DE GRUYTER Adv. Calc. Var. 2023; 16(1): 111-129

Research Article

Angel Arroyo* and José G. Llorente

p-harmonic functions by way of intrinsic
mean value properties

https://doi.org/10.1515/acv-2020-0101
Received October 14, 2020; revised March 15, 2021; accepted March 24, 2021
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1 Introduction

1.1 Background

Let Q ¢ R"beabounded domain. The aim of this paper is twofold. First, we discuss existence and uniqueness
of continuous solutions of the Dirichlet problem in Q associated to certain nonlinear mean value properties
in balls of variable radius B(x, p(x)) c Q. Then we study the convergence of such functions to the solution of
the p-harmonic Dirichlet problem in Q.

A primary motivation of our work is the mean value property for harmonic functions, saying that a con-
tinuous function u in a domain Q ¢ R" is harmonic if and only if

ux) = ][ u(y)dy (1.1)
B(x,p)
for each x € Q and each p > 0 such that 0 < p < dist(x, 0Q). The mean value property plays a relevant role
in geometric function theory and is indeed the fundamental tool of the interplay between classical potential
theory, probability and Brownian motion.

A theorem due to Volterra (for regular domains) and Kellogg (in the general case) says that if Q ¢ R" is
bounded, u € C(Q) and for each x € Q thereisaradiusp = p(x) with 0 < p < dist(x, 0Q) such that (1.1) holds,
then u is harmonic in Q (see [13, 23]). Therefore, under appropriate hypotheses, the mean value property for
a single radius (depending on the point) implies harmonicity.
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In the recent decades, substantial efforts have been devoted to determine the stochastic structure of cer-
tain nonlinear PDEs, a crucial step being the identification of the corresponding (nonlinear) mean value prop-
erties. In this paper, we will focus on the p-laplacian, which for 1 < p < oo is the divergence-form differential
operator given by

Apu := div(|VulP~?Vu).

Weak solutions u € Wllo’f (Q) of Apu = 0 are said to be p-harmonic functions. Observe that the theory is non-
linear unless p = 2, in which case we recover harmonic functions. We refer to [16] for background and basic
properties of p-harmonic functions.

Unfortunately, the nature of the connections between p-harmonic functions and mean value properties
is more delicate when p # 2. We start with some basic facts in the smooth case. If u € C? and Vu # 0, then
a direct computation gives

Aol ), (1.2)

Apu = |Vu|p’2(Au + (p - Z)W

where

n
Asoll = Z U, U Ux; x; (1.3)
ij=1
is the so called oco-laplacian in R™. Then (1.2) shows that, in the smooth case and away from the critical
points, the p-laplacian can be understood as a linear combination of the usual laplacian and the normalized
oo-laplacian.
By using the viscosity characterization of p-harmonic functions [12], Manfredi, Parviainen and Rossi
characterized p-harmonicity in terms of nonlinear mean value properties in [19]. Namely, a function u € C(Q)
is p-harmonic in Q ¢ R" if and only if u satisfies the asymptotic p-mean value property

-2/1 1 2
U(X)Ip (—supu+—inf u>+n+

d 2 1.4
N+P\2 Bixe) 2 B(x,e) n+ } uy)dy +o(e") (1.4)

B(x,¢)

in a viscosity sense for each x € Q. If n = 2, then this characterization holds also in the classical sense [2, 17],
while for n > 3 the question of whether p-harmonic functions satisfy (1.4) in the classical sense is still open.
Note that if p = 2, then (1.4) is actually equivalent to u being harmonic.

From a probabilistic point of view, the influential work of Peres, Schramm, Sheffield and Wilson [21]
established a game-theoretic interpretation of the co-laplacian, and the functional equation

1 1 . f
Ue) = 3 gup e + 3 Jof e
appears as a dynamic programming principle of a two-player zero-sum tug-of-war game. A similar interpreta-
tion for the p-laplacian, p € [2, oo], was considered in [22]. Manfredi, Parviainen and Rossi gave a systematic
twist to the theory, from both an analytic and probabilistic point of view [19, 20]. In particular, in [20] the term
p-harmonious was introduced to denote (not necessarily continuous) solutions of the functional equation

p-2/1 1. n+2 Jf
= - — inf d 1.
U (x) n+p(2§(§1£)u€+ ZBl(le,g)us)-'— - us(y) dy (1.5)
B(x,g)

for each x € Q. Note, however, that (1.5) raises some technical problems, coming from the fact that the balls
B(x, €) eventually escape the domain. Manfredi, Parviainen and Rossi [20] extended a given f € C(0Q) to the
strip {x € R™" \ Q : dist(x, 0Q) < €} and proved that, if Q ¢ R" is bounded and satisfies a so called boundary
regularity condition, then there is a unique p-harmonious function u, having f as boundary values (in the
extended sense). Furthermore, u, — u uniformly in Q as & — 0, where u is the unique p-harmonic function
solving the Dirichlet problem in Q with boundary data f. It should be remarked that domains satisfying a uni-
form exterior cone condition (see Definition 1.4 below) verify the boundary regularity condition, in the sense
of [20]; see also [1, 8, 18] for further approaches.
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1.2 Main results

In this paper, we deal with a modified version of (1.5) in which the balls B(x, €) are replaced by balls of
variable radius B(x, p(x)), where 0 < p(x) < dist(x, 0Q). We want to emphasize that the variable radius setting
is natural for at least two reasons: it is closely related to the classical theory (remember the Volterra-Kellogg
theorem) and it is intrinsic, in the sense that no extension of the domain is needed (this explains the term
intrinsic in the title).

Theorem 1.5 below is an existence and uniqueness result for the Dirichlet problem associated to intrinsic
mean value properties. It extends the existence result in [20] to the variable radius setting, substantially
relaxes the geometrical restrictions of [3] and, as an additional feature, the solution is constructively obtained
via iteration of the averaging operators T, , (see (1.6)).

Theorem 1.7 is an approximation result showing that, when properly normalized, solutions of intrin-
sic mean value properties with fixed continuous boundary data converge to the solution of the p-harmonic
Dirichlet problem with the same boundary data. The combination of Theorem 1.5 and Theorem 1.7 provides
therefore an intrinsic and constructive method of obtaining solutions of p-harmonic Dirichlet problems which
might be of interest from a computational point of view.

The fundamental tool to prove Theorem 1.5 and Theorem 1.7 is the construction of explicit barriers which
neither depend on p nor on the admissible radius function p and work simultaneously for the operators T, ,
and the p-laplacian (Theorem 1.9). We believe that this construction has an independent interest which might
be useful in other situations.

