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Abstract

Mathematics plays a significant role in many study programs. However, several
studies show deficiencies and a decline in beginning undergraduates’ skills in math-
ematics in many content domains. However, it remains unclear whether they have
improved in so-called process competencies like modeling, mathematical reasoning,
or using different representations instead, because there has been a shift towards the
acquisition of such in many recent curricula. We investigated this issue at a univer-
sity in Germany based on data from a (non-standardized) mathematics entry test
taken by 3076 economics students divided into different cohorts from 2012 to 2019.
Using regression analyses, we found that, on the one hand, students’ ability to carry
out symbolic calculations decreased. On the other hand, their performance increased
in some test questions focusing on other process competencies like reasoning, math-
ematizing, or using different representations, which have become common tasks at
school due to a stronger emphasis on these process competencies after a curriculum
reform. Our data indicate that this reform might have had the desired effect.
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Introduction

Mathematics is central in many study programs like engineering, the natural sci-
ences, and economics. Therefore, beginning undergraduates should have a solid
qualification in mathematics at the end of secondary school. However, there is some
evidence that this is often not the case (Bingolbali & Monaghan, 2008; Cook &
Fukawa-Connelly, 2016; Durandt et al., 2022; Galbraith & Haines, 2000; Jankvist
& Niss, 2020; Kempen & Biehler, 2019; Kendal & Stacey, 2003; Lithner, 2000;
Moore, 1994; Mullis et al., 1998; Trigueros & Ursini, 2003). What has been inves-
tigated much less often are changes in students’ mathematical qualifications at the
entry to tertiary education. This issue is crucial for an evaluation of school curricu-
lum reforms, which have been initiated as a response to students’ poor performance
in mathematics in many countries, for instance, the USA, Great Britain, Ireland, and
Germany (Hodds et al., 2020; KMK [Conference of the ministers of education of
Germany], 2003, 2012; National Council of Teachers of Mathematics, 2000; Treacy
& Faulkner, 2015). These reforms aimed at shifting the focus away from mathe-
matical procedures students should be able to carry out correctly to competencies
they should possess at the end of secondary education (Boesen et al., 2018). Besides
content-specific skills, these competencies especially cover general mathematical
processes like modeling, mathematical reasoning, problem-solving, using different
representations, or communication (see, e.g., KMK [Conference of the ministers of
education of Germany], 2012; National Council of Teachers of Mathematics, 2000).

There only exist some empirical studies that explicitly focused on changes in stu-
dents’ mathematical skills at the entry into tertiary education (Faulkner et al., 2010;
Gill et al., 2010; Hodds et al., 2020; Hunt & Lawson, 1996; Lawson, 1997, 2003;
Treacy & Faulkner, 2015; Treacy et al., 2016). Many report a decline in students’
overall or content-specific mathematical skills. However, the test questions used
in these studies primarily focused on calculation procedures. So maybe, students
have improved in mathematical processes like mathematical reasoning or modeling
instead? We did not find a study investigating this issue thus far, although this is
particularly important considering the school curriculum reforms mentioned above.
The study we present here attempts to fill this gap.

Theoretical Background

Literature Review and Embedding of the Research

Students’ Skills in Mathematics at the Beginning of Tertiary Education

Several studies point out that many students have gaps in mathematical knowledge

and skills at the end of secondary school or when entering tertiary education.
Firstly, many studies show problems in students’ mastery of certain mathematical

content. These often indicate that although students can carry out mathematical pro-
cedures correctly, they do not understand the underlying concepts. This particularly
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applies to fundamental concepts of calculus like the derivative (Bingolbali & Mona-
ghan, 2008; Mullis et al., 1998), but also basic algebraic concepts such as the con-
cept of variable (Trigueros & Ursini, 2003) or basic concepts of statistics like mean,
median, or standard deviation (Cook & Fukawa-Connelly, 2016).

Furthermore, several studies indicate that many students have difficulties in math-
ematical processes like modeling, mathematical reasoning, or using different repre-
sentations at the end of secondary education. First, some studies indicate deficien-
cies in modeling (Durandt et al., 2022; Ikeda & Stephens, 1998; Jankvist & Niss,
2020). Jankvist and Niss (2020), for example, investigated Danish students’ difficul-
ties with modeling. They administered six modeling tasks to 315 students at upper
secondary schools. Many of these failed to solve the problems administered, for
example, because they could not adequately mathematize the situations given in the
tasks or could not work with a model set up if numbers needed for this work were
not given precisely. Altogether, the students had issues in many different stages of
the modeling process.

Another mathematical process many students have not mastered at the end of sec-
ondary school is mathematical reasoning (Kempen & Biehler, 2019; Lithner, 2000;
Moore, 1994). Kempen and Biehler (2019), for instance, found that many students
of a first-semester course considered an empirical verification with examples as a
suitable method for mathematical reasoning. Hence, they had an insufficient idea
about what kinds of arguments are acceptable for mathematical reasoning. Further-
more, Lithner (2000) found in a study on students’ reasoning when solving mathe-
matical problems that these based their reasoning rather on remembered procedures
than on the mathematical components involved in the problems.

Concerning the use of different representations of mathematical objects, studies
indicate that beginning undergraduates particularly have problems with switching
between different representations, for example, between different representations of
the function concept (Galbraith & Haines, 2000). Also, correctly interpreting data
from diagrams is a hurdle for many students at the end of secondary school, as it is,
for instance, suggested by the published items of the TIMMS study (Mullis et al.,
1998).

Overall, the literature suggests that although many beginning undergraduates can
carry out routine procedures correctly, they often have an insufficient understand-
ing of the underlying mathematical concepts. Furthermore, they have deficiencies in
important mathematical processes like modeling, mathematical reasoning, or using
different representations of mathematical objects or phenomena.

