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3 Cospectrality results for signed graphs with two

eigenvalues unequal to ±1

Willem H. Haemers∗

Dept. of Econometrics and O.R., Tilburg University, The Netherlands

Hatice Topcu†

Dept. of Mathematics, Nevşehir Hacı Bektaş Veli University, Türkiye

Abstract

Recently the collection G of all signed graphs for which the adjacency matrix has all but at most two eigenvalues
equal to ±1 has been determined. Here we investigate G for cospectral pairs, and for signed graphs determined
by their spectrum (up to switching). If the order is at most 20, the outcome is presented in a clear table. If the
spectrum is symmetric we find all signed graphs in G determined by their spectrum, and we obtain all signed
graphs cospectral with the bipartite double of the complete graph. In addition we determine all signed graphs
cospectral with the Friendship graph Fℓ, and show that there is no connected signed graph cospectral but not
switching equivalent with Fℓ.

Keywords: signed graph, graph spectrum, spectral characterization, symmetric spectrum, friendship graph.
AMS subject classification: 05C50.

1 Introduction

A signed graph Gσ is a graph G = (V,E) together with a function σ : E → {−1,+1}. So, every edge is either
positive or negative. The graph G is called the underlying graph of Gσ. The adjacency matrix A of Gσ is obtained
from the adjacency matrix of G, by replacing 1 by −1 whenever the corresponding edge is negative. The signed
graph G−σ with adjacency matrix −A is called the negative of Gσ. The spectrum of A is also called the spectrum
of the signed graph Gσ. For a vertex set X ⊂ V , the operation that changes the sign of all edges between X and
V \X is called switching. In terms of the matrix A, switching multiplies the rows and columns of A corresponding
to X by −1. If a signed graph can be switched into an isomorphic copy of another signed graph, the two signed
graphs are called switching isomorphic. Switching isomorphic signed graphs have similar adjacency matrices and
therefore they are cospectral (that is, they have the same spectrum). We define a signed graph Gσ to be determined
by its spectrum up to switching (DSS for short), if every signed graph cospectral with Gσ is switching isomorphic
to Gσ. It is obvious that a signed graph is DSS if and only if its negative is DSS. For more about the spectra of
signed graphs we refer to [1].

Let G be the set of signed graphs with at most two eigenvalues unequal to ±1. All signed graphs in G have been
determined. The unsigned graphs in G were found by Cioabă, Haemers, Vermette and Wong in [3]. The remaining
signed graphs in G were determined by the present authors in [6, 7], and independently, by Wang, Hou and Li in
[8]. If a signed graph Gσ ∈ G has all eigenvalues at least −1, or at most 1, then Gσ or its negative G−σ is switching
isomorphic to the disjoint union of unsigned complete graphs, which is DSS (see [6]). Therefore we restrict to the
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subset G′ of signed graphs in G with one eigenvalue r > 1 and one eigenvalue s < −1. If χ(x) is the characteristic
polynomial of a signed graph Gσ, then Gσ ∈ G′ if and only if

χ(x) = (x2 − ax− b)(x− 1)f (x+ 1)g,

for integers a, b > |a|+1, f and g. Then a = r+s, b = −rs, f+g+2 = n = |V |, and f−g = a (since trace(A) = 0).
We will call (a, b, n) the characteristic triple of Gσ. Thus we have that two signed graphs in G′ are cospectral if and
only if they have the same characteristic triple. Note that G′ (as well as G) is closed under switching, taking the
negative, and the addition or deletion of isolated edges. The signed graphs in G′ are presented in Table 1 in such
a way that each Gσ ∈ G′ can be obtained from a signed graph from Table 1 by switching, taking the negative, or
adding a number of isolated edges. We use O and J for the all-zeros, and the all-ones matrices, respectively; In and
Rn are the identity and the reverse identity matrix of order n (i.e. (Rn)i,j = 1 if i + j = n+ 1 and 0 otherwise).
The last column gives the characteristic triples of the presented signed graphs.

adjacency matrix parameter restrictions characteristic triple

A0 =

[

J − Im J

J −J + Iℓ

]

m ≥ ℓ ≥ 2 ( m− ℓ, 2mℓ−m− ℓ+ 1, m+ ℓ )

A1 =

[

J−Im J

J −R2ℓ

]

m ≥ 1, ℓ ≥ 2 ( m− 2, 2mℓ+m− 1, m+ 2ℓ )

A2 =

[

R2m J

J −R2ℓ

]

m ≥ ℓ ≥ 2 ( 0, 4mℓ+ 1, 2m+ 2ℓ )

A3 =









J−Im 1 1 O

1
⊤ 0 1 −1

⊤

1
⊤ 1 0 1

⊤

O −1 1 Iℓ −J









m ≥ ℓ ≥ 1 ( m− ℓ, (m+ 1)(ℓ+ 1), m+ ℓ+ 2 )

A4 =









J−Im J J O

J Iℓ−J O J

J O R2 O

O J O −R2









m ≥ ℓ ≥ 1 ( m− ℓ, 2mℓ+m+ ℓ+ 1, m+ ℓ+ 4 )

A5 =





J−Im J J

J J−Iℓ O

J O Ik−J



 (m, ℓ) =







(3, 8)
(4, 6)
(6, 5)

