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Abstract

In this paper, I build a capital accumulation model in which labour has to be alter-
natively employed in the production of goods or in the recruitment of workers. Within
this setting, I show that (i) the intensive measure of capital may converge towards its
stationary value in a non-monotonic manner; (i) Pareto optimal allocations can also be
achieved in a decentralized environment in which the wage is indexed to labour market
tightness; (ii7) the consistency of the wage that implements efficient allocations with the

competitiveness of the market for goods relies on vanishing values of the discount rate.
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1 Introduction

The modern theory of optimal growth with endogenous saving took its first steps in a full-
employment environment (cf. Koopmans, 1965; Cass, 1965, 1966). After the acknowledgment
of the theory of equilibrium unemployment embodied in the Diamond (1982), Mortensen (1982),
and Pissarides (1985) model, however, several scholars introduced labour market frictions in
the form of matching externalities into ‘classical’ models of capital accumulation by aiming at
replicating some crucial business cycles regularities such as real-wage stickiness that frictionless
settings where unable to explain in a satisfactory manner (cf. Merz, 1995; Andolfatto, 1996).

Both from a theoretical and an empirical point of view, the introduction of matching fric-
tions within models of capital accumulation raises a number of intriguing issues that the existing
literature touched only marginally. For instance, whenever employment and its dynamics are
determined by combining the searching efforts of unemployed workers and the recruiting ef-
forts of entrepreneurs, the actual behaviour of the capital-labour ratio — as well as the one of
per capita GDP — is affected not only by saving and consumption decisions, but also by the
effectiveness of labour market activities (cf. Janiak and Wasmer, 2014). Moreover, as it usually
happens in non-Walrasian environments, whenever produced output is the result of a combina-
tion of different production factors, it may be interesting to assess — in a decentralized setting —
how the respective remunerations are determined and whenever they are able to implement the
Pareto optimal allocations that would be chosen by a hypothetical social planner (cf. Masters,
1998). In addition, whenever there are frictions in the labour market we may be interested in
checking whether they spill over into other markets by preventing them to achieve competitive
allocations (cf. Brzustowski et al. 2018).

In this paper, I aim at exploring these issues by developing an analytically-tractable opti-
mal growth model and labour market frictions supplemented by some numerical simulations.
Specifically, drawing on Farmer (2013) and Guerrazzi (2015), I augment the standard setting
a la Ramsey with a matching mechanism that conveys the dynamics of the employed labour
force by assuming that the wasteful recruiting efforts that move jobless workers from home to-
wards production sites are measured in terms of labour instead of produced output (cf. Farmer,
2010; Shimer, 2010). In other words, I assume that there are no vacant jobs so that their cost
does not reduce the flow of new investment that boosts capital accumulation. By contrast,
I suppose that a fraction of the employed workers has to be optimally allocated in recruiting
activities — such as applications’ screening and jobs advertising — that do not directly contribute
to output production.! Within such an analytical proposal, the whole labour input enters the
model economy as an additional state variable vis-a-vis productive capital, whereas its fraction
employed in recruiting activities is modeled as a further control variable that can be set at a
centralized or decentralized level just like households’ consumption. Therefore, the resulting

theoretical framework represents a straightforward reference to model capital accumulation in

IThis hypothesis can be rationalized on the ground that hiring is a labour-intensive activity (cf. Eriksson,
1997; Pissarides, 2000).



a matching environment with equilibrium unemployment.

Within this dynamic setting, I show that productive capital measured along its intensive
margin may converge towards its stationary value in a non-monotonic manner by showing an
initial phase of take-off then followed by a subsequent phase of contraction (cf. Fiaschi and
Lavezzi, 2007; O’Neill, 2012). In addition, allowing employed capital to be paid according to its
net marginal productivity, I show that the Pareto optimal allocations typical of a centralized
economy can also be replicated in a decentralized framework in which the wage is indexed to
the prevailing labour market tightness indicator (cf. Chen et al. 2011; Duval et al. 2022).
Furthermore, I show that the wage that implements efficient allocations is consistent with the
long-run requirements of perfect competition in the market for goods only when the discount
rate of households and firms takes vanishing values as advocated by growth contributions with
an environmental/ethical flavour (cf. Cline, 1992; Stern, 2007).

The theoretical framework developed in this paper and the results associated with it con-
tribute to the existing literature on growth and labour market frictions along several dimensions.
First, since workers allocated in recruiting activities are assumed to be paid as the ones em-
ployed in production, in the present setting recruiting costs are given by a share of the wage
bill and — by this channel — they are fully indexed to the state variables of the model (cf.
Hornstein et al., 2007). Second, among the contributions that explore the puzzling links be-
tween equilibrium unemployment and growth, this is one of the few that explicitly considers
the transitional dynamics of capital and employment by taking into account the possibility
that their adjustments towards the equilibrium may occur at different speeds (cf. Bean and
Pissarides, 1993; Eriksson, 1997; Pissarides, 2000, Chapter 3; Pissarides and Vallanti, 2007).
Moreover, addressing the consequences of labour market frictions on the degree of competition
in the market for goods triggered by discounting, this paper offers a novel perspective on the
relationship between the product market structure and labour market outcomes (cf. Ebell and
Haefke, 2003).

The paper is arranged as follows. Section 2 describes the building blocks of the model
economy. Section 3 develops the social planner problem. Section 4 offers the derivation of the
centralized steady-state solution. Section 5 analyses the local dynamics of the model economy
around its first-best equilibrium allocation. Section 6 develops a decentralized version and
shows under which conditions it may replicate Pareto optimal allocations and meet the long-run
conditions for perfect competition in the market for goods. Section 7 explores some numerical

properties of the theoretical framework. Finally, Section 8 concludes.

2 The model

Drawing on Farmer (2013) and Guerrazzi (2015), I consider a closed model economy without a
public sector in which time is continuous and supplied labour can be allocated in two alterna-
tive and essential economic activities, that is, the recruitment of unemployed workers and the

production of homogenous goods that can be consumed by households or invested in additional



productive capacity. On the one hand, in each instant, the recruitment of unemployed workers
occurs by matching the fraction of employed workers which are not allocated in production ac-
tivities with the current fraction of jobless workers (cf. Shimer, 2010). On the other hand, the
production of goods is obtained by combining the existing stock of productive capital with the
fraction of employed workers which are not allocated in recruiting activities. In the remainder
of this section, I introduce the building blocks of the theoretical framework under scrutiny by
starting from its production side.