Changes in Students’ Mathematical Skills at the Beginning of Tertiary Education

Fewer studies focused on changes in students’ mathematical skills at the begin-
ning of tertiary education. We essentially found two essential chains of studies: one
conducted in England at Coventry University (Hodds et al., 2020; Hunt & Law-
son, 1996; Lawson, 1997, 2003) and one in Ireland at the University of Limerick
(Faulkner et al., 2010; Gill et al., 2010; Treacy & Faulkner, 2015; Treacy et al.,
2016).
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The first of these studies was conducted at Coventry University in England
between 1991 and 1995 and focused on changes in the mathematical skills of low-
performing students (Hunt & Lawson, 1996). It was based on a mathematics diag-
nostic test developed by the BP Mathematics Centre—a support facility for under-
graduate engineers at this university. The test has been administered to science and
engineering students at the beginning of their study program since 1991. The test
consisted of 50 multiple-choice questions covering seven topics: basic arithmetic,
basic algebra, lines and curves, triangles, further algebra, trigonometric functions,
and calculus. Hunt and Lawson (1996) compared the test results of students with
the grades D (one grade above minimum standard), E (minimum standard), and N
(nearly passed) in their mathematics A-level from the years 1991, 1993, and 1995.
They found that the average score decreased between 1991 and 1995 for all top-
ics in all groups (with one exception in the topic “triangles”). Many of the score
differences between the different cohorts were significant. Hence, the data suggest
that there was a decline in students’ mathematical skills in many content domains.
Similar results are also documented in Lawson (1997) and Lawson (2003), compar-
ing the results of the same test between 1991 and 1997 as well as between 1991 and
2003.

The last study conducted at Coventry University was published recently (Hodds
et al., 2020). This study focused on changes in students’ performance in the test
mentioned above from 2001 to 2017. Hodds et al. primarily investigated whether
changes in the A-level mathematics curriculum since 2001 (e.g. the introduction
of a modular system) might have affected students’ performance. They then found
that the number of students who had taken an A-level in mathematics had grown in
the period observed and that the average score in the diagnostic test increased from
2001 to 2017 among these students, also for low-achieving students with the grades
D or E. However, their scores remained lower than those in 1991, and the gap to stu-
dents with high grades in their A-level has increased since 2001. Furthermore, the
heterogeneity has grown. Nevertheless, the study shows an overall improvement in
students’ mathematics entry skills from 2001 to 2017.

The second chain of studies investigating changes in students’ mathematical skills
at their entry to higher education was conducted at the University of Limerick in Ire-
land (Faulkner et al., 2010; Gill et al., 2010; Treacy & Faulkner, 2015; Treacy et al.,
2016). These studies were based on a mathematics diagnostic entry test designed by
a mathematics education professor at this university in 1997 (Faulkner et al., 2010).
It consisted of 40 open questions (38 calculation questions and two questions ask-
ing to sketch the graphs of the functions y = 3x + 2 and y = x> + 2). Since 1998,
all first-year Technological and Science students have been required to take this test
in their first lecture without warning. Faulkner et al. (2010) found that the average
score decreased significantly between 1998 and 2008. However, in contrast to the
findings by Hunt and Lawson (1996) or Lawson (2003), the average performance
remained the same for students with the same grade in mathematics on their school
leaving certificate.

The other two studies at the University of Limerick cover later years (Treacy
& Faulkner, 2015; Treacy et al., 2016). Treacy and Faulkner (2015) investigated
the overall performance from 2003 to 2013. Again, the average score decreased
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significantly—now even among students with the same grade on their school leaving
certificate. Furthermore, Treacy and Faulkner (2015) recognized that the number
of students “at risk” (the ones who mostly answered 18 of 40 questions correctly)
increased substantially. Treacy et al. (2016) then focused on students’ performance
in the different content sections of the test—arithmetic, algebra, geometry, calculus,
and modeling (only one question)—from 2008 to 2014. They found that the average
score of students with grades C and D decreased significantly in all topics except for
modeling in this period. Students with grade B even improved in modeling signifi-
cantly. Since a curriculum reform in Ireland in 2014 emphasized using mathemat-
ics in contexts, these data did not only show that the mathematical skills of low-
performing students declined, but also indicate that the curriculum reform might
have had a positive effect on students’ modeling skills. However, these conclusions
remain speculative since the test had only one modeling question, and the data con-
tained only one cohort who had completed school with the new curriculum.

Overall, the studies described above, except Hodds et al. (2020), indicate that
students’ mathematical skills at entry to university have been declining within the
last decades—overall and in different content domains. However, the question arises
whether students have improved in mathematical processes like modeling or math-
ematical reasoning, particularly because recent curricula often foster these. The
studies presented above cannot answer this question because the items in the tests
used were almost solely calculation questions (Faulkner et al., 2010; Hunt & Law-
son, 1996). Therefore, we collected data from a university mathematics entry test
between 2012 and 2019 whose items also addressed mathematical processes like
reasoning, mathematizing, or using different representations. We analyzed the data
from a competency perspective to find a first answer to the research question:

To what extent have students’ mathematical competencies at entry to tertiary
education changed within the last decade?

Theoretical Framework of Our Study

Traditionally, curricula have been based on lists of topics students should mas-
ter—for example in Barry and Steele (1993) for engineering students. This mas-
tery especially covered the ability to carry out procedures related to these topics
and to understand the underlying mathematical concepts, including the relations
between these. Hiebert and Lefevre (1986) call these two issues procedural and
conceptual knowledge. However, Freudenthal (1973) already pointed out that
mathematics is not just a body of knowledge but also an activity, and that the
activity of creating mathematical knowledge should also be part of mathemat-
ics education (pp. 114). Seizing this idea, Torner and Grigutsch (1994), who
researched students’ views on mathematics, distinguished between two different
“philosophies of mathematics”: mathematics as a static system and mathemat-
ics as a process. In the former, mathematics is a (finalized) system of axioms,
definitions, and theorems providing procedures for dealing with specific tasks.
In mathematics as a process, the focus does not lie on “applying” definitions or
theorems but on (re)inventing these based on questions and problems. Torner
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and Grigutsch (1994) especially highlighted the following activities as fundamen-
tal in mathematics as a process: exploring, modeling, problem-solving, conjecturing,
and reasoning.

