IEEE Access

Multidisciplinary : Rapid Review : Open Access Journal

Received 6 October 2023, accepted 19 October 2023, date of publication 30 October 2023, date of current version 3 November 2023.

Digital Object Identifier 10.1109/ACCESS.2023.3328540

== THEORY

An Easy to Check Characterization of Positive
Expansivity for Additive Cellular Automata

Over a Finite Abelian Group

ALBERTO DENNUNZIO“'!, ENRICO FORMENTI“2, AND LUCIANO MARGARA"3

lDipanimento di Informatica, Sistemistica e Comunicazione, Universita degli Studi di Milano-Bicocca, 20126 Milan, Italy

2CNRS, I3S, Université Cote d’ Azur, 06103 Nice, France

3Department of Computer Science and Engineering, University of Bologna, Cesena Campus, 47521 Cesena, Italy

Corresponding author: Alberto Dennunzio (alberto.dennunzio @unimib.it)

This work was supported in part by the Ministry of University and Research (MUR) under Dipartimenti di Eccellenza (2023-2027) and the
Department of Informatics, Systems and Communication, University of Milano-Bicocca, Italy.

ABSTRACT Additive cellular automata over a finite abelian group are a wide class of cellular automata (CA)
that are able to exhibit most of the complex behaviors of general CA and they are often exploited for designing
applications in different practical contexts. We provide an easy to check algebraic characterization of positive
expansivity for Additive Cellular Automata over a finite abelian group. We stress that positive expansivity is
an important property that defines a condition of strong chaos for CA and, for this reason, an easy to check
characterization of positive expansivity turns out to be crucial for designing proper applications based on
Additive CA and where a condition of strong chaos is required. First of all, in the paper an easy to check
algebraic characterization of positive expansivity is provided for the non trivial subclass of Linear Cellular
Automata over the alphabet (Z/mZ)". Then, we show how it can be exploited to decide positive expansivity
for the whole class of Additive Cellular Automata over a finite abelian group.

INDEX TERMS Cellular automata, additive cellular automata, chaos, positive expansivity.

I. INTRODUCTION

Cellular automata (CA) are well-known formal models that
find application in several disciplines and their different sub-
domains. This is essentially due to three reasons: the huge
variety of distinct CA dynamical behaviors; the emergence of
complex behaviors from simple local interactions; the ease of
their implementation (even at a hardware level).

In practical applications one needs to know if the CA
used for modelling a certain system exhibits some specific
property. However, this can be a severe issue. Indeed, a strong
result by Jarkko Kari [6] states that all non-trivial dynamical
behaviors are undecidable. From this seminal result, a long
sequence followed.

Luckily, the undecidability issue can be tackled by impos-
ing some constraints on the model. In the specific case of
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this paper, the alphabet and the global updating map are
constrained to be a finite abelian group and an additive func-
tion, respectively, giving rise to Additive CA over a finite
abelian group or, briefly, Additive CA (see [1], [2], [12],
e.g., for studies regarding linear and group CA). We stress
that such requirements do not prevent Additive CA at all
from being successfully used for practical purposes. On the
contrary, since Additive CA are able to exhibit most of the
complex behaviors of general CA, they are often exploited
for designing many applications (see, for instance, [11], [13]).
Moreover, Additive CA are more expressive and they give
rise to much more complex dynamics than the already investi-
gated subclass of Linear Cellular Automata over the alphabet
(Z/mZ)* withn = 1.

Among the dynamical properties, positive expansiv-
ity received and still receives a significant attention by
researchers since it is a stronger form of sensitive dependence
on the initial conditions, the latter being the essence of a
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chaotic behavior. Moreover, in CA settings positive expan-
sivity plays an important role since it is just a condition
of strong chaos, since positively expansive CA are chaotic
besides exhibiting sensitive dependence on the initial condi-
tions. While the related (un)decidability issue is still an open
problem for general CA, positive expansivity turns out to be
decidable as far as Additive CA are concerned. Indeed, this
decidability result follows from a combination of two known
facts: i) positive expansivity is decidable for CA with sofic
traces [5]; i) the traces of any Additive CA are subshifts
of finite type (and, hence, they are sofic), a consequence of
the classical result by Kitchens and Schmidt that all group
subshifts are of finite type [7]. However, the decidability
result is not useful for practical purposes at all, i.e., the
corresponding algorithm is impractical. Thus, besides being
of theoretical interest, an easy to check characterization of
positive expansivity for Additive CA would turn out to be
crucial for designing proper applications based on such CA
and in situations where, as often happens, a condition of
strong chaos is required.

In this paper we provide an easy to check characterization
of positive expansivity for Additive CA over a finite abelian
group. First of all, an easy to check algebraic characterization
of positive expansivity is provided for the non trivial subclass
of Linear Cellular Automata over the alphabet (Z/mZ)",
where m is any natural greater than 1. Namely, for any Linear
CA over (Z/mZ)" such a characterization is expressed as an
easy to check condition on the degrees of the coefficients (that
are Laurent polynomials) of the characteristic polynomial of
the matrix associated with the Linear CA. Then, we show
how it can be exploited to decide positive expansivity for
the whole class of Additive Cellular Automata over a finite
abelian group.

The main and more difficult part of this work consists
of the proof of an easy to check algebraic characterization
of positive expansivity for Linear Cellular Automata over
(Z/pZ)", where p is any prime number (Theorem 1). To reach
that result

1) first of all, we provide an easy to check algebraic
characterization of positively expansive Linear Cellular
Automata over (Z/pZ)" with associated matrix that
is (the traspose of one) in a rational canonical form
consisting of only one block; this is the heart of our
work;

2) then, we prove that such an algebraic characterization
turns out to hold also for positively expansive Lin-
ear Cellular Automata over (Z/pZ)" with associated
matrix that is in a rational canonical form possibly
consisting of more than one block;

3) finally, we prove that such an algebraic characterization
turns out to hold also for all positively expansive Linear
Cellular Automata over (Z/pZ)".