, k ≥ 1
( 9− k, 11k + 10, k + 11 )
( 8− k, 11k + 9, k + 10 )
( 9− k, 14k + 10, k + 11 )

A6 =





J−Im J J

J Iℓ−J O

J O R2k



 m ≥ 1, (ℓ, k) =

{

(3, 4)
(4, 3)

( m− 1, 11m+ 2, m+ 11 )
( m− 2, 11m+ 3, m+ 10 )

A7 =





R2m J J

J J−Iℓ O

J O −R2k



 m ≥ 1, (ℓ, k) =

{

(3, 3)
(4, 2)

( 1, 18m + 2, 2m+ 9 )
( 2, 16m + 3, 2m+ 8 )

A8 =









R2 J 1 O

J Im−J 0 J

1
⊤

0
⊤ 0 0

⊤

O J 0 −R4









m ≥ 1 ( 1−m, 6m+ 2, m+ 7 )

A9 =









R2m J J 0

J R2 O 1

J O −R2 0

0
⊤

1
⊤

0
⊤ 0









m ≥ 1 ( 1, 8m+ 2, 2m + 5 )
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A10 =









J−Im J O O

J O J J−Iℓ
O J Im−J O

O J−Iℓ O O









(m, ℓ) =

{

(3, 4)
(4, 3)

( 0, 36, 14 )
( 0, 36, 14 )

A11 =









J−Im J J O

J Im−J O J

J O O J−Iℓ
O J J−Iℓ O









(m, ℓ) =

{

(3, 4)
(4, 3)

( 0, 45, 14 )
( 0, 52, 14 )

A12 =









J−Im J J O

J Iℓ−J O J

J O J−Ik J

O J J Ij−J









(m, ℓ, k, j) =















(4, 4, 4, 4)
(6, 3, 3, 6)
(6, 4, 3, 4)
(6, 6, 3, 3)

( 0, 81, 16 )
( 0, 109, 18 )
(−1, 92, 17)
( 0, 100, 18 )

A13 =









J−Im J O 0

J −R2ℓ J 1

O J I4−J 0

0
⊤

1
⊤

0
⊤ 0









(m, ℓ) =

{

(5, 3)
(6, 2)

( 0, 72, 16 )
( 1, 60, 15 )

A14 =





J−Im J O

J −R2ℓ J

O J −R4



 (m, ℓ) =

{

(5, 3)
(6, 2)

( 1, 62, 15 )
( 2, 51, 14 )

A15 =









J−Im J J O

J Iℓ−J O J

J O R2k J

O J J −R2j









(m, ℓ, k, j) =







(3, 3, 3, 3)
(4, 3, 3, 2)
(4, 4, 2, 2)

( 0, 85, 18 )
( 1, 78, 17 )
( 0, 73, 16 )

A16 =









R2 J J O

J −R2 O J

J O O I3
O J I3 O









( 0, 17, 10 )

A17 =















R2 J J 1 O 0

J −R2 O 0 J 1

J O R2 0 J 0

1
⊤

0
⊤

0
⊤ 0 0

⊤ 0
O J J 0 −R2 0

0
⊤

1
⊤

0
⊤ 0 0

⊤ 0















( 0, 20, 10 )

A18 =









J−Im J 1 O

J −R2ℓ 0 J

1
⊤

0
⊤ 0 0

⊤

O J 0 −R2









(m, ℓ) =

{

(3, 4)
(4, 3)

( 0, 45, 14 )
( 1, 44, 13 )

A19 =













R2 J J 1 O

J Im−J O 0 J

J O R2ℓ 0 J

1
⊤

0
⊤

0
⊤ 0 0

⊤

O J J 0 −R2













(m, ℓ) =

{

(3, 3)
(4, 2)

( 0, 40, 14 )
(−1, 38, 13 )

A20 =

[

J−Im J

J R2ℓ

]

m ≥ 2, ℓ ≥ 2 ( m, 2mℓ−m+ 1, m+ 2ℓ )

A21 =

[

R2m J

J R2ℓ

]

m ≥ ℓ ≥ 2 ( 2, 4mℓ− 1, 2m+ 2ℓ )

A22 =

[

O J−Im
J−Im O

]

m ≥ 3 ( 0, (m− 1)2, 2m )
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A23 =









O O J−I3 J

O O O J−I3
J−I3 O O O

J J−I3 O O









( 0, 16, 12 )

A24 =









0 0
⊤ 1 1

⊤

0 O 1 I4
1 1

⊤ 0 0
⊤

1 I4 0 O









( 0, 9, 10 )

A25 =





J−Im J O

J O J−Iℓ
O J−Iℓ 0



 (m, ℓ) =

{

(3, 5)
(4, 4)

( 1, 32, 13 )
( 2, 27, 12 )

A∞ =

[

J−Im O

O Iℓ−J

]

m ≥ ℓ ≥ 3 ( m− ℓ, (m− 1)(ℓ− 1), m+ ℓ )

Table 1: The signed graphs in G′

Table 1 is obtained by combining the results from [3, 6, 7]. The matrices A1 to A19 are the same as in [7]

(after correction of a typo in the eigenvalues of A7(m, 3, 3)), A0 is a signed complete graph called J̃ in [7], A20

to A25 are the unsigned graphs in G′ obtained in [3], and A∞ is the disjoint union of two complete graphs, one
with all signs positive and one with all signs negative. The original descriptions had some overlap, which we have
removed here. Case (v) of Theorem 1 from [3] has been removed because it is of type A3 with k = 1. Also A20 with
m = 1 is removed because it is switching isomorphic with the negative of A1, and for A0, A2, A3, A4, A21, and A∞

the cases with m < ℓ are removed because they are switching isomorphic to the negatives with m and ℓ interchanged.