Even though the motivation for studying such problems is partly probabilistic (namely the search of
“natural” stochastic processes associated to the p-laplacian), our arguments and techniques are entirely
analytic.

Before stating the main results, let us introduce some necessary definitions.

Definition 1.1. Let Q c R" be a bounded domain. We say that a function p : Q — (0, 00) is an admissible
radius function in Q if the following conditions hold:

(i) 0 < p(x) < dist(x, 0Q) for every x € Q.

(ii) p(x) = 0if and only if x € 0Q.

Hereafter, we will write B,(x) := B(x, p(x)).

It is important to remark at this point that the main existence and convergence results (Theorems 1.5 and 1.7
below) of this paper require the admissible radius function to be continuous in Q. However, this assumption,
in spite of its essential role in the proof of the local equicontinuity [3, 4], is not directly involved in the proofs
presented in this paper, which are focused on the behavior of the iterates near the boundary (see Section 3).

Definition 1.2. Let Q c R" be a bounded domain and let p be an admissible radius function in Q. Let §,
and M, be the operators in L*(Q) defined by

1
supu+ = inf u ifx e Q,

Spu(x) i= 28,00 By(0
u(x) if x € 0Q,
and
u(y)dy ifxeQ,
Mpu(x) := {B,(x)
u(x) if x € 0Q,

for every u € L°(Q). In addition, for a fixed p € [2, co), we define the operator Tp,p in L®°(Q) as the following

linear combination of 8, and M,:
T ._p—ZS n+2M (1.6)
PP nep ™ n+p ” :

Note that T, , = M, and that, formally, T, o = 8,. As the following proposition says, T, , preserves the

class C(Q), provided the admissible radius function p is continuous.



114 —— A.Arroyo andJ. G. Llorente, p-harmonic functions by way of intrinsic mean value properties DE GRUYTER

Proposition 1.3 ([4, Proposition 4.1]). Ifp € C(Q), then T, , : C(Q) — C(Q) foreachp € [1, co].

From now on, we will take C(Q) as the natural function space where the operators 7, b,p are defined. In addi-
tion, T, satisfies the following properties:

() Affine invariance: if a, b € Rand u € C(Q), then Tpplau +b) =aTpu+b.

(ii) Monotonicity: if u, v € C(Q) such that u < v, then Tp,pu < TppV.

(iii) Non-expansiveness: if u, v € C(Q), then

1Tp,pu = Tp pViico < It = Voo

(iv) infp, (0 u < Tppu(x) < Supp, (x) U for every x € Q.
It is easy to check that the k-th iteration of T, ,, denoted by T’ /3, s also satisfies the above four properties. We
point out that, in the constant radius case p(x) = €, an operator satisfying the conditions (i), (ii) and (iv) above
has been called an average in [8].

Let f € C(0Q). In this paper, we are interested in existence and uniqueness of solutions of the Dirichlet
problem

{Tp,pu =u inQ, (1.7)
u=f onoQ.

We will also discuss assumptions under which normalized solutions of (1.7) converge to the corresponding
solution of the Dirichlet problem for the p-laplacian.

Notice that (1.7) is equivalent to the problem of finding a fixed point of T, , among all continuous func-
tions with prescribed continuous boundary data f. Given f € C(0Q), we define Ky as the set of all norm-
preserving continuous extensions of f to Q:

Ky := {u € C(Q) : uloa= f and ulleo,0 = Ifllco,00}- (1.8)

By Proposition 1.3 and the non-expansiveness of the operator, it follows that T, ,(Xs) c K. Furthermore,
if u satisfies (1.7), then |[u]lc,0 = lIfllco,00 by the comparison principle (Theorem 3.4). Therefore, the Dirichlet
problem (1.7) has a solution in C(Q) if and only if T)p,p has a fixed point in XK.

In order to state the main theorems of this work, we need to impose a certain geometrical condition on
the boundary of the domain.

Definition 1.4 (Uniform exterior cone condition). Let a € (0, Z) and r > 0. We denote by K, , the truncated
circular cone
Koy ={xeR": x; < -|x|cosa and |x| < r}.

We say that a domain Q ¢ R" satisfies the uniform exterior cone condition if there exist constants a € (0, J)
and r > 0 such that for every & € 0Q there is a rotation R € SO(n) in R" such that

£+ R(Kqy) € R™\ Q.

Remark. Let Q c R" be a bounded domain. Then Q is Lipschitz if and only if both Q and R" \ Q satisfy the
uniform exterior cone condition (see [9]).

We now state the first main result of this paper (compare with [3], where the same result was proven under
the assumption that Q is strictly convex and the admissible radius function is 1-Lipschitz); see [18, 20] for
previous versions in the constant radius case.

Theorem 1.5. Let Q c R" be a domain satisfying the uniform exterior cone condition and let p € [2, c0). Sup-
pose that p € C(Q) is a continuous admissible radius function in Q satisfying

Adist(x, 0Q)P < p(x) < Adist(x, 0Q)

forall x € Q, where

diamQ)l—ﬁ.

p=1, O<A<1—(‘:1%12)>1/ﬂ, 0<A<A( (1.9)



DE GRUYTER A. Arroyo and J. G. Llorente, p-harmonic functions by way of intrinsic mean value properties =—— 115

Then, for any f € C(0Q), there exists a unique solution u, € C (Q) to the Dirichlet problem

{‘.Tp,pup =u, inQ,

(1.10)
u, =f onoQ,

where T), , is the averaging operator defined in (1.6). Furthermore, for any norm-preserving continuous exten-
sionu € C(Q) of f, the sequence of iterates {7, ”,‘,pu}k converges uniformly to u, in Q.

By letting 8 = 1, we obtain the following corollary as an immediate consequence.

Corollary 1.6. Let Q c R" be a domain satisfying the uniform exterior cone condition and let p € [2, co). Sup-
pose that p € C(Q) is a continuous admissible radius function in Q satisfying

Adist(x, 0Q) < p(x) < Adist(x, 0Q)
for all x € Q, where
n+2
n+p’
Then, for any f € C(0Q), there exists a unique solution u, € C(ﬁ) to the Dirichlet problem (1.10). Further-
more, for any norm-preserving continuous extension u € C Q) of f, the sequence of iterates {‘J’/,fypu} x converges
uniformly to u, in Q.

O0<A<AK<

The next theorem is our second main result of the paper. It says that, when considering a family of admissi-
ble radius functions going to zero in an appropriate way, the corresponding solutions given by Theorem 1.5
converge uniformly to the p-harmonic solution of the Dirichlet problem.