Suppose that in each instant — say ¢ € R, — there are L(t) employed workers. Such
a workforce supplied by households can be directed into two distinct alternative activities by
splitting L(t) in two different groups of workers, that is, the ones allocated in recruiting activities
— denoted by V/(t) — and the ones allocated in production activities — denoted instead by X ().
Consequently, it will hold true that

Lit)=V({t)+ X (t) forallt (1)

According to the available production technology, the flow of current output — indicated by
Y (t) — can be obtained by combining the existing stock of capital — denoted by K(t) — with
the fraction of workers allocated in production activities. Therefore, taking into account that
workers allocated in recruiting activities are essential to hire labour but they do not contribute
at all to output, the Cobb-Douglas production function that encapsulates the technological

possibilities of the model economy can be written as

Y (t) =S (® ()" (L) -V () (2)

where S > 0 is an index for the efficiency of production, o € (0,1) is the elasticity of output
with respect to employed capital, whereas ® (t) = K(t)/ (L (t) — V (t)) is the stock of capital
over the fraction of productive labour allocated in output production and it represents the
measure of capital in effective units of labour prevailing in the present theoretical framework.

In each instant, the flow of produced output can be alternatively consumed by households
or invested in additional capital goods in order to increase the productivity of workers allocated
in production activities. Consequently, considering the expression in eq. (2), the law of capital

accumulation over time will be given by

K(t) = S(®(£)" (L (t) =V (1)) = C(t) = 9K () (3)

where C(t) is households’ consumption, whereas § > 0 is the rate of capital depreciation.?
I turn now to the behaviour of households and to the dynamics of the employed labour

force. On the one hand, leisure is assumed to be worthless for the households that populate the

2In a conventional matching model with capital accumulation in which recruiting efforts are measured in
terms of output instead of labour, savings are used to finance additions to the stock of capital and pay for the
cost of vacancies. Consequently, in eq. (3) should appear and additional term with a negative sign that conveys
recruiting costs (cf. Pissarides, 2000, Chapter 3).



model economy, so that they will inelastically supply their own endowment of labour which is

normalized to 1. Therefore, the unemployment rate can be written as

Ut)=1— L(t) (4)

In addition, recalling that they do not value leisure — so that they do not dislike work-
ing — and assuming that their instantaneous utility is logarithmic, the utility function of the

representative household is assumed to be given by the following integral:

U= / exp (—pt) (InC (t)) dt (5)
=0
where p > 0 is the discount rate (cf. Koopmans, 1965; Cass, 1965, 1966).

On the other hand, consistently with the matching framework popularized by Pissarides
(2000) as then modified by Farmer (2010, 2013) and Shimer (2010), I assume that — in each
instant — there is an inflow into employment fostered by the Cobb-Douglas matching between
the fraction of workers allocated in recruiting activities and the fraction of unemployed workers.
In parallel, I posit that there is also a simultaneous outflow from employment driven a constant
share of the employed workers that lose their positions for exogenous redundancy. Consequently,

the evolution of employment over time is conveyed by

L(t) =B (W)’ (1-L(t)) - oL(1) (6)

where B > 0 is an index for the efficiency of matching, W (¢) = V(t)/(1 — L(t)) is a measure of
the labour market tightness, 6 € (0, 1) is the elasticity of matching with respect to the fraction
of workers allocated in recruiting activities, whereas o > 0 is the instantaneous job destruction
rate (cf. Guerrazzi, 2015).3

The matching function on the right-hand-side of eq. (6) implies a straightforward trade-off
between the production and the matching technologies available in the model economy which is
driven by the alternative uses of labour; indeed, according to eq.s (1) and (2), allocating more
(less) workers in production activities boosts (reduces) output production but — at the same
time — reduces (boosts) the inflows of new employment. Nevertheless, eq. (6) still mirrors the

standard trading externalities that characterize a typical matching economy; indeed, it implies

that the instantaneous probability to find a job — namely, (L (t)+ oL (t)) JU (t) = B (¥ (¢))°

— and the recruiting effectiveness of labour — namely, (L (t)+ oL (t)) IV (t) = B (¥ ()"

3In order to assess the extent at which vacant jobs are plentiful and available workers scarce, in standard
matching models labour market tightness is defined as the ratio between vacancies and unemployment. Here,
since I do not consider vacancies, the degree of labour market tightness is re-defined as the ratio of workers
allocated in recruiting activities over the fraction of the unemployed ones. Consequently, the labour market will
be said “tighter” (“looser”), the higher (lower) the recruiting efforts of firms — as opposed to production — and

the lower (higher) the fraction of the workforce that is not employed.



— are, respectively, an increasing and a decreasing function of the prevailing labour market
tightness indicator (cf. Diamond, 1982; Pissarides, 2000).

3 The social planner problem

In the model economy described above, a benevolent and well-informed social planner will
choose the level of consumption of the representative household and the share of workers al-
located in recruiting activities with the aim of maximizing social welfare — which is assumed
to coincide with U — by considering the accumulation of productive capital and the evolution
of employment over time. Such a social planner will take its decisions in a centralized manner
by considering the impact of its choices on the prevailing labour market tightness indicator
and solving in an optimal manner the labour allocation trade-off described above. Therefore,
considering the expressions in eq.s (1), and (3) — (6), the intertemporal problem of the social

planner can be written as

o0

max / exp (—pt) (In C (1)) dt
CSeAgt_O

s.to
K(t) =S (® 1) X (t) — C(t) — 6K (1)
L(t)=BW@®)°U(t) —oL(t)
K0)=K, L(0)=L
where Cs= ( c() V() ) is the set of its control functions, Aj is the set of its admissible

control strategies, whereas K > 0 and L > 0 are, respectively, the initial value of the stock of
capital and the initial value of employment.?

In order to have economically meaningful trajectories, the set of all admissible control
strategies Cg starting from the initial tern {0,?,3} is defined as

L(#)

According to the definition given in (8), the components of Cg belongs to the set of locally

Af = {CS €Ly, (R;RY) < K ) eR: Vte R+} (8)

integrable (or summable) functions such that household’s consumption, the fraction of workers
allocated in recruiting activities, the stock of capital and the employment rate are non-negative
all over the relevant time horizon.

The first-order conditions (FOCs) for the problem in (7) are given by

1
oW (t)=0 (9)

4In an unpublished note, Farmer (2012) shows that controlling for labour supply does not significantly alter
the results achieved in this simplest context. Analytical frameworks in which the social planner controls for the
extensive measure of labour supply are developed by Merz (2005), Andolfatto (2006) and Chen at al. (2011).



—0 (10)

q(t)=q(t) <P—¢L+5> (11)

W) =w(t) (p+o+(1- 0B ©)) — (1-a)Sq(t) (@ (1) (12)
lim exp (~pt) g (1) K (1) = 0 (13)
lim exp (—pt) w (1) L(t) = 0 (14

where ¢ (t) and w (t) are the costate variables associated, respectively, to the capital accumu-
lation constraint and to the employment dynamics.

The infratemporal relationships in eq.s (9) and (10) hold in each instant and they represent,
respectively, the FOCs with respect to consumption and the fraction of employed workers allo-
cated in recruiting. In detail, the former states that the marginal utility of consumption must
be equal to the marginal contribution of capital to households’ utility, whereas the latter implies
that the marginal contribution of labour to output production must be equal to its marginal
contribution to the matching process (cf. Chen et al. 2011). Moreover, the intertemporal
relationships in eq.s (11) and (12) convey the optimal trajectories of the two costate variables.
Furthermore, the two endpoint limits on the value of the two state variables in (13) and (14)
are the required transversality conditions.