Afterwards, the easy to check algebraic characterization of
positive expansivity is extended first from Linear Cellular
Automata over (Z/pZ)" to Linear Cellular Automata over
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(Z/p*Z)", where k is any non zero natural (Theorem 2). If the
prime factor decomposition of m is assumed to be known,
that characterization immediately extends to Linear Cellular
Automata over (Z/mZ)" (Corollary 1). However, since the
prime factor decomposition is a well-known difficult task
(i.e., no algorithm has been published yet that can factor
any natural in polynomial time), it should be avoided, espe-
cially for practical purposes. Actually, we have gone one step
further: in Section III-B we show how the easy to check
characterization of positive expansivity for Linear Cellular
Automata over (Z/pZ)" can be exploited to decide positive
expansivity for Linear Cellular Automata over (Z/mZ)" in
an efficient way (i.e., without decomposing m into its prime
factors and by only making use of gcd operations) and, at the
end, for whole class of Additive Cellular Automata over a
finite abelian group (Theorem 3).

The paper is structured as follows. Next section introduces
all the necessary background and notions. Section III contains
our results. Section IV is entirely devoted to the proof of
Theorem 1. In the last section we draw our conclusion.

Il. BASIC NOTIONS

Let K be any commutative ring and let A € K"*" be an n x n-
matrix over K. We denote by A” the transpose matrix of A and
by xa the characteristic polynomial det (¢, — A) € K[¢] of
A, where I, always stands for the n x n identity matrix (over
whatever ring we are considering). Furthermore, K[X, X ’1]
and K[[X, X ~!]] denote the set of Laurent polynomials and
series, respectively, with coefficients in K. In particular,
whenever K = Z/mZ for some natural m > 1, we will write
L,, and S,, instead of Z/mZ[X,X '] and Z/mZ[[X, X '1],
respectively.

Let K = Z/mZ for some natural m > 1 and let g be
a natural with ¢ < m. If P is any polynomial from K[¢]
(resp., a Laurent polynomial from L,,) (resp., a matrix from
(IL,;,)"™), P mod ¢ denotes the polynomial (resp., the Laurent
polynomial) (resp., the matrix) obtained by P by taking all its
coefficients modulo q.

Let X be a finite set (also called alphabet). A CA configu-
ration (or, briefly, a configuration) is any function from Z to
¥. Given a configuration ¢ € £ and any integer i € Z, the
value of ¢ in position i is denoted by ¢;. The set %, called
configuration space, is as usual equipped with the standard
Tychonoff distance d defined as

, z , 0, if c=¢,
ve,c € X% dle.c) = o~ min{ll €z, CJ‘#/,'}, otherwise.
Whenever the term linear is involved the alphabet ¥ is K",
where K = Z/mZ for some natural m > 1. Clearly, in that
case both K" and (K")Z become K-modules in the obvious
(i.e., entrywise) way. On the other hand, whenever the term
additive is involved the alphabet X is a finite abelian group
G and the configuration space turns G turns out to be an
abelian group, too, where the group operation of GZ is the
componentwise extension of the group operation of G, both
of them will be denoted by +.
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A one-dimensional CA (or, briefly, a CA) over X is a pair
(2%, F), where F: ©Z — 7 is the uniformly continuous
transformation (called global rule) defined as V¢ € »Z, Vi€
Z,F(c)i = f(ci—r, ..., Citr), for some fixed natural number
r € N (called radius) and some fixed function f: £ +! —
Y (called local rule of radius r). In the sequel, when no
misunderstanding is possible, we will sometimes identify any
CA with its global rule.

We recall that a CA (2%, F) is positively expansive if
for some constant ¢ > 0 it holds that for any pair of
distinct configurations ¢, ¢ € >Z there exists a natural
number £ such that d(F*(c), Ft(c¢')) > . We stress that CA
positive expansivity is a condition of strong chaos. Indeed,
on a hand, positive expansivity is a stronger condition than
sensitive dependence on the initial conditions, the latter being
the essence of the chaos notion. On the other hand, any
positively expansive CA is also topologically transitive and,
at the same time, it has dense periodic orbits. Therefore, any
positively expansive CA is chaotic according to the Devaney
definition of chaos (see [4], for the definitions of chaos,
sensitive dependence on the initial conditions, topological
transitivity, and denseness of dense periodic orbits). Finally,
we recall that if a CA F is positively expansive then F is
surjective.

A. LINEAR AND ADDITIVE CA
Let K = Z/mZ for some natural m > 1 and let n € N with
n > 1. Let G be a finite abelian group.

A local rule f: (K> *! — K" of radius r is said to be
linear if it is defined by 2r + 1 matricesA_,, ..., A, € K™"
as follows: Y(x_y, ..., x,) € (KH¥F f(x_p, ..., x) =
>, Ai-xi. Aone- dlmensmnal linear CA (LCA ) over K"
is a CA F based on a linear local rule.

The Laurent polynomial (or matrix)

,
A= ZA,X*[’ €

iI=—r

Kan[X’Xfl] g (Lm)nxn

is said to be the the matrix associated with F.

We now recall the notion of Additive CA, a wider class
than LCA. An Additive CA over G is a CA (GZ, JF) where
the global rule F : G — G” is an endomorphism of GZ.
We stress that the local rule f : G +! — G of an Additive
CA of radius r over a finite abelian group G can be written
as Y(x_p, ..., x,) € G¥ L f(x_pooix) = YL, fil),
where the functions f; are endomorphisms of G. Moreover,
as a consequence of the application of the fundamental the-
orem of finite abelian groups to Additive CA (see [3], for
details), without loss of generality we can assume that

G=7Z/pMZ x ... x Z/p*Z for some naturals kq, . .., ky
withk; > ky > ... > k,.

Let G = (Z/pMZy andlety : G — G be the map defined
asVh € G,Vi = 1,...,n,¥(h) = hpfr=% where, for a
sake of clarity, we stress that /' denotes the i-th component
of h, while pk'_k" is just the (k1 — k;)-th power of p. Let W :
GZ — GZ be the componentwise extension of ¥, i.e., the
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function defined as Ve € GZ, Vj € Z,¥(c); = ¥(cj). The
function W turns out to be continuous and injective.

