — 2¢ space-time dimensions.

Using eq. (4.6) and the results of ref. [22], we obtain the following all-order relation
between the cusp anomalous dimension and the d-dimensional soft effective coupling:

Arilas; € = Blag)) = Ai(as) - (4.9)

In this relation the d-dimensional soft effective coupling is evaluated at the conformal point
e = f(ag), where the d-dimensional QCD [-function f(ag) — € vanishes. The relation in
eq. (4.9) implies that all soft effective couplings are equal at the conformal point € = 5(ag)
and, moreover, they are equal to the cusp anomalous dimension. The relation (4.9) is not
specific of QCD, and it also applies to other gauge theories. In particular, in the case of
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N = 4 maximally supersymmetric Yang-Mills theory we have S(ag) = 0 and, therefore,
the cusp anomalous dimension coincides with the physical (four-dimensional) soft effective
coupling: Ar(ag) = A(ag).

The equality between A;(ag) and the two effective couplings ﬁT,i and flw was first
pointed out in ref. [22]. Therefore eq. (4.9) generalises this result by adding that all the
soft effective couplings are equal at the conformal point. The conformal-point equality of
the soft effective couplings is a straightforward consequence of eq. (4.7). Indeed, setting
¢ = B(ag), the d-dimensional QCD coupling ag(¢?) does not depend on the scale x and,
consequently, the difference [af(u2F(t)) — al(u?Fo(t))] in the right-hand side of eq. (4.7)
vanishes.

In the right-hand side of egs. (4.6) or (4.7) we can express the d-dimensional QCD
coupling ag(p2F) in terms of ag(u?) and F, and we can obtain the difference between the
soft effective couplings order-by-order in perturbation theory.

At O(ad) we find the following relation between the perturbative coefficients flg_%)l of
the effective couplings:

AR ()~ A2 = [t [Fe) ™ - Ra0) ) a0

= 26/01dt In {28

@gz(t e=0)+ 0O(?), (4.10)

where @5? 2 is explicitly given in egs. (4.4) and (4.5). We note that the difference in eq. (4.10)

is of O(€) and, therefore, all the physical (four-dimensional) soft effective couplings are equal
up to O(ad) (the equality at O(as) follows from eq. (2.27)), as anticipated in egs. (2.28)
and (2.29). We recall that Ag,% 2 [21, 22] and Aéi-) [22] are equal to the second-order coeffi-
cient of the CMW coupling and, consequently, the remarkable F independence of /l(;)l is
consistent with the universality of the CMW coupling [3].

Expanding eq. (4.7) up to O(a?) we can directly relate the perturbative coefficients
Ag’)z of the four-dimensional soft effective couplings. We find

fQ(t)
Fi1 (t)

1
AD AP =2np, /0 dt In { B (te=0). (4.11)

We note that the difference between the effective couplings Ax; at O(ag) is proportional
to the first-order coefficient Sy of the QCD pS-function. In particular, eq. (4.11) shows how
this third-order difference can be computed from the knowledge of the probability density
w(k;e) at O(ad) (i.e., without knowing w(k;e) at O(ag)). The third-order coefficients Ag?’z
and A(()i-) are known from refs. [21, 22] and [22], respectively. Using these third-order results
and the simple t-integral in eq. (4.11), one can straightforwardly evaluate Ag’)i for various
scale momentum functions F(¢). For instance, considering the function F (t) = tP (as in

(2)

section 3) and the expression of Wy ; in eq. (4.5), we obtain

(3) (3) ! ~(2) m? 2
.A]::tm —Ap; = —2mbop /0 dt Int wTﬂ-(t; e=0)= —gp (m6p)” C; . (4.12)

i
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Setting p = 1 in eq. (4.12) we recover the difference (.Ag? — Ag 2) that was first computed

in ref. [22]. In the case of generic values of p, eq. (4.12) is a new result. We note that the
difference in eq. (4.12) is proportional to 42 (rather than simply to By as in eq. (4.11)): such
proportionality is ‘accidental’ since it is due to the fact that the integral fol dt Int @5? Z(t; €=
0) turns out to be proportional to S.

In four space-time dimensions the difference [af(u?F) — aZ(u?)] is proportional to the
coefficients of 5(ag). Therefore, eq. (4.7) shows that, in general, the difference ‘Ag?l),i —A%)ﬂ-
with n > 4 is proportional to the coefficients Gy, 51, -+ , Bn_3.