The expressions in eq.s (9) — (12) can be exploited to derive the optimal dynamics of the
two control variables chosen by the social planner. Formally speaking, differentiating eq. (9)
with respect to time and exploiting the differential equation in (11), it is possible to obtain
the Euler equation for households’ consumption — or the Ramsey (1928) rule — whose actual

expression is given by

Cty =) (#—6—@ (15)

In a rather conventional way, the differential equation in (15) implies that the growth rate of
households’ consumption is positive (negative), whenever the marginal productivity of capital
adjusted for its depreciation rate is higher (lower) than the discount rate (cf. Cass, 1965, 1966).

Following a similar strategy, it also possible to find the implied Euler equation for V().

First, differentiating eq. (10) with respect to time, leads to the following expression:

—<1—9>L8 (16)

) @)\  Bw(t) [w()

(1 - Oé) Sq (t) (Q) (t))a q (t) qu) (t) - (\I] (t)>1—0 (t)

Second, according to the results in eq.s (9) — (12), eq. (16) reduces to

7



B YO aS o B-0)¥(1)-0)
R 1 R T R T "
Third, relying on eq.s (3) and (6), the growth rates of ® (t) and W (¢) can be written,

respectively, as

@) S C@) B U®-oLl) V()
o) (@) g K(t) X(1) + X (1) (18)
V() V() , L)
v " v TEEO g (19)

Thereafter, plugging the results in eq.s (18) and (19) into eq. (17), implies that the diffe-

rential equation for the fraction of workers allocated in recruiting activities is given by

~ c) BEW'U® -oLt)) (1-8)oL(t) 6B
V(e =2 (O‘ (K(t) X (1) ) T wa) QO) 20)

where A (t) = V()X (t)/ (aV (t) + (1 — 0) X(t)) and Q=0 — 5 (1 —a) S 0.

Intuitively, considering the evolution of the two state variables, the Euler equation for V()
in (20) optimally counterbalances — at the margin — the contribution that employed labour gives
to output production and to workforce recruitment (cf. Sterk, 2015). Specifically, according,
to the expressions in eq.s (1) and (6), the share of workers employed in recruiting activities will
increase (decrease) whenever the increase in the employed labour force triggered by matching
is higher (lower) than the increase in the optimal fraction of workers allocated to production.
Alternatively, V () will increase (decrease) when the reduction in L(t) is lower (higher) then the
reduction in X (¢). Obviously, whenever C(t), V(t), K(t) and L(t) move over time according
to, respectively, eq.s (3), (6), (15) and (20), by complying to the transversality conditions in

(13) and (14), the implemented allocations are Pareto optimal.

4 Steady state

In the model economy described in Section 2, steady-state allocations are defined as the set of
quadruplets S := {C*, V* K* L*} € ]Ri such that C’(C*,V*,K*,L*) = V(C’*,V*,K*,L*) =
K(C’*, Ve K* L) = L(C’*, V* K*, L*) = 0. In case of asymptotic stability, some elements of
that set will be also characterized by the fact that tlLI?OC(t) =" Atlirilov (t)=V* AtlirgloK(t) =
K* A tlgglo L(t) = L*. The unique component of S can be easily retrieved by finding the steady-
state value of the stock of capital over the fraction of labour allocated in production activities
— namely, ®* — and the steady-state value of the labour market tightness indicator — namely,
U,
On the one hand, setting C (t) =0 in eq. (15), allows us to immediately find that

8



aS \ T
o= —— 21
(ﬂ+5) 2
where &* = K*/(L* — V*).

The expression in eq. (21) is the modified golden-rule that holds in the model economy under
scrutiny; indeed, according to eq. (3), the long-run equilibrium level of the stock of capital over
the fraction of workers allocated in production activities that maximizes the corresponding
intensive measure of consumption would be given by &y = (aS/ 507 which — as long as

we assume a positive discounting — is strictly higher than ®*. See the diagram in Figure 1.

2l

=1

D D (S/5)V1-0) P

Figure 1: The modified golden-rule

On the other hand, in a steady-state allocation, the expressions for ¢* /w* implied, respecti-

vely by the FOC with respect to V() in eq. (10) and the optimal dynamics of w(t) conveyed
by eq. (12), lead to the following expression:

p—i—a—i—(l—@)B(\IJ*)e—ﬂH:O (22)
(W)
where ¥* = V*/(1* — L*).
According to the hypotheses made above about the eligible values of the involved param-
eters, the expression in eq. (22) is a hyperbolic continuous function of ¥ that tends to —oo
(+00) as ¥ tends to 0 (+00).” Consequently, as illustrated in the diagram of Figure 2, there

will be a unique value of ¥ — denoted by ¥* — that represents the steady-state value of the
labour market tightness indicator.

5An alternative — but equivalent — way to derive the expression in eq. (22) is the one to consider the

steady-state version of eq. (17) by taking into account the equilibrium value of ®* conveyed by eq. (21).



p+ o+ (1-0)¥— OBY-(1-0

Figure 2: Steady-state determination

It worth noticing that the unique root of eq. (22) is an increasing (decreasing) function of
B and 0 (p and o). Consequently, a more (less) impatient social planner will achieve a lower
(higher) labour market tightness in the steady-state equilibrium.

Given the long-run values of ® and V¥, the unique quadruplet of S can be easily derived.
First, setting L(t) = 0 in eq. (6) by considering the unique positive root of eq. (22), implies
that

0
L* = &)0 (23)
o+ B (V)

According to eq. (4), the expression in eq. (23) implies that U* = o/ (a +B (\Il*)9>. There-
fore, in the first-best allocation of the model economy prevailing in the long run, equilibrium
(un)employment is not affected neither by the parameters of the production function nor by
the rules of capital accumulation (cf. Layard et al. 1991).

Second, setting L(t) =0 in eq. (6) by taking into account the expression in eq. (23), leads
to

pro T (24)
o+ B (V)

Third, according to the definition of ®, eq.s (21), (23) and (24) imply that the steady-state

level of the capital stock can be written as

o (B 0y — J\Il*>
K* = 5 (25)
o+ B(V)
Straightforward algebra reveals that in a companion model economy without the labour
market frictions implied by eq. (6) in which all the labour force supplied by households is

actually used to produce commodities, so that L(t) = 1 for all ¢, the steady-state value of the

capital stock achieved by a social planner endowed with the preferences in eq. (5) would be

10



simply equal to ®*.° Consequently, in our model economy, the fraction of workers allocated
in production activities — whose analytical expression according to eq.s (23) and (24) is given
by X* = <B (T*)? — U\I/*) /(o + B (¥*)’) > 0, allows us to measure the equilibrium output
loss suffered by the society for the presence of attrition in the labour market. Specifically,
the matching economy with capital accumulation has an equilibrium output which is 1 — X*
percentage point below the one prevailing in the continuous full-employment economy.