The aim of this paper is to find the cospectral signed graphs for every signed graph in G′, and decide which ones
are DSS. However, it turned that there are many cospectral coincidences, which makes a comprehensive discription
too messy to be usefull. Therefore we decided to restrict to the signed graphs in G′ with at most 20 vertices, and
in addition, to pay attention to a number of interesting special cases.

Up to switching, taking the negative and ignoring isolated edges there are almost 600 signed graphs in G′ with
at most 20 vertices. For each of these we indicate if they are DSS and we give all cospectral signed graphs if they
are not DSS; see Section 3.1.

If Gσ ∈ G′ has a characterisic triple (a, b, n) with a = 0, then the spectrum of Gσ is symmetric, which means
that it is invariant under multiplication by −1. Unsigned graphs with symmetric spectrum are bipartite, and
bipartite signed graphs are switching isomorphic to their negatives. This motivated the search for signed graphs
with symmetric spectrum which are not switching isomorphic to their negatives (see [1, 4, 5]). Here, in Section 4
we find many signed graphs with this property including some which are cospectral with a bipartite graph. We also
find all signed graphs in G′ with symmetric spectrum which are DSS, and we determine all signed graphs cospectral
with the bipartite double of the complete graph.

The original motivation for the research of this paper comes from the determination of the unsigned graphs
in G′ [3]. This has led to the spectral characterization of many (unsigned) graphs including the friendship graphs
(consisting of a number of edge-disjoint triangles meeting in one vertex), which had been an open problem for a
number of years. In Section 5 we generalize this result and determine which friendship graphs are DSS.

2 Cospectrality

We start with some infinite families of cospectral signed graphs in G′. The following proposition follows easily from
Table 1. (We use ‘+’ for the disjoint union of two signed graph, and we identify a signed graph with its adjacency
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matrix.)

Proposition 2.1. The following pairs of signed graphs are cospectral, and so are their negatives.
(i) A4(m, ℓ), and A0(m+ 1, ℓ+ 1) +K2 (m, ℓ ≥ 1),
(ii) A∞(m+ 2, ℓ+ 2), and A3(m, ℓ) +K2 (m, ℓ ≥ 1),
(iii) A∞(m,m), and A22(m) (m ≥ 3).

Note that item (iii) is a special case of the more general result that the disjoint union of a signed graph and
its negative is cospectral with its bipartite double. From Proposition 2.1 it follows that none of the signed graphs
A4, A22 and A∞ are DSS. But it was proved in [6] and in [8] that every signed graph with matrix A0 is DSS.
By inspection of Table 1 we can find many other families of cospectral signed graphs in G′. Sometimes cospectral
signed graphs occur within one type of matrix, for example:

Proposition 2.2. The signed graphs A2(m, ℓ)+αK2 and A2(m
′, ℓ′)+α′K2 are cospectral if and only if mℓ = m′ℓ′

and m+ ℓ+ α = m′ + ℓ′ + α′.

This proposition shows that a set of signed graphs in G′ that are mutually cospectral but not switching isomorphic
can have arbitrary large cardinality. Indeed, take for example m = ℓ = 2k, then there are k+1 different choices for
m′ and ℓ′ so the proposition gives k + 1 mutually cospectral signed graphs of order 2 + 22k+1.

For a given signed graph Gσ ∈ G′ with characteristic triple (a, b, n) it is not hard to find all signed graphs
cospectral with Gσ, and thus to decide if Gσ is DSS. We just have to search in Table 1 for characteristic triples
(a′, b′, n′) with a′ = ±a, b′ = b and n′ ≤ n. If n = n′, the corresponding signed graphs (when a = a′) or their
negatives (when a′ = −a) are cospectral with Gσ. If n′ < n we need to add (n − n′)/2 isolated edges. We have
worked this out for all signed graphs with n ≤ 20.

3 The signed graphs in G ′ of order at most 20

We generated the characteristic triples of all signed graphs given in Table 1 with at most 20 vertices. Note that this
includes all cases which are not part of an infinite family. The outcome is presented in Table 2 in the following way:
Each entry consists of a 4-tuple (a, b, n,Ai) consisting of the characteristic triple followed by the corresponding
matrix type. If a < 0 the 4-tuple is replaced by its negative: (−a, b, n,−Ai). If a = 0 and the corresponding
signed graph is not switching isomorphic to its negative we get two 4-tuples: (0, b, n, Ai), and (0, b, n,−Ai) (see
next section for more about the case a = 0). To save space we do not write the values of the parameters. Only
A10(3, 4) and A10(4, 3) give identical 4-tuples: (0, 36, 14, A10); in all other cases the value of the parameters can
easily be deduced. The 4-tuples have been ordered lexicographically. This way all 4-tuples with the same a and
b are clustered together as consequitive entries with nondecreasing orders. In the table the different clusters are
separated by a line. For each signed graph from such a cluster the cospectral signed graphs are easily found. They
correspond to the 4-tuples in that cluster with the same order, together with the ones in that cluster with smaller
order extended with an appropriate number of isolated edges. Thus a signed graph belonging to a 4-tuple from the
table is DSS if it is the first one in the corresponding cluster, and there is no other 4-tuple in that cluster with the
same order. In Table 2 we marked these 4-tuples with a ∗. Thus we have

Theorem 3.1. A signed graph Gσ ∈ G′ of order at most 20 with no isolated edges is DSS if and only if Gσ, or its
negative G−σ corresponds to a 4-tuple in Table 2 marked with a ∗.