We recall that for any Additive CA over G an LCA over
(Z/p1 Z)" associated with it can be defined as follows. With
a further abuse of notation, in the sequel we will write p~"™"
with m € N even if this quantity might not exist in Z/p*Z.
However, we will use it only when it multiplies p’"l for some
integer m’ > m. In such a way pm,_m is well-defined in Z/p* Z
and we will note it as product p~ p’”/

Let (GZ, F) be any Additive CA and let f : G ! — G be
its local rule defined, by 27 + 1 endomorphisms f—,, ..., f;
of G.Foreachz € {—r,...,r},letA; = (al(.j.))1<,-<n l<j<n €
(Z/p*1 Z)"*" be the matrix such that Vi, j € {1, ..., n}, a(zj)

phi=ki . f, (¢ ). The LCA associated with the Addmve CA
(GZ, F) is (GZ, L), where L is defined by A_,, ..., A, or,
equivalently, by A = >/ AX"% e Z/pMZ[x, X1
We stress that the following diagram commutes

(e LN

o

& — &

ie.,LoW = WoF. Therefore, (GZ, L) is said to be the LCA
associated with (GZ, F) via the embedding V. In general,
(G%, F) is not topologically conjugated (i.e., homeomorphic)
to (GZ, L)but(GZ, F)isa subsystem of (GZ, L) and the latter
condition alone is not enough in general to lift dynamical
properties from a one system to the other one. Despite this
obstacle, in the sequel we will succeed in doing such a lifting,
as far as positive expansivity is concerned.

IIl. RESULTS
The following two notions are fundamental throughout this
paper.

Definition 1 (Positive and Negative Degree): The positive
(resp., negative) degree of any given polynomial o € 1L, with
a # 0, denoted by deg™ () (resp., deg™ (o)), is the maximum
(resp, minimum) value among the degrees of the monomials
of a. Such notions extend to any element v # 0 of S} when
v is considered as a formal power series with coefficients in
(Z/mZ)" instead of a vector of n elements from Sy, and with
the additional defining clause that deg™(v) = +o0 (resp.,
deg™ (v) = —o0) if that maximum (resp., minimum) does not
exist. Furthermore, the previous notions are extended to both
a = 0and v = 0 as follows: deg™ (0) = —o0 and deg™(0) =
+00.

Example 1: The following are the values of the positive
and negative degree of some polynomials:
deg™(X 3 4+ X72) = =2, degt X3 +X24+1) =
degt(X 34+ X2+ 14X =4,deg"(1)=0
deg= (X3 +X?) =2,deg (X3 + X2+ 1) =0, deg (X3 +
14+ X% =-3deg (1) =0

Definition 2 (Expansive Polynomial and Expansive Matrix):
Letm(t) = ag+ait+- - -+ op_1t" L +1" be any polynomial
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from Ly, [t]. We say that 7w (t) is expansive if both the following
two conditions are satisfied:

(i) deg® (o) > 0 and deg™(ag) > deg™(a;) for every i €

{1,...,n—1};
(i) deg (xp) < 0 and deg™ (ap) < deg™ («;) for every i €
{1,...,n—1};

A matrix A € L))" is said to be expansive if its characteristic
polynomial is expansive.

Remark 1: We stress that if a polynomial w(t) = ag +
apt+- Aoy s expansive then it must necessarily
hold that g # 0.

Lemma 1: For any three polynomials t, p, T € Ly[t] such
that m = p - T it holds that 7t is expansive if and only if p and
T are both expansive.

Proof: Choose arbitrarily three polynomials

Tt =g+t + -+ ap 1"+ 1"
p(t) = Po+ Pit + -+ Buy_1t" T £
(1) = vo+vit+---+ ynz—ltn27] + "

such that 7 = p - . Obviously,

a= > Buvy (1)
i1 <i,ip<i:i=i1+ip
forevery i € {0, ...,n — 1} and, in particular, g = Bo)0.

Assume that both p and t are both expansive. Hence, o =
Poyo # 0 and

deg ™ (ato) = deg™ (Boyo) = deg™(Bo) + deg™ (y0)
> deg®(Bi,) + degt(vi,) = deg (Bi, vir)s

forevery iy € {l,...,ny — 1} and i, € {1,...,np — 1}
such that B;; # 0 and y;, # 0 (by Definition 2 a symmetric
inequality regarding deg™ also holds). Leti € {1,...,n— 1}
be any index such that «; # 0. We can write

deg™ () < deg™ (Bi yi,) < deg™(a0)

foreveryij € {1,...,ny — 1}andip € {1,...,ny — 1} such
that i = iy + i, Bi; # 0 and y;, # 0. Clearly, condition (i)
from Definition 2 also holds, as far as deg™ («;) is concerned.
Thus, r is expansive.

We prove now that if 7 is expansive then p and 7 are both
expansive. Assume that the consequent is not true. We deal
with the two following cases: (1) p is expansive but 7 is not
(by symmetry, we do not consider the situation in which 7 is
expansive but p is not); (2) neither p nor t are expansive.

(1) Suppose that p is expansive but T is not. If yp =
0 then it trivially follows that mw is not expansive.
Otherwise, let min be the minimum index such that
d€g+()/mm) = maXO§i2<n2{deg+(Vi2) : ¥, # 0}. Since
p is expansive, BoVmin s the (only) addend of maximum
degree in the sum from Equation (1) considered for i =
min. Thus, deg™ (ctnin) = deg™(BoYmin). Furthermore,
deg+(amin) = d€g+(,30) + deg+()’min) = d€g+(ﬂo) +
deg™ (yo) = degt(Boyo) = deg™(ap). In a symmetric
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way, one also gets that deg™ («;) < deg™ (cp) for some
ie{l,...,n—1}

(2) Suppose that neither p nor 7 are expansive. If fp = 0V
yo = 0 then it trivially follows that 7 is not expansive.
Otherwise, let max and max; be the maximum indexes
such that deg+(,3max1) = max0§i1<n1{deg+(,3iz)
Biy # 0} and deg” (Vimar,) = Maxo<i,<n,{deg*(;,) :
Vi, # 0}, respectively. Consider now Equation (1) for
i = max| + max,. Take any pair of indexes i1, i» of the
sum such that iy # max, i # maxz, Bi, # 0, and
Vi, 7 0.If ii < max (and then i > maxy), resp.,
if i1 > max; (and then i» < max,), we get that

degt(Bi,) + deg™ (vi,) < deg®(Bi)) + deg” (Vimax,)

< degt(Bmax,) + deg (Viman),
resp.,
deg®(Bi)) + deg™ (vi,) < degt (Bmax,) + degt (vi,)