Thereafter, setting K (t) = 01in eq. (3) by considering the expressions in eq.s (21), (23) and
(24), leads to

S (%)° (B (0! — 0\11*> o

“- (p+6) (o— +B (xp*)‘))

(26)

where Oy =p+ 0 — Q> 0.

Given the expressions in eq.s (22) — (25), eq. (26) can be used to assess the likely effects
on the optimal equilibrium levels of capital and consumption driven by the parameters that
summarize the operation of frictions in the labour market. On the one hand, an increase (a
reduction) in the index for the efficiency of matching (B) or an increase (a reduction) in the
elasticity of matching with respect to the fraction of workers allocated in recruiting activities
(0), lead to an increase (a reduction) both in the equilibrium market tightness indicator and
in equilibrium employment. On the other hand, an increase (a reduction) in the instantaneous
job destruction rate (o) leads to a reduction (an increase) both in U* and in L*. The effects
triggered by variations in these three labour market parameters on the fraction of workers
allocated in recruiting activities are, however, uncertain. Whenever an increase of B or 6 — or a
reduction of o — are associated to an increase in V* which is higher than the consequent increase
in L*, then the equilibrium levels of capital and consumption fall because of a reduction of the
equilibrium fraction of workers allocated in production activities. By contrast, whenever an
increase of B or 6 — or a reduction of ¢ — are associated to an increase in V* which is lower

than the increase in L* or to a reduction of V*, then K* and C* increase because of rise in X*.

5 Local dynamics

Exploiting the expressions in eq.s (3), (6), (15) and (20), the local dynamics of C(t), V(¢), K(t)
and L(t) around the unique stationary solution defined by eq.s (23) — (26) is conveyed by the

following 4 x 4 linear system:

SFormal details are available from the author upon reasonable request.

11



C (1) 0 —(l-a)S(@)"Q —Eleh g _a)s@) 0 ] /o
v | _ | e 9 — 1) Jaa v(t
K (1) -1 —(1-a)s(@)" p (1—a)$(@)° K (¢
L 0 b 0 —(1-0)B((v*) -0 L(t

where I' (0*) = o — (1 — 0) ((0 - B (\If*)f(lfg)> /0) > 0.
The non-explicit element in the second row of the Jacobian matrix in eq. (27) can be written
as follows

0B <B ()2 _ 5 () (1 a(l - 9))) +(1-0) <B (0+)? — a\p*) <0 +B (m*)")
ol (U~)

j2,4 =
(28)
Taking a look at the expressions in (27) and (28), the dynamic properties of the unique
component of § found in Section 3 appear difficult to be assessed analytically. The local ex-
istence and the convergence of the implied dynamic paths, however, are a direct consequence
of the turnpike property of optimal growth models; indeed, given the initial conditions for K
and L, the social planner problem in (7) consists in discounting at a positive rate a concave
instantaneous utility function over an infinite horizon under two convex dynamic constraints.
Therefore, in order to verify the transversality conditions in (13) and (14), the unique compo-
nent of § will exhibits a saddle-path dynamics which implies the asymptotic convergence of all
the endogenous variables (cf. Cass, 1966). Formally speaking, this means that the Jacobian
matrix in (27) needs to have two positive and diverging roots associated to households’ con-
sumption and to the fraction of employed workers allocated in recruiting activities as well as
two negative and converging roots — say A; and Ay — associated, respectively, to the stock of
capital and to the whole employed labour.
Suppose that Vi(\;) € R* and Vy(\y) € R?* are, respectively, the eigenvectors associated to
A1 and Ay. Thereafter, the evolution of C(t), V/(t), K(t) and L(t) over time is given by

C(t) C* i B

V(t) _ V* N ﬁ ﬁ exp (A1t) (IE — K*) (20)
K (t) K* 1 0 exp (Aot) (L — L¥)

L (t) L* 0 1

where v; ; is the j-th element of V;()\;).
After a proper discretization of time, the linear expression in (29) will be the analytical

device for the numerical experiments carried out in Section 7.
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6 A decentralized version

The existence of a centralized Pareto-optimal solution raises the issue of exploring what may
happen in a decentralized setting in which some atomistic agents take their decisions on the
basis of market signals by ignoring the impact of their maximizing choices on aggregate variables
(cf. Masters, 1998).

Relying on the building blocks laid down in Section 2, a decentralized version of our capital
accumulation model with labour market frictions can be obtained by assuming the contempo-
raneous presence of two distinct players that take their decisions in a simultaneous manner by
taking as given market prices and matching ratios. On the one side, I assume that there is
a finite number of identical households endowed with the preferences implied by eq. (5) that
choose their flow of consumption by complying to a wealth-accumulation constraint and ob-
serving — just like the realization of an exogenous shock — the evolution over time of the fraction
their employed members. Consequently, exactly as it happens in the centralized version of the
model, there will be no congestion effects on the labour market driven by households’ decisions.

On the other side, I consider a finite number of identical firms endowed with the production
technology described in eq. (2) that choose the fraction of workers allocated in recruiting
activities and the amount of capital to employ with the aim of maximizing the discounted
flow of their profits under the intertemporal constraint implied by the law of employment
dynamics. Since the representative firm takes the labour market tightness indicator as given,
the decentralized choice of the fraction of workers to allocate in recruiting activities may be
subject to congestion effects. In the remainder of this section, I develop the household’s and
the firm’s problem, and I discuss under which conditions such a decentralized economy delivers
Pareto optimal trajectories which are consistent with perfect competition in the market for
goods.

On the consumption side, denoting its wealth by A(t), the representative household’s pro-

blem can be written as

(e 9]

CI;?%{/ exp (—pt) (InC (t)) dt
- s.to
: (30)
A(t) = A) R () + W) L(t) + 11(t) — C(t)
L(t) = (1= L))l (¥(t)) — oL ()

A(0)=A, L0)=L

where Cy=C (-) is its set of control functions, A{l is the set of its admissible control strategies,
R (t) is the instantaneous real return on wealth, W (t) and II(¢) are, respectively, the real wage
rate and the profit paid by the representative firm, I" (WU(¢)) is the probability to find a job for
a jobless worker belonging to the household itself, whereas A > 0 is the initial value of wealth.

Similarly to Ag, the set of all admissible control strategies for the household starting from
the initial pair {O,Z} is defined as

13



A = {Cy €L, R;RL) :A(t) >0 VEeR,} (31)

Considering that the household takes as given R(t), W(t) and the whole employment dy-
namics, the FOCs for the problem in (30) are simply the following:

OL(t) () =0 (32)
qu (1) = qu () (p — R(1)) (33)
lim exp (—pt) gu () A (t) = 0 (34)

where gy (t) is the costate variable associated to the wealth accumulation constraint.

The infratemporal relationship in eq. (32) is the FOC with respect to consumption and it is
qualitatively identical to the one found in the centralized economy. Moreover, the intertemporal
relationship in eq. (33) conveys the optimal trajectory of the costate variable and — as I will
maintain below — its adherence to the social planner counterpart is strictly conditioned by the
determinants of the return on wealth. In addition, (34) is the transversality condition for the
household’s problem.