Theorem 1.7. Let Q c R" be a domain satisfying the uniform exterior cone condition and let p € [2, c0). Sup-
pose that {p:}o<e<1 1S a collection of continuous admissible radius functions in Q satisfying

Adist(x, 00)f < ’# < A dist(x, 9Q)

for all x € Q and every 0 < € < 1, where B, A and A are as in (1.9). Given any continuous boundary data
f € C(0Q), let u. be the solution of
Tpp,pUe = U InQ,
{ us=f onoQ.
Then ug — uo uniformly in Q, where uy is the unique p-harmonic function in Q solving
Apug =0 inQ,
{ up=f onoQ.

The fundamental tool for the proofs of Theorem 1.5 and Theorem 1.7 is provided by Theorem 1.9 below.

Definition 1.8. Let Q c R" be adomain and let { € 0Q. We say that a function w; € C (Q)isa Tp,p-barrier at &
if we > 0in Q\ {&}, wg(§) = 0 and we > Ty, ,we in Q. If a barrier exists, we say that & is a T, -regular point.
Moreover, a bounded domain Q ¢ R" is T), ,-regular if every point on 0Q is T}, ,-regular.

Theorem 1.9. Let Q c R" be a bounded domain satisfying the uniform exterior cone condition with constants
a € (0, Z) and r > 0 as in Definition 1.4. Choose y such that
8(sin a)"2
0<y< m (1.11)
Then, for each & € 0Q, there exists a function wg € C(Q) such that wg(&) = 0, wg > 0in Q \ {&},
we(x) = { we(y)dy, wex) 2 1 sup we + 1 inf we (1.12)
2 B(x,p) 2 B(x.0)
B(x,0)
for every ball B(x, p) c Q, and
L(x = &) < we(x) <y 2x - &Y (1.13)
for every x € Q, where £(t) := a®> " min{t, r}Y. In addition, for each p € [2, co] and any admissible radius func-
tion p in Q, wy is, simultaneously, a T, ,-barrier and a barrier for the p-laplacian at £ in Q.
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1.3 Further remarks

It is worth recalling that the Dirichlet problem (1.7) for p = co was studied by Le Gruyer and Archer in [14] in
the context of metric spaces. There, functions satisfying 8,u = u were originally called harmonious and stud-
ied in connection to extension problems of continuous functions in metric spaces. It follows, as a particular
case of results in [14], that if Q ¢ R" is a bounded and convex domain and p is 1-Lipschitz, then the Dirichlet

problem
Spu=u inQ, (1.14)
u=f onoQ, ’

has a unique solution for each f € C(Q). One of the most important features of the operator 8, (with
1-Lipschitz p) is that it preserves the concave modulus of continuity: if @, is the lowest concave modu-
lus of continuity of u in Q, then @s , < @), This invariance property allows the use of Schauder’s fixed point
theorem to prove existence in (1.14). Unfortunately, the operators T), , do not preserve in general the modu-
lus of continuity, and thus Schauder’s Theorem is no longer available and different strategies are required to
obtain fixed points.

The existence part in Theorem 1.5 is obtained from the equicontinuity and subsequent uniform conver-
gence in Q of the iterates {T° ,I;(,p“}k for u € C(Q). When p = 2, the fact that the sequence {.’Jv[/’;u}k converges
uniformly in Q to the solution of the (harmonic) Dirichlet problem in Q with boundary data f = u|yq, was
already observed by Lebesgue, in the case that Q is regular and p(x) = dist(x, 0Q) (see [15], and also [6]
for a more general approach in this direction). A significative difference between Lebesgue’s setting and the
methods of this paper is that in Lebesgue’s note existence is taken for granted and the convergence of the iter-
ates is obtained as a consequence, while we actually use the convergence of the iterates to prove existence. As
for equicontinuity, it is worth mentioning that boundary equicontinuity turns out to be a much more delicate
matter than interior equicontinuity. In [3], boundary equicontinuity was established under the assumption
that Q is strictly convex and p is 1-Lipschitz. Our approach here is based on the construction of explicit bar-
riers for T, ,, having the additional advantage that they work for domains satisfying the uniform exterior
cone condition. We would like to point out that, since the operators 7, , are not local, some steps in Perron’s
method (like Poisson’s modification) do not work in our setting and we need ad hoc arguments to prove
existence. Our approach gives, in particular, a more constructive proof of the existence of solutions to the
Dirichlet problem for the p-laplacian in domains satisfying a uniform exterior cone condition.

We would also like to stress that the technical constraint for the admissible radius function expressed
in (1.9) restricts the validity of our main existence and convergence results (Theorems 1.5 and 1.7) to the
range p € [2, co). Moreover, these results are not uniform on p, in the sense that the relationship between p
and p established in (1.9) does not allow to pass to the limit as p — oo. This is independent of the fact that
the barriers constructed in Theorem 1.9 are uniform both in p > 2 and p. In addition to this, we must point
out that the definition of T),, implies that there is no comparison principle as in Theorem 3.4 for p € (1, 2),
which is one of the key steps in the proofs.

The rest of the paper is organized as follows: In Section 2 we show the existence of T, ,-barriers for
domains satisfying the uniform exterior cone condition (Theorem 1.9). Then, in Sections 3 and 4, we use these
barriers to prove existence of fixed points of T, , (Theorem 1.5) and their convergence to p-harmonic func-
tions (Theorem 1.7), respectively. For the sake of convenience and, whenever the role of p € [2, co) causes no
confusion, we will write T, instead of T, ,, in what follows.

2 Barriers for J,

Our goal is to construct a T,-barrier at each boundary point and, consequently, to show that each point on
the boundary is T,-regular. Fix £ € 0Q. Recalling the definition of the uniform exterior cone condition, there
exist constants a € (0, %) and r > 0 and a rotation R; € SO(n) such that

&+ Rs(Ko,r) cR'\ Q,
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where
Koy ={x € R" : x; < —|x| cosa and |x| < r}. (2.1)

We observe that after a translation and a rotation we can assume that £ = 0 and R = Id, in which case we
define a bigger domain Qg4 , = R" \ K4, so that Q ¢ Q, ;. Then our aim is to construct a function w in Qg ,
such that its restriction to Q, that is, wlq, verifies w > T,w for every (not necessarily continuous) admissible
radius function p in Q.

We split the construction of such function in two steps. First, we construct the barrier at O for the com-
plement of an unbounded cone along the negative x;-axis. Second, we adapt the argument to work for the
complement of a truncated cone.

2.1 Barrier for the complement of a whole cone
Let a € (0, Z) and define
Qq :={x € R" : x1 > —|x| cos a}.

We will use polar coordinates with respect to the x; -axis, that is, we assign a pair (R, 8) to each x € R", where
= |x| and 6 = arccos( |X|) € [0, m) is the angle between x and the positive x; -axis. Then

Qe={xeR":0<0<m-a}.