One framework that used the abovementioned ideas when describing what it might
mean to have mastered mathematics was developed in the Danish KOM project
(Niss, 2003; Niss & Hgjgaard, 2019). In this project, a committee of mathematicians,
mathematics teachers, and researchers aimed to answer this question (due to practi-
cal educational problems occurring in Denmark at that time). Their work provided a
framework that gave a theoretical description of what it might mean to have mastered
mathematics—independently from the specific mathematical subject matter and edu-
cational levels (Niss & Hgjgaard, 2019).

They based their framework on the notion of competence, which they originally
defined as follows (Niss, 2003, p. 6):

To possess a competence (to be competent) in some domain of personal, profes-
sional or social life is to master (to a fair degree, modulo the conditions and
circumstances) essential aspects of life in that domain.

Since competence in a field cannot be realized independently from human beings
and is more like a property of a human being that can be put to use in certain situa-
tions, Niss and Hgjgaard (2019) later adapted their definition of competence as fol-
lows (p. 12):

Competence is someone’s insightful readiness to act appropriately in response
to the challenges of given situations.

As the phrase “to act” indicates, this definition is oriented towards actions—
including mental actions. But the individuum can also consciously decide to refrain
from any action, which Niss and Hgjgaard highlighted with the word “readiness.”
Second, they emphasized that readiness refers to the individual’s cognitive prerequi-
sites only, and not to its dispositional, affective, or volitional traits. This is, of course,
questionable, and several other researchers and institutions view the latter also as an
essential part of mathematical competence (Niss et al., 2016). However, since we
especially wanted to investigate whether students improved in mathematical processes
like reasoning, modeling, or using different representations that were all included in
the framework by Niss and Hgjgaard (2019) explicitly, we nevertheless consider their
focus on cognitive aspects of competence as suitable for our research.

Following their general definition of competence, Niss and Hgjgaard (2019) then
defined mathematical competence as follows (p. 12):

Mathematical competence is someone’s insightful readiness to act appropri-
ately in response to all kinds of mathematical challenges pertaining to given
situations.

They specified that “act appropriately” particularly involves several components:
knowing, understanding, doing, using, and judging mathematics (p. 12). They fur-
thermore emphasized that factual knowledge and technical skills are an essential
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part of mathematical competence, but that mathematical competence cannot be
reduced to these issues.

The committee of the KOM project then identified eight mathematical competencies
that they considered “major constituents” of mathematical competence. In the follow-
ing, we will summarize these shortly; due to limited space, we do not present precise
definitions from Niss and Hgjgaard (2019).

1. Mathematical thinking competency: It involves being able to relate to and to pose
typical questions that are characteristic of mathematics (examples: Does there
exist? How many? Does the inverse implication hold as well? If an object has
property A, does it then need to have property B as well?), and to relate to the
answers one might expect to such questions. It further involves distinguishing
between different types of mathematical statements (definitions, if-then claims,
existence claims, conjectures, and so on) and reflecting on the role of the quantifi-
ers in these statements. Finally, it involves reflecting on the scope of mathematical
concepts or terms and reflecting on and proposing abstractions of mathematical
concepts.

2. Mathematical problem handling competency: It involves posing and solving different
kinds of problems for which a standard procedure is unknown, and analyzing solutions
to such problems.

3. Mathematical modeling competency: It involves using mathematics to answer extra-
mathematical questions, particularly constructing mathematical models and critically
analyzing and evaluating mathematical models proposed.

4. Mathematical reasoning competency: It involves analyzing and producing mathemati-
cal arguments (also at an informal level) to justify mathematical claims.

5. Mathematical representation competency: It consists of the ability to interpret and
move between different representations (e.g. verbal, material, symbolic, graphical) of
mathematical objects, phenomena, relationships, and processes.

6. Mathematical symbols and formalism competency: It involves successfully handling
mathematical symbols and expressions (including the construction and decoding of
such).

7. Mathematical communication competency: It includes communicating mathematics
in different styles, registers, and at different levels.

8. Mathematical aids and tools competency: It involves dealing with material aids and
tools for mathematical activity. This covers physical instruments as well as technical
tools.

These competencies are meant to be distinct, i.e. each competency has a well-
defined identity but is not disjoint (Niss & Hgjgaard, 2019). They form the theo-
retical basis for our research, as we especially aimed at finding out whether stu-
dents have improved in these mathematical process competencies within the last
decade.
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Methodology

To investigate possible changes in students’ mathematical competencies at
the beginning of tertiary education within the last decade, we used data from
a mathematics entry test conducted at the beginning of each winter semester
from 2012 until 2019 at a midsized university in Germany. We analyzed this
data from the competency perspective just described—also to evaluate a pos-
sible effect of a curriculum reform in Germany that shifted the focus away from
mathematical procedures students should be able to carry out towards the acqui-
sition of the competencies mentioned above (KMK [Conference of the ministers
of education of Germany], 2003, 2012). For this,

1. We developed a classification scheme for the test tasks based on the theoretical
competency framework mentioned above,

2. Classified the tasks according to the competencies addressed in them,

Clustered the tasks according to the core competency addressed, and

4. Carried out regression analyses which included the time as an independent vari-
able.

et

Participants

We gathered data from 3254 beginning undergraduates in economics at a mid-
sized university in Germany from 2012 to 2019 who had not taken the introduc-
tory mathematics course of the economics study program yet. The sample cov-
ered about 90% of all students enrolled in the program in that period. Of these
3254 students, only 178 needed to be excluded due to missing data. The remain-
ing 3076 students represented a relatively broad spectrum of students that enter
university in Germany, as only 57% of these had acquired the “Abitur”—the
German general university entrance certificate. The remaining proportion has
been admitted to the study program with the so-called Fachhochschulreife (FOS)
—a certificate that usually only admits to universities of applied sciences but
may also admit students to some programs at university. Such “FOS-students”
are required to take fewer courses of standard school subjects like mathematics
in grades 11 and 12 (but have other subjects like economics instead), and the
corresponding schools have a more application-oriented focus.