= deg+(ﬂmax1) + deg+()’max2)~

Hence, deg ™ (Bi, ¥i,) < deg™ (Bmax, Vimax,)- This implies
that deg+(amax1+max2) = deg+(,3max1 Ymax,)- More-
over, deg+(amax1+max2) = deg+(ﬁmax1 Vmaxz) =
degt(Boyo) = degt(ap) and in a symmetric way, one
also gets that deg™ (o) < deg () for some i €

{1,...,n—1}L
Therefore, in both cases it follows that 7 is not expansive and
this concludes the proof. ]

In the sequel, we will often make use of the following

Definition 3: Let K C S). For any s € Z we define the
following sets:

Right(K,s) = {v € K : deg”(v) = s},

Right*(K,s) = {v € K : deg”(v) > s},

Left(K,s) = {v € K : deg™(v) = s},

Left*(K,s) = {v € K : degt(v) < s).
Definition 3 along with the notion of positively expan-
sive CA when reformulated for LCA and the compactness
of the configuration space immediately allow stating the
following

Lemma 2: Let F be any LCA over (Z/mZ)" and let A €
L*" be the matrix associated with F, where m and n are
any two naturals with m > 1 and n > 1. The LCA F is
not positively expansive if and only if there exists an integer
s > 0 such that at least one of the following two conditions
holds

- Ju e Left(S",0)\ {0} : V€ > 0, A%y € Left*(S", 5)
- v € Right(S",0) \ {0} Ve > 0,A% €
Right*(S},,, —s)

On the contrary, the LCA F is positively expansive if and only
if there exists a natural number € > 0 such that forany d € 7
and any v € Left(S},, d) it holds that Alv e Left(Sh.d + 1)
for some £ < ¢ and, symmetrically, for any d € 7 and any
v € Right(S}, d) it holds that Afv e Right(S}),,d — 1) for
some £ < 0.

Lemma 3: Let F be any surjective LCA over (Z/mZ)" and
let A € L"*" be the matrix associated with F, where m and n
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are any two naturals withm > 1 and n > 1. Then there exists
an integer constant ¢ > 0 (that only depends on A) such that
all the following conditions Cy, Ca, C3, and C4 hold.
Ci: Yvu € Left(S)),, 0) dw € Left(Sh,, h) for some —c < h <
¢ such that Aw = v
Co: Yu € Right(S)),, 0) 3w € Right(S},, h) for some —c <
h < ¢ such that Aw = v
C3: Yu € Left(S),,0), Av € Left(S},, h) for some —c <

h<c

Cs: Yu € Right(S],, 0), Av € Right(S},, h) for some —c <
h<c
Proof: It is an immediate consequence of the fact

that F is open and, hence, it is both left and right closing
(see [8]). O

We now state the result that is the heart of our work,
i.e., providing an easy to check characterization of positive
expansivity for LCA over (Z/pZ)". Since its proof is very
long, we place it in Section IV.

Theorem 1: Let F be any LCA over (Z/pZ)" where p and n
are any two naturals such that p is prime andn > 1. The LCA
F is positively expansive if and only if the matrix associated
with F is expansive.

A. AN EASY TO CHECK CHARACTERIZATION OF POSITIVE
EXPANSIVITY FOR LCA OVER (Z/pkz)"

The following Theorem extends the characterization result
provided by Theorem 1 from LCA over (Z/pZ)" to LCA over
(Z/p*Zy".

Theorem 2: Let G be any LCA over (Z/p*Z)" and let B €
L"" be the matrix associated with G, where p, k, n are any
three naturals such that p is prime, k > 1, and n > 1. The
LCA G is positively expansive if and only if the LCA F over
(Z/pZ)" having A as associated matrix is too, where A =
(Bmodp) € L;*". Equivalently, G is positively expansive if
and only if the matrix Bmod p is expansive.

Proof: We start to prove that if G is positively expan-
sive then F is too. Let us suppose that F is not positively
expansive and the first condition from Lemma 2 holds, i.e.,
there exists v € Left(S", 0) with v # 0 such that A‘v €
Left*(S], s) for every natural £ > 0, where s > 0 is some
integer constant depending on JF (the proof is symmetric
if one supposes that the second condition holds). Set ® =
pF1u. Clearly, » € Left(Szk, 0) and @ # 0. Since B can be

written as A + pN for some matrix N € L;;(j , it holds that
for every natural £ > 0

Blo = (A +pN)p—v = ptlaty,

where all the sums and products of coefficients of the Laurent
polynomials/series inside the previous equalities are now
meant in Zy. Hence, although A € L}*" and v € S,
in general A‘v now belongs to SZ" instead of Sy and, as a
consequence, we can not immediately conclude that B‘w =
pF1A%Y € Left*(SZk, s) immediately follows just from the
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hypothesis as it is, i.e., Alv € Left*(S?, s) when Alv is
considered as an element of Sj. However, since Aty € SZ"
can be written as (Av)modp + pw’ for some o' € S;k_]
and, by hypothesis, (A‘v)modp € Left*(S", 5), we get that
B'ow = p*[(A*v)modp + pw']l = p*[(A'v)modp] €
Left*(S",, s) for every natural £ > 0. Therefore, by Lemma 2,
G is not positively expansive.

We now prove that if F is positively expansive then G is
too. Let us suppose that G is not positively expansive and the
first condition from Lemma 2 holds, i.e., there exists w €
Left(SZk, 0) with @ # 0 such that B‘w € Left*(SZk, s) for
every natural £ > 0, where s > 0 is some integer constant
depending on G (again, the proof is symmetric if one supposes
that the second condition holds). We deal with the following
two mutually exclusive cases.

If there is no «’ such that @ = po’, then set v =
wmodp. Clearly, v # 0 and v € Left(S}, h) for
some integer 1 < 0. Moreover, it holds that Alv =
(Bmod p)(wmodp) = (B‘w)modp € Left*(S., s) for
every natural £ > 0.

Otherwise, letj € {l,...,k — 1} and o’ € S;’)k be such
that o = p/w’, where j is the largest natural such that
all the coefficients of the n Laurent series forming w are
multiple of p/. Set v = ' modp. Clearly, v # 0 and
v e Left(SZ, h) for some integer & < 0. Since prZ /=
Blw € Left*(S;k, s), either Btw' € Left*(S;;k, s) or
Blo' ¢ Left*(SZk, s) happens, but, in both situations
it must hold that (B« )modp € Left*(S”, s). There-
fore, it follows that Av = (Bmodp)‘(w’ modp) =
(B'&')mod p € Left*(S", s) for every natural £ > 0.