5 All-order expressions in the large-np limit

In this section, we present results for the probability density w; and the soft coupling A Fi
in the large-ng limit np > 1. In this framework, it is possible to obtain compact results
at any order n in the ag expansion and to sum them to get expressions valid at all orders.

Only two different structures contribute to this limit at fixed perturbative order: those
coming from the renormalisation of ag and those arising from multiple quark-bubble in-
sertions to the quark-antiquark soft current. Within the renormalisation procedure of ag
only the contributions that depend on Sy are relevant in the large-ng limit. The resulting
series of terms with an increasing number of powers of 3y can be summed at all orders as a
geometric series, leading to a factor (1 + ﬁ(()nF)aS/e)_l, where BénF) = —Tgrnp/(3m) is the
np-dependent part of the coefficient 8y. The contribution coming from the sum of bubble
insertions into the gluon propagator is also a geometric series at the amplitude level, since
only quark loops contribute in this limit. We find

-1

o , (nr) 2\ €
Z wi,N"LO(k; 6)’ = 2016(6) % (1 + BOﬁO&S) (g?) {6(1 - t) (51)
T

- 4
n—=0 ngp>1 k'T

_ sin(me) 1%\ (1—t>—1—6

where we have defined:

(nr) -1
h(ag,€) = —F2(2 —9)_ 7™ as (1 + ﬁ()ozs) c(€)2Trnp . (5.2)

I'(4 — 2¢) sin(me) = €

The last factor in the second term of eq. (5.1) comes from squaring the (complex) geometric
sum that contributes at the amplitude level. It can be rewritten in a more convenient way
as follows

S . _ 2Cic(e) as B N (iR
Z w27NnLO(k, 6)‘ = k%—‘ ? (1 + Eas> (k% 5(1 — t) (53)

n=0 ne>1
€ -1
2 1 , u? 1—t\"°¢
— —1 1-— ime [ R T .
1—t7rm{< h(as,€) e (k:%) ( - ) > ]}
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We note that in egs. (5.1) and (5.3) for the probability density w;, the strong coupling ag is
always evaluated at the arbitrary renormalisation scale pr. For compactness, this explicit
dependence is omitted and we simply write ag(u%) = as.

We now compute the soft-gluon effective coupling at large np, based on the result in
eq. (5.3). We start by considering a generic function F(¢) and we apply the definition of
the soft coupling (eq. (2.24)) to each term of the geometric series present in the second
term of eq. (5.3). After some simplification and explicitly taking the imaginary part, we
arrive to the following result:

> (%) Azl

n>1

ag/m sin(mme)
= Ciel) T Tas g Tos, i {1 + ) < (5.4)

m>1

O[S’ / dt —(1+m)e pme (1 - t)1m€> }

where the first term in the curly bracket arises from the §(1 — ¢) term in eq. (5.3) and

TLF>>1]

we have used F(1) = 1, while the remaining terms in the sum are the ones coming from
the second term in the bracket of eq. (5.3). In the equation above, as well as in the
following results for the soft-gluon effective coupling, ag is evaluated at the scale u given
by u? = k%/F(k%/m2). This dependence is left implicit for compactness, and we simply
write ag(u?) = ag.

Considering explicit forms for the function F(t), the expression in eq. (5.4) can be
further worked out. For the particular case F(t) = tP, the integral over ¢ can be performed
in a closed form and we find

> [(%) B, ] = Ot oL 3 s, 0"

n>1 d m>0
o LA+ me( —p) — pe)
T'(1+me)L(1—p(l+m)e)

In the p = 0 case the series in eq. (5.5) can be explicitly summed to obtain

Z KO;'S)RJE%(E)‘TLF»J N % Caele) (1 + OfT;gnF k(€)> , >0

n>1

where the function k(e€) takes the form

3 9eE(1— (14 e)T%(1—¢) 28 2
ko) = 5 (32002 —2¢) (15 20) +O(e), (5.7)

and the coefficients in the expansion are given by

~ n—1
AN =Ciee) (—g TRnF) kO™, 1. (5.8)

np>1
We note that starting from eq. (5.6) it is possible to take the conformal limit by setting
= —ag BénF ) and we obtain the following all-order result
_ Cias (4 + 20565
np>1 T 6T(1— OZSB(”F )T(1 +asﬁé”F))F2(2 +asﬁ(()nF))

)

(5.9)

Ari(ag;e = —Oésﬁo)‘
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which is exactly the all-order expression for the cusp anomalous dimension A4;(ag) in the
large np limit as obtained in ref. [49].