Differentiating eq. (32) with respect to time and exploiting the differential equation in (33),
it is possible to obtain the Euler equation for the household’ consumption that holds in the

decentralized economy whose analytical expression given by

C(t) = C()(R(t) — p) (35)

On the production side, the problem of the representative firm that rents the existing stock

of capital from the household can be written as

max/exp(—pt) I1(t)dt

CFEA(I)‘;_O
 sto (36)
L(t) = V{t)A(U(t) — oL (t)
L(0)=1L

where Cp= < K() V() > is its set of control functions, II(¢) = Y (¢)—W (t)— (R (t) + §) K (t)
is its instantaneous profit, whereas A (¥(¢)) is the recruiting effectiveness of workers not engaged
in production activities (cf. Eriksson, 1997; Pissarides, 2000).7

"The firm is assumed to pay workers employed in different activities with the same wage. As I show in
Appendix, if it could be possible to pay workers according to the actual activity in which they are allocated,
the real wage received by the ones employed in recruiting would be equal to zero because they do not directly
contribute to produced output. The uniform wage treatment assumed in the household’s and the firm’s pro-
blem pinned down in (30) and (36) can be thought as the upshot of a trade union agreement against wage
discrimination (cf. Card, 2001).
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The set of all admissible control strategies for the firm starting from the initial pair {O,Z}
is defined as

Af = {Cr €Ljpe (Ry;R2) : L(1) >0 VEeRL} (37)

Considering that the firm takes as given W(t) and A (¥(¢)), the FOCs for the problem in
(36) are given by

s R(t)—0=0 (38)

— (1= ) S (® (1) + we (£) A (B(1)) = 0 (30)

W () = we (1) (p+ o) — (1— @) § (@ ()" + W(1) (40)
lim exp (—pt) w () L (1) = 0 (41)

where wr is the costate variable associated with the employment evolution constraint of the
firm.

Eq. (38) is the FOC with respect to the employed capital and it trivially states that the
marginal productivity of employed capital must be equal to its user cost. Eq. (39) is the FOC
with respect to fraction of workers allocated in recruiting activities and its expression is quite
different from the corresponding one — namely, eq. (10) — that holds in the social planner
problem. Specifically, according to eq. (39) — in each instant — the firm sets the value of V(¢)
by omitting to consider the contribution of employed capital to household’s utility, as well as
the congestion effect driven by putting additional workers in its recruiting department. Similar
arguments hold true also for the intertemporal relationship in eq. (40) that conveys instead
the optimal trajectory of the costate variable. Such a differential equation reveals that the
determinants of the real wage rate are essential to replicate the Pareto optimal trajectories
generated in the centralized model economy. Furthermore, (41) is the transversality condition
for the firm’s problem.

As T argued above, in a non-centralized setting agents take their optimal decisions on the
account of market signals. Consequently, it may be reasonable to assume that in the background
of the decentralized economy there is an asset market in which the supply of wealth from the
household meets the demand for productive capital from the firm. The equilibrium condition
for such a market will be given by

A(t) = K(t) forall t (42)

Everything else being equal, given the expressions in eq.s (3), (15) and (35), the market-
clearing condition in eq. (42) implies that whenever the return on wealth is equal to the

marginal productivity of capital net of its depreciation rate as implied by eq. (38), the stock
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of wealth and households’ consumption move over time, respectively, as the stock of capital
and the flow of consumption generated by the solution of the social planner problem. In other

words, whenever it holds true that

as
" o

the differential equations for A(t) and C(t) in the decentralized economy may replicate the

(43)

Pareto optimal dynamics of the stock of capital and consumption derived in Section 3.
Unfortunately, the market-clearing argument exploited for the asset market cannot be re-
peated for labour demand and labour supply; indeed, the presence of frictions rules out the
possibility to assume the functioning of a labour market through which the household and the
firm may coordinate their actions by observing a price. Nevertheless, it is worth noticing that
if the matching probabilities for households and firms are defined as in Section 2, namely, if
T(U(t) = B (1) and A(¥(2)) = B(V ()", then the differential equation for total
employment is the same in the decentralized as well as in the centralized economy. Conse-
quently, allowing market clearing in the asset market with the implied pricing rule of eq. (43),
the decentralized economy exactly retraces the same trajectories chosen by the social planner
in a centralized setting whenever the expression for the real wage plugged into the individual
problems in (30) and (36) implies a differential equation for the share of workers allocated in re-
cruiting activities equivalent to the expression in eq. (20). In this way, the prevailing real wage
rate will internalize all the external effects that the individual firm does not consider when it
sets the fraction of workers allocated in recruiting activities (cf. Diamond, 1982; Hosios, 1990).
In a non-stationary environment, the actual expression for W (t) that leads the firm to
choose instant-by-instant the first-best value of the fraction of workers allocated in recruiting
activities can be retrieved by following a procedure similar to the one implemented in Section
3 to derive V(t) First, differentiating eq. (39) with respect to time leads to the following

expression:

() [wr() W@
20~ Py \wr) w0 (44

Second, according to the results in eq.s (39) and (40), eq. (44) reduces to

a(l—a)S(®(t)"

(1 (¢ W (1) — (1—a) S (@ (£))°
() ) _ e p V-1 -0)S@0O)
(1) v(t) (1—a)S(@()" (¥ (1)
Thereafter, exploiting the definitions of the growth rates of ®(¢) and ¥(¢) in eq.s (18) and
(19), the expression in eq. (45) delivers the same differential equation for V'(¢) implied by the

+(1-10)

(45)

solution of the social planner problem if and only if the real wage paid to employed workers by

the representative firm is equal to

W(t) = (1—a) S (& (1))° <(1 —oyaru Y (t)>1_9éR(t> - p>> (46)
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Although derived in a different manner, the expression in eq. (46) corresponds to the
outcome of an efficient bargaining process in which the representative firm takes a fraction 6
of the total surplus that — in present setting, where the representative household is assumed
to take the remaining 1 — 6 — amounts to C' () w(t) units of output in each instant (cf. Chen
et al. 2011).8 Whenever capital is remunerated at its net marginal productivity, such a wage
support reveals that the Pareto efficiency of firm’s choices requires a real wage rate which is
directly proportional to the elasticity of the labour input in the production technology, to the
overall efficiency of production, to the stock of capital over the fraction of labour allocated in
production activities but — at the same time — positively indexed to the labour market tightness
indicator and to the return on wealth.’

The wage support in eq. (46) allows the representative firm to obtain non-negative profits all
over its optimization horizon. If we assume that the market for goods is competitive, however,
then a positive flow of profits is possible only in the short run before the achievement of the
steady-state solution, whereas in the long-run its the value of II (¢) needs to vanish to prevent
the entry of additional firms. In order to show under which conditions the market for goods
meets the mentioned requirement for perfect competition, it is worth noticing that under the
pricing assumption of eq. (43), the instantaneous profit of the representative firm can be written

as

(1) = (W(t) ~ W () L(t) (47)

where W (t) = ((1 —a) S (®(t))* (L(t) — V(t)))/L(t) can be dubbed as the competitive real
wage rate (cf. Chen et al. 2011).