In both cases, the first condition of Lemma 2 is satisfied as
far as F is concerned. Thus, F is not positively expansive and
this concludes the proof that G is positively expansive if and
only if F is positively expansive. By Theorem 1, it follows
that G is positively expansive if and only if the matrix B mod p
is expansive. ]

At this point, we are able to extend the characterization
result regarding positive expansivity to the whole class of
LCA over (Z/mZ)" where m is any natural with m > 1.

Corollary 1: Any LCA F over (Z/mZ)" is positively
expansive if and only if Amodp; is expansive for every j €
{1,...,1}, where A is the matrix associated with F and
P1, ..., p1 are all the primes apgearini in the prime factor
decomposition of m (i.e, m = p|' ---p,' is the prime factor
decomposition of m).

Proof: For each j € {1,...,[}, let F; be the LCA
over (Z/ (pj)ki Z)" having (A mod (pj)kf ) e ]L?p X;,ij as associated
matrix. Since F is positively expansive if and only if every
LCA F; is too, by Lemma 2 and Theorem 1, it follows
that F is positively expansive if and only if every matrix
(Amodp;) € IL,;J.X" is expansive. Therefore, the statement is
true. (|
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B. BYPASSING THE PRIME FACTOR DECOMPOSITION OF
m IN THE CHARACTERIZATION OF POSITIVE EXPANSIVITY
FOR LCA OVER (Z/mZ)"
The characterization of positively expansive LCA over
(Z/mZ)"* provided by Corollary 1 requires that the prime
factor decomposition of m is known. We now illustrate how
deciding positive expansivity without decomposing m into
prime factors and by only making use of gcd operations.

Letm = p]]“ e pf’ be the prime factor decomposition of m
and let A be the matrix associated with a given LCA F over
(Z/mZ)". By Corollary 1, F is positively expansive if and
only if both the following conditions are satisfied:
(C1) foreveryj e {l,...,1[}itholds that

degt (g mod pj) > 0 and deg ™ (g mod p;) < 0;
(C2) foreveryie {l,...,n— 1} itholds that
(C2a) foreveryje{l,...,1},
deg ™ (g mod p;j) > deg™ (a; mod p;)
and
(C2b) foreveryje {l,...,1},
deg™ (ap mod p;) < deg™ (a; mod p;),

where 7(t) = ao + ait + - + o, 1t'"1 4+ " is the
characteristic polynomial of A.

It is not difficult to see that, by the characterization of pos-
itively expansive LCA over Z/mZ provided in [9], condition
(C1) can be rewritten in an equivalent form as follows:

ag € L, is the 1 x 1 matrix associated with
a positively expansive LCA over Z/mZ,

1.e.,

ged(m, Ay, ..., Ar) = ged(m, Ay, ..., A_;) =1,

where A_,, ..., A, € Z/mZ define o. Therefore, (C1) is an
efficiently testable condition.

We are now going to provide a method that checks condi-
tion (C2) without decomposing m in prime factors and under
the assumption that condition (C1) is satisfied. To proceed,
for any a € Z/mZ define

ki
H pjjs ]f Pa # @
Ya = 1 jePa
1, otherwise,

where P, = {j € {1,...,1} : gcd(a, pj)) = 1}. We empha-
size that y, is the greatest divisor of m having as prime
factors all (and only) those prime factors of m that are not
prime factors of a. Moreover, y, can be computed without
knowing p1,...,p; and ky, ..., k;, i.e., without the need of
decomposing m into its prime factors. Indeed, consider the
elements of the sequence my recursively defined by myy; =
myg/ ged(my, a), where mg = m. Clearly, there exists £* such
that mg«41 = my+ and it holds that y, = myx1 = myx.

In the sequel, we will deal with how to test condition (C2a)
foreveryi € {1, ..., n—1} (the argument regarding condition
(C2b) is symmetrlc) Foranyi € {0,1,...,n — 1} and any
monomial a; X of degree d inside a;, W1th a little abuse of
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notation, let us denote by y; 4 the quantity y «. Clearly, for
d

everyje P e it holds that a(’) mod p; # 0.

Fix now | {1,...,n — 1}. The following procedure
to be repeated for every i € {l,...,n — 1} tests condi-
tion (C2a), i.e., as far as «; is concerned, it checks whether
degt(ap mod pj) > deg™(a; mod p)) for every j € {1,...,1}.
The procedure consists of the following steps:

(S1) Let a(O)X d pe the monomial of maximum degree
in51de ap with yo 4, 7 1. If condition (C1) is satis-
fied then dy > 0. We stress that a( )mod p;j # 0 for
every j € P 0

0

(S2) Consider the monomials aS)Xd of degree d >
dp inside o; (while jump to step (S3.2) if deg™ (a;) <
dp). For each of such monomials compute y; 4 and
8a = gcd(y0,dy» Yi.d)-

(83.1) Ifgg > 1forsomed > dy, it means that there exists
je P“Ez?)) N Pag) # ) such that deg™ (o mod pj) <

deg™ (a; mod pj) and, hence, (C2a) is not satisfied.
(83.2) Otherwise, since afio) mod p; # 0 and a(’) mod p; =
Oforeveryj € P (0) and everyd > dy, the inequality

inside condition (C2a) holds for every j € P (0)
To check if it also holds for every j ¢ P (0), replace

m by m/yo 4,, and, referring to this new value of
m, if m # 1, restart from step (S1) with (¢p —
a;?))X dO) mod m and o; mod m in place of g and o1,
respectively, inside the new background Z/mZ. If,
on the contrary, m = 1, it means that condition (C2a)
is satisfied.