In the case with p = 1, we use eq. (5.5) and we find the following results for the
perturbative coefficients of the soft coupling:

k

~ n n—1n—1 n— 2 . .
A =Ciefo (TR?)‘:> > ( , 1) [_66”EF (2r(4 )1“2(:)+ )

7’LF>>1
I'(1—e¢)

- D(1+ke)D(1—(k+1)e) (5.10)

The equivalence between eq. (5.10) and eq. (5.5) (for p = 1) can be proven by performing
the sum over n in eq. (5.10) and exchanging the order of the k and n sums. Considering
the coupling flo,i to all orders in ag and for generic values of ¢, we are not able to obtain
expressions that are more compact than egs. (5.5) and (5.10).

For e = 0 we can write very compact results for both p = 0 and p = 1. In the case of
Ar; this is trivially obtained by setting e = 0 in eq. (5.6):

as 1
=—Ci| ———— . 5.11
nF>>1:| T ! <1—|—O;S8TRTLF> ( )

()

n>1

In the case of Ag;, we find the following result:

= [(57) 4

3 T 1
] _— Ci | —=— arctan as ~RNE E . (5.12)
np>1 T as Trnp 3 1+ <23Tgrnr

The derivation of eq. (5.12) is rather cumbersome and not particularly enlightening and
therefore, for the sake of brevity, it is not reported here. However, starting from eq. (5.5)
it is rather straightforward, after expanding in ag and ¢, to check the validity of eq. (5.12)
to an arbitrary large power of the strong coupling.

The coefficients of the perturbative expansion of Az; and Ag; can be obtained by
computing the derivatives of egs. (5.11) and (5.12) with respect to ag. After some manip-
ulation, they can be written as follows

5 n—1
AL =Ci (T > : >1. (5.13
o o Trnp n>1. (5.13)
n—1 2 n/2
v —o (-2t ) 1 m) 2Ly [ (3”)] 14
Ao,z S Cz( 9 RNF < + 95 37Tnsm n arctan 3 (5.14)

I
£

5 n=l 5; 3mi\" 3mi\"™
Y = (1) — (14 >1.
(9R”F> 6mK 5) <+5>]’ =
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The first few coefficients of eq. (5.14) read

AN =G (5.15)
A(()?z‘) sl Ci <—g TRnF> ; (5.16)
A =G (-3 TRnF>2 (1 - ?’2”52) , (5.17)
ALY =G (—g TRnF>3 (1 - 9;;) , (5.18)
s (R R

and the results for n < 4 agree with the large-np limit of the corresponding exact result [22].

6 Summary

In this paper we have studied extensions of the soft-gluon effective coupling in the context
of soft-gluon resummation beyond NLL accuracy. Up to NLL accuracy the intensity of soft
radiation is controlled through the CMW coupling [3] and is universal, i.e., the soft coupling
takes the same form in the resummation program for different hard-scattering observables.
Beyond NLL order there is no unique extension of the soft-gluon coupling. Starting from the
probability density w;(k;€) of correlated soft emission, we have introduced an entire class
of soft-gluon effective couplings that are specified by a scale that depends on the transverse
momentum and the transverse mass of the inclusive soft radiation. These couplings are
relevant for resummed QCD calculations of different hard-scattering observables.

We have shown that all these couplings are equal at the conformal point where the
d-dimensional QCD f function vanishes, thereby extending the result of ref. [22]. We have
presented explicit results for the probability density w;(k;€) and the soft couplings at the
second order in the QCD coupling ag in d space-time dimensions. We have also shown
that at this perturbative order all the soft couplings are equal to the CMW coupling in
the physical four-dimensional space-time. In d = 4 dimensions, we have derived an explicit
relation between the soft couplings at O(ag). This relation and the O(ag) results for
Ar; [21, 22] and Ag,; [22] directly give the O(ad) result for any soft coupling of the class
that we considered in this paper.

Finally, we have computed the all-order structure of the probability density wj;(k, €)
in the large-np limit and we have presented explicit results for the soft couplings Ar ;(as)
and A i(as) at large np to all perturbative orders. We have also shown that, as expected,
our large-nr results at the conformal point are consistent with the known structure of the
cusp anomalous dimension [49].
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