According to the expression in eq. (47), in the long run the flow of profits of the represen-
tative firm tend to vanish whenever }H&W(t) — W(t) = 0. Given the results in eq.s (23), (24)
and (35), the asymptotic behaviour of the competitive wage and the one of the wage support
in eq. (46) tend to be the same whenever it holds

N 0B
o+ (1—0)B (V") —W—O (48)

A straightforward comparison of eq.s (48) and (22) reveals that the long-run condition for
a competitive market for goods is met if and only if the common value of the discount rate
tends to zero. In this direction, aiming at evaluating the welfare of future generations in the
context of climate change, Cline (1992) and Stern (2008) suggest values of p fairly close to zero
in order to overcome the ethical concerns raised by Ramsey (1928) in his seminal contribution
on optimal saving (cf. Nordhaus, 1994). Nevertheless, remaining on a positive ground and
considering values of p strictly higher than zero, we can conclude that the real wage rate that

implements efficient allocations is always below the competitive wage defined in eq. (47) so that

8The splitting-the-surplus condition is derived in Appendix.
9A positive relationship between wages and labour market tightness seems to hold true in many advanced

economies (cf. Duval, et. al. 2022).
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the flow of profits of the representative firm is persistently positive. Consequently, while the
capital and the labour market achieve — in isolation — a first-best allocation, the non-Walrasian
features of the latter spill over in the market for goods by generating a persistent rent for the
firm (cf. Brzustowski et al. 2018).

From an economic point of view, the analytical result conveyed by eq. (48) can be easily
rationalized. In the long-run, the profit of the representative firm tends to coincide with its
value which is given — in turn - by the discounted value of the marginal productivity of capital
net of depreciation. According to the Euler equations in (15) and (35) that value tends to
vanish exactly when there is no discounting of future streams of utility and profits. In other
words, a vanishing value of p is the requirement that generates the capitalization effect on the
value of the single firm which is consistent with a long-run equilibrium of a competitive industry
(cf. Aghion and Howitt, 1994; Hall, 2017).

7 Numerical properties

Here I explore the numerical properties of the theoretical framework outlined above.!® In that
direction, the model economy is calibrated by taking as reference the US economy (cf. Chen
et al. 2011). Specifically, the elasticity of produced output with respect to capital («) entering
the production function in eq. (2) and the depreciation rate of capital (J) collected in eq. (3)
are set at the same values chosen by Kydland and Prescott (1982). Moreover, the values of the
elasticity of matching with respect to recruiting efforts (6) and the job destruction rate (o) in
eq. (6) are fixed according to the estimations retrieved by Shimer (2005). Furthermore, the
value of the discount rate entering in the utility function (p) in eq. (5) is set at the point value
suggested by Itskhoki and Moll (2019) and Nordhaus (1994). In addition, the productivity
index entering the production function (.5) is normalized to 1 whereas the corresponding index
entering the matching function (B) is set in order to convey an equilibrium unemployment rate
equal to 5%, a figure that is consistent with the long-run US unemployment rate (cf. Guerrazzi,
2015, 2023). The description of the model parameters and their baseline values are collected
in Table 1.

10The MATLAB code can be downloaded from the following link:

https://drive.google.com/file/d /1HjVDbsWj0VwSxd3fal VylaQgstldWsQc/view?usp=sharing
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PARAMETER DESCRIPTION VALUE

S Index of production efficiency 1

B Index of matching efficiency 2.54
« Output elasticity with respect to capital 0.36
0 Matching elasticity with respect to recruiting | 0.28
) Depreciation rate of capital 0.025
p Discount rate 0.03
o Job destruction rate 0.10

Table 1: Baseline calibration

As shown in the figures of Table 2, the baseline calibration reported in Table 1 has many
interesting implications for the optimal growth model with labour market frictions under exam-
ination. First, in the steady-state equilibrium, 1.87% of the available labour force is allocated in
recruiting activities, whereas 16.36% of produced output is saved and invested in new productive
capital. The former figure implies that the share of labour costs spent in recruiting amounts
to 1.85%, a figure which is fairly close to the average value of 2.5% observed among US firms
according to the National Employer Survey (cf. Villena-Roldal, 2010). Second, recalling that
in a frictionless economy the equilibrium stock of capital would be equal to ®* = 18.8324, the
steady-state values of capital, output and consumption are 7.26% lower in our model economy
with labour market frictions and equilibrium unemployment. Third, while the equilibrium cap-
ital share coincides with the elasticity of output with respect to capital, the equilibrium labour
share is equal to 0.6363 which is slightly lower than 1 — « because not all the employed labour
contributes to output production.!* Moreover, the eigenvalue associated to capital adjustments
is much lower, in modulus, than the one associated to labour adjustments. Consequently,
the out-of-equilibrium adjustments of capital/wealth and consumption are much slower than
the ones involving employment and the fraction of employed workers allocated in recruiting

activities.!?

1 Obviously, the product would be exhausted if workers allocated in productive activities were paid according

to their marginal productivity while those allocated in recruitment received no wages.
12The value retrieved for \; is of the same order of magnitude of the convergent root usually retrieved in the

standard Ramsey model (e.g. Barro and Sala-i-Martin, 2004).
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VARIABLE DESCRIPTION VALUE
Y+ Output 2.6823
C* Consumption 2.2434

K* = A" Capital/ Wealth 17.5569
Lx Employment 0.9500
X* Workers allocated in production activities 0.9323
% Workers allocated in recruiting activities 0.0178
W Wage 1.7967
R* Return on wealth 0.0300
A1 FEigenvalue associated to capital adjustments | —0.0537
Ao FEigenvalue associated to labour adjustments | —2.0707

Table 2: Steady-state values and convergent eigenvalues

Taking values of K and L one percent above their steady-state references, the saddle-path

trajectories of the four quantities the model economy are illustrated in the two panels of Figure
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Figure 3: Saddle-path dynamics of quantities

On the one hand, the diagram on the left-hand-side of Figure 3 shows that when capital
overshoots its steady-state value by 1%, households’ consumption jumps only 0.62% above
its equilibrium value and then the two tend to converge towards their long-run references by
moving in the same direction. Such a pro-cyclical pattern in which the deviations of C' from
its steady state are always lower than the corresponding deviations of capital/wealth mirrors
the risk aversion underlying the households’ preferences in eq. (5) and it is in line with the
textbook Ramsey model (e.g. Barro and Sala-i-Martin, 2004).