Before stating the main result of this section, we define an auxiliary function ¢ : (-m, m) — [0, c0) as the
solution of the differential equation

{t:b 0 +(n-2)¢p (9)c?t9= 1, 2.2)
$(0)=¢(0) =
which has the integral form
1ol t
$(9) = J J leni ds dt 2.3)

for every 6 € (-m, i) (see [10, Lemma 2.4]). We review some of the properties of the auxiliary function ¢ in
the following lemma.

Lemma 2.1. The function ¢ : (—m, m) — [0, co) defined in (2.3) satisfies the following assertions:
Q) ¢ e C*(-m, m).

(ii) ¢ isincreasing in (0, ) and convex in (-m, m).

(iii) For every |0| < m - a,

T

0S¢ Ginay

and ¢'(0) < (2.4)

2(sin a)"2
Proof. 1t is easy to check that ¢ € C?(-m, ). Hereafter, we restrict the analysis to the interval [0, 7). By
differentiation of (2.3), we obtain

0

'@) = 1 i =2
PO= gy J (sin )72 dt >0,

so ¢ is increasing in (0, 7). Next, since ¢ satisfies (2.2), we have

(sin @)™ = (n-2)cos 6 foe(sin H"2 dt
(sin )n-1
for 0 < 6 < 71. Observe that if £ < 6 < 71, then cos 6 < 0, and so ¢" > 0in [, 7). For 0 < 6 < § define
0
Y(6) = (sin 6)" - (n - 2) cos § J(sin B2 dt
0

¢Il(9) —
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and observe that 1(0) = 0 and
0
P'(0) = cos O(sin )2 + (n-2)sin O J(sin 6" 2dt>0
0

for0<0< g Therefore, ¢ is convex in (0, ).
To show (2.4), note first that

0

J(sin )2 dt < 6 max{(sin )2}
0<t<h

0

foreach 0 < 6 < m, so
0 if0<0< 2,
pO<] o 4 (2.5)
- jf=x
(sin G)n-2 2
Since ¢ is convex in (0, 1), we obtain that ¢’ is increasing in (0, 77). Recalling that a € (O, g), we obtain that
'@)<P(m-a) < ———
$'(0) < @' (T- 0 < (o

for every O < 6 < 7 — &, which is the second inequality in (2.4).
On the other hand, for % < 0 < 1 we get

’ t 1 6-12
- _n
————dt<(6- =) ma = 2
I (sin t)n-2 ( 2 ) gstsxe{ (sin t)n—2 } (sin )12
2
Integrating (2.5), we obtain
2 pid
0cp@ < 22
h = 8  (sin@)n2
for every % < 0 < m1. In particular, since ¢ is increasing,
m? Z-a m? n

PO <Pp(m-a)< — +

., 5 < —_ + —!
8 (sin(m-a))"2 =~ 8  2(sina)"?
and the first inequality in (2.4) follows. O
Lemma 2.2. Fora € (0, Z) let
Qq = {x e R" : x1 > —|x| cos a}
and let U : Q4 — R be the function defined by

U(x) = IxI"(A - ¢(6)),

0= arccos(x—),

1 (2.6)
x|

where ¢ : (-, m) — [0, 00) is the auxiliary function defined in (2.3) and A > 0,y € (O, %], are constants satis-

fying

2 2
T, M <A<+ 2.7)
8  2(sina)n2 y(y+n-2)
Then U € C2(Qq) N C(Qq), U0) = 0, U > 0in Qg \ {0},
U(x) = ][ Uly)dy, Ux) > 1 sup U + 1 inf U (2.8)
2 B(x,p) 2 B(x,0)
B(x,0)
for every ball B(x, p) € Qq, and
a® Mx)Y < Ux) < y 2 |x) (2.9)

for every x € Qq. In particular, for each p € [2, co] and any admissible radius function p in Q, U is, simultane-
ously, a T, p-barrier and a barrier for the p-laplacian at 0 in Q.
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2.2 Proof of Theorem 2.2

The regularity of U is a direct consequence of its construction. To see (2.9), we recall (2.4) together with (2.7)
to get that, forevery0 < 0 < m - a,

3m? 1
“2may AP0

Then (2.9) follows.
In order to show (2.8), let us recall from [10, Lemma 2.4] the expression of the laplacian of U in the polar
coordinates x < (R, 6):

AU = R"2[-¢" () — (n - 2)¢"(8) cot 6 + y(y + n — 2)(A - ()],
which together with (2.2) gives
AU = -R"?[1-y(y + n-2)(A - ¢(9))]. (2.10)

Since ¢ > 0 and A and y satisfy (2.7), it turns out that AU < 0. That is, U is superharmonic and the first
inequality in (2.8) follows by the mean value property for superharmonic functions.

Before proving the second inequality in (2.8), we first note that, since U is rotationally invariant with
respect to the x;-axis, the problem is actually bidimensional. Therefore, we replace x € R" by the complex
number z = Re'?, where R = |x| and cos 9 = &, and we assume that Q, lies in the complex plane, so

My
Qa:{z:Rei‘(’:R >0, |9 < - al.
Then the second inequality in (2.8) is equivalent to

1 1
Uizog) 2 = sup U+ = inf U (2.11)
2 B(zo,1) 2 B(zo,r)

for each zo = Rpe'® and O < r < Ry such that B(zg, ) ¢ Q. Here we assume, by symmetry, that
0<Yy<m—a.
Observe that B(zo, r) lies in the cone {Re'? : |9 — 9| < tm}, where

tm = arcsin( R_ro)

Given |t| < tn,, elementary computations show that the ray {Rei(%+0

R, (t)el®+) and R_(¢t)e®+t) where

: R > O} intersects 0B(zy, r) at two points

R4 () =R0(C0$ti \/(R_ro>2 - sin? t). (2.12)

By Lemma 2.1, ¢ is increasing and even, ¢ > 0 and ¢(0) = 0. It follows that supg,, ,) U must be of the
form RK(t)(A - (9o - t)) for some 0 < t < t,. Then

sup U+ inf U < RK(t)(A - 9o-1) + RV (t)(A - (90 + 1)),
B(zo,7) B(zo,7)

and, since U(zg) = Rg(A - ¢(9p)) by definition, the desired inequality (2.11) will follow from the next lemma.