Note that a signed graph Gσ ∈ G′ with isolated edges can be DSS. This is the case if Gσ with the isolated edges
removed is DSS, and every other signed graph with the same |a| and b in its characteristic triple has larger order
than Gσ. For example A2(3, 3) + αK2 with characteristic triple (0, 37, 12 + 2α) is DSS if 0 ≤ α ≤ 3.

By inspection of Table 2 we see some interesting sets of mutually cospectral signed graphs. For example there
are eleven characteristic triples (a, b, n) with a = 0, b = 25 and n ∈ {8, 10, 12, 14}. This means that there are eleven
signed graphs with characteristic triple (0, 25, 14) which are mutually cospectral, but not switching isomorphic. We
also see that there are five mutually cospectral signed graphs with triple (0, 25, 10), of which four are connected.

5



∗(0,4,4,A3) (0,29,16,-A1) (0,72,16,A13) ∗(1,12,7,A3) ∗(1,58,19,A9) (2,27,12,A25)

(0,4,6,A22) (0,33,12,A2) (0,72,16,-A13) (1,12,9,A∞) ∗(1,60,15,A13) (2,27,16,A20)

(0,4,6,A∞) (0,33,12,-A2) ∗(0,73,16,A15) (1,12,13,-A1) ∗(1,62,15,A14) ∗(2,31,12,A21)

∗(0,5,4,A0) (0,33,18,A1) (0,73,18,A2) ∗(1,14,7,A1) ∗(1,72,13,A0) (2,31,18,A20)

(0,5,6,A4) (0,33,18,-A1) (0,73,18,-A2) (1,14,9,-A8) (1,72,15,A4) (2,35,12,A1)

(0,8,8,A8) ∗(0,36,12,A3) ∗(0,81,16,A12) (1,14,11,-A6) (1,72,17,A3) (2,35,12,A3)

(0,8,8,-A8) (0,36,14,A10) (0,81,18,A2) (1,14,15,-A1) (1,72,19,A∞) (2,35,12,A7)

(0,9,6,A1) (0,36,14,A10) (0,81,18,-A2) ∗(1,16,17,-A1) ∗(1,74,17,A7) (2,35,12,A21)

(0,9,6,-A1) (0,36,14,A22) (0,81,18,A3) ∗(1,18,7,A0) ∗(1,78,17,A15) (2,35,14,A6)

(0,9,6,A3) (0,36,14,A∞) (0,81,20,A22) (1,18,9,A4) ∗(1,86,17,A5) (2,35,14,A∞)

(0,9,8,A22) ∗(0,37,12,A2) (0,81,20,A∞) (1,18,9,A9) ∗(1,90,19,A3) (2,35,20,A20)

(0,9,8,A∞) (0,37,20,A1) ∗(0,85,14,A0) (1,18,19,-A1) ∗(1,92,17,-A12) ∗(2,39,10,A0)

(0,9,10,A24) (0,37,20,-A1) (0,85,16,A4) (1,20,9,A1) (1,92,19,A7) (2,39,12,A4)

∗(0,13,6,A0) (0,40,14,A19) (0,85,18,A15) (1,20,9,A3) ∗(1,98,15,A0) (2,39,14,A21)

(0,13,8,A1) (0,40,14,-A19) (0,85,20,A2) (1,20,11,A7) (1,98,17,A4) ∗(2,43,14,A1)

(0,13,8,-A1) ∗(0,41,10,A0) (0,85,20,-A2) (1,20,11,A∞) (1,98,19,A5) ∗(2,47,14,A6)

(0,13,8,A4) (0,41,12,A4) (0,97,18,A5) ∗(1,24,13,A6) ∗(1,108,19,-A5) (2,47,14,A21)

(0,13,12,A6) (0,41,14,A2) (0,97,18,-A5) (1,26,11,A1) ∗(1,122,19,A5) (2,47,16,A21)

(0,13,12,-A6) (0,41,14,-A2) (0,97,20,A2) (1,26,11,A9) ∗(1,128,17,A0) ∗(2,48,14,A3)

∗(0,16,8,A3) (0,45,14,A11) (0,97,20,-A2) ∗(1,30,11,A3) (1,128,19,A4) (2,48,16,A∞)

(0,16,10,A22) (0,45,14,A18) ∗(0,100,18,A12) (1,30,13,A∞) ∗(1,162,19,A0) (2,51,14,A7)

(0,16,10,A∞) (0,45,14,-A18) (0,100,20,A3) ∗(1,32,9,A0) ∗(2,7,6,A20) (2,51,14,A14)