C. AN EASY TO CHECK CHARACTERIZATION OF POSITIVE
EXPANSIVITY FOR ADDITIVE CA OVER A FINITE

ABELIAN GROUP

Finally, we lift the characterization result regarding positive
expansivity for LCA over (Z/mZ)" to the whole class Addi-
tive CA over any finite abelian group. We stress that although
the characterization result is stated for Additive CA over G =
ZJpMZ x ... x Z/p*7Z, this is not a restriction. Indeed, any
finite abelian group is isomorphic to a direct sum of a certain
number of its subgroups (with pairwise coprime cardinality),
each of them being as such a G, and an Additive CA over a
finite abelian group splits into the direct sum of Additive CA
over those subgroups. Hence, the former CA turns out to be
positively expansive if and only if all the CA components of
that sum are positively expansive.

Theorem 3: Let F : G% — G?% be any Additive CA over a
finite abelian group G, where G = ZJpM7Z x ... x Z/p*Z
for some prime p and some non zero naturals ki, . . ., k, with
ki > kp > ... > ky. Let L be the LCA over G associated
with F via the embedding V, where G= (Z/pM 7). It holds
that F is positively expansive if and only if L is positively
expansive if and only if A is expansive, where A is the matrix
associated with L.
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Proof: We are going to show that F is positively expan-
sive if and only if £ is too. By Theorem 2, this is enough to
conclude that the statement is true.

We start to prove that if £ is positively expansive then F
is too. Let us suppose that F is not positively expansive.
Choose an arbitrary ¢ > 0. So, there exist ¢,c’ € G~
with ¢ # ¢ such that d(F(c), Fé(c')) < & for every
natural £. Consider the two configurations W(c), ¥(c') € GZ.
Clearly, W(c) # W(c'). Moreover, for every natural £ it holds
that d(L*(W(0)), LXW() = d(P(F (), W(FU)) =
d(Ft(c), F4(c")) < e. Hence, L is not positively expansive.

We now prove that if F is positively expansive then £
is too. Let us suppose that £ is not positively expansive.
Choose an arbitrary ¢ > 0. So, there exist b, b’ € G with
b # b such that d(LE(b), LY(B')) < e for every natural £.
Let min be the minimum natural such that p”" . (b — b') #
0 and p™*1 . (b — b') = 0. We get that p™" . b, p™in .
b e WG and p™™ - b #£ pMn . Y. Letc,d € G”
be the two configurations such that W(c) = p™" . b and
W(c') = p™" . b Clearly, ¢ # c. For every natural £ it
holds that d(Ft(c), Fi(c)) = d(W(Fi(c)), W(Fi(c)) =
d(LEW(0)), LEW(C)) = d(LEb), £LLB)) < e. Hence F
is not positively expansive. O

IV. PROOF OF THEOREM 1
We now recall some useful notions and known fact from
abstract algebra. In the sequel, the standard acronyms PID
and UFD stand for principal ideal domain and unique factor-
ization domain, respectively.

Let P be PID and let A € P™". The elementary divi-
sors, or invariants, or invariant factors associated with A
are the elements aq,...,a, € PP defined as follows: Vi €
{1,...,n},a; = Ai(A)/Ai—1(A), where A;(A) is the greatest
common divisor of the i-minors of A and Ag(A) = 1.

The companion matrix of a monic polynomial 7 () = oo+
et oy T s

000 —ap

1---0 —o
Cn = . .

0--- 1 —ap—g

A matrix C is in rational canonical form if it is block diagonal

Cr, O --- O

QO Cn, -+ O
c=1 . .. .1

0O O -Gy

where each Cg, is the companion matrix of some monic
polynomial 7r; of non null degree and 7; divides 7; fori < j.
It is well-known that if A € F"*" is any matrix where I is a
field all the following facts hold:

- A is similar to a unique matrix in rational canonical
form and this latter is called the rational canonical form
of A;
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- the monic polynomials 1, ..., 7wy defining the blocks
of the rational canonical form of A are the nonconstant
invariant factors of t/ — A;

- xa(®) = []i_, mi(r), where 7, is the minimal polyno-
mial of A;

- there exist vy, ..., vy € F" such that

di—1 dg—1
vi,Avy, . AT, v, A, AT )

is a basis of " with respect to which A becomes in
rational canonical form C, i.e., A = P~!CP, where

d; = deg(m;) and P is the matrix having the elements
of that basis as columns.

We now report the following known result which will be very
useful in the sequel (see [10, Proposition 1], for instance).

Lemma 4: Let U be a UFD and let Fy be the field of
fractions of U. For any monic polynomials 7 € Ult] and
0, T € Fylt], it holds thatif t = p - T then p, T € U[t].
The following is an important consequence of Lemma 4.

Lemma 5: Let U be a UFD and let Fy be the field of
fractions of U. Let A = U™" and let 7y, ...,y € Fylt]
be the invariant factors of tI — A when A is considered as an
element of F)". Then, for every i € {1, ..., s} it holds that
;i € Ult].

Proof: Since my, ..., my, xa are all monic and xa(t) =
[T;2, 7i(r) € Ultl, by a repeated application of Lemma 4,
we get that every m; € U[t]. O

We now deal with the algebraic structures of our interest,
namely, the PID L, and the UFD L,[¢]. Clearly, L, is also an
UFD, but, since L, is not a field, I, [¢] is not a PID, while
F,[t] is, where [, is the field of fraction of LL,. Therefore,
we can not refer to invariant factors when the involved set is
IL,[z], while we can as far as IF,[#] is concerned.

Lemma 6: For any matrix A € ;™" with det(A) # O there
exist two matrices Q, C € Lgx” such that det(Q) # 0, C is in
rational canonical form, QA = CQ, and xpo = Xc.

Proof: Choose arbitrarily a matrix A € L;*". Cleary,
it holds that A € IF;X”, where I, is the field of fractions of
L,. Hence, there exist vy, ..., v, € " such that, A = P-lcp,
Ce IFZX” is the matrix in canonical rational form, the blocks
of which are defined by the invariant factors 7y, ..., w5 €
IF,[t] of t — A, and P is the matrix having the elements of the
basis {vi, Avy, ... ,Adl_lvl, Vs, Avg, ,Ads_lvs} of IF;
as columns, where d; = deg(m;). Clearly, x4 = xc.