Lemma 2.3. Let A > O andy € (0, 1] satisfy (2.7). For zo = Roe'% and 0 < r < Ro such that B(zo, 1) ¢ Qq, the
inequality
R.()Y (A~ $(90 - ) + R_(t)(A - p(Io + 1)) < 2RL(A - $p(90)) (2.13)

holds for every |t| < arcsin(RLO), where R..(t) were defined in (2.12).
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Proof. Let us denote
R.(t)\y )
Ro

Ae = Au() = 2(
for simplicity. Then (2.13) is equivalent to

¢(9o) - (A+¢(~90 - ) +A-¢(9o + 1))
- (A +AD)

F(t) := <A

forevery 0 < t < arcsin(R—’O). We show that the previous inequality holds true. Observe that after a rearrange-
ment of the terms we can write

/1++/L

F(t) = $(90) + S [#000) - T #0000 - 90+ 0.

Let us focus on the term in brackets. From the convexity of ¢ we can estimate the term in brackets as follows:

A+_A_t)< Ay = A

d(9o) - P90 - t) - /L,/IT_/I_(;[)(SO + 1) < P(Jo) - ¢(30 LA LA te' (90).

Ay
Ay + A
Thus,

F(t) < ¢(6o) + = 5 tep' (6o).

.
1-(As
Notice that, since the function ¢ is increasing in (0, 77) and 99 > 0 by assumption, we have ¢'(9p) > 0. Next,
using Lemma A.1 (see Section A), we get

R ()Y +R_(t)Y 1 ry 1 r\y
At =—"———— <= (1+—) =(1-—),
' 2R (17 ry) £3(0x)
which together with
t< arcsin(L) <
A Ro/ = 2Ry
yields

A+ ) - (1=

F(t) < ¢(80)+§ 1__[(1+Rr)y+(1_L)y ¢( o)

By Lemma A.2 together with the fact that y € (0, 5], we get
3nZ+m

F(t) < $p(90) + 21" (9p) < W

where in the second inequality we have recalled estimates (2.4). Then the result follows from the choice of A
in (2.7). O

Remark. We want to emphasize that, in the proof of Theorem 2.2, the definition of ¢ as solution of the differ-
ential equation (2.2) is used exclusively to show the first inequality in (2.8), while for the second inequality
we only need to require the convexity of ¢ in (-, 1) and the fact that ¢ is increasing in [0, 7).

The following proposition says that the function U is also p-superharmonic for each p € [2, co].

Proposition 2.4. Let U be the function defined in (2.6) with A > Oandy € (0, %] asin(2.7). ThenApU < 0in Qg
foreachp € [2, co].

Proof. From the representation (1.2) and the fact that p > 2, it is enough to check that AU < O and A, U < 0.
The choices of A and y in the expression of AU in (2.10) easily give that AU < 0. We also need the
expression of A, U in polar coordinates (see [7]):

AU =-R¥ 4[> (1 - y)A - @) +y(1 - 2y)A - ) (D) + (") ¢"].

Observe that, since y € (0, 3], A — ¢ > 0and ¢" > 0, the term in brackets is positive, s0 AsoU < 0. O
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2.3 Barrier for the complement of a truncated cone

Let a € (0, Z), r > 0 and define
sz,r =R" \Ka,r,

where K, , is as in (2.1). Note that Q,,, is the complement of a truncated cone and that Q,,, > Q. Let
U : Q4 — Rbe the function defined in (2.6) for A > Oand y € (O, %] asin (2.7). Then, from the first inequality
in (2.9), it follows that

m = inf{U(x) : x € Qq \ B0, 1)} > a*> ™" > 0.

Lemma 2.5. Let U be as in (2.6) and define w : Qq,r — R by

min{U(x), m} ifx e Qqu,NB(0,r),
W) = {U(x), m} f a,r NB(0, 1) (2.14)
m ifx € Qq,r \ B(O, 1).
Thenw € C(Qq,r), w(0) = 0, w > 0in Qg \ {0},
w(x) = ][ wy)dy, wx)z= 1 sup w+ 1 inf w (2.15)
2 B(x,0) 2 B(x,0)
B(x,0)
for every ball B(x, g) € Qg,r, and
L(Ix1) < w(x) < y 2l (2.16)
for every x € Qq,,, where
L(b) := &> " min{t, r}. (2.17)

Inparticular, for each p € 2, o] and any admissible radius functionin Qg ;, w is, simultaneously, a T, ,-barrier
and a barrier for the p-laplacian at 0 in Qq,;.

Proof. Since U € C (Qq), the continuity of w only needs to be checked at Q, N 0B(0, r). Fix xg € Qq N 0B(0, 1).
Then U(xo) > m. From the continuity of U it follows that

XILI‘E(I w(x) = min{U(xg), m} = m = w(xg).

The inequalities in (2.16) follow from the definition of w and from (2.9). To prove (2.15), choose any ball
B(x, p) € Qq,r. We distinguish two cases:
(1) If w(x) < m, then observe that B(x, p) ¢ Q4 and that w < U in B(x, g). It follows from Theorem 2.2 that

][ w(y) dy < ][ U(y) dy < U() = w(x)

B(x,0) B(x,0)
and
L su w+1 inf w< ! u U+1 1nf U< Ux) =wk)
2 B(XI:Q)) 2 B(x,0) 2 p 2 B(x )

(2) If w(x) = m, then (2.15) follows immediately since w < m.

From (2.15) it is immediate that 7, ,w < w for every admissible radius function p in Q,, and each
p € [2, co]. Finally, the fact that w is p-superharmonic is a consequence of the p-superharmonicity of U, the
invariance of p-superharmonic functions by rotations and the pasting lemma [11, Lemma 7.9]. O

2.4 Proof of Theorem 1.9

Let Q c R" be a bounded domain satisfying the uniform exterior cone condition with constants a € (0, g)
and r > 0. From (1.11) it follows in particular that y € (0, %] and
1 1  13m%+4m _ m* 3m’+n

yy+n-2) g yn g 8(sina)”2~ 8 " 2(sin@)n-2’
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which allows to choose A > 0 so that (2.7) holds and, subsequently, to construct U and w as in (2.6)
and (2.14), respectively.
Recalling Definition 1.4, there exists, for every & € 0Q, a rotation R € SO(n) in R" such that

&+ Re(Kg,r) cR"\ Q

or, equivalently,
R;(Q - &) c Qqpr-

Then we define w; : Q — Rby
w(x) = w(Rg (x = §)), (2.18)

where w is the barrier function given by (2.14). Recalling Lemma 2.5, we observe that w¢ is non-negative in
Qand we(x) = 0if and only if x = £. On the other hand, if p is an admissible radius function in Q, since

§+R¢(Bp(x)) = B(§ + Re¢(x), p(x)) € Q.1

we obtain
Towe(x) = Tow(Rg (x = §) < W(Rg (x - §) = we(x).