(0,16,12,A23) (0,49,14,A2) ∗(0,101,20,A2) (1,32,11,A4) ∗(2,8,6,A3) (2,51,16,A1)

∗(0,17,8,A2) (0,49,14,-A2) ∗(0,109,18,A12) (1,32,13,A1) (2,8,8,A∞) ∗(2,55,18,A21)

(0,17,10,A1) (0,49,14,A3) (0,109,20,A5) (1,32,13,A25) ∗(2,11,6,A0) ∗(2,59,12,A0)

(0,17,10,-A1) (0,49,16,A2) (0,109,20,-A5) ∗(1,34,13,A9) (2,11,8,A4) (2,59,14,A4)

(0,17,10,A16) (0,49,16,-A2) ∗(0,113,16,A0) ∗(1,36,13,A6) (2,11,8,A20) (2,59,16,A21)

∗(0,20,10,A17) (0,49,16,A22) (0,113,18,A4) (1,38,13,A7) (2,15,8,A3) (2,59,18,A1)

(0,21,12,A1) (0,49,16,A∞) (0,136,20,A5) (1,38,13,-A19) (2,15,8,A21) (2,63,16,A3)

(0,21,12,-A1) ∗(0,52,14,A11) (0,136,20,-A5) (1,38,15,A1) (2,15,10,A20) (2,63,16,A21)

∗(0,25,8,A0) (0,57,18,A2) ∗(0,145,18,A0) ∗(1,42,13,A3) (2,15,10,A∞) (2,63,18,A∞)

(0,25,10,A2) (0,57,18,-A2) (0,145,20,A4) (1,42,15,A9) ∗(2,19,8,A1) (2,63,20,A21)

(0,25,10,-A2) ∗(0,61,12,A0) ∗(0,181,20,A0) (1,42,15,A∞) (2,19,10,A7) ∗(2,67,16,A7)

(0,25,10,A3) (0,61,14,A4) ∗(1,4,5,-A1) ∗(1,44,13,A18) (2,19,12,A20) (2,67,20,A1)

(0,25,10,A4) (0,61,16,A2) ∗(1,6,5,A3) (1,44,17,A1) ∗(2,20,10,-A8) ∗(2,71,18,A21)

(0,25,12,A6) (0,61,16,-A2) (1,6,7,-A1) ∗(1,50,11,A0) ∗(2,23,8,A0) ∗(2,75,16,A5)

(0,25,12,-A6) ∗(0,64,16,A3) (1,6,7,A∞) (1,50,13,A4) (2,23,10,A4) ∗(2,79,18,A21)

(0,25,12,A22) (0,64,18,A22) ∗(1,8,5,A0) (1,50,17,A9) (2,23,10,A21) ∗(2,80,18,A3)

(0,25,12,A∞) (0,64,18,A∞) (1,8,7,A4) (1,50,19,A1) (2,23,14,A20) (2,80,20,A∞)

(0,25,14,A1) ∗(0,65,16,A2) (1,8,9,-A1) (1,56,15,A3) ∗(2,24,10,A3) ∗(2,83,14,A0)

(0,25,14,-A1) (0,65,20,A2) ∗(1,10,7,A9) (1,56,15,A7) (2,24,12,A∞) (2,83,16,A4)

(0,29,16,A1) (0,65,20,-A2) (1,10,11,-A1) (1,56,17,A∞) ∗(2,27,10,A1) (2,83,18,A7)

Table 2: quadruples (a, b, n,matrix) with n ≤ 20
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(2,83,20,A21) ∗(3,58,15,A6) ∗(4,60,16,A3) (5,60,15,A4) (6,72,20,A∞) (7,104,17,A0)

∗(2,87,18,A5) ∗(3,64,15,A5) (4,60,18,A∞) ∗(5,62,15,A1) ∗(6,79,18,A6) (7,104,19,A4)

∗(2,95,20,A21) (3,64,17,A1) ∗(4,61,20,A20) ∗(5,66,15,A5) (6,79,20,A20) ∗(7,138,19,A0)

(2,99,20,A3) ∗(3,68,13,A0) (4,65,16,A1) (5,66,17,A3) ∗(6,87,18,A1) ∗(8,20,12,A3)

(2,99,20,A7) (3,68,15,A4) (4,65,16,A5) (5,66,19,A20) ∗(6,91,18,A6) (8,20,14,A∞)

(2,99,20,A21) ∗(3,70,17,A3) ∗(4,69,16,A6) (5,66,19,A∞) (6,91,20,A3) ∗(8,21,12,A5)

∗(2,108,18,A5) (3,70,19,A∞) ∗(4,77,14,A0) ∗(5,68,17,A6) ∗(6,95,16,A0) ∗(8,24,12,A5)

∗(2,111,16,A0) ∗(3,74,19,A1) (4,77,16,A4) ∗(5,76,17,A1) (6,95,18,A4) ∗(8,25,12,A20)

(2,111,18,A4) ∗(3,76,17,A5) (4,77,18,A1) ∗(5,80,17,A6) ∗(6,103,20,A1) ∗(8,29,12,A0)

∗(2,119,20,-A5) ∗(3,88,19,A3) (4,77,18,A3) ∗(5,84,19,A3) ∗(6,127,18,A0) (8,29,14,A4)