As already said, the curriculum had been reformed within the last decade
towards the acquisition of the aforementioned mathematical competencies. Since
in Germany, it is not the central government but the governments of different
regions (“Bundeslidnder”’) who have the responsibility for the school curricula,
there is no uniquely determined point at which all of our participants have been
exposed to a new curriculum. Nevertheless, one can assume that all students
in our later cohorts have been taught according to such a competency-focused
curriculum.
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Instruments and Data Collection

We investigated students’ competency changes using a paper and pencil test. The
test was designed by the teacher of the mathematics course for economics students
at the university of our participants and by a mathematics education researcher from
the same university. It has remained the same since 2012 and consisted of 30 items
that covered the following content areas: arithmetic, algebra, functions, and calcu-
lus. The tasks mainly focused on skills the teacher considered as essential for suc-
cess in his course “Mathematics for economics students”, but also included tasks
addressing mathematical processes like mathematizing, reasoning, or using differ-
ent representations of mathematical objects (Laging, 2021). Four sample tasks are
shown in Fig. 1. Task 11, for instance, requires a mathematization of the situation,
task 25 requires switching between different representations, and task 30 requires
mathematical reasoning. Furthermore, the last two tasks in Fig. 1 can be considered
as problems for which no standard procedure has been taught. Nevertheless, all tasks
are solvable based on the knowledge covered at school.

Furthermore, we gathered information on our participants’ socio-demographic
backgrounds. In a questionnaire accompanying the test, we asked them about sev-
eral socio-demographic characteristics that had been shown to impact students’
performance in our test (Laging & VoBkamp, 2017). These were: gender, optional
participation in a 2-week mathematics preparatory course before the semester
offered by the staff of the introductory mathematics course of the economics study
program, the years between the high school degree and the start of the study, and

11) Anton and Paul earn the same monthly salary. Paul has fixed costs of 600€ per month, but apart
from that spends only half of the money Anton spends. How much money can Anton spend, so that
he will spend just as much as Paul?

Your result:

12) Solve the following quadratic equation: (x — 2)% — 2 = —1.

Your result:

25) Sketch the graph of a continuous function with the domain D = R that has the following
properties:
f(0)=1,f'(0)=0,f"(1) <0,and f"'(x) # 0.

Yy

30) Justify why the following claim is true:
“The sum of two odd natural numbers always yields an even natural number.”

7

Fig. 1 Sample tasks of the mathematics entry test
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the type of entrance certificate that admitted our participants to the study program.
Especially the entrance certificate type and participation in the preparatory course
have been identified as strong predictors of test performance in previous research
(Biichele, 2020; Laging & VoBkamp, 2017). In addition, we asked for the year of
study because some of our participants took the introductory mathematics course of
the economics study program not in the first but a higher semester.

For data collection, our participants have been required to take the test just
described as a mathematics entry test (paper and pencil), and to complete the ques-
tionnaire at the beginning of their introductory mathematics course “Mathematics
for economics students” each winter semester since 2012. They had about 90 min
to solve the test and complete the questionnaire. Data were raised anonymously and
within the university’s ethical standards.

Data Analysis

Classification of the Tasks According to the Competencies Addressed

Development of a Competency Classification Scheme We developed a classification
scheme based on our theoretical framework to analyze the test tasks according to the
competencies addressed in them. Since the tasks often addressed more than one com-
petency, we developed a level-categorization scheme with four levels for each com-
petency (from O to 3). Similar to PISA (Organization for Economic Cooperation and
Development [OECD], 2018), these levels were meant to indicate the demand of a
task. But since we wanted to classify the demand in relation to the different competen-
cies of our framework, we did not use a general construct of cognitive demand as in
PISA that describes a task’s overall demand (OECD, 2018). Instead, we decided to
develop a level scheme that should show for each competency the extent to which it is
required to master the task—comparable to what Turner et al. (2015) did for the com-
petency framework used in PISA 2012.

The development of the classification scheme covered several steps to ensure that the
classification would be as objective as possible:

1. Initial formulation of the competency levels and the corresponding coding rules
based on the precise definitions of the different competencies by Niss and Hgjgaard
(2019),

2. Initial classification of the tasks by the two authors and a mathematics education
student,

3. Discussion of difficulties experienced during this initial classification (e.g. if level
descriptions were not precise enough to allow a distinct classification) and further
specification of the coding rules,

4. Completion of the initial classification of the tasks,

5. Discussion about systematic code differences and final adaption of the coding rules.
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The resulting final classification scheme and final coding rules are shown in
Fig. 2 (we omit the description for the mathematical aids and tool competency
because no aids have been allowed in the test).

This scheme needs four specifying remarks regarding the coding, which
resulted from discussions about problems occurring during the initial classifica-

tion of the tasks:

e Like Boesen et al. (2018), we coded the competencies addressed in the tasks
based on what was required in the intended solutions (we also discussed the

Mathematical
thinking

None of the activities
relating to “generic
questions in
mathematics” from the
competency definition
by Niss and Hgjgaard
(2019) is necessary.
The task is solvable
with a standard
procedure taught at
school, and the kind of
task commonly occurs
at school, e.g., in
textbooks.
The task is a pure
mathematical task.