Let o € L, be such that v; = av; € L, for each i €
{1,...,s}. Set Q = aP. Itis clear that Q € LZX", as desired.
Furthermore, by Lemma 5, it follows that C € ]LI';X”, t0o.
Moreover, we get that A = PlcP = aa P lCcP =
a~'P~lcaP = Q7 'CQ. Therefore, QA = CQ and this
concludes the proof. g

Lemma 7: For any A, B, Q € ILZX” such that det(Q) #
0 and AQ = QB it holds that the LCA F over (Z/pZ)" having
A as associated matrix is positively expansive if and only if
the LCA G over (Z/pZ)" having B as associated matrix is,
too.
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Proof: First of all, it is easy to see that A/Q = QB*
for every natural £ > 0. Moreover, det(A) = 0 if and only
if det(B) = 0. So, the thesis turns out to be trivially true if
det(A) = det(B) = 0. Therefore, in the sequel of the proof,
we will assume that det(A) # 0 and det(B) # 0, i.e., both F
and G are surjective.

We now start to prove that if F is positively expansive
then G is too. Suppose that G is not positively expansive
and the first condition from Lemma 2 holds, i.e., there exists
v € Left(S", 0) with v # 0 such that Béu € Left*(S”, s) for
every natural £ > 0, where s > 0 is some integer constant
depending on G (the proof is symmetric if one supposes that
the second condition holds). Since Q is the matrix associated
with a surjective LCA over (Z/pZ)" condition C3 of Lemma 3
is satisfied as far as Q is concerned. Hence, setting w = Qu,
for some natural constant ¢ > 0 depending on Q and some
integer & with —c < h < ¢, it holds that Aw = QB'v €
Left*(S", h) for every natural £ > 0. Clearly, w # 0 since
det(Q) # 0. In addition, it holds that w € Left(SZ, 1) for
some integer 4. Thus, it follows that F is not positively
expansive.

We now prove that if G is positively expansive then F
is too. Assume that F is not positively expansive and the
first condition from Lemma 2 holds, i.e., there exists v €
Left(S",0) with v # 0 such that Av € Left*(S", s) for
every natural £ > 0, where s > 0 is some integer constant
depending on G (again, the proof is symmetric if one sup-
poses that the second condition holds). Since Q is the matrix
associated with a surjective LCA over (Z/pZ)", condition
C, of Lemma 3 is satisfied as far as Q is concerned. Thus,
for some natural constant ¢ > 0 depending on Q and some
integer h with —c < h < ¢, there exists w € Left(SZ, h) such
that Qw = v. Clearly, ® # 0 since v # 0. Furthermore,
OB‘w = A'Qw = A'v e Left*(S", s) for every natural
¢ > 0. Therefore, there exists an integer constant s’ > s >
0 such that Bfw € Left*(S?, ") for every natural £ > 0. So,
by Lemma 2, G is not positively expansive and this concludes
the proof. O

In the sequel, with an abuse of notation, deg™(¢) stands
for deg™t () — deg™ (B) for any fraction ¢ = a/B € F,, with
a, B € Ly and o, B # 0, where F, is the field of fractions of
L.

Lemma 8: Let vy, ..., v, be arbitrary elements of L,,
where p and n are any two naturals such that p is
prime and n > 1, and let ¢y, ..., ¢, be arbitrary ele-
ments of F,, such that max{deg®(¢1), ..., deg"(g,)} > 0.
Let min be the minimum index such that deg+(<pm,~,,) =
max{degt(¢)), ..., deg"(¢,)}. Regarding the sequence

v, .., v, oy, L) C T,
where, for each j > n,
Uj = @pVj-1 t ..+ Q1Vjn.

call pick any natural J > 0 such that deg™ (vj) < deg*(vy)
for every natural j with 0 < j < J. It holds that for any
pick J there exists a pickJ' € {J+1,...,J +n — min +
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1}. In particular, for any pick the number of positions within
which there is a further pick does not depend on the values of
the initial elements vy, . .., v, of the sequence.

Proof: Clearly, the set of picks is non empty since
1,...,n are picks. Let J be any pick. If there exists j €
{J +1,...,J + n — min} such that deg™ (vj) > deg™(vy),
necessarily there must be a further pick inside the integer
interval {J + 1,...,J + n — min}. Otherwise, it holds that
degt(vj) < degt(vy) foreveryj e {J+1,...,J +n—min}
and, since

deg+(v./+n—min+l) = deg+(U]§0min)
= degt(vy) + deg™ (@min)
> deg™(uy),

it follows that the natural J 4+ n — min + 1 turns out to be a
pick. ]
The following result is the heart of our work. It provides a
decidable characterization of positively expansive LCA over
(Z/pZ)" with associated matrix such that its transpose is in a
rational canonical form consisting of only one block.
Lemma 9: Let A € ILZX” be the matrix such that its trans-
pose AT is the companion matrix of any monic polynomial

—ag+ ... — 1"V 1" from Lylt], ie,
o1 0 --- 0
0 0 1 0
A= - 2
: .. .' .. O 9 ( )
00-.---0 1
Qo a1 - Op—2 Op—1

where p and n are any two naturals such that p is prime and
n > 1, and let F be the LCA over (Z/pZ)" having A as
associated matrix. The LCA F is positively expansive if and
only if A is expansive if and only if AT is expansive if and only
ifag+ ...+ 11"V s expansive.

Proof: 1t is clear that the matrix A is expansive if and
only if its transpose AT is expansive if and only if xA(f) =
—ag + ... — a,_1""! 4 ¢" is expansive if and only if arg +
...+ au_1t" 1 41" is expansive. Since F is surjective if and
only if —ag # O, the thesis turns out to be trivially true if
ap = 0. Hence, in the sequel of the proof we can assume that
oo # 0.

We start to prove that if A is expansive then F is posi-
tively expansive. For a sake of argument, suppose that A is
expansive but F is not positively expansive and, in particular,
the first condition from Lemma 2 holds, i.e., there exists
v=(1,...,Uy) € Left(SZ, 0) with v # 0 such that Alv e
Left*(SZ, s) for every natural £ > 0, where s > 0 is some
integer constant depending on F (the proof is symmetric if
one supposes that the second condition holds). Consider the

infinite sequence
{Ul, ..o  Un, Vg o o5 Utns - - -}

where vpy, = ooug + ... + op—1Vp4,—1 for each natural
£ > 0. Clearly, it holds that Av = (Vg+1s - - - Ug4n) for each
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£ > 0. The first condition from Lemma 2 ensures that there
exists an integer s’ < s such that deg™ (vj) < s’ for every
natural j > 0 and deg+(uj) = s for at least one j > 0. Let
min > 0 be the minimum index such that deg+(vmm) =
Since

Umin+n = €0Umin + - . - + Cn—1VUmintn—1,

A is expansive, and p is prime, we get deg’ (Upminin) =
degt (2gUpmin) > ', which contradicts that deg™ (vj) < s’ for
every natural j > 0.