∗(2,143,18,A0) ∗(3,94,15,A0) (4,77,20,A∞) ∗(5,86,15,A0) (6,127,20,A4) ∗(8,33,14,A3)

(2,143,20,A4) (3,94,17,A4) ∗(4,80,16,A5) (5,86,17,A4) ∗(6,163,20,A0) (8,33,16,A∞)

∗(2,179,20,A0) (3,94,17,A5) ∗(4,89,20,A1) ∗(5,90,19,A1) ∗(7,18,11,A3) ∗(8,41,14,A20)

(3,10,7,A3) ∗(3,124,17,A0) ∗(4,96,20,A3) ∗(5,116,17,A0) (7,18,13,A∞) ∗(8,48,16,A3)

(3,10,7,A20) (3,124,19,A4) ∗(4,105,16,A0) (5,116,19,A4) ∗(7,20,11,A5) (8,48,18,A∞)

(3,10,9,A∞) ∗(3,158,19,A0) (4,105,18,A4) ∗(5,150,19,A0) ∗(7,22,11,A20) ∗(8,49,14,A1)

∗(3,14,7,A0) ∗(4,12,8,A3) ∗(4,137,18,A0) ∗(6,16,10,A3) ∗(7,26,11,A0) ∗(8,53,14,A0)

(3,14,9,A4) (4,12,10,A∞) (4,137,20,A4) (6,16,12,A∞) (7,26,13,A4) (8,53,16,A4)

∗(3,16,9,A20) ∗(4,13,8,A20) ∗(4,173,20,A0) ∗(6,23,10,A0) ∗(7,30,13,A3) ∗(8,56,16,-A8)

∗(3,18,9,A3) ∗(4,17,8,A0) ∗(5,14,9,A3) (6,23,12,A4) (7,30,15,A∞) ∗(8,57,16,A20)

(3,18,11,A∞) (4,17,10,A4) (5,14,11,A∞) ∗(6,27,12,A3) ∗(7,32,13,A5) ∗(8,65,18,A3)

∗(3,22,11,A20) (4,21,10,A3) ∗(5,16,9,A20) (6,27,14,A∞) ∗(7,36,13,A20) (8,65,20,A∞)

∗(3,24,9,A1) (4,21,10,A20) ∗(5,20,9,A0) (6,31,12,A5) ∗(7,38,13,A5) ∗(8,69,16,A1)

∗(3,26,11,-A8) (4,21,12,A∞) (5,20,11,A4) (6,31,12,A20) ∗(7,44,13,A1) ∗(8,73,18,A20)

∗(3,28,9,A0) ∗(4,29,10,A1) ∗(5,24,11,A3) ∗(6,39,12,A1) (7,44,15,A3) ∗(8,81,16,A0)

(3,28,11,A3) (4,29,12,A20) (5,24,13,A∞) ∗(6,40,14,A3) (7,44,17,A∞) (8,81,18,A4)

(3,28,11,A4) (4,32,12,A3) ∗(5,26,11,A20) (6,40,16,A∞) ∗(7,48,13,A0) ∗(8,84,20,A3)

(3,28,13,A20) (4,32,12,-A8) ∗(5,34,11,A1) ∗(6,43,12,A0) (7,48,15,A4) ∗(8,89,18,A1)

(3,28,13,A∞) (4,32,14,A∞) (5,36,13,A3) (6,43,14,A4) (7,50,15,-A8) (8,89,20,A20)

∗(3,34,11,A1) ∗(4,33,10,A0) (5,36,13,A20) (6,43,14,A5) (7,50,15,A20) ∗(8,101,20,A6)

(3,34,15,A20) (4,33,12,A4) (5,36,15,A∞) (6,43,14,A20) ∗(7,60,17,A3) ∗(8,109,20,A1)

∗(3,40,13,A3) ∗(4,37,14,A20) ∗(5,38,11,A0) ∗(6,44,14,-A8) (7,60,19,A∞) ∗(8,113,18,A0)

(3,40,15,A∞) ∗(4,41,12,A1) (5,38,13,A4) ∗(6,52,14,A5) ∗(7,62,15,A1) (8,113,20,A4)

(3,40,17,A20) ∗(4,45,14,A3) (5,38,13,-A8) ∗(6,55,14,A1) ∗(7,64,17,A20) (8,113,20,A6)

∗(3,44,13,A1) (4,45,16,A20) ∗(5,42,13,A5) (6,55,16,A3) ∗(7,74,15,A1) ∗(8,149,20,A0)

∗(3,46,11,A0) (4,45,16,A∞) ∗(5,46,15,A20) (6,55,16,A20) (7,74,17,A4) ∗(9,22,13,A3)

(3,46,13,A4) ∗(4,53,12,A0) ∗(5,48,13,A1) (6,55,18,A∞) (7,78,19,A3) (9,22,15,A∞)

(3,46,15,A6) (4,53,14,A1) ∗(5,50,15,A3) ∗(6,67,14,A0) (7,78,19,A20) ∗(9,28,13,A20)

(3,46,19,A20) (4,53,14,A4) (5,50,17,A∞) (6,67,16,A4) ∗(7,80,17,A1) ∗(9,32,13,A0)