Thus (1.12) follows from (2.15) and, in particular, wg isa Ty-barrierat & € 0Q. The fact that w, is also a barrier
for the p-laplacian follows in a similar way. Finally, from (2.16) we get (1.13) for every x € Q, where £ is given
by (2.17). This finishes the proof of the theorem.

3 Existence of solutions

We split the section in two parts. In the first part, we show the equicontinuity of the sequence {7’ fgu} in Q. In
the second part, we establish existence and uniqueness of the Dirichlet problem for 7),.

3.1 Equicontinuity results

At this point, we refer to [4, Theorem 4.5] for the equicontinuity of the sequence {‘I}; u}y at interior points
of Q, where u € K with X being the set of continuous extensions of f defined in (1.8) (see also [3, Proposi-
tion 2.6]).

Theorem 3.1 ([4, Theorem 4.5]). Let Q c R" be a bounded domain and let p € [2, co). Suppose that p € C(Q)
is a continuous admissible radius function in Q satisfying

Adist(x, 0Q) < p(x) < Adist(x, dQ)

for all x € Q, where

— 1
P2V 0 < A< (diam @)™

>1, O<A<1-
B <As ( n+p
Then, for any u € C(Q), the sequence of iterates {‘J‘L‘ u}y is locally uniformly equicontinuous in Q.

Therefore, it only remains to show that, given a function u € Xy, the sequence of iterates {‘IL‘ u}y is equicon-
tinuous at each 7,-regular point of the boundary.

Proposition 3.2. Let O c R" be a bounded domain and let f € C(0Q). For any u € Xy, the sequence of iter-
ates {T,’; u}y is equicontinuous at each T,-regular point of 0Q.

Proof. Since u € Xy, we have that u is uniformly continuous in Q, that is, for each n > 0 there exists § > 0
small enough such that |u(x) — u(y)| < n for every x, y € ﬁsatisfying [x =yl < 6.Fix C = Cy 5y = 2|ulloo/L(6),
where £ is the non-decreasing continuous function defined in (2.17). Then

lu(xx) —u@)| < CL(x-yl)+n
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for every x, y € Q. Therefore, if & € 90Q is 7, p-regular, recalling (1.13), we obtain that
[u(x) - f(&) < Cwe(x) + 1

for every x € Q, where w¢ is a T,-barrier at £. Let k € N. By the affine invariance and the monotonicity of T%,
we have

[ Tau(x) = fO] = 1T - fE))] < Th(Cwe +n)(X) < Cwe(x) + 1

for every x € Q, where in the second inequality we have used that we = Tpwe. Finally, by taking limits, it turns
out that
0 <lim supIT;,‘u(x) -fOl < Climsupwe(x) +n =1
x—é& x—é&

for each k € N and every n > 0. Thus the sequence of iterates {7’ fo‘ u}y is equicontinuous at ¢ and the proof is
finished. =

Remark. The proof of the above result only requires the affine invariance and the monotonicity of 7,. On the
other hand, the proof does not require any further assumption on the admissible radius function, such as for
example the continuity. Thus, the equicontinuity estimates obtained in the previous result are independent
of the particular choice of p in the definition of the operator T,.

In view of Theorem 3.1 and Theorem 3.2, we have proved the following theorem.

Theorem 3.3. Under the assumptions in Theorem 3.1, assume in addition that Q is T,-regular. If u € Xy, then
the sequence of iterates {‘IL‘ u}y is equicontinuous in Q.

3.2 Existence and uniqueness

We start with the following comparison principle that uses a standard argument (see also [3, Proposition 4.1]).

Proposition 3.4. Let Q c R" be a bounded domain and let p be an admissible radius function in Q. Assume
thatu,v € C(ﬁ) satisfyu < Tpou, vz TpvinQandu < vonoQ.Thenu <vin Q.

Proof. Let m = maxg(u — v). We show that m < 0 by contradiction: suppose that m > 0 and let
A:={xeQ:uX)-v(x)=m}

Since u — v is upper semicontinuous in Q and u — v < 0 on the boundary, A is a nonempty closed subset of Q.
The contradiction will then follow by proving that A is also open, so A = Q and u(x) — v(x) = m > 0 for every
x € Q.

To see that A is open, we choose any a € A and we show that B,(a) c A. Recalling that u and v are sub-
and super-solutions of T, we obtain that

Tpu(a) = u(a) = m+v(a) = m+ Tyv(a).

By the definition of T),

2 2 2
T Mu(a) > 22 (m o+ Spv(@) + s m + Myv(a)).
n+p n+p n+p

p-2
—38
nip pu(a) +
Hence, by the monotonicity of §, and M, and since p € [2, co), it turns out that
Mpu(a) = m+ Mpv(a).

Recalling the definition of M, we obtain
m= ][ (u-v).
Bp(a)
Since m is defined as the maximum in Q of u — v, we have u(x) — v(x) = m for every x € By(a). Then By(a) c A,
and so A is an open set. Therefore, since Q is connected, we obtain A = Q and u —v =m > 0 in Q, which
contradicts the assumption u < v on 0Q. O
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The uniqueness of fixed points follows immediately as a corollary.

Corollary 3.5. Let Q c R" be a bounded domain and let f € C(0Q). Suppose that u,v € Xy are fixed points
of Tp. Thenu = vin Q.

In order to show the existence of fixed points for 7, in X, we will make use of the following technical result,
which can be stated in the more general context of Banach spaces.

Lemma 3.6. Let (X, |- ) be a Banach space, let 0 + K c X be any closed subset and let T : K — K be a non-
expansive operator. Fix x € K. Ify € K is any limit point of the sequence {T*x}, then

lim [T x = T*| = | Ty - ylI. (3.1)
k—oo
Proof. Observe first that, since T is non-expansive, the sequence of non-negative real numbers
(T x = T X1}

is non-increasing, and thus every subsequence converges to the same limit. Next, take any convergent sub-
sequence {T"ix}j and denote the limit by y € K. The triangle inequality and the non-expansiveness of T
yield

TS x = Tx] = 1Ty =yl < T+ x = Ty) = (Thx = y)ll < 2 TNx - |

for each j € IN. Then (3.1) follows after taking limits as j — co. O
Now we are ready to prove Theorem 1.5.