On the other hand, the diagram on the right-hand-side shows that when the whole labour
input overshoots its steady-state value by 1%, the fraction of employed workers allocated in
recruiting activities jumps 21.48% below its equilibrium value and then the two tend to converge

towards their long-run references in a shorter time with respect to capital and consumption.
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Considering the definition of unemployment given in eq. (4), this means that the fraction
of employed workers allocated in recruiting activities and the fraction of jobless workers tend
to converge towards their long-run references by moving in the same direction.!® This pattern
replicates the overshooting — or forward-looking — feature of vacancies displayed by the textbook
matching model. In other words, if unemployment is expected to rise (fall) from its initial value,
the return form allocating workers in recruiting activities is lower (higher) than the anticipated
return during the adjustment process. This is because at lower (higher) unemployment rates,
the recruiting effectiveness of labour is lower (higher) as well. Therefore, as illustrated in the
right-hand-side panel of Figure 3, in the starting period of time, there will be the tendency to
allocate a lower (higher) fraction of workers in recruiting activities with respect to the share
expected in equilibrium (cf. Pissarides, 2000, Chapter 1).

The dynamic patterns described above reveal that the optimal growth model with labour
market frictions developed in this paper merges the out-of-equilibrium adjustments of con-
ventional models with capital accumulation and matching frictions. Nevertheless, considering
the way in which the production and the matching technology are linked each other, some
intriguing differences can be retrieved in the out-of-equilibrium adjustments of some critical
ratios. Specifically, while the plots on the right-hand-side panel of Figure 3 imply monotonic
adjustments for the labour market tightness indicator — denoted by W(¢) — as it happens in the
standard matching model, the same does not hold true for the intensive measure of productive
capital — denoted instead by ®(¢). In other words, the undershooting undertaken by the frac-
tion of employed workers allocated in recruiting activities implies that the stock of productive
capital over the fraction of employed workers allocated in output production adjusts towards
its long-run value in a non-monotonic manner. Taking the same initial conditions used to track
the diagrams in Figure 3, such a conjecture is tested in the two panels of Figure 4 in which
are plotted the implied trajectory of the labour market tightness indicator and the one of the

intensive measure of productive capital.
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Figure 4: The implied dynamics of ¥ and ®

3Moreover, according to the break-down of total employment in eq. (1), L and X will display the same

dynamic behaviour.
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Recalling that K (t) and L(t) are assumed to start 1% above their steady-state values, the
plot in the left-hand-side of Figure 4 shows that at the beginning of its adjustment process V()
undershoots its long-run value by 3.01% and then it monotonically converges to its steady-state
reference (cf. Pissarides, 2000). By contrast, the plot on the right-hand-side shows that ® (¢)
follows a non-monotonic adjustment process which is at odds with respect to the monotonic path
tracked by the stock of capital in unit of effective labour within the textbook Ramsey model
(cf. Barro and Sala-i-Martin, 2004). Specifically, at the beginning, the stock of capital over the
fraction of workers allocated in production activities undershoots its long-run equilibrium value
by 0.42%, it quickly goes up until it overshoots its state-state reference by 0.87%, and then
it monotonically converges to its stationary level. This kind of dynamic behaviour is strictly
related to the overshooting of the fraction of employed workers allocated in recruiting activities
documented above; indeed, at the beginning of the adjustment process, the reduction of V'(¢)
is so strong that — given the prevailing values of L(t) — the decrease observed in the fraction of
employed workers allocated in production activities — labelled with X (¢) — is higher than the
reduction of the overall capital stock, and this obviously pushes ®(¢) upwards. Thereafter, the
monotonic adjustment of the stock of capital in units of effective labour towards its steady-state
equilibrium begins when X (¢) starts to approach its long-run value.

The overshooting of the long-run value of ® tracked in the right-hand-side panel of Figure 4
is consistent with recent findings on the non-linearity of the growth process observed in many
countries (cf. Fiaschi and Lavezzi, 2007). Specifically, as illustrated in the discretized phase
diagram of Figure 5, our optimal growth model with labour market frictions implies that in the
region from 0 to ®* the intensive measure of the capital stock tends to increase at sustained
rates that lead the actual value of ® — and the value of output per worker — to exceed for
a while their long-run references. Thereafter, this tendency is reversed and there is a phase
of monotonic contraction that leads the intensive measure of the stock of capital to converge
towards ®*. Such a dynamic pattern that merely follows from the optimal adjustments of the
state and control variables of our capital accumulation model with equilibrium unemployment
is also consistent with the degrowth transition towards a steady-state economy often claimed
by environmental economists; indeed, within this literature, the long-run equilibrium may be
achieved after a period of contraction that follows a phase of sustained expansion (cf. O’Neill,
2012).
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Figure 5: The discretized dynamics of ®

In the same way as it happens on right-hand-side panel of Figure 4, the stylized phase
portrait in Figure 5 shows that whenever ® starts below ®*, it tends to increase by overshooting
its long-run reference before starting its convergence process. By contrast, whenever the initial
value of ® is above ®* the intensive measure of the productive capital stock monotonically
converges towards its long-run value. Consequently, measuring time along the natural scale,
that is, taking ¢ € N, the optimal adjustments of the endogenous variables are able to generate
a kink in the relationship between ® and its lagged value just in correspondence of ®* even
without any change in technologies and/or preferences.

The baseline calibration in Table 1 collects a positive discount rate of 3 percent which is
mirrored by in the equilibrium return on wealth in Table 2. Consequently, according to the
analytical results presented in Section 7, in this case we should observe persistently positive
profits which are inconsistent with perfect competition in the market for goods. In order to
verify the reliability of that pattern, the two panels of Figure 6 plot the trajectories of the net
return on wealth conveyed by eq. (43), the one of the wage support that implements efficient
allocations in eq. (46) and the one of the firm’s profits implied by eq. (47).
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Figure 6: The implied dynamics of market prices and profits
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The diagram on the left-hand-side panel of Figure 6 shows that the return on wealth and
the wage tend to move in opposite directions during their adjustment process exactly as it
happens in the text-book Ramsey model (cf. Barro and Sala-i-Martin, 2004). Specifically,
such a diagram reveals that at the beginning of the adjustment process R (W) overshoots
(undershoots) its long-run value by 0.49% (0.94%), it quickly goes below (above) its equilibrium
reference by 1.01% (0.30), and then it converges towards its steady-state. Taking a look at the
right-hand-side panel of Figure 3, it is worth noticing that for most of its transitional path,
the real wage rate that implement efficient allocations moves in the same direction of total
employment by displaying lower deviations from its long-run mean. Obviously, this is consistent
with the available empirical business-cycle evidence according to which real wages are mildly
pro-cyclical and less volatile than (un)employment (cf. Merz, 1995; Andolfatto, 1996; Shimer,
2005). Moreover, the diagram on the right-side panel of Figure 6 confirms the analytical results
derived above; indeed, the profits of the firm are persistently positive and they converge to a
value of 0.36% of produced output, a figure consistent with the calibrated value of the elasticity
of output with respect to capital.