(3,54,15,A1) (4,53,14,A5) ∗(5,54,15,A5) (6,67,18,A20) ∗(7,90,19,A6) (9,32,15,A4)

(3,54,15,A3) (4,53,18,A20) ∗(5,56,17,A20) ∗(6,71,16,A1) ∗(7,98,19,A1) ∗(9,36,15,A3)

(3,54,17,A∞) ∗(4,57,16,A6) ∗(5,60,13,A0) ∗(6,72,18,A3) ∗(7,102,19,A6) (9,36,17,A∞)

Table 2: quadruples (a, b, n,matrix) with n ≤ 20
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∗(9,46,15,A20) (10,24,16,A∞) ∗(10,91,20,A20) ∗(11,74,19,-A8) ∗(12,85,20,A20) (14,47,20,A4)

∗(9,52,17,A3) ∗(10,31,14,A20) ∗(10,95,18,A0) ∗(11,78,19,A20) ∗(12,97,20,A1) ∗(14,51,20,A3)

(9,52,19,A∞) ∗(10,35,14,A0) ∗(10,95,20,A4) ∗(11,90,19,A1) ∗(12,109,20,A0) ∗(14,71,20,A20)

∗(9,54,15,A1) (10,35,16,A4) ∗(10,107,20,A1) ∗(11,102,19,A0) ∗(13,30,17,A3) ∗(14,79,20,A1)

∗(9,58,15,A0) ∗(10,39,16,A3) ∗(10,131,20,A0) ∗(12,28,16,A3) (13,30,19,A∞) ∗(14,83,20,A0)

(9,58,17,A4) (10,39,18,A∞) ∗(11,26,15,A3) (12,28,18,A∞) ∗(13,40,17,A20) ∗(15,34,19,A3)

∗(9,62,17,-A8) ∗(10,51,16,A20) (11,26,17,A∞) ∗(12,37,16,A20) ∗(13,44,17,A0) ∗(15,46,19,A20)

∗(9,64,17,A20) ∗(10,56,18,A3) ∗(11,34,15,A20) ∗(12,41,16,A0) (13,44,19,A4) ∗(15,50,19,A0)

∗(9,70,19,A3) (10,56,20,A∞) ∗(11,38,15,A0) ∗(12,41,18,A4) ∗(13,48,19,A3) ∗(16,36,20,A3)

∗(9,76,17,A1) ∗(10,59,16,A1) (11,38,17,A4) ∗(12,45,18,A3) ∗(13,66,19,A20) ∗(16,49,20,A20)

∗(9,82,19,A20) ∗(10,63,16,A0) ∗(11,42,17,A3) (12,45,20,A∞) ∗(13,74,19,A1) ∗(16,53,20,A0)

∗(9,88,17,A0) (10,63,18,A4) (11,42,19,A∞) ∗(12,61,18,A20) ∗(13,78,19,A0)

(9,88,19,A4) ∗(10,68,18,-A8) ∗(11,56,17,A20) ∗(12,64,20,A3) ∗(14,32,18,A3)

∗(9,98,19,A1) ∗(10,71,18,A20) ∗(11,60,19,A3) ∗(12,69,18,A1) (14,32,20,A∞)

∗(9,122,19,A0) ∗(10,75,20,A3) ∗(11,64,17,A1) ∗(12,73,18,A0) ∗(14,43,18,A20)

∗(10,24,14,A3) ∗(10,83,18,A1) ∗(11,68,17,A0) ∗(12,80,20,-A8) ∗(14,47,18,A0)

Table 2: quadruples (a, b, n,matrix) with n ≤ 20

4 Spectral symmetry

If a signed graph Gσ in G′ has a characteristic triple (a, b, n) with a = 0, then its spectrum is symmetric, which
means that it is invariant under multiplication by −1. In this case the negative G−σ is cospectral with Gσ. When
G−σ is switching isomorphic to Gσ, we say that the signed graphs are sign-symmetric. The following result follows
by straightforward verification.

Proposition 4.1. A signed graph Gσ ∈ G′ with no isolated edges is sign-symmetric if and only if its spectrum is
symmetric and Gσ nor its negative G−σ is switching isomorphic to one of the following cases: A1, A2 unless m = ℓ,
A5, A6, A8, A13, A18, A19.

Next we determine which signed graphs with symmetric spectrum are DSS. It is clear that signed graphs with
symmetric spectrum which are not sign symmetric, cannot be DSS.

Theorem 4.2. Suppose Gσ is a signed graph in G with a symmetric spectrum and no isolated edges. Then Gσ is
DSS if and only if Gσ or its nagative G−σ is switching isomorphic to one of the following: A0(m,m), A2(m,m)
unless m2 is a triangular number, A3(m,m) unless m = 8, m = 9, or (m + 1)2 is the sum of two consequtive
squares, A11(3, 4), A11(4, 3), A12(4, 4, 4, 4), A12(6, 3, 3, 6), A12(6, 6, 3, 3), A15(4, 4, 2, 2), A17.

Proof. If Gσ has matrix A0(m,m), A4(m,m), A22(m), or A∞(m,m), and if n ≤ 20 the result follows from Propo-
sition 2.1 and Theorem 3.1. Moreover, A1(2, ℓ) and A2(m, ℓ) with m 6= ℓ are not sign symmetric, and therefore not
DSS. Thus we only need to consider A2(m,m), and A3(m,m).