Proof of Theorem 1.5. Since Q is T)-regular by assumption, the sequence of iterates {7, /,f u}y is equicontinuous
at each point in Q for any u € Xy, by Theorem 3.3. Then the Arzela-Ascoli theorem yields the existence of
at least one subsequence converging uniformly to a function v € X¢. Furthermore, T ,‘;’v is also a limit point
of {‘I},‘u}k for each €=0,1, 2, .... Therefore, since Xy is a closed subset of C(Q) and T = Tp : Kf - Ky is
non-expansive, Lemma 3.6 implies that

||cJ~€+lV _ ‘J‘evlloo _ khm ||:J~k+1u _ ‘Iku”oo =d=0 (3.2)
—00
for every £=0,1, 2, .... In consequence, if d = 0, we have in particular that J,v = v, so v is a fixed point

of Tp.
In order to show that actually d = 0, let us assume on the contrary that d > 0 and argue by contradiction.
Let £ € N to be fixed later. Since T¢*1v — T¢v is a continuous function vanishing on 0Q, we can choose an
interior point xo € Q such that
[T v (x0) — TV (x0)| = d.

We assume that T¢*1v(xq) — T¢v(xo) = d since otherwise the proof goes in an analogous way. Recalling the
definition of T = T, and M = M,, it turns out that

-2
d-= iTp[s«rfvxxw =S x0)] +

nt ; MTEY - T 1) (xo). (3.3)

From (3.2) and the non-expansiveness of § and M, it follows that
S(TV)(x0) - S(TC ) (xo) d and M(Tl - T ) (xp) < d,
which together with (3.3) implies that M(T¢v — T¢1v)(xo) = d.
Equivalently,
(Tv(y) - T v(y) dy = d,
Bp(XO)
and by (3.2), the integrand must be equal to d in B,(xo). In particular, T €y(x0) — T¢1v(x0) = d, so we can

repeat this argument iteratively until we finally get that

Tv(x0) = vixo) + €d.
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Recalling (1.8) and the fact that 7= T, : Ky — K, we get
Ifleo > Té¥(x0) = v(x0) + €d > ~|fllco + d.

Hence, choosing ¢ such that

2[floo

> —q
we obtain the desired contradiction.

Finally, to see that the sequence of iterates {T},‘ u}y actually converges unifl(()rmly to the unique fixed point
v € Xy, suppose on the contrary that there exist n > 0 and a subsequence {7, p’ u}j such that ||‘Ip’ U-Vlw 21
for each j € N. We can assume that this subsequence converges uniformly to a function w € Xy (otherwise,
by equicontinuity and the Arzela—Ascoli theorem, we could take a further subsequence), which would be a
limit point of {TI’)( u}y in K¢, and thus a fixed point of T,. Then the contradiction follows by uniqueness and

the fact that |w — V(e = 1. O

4 Convergence to p-harmonic functions

In this section, we study the convergence of solutions u, to (1.10) as the admissible radius function con-
verges to zero in Q. Before moving into details, it is worth recalling that one of the main connections between
mean value properties and p-harmonic functions arises from the asymptotic expansion for the p-laplacian
of a twice-differentiable function ¢ at a non-critical point x. This expansion can be expressed in terms of the
average operator T, as follows:

p(x)?
2(n+

where Ag ¢ stands for the normalized p-laplacian of ¢ defined by

A
IV¢|2

Heuristically speaking, if the fixed points T,u, = u, converge to a function up as p — 0, then it is reason-
able to expect that this function is p-harmonic. Indeed, this is one of the key ideas required in the proof of
Theorem 1.7.

To this end, first we need to impose appropriate conditions in order to ensure that p(x) converges to zero
in a uniform way. Given a bounded domain Q c R", let us consider a collection of continuous admissible
radius functions {p¢}o<e<1 Satisfying

Tpp(0) = p(x) + Ay () +0(p(x)?)  (p(x) — 0),

AN¢ i=Adp+(p-2)

Adist(x, 0Q)F <

'OST(") < Adist(x, 00Q) (4.1)

for all x € Q and every O < € < 1, where 8, A and A are as in (1.9). Since Q is bounded, |p¢|c decreases as
fast as, at least, a constant multiple of €. In consequence, p.(x) = O(¢) uniformly for every x € Q, and the
asymptotic expansion for T, becomes

g’ (ps(x)

Tpe P = p(x) + IO

) ANp(x) +0(e?) (e — 0) (4.2)

for every x € Q.

On the other hand, p, is an admissible radius function satisfying the hypothesis of Theorem 1.5 for each
0 < € < 1. Therefore, assuming that Q satisfies the uniform exterior cone condition, Theorem 1.5 yields, for
any fixed f € C(0Q), a function u, € C Q) satisfying

TeUg =Ug inQ,
{g e £ (4.3)

u.=f onoQ,

foreach 0 < € < 1, where T := T,,.
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The strategy to prove Theorem 1.7 is inspired by the method for convergence of numerical schemes
established by Barles and Souganidis in the 90s [5] and in a more recent result by del Teso, Manfredi and
Parviainen on the convergence of dynamic programming principles for the p-laplacian [8]. The steps in the
proof can be split into two parts. First, by taking pointwise limits as € — 0, we define semicontinuous func-
tions

u(x) := liminf u(y) < limsup ug(y) =: u(x), (4.4)
y—Xx, -0 y—x, £-0

and, using the asymptotic expansion (4.2), we show that u and u are p-superharmonic and p-subharmonic,
respectively. In the second part, we prove that u < u in Q with the aid of the comparison principle for
p-subharmonic and p-superharmonic functions [12, Theorem 2.7], so both functions coincide with ug, the
unique p-harmonic function satisfying
Apupo =0 inQ,
up=f onoQ.

We remind that, by [12, Theorem 2.5], the concepts of p-subharmonic function and viscosity p-subsolu-

tion coincide. Hence, for the sake of simplicity, hereafter we will use the viscosity characterization.

Definition 4.1. Letp € [2, co].

(i) We say that an upper semicontinuous function u in Q is p-subharmonic if u # —co and for every x € Q
and any ¢ € C?(Q) such that V¢h(x) # 0O and u — ¢ < u(x) — ¢(x) = 0in Q \ {x}, we have that App(x) = 0.

(ii) We say that a lower semicontinuous function u in Q is p-superharmonic if u # co and for every x € Q and
any ¢ € C2(Q) such that Vé(x) # 0Oand u — ¢ > u(x) - dp(x) = 0in Q \ {x}, we have that App(x) <O.

(iii) u € C(Q) is p-harmonic if it is both p-subharmonic and p-superharmonic.

Proposition 4.2. Let p € [2, 00), let Q ¢ R" be a bounded domain satisfying the uniform exterior cone condi-
tion, let f € C(0Q) and let u. € Xy be the unique solution of (4.3) provided by Theorem 1.5 for 0 < € < 1. Let u
and u be the functions defined in (4.4). Then u is p-superharmonic and u is p-subharmonic in Q.