One of the activities
mentioned in the
competency definition by
Niss and Hgjgaard (2019) is
necessary at one point of
the solution.

The task is solvable with a
standard procedure taught
at school, but the kind of
task is not a common
exercise at school.

Mathematical
problem-
handling

Mathematical
modeling

The task requires the
mathematization of a
context situation, and
maybe an interpretation of
the result in the context.
The task explicitly requires
students to produce one

Mathematical
reasoning

No reasoning is
necessary for solving

the problem. mathematical argument
or to check one given
mathematical argument.
WETLENENTEIMN The task does not The task requires the use
(IS eI require the use of of one representation
competency representations mentioned in the
mentioned in the definition of the
definition of the competency aside from
competency aside from mathematical symbols.

mathematical symbols.
The task does not

require the handling of
mathematical
expressions on the
symbolic level.

Mathematical
symbols and
formalism
competency

The task just requires
using basic elementary
arithmetic operations on
mathematical terms,
plugging in values,
differentiating with the
power rule, or asks
students to solve a linear
equation.

The task does also require
a calculation by the
students that illustrates
how the result was
obtained.

Mathematical
communication
competency

The task requires only
a number, a single
word, or a short word
group as the result.

One of the activities
mentioned in the
competency definition by
Niss and Hgjgaard (2019) is
necessary at several points
of the solution.

The intended solution
requires at least one step
that is not covered by

standard procedures taught

at school.

Besides the demands of
level 1, modelling
assumptions need to be
made.

The task requires students
to produce or check
multiple arguments, but
not to construct/checka
whole chain of arguments.

The task requires the use of

multiple of the
representations from the
definition of the
competency aside from
mathematical symbols.

The task requires using
more advanced operations
(roots, exponentiation with
exponents & N, logarithms,
factorization), or asks
students to solve a
quadratic equation.

The students are required
to present a verbal or
pictorial explanation that
explains how the result was
obtained.

Fig. 2 Classification scheme for the competencies addressed in the tasks

Competency _tevelo ________Jtevels ___________Jlevel2 ____________Jlevel3 |

Several of the activities
mentioned in the
competency definition
by Niss and Hgjgaard
(2019) are necessary in
the solution.

A solution to a problem
for which no standard
procedure has been
taught at school has to
be evaluated.

The students are
required to run through
the whole modelling
cycle.

The task requires
students to construct/
check a complete chain
of arguments.

The task requires an
evaluation of
representations of
mathematical objects,
phenomena, processes,
and relationships.

The task requires
handling mathematical
expressions with more
complex rules, or asks
students to solve more
complex equations or
even inequalities on the
symbolic level.

The students are
required to explain how
they obtained the result
in different genres,
styles, or registers, or at
different levels.
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intended solutions with the instructor of our participants’ introductory mathe-
matics course).

e Concerning the mathematical thinking competency: The competency level for
each task was decided according to whether the students were required to pose,
answer, or reflect on the “generic questions in mathematics” mentioned in the
competency definition, like “How many?” or “Does there exist?” by themselves.
The level was assigned to O if an answer to such a question was already given in
the task as in “Show that the two graphs have no intersection point”.

e Concerning the mathematical problem-handling competency: According to Niss
and Hgjgaard (2019), this competency only refers to inner-mathematical situ-
ations. Therefore, we decided the level of this competency for word problems
requiring a mathematization by considering the inner-mathematical steps of the
intended solution only.

e Concerning the mathematical representation competency: Unlike in the defini-
tion by Niss and Hgjgaard (2019), we only regarded the usage of representations
aside from mathematical symbols as part of this competency so that it discrimi-
nates from the mathematical symbols and formalism competency.

Final Coding and Reliability Analysis After we had developed the final coding
scheme, we (the two authors) waited some time and then classified the tasks anew
with the final coding scheme. We then checked the interrater reliability with Cohen’s
Kappa (Table 1). The values are all above 0.6 and can therefore be considered good
(Landis & Koch, 1977).

Assignment of a Core Competency to Each Task of the Tests We then assigned a
“core competency” to each task by choosing the competency with the highest mean
of the two codes. If this mean was equal for two competencies, we chose the one
that we considered crucial to master the largest hurdle in the task. Task 11 from
Fig. 1, for instance, is such a “border example.” It requires setting up and working
with linear equations (level 1 of the modeling and level 1 of the symbol and formal-
ism competency, see Fig. 2). However, since handling linear equations is practiced
extensively at school while setting up such is not, we judged the mathematizing step
as more critical, and finally assigned the task to the modeling competency. Another

Table 1 Interrater reliability of

the coding Competency Kappa
Mathematical thinking 0.783
Mathematical problem-handling 0.723
Mathematical modeling 1.000
Mathematical reasoning 0.691
Mathematical representation competency 0.682
Mathematical symbols and formalism competency 0.859
Mathematical communication competency 0.783
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example that had equal values for two competencies was task 25 from Fig. 1. It
addresses problem-solving and switching representations. Although this is not a
standard task at school and hence also addresses problem-solving, the idea of using
the geometric interpretation of the derivative in such a graphical task involving the
derivative is rather apparent. The crucial hurdle is then to translate the symbolic
information about the derivative given onto the graphic level correctly. We therefore
assigned this task to the representation competency.

The final core competencies and the corresponding levels are shown in Table 2—
values with a decimal result from different ratings between the two authors.

This table especially shows two crucial issues. First, tasks focusing on the math-
ematical symbols and formalism competency were overrepresented in the test,
because the test mainly focused on skills the course teacher considered as essential
for success in his course. This is a significant limitation of the test instrument. But
Table 2 shows as well that the test also contained several tasks with modeling as the
core competency and several tasks focusing on the use of mathematical representa-
tions aside from mathematical symbols.