First we look at A2(m,m) with characteristic triple (0, 4m2+1, 4m) = (0, b, 2
√
b− 1). To find the signed graphs

cospectral with A2(m,m) we need to find the characteristic triples (0, b, n), where b − 1 is an even square and
n ≤ 2

√
b− 1. By inspection we only find A0(k, k) when 2k2 − 2k + 1 = 4m2 + 1, that is m2 = k(k − 1)/2. In all

remaining cases A2(m,m) is DSS.
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Next we consider A3(m,m) with characteristic triple (0, (m + 1)2, 2m + 2) = (0, b, 2
√
b). Now we need to find

the characteristic triples (0, b, n), where b is a square and n ≤ 2
√
b. We find A12(4, 4, 4, 4), A12(6, 6, 3, 3), which

correspond to m = 8 and m = 9 respectively, and A0(k, k) when 2k2 − 2k + 1 = (m + 1)2, that is (m + 1)2 =
k2 + (k − 1)2. In all remaining cases A3(m,m) is DSS.

Matrix A22(m) represents the complete bipartite graph Km,m with the edges of a perfect matching removed. It
is also the bipartite double of the complete graph Km denoted by Km × K2. As an unsigned graph Km × K2 is
determined by its spectrum, but when considered as a signed graph this is far from true. Indeed, for every m ≥ 3
A22(m) is cospectral and not switching isomorphic with A∞(m,m), but there is more:

Theorem 4.3. A signed graph Gσ is cospectral with Km×K2 if and only if Gσ is switching isomorphic with one of
the following signed graphs: A∞(m,m), A3(m−2,m−2)+K2, ±A2(k, ℓ)+(m−k− ℓ)K2 when (m−1)2 = 4kℓ+1,
A0(k, k)+(m−k)K2 when (m−1)2 = k2+(k−1)2, A4(k, k)+(m−k−2)K2 when (m−1)2 = k2+(k+1)2, ±A6(4, 3)
when m = 6, A10(3, 4) when m = 7, A10(4, 3) when m = 7, A12(4, 4, 4, 4)+ 2K2 when m = 10, A12(6, 6, 3, 3)+ 2K2

when m = 11.

Proof. The characteristic triple of A22(m) equals (0, (m− 1)2, 2m) = (0, b, 2 + 2
√
b). Thus we need triples (0, b, n)

where b is a square and n ≤ 2 + 2
√
b. By straightforward verification we obtain the described cases.

5 The friendship graph

The friendship graph Fℓ is an unsigned graph that consists of ℓ edge disjoint triangles that meet in one vertex. The
friendship theorem states that Fℓ is the unique graph with the property that every pair of distinct vertices has a
unique common neighbor (for this result neighbors are called friends). It has been proved in [3] that for ℓ 6= 16
there is no unsigned graph cospectral with Fℓ. However, in this section we will see many signed graphs which are
cospectral, but not switching isomorphic with Fℓ.

As a signed graph Fℓ ∈ G (when ℓ ≥ 2). The adjacency matrix is A20(1, ℓ), which is switching isomorphic with
A1(1, ℓ). The chararteristic triple is equal to (1, 2ℓ, 2ℓ+ 1).

Theorem 5.1. There exists a signed graph cospectral but not switching isomorphic with the Friendship graph Fℓ if
and only if ℓ ∈ {12, 18, 30, 39, 54, 60, 75}, ℓ ≡ 1 mod 3, ℓ ≡ 1 mod 4, ℓ is a square, or a triangular number.

Proof. Suppose Gσ is a signed graph of order n with no isolated edges, such that Gσ + αK2 is cospectral with Fℓ

for some α ≥ 0. Then Gσ has characteristic triple (1, 2ℓ, n) with n ≤ 2ℓ+1. From Table 1 we obtain that Gσ must
have one of the following characteristic triples:

(1, 2(m− 1)2, 2m− 1) (1, 6m+ 2, 2m+ 3) (1,m(m+ 1), 2m+ 1) (1, 2(m+ 1)2, 2m+ 3)
(1, 98, 19) (1, 120, 21) (1, 86, 17) (1, 108, 19)
(1, 122, 19) (1, 150, 21) (1, 24, 13) (1, 36, 13)
(1, 18m+ 2, 2m+ 9) (1, 14, 9) (1, 8m+ 2, 2m+ 5) (1, 92, 17)
(1, 60, 15) (1, 62, 15) (1, 78, 17) (1, 44, 13)
(1, 38, 13) (1, 32, 13) (1, (m− 1)(m− 2), 2m− 1).

Such a characteristic triple can be written as (1, 2ℓ, n) for some integer ℓ and n ≤ 2ℓ + 1, if and only if ℓ is as
described above.

We remark that this result also appeared in [8]. Unfortunately there the matrix A1 with m = 3 was overlooked,
and hence the condition ℓ ≡ 1 mod 3 is missing.

In none of the cases of the above proof, the order n is equal to 2ℓ+ 1. Thus we have:

Corollary 5.2. Every signed graph cospectral with Fℓ is switching isomorphic to Fℓ, or disconnected.

In other words, within the class of connected signed graphs every friendship graph is DSS.
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