We now prove that if F is positively expansive then A is
expansive. Set

o (65) Op—1 1

On=—">Un-1= """, P2 = — P11 = —.
@0 @0 @0 @0

Assume that A is not expansive, i.e., equivalently, o + . . . +
o, 11" "1 41" is not expansive, and condition (i) from Defini-
tion 2 does not hold, i.e., either degJr (ag) < 0or deg+ (ag) <
max{deg™t(a), ..., deg"(c,_1)} (the proof is symmetric if
one supposes that condition (i) does not hold). In both cases
we get that max{deg*(¢1), ..., deg*(¢,)} > 0. Let F, be the
field of fraction of IL,. For any v = (v, ..., v,) € IF; define
the sequence

{vi, ..., on, U, )
where, for each j > n,
Uj = @uUj-1 + @n—1Vj—2 + *++ + @2Vj—p+1 + @1Vj—p € F.

We emphasize that A (v}, ..., Vj—nt1) = (Vj-1,..., Vj_n).
The hypothesis of Lemma 8 are satisfied and, hence, for every
natural j the integer interval {js + 1, ..., (G + 1)s} contains a
pick, where s = n — min + 1 (with min as in Lemma 8).
We stress that s does not depend on (vy, ..., v,). For every
natural £ > 0, we are now going to exhibit an integer d©)
and an element v® € Left(]LZ, d©) such that AL O ¢
Left*(Ly, d®) for each natural ¢ < ¢. By Lemma 2, this
is enough to state that JF is not positively expansive and this
concludes the proof.

So, to proceed, choose an arbitrary natural £ > 0 and
let i be such that s + 1 > £ + n. We know that {hs +
1,..., (h+ 1)s} contains at least one pick whatever the first
n values vy, ..., v, of the above sequence are (while the
specific value of a pick inside that interval depends on the
values of vy, ..., v,). Consider now

Wi eson = (@) @)

where i’ = (h + 1)s. Regarding the above sequence when its
first n elements are just the components of such (v, ..., v,),
let J be the value of a pick inside {hs + 1,..., (h + 1)s}.
Set v© = (uy,...,us_py1) and let d© = degt(v®) =
deg™ (uy). At this point, we are able to state that all the
following facts hold:
- v; € L, for each natural j with 0 < j < K and, hence,
Ay, ..., Uy_py1) € L2 for each natural j with 0 <
J<Hh —mn
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- inparticular, vy € L, and AYy® ¢ I}, for each natural
¢ <t(sincel+n<hs+1=<J<h),
- moreover, v € Left(IL[';, dY)y;
- finally, A v® € Left*(Ly, d®) for each natural £ < ¢
(since J is a pick);
In this way an integer d‘© and an element v©) with the desired
property have been exhibited.
|
Lemma 10: LetA € ILZX" be the matrix such that its trans-
pose AT is the companion matrix of any monic polynomial
—ag+...—ap_ 1" 41" from L,[t], where p and n are any
two naturals such that p is prime and n > 1, and let F be the
LCA over (Z/pZ)"* having A as associated matrix. The LCA F
is positively expansive if and only if the LCA G over (Z/pZ)"
having AT as associated matrix is positively expansive.
Proof:
Clearly, A is as in (2). It holds that AT Q = QA, where

—ap —ap =y 1
—ar —a3 1 0
Q _ c ]Lan
= "
—ayo1 1 0 0
1 0 0 0

Since det(Q) # 0, the thesis directly follows from Lemma 7.
O

We now prove that the decidable characterization of pos-
itive expansivity provided by Lemma 9 also holds also in a
more general situation, namely, for LCA over (Z/pZ)" with
associated matrix that is in a rational canonical form possibly
consisting of more than one block.

Lemma 11: Let C € ]LI’;X” be any matrix in rational
canonical form, where p and n are any two naturals such that
p is prime and n > 1, and let G be the LCA over (Z/pZ)"
having C as associated matrix. The LCA G is positively
expansive if and only if C is expansive.

Proof: Let Cy, € L, ... Cr € L™ with
ny + ...+ ng = n be the diagonal blocks inside C, where
each m; is the monic polynomial defining Cy,, i.e., Cy, is the
companion matrix of ;. Since xc(¢) = IT}_,7;(¢) and G is
just the product G; X ... x Gs, where each G; is the LCA
over (Z/pZ)" having Cn;, € L, as associated matrix,
it follows that G is positively expansive if and only if every
G, is positively expansive if and only if, by Lemma 9 and 10,
every Cy, is expansive, i.e., by Definition 2, if and only if
every m; is expansive, i.e., by Lemma 1, if and only if xc is
expansive, i.e., if and only if C is expansive. O

We are now able to prove Theorem 1.

Proof of Theorem 1: Let A € L;*" be the matrix
associated with F. By Lemma 6, there exist two matrices
0,Ce ]LZX" such that det(Q) # 0, C is in rational canonical
form, QA = CQ, and x4 = xc. Let G be the LCA over
(Z/pZ)" having C as associated matrix. By Lemma 7, F is
positively expansive if and only if G is positively expansive,
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i.e., by Lemma 11, if and only if C is expansive, i.e., since
XA = xc, if and only if A is expansive.

V. CONCLUSION

We provided an easy to check algebraic characterization of
positive expansivity for Additive CA over a finite abelian
group. Besides having a theoretical value, this characteriza-
tion turns out to be useful for designing proper applications
based on these CA and where a condition of strong chaos
is required. Providing (efficient) algorithms that, as far as
such CA are concerned, decide other meaningful dynamical
properties such as strong transitivity or compute some useful
quantities as topological entropy is an important step for
further research in this domain. This would also allow one
to build even more robust methods based on such CA in
applications. Another important research direction consists
in considering the multidimensional setting. Besides having a
theoretical value, providing algorithms that decide dynamical
properties for multidimensional Additive CA will be certainly
useful in many applications involving multidimensional data.
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