Proof. We show that U is p-subharmonic. Fix any x € Q and ¢ € C%(Q) such that
Vo(x)#0 and u-¢ <ux)-¢px)=0

in Q\ {x}. That is, x is a strict global maximum of u — ¢ in Q. We need to check that Apd(x) = 0.

From the definition of u, we pick sequences &; — 0 and zj — x such that u;(zj) — u(x). For each j, let
yj € Q such that yj is a maximum of ue; — ¢ with V(y;) # 0. We claim that y; — x asj — oo. Otherwise, there
would be a further subsequence (still denoted by {y;};) converging to x" # x. Then

u(x') - p(x') > lim sup(ug; (y;) - p(y;)) = lim sup(ug;(zj) - p(z))) = u(x) - P(x),

j—oo j—oo

so we obtain a contradiction to the fact that x is a strict global maximum of u — ¢. Then y; — x and
Ug;, — Ug; (V) < ¢ — @(y;) in Q. In consequence, by the monotonicity and the affine invariance of Te;, we
obtain

0 = Tgug; (v)) — ug (yj) < Te;0(yj) — d(yj)
for every j € IN. Notice that the left-hand side of the inequality is equal to zero due to the fact that T.u, = u,
for every O < € < 1. Recall (4.2), rearrange terms and divide by s].z to obtain

Assume for a moment that Ag ¢(x) < 0. Then Af,’ ¢(y;) < O for every j € N large enough. Recalling (4.1), we
get
(Adist(y;, 0Q)P)? AN (yj) = 0(1) (j — ).

Hence, taking limits as j — co, we obtain
(Adist(x, 00)#)2AN p(x) > 0,
and thus A ¢(x) > 0. O
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In the next proposition, we give a uniform boundary equicontinuity estimate for {us}o<e<1. This estimate is
crucial to prove that the functions u and u attach the right values near the boundary.

Proposition 4.3. Letp € [2, 00), let Q c R" be a bounded domain satisfying the uniform exterior cone condition
(with constants a andr), lety € (O, %] beasin(1.11),andletf € C(9Q). Under the assumptions of Theorem 1.7,
let u; € X5 be the unique solution of (4.3) for each O < € < 1. Then, for each n > 0, there exists a constant C > 0
depending only on Q, f and n such that

lue(x) - f(&) < Cy2|x - &Y +n (4.5)

forevery x € Q and & € Q.

Proof. By uniform continuity, there exists § > 0 small enough such that |f({) — f(é)| < n for every &, { € 0Q
satisfying |{ — ¢| < 8. Fix C = Cr; = 2|flco/£(6), where £ is the function defined in (2.17). Then

1) - (Ol < CLU¢ - &)+,

and from (1.13) it follows that

If(Q) = )l < Cwe({) +1 (4.6)

for every &, { € 0Q, where wy is the T,-barrier at ¢ defined in (2.18). From the fact that w; is a T¢-barrier at &
(Theorem 1.9) and from the comparison principle (Theorem 3.4), it follows that

[ue(x) - f(§) < Cwe(x) +1
for each x € Q, which together with (1.13) implies (4.5). O

Remark. If u is the p-harmonic function in Q with boundary data f, then (4.5) holds with u, replaced by u.
This follows from (4.6), the fact that w; is p-superharmonic and the comparison principle for the p-laplacian.

Proof of Theorem 1.7. We know that the semicontinuous functions u and u defined in (4.4) satisfy u < u by
construction. We claim that the theorem follows from the reverse inequality. Indeed, suppose that u and u
agree over the whole domain. This allows to define a continuous function ug = u = u € Xy as the pointwise
limit
Uo(x) = lim u.(x)
=0

for each x € Q. Then, by Theorem 4.2, u is both p-subharmonic and p-superharmonic, so ug is p-harmonic
in Q and up|yo= f.

Our strategy to show that u > u relies on the uniform equicontinuity estimate from Theorem 4.3 to show
that u and u take the right values near the boundary. The desired inequality will then follow as a consequence
of the comparison principle for p-subharmonic and p-superharmonic functions.

Fix an arbitrary small > 0 and choose C > 0 as in Theorem 4.3. By the definition of u, we have that

U00) = f(§) = limsup (ue(y) - f§) < Cy?lx—&" +n
y—X, €—
for x € Q, ¢ € 0Q and € > 0, where in the inequality we have used estimate (4.5). Taking limits as x — &,
we get
lim sup(u(x) - f()) <n

x—&

for arbitrary small > 0. Repeating an analogous argument for u, we obtain

lim sup u(x) < f(¢) < liminf u(x)
x—¢ x—&

for every ¢ € 0Q. Since u and u are p-superharmonic and p-subharmonic, respectively, by the comparison
principle [12, Theorem 2.7], we finally obtain that u > u in Q. O
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A Auxiliary lemmas

LemmaA.l. Let T € [0, ] andy > 0. Then

(cost + \sin? T —sin? t)" + (cos t — \sin? T —sin® t)¥ < (1 +sin T)Y + (1 - sin T)Y

whenever |t| < T.

Proof. Leta € [0, 1] and define ¢, : [a, 1] — Rby
P+(x) = (x + Vx2 = a?)’ + (x - Vx2 - a?)".

Direct computation shows that
PLX) = —=—==0p=(0) > 0.

Therefore, ¢, is positive and increasing in [a, 1]. In particular, ¢.(x) < ¢+(1) for every x € [a, 1]. Then the
result follows by letting a = cos T and performing the change of variables x = cos t. O
LemmaA.2. Lety € (0, 1). Then

FA+x)Y - (1 -x)7] . 2

< A.
1-3[A+x)Y+@-x¥] 1-y (A1)

for all x € (0, 1].

Proof. Let us recall the Taylor series of f(x) = (1 + x)":

Q+x)Y =1+ ioz (i)xk (A.2)
k=1

for |x| < 1, where

(D _ e Ydope- yl)'- (k=1-y)
<.

for each k € IN. Observe that, since y € (0, 1), we have that

4 4
<2k—1)>0 and (2k><0 for each k € N.

We can rewrite the left-hand side in (A.1) by replacing (A.2):

A+ -@-x7 22 L)

- A+ + Q-0 -XR, (J)x2k’

Hence, (A.1) follows from the fact that

5[ el

for every x € (0, 1). In fact, every coefficient in the above series is nonpositive, that is,

y 2 AN Y 2 y-2k+1
<2k—1>+1—y(2k>_(2k—1)[1+1—y <O

for every k € IN. O
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