I close my computational experiments by showing what happens in the model economy
when the baseline calibration of Table 1 is modified by considering a vanishing value of the
discount rate. As I argued in the previous Section, values of p very close to zero should lead
the decentralized economy in which hold the pricing rules conveyed by eq.s (43) and (46) to
fulfill the long-run features of a competitive market for goods according to which profits tend to
vanish by discouraging the entrance of new firms. In order to verify such a proposition, leaving
unaltered the values of all the remaining parameters and the initial conditions exploited to plot
the trajectories in Figures 3 and 4, Figure 7 illustrates the path of firm’s profits by setting p
equal to 1074,
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Figure 7: The dynamics of firm’s profits with p = 10~

The plot of Figure 7 shows that at the beginning of the adjustment process firm’s profits
amount about 0.78% of produced output. Obviously, according to eq. (47), this means that
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the wage that implements efficient allocations is initially lower than the competitive wage by
allowing the representative firm to start with positive profits. Just after a handful of instants,
however, profits tend to vanish because W and W tend to coincide each other in a long run
perspective. Such a dynamic pattern corroborates the analytical finding derived in Section 6
according to which vanishing values of the discount rate are actually consistent with perfect

competition in the market for goods.

8 Concluding remarks

In this paper, I developed an optimal growth model with capital accumulation and labour
market frictions. Specifically, assuming that vacancies are posted by means of labour instead
of output, I augmented the traditional setting a la Ramsey with an additional intertemporal
equation that describes the law of movement of employment (cf. Farmer, 2013; Guerrazzi, 2015).
Relying on that framework, I shown that the forward-looking behaviour of recruiting efforts
lead the capital stock per efficiency unit of productive labour to converge towards its stationary
value in a non-monotonic manner by mirroring some recent findings on non-linear economic
growth (cf. Fiaschi and Lavezzi; 2007; O’Neill, 2012). Moreover, allowing productive capital to
be paid according to its marginal productivity, I shown that Pareto optimal allocations typical
of a centralized economy can also be replicated in a decentralized environment in which the
prevailing wage is indexed to the current value of the labour market tightness indicator (cf.
Chen et al. 2011). Furthermore, I shown that the wage that allows to implement efficient
allocations is less volatile than (un)employment and it is consistent with perfect competition in
the markets for goods only with vanishing values of the discount rate (cf. Aghion and Howitt,
1994; Hall, 2017).

The analysis presented in this paper could be extended in many different directions. For
instance, it could be interesting to address the consequences of some imperfections in the capital
market vis-a-vis labour market frictions that move away the return on wealth from the marginal
productivity of capital (cf. Lee, 2021). Furthermore, another prominent extension could be
the exploration of a two-sector economy in which there are distinct production and matching
technologies for consumption and capital goods (cf. Uzawa, 1961). Within such an economy,
the available stock of capital should be optimally allocated in the two productive sectors. At
the same time, within each sector, the available labour force should be optimally allocated
in production and recruiting activities. Consequently, the dynamic patterns followed by this
model economy are likely to be influenced not only by the relative capitalization of each sector
— as it happens in standard two-sector models (cf. Galor, 1992) — but also by the corresponding
degree of labour market tightness. All the mentioned extensions are left, however, to further

developments.
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Appendix A: Efficiency of decentralized allocations

In the stationary equilibrium of the decentralized economy described in Section 6, the Bellman

equation for the value of an unmatched firm — say 7j; — can be written as

oty = —VC 41 (x5, — ) (A1)
where VC' = —9Y (t)/0V (t)|g = (1 —a) S(®*)*, n =B (U*) " whereas 77, is the equilib-

rium value of a matched firm.
If there is free-entry in the market for goods 7{; = 0. Consequently, the equilibrium value
of matched firm is given by
L _(1-a)S(@)°
B ()

In the present setting, the matching surplus accrued from additional employment is given by

individual consumption times the marginal contribution of employment to household’s welfare
as measured by the costate variable on the constraint for employment dynamics (cf. Chen et al.
2011). Therefore, assuming that £ € (0,1) is the surplus’s share accruing to the representative
firm, whereas 1 — £ is the corresponding share accruing to the household, the equilibrium value

of matched firm reads also as

my = CTw” (A3)
In a Pareto optimal steady-state equilibrium, eq.s (9), (32), (A2) and (A3) imply that

_(1— a) Sg* (3*)° + 53# —0 (A4)

The steady-state solution pinned down by eq. (A4) is equal to the one implied by eq. (10)
only when ¢ is equal to 6.
In a similar manner, according to the notation introduced in eq. (47) the Bellman equation

for the value of a matched firm can be written as

pmy = 1" — o (myy — 7)) (A5)
where II* = (W* — W*) L*.
Considering the free-entry condition, the expression for 7y, merely reduces to

H*
p+o

(A6)

* J—
ﬂ-M_

Taking into account that in the Pareto optimal solution the value of a matched firm has to
equal to the fraction 6 of total surplus, the expressions in eq.s (A3), (A6) , (10) and (22) imply
that

W* = (1—a)(1—6)S (&) (1 + ¥ (A7)
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The wage equation in (A7) is exactly the steady-state version of eq. (46). Q.E.D.

Appendix B: The decentralized economy with a differen-

tiated wage treatment

Whenever it possible to pay workers according to the activity in which they are employed by

the representative firm the household problem reads as

[e.e]

max / exp (—pt) (InC (t)) dt
CHEAOH
=0

s.to

At) = A() R(t) + Wy (OV (1) + Wx ()X (£) + L (t) — C(t)

L(t) = (1= L(£))l (¥(t)) — oL (t)
A(0)=A, L0)=1L

(B1)

where Wy (t) (Wx(t)) is the real wage rate paid to workers employed in recruiting (production)
activities.

The solution of the problem in (B1) is identical to the solution of the problem in (30). On
the other side, when a separating wage strategy is feasible, the problem of the firm becomes

the following:

o0

max [ exp (~pt) (¥ () = WeO)V (1) = W(®) (L) = V(2) = (R () + ) K(0) ds
- s.to (B2)
L(t) = V(A (¥() - oL (t)
L(0)=T

The FOC with respect to K(t) as well as the transversality condition for the problem in
(B2) are identical to the expressions in (38) and (41). By contrast, the FOC with respect to
V(t) and the optimal evolution of the costate variable associated to the dynamic constraint for

employment are, respectively, given by

—(1=a)S(2 ()" = Wy (t) + Wx(t) +we (£) A (¥(t)) = 0 (B3)

wr () = wr () (p+ 0) = (L= ) S (2 (1)" + Wx(t) (B4)

On the one hand, in a steady-state equilibrium, eq.s (B3) and (B4) implies that

* - *\ QX * p+0
Wi = (L= a)S ()" + Wit s
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On the other hand, assuming that the asset market clear by pricing capital at its marginal
productivity and that the market for goods is competitive allows us to derive the following

equilibrium expression:

X*
V*

Plugging eq. (B6) into eq. (B5) implies that W% = (1 — «)S (®*)*. Consequently, it
necessarily follows that Wy, = 0. Q.E.D.

Wy = ((1—a) §()" = Wx) (B6)
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