Aggregation of the Tasks in Competency Clusters Finally, we clustered the items
with the same core competency. Since the test only contained few items with the
core competencies “Mathematical problem-handling,” “Mathematical reasoning,”
and “Mathematical communication,” we did not create separate clusters for these
competencies. Instead, since the tasks with these core competencies addressed at
least three competencies with a level higher than 0 and were the only ones that did
so, we clustered these four tasks (6, 20, 23, 30) together as “tasks addressing multi-
ple process competencies” for our further analysis.

Analysis of the socio-demographic characteristics

Coding of the Socio-demographic Variables The coding scheme for the socio-demo-
graphic data collected is shown in Table 3.

Analysis of the Socio-demographic Characteristics Table 4 gives an overview of
the socio-demographic characteristics in our sample—overall and in the different
cohorts. These variables had been identified to affect students’ test performance in
previous research (see section “Instrument and Data Collection”). Since they vary
between the different cohorts and do not coincide with the values of all students in
Germany, it was necessary to control them in our subsequent trend analysis so that
the results would be less biased.

Statistical Approach for Investigating Trends
To investigate whether students’ competencies have changed within the period

observed, we carried out a regression analysis with the total test score as the
dependent variable and the time and the socio-demographic control variables B,

@ Springer



2338 S. Biichele, F. Feudel

Table2 Core competencies of the different tasks and corresponding levels

Task Core competency addressed Level of core
competency (mean
rating)

1 Mathematical symbols and formalism competency 1

2 Mathematical symbols and formalism competency 1

3 Mathematical modeling 1

4 Mathematical symbols and formalism competency 2

5 Mathematical symbols and formalism competency 2

6 Mathematical problem-handling 1.5

7 Mathematical symbols and formalism competency 2

8 Mathematical symbols and formalism competency 2

9 Mathematical modeling 1

10 Mathematical symbols and formalism competency 2

11 Mathematical modeling 1

12 Mathematical symbols and formalism competency 2

13 Mathematical modeling 1

14 Mathematical symbols and formalism competency 3

15 Mathematical symbols and formalism competency 1

16 Mathematical symbols and formalism competency 2

17 Mathematical symbols and formalism competency 1

18 Mathematical representation competency 0.5

19 Mathematical representation competency 1

20 Mathematical reasoning 2.5

21 Mathematical representation competency 1

22 Mathematical representation competency 1

23 Mathematical communication competency 2

24 Mathematical modeling 1

25 Mathematical representation competency 1.5

26 Mathematical symbols and formalism competency 2

27 Mathematical symbols and formalism competency 3

28 Mathematical representation competency 1

29 Mathematical symbols and formalism competency 3

30 Mathematical reasoning 3

to B, from Table 3 as independent variables. This led to the following regression
model in Stata:

) 7
Y = constant + o * time + ijl P *Bj+e )
Y is the score achieved, « is the estimator for the trend, f, to f; are the estima-

tors for the given control variables B, to B, and € is an error term. To counter het-
eroscedasticity, we estimated a model with robust standard errors. The variable
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Table 3 Coding of the socio-demographic data gathered

Code Variable Description and codes used

Bl Gender Male =0; female=1

B2  Preparatory course participation No=0; yes=1

B3 Education gap Years between high school degree and the start of the
study

B4  Higher education entrance qualification General university entrance certificate = 1; certificate for
universities of applied sciences =0

B5 High school GPA Higher =better, excellent=4; sufficient=1

B6  Math grade in sec. school Average math grade in secondary school, higher =better,
excellent=>5; non-sufficient=1

B7  Year of study From “first-year” =1 to “third year or higher” =3

Table 4 Means/shares of the socio-demographic variables over the cohorts

Variable Overall Cohort

2012 2013 2014 2015 2016 2017 2018 2019

Gender 0.48 051 048 0.50 046 047 044 047 046
Preparatory course participation 0.49 048 054 044 059 057 040 047 043
Education gap 1.89 212 1.85 192 200 1.67 192 1.80 1.80
Higher education entrance qualification 0.57 0.50 0.55 057 063 0.60 0.55 0.60 0.54
High school GPA 2.47 255 255 251 244 239 246 248 240
Math grade in secondary school 3.35 341 337 338 326 331 341 335 330
Year of study 1.19 .19 1.17 115 116 122 1.19 120 1.22
N 3076 404 347 419 378 429 362 382 355

“time” was coded as 1 to 8 (1 for the 2012 cohort and 8 for the 2019 cohort). We
determined several trends this way:

1. The trend in students’ overall test performance,
The trends in students’ mathematical competencies on the level of the above-
defined competency clusters,

3. The trends in students’ performance on the level of individual tasks

In a final step, we also included interaction effects of the grade in mathematics and

the higher education entrance certificate type into the regression to control for skill dif-
ferences over time.
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Results

In this section, we will present the results of our trend analyses, which are structured
as follows:

1. The trends in the students’ overall test performance and the different competency
clusters

2. Interaction effects of grade and type of entrance certificate with these trends

3. The trends in students’ performance in the individual tasks

Trends in the Overall Test Performance and the Different Competency Clusters

Table 5 provides the trend analysis results for the overall test performance and
the competency clusters defined above.

The trend analysis reveals a slightly negative but insignificant trend for the
overall test performance. The numbers in Table 5 can be interpreted as follows.
The trend coefficient « means that the students performed on average 0.031 points
worse each year. Hence, the students in 2019 performed on average 0.248 points
lower than those in 2012. The fraction Mz;z;gl > equals —0.036, which can be inter-
preted as a 3.6% lower average score on the test in 2019 compared to 2012. This
is only a slight decline. The results of the different competency clusters show a
significant negative trend for using symbols and mathematical formalism. Stu-
dents’ ability in this competency decreased by about 12% between 2012 and
2019. Concerning the tasks focusing on modeling and using representations aside
from symbols, slightly positive but non-significant trends could be observed. This
indicates that the curriculum reform in Germany that shifted the focus toward
acquiring these competencies only had a small positive effect. A reason might be
that the tasks focusing on modeling only assessed level 1 of the modeling com-
petency (see Table 2), i.e. they at most required a mathematization of a context
given and maybe an interpretation of the result, but not the use of actual mod-
eling assumptions. Such tasks are also called word problems (Jankvist & Niss,
2020). Furthermore, concerning modeling, the score achieved in 2019 lowered
the overall trend. In 2019, the students reached a mean score in modeling of 1.08,
while the score rose slightly to 1.19 in 2018. Excluding this last cohort from the

Table 5 Results of the trend analysis concerning the overall test and the different competency clusters,
sk
p<0.05

Dependent variable Trend coefficient @ R? Mean 2012 %
Overall test performance —-0.031 0.28 6.894 —0.036
Mathematical modeling competency 0.003 0.15 1.150 0.021
Mathematical representation competency 0.005 0.19 1476 0.027
Mathematical symbols and formalism competency — —0.040%* 0.20 2.619 —-0.122
Tasks addressing multiple process competencies 0.000 022 1.649 0.000
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sample would double the trend to about 0.008, but it would remain insignificant.
Nevertheless, the small increasing trends for modeling and representing indicate
a slight compensation for the declining symbolic competencies, resulting in the
non-significant overall test performance trend.

Interaction Effects of Grade and the Type of Higher Education Entrance Certificate

These interaction effects are shown in Table 6. This table abbreviates the type
of higher education entrance certificate with EQ.

While the pooled trend results for the overall test performance and the dif-
ferent competencies of our competency clusters were insignificant, we found
some significant effects for certain parts of the sample. The interaction effect
of trend and grade indicates that students with better mathematics grades at
secondary school were getting even better over time. In other words, the gap
between high- and low-performing students got wider over the last decade.
Concerning modeling, the performance increased significantly (p < 0.01) in the
subsample of students with better grades but decreased significantly (p < 0.01)
for students with a general university entrance certificate. The latter phenom-
enon seems surprising. One explanation might be that students with a school
leaving certificate for universities of applied sciences acquired this at voca-
tional schools with a more application-oriented curriculum. Furthermore, we
see a significant positive trend (p < 0.05) in the mathematical representation
competency for students with higher grades, and vice versa, a decreasing trend
for students with lower grades in mathematics at school. A reason might be that
stronger students might benefit more from a stronger emphasis on tasks requir-
ing the use of different mathematical representations, which are often rather
complex.

Table 6 Results of the Trend Analysis with Interaction Effects, *p <0.1, **p <0.05

Dependent variable Interaction effect Coefficient R?

Overall test performance Trend X grade 0.084%* 0.28
Trend X EQ —-0.052

Mathematical modeling competency Trend X grade 0.019% 0.15
Trend X EQ —0.027*

Mathematical representation competency Trend X grade 0.0317%* 0.20
Trend X EQ —0.016

Mathematical symbols and formalism competency Trend X grade 0.031 0.20
Trend X EQ —0.003

Tasks addressing multiple process competencies Trend X grade —0.001 0.22
Trend X EQ —0.006
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Trends in the Individual Tasks

Unlike the overall test performance and most competencies in our competency
clusters, several significant trends could be observed on the level of individ-
ual tasks. These are shown in Table 7. For the other tasks, the trends were not
significant.

Tasks with a significant negative trend were tasks 1, 2, 4, 5, 8, 10, 12, 13,
16, 19, and 23. These mainly focused on the mathematical symbols and formal-
ism competency (tasks 1, 2, 4, 5, 8, 10, 12, 16). They, for instance, required
students to simplify terms like the double fraction 318 / 2 (task 2), to solve an
equation like the quadratic equation (x — 2)> — 2 = —1 (task 12), or to use powers
and logarithms like determining 10g3$ (task 5). In particular, the decreasing scores
of tasks 4 and 8 (power calculation) and task 5 (logarithm calculation) were about
two times higher than those of tasks 1 (basic term simplification) and 2 (fractions),
which indicates that students heavily lost power and logarithm calculation skills.

However, the tasks in which the students improved significantly (tasks 18, 24, 28,
and 30) were more interesting. All these focused on process competencies aside from
using symbols and mathematical formalism. In task 18, the students were asked to
explain how the graph of f(x) = (x — a)* + b with a,b € R* changes if a is increas-
ing. Hence, it was about the influence of parameters on the graph of a given function
and required switching to its graphical representation (maybe just in mind). Such tasks
on the effect of parameters on the graph of a function are much more typical at school
nowadays—especially in connection with the use of GeoGebra—than they used to be
several years ago (see, e.g., the school textbooks Griesel et al., 2016, versus Griesel
et al., 1999). The same applies to task 28, where the students were asked to differenti-
ate a function on the graphical level. In the third task with a significant improvement

Table 7 Tasks with significant trends in students’ performance, *p <0.1, **p <0.05, ***p <0.01

Dependent variable Trend coefficient a R? Mean 2012 Trend
Mean2012
Task 1 —0.005* 0.02 0.146 —-0.273
Task 2 —0.015%** 0.08 0.609 -0.197
Task 4 —0.008%** 0.04 0.144 —0.444
Task 5 —0.007%** 0.05 0.119 —-0.470
Task 8 —0.005%* 0.05 0.121 -0.331
Task 10 —0.005* 0.09 0.215 —0.186
Task 12 —0.005* 0.09 0.251 —0.159
Task 13 —0.007%%* 0.06 0.249 —-0.225
Task 16 —0.002%* 0.02 0.030 —0.533
Task 18 0.005* 0.07 0.173 0.231
Task 19 —0.005* 0.13 0.507 —0.078
Task 23 —0.005%%* 0.11 0.203 -0.197
Task 24 0.004%* 0.05 0.050 0.640
Task 28 0.012%%%* 0.09 0.207 0.464
Task 30 0.005%** 0.03 0.149 0.268
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(task 24), the students were asked to find the point in time at which an object with
the velocity v = —4¢> + 12¢% has the acceleration 0. This task particularly involves
an interpretation of the derivative as a rate of change of a function—an issue that is
strongly emphasized in the reformed curricula (KMK [Conference of the ministers of
education of Germany], 2012) and that is treated in school textbooks nowadays exten-
sively, for example in Freudigmann et al. (2012). Finally, in task 30, the students were
required to justify why the sum of two odd numbers is always even. This is not a “typi-
cal school task.” An explanation of the increasing performance in this item might be
that argumentation actually plays a more important role in class nowadays than it used
to be formerly. Overall, the trends in the individual tasks particularly suggest that the
students have improved in such tasks that are much more common at school nowadays
than they used to be 10 years ago before the curriculum reform.

Discussion

This section will summarize our results and explain how these extend findings from
previous studies cited in our literature review. Afterward, we will discuss some limi-
tations of our study, yielding some starting points for future research.

Summary of the Results and Contribution to the Field

As mentioned in the section “Theoretical Background,” former research had sug-
gested that students’ mathematical entry skills had been decreasing—overall and in
different content domains (Gill et al., 2010; Hunt & Lawson, 1996; Lawson, 2003;
Treacy & Faulkner, 2015; Treacy et al., 2016). We extended this research as follows:

1. We collected data between 2012 and 2019 from a test whose items also addressed
mathematical processes emphasized in many recent curricula, such as mathema-
tizing, mathematical reasoning, or using different representations of mathematical
objects. We analyzed this data from a competency perspective (Niss & Hgjgaard,
2019).

2. Our study widened the view on the development of students’ mathematical com-
petencies geographically since previous studies focused only on the regions of
Ireland and the UK.

3. We did not just look at changes in the test performance over time. Instead, we
determined trends with a regression, in which we included certain socio-demo-
graphic control variables that might have influenced the cohorts’ test performance
over time (see Table 4) so that the results might be less biased by changes in the
structure of the different cohorts. Furthermore, we included interaction effects of
the grade in mathematics and the higher education entrance certificate type into
the regression to control for subsample skill differences over time.
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We determined these trends for students’ overall test performance, the different
mathematical competencies by Niss and Hgjgaard (2019), and on the level of indi-
vidual tasks.

Concerning the overall test, our study shows just a slight and non-significant
decline in students’ overall test performance over time after controlling the vari-
ables just mentioned (see Table 5). This contrasts with most of the studies referred
to in the section “Theoretical Background” that showed a decline in students’ math-
ematical skills. However, we found a significant negative trend in the test perfor-
mance for students with lower entry grades, which indicates a rising heterogene-
ity among students, as reported in other studies like Hodds et al. (2020) or Treacy
et al. (2016).

Concerning the different mathematical competencies by Niss and Hgjgaard
(2019), our study first showed a significant decline in the mathematical symbol
and formalism competency. This stands in line with other studies like Treacy and
Faulkner (2015) or Lawson (2003), as their tests almost solely consisted of calcula-
tion questions. Hence, our study suggests that this trend is not a specific problem in
the UK and Ireland but might also occur in other West-European countries. How-
ever, our data indicate that this negative trend was slightly compensated by gains
in tasks focusing on other process competencies like modeling or using different
representations—even if these gains were insignificant (see Table 5). This is a first
indication that the curriculum reform emphasizing these mathematical process com-
petencies might have had a small effect.

On the level of individual tasks, our data even show some significant positive
trends. Examples were a task to differentiate a function graphically or a task asking
how the change of the parameter a in the function f(x) = (x — a)’ +b (a,b € RY)
influences its graph—both focusing on a mathematical object’s graphical represen-
tation. Another example was a task requiring an interpretation of the derivative as
a rate of change, which is essential for using the derivative in modeling situations.
These tasks are practiced at school nowadays explicitly due to the given curriculum
reform. This suggests that a change in the type of tasks covered at school might
induce a change in the competencies the students acquire at school, and that cover-
ing tasks focusing on the abovementioned process competencies more extensively at
school in the future might foster the acquisition of such.

Limitations and Outlook

Finally, we want to discuss some limitations and give an ensuing outlook for further
research.

1. Since we could not use an experimental design, the causes for the changes in

students’ competencies remain speculative, for example, whether changes in the
curriculum and the tasks practiced at school caused the trends observed.
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2. Our data only originate from one particular university and one course. Gathering
data from different courses and universities might help determine the generaliz-
able extent of our findings.

3. We looked at mathematical competence only from a cognitive point of view, and
our data cannot show whether students’ attitudes toward mathematics might have
changed. Including further data gathered with suitable questionnaires might be
helpful here.

The most significant limitation is, in our opinion, the test instrument used.
Although the test items addressed different mathematical process competencies,
its emphasis nevertheless lies on the symbolic and formalism competency (see
Table 2) because the test initially focused on skills the course teacher considered as
essential for success in his course (see section “Instruments and Data Collection™).
Hence, the results might differ in a real competency test with tasks designed to
test the acquisition of the different mathematical process competencies—particu-
larly concerning the ones that have not been addressed sufficiently often as a core
competency in our test instrument, such as mathematical reasoning or mathemati-
cal communication.

Besides these limitations, our study gives an important first indication of how stu-
dents’ mathematical process competencies at entry to university might have changed
within the last decade, particularly in the light of the effort put into curriculum
reforms that focused on the acquisition of such.
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